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Abstract

Letr, k, n be integers satisfying 1 < r < k < n/2. Let R, (n, k) denote the proportion of permutations 7 € S,
that fix a set of size k and have no cycle of length less than r. In this note, we determine the order of
magnitude of R, (n, k) uniformly for all 2 < r < k < n/2. This result generalises the corresponding estimate
of Eberhard, Ford, and Green for the case r = 1.
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1. Introduction

Let S, denote the symmetric group on a set of n elements. Recall that each permutation can be
written uniquely as a product of disjoint cycles (see, for example, [1] or [24]). For a permutation
7w €Sy, a fixed set of m is a subset of {1, ..., n} that is fixed by 7. A fixed set corresponds to a
divisor of m, that is, a product of some subset of the disjoint cycles in 7 (we include both the
empty set and the whole set {1, . . ., n} as fixed sets). Fixed sets play the same role for permutations
as divisors do for integers. The existence of fixed sets of a given size has applications to various
questions in combinatorial group theory, such as the generation of S, by random permutations
and the distribution of transitive subgroups of S,. See, for example, [2-7, 15, 18, 20, 26]. For more
information and references, one can refer to [14].

Let k, n be integers with 1 < k < n/2. We consider a random permutation = € S, each permu-
tation occurring with probability 1/n!. A basic problem is to estimate i(#, k), the probability that
a random permutation 7 € S, has a fixed set of size k. Here and throughout, we write f < g or
f = 0(g) to mean that there is a positive constant C such that |f| < Cg holds on the domain of f.
The notation f < g means that both f <« g and g < f hold. Unless indicated by subscripts, the
implied constant C is absolute - independent of all parameters. For example, log x < x¢ for each
fixed € > 0 and all x > 1. The upper bound i(n, k) < k~'/1%0 was first established by Luczak and
Pyber [18]. Fifteen years later, Diaconis, Fulman, and Guralnick [3] obtained the lower bound
lim,_, o i(n, k) > log k/k. A sharper estimate was subsequently proved by Pemantle, Peres, and
Rivin [20], who showed that limy_, o i(n, k) = k=6°1), where

) 1 +loglog2

£—
log2

~0.086071332 (1.1)
is referred to as the Erdés-Tenenbaum-Ford constant by some authors [17, 22]. The authors of
[20] also pointed out a surprising connection between the problem of estimating i(n, k) and the
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problem of estimating the proportion of integers n < x with a divisor in a given dyadic interval
(y, 2y] which was solved up to a constant factor by Ford in [10, 11]. This in turn relates to the
classical Erdés multiplication table problem ([8, 9, 25]), which asks for an estimate of the number
A(N) of distinct products of the form ab with a < N, b < N. We remark that the same connection
was independently noted by Diaconis and Soundararajan [23, p. 14]. Building on the remark-
able connection, Eberhard, Ford, and Green [5] formulated a parallel theory of permutations, and
ultimately proved that

i(n, k) =< k=€ (1 +logk) =3/ (1.2)

holds uniformly for 1 < k < n/2.

In the web seminar on analytic and probabilistic number theory held on December 3, 2020,
Ford [12] proposed a more general problem aimed at estimating the proportion of permutations
7 € S, for which there exist two divisors 771 and 77, with prescribed properties such that 7 = m;7;.
Let r be a positive integer. Motivated by the work on rough integers of Ford [13], a natural set of
permutations to be considered is

S,(l’) = {m € S;:7 has no cycle of length less than r}. (1.3)

For analogy with rough integers in [13], the permutations in S\ are called (r — 1)-rough per-
mutations. It is evident that S is precisely the symmetric group S, of degree n. Also note that
S coincides with the set of all derangements, i.e., permutations in S, without fixed points. The
asymptotic behaviour of the size of S,(lr) has received considerable attention (see, e.g., [14, 16, 21]).
In [13], Ford determined the number of integers n < x that have a divisor in (y, 2y] and no prime
factor < w uniformly in x, y, w with 4 <y < {/x and 4 < w < y/8. Making analogy with Ford’s
work in [13], we estimate the proportion R,(#, k) of those permutations 7 € S, having a fixed
set of size k and having no cycle factors of length less than r. In this note, we determine the exact
order of magnitude of R,(n, k) uniformly for all n, k, r with 2 <r <k < n/2.

Theorem 1.1. Let n, k, r be integers with 2 <r < k< n/2 and let § = Eg;: Then we have

% ifl—1/log4<8<1,

R,(n, k) < e 4 logli=d)
8B(r, k)k g2 if0<d<1—1/log4,

where & is defined as in (1.1) and
B(r, k) = min (1, (log k) "/2((1 — 8) log 4 — 1)~ 1). (1.4)

Note that one can check that 8B(r, k)k=+(1log 1=8))/10g2 j5 of the same order of magnitude as
rLZ if § approaches 1 — 1/ log 4 from the left, and 6 B(r, k)k_ng(l"g(l_‘”)/l"g2 is of the same order
of magnitude as k(1 + log k)=3/%( log r)(r~1/1o82) if log r < /log k. In particular, if r = O(1),
then R,(n, k) =<, i(n, k).

For r =1, R,(n, k) reduces to the probability i(n, k) that a random permutation 7= € S, has a
fixed set of size k, which was determined by Eberhard, Ford, and Green [5]. Our Theorem 1.1
generalizes their result. Notably, for r =2, we have Ry (n, k) < i(n, k); this corresponds to the
probability that a random permutation is a derangement with a fixed set of size k (k > 2).

Given the strength of the analogy with [13, Theorem 1.1], one might hope to be able to quickly
deduce Theorem 1.1 by directly using transference ideas. Unfortunately, such a direct approach
does not seem feasible. Instead, our proof of Theorem 1.1 combines the ideas of Ford [13] with
those of Eberhard, Ford, and Green [5].
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Suppose n = 2k. We say that a permutation o € S, is perfectly balanced if it has a divisor of size
k (see [12]). In this case, o is the product of two divisors, each of size k. The enumeration of per-
fectly balanced rough permutations is the direct analogue, in the context of permutations, of the
restricted multiplication table problem for rough integers studied by Ford (see [13, Corolary 1.4]).
By applying Theorem 1.1, one can readily determine the probability that a uniformly random
permutation in Sy has no cycle of length less than r and is perfectly balanced.

Corollary 1.2. Let k, r be integers with 2 < r < k. Iflogr > (1 — 1/ log 4) log k, then we have

1 o)
(2k)!#{n €S, i =010y, |01| = |02 =k} = 5
Otherwise, we have

B(r, k) logr
ké’—( log (1-6))/ log 2 log k’

1
——#{n eS8 :n =010, 01| = o2 =k} =

(2k)!

where Sé;{) and B(r, k) are defined as in (1.3) and (1.4) respectively.

2. Preliminaries
2.1 Notation
For convenience, we first give some notation:

« Let N be the set of positive integers, and let Ng = N  J{0}. For any positive integers i, j with
i<jlet[i,jl={meN:i<m<jland [jl={meN:1<m<j}.

+ Cj(rr) is the number of cycles of length j in the permutation 7, and C;(7r) is the number of
cycles whose lengths lie in the set I.

« B|m means that 8 is a fixed set or divisor of the permutation 7, i.e., a product of some
subset of the cycles of 7.

« |B] is the size of 8.
« For any positive integer t with t > r, let

t
Cri={(ct,...»¢r.. i) eENgiey =+ - =¢,1 =0}.

e Hy=14+1/2+ -4 1/mis the m-th harmonic sum.

o 1(S) is the indicator function of statement S; 1(S) = 1 if S is true, and 1(S) = 0 if S is false.
o P(A) is the probability of the event A.

o E(X) is the expectation of the random variable X.

. Ci(") is the set of cycles of length i in S,,.
« Foravector c=(cy,. .., ¢) of nonnegative integers, let

ZL(c)={my +2my + -+ km:0 <mj<¢jforj=1,2,...,k} and §(c) = max Z(c).

o LetX, ; denote the random vector (X, . . ., Xi), where X, . . ., X} are independent Poisson
random variables with parameters 1/r, . . ., 1/k, respectively. Furthermore, we write

S(Xr,t) = max g(Xr,t) =rX, +- - -+ tX;.
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2.2 Preliminary lemmas
We first record the inequalities

log(m+1) <Hpy, <1+logm, (m=1). (2.1)

Moreover, we state Stirling’s formula as follows.
Stirling’s formula. For all sufficiently large positive integers n,

=z (%) (1+0(3)).

or equivalently,
nl~2nn (ﬁy (n — 00).
e

The following result is an analogue for permutations of a basic lemma from sieve theory. The
readers can refer to [5] or [16].

Lemma 2.1. Suppose that m,n are integers with 1 <m < n. Let w € S, be chosen uniformly at
random. Then

1 1
— < P(r has no cycle of length <m) < —.
2m m
We also need standard bounds on the Poisson distribution, see, for example, [19, Section 4].
To facilitate use, we employ the following simplified version proposed by Ford [13, Lemma 2.4].
Lemma 2.2. Uniformly for h < m < x,
m
Z x—xmin VX, X ,m—h+1 x_
k! x—m m!

h<k<m

The following lemma is Cauchy’s classical formula. One may refer to [14, Theorem 1.2] or
[24, Proposition 1.3.2].
Lemma 2.3. Suppose that  is chosen uniformly at random. If my + 2my + - - - + nm,, = n, then

n

P(Cl(ﬂ) =my,...,Cu(m) = mn) _ 1_[ (1/j)mj‘

-
m;:

j=1

We will also use the following estimate of Eberhard, Ford, and Green [5], which applies to
permutations whose cycle structure is constrained only at small lengths.

Lemma2.4. Let 1 <m <mnandci,...,cy be nonnegative integers satisfying
a+20+---+me,<n—m—1.

Suppose that w € S, is chosen uniformly at random. Then

1 = (170 1 (1/i)
<P(Ci(7)=cy,...,C =cp) < —— .
2m+2i1:! ¢! ( 1w =a m(T) Cm) m-+1 il ¢!

Applying Lemmas 2.3 and 2.4, we obtain a crude lower bound for R,(#, k).
Lemma 2.5. For any positive integers r, k, n with 1 < r < k < n/2, we have

1

>
Rem k) 2 D
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Proof. If n = 2k, then we obtain by Lemma 2.3 that

1 1
R(n, k) >Pnesn(cl(”) =+ =Cp_1(m) =0, Cy() =2) = K2 > m
If n > 2k, we then have by Lemma 2.4 that
1
> R
2k(k +1)
as desired. O

By using Lemma 2.1, we derive a crude upper bound for R,.(n, k) as follows.

Ri(n, K) > Pres, (Ci(m) == Gy (1) = 0, Cy(m) = 1)

Lemma 2.6. For any positive integers r, k, n with 2 < r < k < n/2, we have
1
RV(”, k) < _2
"

Proof. For convenience, let

SV(k):= {w €S : 3o |m with |o| =k}, 2.2)
where S,(f) is defined as in (1.3). We then obtain by Lemma 2.1 that

ISP < > [{m1 €8x Cprony(ry) = 0} {2 € Spup\1:Crr—1) (r2) = 0}

IC[n]
=k
Kn—k! n
= ==,
I<(n] r r
I1l=k

where S; denotes the symmetric group consisting of all permutations of I, and for j =1, 2, the
symbol Cj,_1)(j) counts the number of cycles of 7; whose lengths belong to the set [r — 1] =
{1,...,r— 1}. Consequently, we derive that

1
R‘/‘(”) k) < )
r
as required. U

Moreover, we also need the cycle lemma from combinatorics. See [11, Lemma 2.4], for example.

Lemma 2.7. For positive real numbers x1, . . ., x; with product A, let x;1; = x; for i > 1. Then
] t—1 / t -1 ]
— K X1ai* Xpis < —
max (1,A) jZO: (; 1+ h+]> = min (1, A)

Finally, we refer to a result derived by Ford [10, Lemma 4.9] for the volume of a specific
complex region in R’ with t € N.

Lemma 2.8. Let M be a sufficiently large integer. Suppose v=1, 10M <t <100(v —1), s>
M/2+1and0<t—v<s—M/3— 1. Let Y,(s,v) be the set of € = (&1, . . ., &) € R! satisfying the
following:

@) 0<& < <& <Y
(i) For1<i<Vt—M Eyp>i/vand&_gpy <1 —i/v;
(iii) Zle 207V L 2.
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Then we have
t—v+1

VOZ(Yt(S, V)) > W

3. Aglobal-to-local principle

For a random permutation 7 € S, let A be the event that 7 has no cycles of length less than
r, and let B be the event that 7 has a fixed set of size k. Let c() = (C1 (), Co(77), . . ., Cr (7))
denote the vector of cycle type only listing the number of cycles of length 1, 2, . . . , k, respectively,
in 7. The event that a random permutation 7 has a fixed set of size k is equivalent to the con-
dition that k lies in the set .Z(c(r)). Note then that R,(n, k) = P(AB) =P(A)P(B| A) and P(B |
A)= ]P’(k e Lc(n)) | e S,(,r)), where P(B | A) is the conditional probability of B relative to A. By
Lemma 2.1, we derive that P(A) =P(rr € S,sr)) is of the same order as 1/r. So it is sufficient to esti-
mate the probability P(k e L(c(m)) |7 e Sﬁf)). Instead of estimating ]P’(k e L(c(m)) e S,(f))
directly, however, we apply a global-to-local principle used in [5, 10, 13] to reduce the estimate of
Rr(n, k) to studying the average size of £ (X, ;). In fact, we prove the following result.

Proposition 3.1. For any integers n, k, r with 1 <k < n/2 and 1 < r < 0.04k, we have
1
Ry(n, k) < EEIX(XM)I-

To prove Proposition 3.1, we need the following result due to Eberhard, Ford, and Green [5].

Lemma 3.2. Letke N,c=(c1,...,cx), ¢ =(c},. .., c}() with c,c € N'g. Suppose that I C [k], ¢; =
0forielandc,=cforie[k]\I Then

12 <12 < 1L ] e+ D).
iel

First, it is easy to see that for any positive integer ¢ with t > r, there is a natural bijection from

forﬂ ={(cr,...,ct):ci € Ny for r <i<t} to Cry by mapping ¢ =(c¢r,...,¢r) € Ngﬁﬂrl to c=
(c1,...5¢t) €Crt. Moreover, for ¢ = (¢, ..., ¢t) € N(t)_”rl, we always have £ (c) = Z(c') withc =
0,...,0,¢r, ..., ct) €Cry. So we obtain by the independence of X, . . ., Xj that

EZX)l= Y.  |ZOPX=c,....X=c) (3.1)

c=(c15e.r0t)ECrt
For 1 < r <1’ <, we establish the connection between E|.Z (X, )| and E|.Z(X, ;)| as follows.
Lemma 3.3. Suppose that 1 <r <1 <L Then

I+1
ElZX, | <E|ZLX, )| < mEL’%(XnZ’)L
Proof. By (3.1) and Lemma 3.2, we have
EZX)l= Y  |ZOPX=c,....X=q)

c=(C15....¢))€C)

> > 1L s a))PXr=cr. ., X =0)

c=(c15.-0» Cl)EC,)l

= > | L©OIPX, =cry ..., Xp =) =E[LX,p).

c=(c1,-cp)€C, y
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By Lemma 3.2, we have | (X, )| < (1 + Xp41) - - - (1 + X)L (X,.p)|. Since EX; = % forr<i<|,
one can deduce by the independence of X, . . ., X that

1
l
EzX ) <| [] O +EX) | B2 )] = Ew(xrm
i=I'+1
This completes the proof of Lemma 3.3. 0
Lemma 3.4. Foranyr, j, k with 1 <r <j <k, we have

ElZ (X 0)1Xj < ]—,Elf(xr,k)l-

Suppose that ji, . . ., jy € [r, k] are distinct integers and that ai, . . ., ay, are positive integers. Then
1
E(1Z 000K+ X!) Koy = BLL K
Proof. Define X/ by putting X; =---=X; =0 and X;=X; for all other j&[r,k]. By

Lemma 3.2, we have

| L X IXG - X

<L X DI+ X)) - (L X)X - X

Jh
h
_ / a; ai+1
=l2X I [T + x5,
i=1
Note that ElX(X/r)k)l < E|.Z(X,k)|. Then by independence of X, . . . , X, we have
h
]E(|.$(Xr,k)|Xfll . ) ElZ(X,,)| ]_[ (EXY +EXIH) S ELL(X0| [T (EXY +EXE).
i=1 i=1
When h=a; =1 and j; =j, we have

E(X; +X2)_2E< )+2EX— 42
7

.
N
- W

So we have

(l/J)

Since Xj is Poisson random variable with parameter 1/j, we have that E( /) = for m € Ny.

Note that X]’ is the integral linear combination of ()if), e ()ff) Hence we obtain that EX]’ Lil/j

for i € N. So we have
h

H(EX“""EX“FFI) <<a1 ))))) —.
il Jl . ]h

This concludes the proof of Lemma 3.4. U
We are now in a position to prove Proposition 3.1.

Proof of Proposition 3.1. We begin with the lower bound. If k < 125, then by Lemma 2.5, we have
Rr(n, k) > 1/k* > ﬁc]ELZ (X, 1)|. So we only need to consider the case that k > 125 in the follow-
ing. When k > 125, let t = [k/20], so that t > 6 and r < 0.04k < t. Consider the permutations
T =at1 128 € Sy, where 11, T2 are cycles, |o| < 4t < |11] < |12] < 16¢, & is of cycle type c € C, 1, all
cycles in B have length at least 16t, and o has a fixed set of size k — |t1| — |72|. Then by the size
restrictions on «, 71, Ty, we obtain that k — |71| — |12| € £(c) and |71] + | 72| < k. So we derive
from n > 2k that n — |a| — |11 — |12] = %k > 16t. Fixc=(c1,...¢p ..., cr) € Crp with S(c) < 4t,
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and choose I, [, with 4t < I} <l < 16t such that k — I} — I, € Z(c). By Lemma 2.4, the probabil-
ity that a random permutation 7w € S,, has ¢; cycles of length i (1 < i < t), one cycle each of length
I1, I, and no other cycles of length less than 16t is

1 1
>
thl, l_[lt»:r c;lic t3 1_[ Ci dici
Now we have .Z(c) C {0} | [r, 4t]. Note that t = | k/20] implies that 20¢ < k < 20(¢ 4 1). Hence,
for any /; satisfying 4t + 20 < [; < 8t — 1 and any u € .Z(c), the unique I, with k — I — I, = u sat-
isfiesh, <k—1 <20(t+1) — 1} <20(t+ 1) — (4t +20) = 16tand L, > k — Iy — 4t > 20t — (8¢ —
1) —4t=8t+ 1> ;. Since

>

E|$(Xr,t)|]l( (0.¢ rt)<4t —eHr—l —H;

cECr t
S(c)<4t

and 8t — 1 — (4t + 20) + 1 = 4t — 20 > 0.5¢, we derive from (2.1) that

1 |- (C)I 1 1 S(Xr,)
S(C)é)‘i[
(3.2)

By Lemma 3.4, we have

t
E|Z (X )SXy,r) = Z E|ZL (X)) [jXj < 3tE|L (X ).
j=r
It then follows from (3.2) and Lemma 3.3 that

11 1
Ri(n, k) > ;;E|$(Xr,t)| > EElg(Xr,k)l

as desired.
For the upper bound, we first impose a total ordering on the set of all cycles [ Ji_, Ci("), first
ordering them by length, then imposing an arbitrary ordering of the cycles of a given length. Let

TE S,(,r) have a divisor of size k. Let ky = k and k; = n — k. Then w = my7,, where |71| = ki and
|7r2| = k2. For some j € {1, 2}, the largest cycle in 7r, with respect to our total ordering, lies in 73—;.
Let o be the largest cycle in TTj, and note that |o| < min (k;, k) = k. Write 7 = oo 8, where « is
the product of all cycles dividing = which are smaller than o and have length > r, and g is the
product of all cycles which are larger than o. In particular, |8| > |o| since 8 contains the largest
cycle in 7, and thus

lo|<|Bl=n—|o|—laf. (3.3)

By definition of o and «, « has a divisor of size k; — |o|. Suppose |o| = ¢, Cj(a) = ¢j for j < L.
Then the cycle type of  isc = (c1, ¢2, . . ., ¢¢) € Crgand kj — £ € Z(c). Hence by using Lemma 2.3,
the number of possible pairs «, o is at most

¢ ; ¢ .
1/D%\ (n— | _ n! (1/i)c
(I |>| “(H ci! )( 14 >(€_l)!_5(n—|a|—ﬁ)!g a!

i=1

Given « and o, it follows from Lemma 2.1 and (3.3) that the number of choices for g is at most
(n—|a| — £)!/L. So we have

L&l (1/1) 2 (1/:)@ 1
RmK)<Y D 55 D ]‘[ \§j§j]‘[ >oa 69
j=1 t=r ceCry i=r j=1 ceC,y i=r : m(Q)<L<k

ki—te % (c) k-—(e,%(c)

J
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where m(c) = max{max{i: ¢; > 0}, 1}. From k; — £ € Z(c), we derive that k; — £ <S(c) and £ >
kj — S(c). So we have £ > max{m(c), kj — S(c)} for c € C, . Note that the number of £ satisfying
ki — £ € Z(c) is at most |.Z(c)|. Thus for any given ¢ € C, x, we have

Z 1 1-Z(c)] |-Z ()]

Z S max(m(e), ki — S(c))? S max(m(e), k- SO (33)

m(c)<e<k
kj—eeﬁf(c)

Since

12X, _ £ ()| S,
E(max{m(x,,k),k—S(x,,k)}Z)_ 2 max{m(c), k — 8(c)}? l_[ al

CGC,)k i=r

_ oH1-H |-Z(c)] iy
=e k Z max{m(C),k—S(C)}2 E ol >

CGC,}k

it follows from (2.1), (3.4), and (3.5) that

(3.6)

Ri(n, k) < ZeI;E ( |2 (X, ) ) ‘

max{m(X; k), k — S(X;x)}?

As in [5], using the inequality ) one can derive from (3.6) that

1
max (m,k—S)2 k2(1

1 X, 1)|S 2
Re(n, k) < 8e—E|L(X,1)| + 8e —E"g( ) 1SXy0) ) (3.7)
rk ’ rk m(Xr,k)

Since 1 (Xm > 1) < Xy, it follows from (2.1) and conditioning on m = m(X, ;) that

|g(Xr,k) | S(Xr,k)z
m(Xr,k)z

k

k
ZZ% S IZOISEOP X = () [ PXi=cr)

ceCp jocm 21 t=m+1
1= =Ck=0

k
1 _
=Y SELL X m) ISy ) 1 (X > 1) —H
m
m=r
k

1
<3 3 —EIZ (Xem) 1K) Xon.

m=r

Hence we deduce by expanding SXym)? = (rX, + - - - + mX,,)? that

B |L(X, ) IS(Xr.1)? l i
m(X, x)? k cm .

m
Z i112E1.Z (X, m) | Xiy Xiy Xim- (3.8)

Using Lemma 3.4, we obtain the estimate on the innermost sum as follows.

AELL Xy, ifr <ip#iy <m,
111K 2L (Xy )| Xiy Xy X < { mE|.L (X )|, ifi1 =i =m, (3.9)
E|.ZXsm)l, otherwise.
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By Lemma 3.3, we obtain that E|.Z (X, )| < E|.Z (X, )| for r < m < k. It then follows from (3.8)
and (3.9) that

|-Z (X, 1) ISX, )2

E E|lZ X, 1)
m(Xr)k)z << | ( r,k)|
So we derive from (3.7) that
1
Ri(n, k) < ﬁ]mg(xr,k”
as desired. The Proof of Proposition 3.1 is completed. O

4. Proof of Theorem 1.1

Let ry be a sufficiently large integer, and let £ > 0 be a sufficiently small constant. If either k < ry,
or k > rg and r > ¢k, then we obtain the desired result in Theorem 1.1 by using Lemmas 2.5 and
2.6 directly. In the following, we only need to deal with the case that k > ry and r < gk. In this case,
we can use the global-to-local principle - Proposition 3.1.

Taking t = k in (3.1), we derive by (2.1) that

k j)Ci 1 1
B2 (X, )| = Z L2(0)] l_[ (IC/.Z!) ot h) _ He—Hy Z [-Z ()] I Z [-Z(c)] '

k L 4Ci k k €
ceCri i=r ceCri Hi:r Gi:tt ceCri ni:r Gt

Hence by Proposition 3.1, we have

! £ (©)|
Relmby =g DL oo 41)
ceCri [Tiz, cili
Asin [5], forallc=(0,...0,¢y,...,cx) €Crp witht=c, +- - - + ¢, we have
k

EZ0] 1 1.2* ()|
Y oo Tn X | »

e€Cri I_Ii=r Ci!lol LAl =t a---ay

crte o=t

wherea=(ay,...,a;) and
L*@)= {Za,»;zg [t]} . (4.3)
iel

For convenience, let

J = “Z:ﬂ 1= L%J to=J — 1 + 1. (4.4)

4.1 The lower bound in Theorem 1.1

For a vector b= (by, . . ., bj,) of nonnegative integers, let o7(b) be the set of permutations = € S,
composed of exactly b; cycle factors with length lying in [2/71,2/ — 1] for 1 <j < J,.
Suppose that by, . . ., by, are arbitrary nonnegative integers with sum ¢ and there are exactly b;

of the a; in each interval [27!, 2/ — 1], where bj =0 for j < J;. Writing

]2
by =][2"....27 -1}y,
7=h
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We then have by (4.2) and (4.3) that

221
1 Z |-Z*(a)| Z 1 Z |-Z*(d)]
ﬂ a---as b]l'bh' dl"'d[.
ap,...ar=2171 by, 4--+bj, =t de2(b)

Combining (4.1), (4.2), and (4.5), we derive that

1 1 |-Z*(d)|
Re(n k) > — :
r(n )>>k22 Z bh!"'blz! Z di---ds
t by +tby,=t de(b)
We now h |$ (d)l
give the estimate on Y . op) as follows.

(4.5)

(4.6)

Lemma 4.1. Let t be a positive integer. Thenfor any vectorb = (by, .. ., by,) of nonnegative integers

such that bj =0 for j < ] and by, + - - - + by, = t, we have
-2 *(d) (2log2)’
Z dy---d > J2 by eetbi—i 1)
deb) ! £ max ( 2ty 2 L 1)

Proof. As in the proof of Lemma 4.1 in [5], for given £ € N, let R(d, £) be the number of I C [¢]
with € =) ";; d;. Also, define A; = Z 1 Lfor J1 <i<J2.One then haslog2 < A; < 1for]; <

_21 1 ]
i< J,.Since Y, R(d, £) = 2!, we obtam by Cauchy-Schwarz that

J2 b 2
22t1_[)\j]=( )

j=h deZ(b)
<(Z(&dmmuﬂﬁfwv
o Jhd Jhd

R(d, €)? |-Z*(d)|
g( Z dldt)(dezj(:b)dldt>

deZ(b),L

Applying the argument on pages 6725-6726 in [5], one can derive that

Lo, R(d, ¢)? £, oAt b b 2 b bi—i
)Lj : dy---d L2 +2 E 2bn o Fbi—i ot max E 2bnHtbi=i o)
I I Z o d;

=nh deZ(b),t 1 i= i=J

Comparing with (4.7), and using again the fact that 1; > log 2, we obtain the desired result.

(4.7)

O

If k > ro, r < ek and r < /g, then J, — J1 + 1 < ],. Consider those vectors b= (by, .. ., by,) of
nonnegative integers such that b; = 0 for j < J; and by, + - - - + by, = to. Setting x; = 204171 e

then have x; - - - x¢, = 1. And hence by Lemma 2.7, we obtain that
1 -1 2J1i—1

J2 by +etbi—i o o
Zi:h 251 i Zi:l X1 X to

Using multinomial theorem and Stirling’s formula, we deduce from (4.4) that

10 211 toefo -1 ke

1
Z by, ! by,! Z{zzh pbn b= gl T «/2nt0t6° to  (logk)3/?2’

bfl +~~~+b]2:t0 1
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It then follows from Lemma 4.1 and (4.6) that

1

1 g2 1
Rr(n,k) > —(2log2)" = i(n, k
r(n, k) > 5 (21og2) (log /2 > Ea T log k)2 i(n, k)
as desired.
In the following, we assume that k > rg and /7o < r < ek.
Take
1
M=-20 (4.8)
200
such that M is a sufficiently large constant because rq is. Choose ¢ such that
J12200M, J,—]1 =200M. (4.9)

Let %, be the set of vectorsb = (by, ..., by, . . ., by,) which satisfy the following:

@ by=---=by_1=0;

®) by, 4o+ b=t

() 2112:]1 b+ +bj—j < 2~M,

(d) bjrici <M+ (i>1)

(e) bp—ix1 <M+ (i>1).
We then obtain by Lemma 4.1 that

nk)>> > Z 10g4)t (4.10)

Hh<tth beﬁt

for any two positive integers t;, t, with t; < t,. Take

t= Lmin (L?,Z( log k — log r)) —ZMJ. (4.11)
By (4.9), we have t, > 100M. Choose t; such that
10M < t; < . (4.12)
Now let
s=1—2—-M. (4.13)
Setting
8 =bj4i1

for i > 1, we obtain by (c) that
to
Z p—itgit g < =1 =M _ 25+1’
i=1
where t( is defined as in (4.4).
By (d) and (e) in the definition of %, gi <M+ 2 and So+1—-i SM+ i2 for every i>1
Applying the argument on top of Page 419 of [10], we deduce that

1
A (414

< Byl by
be%,

for t; <t < fp, where Yi(s, ty) is defined as in Lemma 2.8.

https://doi.org/10.1017/5S096354832610042X Published online by Cambridge University Press


https://doi.org/10.1017/S096354832610042X

536 G. Qian

Since 1y is sufficiently large (implying that M is sufficiently large) and ¢ is sufficiently small, we
obtain by (4.4), (4.9), (4.11), (4.12) and (4.13) that

to=J—J1+1>200M > 1,

10M < t; <t < (log4)(J2 — J1) = (log4)(to — 1) < 100(to — 1),
s=zlogr—M>M/2+1,
0<h—to<h—2M)—(L—h+1)=s—M+3<s—M/3—1.

Therefore, it follows from (4.10), (4.14), and Lemma 2.8 that

tolog4)t<t—to+1>
0> Z : (4.15)
— t+1

We now consider the following two cases.
Case 1.8 > 1 — 1/ log4. In this case, we have log r > (1 — 1/ log 4) log k. By (4.11), we have

t= LZ(logk —logr) — ZMJ.

Take

3¢
h= —2
4

It is easy to check that #; > 10M. With these choices and (4.4), we obtain for #; < ¢ < t; that

t—to+lv
t+1

Applying Lemma 2.2 to the sum in (4.15), we obtain

tol f2
Rr(n) k) > %

1 1
t log 4 2(log k—logr) _
tologd > — k 08T > z° =3

as desired.
Case2.0 <8 <1—1/log4. By (4.11), we have

f = L% —ZMJ.

We now divide the proof of Case 2 into the following two subcases.
Subcase 2.1. % <& <1—1/log4. In this subcase, we take

19¢
tl = _2)
20

sothatt —tp + 1<t x<logk for t; <t < fp. Thus for t; <t < fp, we have

t—to+1
t+1

=1x3.
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Hence, recalling the definition of £ and B(r, k) (i.e., (1.1) and (1.4)), we obtain by applying
Lemma 2.2 and Stirling’s formula to the sum in (4.15) that

to log 4)2 tolog 4
Ro(n ) k201842 e (ytogay2, 01084 4y
5! tologd —t;
—E+log (1-8)/ log 2 —1/2 1/2 -
>k (logk) mm((logk) ,—1_8_1/10g4+0(1/10gk))
1
k€ Hog (1-8)/1082( 160 )12 (1oo k)12 mi ,—— (logk -1/2
> (logk)™“(logk) mm( (1—8)log4—1(0g ) )

> 8B(r, k)k—€Hlog (1-9)/log2

as required.
Subcase 2.2.0 < 6§ < %. In this case, we take

t = L% —ZMJ =1.

We now have

th—th+1 logr
t+1 " logk

ty—to+ 1=, 8, B(r,k) = (logk)~/2.

Applying Stirling’s formula to the sum in (4.15), we obtain that

8 (to log 4)t

> 8B(r, k)k—5+log (1-8)/log2
k2 !

Rr(”» k) >>

as desired. This completes the proof of the lower bound in Theorem 1.1.

4.2 The upper bound in Theorem 1.1
By the discussion in the first paragraph of this section, we only need to deal with the case that

k>rgandr <ek.Ifé = % > (1 —1/log4), then by Lemma 2.6, one can get

1
Ry(n, k) < =

which is just the desired upper bound in Theorem 1.1.
From now on, we assume that

logr
§=—"-<1-1/log4.
logk< /log

We divide our proof into the following two cases.
Case 1.1/10 < § < 1 — 1/ log 4. By the definition of £ *(a) (see (4.3)), we have

‘.&f*(a)’ <min (2, a1+ a2 +---a;+1). (4.16)
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It then follows from (4.1), (4.2), and (4.16) that

Ren < 5 Y 5 @

t>1 'a1 ,,,,, ar=r

<EX: 3

ZZ$
k2

at

t<)h t! A1l = r t>Jy Al 0=r
2log k)f 1 r+1)(log Sl
kz Z k2 Z . (4.17)
t<h t>]p

Since ], = |—10 J and 1/10< 8= %ng, we have «/Elog';‘ <]2<210g’;‘. So we derive from

Lemma 2.2 and Stirling’s formula that

2log 51 (21og k) 2log &
2 Z ( og ) 2—( %8 ) min Zlogl—< —og »J2
k ]! r 210g——]2

t<h
log (1-6)

—€+ 182 min (1,(10g k)_%((l ) ]og4 — 1)_1). (4.18)

<k

Since J, > +/2 log 7 K we obtain by Stirling’s formula that

(k—r+1)t(lo ’<)f1 (lo k)f 1(10 Ky o g
22 g k2 Z g g7 <k e+ (log k)~ L

!
> t>]2 k ]2.
(4.19)
So we derive from (4.17), (4.18), and (4.19) that
Ry(n, k) < 8B(r, k)k =€+ (log(1=8))/ log2)
as required in this case.
Case 2. 0 < § < 1/10. For any positive integer ¢, let
k
g*
Gi= )Y, ()], (4.20)
. ap---ay
where £ *(a) is defined as in (4.3). Then by (4.1) and (4.2), we have
1 G
R, k) < 15 > T (4.21)

In this case, we bound G in a manner similar to that in [5]. Let a3, a3, . . . , a¢ be the increasing
rearrangement of the sequence {ai}le, so thatay < a; <-- - < a;. Forany j satisfying 0 < j < t, we

have
j
L@ C{m+ Y ar<m<y @GIC{i+1,....t¢,
icl i=1
which implies that
|-Z*(a)| < F(a), (4.22)

where

F(a)= min 2"7(a; +---+a+ ). (4.23)

0<j<t
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It is reasonable to expect that

k
F 3 1 )
Z (a / / (IOg_)t/ / F(refllog%,...,reétl‘)g’;‘)d&
X1 - r 0 0

A 5eees ar=
(4.24)

We may also prove an approximate version of (4.24) as in [5].

Lemma 4.2. Suppose that k, r are sufficiently large integers, withlogr < (1 — 1/ log4) log k. Let
logk —logr log r
=|———|up=|—=|. 4.25
" L log 2 J "o |Jog2J (4.25)
Then for any t > 1, we have

k\t
G K (2 log ;) U (vo, up),
where

Us(v, u) := [min 27 (2“51“‘ 4 2vETE 1)d§ (4.26)
Q, IS/

with
={f=(&,....80eR0<ELE S - <&

Proof. Asin [5], define the product sets
t

1_[ exp (Hg;—1), exp (Hg,)].

i=1
Then we obtain by (4.22) that

F(a) dx
G< D, o= ) F@f

X1
Al @t=T Alyee@t=T R@)

For x € R(a), we write ] <X <--- < x; for the non-decreasing rearrangement of the compo-
nents of the vector x. We then derive from (2.1) that

a; < exp (Hz—1) <xi <exp (Hg) for 1 <i<t
So we have
Fa)< min 2"7(x +--- +% + 1) =F(x)
0t
for all x € R(a). It follows that

k exp (Hg) exp(Hy) |
> r | . [ | ™
R(a) X1 R(a) X1° exp (Hy—1) exp (Hr—1) X1 ° " Xt

a1, 0t =T aly..d=r

We then obtain by making the change of variables x; = rei(Hk—Hr-1) that

G; < Q(Hy — H,_1)'t! min 2_j<resl(H’<—H’*1) oo rebiHe— ) 1>d§

Q, 0t
ke ik kg
<« (2log )t | min 2 (rC)" +- - +r(0)7 +1)as
k
< (2log ;)tt!Ut(vo, uo)
as desired. 0

https://doi.org/10.1017/5S096354832610042X Published online by Cambridge University Press


https://doi.org/10.1017/S096354832610042X

540 G. Qian

To bound Ui(vy, ug), we apply the following estimate established by Ford [13].
Lemma 4.3. Suppose that t, u, v are integers satisfying 1 <t < 10vand u > 1. Then
u(l+(t—u—v)?

Ui(v, u .
) < e
Since vy = LIng IOng we have
(I_C)gl = 21/0%‘,'.
’

If 0<8§<1/10, then by (4.4) and (4.25), we have J, =vp+ up+ O(1) and 8J, < 10vy.
Hence 2log ¥ =2(logk —logr) >2 x 0.91ogk > 1.2]. Note that 85-1%8" <
Lemmas 4.2 and 4.3, we obtain by (4.25) that

N
Z << Z <Zlog ) Ui(vo, ug) + Z <210g;) Ui (vo, ug)

1<t<8)2 t 1<t<), L<t<8),

+(t—J2)%) k\'
< Z ( '(2t D) (210g;>

uo(L+ (t — J2)%) K\
+ Z (t+ 1122 +1) (ZIOg ?)
<t<8),

( 210 g )]2 1 7]2 1+12 k 2+l
2log —
<L up + uo Z ( 08 r>

(o +14D2!
(2log ’g)h—l (z log Ky
]! o (2 +1)!
(2log k)~
1 —r 4.27
< (logr) Y (4.27)

If t > 8], one can infer from (4.26) that U;(vg, ug) < th 1dé = % Moreover, one can derive from

7. Hence, using

<K U

2log 17( S2logkand ], = L}ﬁg’;J that > IOg L < 1/4. Hence we have by Lemma 4.3 that
G 21og X! (2lo 11)8]2 210 l_c)/'z
) t—,t < ( f ) < 8g o< g fl - (4.28)
t>8], t>8J, : (8)2)! (o + 1)
If 0 < § < 15, then by (1.4) we have B(r, k) < (log k)™'/2. So we derive from (4.21), (4.27), (4.28),

and Stirling’s formula that

log r (21og X~ log r
k2 (,+1! " (logk)3/2
as desired if 0 < § < 1—10

Rr(n, k) < €+ ((log (1-8))/log2) SB(r, k)k—£+(( log (1-8))/ log 2)
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