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Abstract We describe the structure of regular codimension 1 foliations with numerically projectively flat
tangent bundle on complex projective manifolds of dimension at least 4. Along the way, we prove that
either the normal bundle of a regular codimension 1 foliation is pseudo-effective, or its conormal bundle

is nef.
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1. Introduction

Let X be a smooth projective algebraic variety over the field of complex numbers, of
dimension n > 2. If Tx is numerically flat, then X is a finite étale quotient of an abelian
variety as a classical consequence of Yau’s theorem on the existence of a Kahler—Einstein
metric. In [42], Jahnke and Radloff proved that if the normalized tangent bundle S"Tx ®
Ox(Kx) is numerically flat, then Kx =0, and hence Tx is numerically flat. Thus, X is
again a finite étale quotient of an abelian variety. Let & be a vector bundle of rank r > 1
on X. Recall from [42, Theorem 1.1] that the normalized vector bundle S"& ® det(&£*) is
numerically flat if and only if & is semistable with respect to some ample divisor H on
X and equality holds in the Bogomolov—Gieseker inequality,

r—1

. n—2 _
02(5) H o

C1 (@@)2 . HH_Q.
The aim of this paper is to generalize the theorem of Jahnke and Radloff to codimension
1 regular foliations.

Theorem 1.1. Let X be a complex projective manifold of dimension n > 4, and let
F CTx be a regular codimension 1 foliation. Suppose that the normalized vector bundle
S"LZ @ det(.F*) is numerically flat. Then one of the following holds.

(1) There exists a P'-bundle structure p: X — 'Y onto a finite étale quotient of an
abelian variety and % induces a flat Ehresmann connection on .

(2) There exists an abelian variety A as well as a finite étale cover v: A — X such that
v~ LF s a linear foliation.

(3) There exists an abelian scheme f: B — C onto a smooth complete curve of genus
at least 2 as well as a finite étale cover vv: B — X such that y~1.F is induced by f.

(4) The divisor Kx is ample and k(K g)=dim X. Moreover, the vector bundles A *
and Q% are nef.

Notice that no example of foliations satisfying the conclusion of Theorem 1.1 (4) is
known to the author.

If dim X =2, then the conclusion of Theorem 1.1 is false. Indeed, turbulent and Riccati
foliations do not fit in the description of Theorem 1.1 above (see [11]).

The assumption dim X > 4 is only used to prove Theorem 5.1. Nevertheless, we expect
the above result to be true if dim X = 3 as well.

The proof of Theorem 1.1 makes use of the following result, which might be of
independent interest.
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Theorem 1.2. Let X be a complex projective manifold of dimension n > 1, and let % C
Tx be a reqular codimension 1 foliation with normal bundle A" Then, either A is pseudo-
effective or N is nef.

In fact, a more general statement is true (see Theorem 4.4).

Previous results

Greb, Kebekus and Peternell generalized the theorem of Jahnke and Radloff to projective
varieties with klt singularities in [31]. More precisely, they proved that torus quotients are
the only klt varieties with semistable tangent sheaf and extremal Chern classes. In [26],
the structure of projective log smooth pairs with numerically flat normalized logarithmic
tangent bundle is described. Passing to an appropriate finite cover and up to isomorphism,
these are projective spaces and log smooth pairs with numerically flat logarithmic tangent
bundles blown up at finitely many points away from the boundary. In addition, it has
been shown in [17] that log smooth pairs with numerically flat logarithmic tangent bundle
are toric fiber bundles over finite étale quotients of abelian varieties.

Structure of the paper

Section 2 gathers notation, known results and global conventions that will be used
throughout the paper. In Section 3, we provide technical tools for the proof of our
main results. Section 4 is mostly taken up by the proof of Theorem 1.2. The proof
of Theorem 1.1 is long and therefore subdivided into numerous steps: Sections 5 to 9
prepare for it. In Section 5, we describe regular codimension 1 foliations with numerically
projectively flat tangent bundle on nonminimal complex projective manifolds. Next,
we prove abundance for Kx in Section 6 following the strategy employed in [42]: We
use a Shafarevich map construction to prove that it reduces to the special case where
F = £%" for some line bundle .. In Section 7, we address regular codimension 1
foliations with numerically projectively flat tangent bundle and nef conormal bundle on
minimal varieties. Section 9 describes regular codimension 1 foliations with numerically
projectively flat tangent bundle and pseudo-effective normal bundle still on minimal
varieties. To this end, we show in Section 8 that the nef reduction map for K& is an
abelian scheme up to a finite étale cover. With these preparations at hand, the proof of
Theorem 1.1 which we give in Section 10 becomes short.

2. Notation, conventions and used facts

2.1. Global conventions

Throughout the paper, all varieties are assumed to be defined over the field of complex
numbers. We will freely switch between the algebraic and analytic context.

2.2. Projective space bundles

If & is a locally free sheaf of finite rank on a variety X, we denote by Px (&) the variety
Projx(S°&).
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2.3. Stability

The word stable will always mean slope-stable with respect to a given ample divisor.
Ditto for semistable and polystable. We refer to [37, Definition 1.2.12] for their precise
definitions.

2.4. Numerically flat vector bundles
For the reader’s convenience, we recall the definition of numerically flat vector bundles
following [22, Definition 1.17].

Definition 2.1. A vector bundle & of rank r > 1 on a smooth projective variety is called
numerically flat if & and &* are nef vector bundes.

Remark 2.2. Let X be a smooth projective variety, and let & be a vector bundle of
rank 7 > 1 on X with ¢;(&) =0. Then & is numerically flat if and only if & is nef.

Theorem 2.3. Let X be a smooth projective variety, and let & be a vector bundle of rank
r>1 on X. Let H be an ample divisor on X. Then the following conditions are equivalent.

(1) The vector bundle & is numerically flat.
(2) The vector bundle & is flat and semistable with respect to H.
(3) The vector bundle & admits a filtration

{0}=&CclH T Cé=6
by vector subbundles such that the quotients 2y, := &/8r—1 are Hermitian flat.

Proof. This follows easily from [22, Theorem 1.18] and [54] together (see [26, Theorem
2.9]). O

Remark 2.4. Setting and notation as in Theorem 2.3. If & is numerically flat, then it
is semistable with respect to any ample divisor.

Lemma 2.5 [22, Corollary 1.19]. Let & be a vector bundle on a smooth projective variety.
If & is numerically flat, then ¢;(&) =0 for any integer i > 1.
2.5. Projectively flat and numerically projectively flat vector bundles

Next, we recall the definition of projectively flat vector bundles.

Definition 2.6. A vector bundle & of rank r > 1 on a smooth projective variety X is
called projectively flat if P(&) comes from a representation w1 (X) — PGL(r,C).

Lemma 2.7 [42, Proof of Proposition 1.1 (2)]. Let & be a vector bundle on a smooth

projective variety. If & is projectively flat, then ¢;(&) = % (Z) c1(&) for any integer i > 1.

One key notion is that of a numerically projectively flat vector bundle. We recall the
definition.

Definition 2.8. A vector bundle & of rank r > 1 on a smooth projective variety X is
called numerically projectively flat if S"& @ det &* is numerically flat.
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Remark 2.9. Setting and notation as in Definition 2.8. Then & is numerically
projectively flat if and only if S"8 ® det&* is nef since det(S"& @ det£*) = Ox (see
Remark 2.2).

Remark 2.10. Setting and notation as in Definition 2.8. Then & is numerically flat if
and only if & is numerically projectively flat and ¢; (&) = 0.

We will need the following characterization of numerically projectively flat vector
bundles.

Theorem 2.11. Let X be a smooth projective variety of dimension n > 2, and let & be
a vector bundle of rank r > 1 on X. Let H be an ample divisor on X. Then the following
conditions are equivalent.

(1) The vector bundle & is numerically projectively flat.

(2) The vector bundle & is projectively flat and semistable with respect to H.
(3) The vector bundle & admits a filtration
{0}=6CcEH T Cén=¢
by vector subbundles such that the quotients Dy, := & /E,—1 are Hermitian projec-
tively flat with
1 1
_ =—c1(&).
rank 2, c1(<2x) rcl( )

(4) The wvector bundle & is semistable with respect to H and equality holds in the
Bogomolov-Gieseker inequality,

r—1
- & 2 .Hn—2.
2r c(é)
(5) For any morphism C — X from a smooth complete curve C, the vector bundle &|c

is semistable.

CQ((?)-HYL_Q =

Proof. This follows easily from [42, Theorem 1.1] and [42, Proposition 1.1] together (see
also [26, Theorem 2.13]). O

Remark 2.12. Setting and notation as in Theorem 2.11. If & is numerically projectively
flat, then it is semistable with respect to any ample divisor.

Example 2.13. Let .Z be a line bundle on a smooth projective variety X. Then .£™
is numerically projectively flat for any integer m > 1.

The following is an easy consequence of Theorem 2.11.

Lemma 2.14. Let X be a smooth projective variety of dimension n > 1, and let & be a
vector bundle of rank r > 1 on X.

(1) If & is numerically projectively flat, then & ® £ is numerically projectively flat as
well for any line bundle £ on X.
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(2) Let Y be a smooth projective variety, and let f: Y — X be a morphism. If &
18 numerically projectively flat, then f*& is also numerically projectively flat. In
addition, the converse statement is true if f is surjective.

(3) Let 4 be a vector bundle on X of rank s > 1. Then &®Y is numerically projectively
flat if and only if & and & are numerically projectively flat and

1 1 1
;81(5)) = gcl(g) = r+861(5€9g).

We will need the following easy observation.

Lemma 2.15. Let f: X =Y be a smooth projective morphism with connected fibers
between smooth algebraic varieties, and let & be a vector bundle of rank r > 1 on X.
Suppose that the restriction of & to every fiber of f is numerically projectively flat. Suppose
in addition that &|p = ﬁ;?T, where F is a general fiber of f. Then there exists a vector
bundle 4 on Y such that & = f*49.

Proof. Let F be any fiber of f Because the function y — h°(X,,&|x,) is upper
semicontinuous in the Zariski topology on Y (see [36, Theorem 12.8]), we have
hO(F,&|F) = r. By [22, Proposition 1.16], the evaluation map H°(F,&|r) ® Op — &|r is
an injective morphism of vector bundles. This implies that &|r = 0'2". By [36, Corollary
12.9] together with the base change theorem [36, Theorem 12.11], the sheaf ¢ := f.& is
locally free of rank r and the formation of f.& commutes with arbitrary base change.
This easily implies that & =2 f*¥. O

2.6. Foliations

In this section, we have gathered a number of results and facts concerning foliations which
will later be used in the proofs.

Definition 2.16. A foliation on a smooth variety X is a coherent subsheaf .# C T'x such
that

(1) .Z is closed under the Lie bracket, and

(2) .Z is saturated in T'x. In other words, the quotient Tx /.Z is torsion-free.

The rank r of # is the generic rank of .%. The codimension of % is defined as ¢ :=
dim X —r.

The canonical class K¢ of Z is any Weil divisor on X such that Ox(—Kg) = det %.

Let X° C X be the open set where .# is a subbundle of Tx. The foliation is called
reqular if X° = X.

A leaf of & is a maximal connected and immersed holomorphic submanifold L C X°
such that Ty = 7.

The normal sheaf of F is A := (Tx/#)**. The ¢g-th wedge product of the inclusion
N C QL gives rise to a nonzero global section w € HY(X,Q% ®det.#") whose zero locus
has codimension at least 2 in X. Moreover, w is locally decomposable and integrable. To
say that w is locally decomposable means that, in a neighborhood of a general point
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of X, w decomposes as the wedge product of ¢ local 1-forms w =wy A--- Awy. To say
that it is integrable means that for this local decomposition one has dw; Aw = 0 for
every i € {1,...,q}. The integrability condition for w is equivalent to the condition that
Z is closed under the Lie bracket. Conversely, let .Z be a line bundle on X, and let
w € HY(X,0% ®.%) be a global section whose zero locus has codimension at least 2 in X.
Suppose that w is locally decomposable and integrable. Then the kernel of the morphism
Tx — Qg(_l ® % given by the contraction with w defines a foliation of codimension ¢ on
X. These constructions are inverse of each other.

Let X and Y be smooth complex algebraic varieties, and let f: X — Y be a dominant
morphism that restricts to a smooth morphism f°: X° —Y° where X°C X and Y°CY
are dense open subsets. Let .% be a foliation on Y. The pull-back f~'.F of .F wvia f is
the foliation on X whose restriction to X° is (df°)~'(#y-). We will need the following
easy observation.

Lemma 2.17. Let f: X =Y be a finite étale cover of smooth projective varieties, and
let F be a regular foliation on Y. Then the following holds.

(1) The foliation f~.F is regular. Moreover f~ 7 = f*Z and Nj-15 = f* Nz,

(2) We have k(Kf-12) =k(Kz), and v(Ki-15) =v(Kz).
Proof. The first part of the statement is obvious. For the second part, note that K;-1.4 =

[*Kz by (1). Then we have x(Kf-12) = r(Kz) by [58, Theorem 5.13] and v(K;-14) =
v(Kz) by [52, Proposition V.2.22].

O

2.7. Ehresmann connections

Let f: X — Y be a surjective proper morphism between smooth varieties. An Fhresmann
connection on f is a distribution 2 C T'x such that the restriction of the tangent map
Tf:Tx — f*Ty to Z induces an isomorphism 2 = f*Ty . The Ehresmann connection &
is said to be flat if & is a foliation.

If f has an Ehresmann connection, then f is a locally trivial fibration for the analytic
topology since complex flows of vector fields on analytic spaces exist.

Suppose that f has a flat Ehresmann connection 2. Let F' be any fiber of f, and set
y:= f(F). Let also p: m1(Y,y) = Aut(F) be the monodromy representation of 2. Then

X = (Y xF)/m(Y,y),

where Y denotes the universal cover of Y based at y and 7 (Y,y) acts diagonally on the
product.

Example 2.18. Let n > 2 be an integer. Let A =C"~1/A be a complex abelian variety,
and let p: m (A) — PGL(2,C) be a representation of the fundamental group 71 (A) = A
of A. Then the group m1(A) acts diagonally on C"~! x P! by v (2,p) = (v(2),p(7)(p)).
Set X := (C"1 xP!)/m(A), and denote by ¢: X — A= C"!/m(A) the projection
morphism, which is P!-bundle. The foliation on C"~! x P! induced by the projection
C" 1 x P! — P! is invariant under the action of 7;(A4) and gives a flat Ehresmann
connection % on . Then p identifies with the monodromy representation of .%.
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2.8. The standard setting

Throughout the present paper, we will be working in the following setup and use the
notation below.

Setup 2.19. Let X be a complex projective manifold of dimension n > 3, and let % C
Tx be a regular codimension 1 foliation with normal bundle .4#". Suppose that % is
numerically projectively flat. Let p: m1(X) — PGL(n — 1,C) denote a representation that
defines the projectively flat structure on ..

Remark 2.20. Setting and notation as in Setup 2.19. Let f: Y — X be a finite étale
cover. Then the pull-back f~'.% of .# on Y satisfies all the conditions listed in Setup 2.19
(see Lemma 2.17).

We will need the following observation.
Lemma 2.21. Setting and notation as in 2.19. Then F* is a nef vector bundle.

Proof. In order to prove the lemma, it suffices to show that K& is nef since the vector
bundle .7 *|¢ is semistable for any morphism C'— X from a smooth complete curve C
by Theorem 2.11. We argue by contradiction and assume that K& is not nef. Then there
exists a smooth complete curve C' — X such that deg, K& < 0. This implies that the
vector bundle Z|c is ample since it is semistable with positive slope by our current
assumption. By [9, Main Theorem] (see also [50, Theorem 1]), the leaf F' of % through a
general point in C is algebraic and rationally connected. It follows that .# is induced by
a morphism with connected fibers f: X — B onto a smooth complete curve B. By [49,
Theorem IV.2.10] applied to a general fiber F of f, there exists a minimal free rational
curve P! — F which means that there exists an integer 0 < p < n—2 such that

Flp1 2 Trlp1 = Op1 (2) B Op1 (1) @ 65277

Since .Z|[p1 is projectively flat by assumption, we must have p =0 and n = 2, yielding a
contradiction. This finishes the proof of the lemma. O

3. Preparations for the proof of Theorem 1.1

In this section, we provide technical tools for the proof of our main results.

3.1. Bott (partial) connection and applications

We briefly recall the relevant notions first. Let X be a complex manifold, and let .# C
Tx be a regular foliation with normal bundle 4. Let p: Tx — .4 denotes the natural
projection. For sections U of A", T of Tx and V of % over some open subset of X
with U = p(T), set Dy U = p([V,T]). This expression is well defined, &'x-linear in V and
satisfies the Leibnitz rule Dy (fU) = fDyvU + (V f)U so that D is an .#-connection on
A (see [3]). We refer to it as the Bott connection on A

Lemma 3.1. Let X be a complex manifold of dimension n > 2, and let F C Tx be a
reqular foliation of codimension 1 < q <n—1 with normal bundle N .
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(1) The Bott connection is flat when restricted to the leaves of F .
(2) The cohomology class c1(AN) € HY(X,Q%) lies in the image of the natural map
HY (X, /") — HY(X,Q%).
In particular, we have ¢y (A)t =0 € HITH(X, Q4.

Proof. Item (1) follows from an easy (local) computation. The arguments of [3, Proof of
Corollary 3.4] give a proof of Item (2). O

The following easy consequence of Lemma 3.1 above will prove to be crucial.

Proposition 3.2. Let X be a complex manifold of dimension n >3, and let Y C X be
a compact Kdhler submanifold. Let % C Tx be a regular codimension 1 foliation with
normal bundle A . Suppose that F = L & - B L1 for some line bundles & with
Cl(gl) == Cl(fnfl) € HI(X7Q§() Then

cl(Zily)? = ei(N|y)? = ei(Lily) - er(H]y) =0.
Moreover, the linear subspace
L:={c1i(Aly),-..,ei(Lnaly)en(AHly)) € HH(Y, Q)
has dimension at most one.

Proof. The second assertion follows immediately from the first using the Hodge index
theorem.

Set c:=c1(A) =+ =c1(Ln-1) € H(X,QL). Notice that %, C Tx defines a regular
foliation for any index i € I. Denote by ./4; its normal bundle. Then Lemma 3.1 shows
that 1 (A7) = c1(A) + (n—2)c € H'(X,Q%) lies in the image of the natural map

HY (X, A7) — HY(X,0%).
On the other hand, we have

(| Im(H'(X,.47) = H' (X,9%)) (| Ker(H'(X,Qk)— H'(X,.Z))

1<i<n—1 1<i<n—1

Ker [ H'(X,Q%)—~ P H'(X.Z)

1<ig<n—1
=Ker (H'(X,Q) » H'(X,.7%))
=Im (H'(X,/*) = H'(X,Q%)),

and hence c;(A) + (n—2)c € H(X,Q%) lies in the image of the natural map
HY (X, /") — HY(X,QY). By Lemma 3.1 again, ¢;(4") € H'(X,Q%) lies in the image
of the natural map

HY X, /") — HY(X,Q%).

https://doi.org/10.1017/51474748024000574 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748024000574

772 S. Druel
Now, we have a commutative diagram

HY (X, /%) ——— HY(X,0%)

| |

HYY , N *y) ——— HY (Y, Q).
The first assertion follows easily since .4” has rank 1 by assumption. O

The proof of Proposition 3.4 below makes use of the following result.

Lemma 3.3. Let X be a complex projective variety, and let v: X — X be the normaliza-
tion morphism. Suppose that wx is invertible. Then the following holds.

(1) There exists an effective Weil divisor on X such that wg Zviux(—FE).
(2) We have E =0 if and only if X is normal.

Proof. By [45, Proposition 5.67] and [45, Proposition 5.68] together, we have v,wg =
¢ ®wx, where ¢ := Home, (v«O5%,0x) C Ox is the conductor ideal of X in X. This
gives wg = <g~® v*wx, where C =% O3 C O%. Recall that wg is reflexive since X is
normal. It follows that € is reflexive as well. Hence, there exists an effective Weil divisor
on X such that ¢ = 03 (—FE), proving (1).

If E=0, then ¥ & Ox. This immediately implies that v is an isomorphism, finishing
the proof of the lemma. O

Proposition 3.4. Let X be a complexr manifold of dimension n >3, and let Y C X be a
compact Kdhler submanifold of dimension m > 2. Let F C Tx be a reqular codimension
1 foliation with normal bundle 4 . Suppose that F = A D --- B L_1 for some line
bundles £, with ¢1(L) = = c1(L-1) € HY(X,Qk). Let A be a line bundle on Y
such that c1 (M) € (c1(Lily), ... e1(Lnoily )1 (A |y)) CTHYY,QL). Suppose that A is
nef and M =, b;Bi, where by € Qo and the B; are distinct prime divisors. Suppose

in addition that JK}‘/X B, is nef if m <n. Then the following holds.

(1) For every index i € I, B; is a finite étale quotient of a complex torus.

(2) We have BiNB; =0 if i #j.

(3) The vector bundles Np, )y and Np, x are numerically flat. In particular, B; CY
s a nef divisor.

Proof. Suppose that m < n. If m = n, the proof of the proposition is very similar and
therefore omitted.

We may assume without loss of generality that ¢;(.#) # 0. In other words, assume that
I is not empty. By Proposition 3.2, we have ¢; (.#)? = 0. It follows that .# |z, =0 for any
1 € I since .# is nef by assumption. By Proposition 3.2 again,

L= {c1(Aly),....ct(Zaaly),er(A|y)) = (er(Ay)) € H (Y, Qy).

https://doi.org/10.1017/51474748024000574 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748024000574

Projectively flat foliations 773

Thus, %j|g, =0 and 4| g, = 0. As a consequence, the vector bundle Q% | g, is numerically
flat. Consider the exact sequence
0= x|, = QxlB, = |, = 0.

Since A3 x|p, is nef by assumption, we infer that 43" |, and | B, are numerically
flat as well.
Next, consider the exact sequence of sheaves

0— Op,(=Bi) = Qylp, = Qp, = 0.

Since —B;|p, = b%zj# b;Bj|p,, we conclude that —B;|p, =0 and that Op,(—B;) is a
subbundle of Q4 |p, (see [22, Proposition 1.16]). As a consequence, the sheaf Q0 is locally
free and numerically flat. Moreover, B; N B; =) if i # j.

Let v;: El — B; be the normalization morphism. By the adjunction formula,

wp, = 0y (Ky + B;)|s, =0.

In particular, wp, is locally free. By Lemma 3.3 above, there exists an effective Weil
divisor E; on El such that wp, & viwg, (—E;).

Suppose that F; # 0. Then K 3, s not pseudo-effective, and hence B; is uniruled by
[5, Corollary 0.3] applied to a resolution of El Let C C B; be a rational curve. Then
Q-|c is the trivial vector bundle since Q3 |c is numerically flat, yielding a contradiction.
This shows that E; =0, and hence B; is normal by Lemma 3.3. Then [5, Corollary 0.3]
applies to show that B; has canonical singularities since Kp, = 0. By the solution of the
Zariski-Lipman conjecture for canonical spaces (see [29, Theorem 6.1] or [23, Theorem
1.1]), we conclude that B; is smooth. In addition, we have ¢1(B;) =0 and c2(B;) =0
by [22, Corollary 1.19]. As a classical consequence of Yau’s theorem on the existence of
a Kéhler—Einstein metric, B; is then covered by a complex torus (see [47, Chapter IV
Corollary 4.15]). This finishes the proof of the proposition. O

Proposition 3.5. Let X be a complexr manifold of dimension n >3, and let Y C X be a
compact Kdhler submanifold of dimension m > 2. Let # C Tx be a regular codimension 1
foliation. Suppose that F = L @---® %L, —1 for some line bundles £; with ¢1(L)=---=
c1(Zn—1) € HY(X,QX). Suppose furthermore that cp( Ny x) =0 for any k€ {1,...,m}
if m <n. Then ¢1(Y)? =0 and cx(Y) =0 for any k € {2,...,m}. Moreover, we have
X(YvﬁY) =0.

Proof. Suppose that m < n. If m = n, the proof of the proposition is very similar and
therefore omitted.
The Chern polynomial ¢;(Tx|y) of Tx|y satisfies

aTxly)=c(Aly)- [] a(Zlyv)

1<i<n—1

where .4 denotes the normal bundle of .%#. Therefore, by Proposition 3.2, we have
c1(Tx|y)? =0 and cx(Tx|y) =0 for any k € {2,...,n}. On the other hand,

c(Txly) = Ct(JVY/X) e(Ty) = e(Ty)
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since ¢;(Ay/x) =1 by assumption. This easily implies ¢1(Y)? =0 and ¢(Y) =0 for
any k € {2,...,m}. Then x(Y,0y) =0 by the Hirzebruch-Riemann—Roch theorem. This
finishes the proof of the proposition. O

3.2. Abelian schemes

The proof of Theorem 1.1 uses Kollar’s characterisation of étale quotients of abelian
schemes [48, Theorem 6.3]. We recall the relevant notion first. Let X be a normal
projective variety, and let Y C X be a closed subvariety. We say that X has generically
large fundamental group on Y if for any very general point y € Y and for every closed
and positive-dimensional subvariety y € Z C Y with normalization Z, the image of the

natural morphism m1(Z) — m1(X) is infinite. The following observation will prove to be
crucial.

Lemma 3.6. Let f: X —Y be a projective morphism with connected fibers between
smooth algebraic varieties, and let F be a general fiber of f. Suppose that every fiber
of [ (with its reduced structure) is a finite étale quotient of an abelian variety. Then
the homomorphism w1 (F) — w(X) is injective. In particular, X has generically large
fundamental group on F.

Proof. By [39, Proof of Lemma 2.2] and [51, Lemma 7.3], there exists an open subset
Y° CY with complement of codimension at least 2 such that the restriction f° of f to
X°:= f~1(Y°) is locally homotopically @-smooth (we refer the reader to [51, Definition
7.2] for this notion). Then [51, Theorem 7.8] applies to show that f° is birational to a
Q@-smooth @Q-torus fibration ¢°: Z° — Y° over Y°. In other words, there exists a finite
morphism Y;” — Y ° such that the normalization Z7 of Y;° xy. Z° is étale over Z° and such
that the morphism Z7 — Y;° is smooth with fibers being finite étale quotients of abelian
varieties. This immediately implies that any fiber of ¢g° (with its reduced structure) is
a finite étale quotient of an abelian variety. It then follows that X°/Y° = Z°/Y°. Let
X7 — X° be the induced finite étale cover, and denote by f7: X7 — Y;° the corresponding
smooth fibration. By [51, Theorem 3.14], there exists a finite étale cover X5 — X7 such
that any fiber of the composition f5: X5 — X7 — Y° =: Yy is an abelian variety. Let F» be
a general fiber of f5. By [16, Proof of Lemma 2.3], the homomorphism 7 (Fy) — 71 (X3)
is injective. Moreover, there is a commutative diagram

7T1(F2) > 7T1(X§)

| J

7T1(F) _— ﬂl(XO),

where F' denotes the image of F» in X°. By [51, Corollary 3.7], m1(F') is torsion-free.
This easily implies that the homomorphism 71 (F) — 7(X°) is also injective since 71 (F»)
has finite index in 7 (F). Finally, the inclusion induces an isomorphism 71 (X°) 2 71 (X)
of fundamental groups since X \ X° is a closed subset of codimension at least 2. This
finishes the proof of the lemma. O
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We will also need the following auxiliary result.

Lemma 3.7. Let f: X — Y be a smooth projective morphism with connected fibers
between smooth algebraic varieties. Suppose that there exists yo € Y such that the fiber
F~Y(yo) of f over yo is a finite étale quotient of an abelian variety. Then every fiber of f is
a finite étale quotient of an abelian variety. Moreover, there exist a dense open set Y° CY
and a finite étale cover X{ — X°© := f~1(Y°) such that the fibration X7 — Y obtained as
the Stein factorization of the composition X7 — X° = Y° is an abelian scheme equipped
with a level three structure.

Proof. By [51, Theorem 3.14], there exists a finite étale cover X; — X such that the
fiber ffl(yo) of the composition f1: X7 — X — Y =:Y] is an abelian variety. Notice that
f1 is a smooth morphism. By Ehresmann’s theorem, any fiber F; of f; is homeomorphic
to an abelian variety. Then [13, Theorem 4.8] applies to show that Fj is an abelian
variety. Finally, shrinking Y7 if necessary, we can find a suitable finite étale cover Y5 — Y3
such that the projection morphism Y3 xy, X1 — Y5 has a section. Then Y5 xy, X3 is an
abelian scheme over Y,. Replacing Y, by a further finite étale cover, we may assume that
Y3 Xy, X1/Y, admits a level three structure, finishing the proof of the lemma. O

The proof of Theorem 1.1 makes use of the following result, which might be of
independent interest.

Lemma 3.8. Let f: X =Y be an abelian scheme over a projective base equipped with a
level three structure, and let : X — M be a birational morphism onto a smooth projective
variety. Then M is an abelian scheme over a smooth projective base N and there exists a
birational morphism' Y — N such that X/Y =Y xy M/Y .

Proof. Let ¥ C X be the neutral section of f, and let N be the normalization of A := 8(X).
Let also 7(3) be the fine moduli space of polarized abelian varieties with a level three
structure.

Recall that there exists a composition Z — M of a finite number of blow-ups with
smooth centers such that the induced rational map Z --+ X is a morphism. This easily
implies that every positive-dimensional fiber of 3 is rationally chain connected.

Let C C X be a rational curve such that dimB(C) =0, and set B := f(C). By [48,
Lemma 5.9.3], (f~1(B)/B,X|s-1(p)) = (B x A/B,B x{04}), where (A,04) is an abelian
variety. Notice that C'= B x {ag} for some point ag € A. In particular, either C is disjoint
from ¥ or C is contained in ¥. This immediately implies that ¥ = 37!(A) since every
positive-dimensional fiber of 3 is rationally chain connected. By the rigidity lemma (see
[19, Lemma 1.15]), the morphism Y — &/ (3) corresponding to f factorizes through the
map 7: Y 2% — N induced by §|s. In other words, the abelian scheme f is the pull-back
of an abelian scheme M; over N via n. Let 51: X — M; be the induced morphism.

To prove the statement, it suffices to show that there exists an isomorphism 7: M — M;
such that 81 =70 or equivalently that 8 (resp. 81) factorizes through g; (resp. B).

Let F be a positive-dimensional fiber of 5. Recall that F' is rationally chain connected.
Set G := f(F). By [48, Lemma 5.9.3] again, (f~'(G)/G,S|f-1(q)) = (G x A2/G,G x
{04,}), where (As,04,) is an abelian variety. Moreover, F' = G x {as} for some point
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as € Ay. Since G is a fiber of 1, F is contracted by (1. By the rigidity lemma (see [19,
Lemma 1.15]), 81 factorizes through (. Let now Fj be a fiber of ;. Set G := f(F}).
Then G is a fiber of n. Moreover, (f~1(G1)/G1,5]4-1(cy)) = (G1 x A1/G1,G1 x {04, })
for some abelian variety (A41,04,), and F} =2 G x {a;} for some point a; € A;. Since
Gy x{04,} 2 XN f1(Gy) is contracted by B, Fy is contracted by B as well. By the
rigidity lemma (see [19, Lemma 1.15]), 8 factorizes through ;. This finishes the proof of
the lemma. O

3.3. Descent of line bundles

Let f: X — Y be a morphism of algebraic varieties, and let .Z be a line bundle on X.
We give sufficient conditions that guarantee that there exist a line bundle .# on Y and a
positive integer m such that £®™ = f*_# . The following observation is rather standard.
We include a proof here for the reader’s convenience.

Lemma 3.9. Let f: X =Y be a flat projective morphism with integral fibers between
smooth complex algebraic varieties. Let £ be a line bundle on X, and let F be a general
fiber of f. Suppose that L|r is a torsion line bundle. Then there exists a line bundle A
on Y and a positive integer m such that L™ = f* 4 .

Proof. Let m be a positive integer such that the set of points y € Y with $®m|xy i~ ﬁxy
is dense. Because the functions y + h° (Xy,f ®xm| Xy) are upper semicontinuous in the
Zariski topology on Y (see [36, Theorem 12.8]), we have h° (Xy,,f@im Xy) =1 for every
y € Y. This implies that .Z%™|x, = Ox, since X, is integral by assumption. By [36,
Corollary 12.9] together with the base change theorem [36, Theorem 12.11], .# := f,.£®™
is a line bundle and the formation of f,.Z®™ commutes with arbitrary base change. This
casily implies that £®™ = f* /. O

Remark 3.10. Setting and notation as in Lemma 3.9. Suppose in addition that £ |p =
OF. Then the proof of Lemma 3.9 shows that there exists a line bundle .# on Y such
that £~ f* 4.

Proposition 3.11. Let X be a complex projective manifold, and let f: X — B be a
surjective morphism with connected fibers onto a smooth complete curve. Let £ be a nef
line bundle on X such that £ | is torsion, where F is a general fiber of f. Then there exist
a line bundle .# on B and a positive integer m such that L®™ = f* 4 . In particular,
< =B 0.

Proof. Let B° C B be a dense open set such that f°:= f|xe is a smooth morphism, where
X°:=f~1(B°). Let m be a positive integer. Because the functions b h®(X;, L9+ |,)
are upper semicontinuous in the Zariski topology on B (see [36, Theorem 12.8]), the set
of points b on B° such that £®™|x, & O, is closed. As a consequence, there exists a
positive integer m; such that £®™|x, = Ox, for all b€ B°. From [36, Corollary 12.9],
we see that f2(£®™|yo) is a line bundle. Thus, there exists a divisor D on X with
f(Supp D) € B such that %™ =~ Gx (D).

Let S C X be a two-dimensional complete intersection of general elements of a very
ample linear system on X. This is a smooth surface in X and the restriction f|s of f to
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S is a surjective morphism with connected fibers onto B. By Zariski’s lemma (see [10,
Lemma I11.8.2]), we have D|% < 0. Since D is nef by assumption, we must have D|% = 0.
By Zariski’s lemma again, there exist a positive integer ms and a divisor G on B such
that moD|s = f|5G. The claim now follows from the Grothendieck-Lefchetz hyperplane
theorem. O

The following result is an easy consequence of Proposition 3.11 above.

Corollary 3.12. Let f: X — Y be an equidimensional morphism with connected fibers
between normal projective varieties, and let £ be a nef line bundle on X such that £|r
is torsion, where F is a general fiber of f. Then £ =y 0.

Proof. Notice that a general fiber of f is irreducible by [19, 5.5]. By a theorem of Chevalley
(see [34, Corollaire 14.4.4], the morphism f is universally open.

Let y € Y be a point, and let B — Y be a morphism from a smooth complete curve
B whose image contains y and a general point in Y. Observe that product B xy X is
irreducible since the projection B xy X — B is open with irreducible general fibers. Let
Z be a resolution of (B Xy X)yed. Our claim follows from Proposition 3.11 applied to the
pull-back of .Z to Z. O

We will also need the following elementary observation.

Lemma 3.13. Let f: X =Y be a surjective morphism of normal projective varieties with
n:=dimX > 2 and m:=dimY > 1. Let D be a prime Q-Cartier divisor on X such that
dim f(D) = 0. Suppose in addition that D*- H"=2 >0 for some very ample divisor H on
X. Then dimY = k(D) =1, and f is induced by the linear system |mD| for m sufficiently
large.

Proof. Let us first show that dimY = 1. We argue by contradiction and assume that
dimY > 2. Let S C X be a two-dimensional complete intersection of general elements
of |H|, and set C' := SN D. By Bertini’s theorem (see [41, Théoréme 1.6.10]), we may
assume without loss of generality that S and C are reduced and irreducible. Then D? -
S = (DJs)? < 0 since C is contracted by the generically finite morphism f|g, yielding a
contradiction since D?-S = D?. H"=2 > ( by assumption. This shows dimY = 1.
Zariski’s lemma then applies to show that some nonzero multiple of D|s = C'is a fiber
of f|s. This easily implies that some nonzero multiple of D is a fiber of f, and hence
k(D) = 1. This finishes the proof of the lemma. O

3.4. Abundance

We will later use the following special case of the abundance conjecture, whose proof
relies on an extension theorem proved in [21].

Proposition 3.14. Let X be a smooth complex projective manifold of dimension n > 2,
and let B be a nonzero divisor on X. Let B:= ), ; B; be its decomposition into irreducible
components. Suppose that B; is smooth with Kp, =0 and Bf = 0. Suppose moreover that
B,NB;j =0 ifi#j. Suppose finally £(X) >0 and Kx nef. Then there exists a morphism
with connected fibers f: X — C onto a smooth complete curve such that B; is a fiber of f
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for every i € I. In addition, Kx is semiample, Kx|r ~q 0 for a general fiber F of f and
k(X)=v(Kx) < 1. In particular, Kx + B is semiample with k(Kx +B)=v(Kx +B) < 1.

Proof. Let D be an effective Q-divisor such that K x ~g D. Notice that D-B; = Kx -B; =
0 since B =0 and K, =0 by assumption. Thus, there is a decomposition D = D; + Ds,
where D and D, are effective Q-divisor with Supp D; NSupp Dy = @ and Supp D-
Supp B.

Let us show that D; is nef. We argue by contradiction and assume that there exists a
curve C' C X such that D;-C < 0. Then C C Supp D; and hence C'NSupp Dy = @. Thus,
Kx-D=D-C=D;-C <0, yielding a contradiction. Notice also that B; is nef since
B? =0 by assumption.

Pick i € I. Then Kx + B;, +5(D1 +Ziel\{i0} Bi) is nef as well for every € > 0. Let
0 < e <1 be a rational number such that the pair (X,Bi0 +€(D1 + Ziel\{io} B,-)) is plt.
Then [21, Corollary 1.8] applies to show that there exists an effective Q-divisor G such
that Kx + B;, +5(D1 +Zi€l\{io} Bl-) ~g G1 and B;; NG1 = 0 since (KX + B;, +5(D1 +
ZieI\{iD} BZ)) |B,:0 ~q Kp,, is torsion. Set Go := D+ B;, +{—:(D1 + Zie]\{io} Bi). Then
Gy ~g G and multp, Gy > 1.

Let m be a positive integer such that mG; and mGy are Z-divisors, and let X --» P! be
the corresponding rational map. Let p: Y — X and ¢: Y — P! be a common resolution of
singularities. We may assume without loss of generality that p restricts to an isomorphism
over some Zariski open neighborhood of B;, since B;, NGy = () by construction. Let
g: Y — C be the Stein factorization of ¢. By Zariski’s lemma, some positive multiple of
the strict transform of B;, in Y is a fiber of ¢ since Bng = 0. This immediately implies that
the rational map f: X --+ C is a morphism. By Zariski’s lemma again, for every i € I,
some positive multiple of B; is a fiber of f. Let now F' be a general fiber of f. Then, by
construction, (KX + B;, +5(D1 + ZieI\{io} BZ)) |F = Kx|F is torsion. But Kx|p ~z Kp
by the adjunction formula. The statement easily follows from Proposition 3.11. O

N

3.5. Foliations and rational curves

In order to study foliations on nonminimal varieties it is useful to understand their
behavior with respect to rational curves. The following result is a minor generalization of
[28, Lemma 2.18].

Lemma 3.15. Let X be a complex projective manifold of dimension n > 2, and let & C
Tx be a reqular codimension 1 foliation. Let S be a rational ruled surface, and letv: S — X
be a generically finite morphism. Then there exists a rational curve C C S which is not
contracted by v such that v(C) is tangent to F .

Proof. Let .4 denote the normal bundle of .%, and let f: S — P! denote the natural
morphism. Recall that N*(S) 2 Z[C) ® Z[F], where F is any fiber of f and Cj is a section
of f with C’g =—e<0.

Set A5 := .4 |s. By Lemma 3.1, we have ¢;(45)? = 0. Write ¢1(A45) = aCy+bF. Then

0=rc1(A5)? = (aCo+bF)? = a(—ae +2b),
ca(As) - F=a
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and
Cl(g/Vs) . C() = —ae+b.

We may obviously assume that F' is not tangent to .%. Then the composition Tp1 =
Tr — Tx|p — A |F = A5|F is nonzero, and hence a = ¢1(A5) - F > 2> 0. It follows that
2b = ae. In particular, we have b > 0.

If Cy is contracted by «, then ¢1(A5)-Co = 0. This immediately implies b=e =0. Then
S 2= P! x P! and f identifies with the projection onto the first factor. Moreover, the image
of a general fiber of the projection onto the second factor is tangent to .%.

Suppose from now on that Cj is not contracted by v and that v(Cp) is not tangent to
Z. Then, as above, we must have c¢;(Ag)-Cp = 2. It follows that b > ae+ 2, and hence
b+ 2 <0, yielding a contradiction. This finishes the proof of the lemma. O

We will also need the following auxiliary results.

Lemma 3.16. Let X be a complex projective manifold of dimension n > 2, and let
F C Tx be a regular codimension 1 foliation. Let p: X — Y be an elementary Fano—
Mori contraction. Suppose that there exists an irreducible component Fy of a positive-
dimensional fiber F' of @ which is not tangent to . Then Y is smooth, and either ¢ is
the blow-up of a smooth codimension 2 submanifold or ¢ is a conic bundle.

Proof. Let .4 denote the normal bundle of .%, and let C C F' be a rational curve. Suppose
that A" -C =0. Then C is tangent to .# and moreover .4 |r =0 since ¢ is elementary by
assumption. This in turn implies that any irreducible component of F' is tangent to .#
since F is rationally chain connected by [38, Corollary 1.4], yielding a contradiction. This
shows that .4 -C # 0. On the other hand, ¢;(.#)? =0 by Lemma 3.1. This immediately
implies that any positive-dimensional fiber of ¢ is one-dimensional. The claim now follows
from [62, Theorem 1.2]. O

Lemma 3.17. Let X be a complex projective manifold of dimension n > 2, and let F be
a reqular codimension 1 foliation. Suppose that F is projectively flat, and let C C X be a
rational curve such that K¢ -C < 0. Then Tx|c is nef. In particular, X is uniruled.

Proof. Let .4 denote the normal bundle of .%, and let P — C' C X be the normalization
morphism. Since .% is projectively flat, there exists a € Z such that % |p1 = Op1 (a)®" L.
Notice that a > 0 since K -C < 0 by assumption.

If C is tangent to %, then A |p: is a flat line bundle by Lemma 3.1, and hence A |p1 &
Op1. If C is not tangent to %, then the composition Tp1 — Tx|p1 — A |p: is nonzero,
and hence A -C > 2. In either case, the exact sequence

0= ZFlpr = Tx|pr = A |pr =0

shows that Tx|p: is nef. But then X is uniruled by [49, Theorem IV.1.9]. O

3.6. Special cases

In this subsection, we treat a few easy special cases of Theorem 1.1.
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Proposition 3.18. Seiting and notation as in 2.19. Suppose in addition that Ko = 0.
Then one of the following holds.

(1) There exists a P'-bundle structure p: X — Y onto a finite étale quotient of an
abelian variety, and % induces a flat Ehresmann connection on .

(2) There exists an abelian variety A and a finite étale cover v: A— X such that v~ 1.F
s a linear foliation on A.

(3) There exists a smooth complete curve B of genus at least 2 as well as an abelian
variety A, and a finite étale cover v: B x A — X such that v~ 1% is induced by the
projection morphism B x A — B.

Proof. This follows easily from [56, Théoreme 1.2] together with [24, Lemma 5.9]. O

Remark 3.19. In the setup of Proposition 3.18, there exists a finite étale cover n: Z — X
such that n~ 1.7 = ﬁ?"il.

Proposition 3.20. Setting and notation as in 2.19. Suppose in addition that F is
algebraically integrable. Then one of the following holds.

(1) There exists an abelian variety A as well as a smooth complete curve C of genus
at most 1 and a finite étale cover v: Ax C — X such that v~1.% is induced by the
projection Ax C' — C.

(2) There exists a smooth abelian scheme f: B — C over a smooth complete curve C of
genus at least 2 as well as a finite étale cover v: B — X such that v~ '.F is induced

by f.
In particular, K is semiample with k(F) =v(F) € {0,1}.

Proof. By assumption, .# is induced by a morphism with irreducible fibers f: X —
C onto a smooth complete curve C. By [42, Theorem 0.1], any leaf of .% is a finite
étale quotient of an abelian variety. By Lemma 3.6 and [48, Theorem 6.3] together, after
replacing X by a finite étale cover, the fibration f is birational to an abelian scheme over
C. This easily implies that f is an abelian scheme. Replacing X by a further finite étale
cover, we may also assume that f is polarized with a level three structure. Let &7 (3)
be the corresponding fine moduli space of polarized abelian varieties with a level three
structure, and let C'— 27(3) be the moduli map. By [49, Lemma 5.9.3], either the moduli
map is the constant morphism or C has genus at least 2. The proposition now follows
easily. O

Remark 3.21. In the setup of Proposition 3.20 (2), we have Q}a/c & f*& with & :=
f*Q}g ek Then .%# is numerically projectively flat if and only if & is semistable by
Lemma 2.14.

Lemma 3.22. Setting and notation as in 2.19. Suppose in addition that X is a finite
étale quotient of an abelian variety. Then Ko =0.

Proof. Replacing X by a finite étale cover, if necessary, we may assume without loss of
generality that X is an abelian variety. Then .4 is generated by its global section. On the
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other hand, we have 42 =0 by Lemma 3.1. If 4 = Ox, then K =0 by the adjunction
formula. Suppose that .4 # 0. Then, after a further finite étale cover, we have X 2 A x F,
where A is an abelian variety of dimension n—1 and F is an elliptic curve by Poincaré’s
complete reducibility theorem. Moreover, A4 2 f*_# for some line bundle .# on E, where
f: X — FE denotes the morphism induced projection onto E. Then Lemma 3.23 below
applies to show that K = 0 since n > 3 by assumption. This implies .4 = 0, yielding a
contradiction. This finishes the proof of the lemma. O

Lemma 3.23. Let C be a smooth complete curve, and let A be an abelian variety of
dimension n—1> 1. Set X :=Cx A and f:=pry. Let F be a codimension 1 foliation
on X with normal bundle N = f*.Z for some line bundle £ on C. Then F is reqular
and one of the following conditions holds.

(1) We have F = 039",
(2) We have F = 03" 2@ f*(Tc @ ZL).
(3) We have £ = O¢, and there is an exact sequence

0— 0% 2 5.7 - f*Tc — 0.

Proof. Let w € H*(X,Q% ® .4) be a twisted 1-form defining .%. Let F' 2 A be a fiber of
f- Then T'x|p = ﬁ?” and A|p & OF. This immediately implies that F#|p = ﬁ?”_l and
that % is regular since the zero set of w has codimension at least 2 in X. Moreover, there
exists a vector bundle & on C such that % & f*&

We may obviously assume that .# # T'x . If F is a general fiber of f, then # NTx,c|r C
Tr is a linear codimension 1 foliation on F' = A. Hence, there exists a subbundle J# C
& of rank n—2 such that F NTx,c = f*H C.F. Set g :=pry. Write w=a+j €
HY(X, QL @ A4) 2 HY(X, frfwuc® 4 )® HY(X,g*QY @ A) with a € HO(X, ffwc @A)
and S € H*(X,g* QY @ 4 ) 2 HO(A,QY) @ H*(C,£). By construction, there is an effective
divisor D1 on C' and an exact sequence

0— 4 — H(AQY) ®0c— £(—D1) =0,

where the map H°(A,Q4)*® Oc — £(—Dy) is induced by f. Since .Z # Tx,c, the
natural map ﬁ;‘?"‘l = Tx/c — & is nonzero, and hence h(X,.#) > 1. Let Dy be any
effective divisor on C such that £ = 0 (D3). We view w, o and § as rational 1-forms
on X with poles along the divisor f*Ds;. We have da =0 and df Aa = 0. But then
dBAB=dwAw=0. Let y1,...,7—1 be a basis of HY(A4,Q%), and let U C C'\ Supp D5 be
an open affine subset. Then

Bluxa= > tiv

1<ig<n—1

for some regular functions t; on U. Moreover, dG8 A 8 =0 if and only if dt’ = dt] for all
indices ¢ and j. Suppose that t; # 0. Then t; = ¢;;t; for some ¢;; € C. Thm 1mphes that
there exists s € HY(Y,.%) such that §=v®s, where v:= 3", ;. cijvi € H(A,Q}).
Then divs = Dy and & =2 ﬁg”d.
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Set 2:=&/#. Then 2= T L*. If h°(C,.£*) =0, then h(C,2%) = h' (C,we ®
L) =h%(C,*) =0 by Serre duality, and hence the exact sequence

0= —-E—-2—0

splits. Then .# = 09" 2@ f*(Tc ® £L%).
Suppose finally that h°(C,.Z*) > 1. Then £ = 0¢ since we also have h%(C,.%) > 1.
Then 2 = T, finishing the proof of the lemma. O

4. Normal bundles of regular foliations

In this section, we prove Theorem 1.2 and give a few applications to codimension 1
foliations on varieties of general type. If C is a smooth complete curve, then +K¢ is
pseudo-effective. Theorem 1.2 can be seen as the analogous statement for the canonical
divisor of the space of leaves of a codimension 1 regular foliation.

We will need the following Bertini-type result.

Lemma 4.1. Let X be a projective variety of dimension n > 2, and let Y C X be a
subvariety of codimension ¢ > 2. Let 1 <k < c—1 be an integer, and let Hy,...,Hy be very
ample divisors on X. Suppose that X is Cohen—Macaulay. Then there ezist large enough
positive integers mq,...,my and dense open subsets V; C | Sy (m;H;)| such that for any
tuple (A1,...,Ar) € V1 x -+ x Vi, the associated complete intersection S := A1N---N Ay is
reduced and irreducible. In addition, S is Cohen—Macaulay.

Proof. To prove the statement, we argue by induction on k.

Suppose k=1. Let 8: Z — X be the blow-up of X along Y, and let E be the effective
divisor on Z corresponding to the invertible sheaf 37 !.%y - 0. Notice that Z is reduced
and irreducible. Let m; be a positive integer such that %y (mH;) is generated by its
global sections. Then the linear system |m;S8*H; — E| induces a morphism ¢;: Z —
PM | where N; := dim|.%y(m; H;)|. We may also assume without loss of generality that
dim 1 (Z) > 2. By Bertini’s theorem (see [41, Théoréme 1.6.10]), a general member of the
linear system |mq/*H; — E| is reduced and irreducible. This immediately implies that
a general member A; of |#y (mqHy)| is generically reduced and irreducible. Since A;
is Cohen-Macaulay (see [27, Proposition 18.13]), we see that Ay is reduced by Serre’s

criterion.
Suppose k > 2. Then the induction hypothesis applied to A; and Ha|a,,...,Hi|a, show
that there exist positive integers mao,...,m; and dense open subsets V; C | #y (m; H;|4,)|

such that for any tuple (Ba,...,By) € Vo x --+ x Vj, the associated complete intersection
S := BsN---N By is reduced and irreducible. In addition, S is Cohen-Macaulay. We may
also assume without loss of generality that h'(X,O0x (m;H; —miH;)) =0 for any i > 2.
This implies that |.#y(m;H;)|a, = |-#y (m;H;|4,)|- The claim now follows easily. O

The proof of Theorem 4.4 below makes use of the following elementary results.

Lemma 4.2. Let S be a smooth projective surface, and let D be a divisor on S such that
D? =0. Then D is pseudo-effective.
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Proof. Let H be an ample divisor on S. Replacing D by — D if necessary, we may assume
without loss of generality that D-H > 0. Let € > 0 be a rational number, and set D, :=
D+eH. Then

D.-H=D-H+eH?*>0 and D?=¢(2D-H+<H?)>0.

Applying [36, Corollary V.1.8], we see that D, is Q-effective. This shows that D is pseudo-
effective, proving the lemma. O

Lemma 4.3. Let S be a smooth projective surface, and let D be a pseudo-effective divisor
on S with D* = 0. Suppose in addition that k(D) < 1. Then D is nef.

Proof. Let D = P+ N be the Zariski decomposition of D. Then P is a nef Q-divisor while
N is an effective Q-divisor. In addition, P- N = 0 and, either N =0 or the intersection
matrix (N;-Nj); jer is negative definite, where the N; with ¢ € I are the irreducible
components of N. Now, x(P) < k(D) < 1 by assumption, and hence P? = 0. It follows
that 0 = D? = N2, and hence N = 0, proving the lemma. O

Theorem 4.4. Let X be a complex projective manifold of dimension n > 1, and let D be
a divisor on X such that D? = 0. Suppose in addition that D is not pseudo-effective and
that h9(X,Q% (D)) = 1. Then —D is nef.

Proof. If n =1, then deg D < 0 since D is not pseudo-effective by assumption, and hence
—D is Q-effective. Suppose from now on that n > 2. By [5, Theorem 1.5], there exists a
smooth projective variety Z, as well as a birational morphism 8: Z — X, and very ample
divisors Hy,...,H,_1 on Z such that

B*D-Hy - Hy_; <O0.

Let C' C Z be a curve. By Lemma 4.1 there exist positive integers mq,...,m,_s and
a tuple (A4y,...,Ap_2) €| Fc(miHy)| X -+ X | Io(mp—o2H,_2)| such that the surface S :=
AiN---NA,_s is reduced and irreducible.

We have 3*D|s- H,—1|s <0 and 8*D|% = 0. Let S; — S be a resolution of singularities.
Applying Lemma 4.2 to the pull-back 5*D|g, of 5*D|s on S;, we conclude that —8*D|g,
is pseudo-effective.

Let w e H°(X,0%(D))\ {0}. The twisted 1-form w yields an injective map Ox (—D) —
QY of sheaves. We may assume without loss of generality that the composition
Ox(—D)|s, = Q|s, = Q, is nonzero. By the Bogomolov-Sommese vanishing theorem,
we then have k(0x(—D)|s,) < 1. Applying Lemma 4.3, we conclude that —8*Dl|g, is
nef. In particular, —3*D -C > 0. This shows that —D is nef, completing the proof of the
proposition. O

Proof of Theorem 1.2. This is an immediate consequence of Theorem 4.4 since A2 =0
by Lemma 3.1. O

The same argument used in the proof of Theorem 4.4 above shows that the following
holds.
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Theorem 4.5. Let X be a complex projective manifold of dimension n > 2, and let £ C
QL be a locally free subsheaf of rank 1. Suppose £ -H"" ! >0 and £*-H""2 =0 for
some ample divisor H on X. Then £ is nef.

The following is an immediate consequence of Theorem 4.4. Note that Touzet described
the structure of codimension 1 foliations with pseudo-effective conormal bundle in [57].

Proposition 4.6. Let X be a complex projective manifold, and let F be a codimension 1
foliation on X with normal bundle .. Suppose #/? =0 and v(Kz) <v(Kx)—1. Then
N* is nef.

Proof. If .4 is pseudo-effective, then v(Kz) > v(Kx) by [52, Proposition V.2.7] since
Kg = Kx +c¢1(4) by the adjunction formula, yielding a contradiction. The claim now
follows from Theorem 4.4. O

The following result extends [11, Lemme 9] to arbitrary regular codimension 1 foliations
on complex projective varieties of general type.

Corollary 4.7. Let X be a smooth projective variety of general type, and let F be a
regular codimension 1 foliation on X with normal bundle A". Suppose v(Kz) < dim X —1.
Then N* is nef.

Proof. By Lemma 3.1, we have .#2 = 0. The statement follows from Proposition 4.6
above. O

5. Projectively flat foliations on nonminimal varieties

In this section, we address regular codimension 1 foliations with numerically projectively
flat tangent bundle on nonminimal complex projective manifolds. The following is the
main result of this section.

Theorem 5.1. Setting and notation as in 2.19. Suppose in addition that n >4 and that
Kx is not nef. Then there exists a P'-bundle structure p: X —Y onto a finite étale
quotient of an abelian variety, and F induces a flat Ehresmann connection on .

Proof. For the reader’s convenience, the proof is subdivided into a number of steps.
Step 1. We will need the following easy observation.

Claim 5.2. Any rational curve on X is generically transverse to .

Proof. Let C be a rational curve on X, and let P! — C be the normalization morphism.
Suppose that Tpr C F|p1. Then F|p: is an ample vector bundle since % is numerically
projectively flat by assumption. But this contradicts Lemma 2.21, proving the claim. [

Let ¢: X =Y be an elementary Fano-Mori contraction. By Lemma 3.16 and Claim 5.2

together, Y is a smooth variety, and either ¢ is the blow-up of a smooth codimension 2
submanifold or ¢ is a conic bundle. The proof of Theorem 5.1 uses the following notation.
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Setup 5.3. Suppose that ¢ is a singular conic bundle, and let A := {y €
Y |¢~!(y) is not smooth} be the discriminant locus of . The same argument used
in the proof of [6, Proposition 1.2] shows that A has pure codimension 1. Moreover, A
has normal crossings in codimension 1. Let Z_5 C A be an irreducible component, and
let £_1 be the normalization of F_q := cp_l(Z,g). Then there exists a normal projective
variety Z_1 as well as morphisms F_ 1 - Z_1 and Z_1 — Z_5, and a commutative
diagram

E_1 —r E_2

Z_ 4 —— Z_s.

In addition, p_; is a P-bundle and ¢ is a finite morphism of degree 2. By [6, Lemme
1.5.2], there exists an open set Z°, C Z_5 with complement of codimension at least 2 such
that Z°, :=171(Z°,) is smooth and such that the morphisms E°; — X and Z°; —Y
induced by v|ge  and ¢|ze are unramified, where E°, := p1(Z°,). Let Z—Z 1 be a
quasi-étale cover with Z normal and projective, and let £ :=Z xz_, E_; with natural
morphism p: E — Z. Let Z° be the inverse image of Z°; and set E° :=p~!(Z°) and
p° :=p|ge. By the Nagata—Zariski purity theorem, the morphism Z° — Z°, is étale. As
a consequence, the natural morphisms F° — X and Z° — Y are unramified.

Suppose now that ¢ is a P!-bundle. Set Z_; :=Y . Let Z — Z_, be a finite étale cover,
and set £ :=Z x z_, E_; with natural morphism p: £ — Z. Set also E° := F and Z° := Z.

Suppose finally that ¢ is the blow-up of a smooth subvariety Z_; of codimension 2 in YV
with exceptional locus E_;. Let Z — Z_; be a finite étale cover, and set E:=Z xz_, E_4
with natural morphism p: E— Z. Set also E°:= F and Z° := Z.

We obtain a diagram

unramified

E° E X
POJ( Jp, Pl-bundle J@
Z° Z Y.

By choice of E°, Tgo is a subbundle of Tx|go.
Step 2. By Claim 5.2, the composition Tg,; — Tx|g — -4 '|g is nonzero.

Claim 5.4. To prove Theorem 5.1, it suffices to show that the map Tg,z — A'|g is an
isomorphism.

Proof. Suppose that the map Tg/z — -#|p is an isomorphism, and let F' be a fiber
of p. Since .Z is projectively flat, there exists a € Z such that .Z|p1 = Opi(a)®" 1. In
particular, we have K& - F = (n—1)a. If ¢ is a singular conic bundle or a blow-up, then
Kx - F = —1 by choice of F. The adjunction formula K& = Kx + ¢1(./4) then gives

(n—1)a=Kz - F=Kx-F4c,(N) F=—14+2=1.
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This is impossible and hence ¢ is a P*-bundle. Moreover, .Z is a flat Ehresmann connection
on . It follows that Ty is numerically projectively flat. But then [42, Theorem 0.1] applies
to show that Y is a finite étale quotient of an abelian variety. O

We argue by contradiction and assume the following.
Assumption 5.5. The map T/, — 4'|p is not an isomorphism.

There are finitely many prime divisors (¥;);c; on E and positive integers m; for i € I
such that

Nep= TE/Z(ZmiEi)-
icl
By Claim 5.2 again, the restriction of p to ¥; is a finite morphism ¥; — Z.

Claim 5.6. Let ¢ € I. Then ¥; is smooth in codimension 1, and the finite morphism
¥; — Z is quasi-étale. Moreover, the vector bundles Ty, z|s,, Tx|s,, A4%,/8, |z, and
A |s, are numerically flat. In addition, Og(3;)|s, =0 for all indices j € I.

Proof. Set X7 : =%, N E°. Let C C Z be a complete intersection curve of general elements
of very ample linear systems on Z. By general choice of C, we may assume without loss of
generality that C' C Z°. Set S:=p~!(C) C E° and f :=p|g. Write T} := Ts/c =Tg/zls-
By Bertini’s theorem (see [41, Théoréme 1.6.10]), we may assume that S is smooth and
that the complete curve B; := ;NS is reduced and irreducible.

We show that B; — C'is étale and that

T;-B; =N -Bi=B;-B; =0

for all indices j € I. Let &¢ be a normalized vector bundle on C such that S = Pq(8¢).
Recall that N*(S) = Z[Co] ® Z[F], where F = P! is any fiber of f and Cj is a section of
f with C§ = —e = deg&c. In addition, T = 2C +eF, and hence T]? =0. By Lemma 3.1,
we have (#|g)? = 0. This easily implies that

_ N|s-F

Hs =208

Ty
so that (32,c,m:B;)* =0.

Let a; and b; be integers such that B; = a;Cy + b;F. Then a; = B;- F > 0. By
construction, we have T¢|p, C .#|p,. By Theorem 2.11 and Lemma 2.21 together, we
have

Tf -B; = (2CQ+6F) . (aiCo—l—biF) = —ea; +2b; < 0.

Suppose first that e > 0.

If I = {i} and B; = Cy, then e = 0 since 0 = (},.; m;B;)* = —mZe. Moreover, T - B; =
A - B; = B; - B; = 0. Otherwise, there exists j € I such that B; # Cy. Then b; > ea; by
[36, Proposition 2.20], and hence e =0, b; =0 and B; = a;Cy. Hence, we have Ty - B; =
A -B; = Bj-B; =0 for all indices j € I. Moreover, the morphism B; — C' is étale by [36,
Proof of Proposition 2.21].
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Suppose now that e < 0.

Then 2b; < ea; < 0. Moreover, B; # Cy since Ty - Cy = —e > 0. Therefore, we have a; > 2
and 2b; > ea; by [36, Proposition 2.21], and hence 2b; = ea,. This implies B; - Bj =0 for
all j €I and Ty - B; = .4 - B; =0. In addition, the morphism B; — C'is étale by [36, Proof
of Proposition 2.21].

Since the morphism B; — C'is étale, we see that ¥; is smooth in codimension 1 and that
>, — Z is quasi-étale. Let 3, denote the normalization of ;. Replacing E by Y Xz E,
if necessary, we may assume without loss of generality that ¥, is a section of p. Then
Kleiman'’s criterion for numerical triviality (see [30, Lemma 4.1]) applies to show that the
vector bundles T,z |s (3)= =0
.. By Theorem 2.11 and Lemma 2.21 together,
we see that % | g, is numerically flat. As a consequence, K & - B; = 0. By Kleiman’s criterion
for numerical triviality again, we conclude that K g|s, = 0. This in turn implies that
F|w, is numerically flat by Theorem 2.11. Since .A'|y, = 0, the vector bundle Tx |y, is
numerically flat as well, finishing the proof of Claim 5.6. U

i)

Step 3. Let us show Z is a finite quasi-étale quotient of an abelian variety.

By Claim 5.6, the morphisms ¥; — Z are quasi-étale covers. Let ¢ € I. To lighten
notation, set ¥ :=%; and X° :=X?. Let ¥ denote the normalization of ¥. Replacing £
by ¥ x 7z E, if necessary, we may assume without loss of generality that ¥ is a section of
p. Set & :=p,Op(X). Then E =Pz(&) and there is an exact sequence

007, —>8—>%L—0,

where £ = 45,/ is a flat line bundle on Z by Claim 5.6. Notice that Tg/z = Op(2X) ®
prL*.

Let F be any fiber of p. Notice that A '|g = cTg/z = 2cX with c:= J‘;'F since A |g-F =
cTp)z-F and A | =Tg/z|s =0 by Claim 5.6

Let now & be an integer such that .Z (kX)|p = 6", Then F|g = p* # @ Op(—kY)
for some vector bundle 2" on Z. Since .7 |s and .45, are numerically flat by Claim 5.6,
the locally free sheaf ¢ is numerically flat as well. This immediately implies that

ca(Flp)=p e (H)—k(n—-1)%
=—k(n—1)%

and
c2(F|p) =pea(H) = (n=2)kE-p e (X)) +
=0
since Y2 = 0. The exact sequence
0= Flg—=>Tx|lg—>AN|g—0
then gives

c1(Tx|g) =ci(F|g) +ei(ANE)
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using Kx - F'=—1, and
c2o(Tx|p) = co( F|p) + 1 (Fp) - cr(Ap)
=0
using ¢1(-4") -3 =0. In particular, there exists a flat line bundle .# on Z such that
N5 =gl @ Op((k(n—1)+1)E).
By the projection formula, there exist rational numbers a1, as and ag such that
pec2(Tx|E) = a1c1 () +azey (M) +azer (N5 ) (5.1)
as cycle classes in CH'(Z). The exact sequence
0—Tgoyzo — Tpe — (p°) " Tzo — 0
gives
c1(Tee) = 25° = (p°) 1 (L] z0) + (P°) "1 (Tze)
=25+ (p°) 1 (Tze)
and
c2(Tgo) = c1(Tgoyz0) - (p°) c1(Tzo) + (p°) ca(T'z0)
= (25° = (p°) (L z0)) - (0°) 1 (Tze ) + (p°) "2 (T).

Notice that the cokernel A%o /X of the tangent map Tgo — Tx|go is locally free since
the morphism E° — X is unramified by choice of E°. Then we have

c2(Tx|pe) = co(Tre) +c1(Tro) - (AN xo)
=co(Tgo)+c1(Tgo)  (c1(Tx|go) —c1(Tro))
=2%°-(p°) 1 (Tzo) + (P°)"c2(Tz0) + (25° + (p°) "1 (T20))
(=27 = () er(Tz0))
=5 (p°) e1(Tze) + (0°) ea(Tz0) — (p°) "e1(Tz0)*.

By the projection formula again, there exist rational numbers by, by, b3 et by such that

(P°)wc2(Tx|po) = —c1(Tze ) +brci (| z0) + bacy (M | z0) + b1 (L] z0 ) +bacr (Nso o)
(5.2)

as cycle classes in CH*(Z°). Equations (5.1) and (5.2) together then show that K is Q-
Cartier using the fact that Z\ Z° has codimension at least 2 in Z. Moreover, Kz -C =0
for any complete intersection curve C' of general elements of very ample linear systems
on Z so that Kleiman’s criterion for numerical triviality (see [30, Lemma 4.1]) applies to
show that K5 =0.

Suppose that ¢ is a P'-bundle. Then T is numerically projectively flat since both T |5
and A5, x are numerically projectively flat by Claim 5.6 above. This implies that Ty is
numerically projectively flat as well. Then [42, Theorem 0.1] applies to show that Y = Z
is a finite étale quotient of an abelian variety.
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Suppose now that ¢ is a singular conic bundle or a blow-up. By Lemma 3.15 and
Claim 5.2 together, Z contains no rational curve. Then [5, Corollary 0.3] applied to a
resolution of Z shows that Z has canonical singularities. By [22, Proposition 1.16], the
map detTs, — A"~2(Tx|x) does not vanish anywhere since Tx|s is numerically flat by
Claim 5.6. This immediately implies that T% is locally free and numerically flat. By
the solution of the Zariski-Lipman conjecture for klt spaces (see [29, Theorem 6.1] or
[23, Theorem 1.1]), we see that Z = ¥ is smooth. Moreover, by [22, Corollary 1.19],
we have c2(Z) = 0. As a classical consequence of Yau's theorem on the existence of
a Kahler—Einstein metric, Z is then covered by a complex torus (see [47, Chapter IV
Corollary 4.15]).

This shows that Z is a quasi-étale quotient of an abelian variety.

Step 4. Finally, let us obtain a contradiction.

Claim 5.7. The vector bundle .7 |g is not numerically flat.

Proof. Suppose first that ¢ is a P!-bundle. Using Claim 5.2, we then conclude that
& induces a flat Ehresmann connection on p. This immediately implies that the map
Tg/z — A |g is an isomorphism, which contradicts Assumption 5.5.

Suppose now that ¢ is a singular conic bundle or a blow-up. Then Tx|pr = Op1(2) ®
ﬁgfz @® Op1(—1). But this is impossible by Lemma 3.17, proving our claim. O

By Step 3, replacing Z by a finite quasi-étale cover, if necessary, we may also assume
that Z is an abelian variety. Recall also that E =2 Py (&), where & is numerically flat. In
particular, & is flat by the Corlette—Simpson correspondence (see Theorem 2.3). As a
consequence, there is a flat Ehresmann connection ¢ =2 ﬁg"” on p.

Let w € HY(X,Q% ®.4) be a twisted 1-form defining .%, and let ¢ be the foliation on E
induced by .. Suppose that w|r € H*(E,Q% ® .4 |g) vanishes at some point = € E. Then
x €Y; for some i € I. In addition, w|g vanishes along ¥; since QL ® 4|y, is numerically
flat (see [22, Proposition 1.16]). Repeating the argument, we see that there exist integers
0 < k; <my such that Ay =Tg,7(> ., kiX;) and that & is regular.

Suppose first that 02" ? = # =% C Tg. Then .F | g is numerically flat by Theorem 2.11
and Lemma 2.21 together. But this contradicts Claim 5.7.

Suppose from now on that 5 # ¥ C Tk, and let £ € X be a general point. Then
there exists v € H(E, ) with v(x) € 4, \ {0} since n > 3. If h°(E,F|g) > 1, then Z|p
is numerically flat by Theorem 2.11 and Lemma 2.21 together, which is impossible by
Claim 5.7 again. Thus, we have h°(E,.%|g) = 0. But then v induces a nonzero section
s € H°(E,./|g) vanishing at z. Let >_jesdjA; be the zero divisor of s. Since A'|p =2cX
is nef and ¥ = 0 we see that A;-¥ = 0. This easily implies A3 = 0 since & is numerically
flat. Arguing as in the proof of Claim 5.6, we conclude that A; is smooth in codimension
1 and that A; — Z is quasi-étale. By Serre’s criterion for normality, A; is normal and
A; — Z is étale by Nagata—Zariski purity theorem. Let j € J such that x € A;. Then
A;NY =0 since = ¢ 3. Replacing Z by a finite étale cover, if necessary, we may therefore
assume that p has 3 pairwise disjoint sections. Then E = P! x Z. In addition, 4% = ¢*%
for some line bundle Z on P!, where q := prp:. By Lemma 3.23, we have h’(E, % |g) >
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h°(E,4) > 1 since n > 4 by assumption, yielding a contradiction. This finishes the
proof of Theorem 5.1. O

6. Abundance

In this section, we prove a special case of the abundance conjecture (see Proposition 6.3
below). More precisely, we prove that if the pair (X,.%#) satisfies all the conditions listed
in Setup 2.19, then k(X) = v(X). First, we consider foliations with projectively trivial
tangent bundle. The proof of Proposition 6.1 below follows an argument that goes back
at least as far as [12, Chapter 9].

Proposition 6.1. Let X be a complex projective manifold of dimension n > 3, and let
F be a regular codimension 1 foliation. Suppose that F = £~ for some line bundle
L. Then £* is semiample with v(£*) < 1.

Proof. For the reader’s convenience, the proof is subdivided into a number of steps.
Notice that Z* is nef by Lemma 2.21 and that v(£*) < 1 by Proposition 3.2. Therefore,
in order to prove the proposition, it suffices to show that x(£*) = v(ZL*) (see [43,
Proposition 2.1]). Notice also that x(.-Z*) < v(£*) by [43, Proposition 2.2].

Step 1. We show that k(.Z*) > 0.

Suppose first that ¢(X) > 0.

If h9(X,.£*) > 1, then there is nothing to show. Suppose now that h°(X,.#£*) = 0. Let
a: X — A be the Albanese morphism, and let f: X — Y be its Stein factorization. Notice
that dimY > 1 since ¢(X) > 0 by assumption. Now, the standard pull-back map of Kéhler
differentials

H(X,QY)®0x =a* QY — Q%

identifies with the evaluation map. It follows that % is contained in the kernel of the
tangent map

Ta: Tx —a*Ta

since h?(X,.£*) = 0 by our current assumption. Thus, dimY =1, and .Z is induced by the
fibration f. Let F' be a general fiber of f. By [42, Theorem 0.1], F is a finite étale quotient
of an abelian variety. In particular, .Z|r is a torsion line bundle. This easily implies that
there exists a line bundle . on Y and a positive integer m such that £®™ = f* # (see
also Proposition 3.11). Notice that .#™* is nef since .Z* is nef. But then x(.#Z*) > 0 and
hence k(.Z*) > 0.

Suppose now that ¢(X) =0.

If £ =0, then .Z is a torsion line bundle, and hence x(.Z*) = 0. Suppose now that
% #0. From Proposition 3.5, we get x(X,0x) =0 and hence h?(X,0x) > 0 for some
p > 0. By Hodge symmetry, we then have h%(X,Q% ) > 0. Using the exact sequence

0= A= 0k = 7% =0

we see that h? (X, (A ™*)®" @ (£*)®") > 0 for some nonnegative integers v and v such
that u+v = p. By Proposition 3.2, there exist integers » > 0 and s such that A4 ®" =
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ZL94 1t follows that h°(X,(£*)®***) > 0. Since £* is nef and £* # 0, we must have
su+rv > 0. This shows that k(.£*) > 0 in the case where ¢(X) =0.
Step 2. Write

—c1(L) ~¢ > _biBi (6.1)
il

with b; € Qs¢. If £ =0, then % is a torsion line bundle since x(.Z*) > 0 by Step 1,
proving the proposition in this case. Suppose from now on that .Z # 0. In other words,
assume that [ is not empty. Then Proposition 3.4 applies to show that for any index
i €1, B; is a finite étale quotient of an abelian variety. Moreover, B;NB; =0 if i #
j and Ap,/x is a flat line bundle. Notice that .Z|p, is a flat line bundle as well by
Equation (6.1).

Step 3. Suppose now that the composition .£9"t|p = .F — Tx|p, — N, /x s
nonzero. In other words, assume that B; is not a leaf of .%. Then there exists a foliation
by curves 4 = ¥ C Tx such that B; is everywhere transverse to £ since both Z|p, and
Np,/x are flat line bundles. In particular, we have A%, /x = Z|p,. Moreover, there is a
section s € H*(X,0x(mKg)) for some integer m > 1 that vanishes on B; and nowhere
else in some analytic open neighborhood of B; by Equation 6.1 again. Arguing as in the
proof of [12, Theorem 9.2] on page 112, we conclude that there exists a fibration f: X — C
onto a smooth complete curve C such that B; is a (set-theoretic) fiber of f. This easily
implies that x(.£*) =v(Z£*) =1.

Step 4. Suppose finally that B; is a leaf of .% for all indices i € I. Then Tp, & F|p, &
(Z|B,)®" ! so that Lemma 6.2 below applies to show that B; is an abelian variety and
Z|p, = Op,. Moreover, Ap, ,x is a flat vector bundle by Lemma 3.1.

Let m be a positive integer such that —mc; (&) ~z ), mb;B; =: B. In particular,
mb; is an integer. Let v: X3 — X be the associated cyclic cover (see [45, Definition
2.52]) which is étale away from B. Notice that X is smooth. Set By :=~~1(B). By [25,
Lemma 3.4(1)], the foliation #; induced by % on X; is regular and #; = ~v*.%. Using
[58, Lemma 5.12], one readily checks that #* is semiample if and only if so is y*.Z*.
Moreover, v(.£*) =v(y*.ZL*). Therefore, replacing X by X1, we may assume without loss
of generality that —ci(Z) ~z > ,.;b:B; =: B with b; € Z.

Suppose first that ¢(X) > 0.

Let a: X — A be the Albanese morphism, and let f: X — Y be its Stein factorization.
By assumption, we have dimY > 1.

Suppose that dim f(B;) > 1 for some i € I. Then there exists a global 1-form on X whose
restriction to .%|p, is nonzero at a general point in B;. This implies k(.£*) =v(Z£*) = 1.

Suppose now that dim f(B;) =0 for any ¢ € I. Then Lemma 3.13 applies to show that
dimY = 1. Now, by Zariski’s lemma, some nonzero multiple of B; is a fiber of f since
B2 = 0. This again implies k(£*) =v(£*) = 1.

Suppose finally that ¢(X) =0.

Then Ox (b;B;)|p, = B, = Op,. In other words, Ox(B;)|p, is torsion, say of order
m;. In particular, for any 1 <k <m; —1, h'(B;,0x (kB;)|B,) = 0. The short exact sequence

*

0— ﬁx((k‘—l)Bi) — ﬁx(kBZ) — ﬁX(sz”Bl —0
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then gives h'(X,0x (kB;)) =0 for all 1 < k <m; — 1. It follows that the restriction map
H(X,0x(m;B;)) — H*(X,0x(m;B;)|,) = H*(X,0p,)
is surjective. This implies k(£*) > k(Ox(B;)) > 1, and hence k(L*) =v(ZL*)=1. O

Lemma 6.2. Let X be a compact Kdahler manifold of dimension n > 2. Suppose that
Tx = 29" for some line bundle £ on X. Then X is a torus.

Proof. By [31, Proposition 4.3], ¢1(-Z) = 0. If ¢(X) =0, then .Z is torsion. Otherwise,
we have £ = Ox. In either case, .Z is torsion, say of order m. Let v: Y — X be the
associated cyclic cover (see [45, Definition 2.52]) which is étale with Galois group G = (7).
By construction, Ty = v*Tx = 052", By a result proved by Wang ([61, Corollary 2]), Y is
a complex torus, Y = V/A, where V is complex vector space of dimension n and A C V' is
a lattice. Set yo := 7(0). There exists a C-linear map L: V — V satisfying L(A) C A such
that 7 =1y, oL, where L is the automorphism of Y induced by L. Notice that the linear
map L can be identified with 7. acting on H°(Y,Ty) = V. Since Ty = *Tx = (v*.£)®",
we see that L = AId for some A € C with A™ = 1. By [8, Lemma 13.1.1], the set of fixed
points of L is a positive-dimensional analytic subvariety since 7 has no fixed point. But
this immediately implies that A = 1. As a consequence, T is a translation by a point of
finite order. This in turn implies that X is torus and that ¥ = 0x. O

The following is the main result of this section.

Proposition 6.3. Setting and notation as in 2.19. Suppose in addition that Kx is
pseudo-effective. Then Kx is abundant.

Proof. Let HC PGL(n—1,C) be the Zariski closure of p(m1(X)). This is a linear algebraic
group which has finitely many connected components. Applying Selberg’s lemma and
passing to an appropriate finite étale cover of X, we may assume without loss of generality
that H is connected and that the image of the induced representation

p1: m(X) - H— H/Rad(H)
is torsion-free, where Rad(H) denotes the radical of H. Let

sh, : X --»Y

P1
be the p;-Shafarevich map, where sh,, is dominant and Y is a smooth projective variety.
The rational map sh,, is almost proper with connected fibers. By [14, Théoreme 1],
we may assume without loss of generality that Y is of general type and that the
representation p; factorizes through sh, . If dimY = dim X, then X is of general type
and there is nothing to show. Suppose from now on that dimY < dim X.

Let F be a general (smooth) fiber of sh,,. By [26, Proposition 2.23], in order to prove
that Kx is abundant, it suffices to prove that Kr is abundant.

Suppose first dimY =0 and ¢(X) = 0.

Since p(m1 (X)) € Rad(H), the restriction of p to a finite index subgroup of w1 (X) is the
trivial representation. Thus, there exists a finite étale cover v: Y — X, as well as a line
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bundle . on Y such that y~1.% = #®"~1 Then Proposition 6.1 applies to show that
Z* is semiample. This in turn implies that Ox (K &) is semiample ([58, Lemma 5.12]).

If Kz =0, then our claim follows from Proposition 3.18.

Suppose now that K g # 0. By Proposition 3.2 and using the fact that ¢(X) =0, there
exist integers 7 > 0 and s such that 4" = 0y (K 4)®*. The claim now follows easily
from the adjunction formula Ox (Kx) = Ox(Kz)® 4.

Suppose from now on that either dimY > 0 or ¢(X) > 0.

Let a: F' — A be the Albanese morphism. By construction, we have dim A = ¢(F"). Let
G be a general (smooth) fiber of the Stein factorization of F' — a(F'). By [40, Theorem
1.1], in order to prove that Kp is abundant, it suffices to prove that K¢ is abundant.
Thus, we may assume without loss of generality that dimG > 0. Repeating the process
finitely many times, we may also assume that ¢(G) = 0. Since p(m1(G)) C Rad(H), the
restriction of p to a finite index subgroup of 71 (G) is the trivial representation.

Let U C X be a neighborhood of G in X for the analytic topology. Shrinking U, if
necessary, we may assume that there exists a smooth projective morphism with connected
fibers f: U — T onto a simply connected complex manifold T such that G is a fiber of
f- Then NGy = ﬁga dimX=dim& \oreover, we have dimG < dim X because dimY > 0 or
q(X) > 0 by our current assumption. Since p(m1(G)) is finite, there exists a finite étale
cover ¢g: U; — U such that the inverse image G; of G in U is connected and such that
Tu, =9 Y F|v) = fé’i”fl for some line bundle 4y, on U;.

If Gy is a leaf of .Fyy,, then GG1 is an abelian variety by Lemma 6.2. This in turn implies
that K is torsion.

Suppose from now on that either dimG; <n—2 or that dimG; =n—1 and Gy is not
a leaf of .Zy,. Then the composition

Pddim X —dim G
o
G1

yU1|G1 ngl 2:}71 — TU1|G'1 — ’/1/(;1/U1 =
is nonzero, and hence h°(G1,.£%,) > 1, where Zg, == 2y, |q, -

Suppose that Zg, = Oq,. If Tg, C Zu,|la, = ﬁg:’_l, then Qf, is generated by its
global sections and hence K¢, is abundant. It follows from [58, Theorem 5.13] that
K¢ is abundant as well. Suppose now that Tg, ¢ Zu,|¢,. Then Te, N (Zu,la,) C Ta,
is a codimension 1 foliation with trivial tangent bundle. Then K¢, is abundant by
Proposition 3.18, using the fact that Kg, = Kx|g, is pseudo-effective. Again, by [58,
Theorem 5.13], we conclude that K¢ is abundant.

Suppose finally that £, # 0. By Lemma 2.21, £ is nef. Moreover, by Proposition 3.2,
there is a number A € Q such that Kg, = Ac1(Zg, ). Observe that A < 0 since Kg =
Kx|g is pseudo-effective. Since h®(G1,.2% ) > 1, we see that £(G1) > 0 by [15, Corollary
3.2]. Notice also that K¢, and hence K¢ are nef. Then [58, Theorem 5.13] implies that
k(Ka) = 0. Write Kg ~q Y _;c;biB; with b; € Q0, B; irreducible and B; # Bj if i # j.
By Proposition 3.4 applied to Kg, = (9|a,)" Kc ~q >_;c;bi(gle,)* Bi, B is a finite étale
quotient of an abelian variety and B; N B; = () if ¢ # j. Moreover, we have B2 =0. Then
Proposition 3.14 applies to show that K is abundant. This finishes the proof of the
proposition. O
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7. Projectively flat foliations with nef conormal bundle

In this section, we address codimension 1 regular foliations with numerically projectively
flat tangent sheaf and nef conormal bundle. The proof of Theorem 7.2 below makes use
of the following auxiliary result.

Lemma 7.1. Setting and notation as in 2.19. Suppose that X is an abelian scheme over
a smooth projective base Y of dimension m :=dimY < n—1, and denote by f: X =Y
the natural morphism. Suppose in addition that N = f*. 4 for some line bundle .4 on
Y and that Tx,y € F. Then f is isotrivial.

Proof. Let w € H°(X,Q% ® .4) be a twisted 1-form defining .#, and let ¥ C X be the
neutral section of f. By assumption, the composition .# — Tx — f*Ty is generically
surjective. Notice that the sheaf f.Tx,y is locally free of rank n —m. Let F' be a general
fiber of f. The morphism OF" ™™ = Tx,y|p — A |p = OF induced by w is generically
surjective by assumption, and hence surjective. This implies that the saturation & of
[«(F NTx;y) in fiTx/y has rank n—m —1. Let Y° CY be an open subset with
complement of codimension at least 2 such that &° := &|y. is a subbundle of f.Tx/y.
Set X°:= f~1(Y°) and f°:= f|xo. Then (f°)*&° = F°NTxo/yo C Txo/yo since
F°NTxo yo is saturated in T'xo,yo. In particular, #°NTxo,yo is a subbundle of .%°.
Set 2°:=.7°/(F°NTxo,y-). Notice also that

Q°|p = (f*Ty)|r = OF™,

where F' is a general fiber F of f°. In particular, K &|r ~z 0. Then Lemma 3.9 applies
to show that there exists a line bundle % on Y such that Ox(Kg) = f*7.

Let now F be any fiber of f°. Then the vector bundle % |r is numerically flat since
Kg|F ~z0. It follows that 2°|p is numerically flat as well. Then Lemma 2.15 applies to
show that there exists a vector bundle ¢° on Y° such that 2° 2 (f°)*¥%°. By construction,
there is an exact sequence

0= (f°)'¢°—=F°—=(f°)'¥9° —0.

Let again F' be a general fiber of f°. To prove the statement, it suffices to show that

the exact sequence

0—>Tx/y|F—>Tx|F—>(f*Ty)‘F—>O (71)

splits. This is because complex flows of vector fields on analytic spaces exist. If the short
exact sequence

0= (f°)E€°|lr— F°lr—= (f°)'9°|lFr—0 (7.2)

splits, then the exact sequence (7.1) splits as well, proving our claim. Suppose from now on
that the exact sequence (7.2) does not split. Then the image of Idg. € H(Y°,&nd(¥°))
under the connecting homomorphism

HO(Y®,6nd(9°)) — R f2((f°) 6@ ((f°)9°)") 2R 2 Ox- @ 6°®(9°)"
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is nonzero. Let C be a complete intersection curve of general elements of a very ample
linear system on Y. By general choice of C, we have C C Y° since Y\ Y° has codimension
at least 2. Moreover,

P (R f2Oxo @ E°®(9°))|c) = 0.
Then
W (R f20x0 © 6% (9°))]e) = w (B f20xe|e) + 1™ (6°]0) + 1™ ((9°)°|c)

= (R 20 |0) 4 i (8)e) — i (9o,
and hence
P (G0 o) < p (R Oxo o) + 1M (60 o).
Since (R'f.0x)* = fiQy y is nef (see [33, Theorem 5.2]), we have
(R 20| 0) < 0.
On the other hand, viewing C as a curve in X, there is an exact sequence
0—=&°lc— Z°|lc—=9°|c—0.

It follows that

p(8°10) < (L) < u (@)
since .7 |¢ is semistable by assumption. This gives

W |0) SH (o) < (R 2 Oxe|o) + 1 (6°]c) < p(6°)c) < ulF o).
and hence
PR Oxelo) =0 and ™ (6°]6) = p(Fle) = g (9°c).

This implies that the vector bundle f*Qﬁ( /Y|C is numerically flat. In particular, we have
deg(f+0(Kx,y)|c)=0. Then [59, Corollary 2.3] applies to show that f is isotrivial. This
finishes the proof of the lemma. O

The following is the main result of this section.

Theorem 7.2. Setting and notation as in 2.19. Suppose in addition that the conormal
bundle /™* of F is nef. Then one of the following holds.

(1) There exists an abelian variety A as well as a finite étale cover v: A — X such that
~~LZ is a linear foliation.

(2) There exists an abelian scheme f: B — C onto a smooth complete curve of genus
at least 2 as well as a finite étale cover v: B — X such that v~ 1. is induced by f.

(3) The variety X is of general type, and v(Kg)=dimX.

Proof. By Lemma 2.21, #* is a nef vector bundle. This in turn implies that Q%
is nef since A is nef by assumption. In particular, Kx is nef. On the other hand,
Kx is abundant by Proposition 6.3. Then [43, Theorem 1.1] applies to show that Kx
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is semiample. Moreover, by [39, Theorem 1.2], replacing X by a finite étale cover, if
necessary, we may assume that X is an abelian scheme over a smooth projective variety
Y with ample canonical divisor (see Lemma 2.17). Let us denote by f: X — Y the natural
morphism and by ¥ any section of f. Set m :=dimY.

Suppose that m = 0. Then X is an abelian variety. This easily implies 4/ =2 0. As a
consequence, % is a linear foliation on X, and we are in case (1) of Theorem 7.2.

Suppose from now on that m > 1.

Set & 1= f.Q} Xy so that QX/Y &~ f*&. By [60, Theorem 1 and Remark 2], we have

20(&) < p(Qy), (7.3)

where p denotes the slope with respect to Ky, which is ample by construction. A
celebrated theorem proved by Aubin and Yau moreover asserts that Y is Kahler—Einstein.
As a consequence, the tangent bundle Ty is polystable with respect to Ky by a result
proved by Kobayashi and Liibke independently.

The short exact sequences

0= A" =5 Qy = F =0 and 00— f*Qy = Qx = Q% )y =0

give

PA )+ (=D L) o ma() 4 (0= m)ul6)

(7.4)
Suppose first that the composition A *|s — Q% |s — Q%{/yb = & vanishes. Then
N g C O s =0
and there exists a surjective morphism
FHg > ffEn=E.

Moreover, by Lemma 2.14, the vector bundle .Z|s is numerically projectively flat. It
follows that

P A 2) Sp(Qy) and  p(F*s) < p(é).
Then Equation (7.4) yields
mu(Qy) + (n—m)u(&) = (A *[2) + (n = D)p(F*|s) < Q) + (= u(&),
and hence, using Equation (7.3), we obtain

(m — (O} < (m— (&) < "L u().
This immediately implies m = 1 since u(23,) > 0. Moreover, we have 4™ = f*Qi. C QL.
As a consequence, .# is induced by f, and we are in case (2) of Theorem 7.2.
Suppose finally that the composition A *|s; — QL |s — Qﬁf/y|g 2 & is nonzero. Then
the composition F|y — Tx|s — f*Ty|s = Ty is generically surjective. Since the vector
bundle .Z s, is numerically projectively flat, we have

Q) < p(F ). (7.5)
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Together with Equations (7.3) and (7.4), we obtain
2u(A*]5) +2(n = Du(Qy) < 2u(A " |g) +2(n—Du(F7|x) =
2mp(Qy) +2(n —m)p(€) < 2mp(Qy) + (n—m)u(Qy) = (n+m)u(Qy),
and thus
(n—2=m)u(Qy) +2p(A*|5) <O

Notice that (4 *|s) = 0 since A4 * is nef and that p(Q1,) > 0 since m > 1. In particular,
me{n—-2,n—1n}.

Claim 7.3. There exists a line bundle .#Z on Y such that 4™ = f* #.

Proof. Let F be a general fiber of f. The composition 4™ — QL — Q}(/Y is nonzero by

our current assumptlon and induces an injective map A *|p — Q% /Y| P02, Since
A* is nef, we have 4| & 0. The claim now follows from Lemma 3.9. O

Suppose that m =n. Then X =Y is of general type and v(K ) = dim X by Lemma 7.4
below. We are in case (3) of Theorem 7.2.

Suppose that m € {n—2,n—1}. By Lemma 7.1, after replacing X by a finite étale cover,
we may assume that X =Y x A for some abelian variety A of dimension n—m € {1,2}
and that f is induced by the projection onto Y. Since the composition A *|x — QL |s —

X/Y|g & ﬁ®" ™ is nonzero and 4* is nef, we have A4 = 0.

If m =n—1, then % is everywhere transverse to f. This implies that Ty is numerically
projectively ﬂat. But then Ky =0 by [42, Theorem 0.1], yielding a contradiction.

Suppose finally that m = n —2. Then Equations (7.3), (7.4) and (7.5) give u(F*|x) =
() and 2u(&) = (). Now, this is impossible since (&) =0 and p(Q3-) > 0. This
finishes the proof of the theorem. O

Lemma 7.4. Setting and notation as in 2.19. Suppose in addition that X is of general
type. Then v(Kg)=dimX.

Proof. We argue by contradiction and assume that v(K ) < dim X — 1. By Corollary 4.7,
A* is nef. It follows that QY is nef since .Z* is also nef by Lemma 2.21. This implies that
X contains no rational curve, and hence Ky is an ample divisor. A celebrated theorem
proved independently to Aubin ([2]) and Yau ([63]) then asserts that X is Kédhler-Einstein.
As a consequence, the tangent bundle Tx is polystable with respect to Kx by a result
proved by Kobayashi and Liibke independently (see [47, Theorem V.8.3] and the references
therein).
Set n:=dim X. Then

K% =(Kx+ei(AN)' =Ky +nKy e (A)=0

since Kz = Kx +c1(./#) by the adjunction formula and ¢;(.#)% =0 by Lemma 3.1. It
follows that p(4") = u(Tx), where p denotes the slope with respect to Kx, and hence
Tx 2% @4 since Tx is polystable.

By Lemma 7.5 (1) below, we then have

(2nca(F) — (n—1)er (F)2)- K2 > 0.
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Since co(F) = 2&77_21)01 (Z) (see Lemma 2.7), we obtain
01(9‘)21{;‘(—2 =0.
But this contradicts Lemma 7.5 (2) below, finishing the proof of the lemma. O

Lemma 7.5. Let X be a complex projective manifold with Kx ample, and let Q% =
A BB be a decomposition of Q% into locally free subsheaves. Suppose that </ has rank
a>2, and set n:=dimX. Then

(1) (2(a+1)e2() —acy(/)?)- K% 2 >0, and
(2) er()?- K2 >0.

Proof. Let & := Q% @ Ox equipped with the Higgs field 9 defined by
QxoO0xs3a+fr(0+1)Rac (%@ 0x)R0%.
Notice that ¥(&/ & Ox) C (o & Ox) @ QY so that (¥ := .o/ & Ox,I|y) is a Higgs bundle

as well.

Arguing as in the proof of Lemma 7.4 above, we see that T’y is polystable with respect to
Kx. This in turn implies that </ is polystable with respect to Ky with u(/) = pu(Q%) >0,
where p denotes the slope with respect to Kx.

Next, we show that the Higgs bundle (¢,9|«) is stable with respect to Kx. Let 5 C ¥
be a saturated subsheaf of rank 0 < r < a+1 preserved by 9|, and let p: 5 — Ox be
the composition 57 — ¥ = o & Ox — COx. Observe that p is not the zero map since 57
is preserved by ¥|¢ by assumption.

If p is injective, then p(H7) <0 < p(¥) = ;47u(<). Suppose that p is not injective.
Note that we must have r > 2 and p(Imp) < 0. Moreover, u(Kerp) < (<) since Kerp C &
and &7 is polystable with respect to K x. Then, we have

pior) = Lo DuEerp) bpllnp) (r=L oy rolatl gy 0L g ),

r r r a a?

proving our claim.

Item (1) now follows from [53, Theorem 1 and Proposition 3.4].

Let b > 0 denote the rank of 2. By [7, Lemma 3.1], we have c;(«/)*"! =0 and
c1(%)"*1 =0. Then

n—2

a(@)? Ky 2 =ci()? (e1() +er(B)" 2 = ( b

)ty -,
and

Kn = (Z) ()7 c1(B)°.

It follows that ¢ (7)?)- K% 2 > 0 since K% > 0 by assumption, proving Item (2). O

Kodaira fibrations provide examples of regular foliations by curves .% on surfaces of
general type with k(%) = 2. However, no example of foliations satisfying the conclusion
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of Theorem 7.2 (3) is known to the author. Let us show that these foliations have no
compact leaves.

Proposition 7.6. Setting and notation as in 2.19. Suppose in addition that Kx is
pseudo-effective and that F has a compact leaf. Then k(X)=v(X) €{0,1}.

Proof. By Proposition 6.3, Kx is abundant. Let B denote an algebraic leaf of .%. Then
B is a finite étale quotient of an abelian variety by [42, Theorem 0.1]. Moreover, 4| p &
Ox(B)|p is a flat vector bundle by Lemma 3.1. This immediately implies that B? = 0.
Proposition 7.7 below then applies to show that v(X) < 1, completing the proof of the
proposition. O

We refer to [45] and [46] for standard references concerning the minimal model program.

Proposition 7.7. Let X be a complex projective manifold of dimension n > 2 with k(X) =
v(X) > 0. Suppose that there exists a smooth prime divisor B C X with K =0 and
B?=0. Then v(X) < 1.

Proof. By [32, Theorem 4.3], we may run a minimal model program for X and end with
a minimal model. Hence, there exists a birational map ¢: X --» Y, where Y is a normal
Q-factorial projective variety with Ky nef. Moreover, Y has terminal singularities, and
¢~ 1 does not contract any divisor. Let p: Z — X and ¢: Z — Y be a common resolution
of singularities. Let C' be the strict transform of B in Z. If B is contracted by ¢, then it
is uniruled by [44, Theorem 1], yielding a contradiction since K g =0 by assumption. Set
D :=yp,B.

Let € € Q be a positive number such that ¢ is a minimal model program for Kx +¢B.
By [45, Lemma 3.38], there exists an effective g-exceptional Q-divisor F' such that

p*(Kx +eB) =q"(Ky +eD)+F.

Moreover, by the negativity lemma, there exists an effective g-exceptional Q-divisor G
such that

p*B+G=q"D

since B is nef. Notice also that Kx|g =0 by the adjunction formula Kp = (Kx + B)|5.
We then have

0=p"(Kx +eB)lc = ¢ (Ky +eD)[c+ Flc = (¢"Ky)lc +eGlc + Fle-
Since G|¢ + F|¢ is effective and (¢* Ky )|¢ is nef, we have
Ky|p=0 and GNC=0.

This immediately implies D? = 0. Now, we have x(X) = x(Y) and v(X) = v(Y) by [52,
Proposition V.2.7], and hence x(Y) = v(Y). Then [43, Theorem 1.1] applies to show that
Ky is semiample. We denote the Iitaka fibration of Y by f: Y — T. Since Ky |p =0, we
have dim f(D) =0. If dimT = 0, then v(X) = 0 and there is nothing to show. If dim7T" > 1,
then Lemma 3.13 applies to show v(X) = 1. This finishes the proof of the proposition. [
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8. The nef reduction map

In this section, we provide a technical tool for the proof of Theorem 9.1 below. We briefly
recall the relevant notions first. Let X be a smooth projective variety, and let .Z be a nef
line bundle on X. Then there exists an almost proper, dominant rational map f: X --»Y
such that

(1) Z|r =0 for a general fiber F of f,

(2) for every general point z € X and every irreducible curve C passing through z with
dim f(C) =1, we have Z-C > 0.

The map f is unique up to birational equivalence of Y. We refer to it as the nef reduction
map of £. The dimension of Y is an invariant of .Z called the nef dimension. We
write nd(%) := dimY. We have k(%) < v(¥) < nd(Z). We refer to [4] for further
explanations concerning these notions. Let .# be a regular foliation on a complex
projective manifold and suppose that .# satisfies all the conditions listed in Setup 2.19.
Recall from Lemma 2.21 that K& is nef. Then Proposition 8.1 below gives sufficient
conditions that guarantee nd(K ) < dim X.

Proposition 8.1. Setting and notation as in 2.19. Suppose in addition that Kx is nef
and that A is pseudo-effective. Set m := min(v(Kx),n—2). Then v(Kx) <n—1 and
nd(Kg)<m+1<n—1.

Proof. Let us first show v(Kx) <n—1. Let H be an ample divisor on X. By [35, Theorem
BJ, we have

(CQ(X)_z( "

2\ gm | n—2—m> .
7n+1)c1(){)) K7 H >0

We have
(X)) =co(F)+c1(F)-cr(A) and 1 (X)?=c1(F)?+2c1(F) cr(AN)

since ¢1(4#")? =0 by Lemma 3.1. In addition, we have

gy _N—2 72
CQ(J) = Q(n—l)CI(J)
by [42, Proposition 1.1]. We obtain
1 a2 m n—2—m
— . . . > 0. .
( n2_101(,/) +n+1cl(ﬁ) cl(JV)) K¢ H >0 (8.1)

On the other hand, K& = —c1 (%) is nef by Lemma 2.21. This immediately implies
—c1(F)-KP-H" 2™ <0
and
c1(F)-cr(N)-KP-H" 2™ <0
since A4 is pseudo-effective by assumption. Equation (8.1) then gives

c(F)KP-H" 2 =c)(F)-cr(N)-KP-H" 2™ =0. (8.2)
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Therefore, we have Ky'+?. H"~2=™ =, and hence K% = 0 since m = min(v(Kx),n—2).
This shows v(Kx) <n-—1.

Let us now show nd(Kg) < m+ 1. If Z is algebraically integrable, then nd(K ) < 1
by Proposition 3.20. Suppose from now on that .% is not algebraically integrable.

By Proposition 6.3 and [43, Theorem 1.1] together, Kx is semiample. We denote the
litaka fibration by f: X — Y. Let F be a general fiber of f Then F is smooth. By
construction, there exists an ample divisor A on Y such that Kx ~g f*A. In particular,
we have K ~q 0 by the adjunction formula.

Suppose first that m =dimY =v(Kx) <n—2.

Then co(Tx|r) - H|p > = ea(X) - K¢ - H*=27™ =0 by Equation (8.2). The exact
sequence

0 Tp = Tx|p = Npyx O —0

then gives co(Tr)- H|" > ™™ = 0. As a classical consequence of Yau’s theorem on the
existence of a Kdhler-Einstein metric, F' is then covered by a complex torus (see [47,
Chapter IV Corollary 4.15]). Thus, there exist an abelian variety F) of dimension at least
2 and a finite étale cover n: Fy — F. Then [31, Proposition 3.3] applies to show that
there exists a line bundle % on Fj as well as a flat vector bundle 4 on Fj such that
7 (F|r) 2% ®.% . In addition, ¢ admits a filtration 0= Fo% C 1% C - C F 1% =
% by flat subbundles F;%; with rank F;%; = i. By Equation (8.2), we have

aa(n(Z1p)* 0" (H|p)" 727" =0. (8.3)

If Kz|p =0, then nd(Kz) <dimY =m <m+1.

Suppose that Kz|r Z 0.

If m =0, then FF = X and there exists a generically surjective morphism Q}pl —
n*(Z|r)*. This immediately implies h°(Fy,0p, (n*(K#|r))) = 1. Then [18, Théoreme
VL5.1] applies to show that the line bundle &p, (n*(K#|r)) is semiample. Notice that
v(Op, (n*(K#|r))) =1 by Equation (8.3). This easily implies nd(Kg)=1=m+ 1.

Suppose that m > 1. Since . is not algebraically integrable by our current assumption,
the composition .7 |p — T'x |p — N/ x = ﬁ?m is nonzero. As a consequence, there is an
index 1 <7 <n—1 such that the line bundle 2; := ((Fi+1% /Fi) ®.$1)* has a nonzero
global section. Then [18, Théoréme VI.5.1] again applies to show that 2; is semiample. We
have v(2;) =1 since ¢1(2;) = c1(£) = 51" (K#|r). This implies nd(Kz) < dimY +
l=m+1.

Suppose finally that v(Kx)=mn—1. In particular, m =n —2.

Then F is a smooth curve of genus 1. By Equation (8.2), we have

1
An—l

As before, this implies nd(Kg) < n—1=m+1, completing the proof of Proposition 8.1.
O

Ky F=

An—l

Kz Ky ' = =) (a(F) +a(A) Ky =0.

The following is the main result of this section.
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Proposition 8.2. Setting and notation as in 2.19. Suppose in addition that Kx is nef
and that AN is pseudo-effective. Then, there exist an abelian scheme f1: X1 — Y1 over
a smooth projective base and a finite étale cover v: X1 — X such that fi is the nef
reduction map of v*K g. Moreover, there exist line bundles .#, and J¢, on Y1 such that
VAN XM and v Ox (K x) = ff20. In addition, if Fy is a general fiber of fi, then
(v LP) |, NTr, is a linear foliation on Fy of codimension at most 1.

Proof. For the reader’s convenience, the proof is subdivided into a number of steps. Let
f:X--»Y

be the nef reduction map of K. By Proposition 8.1 above, we have m :=dimY <n—1.

Step 1. Fibers of the nef reduction map.

Let us show that a general fiber F' of f is a finite étale quotient of an abelian variety
and that K#|p ~g 0. Then A|p is a torsion line bundle by the adjunction formula
Ko :Kx+01(JV).

Suppose first that F is a very general fiber. Then 4 |r is pseudo-effective while Kx|r
is nef and Kg|r =0 by construction. It follows that Kx|r =0 and A4 |p =0 since
Kz = Kx +c¢1(4) by the adjunction formula. Let now F be a general fiber of f. By [20,
Lemma 2.13], we have Kx|r = 0. By the adjunction formula again, we have A4 |p = 0.
Now, the vector bundle .#|p is numerically flat by Theorem 2.11 since Kgz|p =0. It
follows that the composition

ﬁ|F—>Tx‘F—)</VF/X%/ﬁ§?m

has constant rank, and hence .#|r NTF is a numerically flat subbundle of T.

If Tp C Z|F, then F is a finite étale quotient of an abelian variety by [47, Chapter IV
Corollary 4.15]. Moreover, K z|p ~g 0 since Z |p /Ty C Np)x = O™ is numerically flat.

Suppose that Z|pNTr C Tr. Then F is again a finite étale quotient of an abelian
variety by Proposition 3.18 since Kp = Kx|r =0 by the adjunction formula. Moreover,
K 7| pory ~@0, and hence K | p ~q 0 since F | /(F|pNTF) = Np/x = OF™. This proves
our claim.

Step 2. Next, we show that X has generically large fundamental group on F.

We argue by contradiction and assume that X does not have generically large
fundamental group on F. There exists a positive-dimensional finite étale quotient of an
abelian variety G C F passing through a general point of F' such that the image of
the natural morphism 71 (G) — 71 (X) is finite. By [48, 3.10], the algebraic varieties G fit
together to form an almost proper rational map g: X --+ Z such that f factorizes through
g. Let X° C X and Z° C Z be dense open sets such that the restriction g°: X° — Z°C Z
of g to X° is a smooth projective morphism with connected fibers. Shrinking Z°, we may
assume that there exists a finite étale cover X7 — X° such that the fibration ¢: X7 — 27
obtained as the Stein factorization of the composition X7 — X° — Z° is an abelian scheme
equipped with a level three structure (see Lemma 3.7). We obtain a diagram as follows:
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o o : \\\
g1 g g} \
v A%

7] —— Z4° —— Z ----- > Y.

Let Gy be a fiber of g7. There is a split exact sequence of fundamental groups

L~
1 — m((G) —» m((Xy) — m(2y) — L

Let K C m(G1) denotes the kernel of the representation
7T1(G1) — 7T1(Xf) — 7T1(X) — PGL(’N,— 1,@)

induced by p. Then the subset K -m1(Z7) of m1(X?) is a (normal) subgroup. Moreover,
it has finite index since the image of the composition 1 (G1) — 71 (X{) — 71 (X) is finite
by our current assumption. Therefore, replacing X7 by a further finite étale cover, if
necessary, we may assume that the representation

m1(X7) — m(X) - PGL(n—1,C)

induced by p factorizes through Z7. Shrinking Z7, if necessary, we may assume in addition
that 7 |xo = Z@f"_l for some line bundle Zxo on X7. Notice that by construction,

Lxo |, = 0. The short exact sequence

~ pON—m ~ »Om
Oﬁ)TGl*ﬁGl %TX{’|G1‘>=/VG1/X1’*6)G1 —0

~

then shows that Zx|g, = Og,. Therefore, shrinking Z°, we may assume that % |xo =
oot
1

Claim 8.3. The fibration ¢7 is locally trivial for the analytic topology, and hence
X722 =2 Z9 x AJZ3 for some positive-dimensional abelian variety A.

Proof of Claim 8.3. Suppose first that T C .7 | for a general fiber G of g.

Then, there exists a regular foliation ¢° on Z° such that Z|x. = (¢°)"19°. Let L; be
a leaf of 97 :=9°| 0, and set My := (g7)"'(L1). Notice that M; is a leaf of .F|xo. By
construction, there is an exact sequence:

0 _>TM1/L1 — Lg$|1\/11 g111\/11 - (g§|M1)*TL1 —0.

Since #|xo = ﬁ;‘??il, the above exact sequence is locally split. A classical result of
complex analysis says that complex flows of vector fields on analytic spaces exist. As a
consequence, the fibration g7|as, : M1 — Ly is locally trivial for the analytic topology.
Let «7(3) be the fine moduli space of polarized abelian varieties with a level three
structure, and let Z7 — &/(3) be the morphism corresponding to g7. Then every leaf
of 47 is contained in a fiber of Z{ — 7 (3). Thus, either 47 has algebraic leaves, or the
morphism Z? — 47(3) is constant. In the former case, & is algebraically integrable. By
Proposition 3.20, we must have K g =0 and F' = X is a finite étale quotient of an abelian
variety since .4 is pseudo-effective by assumption. In particular, X has generically large
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fundamental group on F, yielding a contradiction. In the latter case, X7 /Z7 = Z9 x A/ Z3
for some positive-dimensional abelian variety A, proving the claim in this case.

Suppose now that T € % | for a general fiber G of g.

Then the composition

Fla, = ﬁ’é‘?f_l — TX{"Gl — (gf)*TZHGl ~ ﬁgldimzo

is generically surjective, and hence surjective. This immediately implies that the exact
sequence

O_>TXf/Zf —>TX§> — (gi))*TZf —0

is locally split. As before, it follows that the fibration ¢ is locally trivial for the analytic
topology, and hence X7 /Z7 = Z3 x A/Z7 for some positive-dimensional abelian variety
A. This finishes the proof of Claim 8.3. O

Let W be the normalization of the closed subvariety of the Chow variety of X whose
general point parametrizes a general fiber of g, and let U be the normalization of the
universal cycle. By Claim 8.3, the morphism p is generically isotrivial. Hence, there exists
a smooth projective variety Wi as well as a generically finite morphism n: W7 — W and
a rational map Wiy x A --» U fitting into the following commutative diagram:

Wix A —mmmmemees U — 9 X
erlJ, pJ %g
" i
Wi————2 W rooees » Z

Claim 8.4. The map W7 x A --» U is a morphism.

Proof. Let p;: Z — W; x A be a composition of a finite number of blow-ups with smooth
centers such that the induced rational map ¢;: Z — U is a morphism. Let Z(,, ) be a
positive-dimensional fiber of p; over (wi,a) € Wi x A. Then Z(,, o) is rationally chain
connected, and the composition

ql(Z(wl,a)) C Un(wl) —+ X

is finite, where Uy, ) denotes the fiber of p over the point n(wy ). Thus, if dim q1(Z(w,,q)) =
1, then Uy (,,) contains a rational curve C' such that dimg(C) > 1. By Corollary 3.12, we
must have ¢(C')- K # = 0. But this contradicts Lemma 3.17 since Kx is nef by assumption.
Therefore, every fiber of p; is contracted by ¢;. Our claim now follows from the rigidity
lemma (see [19, Lemma 1.15]). O

A consequence of Claim 8.4 is that every fiber of p is irreducible. This implies that the
exceptional locus E of ¢ satisfies E =p~1(p(E)). Set X*®:= X\ ¢(F) and W*:= W\ p(E).
Then the rational map poqg~! induces an equidimensional morphism p®: X*® — W* with
irreducible fibers. By construction, X \ X*® has codimension at leat 2. Shrinking W*, if
necessary, we may assume without loss of generality that W* is smooth and that there
exists a smooth divisor D® on W* such that the restriction of p® to (p®)~1(W*\ D®) is
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a smooth morphism. Notice that every smooth fiber of p® is a finite étale quotient of an
abelian variety by Lemma 3.7.

Claim 8.5. Let w € D*® be a general point. Then the fiber (p®)~!(w) (with its reduced
structure) is a finite étale quotient of an abelian variety.

Proof of Claim 8.5. The statement is local on D*®, hence we may shrink W* and assume
that D¢ is irreducible. Let m denote the multiplicity of (p®)*D*®, and let v*: W — W°
be a quasi-finite morphism with W smooth such that (v*)*D*® =mD} with D} smooth
(and D} # (). We may also assume that +* is étale away from SuppD}. Let X7 be
the normalization of the product W xyre X®. Then an easy local computation shows
that the natural morphism X7 — X* is étale away from a closed subset of codimension
at least 2, and hence étale by the Nagata—Zariski purity theorem. In particular, X7 is
smooth. Shrinking W7 further, if necessary, we may assume that the natural morphism
g1: X7 — W} has generically reduced fibers. Observe also that its fibers are irreducible
since p has irreducible fibers and X7 — X* is étale.

Let w € D} be a general point. By [27, Proposition 18.13], the scheme theoretic
fiber G, = (¢¢) !(w) is Cohen-Macaulay, and hence reduced by Serre’s criterion.
Moreover, by the adjunction formula, wg, = wxsl|a, . In particular, G, is Gorenstein.
By miracle flatness, the morphism g} is flat (see [55, Tag 00R4]). Because the functions
w s h0 (Gmw;@}l.ﬂk;w) are upper semicontinuous in the Zariski topology on W; (see

[36, Theorem 12.8]), we have wg, = Og,. Let 1y: Gy — Gy be the normalization
morphism. By Lemma 3.3, there exists an effective Weil divisor F,, on éw such that
wg, Zvywe, (—Ew) = O (—Ey). Suppose that E, # 0. Then Kg is not pseudo-
effective and hence G,, is uniruled by [5, Corollary 0.3] applied to a resolution of Gu. Let
C C G be a rational curve. By Corollary 3.12, we have C'- K& = 0. But this contradicts
Lemma 3.17 since Ky is nef. This shows that F,, =0, and hence G, is normal by
Lemma 3.3. Then [5, Corollary 0.3] applies to show that G, has canonical singularities
since Kg,, =0.

Now, replacing W with a neighborhood of w for the analytic topology, we may assume
without loss of generality the W} is biholomorphic to the open unit ball in C%m W The
same argument used in the proof of [48, Lemma 5.2.2] shows that there is a surjective

homomorphism
(G, ) = ™ (XT),
where wy € W\ D} is any point. This implies that the image of the composition
m(X7) = m(X°) = m(X)

is finite by our current assumption. Thus, replacing X{ by a finite étale cover, if necessary,
we may assume that there exists a line bundle .Zxs on X7 such that .7 |xs = Zf?l."_l. By
Step 1, the restriction of .Zxs to a general (smooth) fiber of g7 is a torsion line bundle.
Moreover, shrinking (W?,w) further, we may assume without loss of generality that Zxs
is a torsion line bundle as well (see Lemma 3.9). Thus, replacing X ¢ by a finite étale cover,
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if necessary, we may therefore assume that Zxs = Oxs. It follows that the composition
Fla, — Txe la, — JVGW/XI‘ = ﬁg;n

has constant rank. This in turn implies that the reflexive sheaf Z|g, 6 NTg, is a
numerically flat locally free sheaf.

Suppose first that T, C F|q,, for a general point w € DY. Then T, is locally free.
By the solution of the Zariski-Lipman conjecture for klt spaces (see [29, Theorem 6.1] or
[23, Theorem 1.1]), we see that G, is smooth. The claim now follows from Lemma 3.7.

Suppose finally that T¢, € F|q,, for a general point w € D}. Then the composition

Fla, = Txtla, = (97) Twela.,

is generically surjective, and hence surjective. This in turn implies that ¢} is a locally
trivial fibration for the analytic topology in a neighborhood of a general point in Df. In
particular, G,, is smooth. The claim now follows again from Lemma 3.7. O

By Claim 8.5, replacing W* by an open subset with complement of codimension at
least 2, we may assume that every fiber of p® (with its reduced structure) is a finite étale
quotient of an abelian variety. By Lemma 3.6 applied to p®: X*® — W*, X* has generically
large fundamental group on G. On the other hand, the inclusion induces an isomorphism
m1(X®) 2 m(X) of fundamental groups since X \ X*® is a closed subset of codimension
at least 2 by construction. It follows that X has generically large fundamental group on
G, yielding a contradiction. This shows that X has generically large fundamental group
on F.

Step 3. End of proof.

By [48, Theorem 6.3] and Step 2 together, there exists a finite étale cover v: X; — X
such that the fibration f;: X; --+ Y7 obtained as the Stein factorization of the almost
proper map X; — X --» Y is birational to an abelian group scheme f;: X5 — Y5 over a
projective base equipped with a level three structure.

Let W; be the normalization of the closed subvariety of the Chow variety of X; whose
general point parametrizes a general fiber of fi, and let U; be the normalization of the
universal cycle. Replacing Y> by a birational modification, if necessary, we may assume
that there exist a birational morphism Y5 — W; and a commutative diagram

Xg ------—---1 s U ———— X
f2J i.fl
Yy — 4 Ty, -Hirational ;

Arguing as in the proof of Claim 8.4, we see that rational map Xs --» U; is a morphism.
Then Lemma 3.8 applies to show that X; is an abelian scheme f3: X7 — Y3 over a
smooth projective base Y3 and that there exists a birational morphism Y5 — Y3 such that
X2/Ys 2 Y5 Xy, X1/Y>. This finishes the proof of first statement of Proposition 8.2.
Finally, we show that there exist line bundles .#5 and .#5 on Y3 such that v*. A4 = f5 .43
and v*Ox (K )= f5%5. By Step 1, Kz|p ~g 0 and A | is a torsion line bundle. Then
Lemma 3.9 applies to show that there exists a positive integer k such that v* A4 ®F = f3
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and v*Ox (kK ) = fi. 5, where .43 and J#5 are line bundles on Y3. Let 33 C X3 be the
neutral section of f3. Then .43 = (v* A |n,)®* viewing (v*.4|s,)®* as a line bundle on
Y3. Hence v* A ®F =2 fx(v* 4 |5,)®*. Replacing X; by the associated cyclic étale cover
(see [45, Definition 2.52]), we may assume without loss of generality that k = 1. This
completes the proof of the proposition. O

Corollary 8.6. Setting and notation as in 2.19. Suppose in addition that X is of general
type and dim X > 4. Then A* is nef.

Proof. By Theorem 5.1, Kx is nef. Then Proposition 8.1 applies to show that .4 is not
pseudo-effecive. The claim now follows from Theorem 4.4. O

9. Projectively flat foliations with pseudo-effective normal bundle

Theorem 9.1. Setting and notation as in 2.19. Suppose in addition that Kx is nef and
that A is pseudo-effective. Then Ko =0.

Proof. Let f: X --+Y be the nef reduction map of K g, and let F' be a general fiber of f.
Set m :=dimY. Notice that m <n —1 by Proposition 8.1. By Proposition 8.2, replacing
X by a finite étale cover, if necessary, we may assume without loss of generality that
f: X =Y is an abelian group scheme over a smooth projective base equipped with a level
three structure. We may also assume that #|rNTF is a linear foliation of codimension
at most 1 and that there exist line bundles .# and J# on Y such that A4 2 f*.# and
Ox(Kgz)= f*2¢. Let ¥ C X be the neutral section of f. Notice that Z = Ox(Kz)|s.

Notice that m =0 if and only if Kz =0.

Let us first show that T'x/y € .#. We argue by contradiction and assume that Ty C
% . In particular, we have m > 1.

If m =1, then .# = Tx/y. In other words, .# is algebraically integrable. By
Proposition 3.20, X is a finite étale quotient of an abelian variety and K& = 0 since
A is pseudo-effective by assumption, yielding a contradiction.

Suppose now that m > 2. There is a regular foliation ¢4 on Y such that .% = f~'¥
since T'x/y C.# by assumption (see [1, Lemma 6.7]). Then .# = .4%. Moreover, there is
an exact sequence

0—=Tx)y —F = 9 —0.
In addition, the composition
Tx)yvls C Fle CTx|s — N5/x
is an isomorphism, and hence
Fle=2Tx)v|s©Y.

By Lemma 2.14, the vector bundles F|yx and ¢ are numerically projectively flat.
Moreover, we have

1 1 1

a(Fle)=jallxyvle) = ——

Cl(g).

n—1
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Since f is the nef reduction map of K&, we must have nd(.#") = m. It follows that the nef

reduction map of Ky = ™=1¢,(.#) is the identity map. Notice that .4 is pseudo-effective

n—1
because .4 is pseudo-effective by assumption.

Claim 9.2. The divisor Ky is nef.

Proof. We argue by contradiction and assume that Ky is not nef. Then there is a rational
curve C' on Y such that Ky -C < 0. Let B — C denotes the normalization of C, and set
S:=Bxy X and 0 := B xy 3. By [48, Lemma 5.9.3], we have (S/B,0) = (B x A/B,B X
04) for some abelian variety A. Moreover, Kx/y|s = Kg,p ~z 0. This immediately implies
that Kx is not nef, yielding a contradiction. This proves the claim. O

Applying Proposition 8.1 to ¢, we see that m = 2.

If kK(Y) =2, then .47 is pseudo-effective by [11, Lemme 9] and [11, Corollaire 1], and
hence A =0 since A 2 f* A is pseudo-effective by assumption. By Theorem 7.2 and
Proposition 8.1 together, we have Kz = 0, yielding a contradiction.

From [11, Section 5], we see that either Y is an elliptic surface or the minimal model of
Y is an abelian variety. In the latter case, X is an abelian variety by [48, Lemma 5.9.3].
Then Lemma 3.22 applies to show that K & = 0. This again gives a contradiction. Suppose
finally that Y is an elliptic surface over a smooth connected curve B. By [11, Proposition
2], the fibers (with their reduced structure) of Y — B are smooth curves of genus 1. Then,
by [11, Proposition 3], we have m = nd(2¢") < 1. This again yields a contradiction.

This shows that Tx,y € F.

Then Lemma 7.1 applies to show that, after replacing X by a finite étale cover, we may
assume that X =Y x A for some abelian variety A of dimension and that f is induced by
the projection onto Y.

Let us show that m < 1. The composition

O " 2 Txyy = Tx = N

is generically surjective, and hence h°(X,.#") > 1. Since A = f*.#, there exist prime
divisors D; on Y for i € I and positive integers m; > 1 such that .4 = ﬁx(zigmiBz‘),
where B; := f*D;.

Then ﬁ’gid = Tx/y|p, € F|p,. Since .Z is numerically projectively flat and K # is nef
by Lemma 2.21, we see that .#|p, is numerically flat.

If B; is a leaf of %, then it is a finite étale quotient of an abelian variety by [42,
Theorem 0.1]. Moreover, .4|p, is a flat line bundle by Lemma 3.1, and hence B? =0
since A |p, = Np, /x-

Suppose now that B; is not a leaf of .%. Then the composition

y|Bi _>TX‘Bi _>f/VBi/X

is generically surjective. Since .7 |p, is numerically flat, it follows that B? is numerically
equivalent to an effective cycle.

Now, by Lemma 3.1, we have .#? = 0. This immediately implies that B? =0 for every
i€l and that B;NB; =0 if i # j.
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If # =0, then Kz =0 by Theorem 7.2 and Proposition 8.1 together. Then m = 0.
Suppose from now on that .4 # 0.

Let ¢ € I such that B; is not a leaf of .%. Let us show that B; is smooth with Kp, =0.
The exact sequence

0—F

B, —+1Ix

Bi_>f/VBi_>0

shows that T'x|p, is numerically flat. In particular, Kx|g, =0, and hence wg, =0 by
the adjunction formula. Let v;: B; — B; be the normalization morphism. By Lemma 3.3,
there exists an effective Weil divisor E; on El such that wg, = viwg,(—FE;). Suppose
that £; # 0. Then K is not pseudo-effective and hence B; is uniruled by [5, Corollary

0.3] applied to a resolution of B;. Let C C B; be a rational curve. By Corollary 3.12,
we have C'- Kz = 0. But this contradicts Lemma 3.17 since Kx is nef. This shows that
E; =0, and hence B; is normal by Lemma 3.3. Then [5, Corollary 0.3] applies to show
that B; has canonical singularities since Kp, = 0. The natural map Tx|g, — A5, /x 18
generically surjective and hence surjective since T'x|p, and Ajp,,x are numerically flat
vector bundles. It follows that the tangent sheaf 15, is locally free and numerically flat.
By the solution of the Zariski-Lipman conjecture for canonical spaces (see [29, Theorem
6.1] or [23, Theorem 1.1]), we conclude that B; is smooth.

By Proposition 6.3, we have x(X) = v(X) > 0. Applying Proposition 3.14 to
(X, ;1 Bi), we see that Kz is semiample with v(K #) < 1. This proves that m = 1.

By Lemma 3.23 and Lemma 2.21 together, the vector bundle .% is then numerically flat,
and hence K4 = 0, yielding a contradiction. This finishes the proof of the theorem. O

10. Proof of Theorem 1.1
We are now in position to prove Theorem 1.1.

Proof of Theorem 1.1. Suppose first that K x is not nef. Then there exists a P'-bundle
structure p: X — Y onto a finite étale quotient of an abelian variety, and .% induces a
flat Ehresmann connection on ¢ by Theorem 5.1.

Suppose from now on that Kx is nef.

If & is pseudo-effective, then Theorem 9.1 applies to show that Kg = 0. By
Proposition 3.18, there exists an abelian variety A and a finite étale cover v: A — X
such that v~1.Z is a linear foliation on A.

Suppose finally that .4 is not pseudo-effective. Then .4 is nef by Theorem 1.2. Thus
Theorem 7.2 applies to show that either there exists a smooth complete curve B of genus
at least 2 as well as an abelian variety A, and a finite étale cover v: B x A — X such that
~~1.Z is induced by the projection morphism B x A — B, or X is of general type and
v(Kz)=dimX. In the latter case, Qﬁ( is nef by Lemma 2.21, and hence Kx is ample.
In addition, k(K#) =dim X by Lemma 7.4. This finishes the proof of theorem. O

Remark 10.1. If we relax the integrability condition, then the conclusion of Theorem 1.1
is false. Indeed, let F be an elliptic curve, and let B be an abelian variety of dimension
dimB=n—12>1. Set A:= FE x B. Let .# be a line bundle of degree 2 on F, and set
L =priyM*. Let (s;,t;) € HO(A,L*)*? for i € {1,...,n—1}. Suppose that the zero sets
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of the s; and the ¢; are pairwise disjoint. Write T4 = @1<i<n@av;. Then the sections
s; and t; give an injective map of vector bundles .Z C O av; ® O av;11. In addition, the
induced map 2 = £9"~1 — T is an injective map of vector bundles as well. The vector
bundle is obviously numerically projectively flat.

Acknowledgements. This article owes much to the ideas and work of Marco Brunella.
We would also like to thank Michel Brion, Benoit Claudon and Adrien Dubouloz for their
help and many interesting discussions. Finally, we thank the referee for the helpful and
detailed report.

Competing interests. The authors have no competing interest to declare.

References

[1] Araujo C AND DRUEL S (2013) On Fano foliations. Adv. Math. 238, 70-118.

[2] AuBIN T (1976) Equations du type Monge-Ampere sur les variétés kiihleriennes compactes.
C. R. Acad. Sci. Paris Sér. A-B 283 (3), Aiii, A119-A121.

[3] Baum PF AND BoTT R (1970) On the zeros of meromorphic vector-fields. In Essays on
Topology and Related Topics (Mémoires dédiés a Georges de Rham). New York: Springer,
29-47.

[4] BaAuer T, CampaNa F, EckrL T, KEBEKUS S, PETERNELL T, RAMS S, SZEMBERG T
AND WoTzLAW L (2002) A reduction map for nef line bundles. In Compler Geometry
(Géttingen, 2000). Berlin: Springer, 27-36.

[6] BoucksoM S, DEMAILLY JP, PAUN M AND PETERNELL T (2013) The pseudo-effective
cone of a compact Kéahler manifold and varieties of negative Kodaira dimension.
J. Algebraic Geom. 22 (2), 201-248.

[6] BEAUVILLE A (1977) Variétés de Prym et jacobiennes intermédiaires. Ann. Sci. Ecole
Norm. Sup. (4) 10 (3), 309-391.

[7] BEAUVILLE A (2000) Complex manifolds with split tangent bundle. In Complex Analysis
and Algebraic Geometry. Berlin: de Gruyter, Berlin, 61-70.

[8] BIRKENHAKE C AND LANGE H (2004) Complex Abelian Varieties. 2nd augmented edn.
Berlin: Springer, 2004.

[9) BocomoLov F AND McQUILLAN M (2016) Rational curves on foliated varieties. In
Foliation Theory in Algebraic Geometry, Simons Symp. Cham: Springer, 21-51.

[10] BARTH W, PETERS C AND VAN DE VEN A (1984) Compact Complex Surfaces, Ergebnisse
der Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas
(3)], vol. 4. Berlin: Springer-Verlag. MR 749574

[11] BRUNELLA M (1997) Feuilletages holomorphes sur les surfaces complexes compactes. Ann.
Sci. Ecole Norm. Sup. (4) 30 (5), 569-594.

[12] BRUNELLA M (2004) Birational Geometry of Foliations, IMPA Mathematical Publications.
Rio de Janeiro: Instituto de Matemdtica Pura e Aplicada (IMPA).

[13] CATANESE F (2002) Deformation types of real and complex manifolds. In Contemporary
Trends in Algebraic Geometry and Algebraic Topology (Tiangin, 2000), Nankai Tracts
Math., vol. 5. River Edge, NJ: World Sci. Publ., 195-238.

[14] CaMPANA F, CLAUDON B AND EYSSIDIEUX P (2015) Représentations linéaires des groupes
kahlériens: factorisations et conjecture de Shafarevich linéaire. Compos. Math. 151 (2),
351-376.

[15] CaMpPANA F, KoziaRzZ V AND PAUN M (2012) Numerical character of the effectivity of
adjoint line bundles. Ann. Inst. Fourier (Grenoble) 62 (1), 107-119.

https://doi.org/10.1017/51474748024000574 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748024000574

21]
[22]
23]
[24]
[25)
[26]
[27]
28]
[29]

[30]

31]
32]

(33]

34]
[35]
[36]
37]
[38]

39]

Projectively flat foliations 811

CLAUDON B (2010) Invariance de la I'-dimension pour certaines familles k&hlériennes de
dimension 3. Math. Z. 266 (2), 265-284.

DRUEL S AND Lo B1anco F (2022) Numerical characterization of some toric fiber bundles.
Math. Z. 300 (4), 3357-3382.

DEBARRE O (1999) Tores et variétés abéliennes complezes, Cours Spécialisés [Specialized
Courses], vol. 6. Paris: Société Mathématique de France; Les Ulis: EDP Sciences.
DEBARRE O (2001) Higher-Dimensional Algebraic Geometry, Universitext. New York:
Springer-Verlag.

DRUEL S AND GUENANCIA H (2018) A decomposition theorem for smoothable varieties
with trivial canonical class. J. Ec. polytech. Math. 5, 117-147.

DeMAILLY JP, HAcoN CD AND PAUN M (2013) Extension theorems, non-vanishing and
the existence of good minimal models. Acta Math. 210 (2), 203-259.

DEMAILLY JP, PETERNELL T AND SCHNEIDER M (1994) Compact complex manifolds with
numerically effective tangent bundles. J. Algebraic Geom. 3 (2), 295-345.

DRUEL S (2014) The Zariski-Lipman conjecture for log canonical spaces. Bull. Lond. Math.
Soc. 46 (4), 827-835.

DRUEL S (2018) A decomposition theorem for singular spaces with trivial canonical class
of dimension at most five. Invent. Math. 211 (1), 245-296.

DRUEL S (2021) Codimension 1 foliations with numerically trivial canonical class on
singular spaces. Duke Math. J. 170 (1), 95-203.

DRUEL S (2024) Projectively flat log smooth pairs. Ann. Fac. Sci. Toulouse Math. Sér. 6,
33 (3), 611-645.

EISENBUD D (1995) Commutative Algebra. With a View toward Algebraic Geometry.
Berlin: Springer-Verlag.

FIGUEREDO JP (2022) Codimension one regular foliations on rationally connected
threefolds. Bull. Braz. Math. Soc. (N.S.) 53 (4), 1131-1144.

GRrEB D, KEBEKUS S, SANDOR J. KOovAcs AND PETERNELL T (2011) Differential forms
on log canonical spaces. Publ. Math. Inst. Hautes Etudes Sci. (114), 87-169.

GREB D, KEBEKUS S AND PETERNELL T (2016) Singular spaces with trivial canonical
class. In Minimal Models and Extremal Rays (Kyoto, 2011), Adv. Stud. Pure Math.,
vol. 70. Tokyo: Math. Soc. Japan, 67-113.

GREB D, KEBEKUS S AND PETERNELL T (2021) Projectively flat klt varieties. J. Ec.
polytech. Math. 8, 1005-1036.

GONGYO Y AND LEHMANN B (2013) Reduction maps and minimal model theory. Compos.
Math. 149 (2), 295-308.

GRIFFITHS PA (1970) Periods of integrals on algebraic manifolds. III. Some global
differential-geometric properties of the period mapping. Inst. Hautes Etudes Sci. Publ.
Math. (38), 125-180.

GROTHENDIECK A (1966) Eléments de géométrie algébrique. IV. Etude locale des schémas
et des morphismes de schémas. I11. Inst. Hautes Etudes Sci. Publ. Math. (28), 255.
GUENANCIA H AND TaJi B (2022) Orbifold stability and Miyaoka-Yau inequality for
minimal pairs. Geom. Topol. 26 (4), 1435-1482.

HARTSHORNE R (1977) Algebraic Geometry, Graduate Texts in Mathematics, No. 52. New
York: Springer-Verlag.

HUYBRECHTS D AND LEHN M (1997) The Geometry of Moduli Spaces of Sheaves, Aspects
of Mathematics, E31. Braunschweig: Friedr. Vieweg & Sohn.

HacoN CD AND MCKERNAN J (2007) On Shokurov’s rational connectedness conjecture.
Duke Math. J. 138 (1), 119-136.

HORING A (2013) Manifolds with nef cotangent bundle. Asian J. Math. 17 (3), 561-568.

https://doi.org/10.1017/51474748024000574 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748024000574

[47]

48]
49)
50]
51)
/52]
53)
/54]

[55]
[56]

[57]
[58]
[59]

[60]

[61]
[62]

[63]

S. Druel

Hu Z (2016) Log canonical pairs over varieties with maximal Albanese dimension. Pure
Appl. Math. Q. 12 (4), 543-571.

JouanoLou JP (1983) Théorémes de Bertini et Applications, Progress in Mathematics,
vol. 42. Boston: Birkhauser Boston, Inc.

JAHNKE P AND RADLOFF I (2013) Semistability of restricted tangent bundles and a
question of I. Biswas. Internat. J. Math. 24 (1), 1250122, 15.

KAWAMATA Y (1985) Pluricanonical systems on minimal algebraic varieties. Invent. Math.
79 (3), 567-588.

KAWAMATA Y (1991) On the length of an extremal rational curve. Invent. Math. 105 (3),
609-611.

KoLLAR J AND MoRI S (1998) Birational Geometry of Algebraic Varieties, Cambridge
Tracts in Mathematics, vol. 134. Cambridge: Cambridge University Press. With the
collaboration of C. H. Clemens and A. Corti, Translated from the 1998 Japanese original.
KawaMATA Y, Marsubpa K AND MarTsukl K (1987) Introduction to the minimal
model problem. In Algebraic Geometry, Sendai, 1985, Adv. Stud. Pure Math., vol. 10.
Amsterdam: North-Holland, Amsterdam, 283-360.

KoOBAYASHI S (1987) Differential Geometry of Complex Vector Bundles, Publications of
the Mathematical Society of Japan, vol. 15. Princeton, NJ: Princeton University Press.
Kanoé Memorial Lectures, 5.

KoLLAR J (1993) Shafarevich maps and plurigenera of algebraic varieties. Invent. Math.
113 (1), 177-215.

KOLLAR J (1996) Rational Curves on Algebraic Varieties, Ergebnisse der Mathematik und
ihrer Grenzgebiete, vol. 32. Berlin: Springer-Verlag.

KEBEKUs S, CONDE LS aND Toma M (2007 ) Rationally connected foliations after
Bogomolov and McQuillan. J. Algebraic Geom. 16 (1), 65-81.

NAKAYAMA N (1999) Compact Kéhler manifolds whose universal covering spaces are
biholomorphic to C". Preprint RIMS 12330.

NAKAYAMA N (2004) Zariski-Decomposition and Abundance, MSJ Memoirs, vol. 14. Tokyo:
Mathematical Society of Japan.

SiMPsON CT (1988) Constructing variations of Hodge structure using Yang—Mills theory
and applications to uniformization. J. Amer. Math. Soc. 1 (4), 867-918.

SmvpsoN CT (1992) Higgs bundles and local systems. Inst. Hautes Etudes Sci. Publ. Math.
(75), 5-95.

The Stacks Project Authors (2023) The Stacks Project. https://stacks.math.columbia.edu.
TouzeT F (2008) Feuilletages holomorphes de codimension un dont la classe canonique
est triviale. Ann. Sci. Ec. Norm. Supér. (4) 41 (4), 655-668.

TouzeTr F (2016) On the structure of codimension 1 foliations with pseudoeffective
conormal bundle. In Foliation Theory in Algebraic Geometry, Simons Symp.: Cham
Springer, 157-216.

UENO K (1975) Classification Theory of Algebraic Varieties and Compact Complex Spaces,
Lecture Notes in Mathematics, vol. 439. Berlin-New York: Springer-Verlag. Notes written
in collaboration with P. Cherenack.

UENO K (1978) On algebraic fibre spaces of abelian varieties. Math. Ann. 237 (1), 1-22.
VIEHWEG E AND Zuo K (2007) Arakelov inequalities and the uniformization of certain
rigid Shimura varieties. J. Differential Geom. 77 (2), 291-352.

WanG HC (1954) Complex parallisable manifolds. Proc. Amer. Math. Soc. 5, T71-776.
WISNIEWSKI JA (1991) On contractions of extremal rays of Fano manifolds. J. Reine
Angew. Math. 417, 141-157.

Yau ST (1977) Calabi’s conjecture and some new results in algebraic geometry. Proc. Nat.
Acad. Sci. U.S.A. 74 (5), 1798-1799.

https://doi.org/10.1017/51474748024000574 Published online by Cambridge University Press


https://stacks.math.columbia.edu
https://doi.org/10.1017/S1474748024000574

	1 Introduction
	2 Notation, conventions and used facts
	2.1 Global conventions
	2.2 Projective space bundles
	2.3 Stability
	2.4 Numerically flat vector bundles
	2.5 Projectively flat and numerically projectively flat vector bundles
	2.6 Foliations
	2.7 Ehresmann connections
	2.8 The standard setting

	3 Preparations for the proof of Theorem 1.1
	3.1 Bott (partial) connection and applications
	3.2 Abelian schemes
	3.3 Descent of line bundles
	3.4 Abundance
	3.5 Foliations and rational curves
	3.6 Special cases

	4 Normal bundles of regular foliations
	5 Projectively flat foliations on nonminimal varieties
	6 Abundance
	7 Projectively flat foliations with nef conormal bundle
	8 The nef reduction map
	9 Projectively flat foliations with pseudo-effective normal bundle
	10 Proof of Theorem 1.1
	References

