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In this paper we provide two results. The first one consists of an infinitary version of the
Furstenberg—Weiss theorem. More precisely we show that every subset 4 of a homogeneous

tree T such that
|[AN T(n) .

Ty 2
where T'(n) denotes the nth level of T, for all n in a van der Waerden set, for some positive
real d, contains a strong subtree having a level set which forms a van der Waerden set.
The second result is the following. For every sequence (my)qen of positive integers and
for every real 0 < ¢ < 1, there exists a sequence (ny)qen of positive integers such that for

every D = |, HZ;(I) [ng] satisfying
|DN HZ;(I)[nq”S
k—1
Hq:O ng

for every k in a van der Waerden set, there is a sequence (J,)4en, Where J; is an arithmetic

)

progression of length m, contained in [n4] for all g, such that Hz;(l) Jq € D for every k in
a van der Waerden set. Moreover, working in an abstract setting, we may require J; to
be any configuration of natural numbers that can be found in an arbitrary set of positive
density.

2010 Mathematics subject classification: 05D10

1. Introduction

In 1975 Szemerédi [16], settling in the affirmative an old conjecture of Erdds and
Turan, established a density version of van der Waerden’s theorem [19]. More precisely,
Szemerédi’s theorem states the following.

Theorem 1.1. For every integer k > 2 and every 0 < 6 < 1, there exists a positive integer
ng having the following property. For every n > ng and every subset A of {0,...,n — 1} with
at least on elements, there exists an arithmetic progression of length k contained in A. We
denote the least such ng by Sz(k, o).
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It is an easy observation that subsets of the natural numbers of positive upper
Banach density do not necessarily contain infinite arithmetic progressions. However,
using Theorem 1.1 as a pigeonhole principle, one easily derives that such sets are van der
Waerden, i.e., they contain arbitrarily long arithmetic progressions.

In the present work we provide two examples of infinitary combinatorial structures that
can be realized on a van der Waerden set. The first one consists of an infinitary version of
a result of Furstenberg and Weiss [8] concerning the existence of ‘strong’ subtrees having
an arithmetic progression as a level set in ‘big’ subsets of a homogeneous tree. Their result
is actually an extension of the finitary version of Szemerédi’s theorem (Theorem 1.1).
Using the Furstenberg—Weiss theorem as a pigeonhole principle, we construct infinite
strong subtrees having a van der Waerden set as a level set inside ‘big’ subsets of an
infinite homogeneous tree.

The second result included in this work consists of an extension of the main theorem
of [18], which established a density version of a Ramsey theoretic result proved in [3, 17].
In particular, it was shown that, for every positive real ¢ and every sequence (my)gen Of
positive integers, there exists a sequence (ny)4en of positive integers with the following
property. For every infinite subset L of the positive integers and every sequence (D/)ser
such that D, is a subset of Hg;é{l,...,nq} of density at least ¢ for all / € L, there exist
a sequence (I;);en and infinite subset L' of L such that I, is a subset of {1,...,n,}
of cardinality m, for all non-negative integers g and the set Hg;(l) I, is a subset of D,
for all / € L'. In the present paper we provide a strengthening of this result which is
optimal in several aspects. Firstly, we show that the set L' can be chosen to be a van der
Waerden set provided that L itself is a van der Waerden set (this is, clearly, a necessary
condition). Moreover, the sets I, can be endowed with additional structure. For instance,
each I, can be chosen to be an arithmetic or a polynomial progression. The construction
of the sequence (I,)4en is effective, avoiding, in particular, compactness arguments as
in [18].

To explicitly state our results we need some pieces of notation. By N we denote the set
of the natural numbers {0, 1,2,...} starting from 0. By the term tree we mean a partial
ordered set (T, <) satisfying the following.

(1) T is uniquely rooted, i.e., T admits a minimum with respect to <.
(il

(iii

For every t € T, the set of predecessors of t in T is finite and linearly ordered.

For every non-maximal t € T, the set of immediate successors of ¢ in T is finite.

)
)
)
(iv) T is balanced, i.e., all maximal chains in T are of the same cardinality.

For a tree T, we define the height h(T) of T to be the cardinality of a maximal chain in
T, while for every node ¢ in T we set /7(t) to be the cardinality of the set {s € T :s < t}.
Let us point out that T is infinite if and only if h(T) = w, where as usual w stands
for the first infinite cardinal number. Finally, for a tree T and an integer n such that
0<n<n(T), we let T(n) denote the nth level of T, that is, the set {t € T : /7(t) = n}.
The substructures that we are interested in are the strong subtrees, a notion that was

isolated in the 1960s and highlighted in the work of Milliken [13, 14]. A subset S of a
tree T is called a strong subtree of T if the following conditions are satisfied.
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(a) S endowed with the induced ordering from T is a tree.
(b) Every level of S is a subset of some level of T.

(c) Every non-maximal s in S has the following property. For every immediate successor
t of sin T there exists a unique immediate successor s’ of s in S such that ¢ < s’

The level set of a strong subtree S of a tree T, denoted by L7(S), is the set {n € N :
n<h(T)and T(n)NS # 0}. If b is a positive integer, then a b-homogeneous tree T is a
tree such that every non-maximal node ¢ in T has exactly b immediate successors. A tree
is called homogeneous if it is b-homogeneous for some positive integer b. The result of
Furstenberg and Weiss that we mentioned above is the following.

Theorem 1.2. Let b,k be positive integers and let 0 < 6 < 1. Then there exists a positive

integer ng satisfying the following property. For every finite b-homogeneous tree T of height

at least ny and every subset A of T satisfying

TN Al
| T (n)

there exists a strong subtree S of T contained in A and having a level set which forms an

arithmetic progression of length k. We denote the least such ny by FW(b,k, ).

Eogn<i(r) 0, (1.1)

Pach, Solymosi and Tardos [15] gave a combinatorial proof of Theorem 1.2 yielding
explicit bounds for the numbers FW(b, k, ). In the present work we establish the following
infinitary version of the Furstenberg—Weiss theorem.

Theorem 1.3. Let T be an infinite homogeneous tree and let A be a subset of T such that

. [T (n)N A|
1 Eocpen ———
D BN T )]

Then there exists a strong subtree S of T contained in A and having a level set which forms
a van der Waerden set.

(1.2)

Actually, the above result is an easy consequence of the following theorem, which we
will prove in this paper.

Theorem 1.4. Let T be an infinite homogeneous tree and let A be a subset of T such that
there exist a van der Waerden set L and a real 0 < ¢ < 1 satisfying
T N4
| T (n)
for all n € L. Then there exists a strong subtree S of T contained in A and having a level
set which forms a van der Waerden set.

(1.3)

In Section 2 we obtain a uniform version of the Furstenberg—Weiss theorem needed for
the proof of Theorem 1.4, which is given in Section 3.

To state our second result we need some additional notation. We denote the set of
positive integers by N,. For every set X by X< we denote the set of all finite sequences
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in X. The empty sequence is denoted by @ and is included in X<®. For every positive
integer k, we denote by [k] the set {1,...,k}. By convention, [0] stands for the empty set.

Let Y be a (possibly infinite) set. If X is a non-empty finite subset of Y and 4 is an
arbitrary subset of Y, then the density of A relative to X, denoted by densy(A), is the
quantity defined by

AN X]|

densy(A) = X

(1.4)
We will also need the following slight variant of the standard notion of a density regular
family (see, e.g., [11, 12]).

Definition 1.5. A family F of non-empty finite subsets of N is called uniformly density
regular if for every 0 < ¢ < 1 there exists an integer ny such that, for every interval I of
N, of length at least ny and every subset A of I with dens;(A) > ¢, the set A contains an
element of F. The least such ny will be denoted by B(F,¢). Finally, the set of all uniformly
density regular families will be denoted by R.

There are several examples of uniformly density regular families. The simplest one
is the set of all subsets of the positive integers with exactly k elements, where k is
a fixed positive integer. By the famous theorem of Szemerédi [16], the set AP; of all
arithmetic progressions of length k is also a uniformly density regular family; see [9]
for the best known upper bounds for the numbers B(APx, ¢). Moreover, for every choice
of polynomials py,...,p; taking integer values on the integers and zero on zero, the
family {{a + p1(n),...,a+ p(n)} :a € Z and n € Z} is uniformly density regular. This is
a consequence of the work of Bergelson and Leibman [1]. More examples of uniformly
density regular families can be found in [7, 2].

We are now ready to state our result.

Theorem 1.6. Let 0 < 6 < 1. Then there exists a map Vs : R<* x N5® — N with the fol-
lowing property. For every sequence (ng)qen of positive integers, every sequence (Fy)qen 0of
uniformly regular families, every van der Waerden subset L of N1 and every sequence (Dy )keL
such that

(a) no > Vs(F0.2),

(b) ng = Vs ((Fp)i_p, (np)g_(l)) for all positive integers q, and

(c) D, is a subset of Hq _olngl of density at least o for all £ € L,

there exist a sequence (I;),en and a van der Waerden subset L' of L such that
(i) I, is an element of F, contained in [n4] for all g € N, and

(i) [T,—6 14 < D/ for all £ € L.

The definition of the map Vs is based on an auxiliary map T that we will define in
Section 5. The proof of Theorem 1.6 as well as the definition of the map V; are given in
Section 6. Some preliminary work is contained in Section 4.

https://doi.org/10.1017/50963548314000868 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548314000868

Combinatorial Structures on van der Waerden sets 933

2. Uniform version of the Furstenberg—Weiss theorem

The aim of this section is to obtain a uniform version of the Furstenberg—Weiss theorem.
The machinery that we present in this section was developed in [4]. First, let us recall the
definition of the Furstenberg—Weiss measures. For every tree T, subset A of T and finite
subset P of N with max P < h(T), we define the Furstenberg—Weiss measure

d7V (A|P) = Eycpdensr,)(A4), (2.1)

where densr(,)(A4) is as defined in (1.4). If T is finite and P is equal to {0,...,h(T)— 1},
then we simply write d5V(4) instead of d4"V(A|P). Moreover, for a subset 4 of a tree T
and T’ a strong subtree of T, we set d5Y(A) = d5V (AN T).

Theorem 2.1. Let b,k be positive integers and 0 < 6 < 1. Then there exists a positive
integer ny with the following property. For every infinite b-homogeneous tree T, every subset
A of T and every arithmetic progression P of length at least ny satisfying

di™(A|P) = o, (22)

there exists a strong subtree S of T contained in A and having a level set which forms an
arithmetic progression of length k. We denote the least such no by UFW(b,k, J).

Theorem 2.1 will follow from Theorem 1.2 if we can find a strong subtree T’ of T
having P as a level set and satisfying d%.(A4) > J. In order to prove the existence of such
a T’ we need some notation. First we describe a finite b-homogeneous tree as the set of all
sequences over the set [b] of length less than h(T). More precisely, we define the following.
Let b a positive integer and let n be a non-negative integer. We set [b]" to be the set
of all maps taking values in [b] and having domain the set {0,...,n— 1} (if n =0, then
[p]° = {@}, where @ denotes the empty sequence). We also set [b]<" = Upgmen[b]™. It is
easy to see that for every pair of positive integers b, n the set [b]<" endowed with the end-
extension ordering C is a finite b-homogeneous tree of height n. Conversely, every finite
b-homogeneous tree T is isomorphic to [b]<"T). Recall that we denote by [h]< the set
of all finite sequences over [b]. It is immediate that [b]<” endowed with the end-extension
ordering is an infinite b-homogeneous tree and that every infinite b-homogeneous tree is
isomorphic to [b]<%.

We also need to recall the notion of the convolution operation introduced in [4]. To this
end we need some additional notation. Let P = {py < p; <" < pp—1} be a non-empty
finite subset of N and let b be a positive integer. We denote by [b]° the set of all maps
taking values in [b] and having domain the set P. The canonical isomorphism associated
to P is the bijection Ip : [b]" — [b]” defined by the rule

Lp(x)(pi) = x(i) (2.3)

for every i € {0,...,n — 1}. Moreover, for every x; € [p]P' and x, € [b]™2, where P; and
P, are disjoint finite subsets of N, we denote by (x,x,) the unique element x € [b]"1VF>
such that x(i) = x;(i) for all i € P; and x(i) = x,(i) for all i € P,. Finally, for every pair of
non-negative integers m < n and every x € [b]", we denote by R, (x) the initial segment of
x of length m.
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Definition 2.2. Let b be a positive integer and let P = {pg <p; <-- < Pp_1} be a
non-empty finite subset of N. For every i € {0,...,|P| — 1} we set

Pi={peP:p<p} and P;={neN:n<p;andn¢ P;}. (2.4)
Also, let np = max(P) — |P|+ 1 and set
Xp = [b]". (2.5)

We define the convolution operation cp : [b]<'F! x Xp — [b]=“ associated to P as follows.
For every i € {0,...,|P| — 1}, every t € [b]’ and every x € Xp we set

cp(t,x) = (Ip(0).15 (R, (x))) € [b]". (2.6)

The following fact is immediate from the definitions above.
Fact 2.3. Let b be a positive integer and let P be a non-empty finite subset of N. Also, let
Xp be as defined in (2.5). Then, for every x € Xp, we have that the set
{ep(t,x) 1t € [p]7F1} (2.7)
forms a strong subtree of [b]=® having P as a level set.
Actually, the set defined in (2.7) is a Carlson—-Simpson tree (see [4] for the relative

definition), but this additional structure is not needed for the purposes of the present
work. We will need the following fact.

Fact 2.4. Let b be a positive integer and let P be a non-empty finite subset of N. Also, let
A be a subset of [b]<®. Then

Epepdenspp(A4) = Eicqo,..pj—1) Eeepp) Exexp x4 (cp (1, X)), (2.8)

,,,,,

where y4 denotes the characteristic function of A and Xp is as defined in (2.5).

Proof. Let P = {p,...,pp|—1}. We will prove that for every i € {0,...,|P| —1}
dens[b]p; (A) = Ete[b]"ExeXp xA (CP(I, X)) (2.9)

Obviously the result follows from (2.9). Let us fix some i € {0,...,|P| — 1}. First observe
that for every s € [b]” there exists a unique t; € [b]' such that there exists x € Xp such
that cp(ts, x) = s. For every s € [b]”, we set Q; = {x € Xp : cp(ts,x) = s}. Also, observe
that there exists a unique w, € [b]"~ such that Q, = {x € Xp : wys C x}, and therefore

EXEXPX{S} (CP([S’ X)) = b7 (210)
Thus

ErepiExexp 15y (cp(t, X)) = b7 (2.11)
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Finally, let us observe that cp restricted to [b]' x Xp is onto [b]?. Hence

ErcpppExexpxa(cp(t,x) = EcppErex, ZX s} (ep(t, X))
s€EA

Z ErepExexy 145) (cp (1, )

SsEAN[bPi
@11 |40 [b]7
= W = denS[h]P,‘ (A) (212)
The proof is complete. |

By Facts 2.3 and 2.4 we have the following corollary.

Corollary 2.5. Let T be an infinite homogeneous tree, let P be a non-empty finite subset
of N and let A be a subset of T. Then there exists a strong subtree T’ of T having P as a
level set and satisfying

iV (4) = dFV(4lP). (2.13)
We are ready to prove Theorem 2.1.
Proof of Theorem 2.1. We show that UFW(b,k,0) < FW(b,k, ). Indeed, let us fix an

infinite b-homogeneous tree T, a subset A of T and an arithmetic progression P of length
at least FW(b,k, o) such that

dEV(A|P) > 6. (2.14)

Applying Corollary 2.5, we pass to a strong subtree T’ of T having P as a level set and
satisfying

dV(4) > dEV(A4|P) > 6. (2.15)

Application of Theorem 1.2 completes the proof. U]

Theorem 2.1 has the following immediate consequence.

Corollary 2.6. Let b,k be positive integers and 0 < 6 < 1. Then, for every infinite b-homo-
geneous tree T, every subset A of T and every arithmetic progression P in N of length at
least UFW(b, k,0) satisfying
TN Al
|T(n)|
for all n € P, there exists a strong subtree S of T contained in A and having a level set
which forms an arithmetic progression of length k.

(2.16)

Remark 2.7. Actually, Theorem 1.2 and Corollary 2.6 are equivalent. In order to establish
that Corollary 2.6 implies Theorem 1.2, let us fix a pair of positive integers b,k and
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0 < d < 1. Also, let T be a b-homogeneous tree of height at least Sz(UFW(b,k, 0/2), 6/2)
and let 4 be a subset of T such that (1.1) is satisfied. Setting

L={ne{0,....,h(T)—1} : densr(A4) > /2},

by (1.1) we have that |L|> (6/2)h(T) and therefore, by Theorem 1.1, there exists
an arithmetic progression P contained in L of length UFW(b,k,d/2). Application of
Corollary 2.6 provides us with a strong subtree S of T contained in A and having a level
set which forms an arithmetic progression of length k.

3. Proof of Theorem 1.4

Let us start by introducing some additional pieces of notation. Let T be a tree and let ¢
be a node of T. We set Sucer(t) = {t' € T :t < t'}. Observe that Succr(f) forms a strong
subtree of T. Also, let n be a non-negative integer with n < h(T') and let A be a subset of
T. We define

dens7(A|n) = densy,(A), (3.1)
and if /7 (t) < n we set
denst(A[t,n) = densgyce, () (Aln — £7(2)). (3.2)

Moreover, we will need the following invariants. Let b, k be positive integers and 0 < p < 1.
We inductively define a sequence (f,(b,k, p));_; as follows:

fl(b:ks p) = UFW(ba ks p):

(3.3)
fq+1(b>k7 P) = UFW(b,fq(b,k, .0)5 p)

Lemma 3.1. Let b,k,q be positive integers and 0 < p < 1. Also, let Ty,..., T, be infinite b-
homogeneous trees, let P be an arithmetic progression of length f,(b,k, p) and let By,..., B,
be subsets of Ti,..., T, respectively, such that denst,(B;|p) = p for all j € [q] and p € P.
Then there exist an arithmetic progression Q of length k contained in P and strong subtrees
St,...»84 of Th,..., T, respectively, such that S; is contained in B; and Lt,(S;) = Q for all

Jj € lql.

Proof. We set Py = P and we inductively construct arithmetic progressions Py,..., P,
and strong subtrees Sj,...,S, of Ti,..., T, respectively, satisfying the following for every
ji=1...,q:

(i) P; is contained in P;_;, and
(ii) L1,(S;) = P;.
The inductive step consists of a straightforward application of Corollary 2.6. We set

0 = P,, and for every j € [g] we pick a strong subtree S; of S} such that L7,(S;) = P;. It
is immediate that Si,...,S, are as desired. ]
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We will also need the following fact, essentially stating that the collection of all van der
Waerden sets forms a coideal. It is an easy consequence of the finitary version of van der
Waerden’s theorem [19].

Fact 3.2. For every finite colouring of a van der Waerden set, one of the colours forms a
van der Waerden set.

Lemma 3.3. Let 0 <0 < 1, let T be an infinite homogeneous tree, let A be a subset of T,
let L be a van der Waerden set and let t € T be such that densy(A|t,n) > 0 for all n € L
with n > /1 (t). Then, for every integer m with m = /1(t), there exist t' € Succy(t) N T (m)
and a van der Waerden subset L' of L such that min L' > m and denst(A|t',n) > 6 for all
nel.

Proof. Let m be an integer with m > /7 (t). Passing to a final segment of L, if necessary,
we may assume that min L > m. Then, for every n € L, we have the following. By the
homogeneity of T, we have that

Evesucer(pnrmdensy (4]t n) = densy(A|t,n) > 6. (3.4)

Thus there exists ¢, € Succr(t) N T'(m) such that densr(A|t),n) > . Since Succy(t) N T (m)
is finite, by Fact 3.2 there exist a van der Waerden subset L’ of L and ¢’ € Succr(t) N T (m)
such that ¢}, =t for all n € L'. The proof is complete. U]

We will need the following elementary fact.

Fact 34. Let m be posmve integer, 0,¢ reals with 0 < d,¢ < 1 and ay,...,a, non-negative
reals such that Ejepma; > 0. If a; < 6 + & for all j € [m], then setting I = {j € [m] : a; >
0 — &}, we have that |I|/m 1—e.

Moreover, for our convenience, for every van der Waerden set L, we set Wd(L) to be
the collection of all van der Waerden sets contained in L.

Lemma 3.5. Let b,k,q be positive integers and 0 < n < 1. Also, let Ty,..., T, be infinite b-
homogeneous trees, let L be a van der Waerden set and let Ay,..., A, be subsets of Ty,..., T,
respectively, such that

densr,(4;ln) > n (3.5)

for all j € [q] and n € L. Then there exist an arithmetic progression Q of length k contained
in L, a van der Waerden subset L' of L with min L' > max Q and strong subtrees Si,..., S,
of Ti,..., T, respectively, such that for every j € [q] the following are satisfied:

(i) Sj is contained in Aj,
(i) L1,(S;) = Q, and
(iii) dens,(4;lt,n) = n/2 for all t € S; and n € L.
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Proof. For every j € [q], t € T; and N € WA(L) with min N > /1,(t), we set

dj;n = inf densr,(4;]t,n), and
neN (36)
¢iv =sup{djyn 1t € Tjand N' € WA(N) with min N > /7,(¢')}.

Observe that for every j € [q], t € T; and N, N’ € Wd(L) with min N,min N" > /r,(t) and
N’ = N, we have that

djn < djin (3.7)

Also, observe that for every j € [¢q], and N,N’ € Wd(L) with N' = N, we have that
&in < &N, and therefore

En — En /18 < & — ETy/18. (3.8)

Claim 1. There exist t; € Ty,...,t; € T, with /1, (t;) = =/r,(t;) and L; € Wd(L) with
/t,(t1) < min Ly such thatdj; 1, > &, — 51 L1/18 for all j € [¢q].

Proof of Claim 1. We set N; = L. We inductively choose a decreasing sequence (N})?=I
in Wd(L) and t} € Ty,...,t; € T, satisfying for every j € [q] the following:

(a) /7,(;) < min N/, and
(b) dj,z},N} P> éj’N;q — f} N’ /18
The construction is immedlate by (3.6). We set m = max{/7,(1}) : j € [q]} and Ny = {n c

N, :n>mj. Applying Lemma 3.3, we inductively choose a decreasing sequence ( )
in Wd(Ny) and

t; € Succr, (t7) N Ti(m),...,t, € Sucer,(t;) N Ti(m)

such that
djuny 2 Cjny, — fiN}qﬂ& (3.9)
Let Ly = N, and observe that for every j € [q] we have that L = N; = N; < N;_; and
therefore
(3.7) (3.9) 5
dj,zj,Ll 2 dj,r,-,Nj > éj,N}Ll _ng’ /18 é}Ll éj,Ll/lg- (3-10)
Finally, observe that minL; > min Ny > m =/r,(t;). The proof of Claim 1 is
complete. L]

Claim 2. For every p € L; and for every L} € Wd(L;) with p < min L}, there exist L] €
Wd(L}) and By, ..., B, subsets of

A1 N Sucer, (t1) N Ti(p), ..., Ay N Sucer, (t4) N Ty(p)

respectively, such that for every j € [q] we have the following:
(1) denst,(Bylt,p) = n/2, and
(2) dj,z,u( > n/2 for all t € B;.
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Proof of Claim 2. Let pe L; and L} € Wd(L;) with p < minL|. We set No = L. We
inductively construct a decreasing sequence (N j)?zl in Wd(Ny) and Bjy,..., B, subsets of

Ay N Sucer, (t1) N Ti(p), ..., Ay N Sucer, (tg) N Ty(p)

respectively, satisfying for every j € [q] the following:

() denst,(Bjlt;,p) = n/2, and

(B)djsn; = n/2 for all t € B;.

Claim 2 follows easily by the above construction and 1nequahty (3.7), settlng L{ = Ny. Let
us assume that for some j € [¢q] we have chosen (N; )l o and if j > 1, (B; )l I satlsfylng (o)
and () above. We describe the construction of B; and N;.

We set I' = Succr,(t;) N Tj(p). For every n€ Nj_; we have the following. By the
homogeneity of the tree T;, we have that

Ezerdel’lSTi(Aj‘t, n) = densTj(Ajltj, n) > dj,tj,Ll = fj’[‘1 le/lg (3.11)
The first inequality holds, since n belongs to L; too, while the second one holds by

Claim 1. Then either
(a) there exists t,, € I' such that densr,(4,[t,,n) > &1, + f}LI/IS, or

(b) for every t € I' we have that densr;(4;|t,n) < &1, + ijl/IS

By Fact 3.2 there exists N; € Wd(N;—) such that either (a) occurs for every n € N or
(b) occurs for every n € N We will show that (b) occurs for every n € N} by showmg
that the first alternative leads to a contradiction. Indeed, assume that (a) occurs for every
n € Nj. By Fact 3.2 there exist N € WAd(N}) and ¢ € I' such that ¢, =1t for all n € N
Hence d N, 2 il T E]Ll/18 > §],L1 > f],N;’ which is a contradiction by the definition of
&in, in (3 6) Hence, for every t € I' we have that

densr,(4;[t,n) < &, + &3, /18 (3.12)

for all n € N’
By Fact 3.4 applied for ‘0 = &; 1, — fiL1/18’ and ‘e = &; 1, /3" and inequalities (3.11) and
(3.12), for every n € N', setting

D, = {t el : densTj(Aj|t,n) > éj,lq — ]L1/18 éj,L1/3}, (313)

we have that [D,|/|I'| > 1 —¢; 1, /3. Applying Fact 3.2, we obtain N; € Wd(N}) and D =TT
such that D, = D for all n € N;. Clearly, densr,(D|t;, p) = [D|/|[| > 1 —¢;1,/3 and since
denst,(4;lt;,p) = dj,1, = Ejp, — éiLl/IS, setting B; = A; N D, we have that

denst,(Bjlt;,p) > &jn, — &7, /18 — Ejn, /3 2 &, /2 2 /2. (3.14)
Moreover, by (3.13), for every n € N;, we have that
densy(A;1t.n) > &, — 20, /18 = &0, /3 > &0, /2 2 /2. (3.15)

The proof of the inductive step and of the inductive construction is complete. As we have
already noticed, Claim 2 follows easily by the above construction and inequality (3.7),
setting L} = N,. |
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The lemma follows by an iterated use of Claim 2 and an application of Lemma 3.1.
Indeed, let P be an arithmetic progression of length f,(b,k,5/2) contained in L.
Set Ly ={n € L; :n>maxP}. Clearly, L, is a van der Waerden set. Making use of
Claim 2, we inductively construct a decreasing sequence (L?)pcp in Wd(L,) and sequences
(Bf)pep, . (Bg)pep of subsets of 41 N Sucer, (t1),..., 44 N Sucer, (1) respectively, such that
for every j € [¢q] and p € P we have the following:

(1) BY = Ty(p),
(2) densr,(BY|t), p) = 1/2, and
(3)djirr = n/2 for all t € B.

For every j € [q] we set B; = Upeij.’. By (2) above, we have that densr;(B;|p) > /2
for all j€[q] and p € P. By Lemma 3.1, there exist an arithmetic progression Q of

length k contained in P and strong subtrees Si,...,S, of Ti,..., T, respectively, such
that S; is contained in B; and Lt,(S;) = Q for all j € [¢]. Setting L' = L4, the proof is
complete. ]

Before we proceed to the proof of Theorem 1.4 let us introduce some additional
notation. Let T be a tree and m a positive integer with m < h(T). We set
m—1
Tim= | T(n). (3.16)
n=0

Clearly T'|m is strong subtree of T.

Proof of Theorem 1.4. Let b the branching number of T, i.e., the positive integer such
that T is a b-homogeneous tree. Also, let h, =1+ 2+ -+ r for every positive integer
r. We inductively construct an increasing sequence (W,)>2, of finite strong subtrees of T,
a sequence (Q,)2, of arithmetic progressions contained in L and a decreasing sequence
(Ly)2, in Wd(L) satisfying for every positive integer r the following conditions:
(a) the arithmetic progression Q, is of length r,
(b) max @, < min Q,1,
(c) (W) =h, + 1 and Lr(W,|h,) = U;:lQr,
(d) Wr|hr = Wr-&-l‘hr’
(e) W, is contained in A,
(f) max Lp(W,) < L,,
(g) for every t € W, and n € L,, we have that densy(A|t,n) > §/2".
By a straightforward application of Lemma 3.5 for ‘g =1,k =2,y =49, ‘Ty = T’ and
‘A1 = A, we obtain Q, Wy and L; as desired. Assume that for some positive integer r
the sequences (W;)_, (Q;)j—; and (L;)_; have been chosen satisfying (a)-(¢) above. We
describe the construction of Wy, Q,+1 and L.

Let g = [W(h,)| = b"*', and let (1;)’_; be an enumeration of the set W (h,). For
every j € [q] we set T; = Succr,(t;) and A; =ANT;. Also, let L], = {(n—h, :neL}.
Applying Lemma 3.5 for ‘k =r + 2’ and ‘9y = §/2", we obtain an arithmetic progression
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Q.. of length r +2 contained in L, ,, a van der Waerden subset L, , of L, , with
max Q, ; < min L ; and strong subtrees Sy,...,S, of T},..., T, respectively, such that for
every j € [q] the following are satisfied:

(i) S; is contained in A},

(11) LTJ.(S]') = ;+1, and
(iii) denst,(A|t,n) > 6/2" forall t € Sjand n € L] ;.
We set

L}‘+l = {n+hz ne L;”+1}7

Qi ={n+h :neQ.,\{maxQ,,,}} and
Wi = (Wilhy) UULS;.

It follows readily that W,,y, Q,+1 and L,.; are as desired and the proof of the inductive
construction is complete. Finally, setting S = U2, (W, |h,), it is immediate that S is a strong
subtree of T contained in A having level set L' = U2 Q,, which is a van der Waerden
subset of L. U]

4. Correlation of measurable events on arithmetic progressions

This section contains some preliminary work for the proof of Theorem 1.6. We proceed
to define some numerical invariants. For every 0 < # < 1 and every integer k > 2, we set

&wmnv*

X (4.1)

O1(k,n) =(n/2)- (
while for every 0 < < 1 we set

01(1, 1) =n. (4.2)

We will need the following lemma.

Lemma 4.1. Let k be a positive integer and n a real with 0 < n < 1. Then, for every integer
n with n > Sz(k,n/2), and every family (A;){_, of measurable events in a probability space
(Q, %, 1) such that w(A;) = n for all i € [n], there exists an arithmetic progression P of length
k contained in [n] such that

w(Nas) = ot (@3)

ieP

Proof. Fork = 1 the result is immediate. Thus, let as assume that k > 2. Fix n > Sz(k,n/2)
and a family (4;)!_;, of measurable events in a probability space (Q,X,u) satisfying
u(A;) = n for all i € [n]. We set ny = Sz(k,n/2) and

A= {(i,x) € [ng] xQ:x € A;}. (4.4)
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Clearly, the product probability measure densy,) ® u of A is at least #. For every x € Q
let

AY = {i e [ng] : (i,x) € A}. (4.5)
By Fubini’s theorem, setting

C= {x € Q :densp,)(47) > Z}, (4.6)
we have that C € £ and u(C) > n/2. By Theorem 1.1 and the choice of ng, for every
x € C there exists an arithmetic progression P, of length k contained in A*. Observe that

for every x € C we have
xe )4 (4.7)
ieP,
There are at most (”20) arithmetic progressions of length k contained in [ng]. Therefore,
there exist an arithmetic progression P of length k contained in [ny] and a measurable
subset C’ of C with

Sz(k,r]/2)> “an

uC’ = ey < ) = Oi(k,n) (4.8)

and such that P, = P for all x € C’. Invoking (4.7) we see that C’ = N;cpA;. Hence

L @8)
wWNiepAi) = w(C’) = 01(k,n),

and the proof is complete. ]

We will also need a variant of Lemma 4.1 which is stated in the more general context
of uniformly density regular families. To state it we need, first, to introduce some further
invariants. Specifically, for every 0 < 5 < 1 and every uniformly density regular family F,
we set

M(F,n) = max{|{F € F : F = 1}| :I is an interval of length B(F,n)} (4.9)

(where B(F,n) is defined in Definition 1.5), and we define

n

P A

(4.10)

Lemma 4.2. Let 0 <n < 1 and let F be a uniformly density regular family. Also, let n be
an integer with n > (2/¢) - B(F,¢/4) and let (, X, u) be a probability space. Finally, let A
be a subset of [n] x Q with (densy) ® u)(A) > n. Then there exists an element F of F such
that, setting

A= {xeQ:(i,x) € AforallicF},
we have

W(A) = 0(F,n). (4.11)
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Proof. We set ng = B(F,n/4). First we pick a subinterval I of [n] of length ny such that
(dens; ® ,u)(A N x Q)) >n/2, (4.12)

as follows. We set / = |n/ng| and we pick Iy,...,I, disjoint subintervals of [n] each of
length ng. We set J = szllj. By the assumptions on n, we have that densp,([n] \ J) < /2.
Consequently, since I4,...,I, are of the same length, we have that
/
1
< (dens; ® p) (AN x Q) = v > (dens;, ® p) (AN (I} x Q). (4.13)
j=1

o=

Hence, for some jy € [/] we have that

(densy, ® u)(AN (I, x Q) =>n/2.

Let I =1,
For every i € I we set
Ai={xeQ:(i,x) € A} (4.14)
and for every x € Q we set
A ={iel :(i,x) € A}. (4.15)

By (4.12) and Fubini’s theorem, we have that the set
C = {x € Q :dens;(4%) = n/4} (4.16)

is a measurable event of probability at least #/4. Since I is of length B(F,n/4), for every
x € C we have that there exists an element F, of F contained in A*. Let us observe that
for every x € C, by the definition of the set A*, we have that

ve (A4 (4.17)
icF,
Since I contains at most M(F,n/4) elements of F, we have that there exist an element F

of F contained in I and a measurable subset C’ of C such that

W€z LS o @.18)

and F, = F for all x € C’. Invoking (4.17), we have that C' = ﬂieFAi;Setting A as in the
statement, we clearly have that the intersection N;cpA; is a subset of A. Thus

- L @17)
w(A) = w(Nierdi) = w(C) = 0(F,n),

as desired. ]

Before we proceed, let us introduce some additional notation. Let (Q,X,u) be a
probability space and let B be a measurable event of positive probability. For every
A € X we set
(AN B)

us(A4) = (B)

(4.19)

We have the following elementary fact.
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Fact 4.3. Let 1,0 be reals with 0 < 1,0 < 1. Also, let (Q, %, u) be a probability space and let
A, B be measurable events such that u(A) > n and w(B) > 0. If ug(A) < n/2, then u(Q\ B) >

n/2 and po\p(A) = n +n0/2.

Proof. Assuming that ug(A4) < 1/2, we have the following. First we observe that

QN B) > w(A\ B) = p(A) — (AN B) > w(A) — up(4) = n/2. (4.20)
Since
n < uA) = wQ\ B) - ug p(A4) + w(B) - u(A)
< (1 —w(B)) - nas(4) + (1/2) - u(B), (4.21)

we have that

pop(4) =1 - _“(B)/Z_n.<1+“(3)/2>

1—uB) 1 — u(B)
Zn+n-wB)/2=n+n0/2 (4.22)

as desired. ]

Lemma 4.4. Let k be a positive integer and 1 a real with 0 < n < 1. Also, let L be a van
der Waerden set and let (A;)ser, be a family of measurable events in a probability space
(Q,Z, 1) such that w(As) > n for all £ € L. Then there exist an arithmetic progression P of
length k contained in L, a van der Waerden subset L' of L and a subset B of NicpA; such
that

n [2/(n-01 (k)] —1
) 0:(k,n) (4.23)

and ug(As) = n/2, for all £ € L'. Moreover, the set B belongs to the algebra generated by
the family {A;, : / € L and / < max P}.

Proof. We set Ly = L and Qy = Q. We pick a positive integer sy with sg < |2/(n7 - 01(k,1))],
and we construct by induction L,...,Ls, and Pi,..., Py such that setting inductively
B, = (Niep,Ai)) N Qi and Q, =Q,_1 \ B, for all t =1,...,s9, we have that the following
conditions are satisfied.

(i) For every t = 1,...,5s0, we have that L, is a van der Waerden subset of L, .

(ii) For every t =1,...,59, we have that P, is an arithmetic progression of length k
contained in L,_;.
(iii) For every t = 0,...,s0 — 1, we have u(Q;) > (n/2)".
(iv) For every t = 1,...,50 we have uq, ,(B:) = 01(k,n).
(v) For every t =0,...,s0 — 1, we have uq,(4,) > n+t-n-0i(k,n)/2 for all / € L,.
(vi) For every t = 1,...,50 — 1, we have that up (4,) <n/2 for all / € L,.
(vii) MBXO(A/) n/2 for all /€ Ly,

https://doi.org/10.1017/50963548314000868 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548314000868

Combinatorial Structures on van der Waerden sets 945

Assume that for some s < |2/(y - 01(k,n))] we have constructed (L,){_, and if s > 1, (P,);_,,
satisfying (i)—(vi) above. Let (£;);_, be as defined above. By the inductive assumption (i),
we have that L; is a van der Waerden set and therefore we may pick an arithmetic
progression P of length Sz(k,#/2) contained in L. By the inductive assumption (v) and
Lemma 4.1, there exists an arithmetic progression Pg.; of length k contained in P such

that
po,(Bsy1) = 01(k, 1), (4.24)

where By = (Niep,,, 4i) N Q,. By Fact 3.2 we pass to a van der Waerden subset L of
L such that either

(a) up,,,(As) = n/2, for all / € Lgyy, or
(b) up,,,(As) <n/2, for all £ € Lgyy.

If (a) occurs, then we set so = s+ 1 and the inductive construction is complete. Let us
assume that (b) holds. Then invoking (4.24) and (v) of the inductive assumptions, by
Fact 4.3, we have that

Ho, (A7) Zn+(s+1)-n-0i(k,n)/2 (4.25)

for all / € Ly, where Qg1 = Q\ Bgii. Moreover, by Fact 4.3 and the inductive
assumptions (iii) and (v), we have that u(Q1) = (n/2) - u(Qs) > (1/2)**'. The inductive
step of the construction is complete. Finally, let as point out that if s = |2/(y - 01(k,1))] —
1, then (a) has to occur. Indeed, assuming that (b) occurs then by (4.25) we would have
that the relative probability of 4, inside Q,;; exceeds 1.

Hence, setting L' = Ly, P = Py, and B = By,, we have that L' is a van der Waerden
subset of L and P is an arithmetic progression of length k contained in L. Moreover, we
have that B = (Njep4;) N 950_1 S NjepA; and

(iv)(iii)
#(B) = u(By,) = pa,_,(Bs,) - Q1) = O1(k,n) - (n/2)*"

> 0:(k,n) - (n/2)/ o=t (4.26)
By (vii), we have that ug(A,) > /2, for all / € L. Finally, it is immediate that the set B, by

its definition, belongs to the algebra generated by the family {4, : / € L and / < max P}
as desired. U

5. The auxiliary map T

As we have already mentioned, the definition of the map Vs makes use of an auxiliary
map T. Recall that by R we denote the set of all uniformly density regular families (see
Definition 1.5). We define the map T : R<“ x R, — N, where R, denotes the set of all
positive reals, as follows. Let ¢ be a non-negative integer and ((fp)gzo,s) an element of
R<® x Ry. We inductively define (.sp)Z:0 by setting

go=¢ and g1 = 02(Fp¢p) (5.1)
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forall p=0,...,qg — 1. Finally we set

2
T((Fplyor€) = hq ‘B(fq,sq/4)] (5.2)

We then extend T to R<® x Ry arbitrarily. Let us observe, for later use, that if g is
positive then

T((‘FP)Z:())g) = T((]:P)Z:I)QZ(F(% 8)) (53)
Although the following notation is quite standard in the literature, we include it below
for clarity.

Notation. Let gy < g; < ¢» be non-negative integers and let (n;), be a sequence of
positive integers. Also, let

q1—1 p—1

xe [[n] and ye ]l

P=4q0 P=q1

By x~y we denote the concatenation of the sequences Xx, y, i.e., the sequence z € HZZI(I] [n,]

satisfying z(p) = x(p) for all p = qo,...,q1 — 1 and z(p) = y(p) for all p=gq1,...,q2 — 1.
Moreover, for

q1—1 qr—1
A< [n] and B< []nl

P=qo0 =41
we set

X"B={x"y:y€B} (5.4)
and

A°B=|Jx"B. (5.5)
x€eA

The main property of the map T that we are interested in is described by the following
lemma. Similar results to this one have already been considered (see [5, 6, 10]).

Lemma 5.1. Let 0 <e< 1, let q be a non-negative integer, let Fo,...,F, be uniformly
density regular families, and let ny,...,n, be integers such that n, > T((}'S)’;:O, s) for all
p=0,...,q. Finally, let D be a subset of HZ:O [n,] of density at least . Then there exists a
sequence (I,)1_, such that

(i) I, is an element of F, contained in [ny] for all p=0,...,q, and
(i) [Ty—o I, is a subset of D.

Proof. We proceed by induction on g. First let us observe that for ¢ = 0 we have that
T ((Fo).¢) = B(Fo,¢)

and therefore the result follows immediately by the definition of the number B(Fy, ¢).
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Assume that the statement holds for some g. Fix a real ¢ with 0 < ¢ < 1, uniformly
density regular families Fo,..., F,+1 and integers no,...,ny4; satisfying n, > T((]-' )f 0 & )
for all p=0,. ,q + 1. Finally, let D be a subset of Hq+0 [n,] of density at least &. We

set Q= H’Hl . Observe that Hp olmp] = [no] x Q and that the probability measures

denanﬂ[np] and dens,,o ® densq are equal. Thus (dens,, ® densq)(D) > ¢. Since
p=0

no > T((Fo)e) = (2/e) - B(Fo,e/4),
by Lemma 4.2, there exists an element Iy of Fy such that setting
={x€Q:(i,x) e D for all i € Iy},
we have that
u(D) > 0>(Fo, o). (56)
By the definition of D, it is immediate that
I;D<D. (5.7)
Also, notice that for every p=1,...,9 + 1,

np 2 T((‘Fi)fzoa ) ((f )v 1,62(f0,8)) (58)

By (5.6), (5.8) and the inductive assumption we have that there exists a sequence (I p)q“

such that
(a) I, is an element of F, contained in [n,] forall p=1,...,q + 1, and
H‘”l 1, is a subset of D.
By (b) and (5.7), we have that Hq+1 I, c Iy D <= D and the proof is complete. U]

Definition 5.2. Let 0 < ¢ < 1 and let » be a non-negative integer. Also, let L be a van der
Waerden subset of N and let (ny)4en be a sequence of positive integers. We will say that
a sequence (D/)/eL is (r, &, (ng)4en)-dense if, for every £ € L with / > r, we have that D, is
a subset of H '[n,] of density at least &.

For every 0 < ¢ < 1 and every positive integer k we define

1 e [2/(e:01 (ke))]
Ortkt) = 1 (2) 01k, 9. (59)

Finally, we recall that for every non-negative integer n and every sequence x of length at
least n (finite or infinite), by R,(x) we denote the initial segment of x of length n.

Lemma 5.3. Let 0 <e¢ < 1, let r be a non-negative integer and let k be a positive integer.
Also, let (Fy)sen be a sequence of uniformly density regular families and let (ny),en be a
sequence of positive integers such that n, > T((]—' )i= 05(k, 8)),f0r all g > r. Finally, let L
be a van der Waerden subset of Ny and (Dy)scr, a sequence which is (r, ¢, (ng)4en)-dense. Then
there exist an arithmetic progression P of length k inside L, a van der Waerden subset L' of
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L, a finite sequence (1)), =, 1 and an (v, ¢ , (ng)qen)-dense sequence (D/ )eer, where ¥’ = max P
and ¢ = ¢- 2~ 015 m+2) , satisfying the following.
(i) For every p =r,...,+' — 1, the set I, is an element of F, contained in [n,).
(ii) » < min P.
(iii) For every q € P, the set Hq I, is a subset of D,.
(iv) For every / € L/, the set (H ' 27 D, is a subset of D,.

Proof. Passing to a final segment of L, if necessary, we may assume that r < min L.
Let Q = H .[np] and let u be the Lebesgue (probability) measure on Q. Also, for every
/€L, let A/ {x € Q:R/_,(x) € D;}. By Lemma 4.4, applied for ‘ny = ¢, there exist an
arithmetic progression P of length k contained in L, a van der Waerden subset L” of L
and a subset B of NiepA; such that

[2/(e:01(k,e) | —1
u(B) > (2> 01(k,e), (5.10)

for every / € L” we have uz(A,) > ¢/2 and the set B belongs to the algebra generated by
the family {4, : / € L and / < max P}. Thus, setting r' = max P, there exists a subset B
of H;;rl [n,] such that

. (5.10) [2/(e:01(k.e))|—1
denspy iy, (B) = u(B) > (2) 01(k, o), (5.11)

for every / € L”. Setting

{ernp: v ( EB},
we have
densg,(D/) > &/2 (5.12)
and
R,—+(x) € Dy (5.13)

for all g € P and x € B. Passing to a final subset L”, if necessary, we may assume
min L” > /.
For every / in L” we have the following. For each element y in H np] we define
I'y={zeB:z"yeD,.

By (5.12) and Fubini’s theorem, we have that the set
/-1

D, = {y € H[np] :densg(Ty) > 3/4}

p=r’
is of density at least ¢/4 inside H;;{, [1,]. Since I'y is a subset of B and therefore a subset
of H:,:,l [n,], we have that there exist a subset I'; of B and a subset D, of D), of density
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at least (¢/4) - 2-IL=" ™ inside H;:rl [1,] such that I'y = I', for all y in D,. Let us observe
that by the choice of I'; and D) we have that

I,D, =D, and densg(I,) > ¢/4. (5.14)

By Fact 3.2 there exist a subset I' of B and a van der Waerden subset L' of L”, such
that I'y =T for all / € L'. Clearly, (D/)ser 18 (', €, (ng)4)-dense, where ¢’ is defined in the
statement of the lemma. By (5.9), (5.11) and (5.14) we have

dens (') = densp(I') - dens n,,](B) > 05(k,¢). (5.15)

11,5 ) 1,5

Moreover, by (5.14), we have that
"D, < D, (5.16)
for all /# € L'. Since for every ¢ =r,...,r — 1 we have that
ng = T((Fp),. 05(k, ),

by (5.15) and Lemma 5.1 there exists a sequence (I ,,);’;,1 such that

(a) I, is an element of F, contained in [n,] for all p=r,...,# — 1, and

(b) H;:rl I, is a subset of T.

Since H;:rl I, =T < B, by (5.13) we have that Hg;rl I, is a subset of D, for all g € P. By
(b) and (5.16) we have that H”l 17D, is a subset of D, for all / € L’ and the proof is

p=r 'p
complete. Ul

6. Definition of the map V; and the proof of Theorem 1.6

Let us recall that R denotes the set of all uniformly density regular families. In what
follows, let us adopt the following convention. For a sequence of positive integers (1g)4en
and a non-negative integer r , we consider (n,,)f;l to be the empty sequence and H},;l np
to be equal to zero. Fix some real 6 with 0 < § < 1. We define the map

Vs : R~ xN7” > N
as follows. For every non-negative integer ¢, every finite sequence (np)g;é of positive
integers and every finite sequence (Fp)gzo of uniformly density regular families, we set

Vs ((Fp)_gs (m,)05) = max T ((Fp)i_,. 0s(r + 1,6 - 2~ Mo t20y), (6.1)

0<r<g p=r

Proof of Theorem 1.6. Let (n,),en be a sequence of positive integers, let (F,)4en be a
sequence of uniformly density regular families, let L be a van der Waerden subset of N,
and let (D/)ser. be (0,9, (ny)4en)-dense such that

ng 2 Vs ((Fp)g=o, (np)z;é) (6.2)

for every non-negative integer q. We set Lo =L, ro =0 and (D%)scr, = (D/)scr.. We
inductively construct a sequence of arithmetic progressions (P,);., contained in L, a
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decreasing sequence of van der Waerden sets (L,)qen, @ sequence ((Iq);" iy I)ff:l, where
= max P, for all positive integers n, and a sequence ((D/)geLn)neN such that for every
non-negative integer n we have the following.
(1) rp < min Py,;.
rp—1

(ii) (D})rer, is (ry, & - 27 420 (), )-dense.

(iii) If n is positive, then I, is an element of F, contained in [n,] for every p = rp—y,..., 1 —
1.

(iv) If n is positive, then P, is an arithmetic progression of length r,_; + 1 contained in
L,_; such that Hq 1[ < D, for every q € P,.

(v) (H’”_] »)"D} = D, for all / € L,, under the convention Hp olp = {2}

Notice first that for n = 0 the properties (i)—(v) are satisfied. Assume that for some non-
negative integer n we have constructed (L)) _, ((D/ )feLm)m _o> and if n>1 we have
constructed (P,,);_; and ((I,)7! )r_, satisfying (i)=(v). Then, for every integer ¢ with
q > r,, we have that

(6.2) . -
ng = Vs (Fplyoo (m)y=o)
(61 )
((j—' )p s 93(rn +1,0-2" (Hp —0 le+21n))). (63)

By (6.3) and the inductive assumption (ii), we have that the assumptions of Lemma 5.3 for
o =g 2% WA < =y, 4+ 1, r =1, ‘L =L, and {(D,)ser, = (D})seL,’ are satisfied.
Hence there exist an arithmetic progression P, of length r, + 1 inside L,, a van der
Waerden subset L,.; of L,, a finite sequence (Ip);,";};l and an (r,41,¢, (ng)sen)-dense

sequence (D;’“)/GLH .1» Where 7,1 = max P, and

g1 —1

m— n 1
¢ =6 2T mt2n) =I5 w2 5 5. =5 mt2ne), (6.4)

satisfying the following.

(a) For all p=r,,...,rn41 — 1, the set I, is an element of F, contained in [n,].
(b) r, < min Pyyq.

(c) For every q € P,11, the set H I is a subset of Dy.

(d) For every / € Ly, the set ([T "1,)° D! is a subset of D!

By (c) and the inductive assumption (v), we have for every g € P, that the set Hi;(l) I,is
a subset of D,. By (d) and the inductive assumption (v), we have for every / € L, that
the set (Hr”+ . 1 D"Jrl is a subset of D,. The proof of the inductive step is complete.
We set L= Un=1 P,. Moreover, observe that r, tends to infinity as n tends to infinity.
Thus L’ is a van der Waerden set. It is straightforward that L’ and (I;),en satisty the
conclusion of the theorem. O

7. Bounds for the map V;

In this section we are interested in bounds for the map Vs. For every positive integer m,
we let Fp,; denote the family of all subsets of the positive integers with m elements. It is
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immediate that
B(Fimp»¢) = [m/e]. (7.1)
We set
Re = {Fpm = m is a positive integer}. (7.2)

We will also need the following remark.

Remark 7.1. Let R’ be a subfamily of R and let 7' : R™=® x R, — N be a map satisfying
the conclusion of Lemma 5.1 for Fo,...,F,; from R'. Also, let V5 : R<? x N3® — N be
the map defined as in (6.1) using 7' instead of T. Then one can check that Vj satisfies
the conclusion of Theorem 1.6 under the restriction that each F, is chosen from R'.

We define T’ : R:® x Ry — N, as follows. For every non-negative integer g, every
positive integer my,...,m, and every real ¢ with 0 <& < 1, we set

my(my — 1) —‘

, 2
T <(f[mp])§:0’ 8) = g ’75(121‘1(1_2“ 5 (73)

where § =¢ if ¢ = 0 and

5 = ellpom 22 T mr
otherwise. Actually,

T/((f[mp])z=09 8) =T, ((’"p)ﬁ:())

for every choice of non-negative integer g, positive integers my, ..., m, and real ¢ with 0 <
¢ < 1, where T, is defined in equation (3) from [18]. We also define V5 : R=“ x N5 — N as
in (6.1) using T’ instead of T. Lemma 3 from [18] yields that T’ satisfies the conclusion of
Lemma 5.1. Hence by Remark 7.1 we have that Vj satisfies the conclusion of Theorem 1.6.
In what follows we fix 0 < § < 1 and a sequence (m,)4en of integers such that m; > 2 for
every non-negative integer q.

We define a map f. : N — N inductively as follows. We set

fel0) = Vi(Fing) @) and  folg + 1) = Vi ((Fim)ilo, (felp))isy) (7.4)

for all ¢ =0,1,.... In particular, we are interested in the rate of growth of the map f..
We will need the following inequalities. By Lemma 14 of [18] we have that

q
T/((}“[mp] )Z:O, 8) < A (5 log,(1/¢) H m,,) (7.5)

for every non-negative integer g and every 0 < ¢ < J/2, where A;(x) = 2* for every real
x. Moreover, by Theorem 18.2 of [9] we have that

Sz(k,e) < A (loga(1/e)AS (k +9)), (7.6)

for all positive integers k and all reals ¢ with 0 <& < 1.
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Proposition 7.2. We have that

q
felg) < ASTO0 (5((2/62> + 1) logy(2/8)mo + Y mp),

p=1

for every non-negative integer q. ]

Proof. By (4.1) and (7.6), for every positive integer k and every 0 < ¢ < 1 we have
O1(k,2) > &~ [A5 (logy(2/2) A<2 (k +9)]7
> A (logy(1/2)) ™" AP (1 + Ax (log,y(2/6) - AT (k +9))) !
> A (1+ As (logz(Z/a) AP (k+9)))7", (7.7)
and therefore invoking (5.9) we have that
O3(k,¢) > A2(1+ (2/e) logy (2/)AF (1 + Az (logs(2/2) - ATk +9)))) ™
AP (1 + A>(logy(2/e) - AP (k +9))) !
> A5 (3 + s (logy(2/6) AT (k 4 9))) L. (7.8)

y (6.1) and (7.4), for every positive integer ¢, we have that

fl@) < T (Fom)ogs 03(q + 1,6 - 2~ Ul delpr 20y

(7.5),(7.8)
< A <5A< (3 + Az (logy(2/6)AP(k +9)) Hmp)

q—1
< AP (10g2(2/5) +]]fep) +2q+ mq) (7.9)

p=0

By (4.2) and (5.9), we have that 65(1,&) > (¢/2)®/#)*1, for all 0 < ¢ < 1. Thus, by (6.1),
(7.4) and (7.5), we have that

fe(0) = T ((Fima))- 03(1,0)) < A>(510g5(2/6)(2/8% + 1my). (7.10)
By inequalities (7.9), (7.10) and using induction on ¢, the result follows. ]
References

[1] Bergelson, V. and Leibman, A. (1996) Polynomial extensions of van der Waerden’s and
Szemerédi’s theorems. J. Amer. Math. Soc. 9 725-753.

[2] Bergelson, V. and McCutcheon, R. (2000) An Ergodic IP Polynomial Szemerédi Theorem,
Vol. 146 of Memoirs of the American Mathematical Society, AMS.

[3] Di Prisco, C. A., Llopis, J. and Todorcevic, S. (2004) Parametrized partitions of products of
finite sets. Combinatorica 24 209-232.

[4] Dodos, P., Kanellopoulos, V. and Tyros, K. A. (2014) Density version of the Carlson—Simpson
theorem. J. Eur. Math. Soc. (JEMS) 16(10) 2097-2164.

[5] Erdos, P. (1964) On extremal problems of graphs and generalized graphs. Israel J. Math. 2
183-190.

[6] Erdos, P. and Spencer, J. (1974) Probabilistic Methods in Combinatorics, Academic Press.

https://doi.org/10.1017/50963548314000868 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548314000868

Combinatorial Structures on van der Waerden sets 953

[7] Frantzikinakis, N. and Wierdl, M. (2009) A Hardy field extension of Szemerédi’s theorem. Adv.
Math. 222 1-43.
[8] Furstenberg, H. and Weiss, B. (2003) Markov processes and Ramsey theory for trees. Combin.
Probab. Comput. 12 547-563.
[9]1 Gowers, W. T. (2001) A new proof of Szemerédi’s theorem. Geom. Funct. Anal. 11 465-588.
[10] Graham, R. L., Rothschild, B. L. and Spencer, J. H. (1990) Ramsey Theory, second edition,
Wiley.
[11] McCutcheon, R. (2010) A variant of the density Hales—Jewett theorem. Bull. Lond. Math. Soc.
42 974-980.
[12] McCutcheon, R. (1999) Elemental methods in ergodic Ramsey theory. Vol. 1722 of Lecture
Notes in Mathematics, Springer.
[13] Milliken, K. (1979) A Ramsey theorem for trees. J. Combin. Theory Ser. A 26 215-237.
[14] Milliken, K. (1981) A partition theorem for the infinite subtrees of a tree. Trans. Amer. Math.
Soc. 263 137-148.
[15] Pach, J., Solymosi, J. and Tardos, G. (2012) Remarks on a Ramsey theory for trees.
Combinatorica 32 473-482.
[16] Szemeredi, E. (1975) On sets of integers containing no k elements in arithmetic progression.
Acta Arithmetica 27 199-245.
[17] Todorcevic, S. (2010) Introduction to Ramsey Spaces, Vol. 174 of Annals of Mathematics Studies,
Princeton University Press.
[18] Todorcevic, S. and Tyros, K. (2013) Subsets of products of finite sets of positive upper density.
J. Combin. Theory Ser. A 120 183-193.
[19] van der Waerden, B. L. (1927) Beweis einer Baudetscen Vermuting. Nieuw Arch. Wisk. 15
212-216.

https://doi.org/10.1017/50963548314000868 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548314000868

