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ABSTRACT

This work presents a new method to minimize artificial stiffness in linear tetrahedral element using
virtual mesh refinement (VRM) method. The basic idea behind this work is to give additional degree of

freedom by using internal mesh over the linear tetrahedral element.

This local internal mesh and its

corresponding equilibrium condition under particular boundary condition are invisible to users or virtual.
Using specialized displacement test vectors, strain energy is obtained and used to calculate reduction fac-

tor for artificial stiffness.
performance of our proposed method.

Numerical experiments are performed at the end to briefly qualitatively show
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1. INTRODUCTION

Linear 4-nodes tetrahedral finite element (FE) has
been widely used for direct auto meshing for discretiza-
tion of complex geometries. This type of element has
been formulated at early development of finite element
method for solid continua [1]. Programming task for
this type element is relatively easier compared to other
type of solid element since linear shape function is used.
Recently, this element is considerably important to help
complex microstructural design of advance material in-
corporating homogenization procedures, e.g. see [2].
However, this element has severe well-known drawback
to have natural constant stress inside element due to ap-
plication of linear shape function. In some case, e.g.
close to stress concentration area, very dense meshing is
required to achieve proper stress distribution. However,
using very large number of element can increase engi-
neering design time due to increasing of computational
time.

To still work with optimum number of the element,
some improvements have been proposed. The most
straightforward solution are using mid-side nodes and
quadratic shape function called quadratic tetrahedral
element. Although this can reduce number of element
used, the additional mid-side nodes still gives extra de-
gree of freedom. On the other hand, transformation
from parametric to global coordinate is not straightfor-
ward as linear element since it contains nonlinear equa-
tion. Meanwhile, by still relying on the 4-nodes a tech-
nique called mixed enhanced which use enhanced strain
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distribution is proposed by [3]. Alternatively, by main-
taining linear function and implementing the Hu-
Washizu principle Thoutireddy et al. in [4] develop a
composite tetrahedral element with 10 nodes called
“CT3D” by 12 ensemble of 4-nodes tetrahedral elements.
Some recent articles regarding the improvement are re-
lied on the popular smoothed method proposed by [5]
and similar method as [4] but with improvement in inte-
gration scheme [6]. Although those aforementioned
methods as well as other similar approaches work very
well, they have been developed mainly using mathe-
matical abstraction with less geometrical interpretation.
In this work, we revisit another alternative method
proposed in [7] which relies on tetrahedral element en-
semble as [4] but still using 4-nodes element namely the
virtual meshing refinement (VMR). Instead of focusing
on the potential implementation for finite strain problems
as given in [7], we focus here only with small strain as-
sumption but more detail in theoretical aspects. The
basic idea is the same as [7] to give internal elements
inside the original linear element as additional degree of
freedom (DOF) instead of using continuous function.
To keep visualization user-friendly, the internal elements
and their nodes are not shown or virtual with respect to
users. In this work, both original linear element, i.e.
4-nodes without additional DOF, and the internal element
use small strain kinematics formulation. To account for
minimizing artificial stiffness, strain energy from the
original elements and modified element with the VMR
method are compared to obtain strain energy ratio which
is used to modify stiffness of the original linear element.
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Fig. 1 FEM simulation of tetrahedron volume with different number of the internal elements from (a) single element to

(d) 533 elements.

To compute strain energy, a specialized displacement
vector is generated which depend on scalar measurement
of tetrahedral shape quality called metric.

The advantage of using this proposed method is that
we do not need complex mathematical formality to re-
duce the artificial stiffness in the linear tetrahedral ele-
ment as the predecessor. What we need only geometri-
cal interpretation with simple numerical algorithm to do
the task and avoid to use many mathematical formalities
in a variational problem to find appropriate functions as
the additional degree of freedom. Beside that advan-
tage, the main limitation of the proposed method is how
to find better approximation for the energy ratio such that
we can approximate the corresponding analytical solu-
tion of the problem if it exists.

We split this paper into four sections. This section
gives overview why the proposed method is novel. In
the next section, the underlying idea for the method is
presented with detail theoretical aspects. Then, some
numerical experiments from simple one element to more
complex problems are presented and studied in the Third
Section. Finally, at the last section we summarize some
important remarks about the proposed method.

2. METHOD

2.1 Virtual Elements: Structure, Coordinate
Transformation and Stiffness Matrix

In this section, two main important aspects to suc-
cessfully implement the VMR method are presented, i.e.
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structure of the internal virtual elements and related co-
ordinate transformation. First, for simplicity the shape
of internal element used are also tetrahedral with 4-nodes.
In general, the proposed method may be applicable for
any shape of original and internal virtual elements or
combination both of them but that will be out of scope
from this work. Second, similar to common computa-
tion with finite element method (FEM) a coordinate
transformation between internal element and global
original linear element coordinate must be determined
before we proceed to finite element kinematics formula-
tion. This transformation is relied on parametric repre-
sentation of shape function. Linear tetrahedral kine-
matic formulation is used throughout this work including
implementation of the VMR method. Since the formu-
lation is very well known (e.g. [1]) and to focus more to
our proposed method, it will not be described in this
work.

According to [7], an example of deformation due to
internal elements inside the original linear tetrahedral can
be shown in Fig. 1. To accommodate for such behav-
iors we use tetrahedron volume meshed with auto mesh-
ing engine from GMSH [8] which is then simulated by
using simple in-house FEM program. From the figure,
we can simply consider the tetrahedron as a tetrahedral
element located somewhere in a global meshed domain.
Deformation shape is much improved by using large
number of element (see Fig. 1d) which can be repre-
sented by continuous function, e.g. bubble function and
enhanced strain. Here, instead of using the continuous
function, we are relied directly with the result in Fig. 1 to
minimize the artificial stiffness of the original tetrahedral
element (here as Fig. 1a).
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Fig. 2 FEight internal virtual tetrahedral elements with
their corresponding nodes and parametric coor-
dinate.

Instead of using auto meshing, we use more regular
configuration as shown in Fig. 2 to form internal struc-
ture of virtual elements. Each node for each virtual
element has a local parametric coordinate (¢, 3, #) with 0
<$p<1,0<9<1land 0 <y <1. To obtain its corre-
sponding global coordinate X, , the relation in (1) is

applied.
X = X, + 9%, +77%; +(1-9 -9 —1)X, (1)

The X,, X,, X; and X, are global coordinate of the

internal nodes which are coincide with nodes from the
original element, i.e. vertices in Fig. 2 with parametric
coordinate (0, 0, 0), (1, 0, 0), (0, 1, 0) and (0, O, 1).
These nodes will be numbered specifically by 1, 2, 3 and 4.

After global coordinate of internal nodes are known,
we can modify stiffness matrix of the original element by
additional degree of freedom from the internal virtual
element. According to Fig. 2, we can run an assembly
process involving the 8 elements to form a new stiffness
matrix represent a new distinct element. To label this
new element, we will call it as “VMR element” hence-
forth. Shortly, the stiffness of the VMR element has the
following form

K, K,lu"] |f
|: 1T1 12:| ljilm _ ix; )
K, Ky || 0

—int _ | —int —int —int —int r 3
u =ju; uw, usz u, 3)

with

as displacement for the nodes number 1-4 and
—int _ | =int —int —int T 4
u, = |:u2,5 e oo Wy :' 4)
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as for the remaining internal node i.
Solving (2) for @™ can be done by help of the 2™
row as follows

iy =Ky Kpu" O]
Inserting this to the 1% row in (2) we have
KVMRﬁilm = i:ext (6)

with Ky =K _KlzKE;Ksz-
static condensation proposed in general three field-
formulation, e.g. in [3], Eq. 6 has similar in the form
with additional internal deformation compatibility in-
ter-element only across nodes not through element edges
or faces. Moreover, this element stiffness K,,, is

If it is compared to the

then used for assembly process for global stiffness matrix
replacing the original element.

Important remark is given here that we cannot directly
consider stiffness in (6) for global assembly because with
respect to the 4 main nodes it gives stiffer response than
the original element. The reason for that is redistribu-
tion of displacement field which is now related not only
to the main 4 nodes but also distributed over other inter-
nal nodes. However, in terms of energy produced for
the same external load the stiffness K,,, is larger than

the stiffness from the original element due to more DOF
involved. This fact gives us good opportunity to use the
strain energy measurement as the starting point to mini-
mize artificial stiffness of the original linear element.

2.2 Strain Energy and Stiffness

In FEM, we can measure strain energy in two ways.
First, we return to the basic work conjugate relationship
between stress and strain. And second, it is directly
computed from stiffness matrix with the help of dis-
placement measured. We use the latter because com-
putation of stress and strain in the VMR element need to
be re-defined. We leave it for future research and focus
more in this work to minimize artificial stiffness with the
help of energy from the original linear and the VMR
element.

Using the same analogy to produce energy in one di-
mensional spring, we project Ky, twice with respect

—int

to unknown displacement vector u;" above as follows

1 —in T —in
Wi :5(“11) 'KVMRult' (N

—int

Here, we need initial value of u,” which can be ob-

tain only by running FEM simulation first using the
original element and obtain some particular values for

—int

u," . In this case, for each VMR element the energy in

(7) is always related to actual deformation due to par-
ticular boundary condition applied. This is an ideal
situation but in large scaled problem involving large
number of tetrahedral element this approach is not effi-
cient.

Instead, we use (7) with prescribing a displacement

293


https://doi.org/10.1017/jmech.2016.113

Fig. 3 Displacement test vectors Vi, for each main

node number m direction with respect to tetrahe-
dral centroid.

test vector V'

m

which is arbitrary in nature and has ideal

—int

situation at v/, =u," with m as each 4 main nodes

mentioned before. For qualitatively assessment of our
proposed method only, we use a simple scenario with

V! aligned with vectors connecting centroid of tetrahe-
dral

<int

X =(X X, +X +X,)/4 (8)

to their 4 main nodes as shown in Fig. 3. It is obvious
that there is significant difference in responses of the
element in Fig. 3 with and without internal virtual ele-
ments. After the centroid of tetrahedral is obtained, we

are ready to compute V!, in normalized form as

v, =t )
X

for each nodes belonging to the original and VMR ele-
ment . Consequently, the resultant of displacement

vector V!, does not generate torsional load with respect

to centroid of tetrahedral but it causes tension-compression
load to the element.

Finally, we are ready to obtain reduction factor to
minimize artificial stiffness from the original tetrahedral
element stiffness of K.y, , namely

wo_ (Vtm)T 'KVMRVtm
- T - *
(V) Ko Vlm

(10)
In order to contain the same energy amount due to

294

https://doi.org/10.1017/jmech.2016.113 Published online by Cambridge University Press

V!, we can simply modify K, as
K*ORI :RWK0R1~ (11)

Remark for Eq. (11), it represents modification of en-
ergy independent with respect to particular direction of
external applied loading in FEM modeling and simula-
tion. Roughly speaking, we assume that both element
will response exactly the same with respect to the same
external loading. Another assumption comes from the

use of the displacement test function V', which repre-

sents only specific loading condition. In this case, R”
only depends on geometry or shape of the VMR element,
e.g aspect ratio of tetrahedral. Thus, for further im-

provement we may consider orientation of V! with
respect to loading direction.

3. NUMERICAL EXAMPLES

In order to qualitatively show the potential use of the
VMR element, we present 3 numerical examples starting
from the most basic geometry of single tetrahedral until
thin a shell problem. Although it is strongly not rec-
ommended in practice to deal with tetrahedral element
meshing for shell structure, we show that even in such
case the VMR element can improvement displacement
field significantly with all above assumptions.

We repeat here the simulation in Fig. 1 but directly
using one VMR element. It means that all internal
elements appeared in Fig. 1 now become virtual with
their new stiffness represented by Eq. 2 above. The
VMR element is provided with 8 internal virtual ele-
ments exactly under the same boundary condition de-
picted in Fig. 1 with dimensionless external loading

f,=10"[1.5 15 1.5]TN. Linear isotropic material

f{,’Xl

model is used where bulk and shear modulus are related
to the Young Modulus £ = 2.10° MPa and poisson ratio v
=0.3 by

E

#50+0) (12)
E

3020 (1

During simulation the influence of tetrahedral shape
to amount of R” is measured using metric y (see [9]) by
comparing its root-mean-square edge length to volume
as

2d},,
NTYe (1

with d,,, :,IZZ?ZS,Z . The length S, is evaluated for

each [ edge of the tetrahedral. The acceptable values
of y for an ideal tetrahedral is 1 <y < 3 (see Fig. 4 for
some examples). The result shown in Fig. 5 clearly
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Fig. 4 Three different shape of linear elements from left to right with y equal to 1.52, 7.1 and 8.9.

It is obvious from

this figure that they are distinct by distance between 1* and 4™ node.
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Fig. 5 Plot of R” versus y.

indication that softening behavior increase if the shape of
tetrahedral is out of ideal tetrahedral interval. However,
after some value of y it starts to almost constant.

Furthermore, we present two extreme cases of using
tetrahedral element for very slender and thin structures.
For the first case, the cantilever beam having rectangular
cross section with » = 0.15 m, # = 0.1 m and length L =
10 m is loaded by F = 4408.9 N forces at its tip perpen-
dicular to the length. We use the same material proper-
ties as previous single tetrahedral simulation. Under
not sufficient fined meshing, this very slender cantilever
contains much distorted tetrahedral element shapes and
promotes strong artificial stiffness. Finer mesh with
large number of tetrahedral element can reduce the lock-
ing but increase computational time. We will validate
the potential used of the VMR element to reduce the arti-
ficial stiffness using relatively coarse mesh as shown in
Fig. 6(a) with y > 3 for most elements. Second case, a
thin shell with length of 2 mm, width of 1 mm and 0.05
mm thickness is loaded with 10 N force acting coupled
to form pure torsion. Material used here is again same
with two previous case above.

The simulation results from both cases are shown in
Figs. 7 and 8. Improvement for the cantilever tip de-
formation u7y almost 75% is obtained from the first simu-
lation by using the VMR element compared to the origi-
nal one. Although the improvement is quite significant,
it is still far from the analytical solution
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(b)

Fig. 6 Finite element mesh for numerical experiment for
(a) cantilever beam and (b) thin shell with tor-
sional loading (b). Both of them are fixed at the
opposite of loading sides (shown by arrows).

Fr

= 15
3Ebt (15)

Ur

which produce the tip displacement 588 mm or 4728%
larger than using the VMR method. This huge devia-
tion is promoted by very high artificial stiffness due to
very slender tetrahedral used in the simulation. By
measuring y and typical trend shown in Fig. 5, further
improvement can only be made by refine mesh to get
better shape of tetrahedral element used. It means re-
duction of R” but additional DOF in the cantilever is
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Fig. 7 Result from the original element versus the VMR element (VMR) for cantilever simulation.
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deformation deformation

0.103

0 0 0.162 LL‘(
L4
| S | | .. |

Fig. 8 Result from the original element (ORI) versus the
VMR element (VMR) for thin shell torsion.

increase. On the other hand, by using the VMR element
displacement in the shell simulation is also improved by
order of 57% from the original element result. Here,
the same consideration regarding y in the cantilever
simulation is applied as well.

Wang et al. [10] show that the potential improvement
of the maximum stress for a cantilever meshed with tet-
rahedral elements is approximately 500% by using the
quadratic tetrahedral element compared to the original
one for the same number of element. This means that
the tip displacement is also improved by approximately
the same order by considering the analytical solution in
(15).  With only approximately 75% improvement using
the VMR element means that there is still plenty of room
for further improvement by using the VMR element.
As we discuss in the Section 2, the capability of the
VMR element in this work is limited by the displacement
test vectors shown in Fig. 3 which omits torsional loads.
The test vectors are not suitable for the cantilever prob-
lem where the main source of deformation is due to shear
deformation modes normally induced by torsional load-
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ing cases. Hence, we need to find better test function
for the next development stages which can represent not
only tensile-compression but also shear dominated prob-
lems.

Moreover, although to the best of our knowledge the
application of tetrahedral element for thin shell problem
does not exist, we propose to solve such problem to rep-
resent a typical of extreme condition test for solid ele-
ment. Many customized shell or shell-solid element
have been developed for this case because the use of
solid element is not practical due to huge number of
element required to avoid very slender element shape
with high artificial stiffness. Thus, we mean only to
show that even in such worst case our proposed model
can still work by reducing the artificial stiffness of very
slender tetrahedral shape. Since the torsional loading is
applied here, the same limitation from the use of the test
vectors in Fig. 3 appears as well.

4. CONCLUSIONS

In small strain FEM simulation, the VMR method has
succesfully minimize artificial stiffness of the 4-nodes
linear tetrahedral by reducing its artificial stiffness. It is
relied on additional DOF applied in the linear element
due to internal virtual element. By using special dis-
placement test vectors, the reduction is achieved by
strain energy comparison between elements with and
without the VMR method, i.e. the VMR element and the
original or linear element, respectively. Due to the choice
of the test vectors, shape of tetrahedral shows strong in-
fluence to the amount of reduction. Meanwhile, the
simulation using the VMR element give improvement in
displacement within range of 57% for cantilever to 75%
in the shell with torsional loading simulation compared
to the linear element. However, the improvement due
to the VMR element in the cantilever simulation is insig-
nificant compared to the corresponding analytical solu-
tion which is 4728% larger. It means that there is still
plenty of room for improvement in the future.
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