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In this note it is shown that resistance and resistance dimension are rough isometry
invariant.

1. Introduction

It was shown by Kanai [7] that random walks on two roughly isometric graphs are of
the same type, that is, both recurrent or both transient. In general, recurrence is one
of the first questions to be studied when considering a new problem on random walks.
This was the case with rough isometry as well. The present paper goes further and shows
that the resistance and resistance dimension are invariant under rough isometry between
graphs. The presented proof is simple in that it uses only combinatorial and probabilistic
methods; it is possible that operator comparison techniques would provide an alternative
proof. Recently, rough isometry has been heavily investigated: p-harmonic functions have
been studied by Holopainen [5] and Holopainen and Soardi [6], and related problems on
groups by Pittet and Saloff-Coste [9] (see [8], and [1, 2]). For further reading, Woess’s
book [12] is a good starting point.

Definition 1. Two graphs G = (V,E) and G’ = (V', E’) are roughly isometric (denoted by
G = @) if there is a mapping ¢ : V — V' and constants L > 0,1 > 0 such that

d(x,y) — L < d(9(x), () < 2~ 'd(x,y) + L
for all x,y € V, where d(-,-) is the usual graph distance, and, for all x' € V",

d (xX,o(V)) < L.

Consider the graph edges as unit resistors and then ‘measure’ the resistance between
vertices, or sets of vertices. The result of the paper can easily be generalized to general
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resistances. The formal definition of the resistance between sets can be given via the
following Dirichlet form.

Definition 2. For 4,B < V,d(A,B) >0
RAB)™ =inf 3 (F(0—fO)),
(x.y)€E

where the infimum is taken over all functions f with f =1 on 4 and f =0 on B.

Let us consider a reference vertex o € V and, for N € N, define G¥ = GV to be the
subgraph induced by the set B(o, N) of vertices at distance at most N from o. From the
monotonicity law (see [3]) it follows that R, the resistance of GV, is at least R, and it is
easy to see that

lim RN = R. (1.1)
N—>wo
Definition 3. A graph is locally finite if there is a D > 0 such that, for all x € V, the
vertex degree d(x) = |{y : (x,y) € E)}| is at most D.

For brevity, a, < b, will indicate that there is a constant ¢ > 1 for which ¢~' < a,/b, < ¢
for all possible n.
Our result is the following.

Theorem 1.1. If G and G’ are locally finite graphs with G < G', then there is an L > 1 such
that for all finite sets A,B = V with d(A,B) > L,

R(A4,B) < R'(¢(A), p(B)).

Remark. The proof of this result is based on some natural and beautiful ideas of Doyle
and Snell [3]. In particular, it uses the shortening and cutting method, monotonicity
principle and the K-fuzz of graphs. These are also the main ingredients of a possible
alternative proof, which establishes a general Dirichlet form comparison between roughly
isometric graphs [12, Theorem 3.10]. Based on Theorem 3.10 and Corollary 3.6 of [12],
the above theorem can be seen easily. One can observe that both approaches are based
on the same ideas, while the present proof is slightly more elementary than the proof of
Theorem 3.2 of [12] (which implies Corollary 3.6 of [12]).

The proof of the result uses the nice analogy between electrical networks and reversible
Markov chains, or more particularly random walks on weighted graphs (see [3]). Here we
consider the simplest (unweighted) case of the nearest neighbour random walk X, on G,
where P(X,+1 = y|X, = x) = py, = 1/d(x) if (x,y) € E.

A special case of the above theorem has particular importance.

Let

Byn :={z :d(x,z) < N}
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and

Sx,N = Bx,N\Bx,N—l .

Corollary 1.2. If G and G’ are locally finite graphs with G < G', then there is some constant
K such that, for any x € V, and any N,M > 0 with M > N + 2K,

R(Sx,Na Sx,M) = R((,D(Sx’N), (P(SX,M))' U

It is well known that the volume growth is rough isometry invariant, but the above
result implies that the resistance dimension is also rough isometry invariant.

Definition 4. The resistance dimension is dq if there is some 4 > 1 such that

. R(Sx.r, Sx
2 —dg = lim sup R(Sxr. S5ar)

sup =B (1.2)

Corollary 1.3. If G =< G’ then the resistance dimensions dg, do of the two graphs are
equal. ]

It can be seen (see [4, 11]) that these results have far-reaching consequences for random
walks on graphs. The proof of this corollary is straightforward from Corollary 1.2, with
the proper choice of A’ in the definition of di, depending on 4, 2 and K.

2. Proof of the result

Definition 5. G- = (V,EK) is the K-fuzz of a graph G if the vertex set is the same and
(x,y) € EX if d(x,y) < K.

Lemma 2.1. If G < G' and ¢ is the mapping from G to G’ then there are constants K > 1,
¢ > 0 such that

R(A,B) > cR" (p(A), p(B)) (2.1)
for any A,Bc V.

Proof. Let us choose N sufficiently large to ensure that
AUB < B(o,N —2L),

and restrict our attention to GV. We shall prove the statement for RV which implies
(2.1) using (1.1). To avoid nested superscripts we suppress N in the notation. Let us
first consider a minimal set W < V of vertices which represent the equivalence classes
of vertices projected to the same image. This means that (W) = ¢(V) and, for all
x,y € W, o(x) # ¢(y). Let us introduce W' = ¢(V') and decompose ¢ = P o C, such that
C : V — W collapses each equivalence class onto its representative and P : W — W' is a
bijection. Thanks to the definition of rough isometry and the boundedness of the vertex
degrees, each equivalence class contains at most M = L/I*ILJDf1 vertices. Let us define a
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new graph Gy = (W,Ey) on W, where (x,y) € Ey if there is some (s,t) € E such that
o(s) = x,p(t) = y. Let Ry be the resistance on Gy . It is clear that, in this way, at most
M? edges project to (x, y). From the monotonicity law it follows that

1
If (x,y) € Ew then

d(P(x),P(y)) < 27! max  d(s,t)+ L
seC~1(x),teC~1(y)

<A max  (d(s,x) +dw(x,y) +d(y,1)) + L
seC~1(x),teC~1(y)

<27'2'L+ 1)+ L=:K,
which means that (P(x), P(y)) is an edge in the K-fuzz of G,-. From this it follows that

Rw(C(A),C(B)) > Ry (0(4), 9(B)) = R " (¢(A). p(B)). u

Lemma 2.2. For a locally finite graph G there are constants K,c > 1 such that, for any
infinite sets A,B < V,d(4,B) > K,

R(4, B) < cR" (4, B). (2.2)

Proof. We modify G by contracting 4 and B into single vertices a and b. The new graph
has the edges (on V'\(4 U B) ) of the old one which are disjoint from 4 and B, and a and
b connected to all vertices which had neighbours in 4 and B respectively. It is clear that
this operation cannot increase the resistance between any two sets (cf. the monotonicity
law in [3]). It is evident that R(A, B) = R(a,b), since the resistances are influenced only
by the edges between the sets. The random walk on the new graph is again the simple
nearest neighbour walk on the graph. With a slight abuse of notation, we shall use P for
the probabilities of the random walk reflected on A and killed in B on the finite graph
G*N (cf. the remark in the proof of Lemma 2.1 and assume that N is sufficiently large).
Let us start with an observation borrowed from [3] or [10]:

R(A4,B) = R(a,b) = ﬁ Y P(Xi=a,i<T),

where T, = min{i : X; = b}. Following [3], the random walk on the K-fuzz G" of G
evolves by the law

K _ P+P>+---+PK

K ,

that is, it takes steps of length 1,2,...,K with equal probability with respect to the
appropriate power of P. From this it follows that, for a given trajectory of X, a random
time decimation can define X; = Y,’f, the fuzz walk. Formally Xo = Xy, the uniform
waiting time is t; and X; = X,,, and then 1, X,,..., are defined in the same way. One
should observe that, for i € [}, 7j41),

(X; =0} = (X} € Bk},
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and
P(Xi=ai<Ty) =P (Xi=0aX;€Bu.i<Tpi€[t;,1)41)) @3)

= Z P (Xi = a,yj =z,i< Tp,i € [Tj,Tj+1))

z€B,k

—K
_ P (z,

=Y P(Xi=aX;=zi<Thi€ [t,7:1)) —K(Z Y

z€Buk P (Z,a)

< CP" (Xjr1=a,j+1<Thi€[rj,7j11)),

where the estimate P (z,a) > ¢ was used. Summing (2.3) over i,

o0 o0 [e¢]
Y PXi=ai<T)<CY > PXpi=aj+1<Thict,t)),
i=k i=0 j=0

which gives the result
[e¢] [e¢]
Y P(Xi=ai<T,) <KCY P(X;=a,j<T,).
, pars

Finally

R(A,B) = )ZP(Xiza,i<Tb)

1
d(a)
C
< —
d(a
E
d( )
< CR (A4, B),

P(sza,j<ﬁ)

v
’ N

YR*(4,B)

where the last inequality follows from the local finiteness of the graph. Ul
Proof of Theorem 1.1. One direction of the statement follows by applying Lemma 2.1 to
G and G', then Lemma 2.2 to G'. For the given rough isometry ¢ we obtain

R(A,B) > cR (¢(A), ¢(B)).

The opposite direction can be seen as follows. One can see that for two sets 4, B and
given ¢ with constants 4 and K, an ‘inverse’ rough isometry y can be constructed, (if
d(A4, B) > L) with constants 4, 3K satisfying

poop(d)cA
and
Yo @(B) = B.

The trick of the construction is easy: one should simply select y € AN~ (z), if AN@~'(z) #
@ (or for B respectively), and set y (z) = y. This construction and the resistance estimates
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require that the sets and their images are disjoint, which holds if L > %(Z/IK + 6K).
Having this v, we apply the above estimate again to conclude that

which gives the desired comparison.

R [p(A4), p(A)] = "Ry o ¢(4), o p(B)] > "R (4, B),
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