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BIAS REDUCTION FOR DYNAMIC
NONLINEAR PANEL MODELS

WITH FIXED EFFECTS

JINYONG HAHN
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GUIDO KUERSTEINER
Georgetown University

The fixed effects estimator of panel models can be severely biased because of well-
known incidental parameter problems. It is shown that this bias can be reduced in
nonlinear dynamic panel models. We consider asymptotics where n and T grow
at the same rate as an approximation that facilitates comparison of bias properties.
Under these asymptotics, the bias-corrected estimators we propose are centered at
the truth, whereas fixed effects estimators are not. We discuss several examples and
provide Monte Carlo evidence for the small sample performance of our procedure.

1. INTRODUCTION

An intuitive method of dealing with unobserved individual effects in panel data
is to treat each effect as a separate parameter to be estimated. Unfortunately, such
estimators are typically severely biased due to the incidental parameters problem
noted by Neyman and Scott (1948). Hahn and Kuersteiner (2002) showed that
this type of bias in a panel AR(1) model can be alleviated by considering an
alternative approximation where the number of individuals (n) and the number of
time series observations (T ) grow to infinity at the same rate.1 Hahn and Newey
(2004) showed how the bias correction can be implemented in a static nonlinear
panel data model with fixed effects under the same asymptotics. In this paper we
examine asymptotic biases of general dynamic nonlinear panel models with fixed
effects and develop methods to remove them.
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One advantage of our approach is that it is quite flexible, and that it only re-
quires a Taylor series expansion of the first-order condition. We discuss examples
that show how our method can be applied to a variety of nonlinear models.

Our analysis could provide an alternative to estimators that have desirable prop-
erties under different asymptotics where n grows to infinity with T fixed. Such
estimators tend to be model-specific and difficult to generalize. For example,
Honoré and Kyriazidou’s (2000) identification and estimation methodology does
not seem to generalize to models other than the logit case. On the other hand, it is
expected that our approach requires moderately large T .

A potential drawback of any bias correction method is that the estimators of
the fixed effects are needed as preliminary estimators for estimates of the bias
and may affect the quality of the latter. Our Monte Carlo experiments shed some
light on the finite sample performance of our method. Our results indicate that the
bias corrections we propose are effective at removing bias and do not lead to any
significant deterioration of estimator variance.2

2. EXAMPLES AND REGULARITY CONDITIONS

In this section we formally introduce the fixed effects estimator and our bias-
corrected estimator. We also provide an asymptotic argument to justify our method.

Suppose that we are given a panel data model with a common parameter of
interest θ0 and individual specific fixed effects γi0, i = 1, . . . ,n. We define a max-
imization estimator by

(
θ̂ , γ̂1, . . . , γ̂n

)
= argmax

θ,γ1,...,γn

n

∑
i=1

T

∑
t=1

ψ (xit ; θ,γi ) (1)

for some criterion function ψ (·) that does not depend on T . We assume that ψ
is a sensible function in the sense that, if n is fixed, and T → ∞, the estimator(
θ̂ , γ̂1, . . . , γ̂n

)
is consistent for (θ0,γ10, . . . ,γn0). In practice ψ is often chosen

to be the likelihood function for a particular parametric family of distributions.3

To simplify notation, we assume dim(γi ) = 1. We use the following notation
throughout the paper:

Ui (xit ; θ,γi ) ≡ ∂ψ (xit ; θ,γi )

∂θ
−ρi0 · ∂ψ (xit ; θ,γi )

∂γi
,

Vi (xit ; θ,γi ) ≡ ∂ψ (xit ; θ,γi )

∂γi
,

ρi0 ≡ E

[
∂2ψ (xit ; θ0,γi0)

∂θ∂γi

]/
E

[
∂2ψ (xit ; θ0,γi0)

∂γ 2
i

]
,

I i ≡ −E

[
∂Ui (xit ; θ0,γi0)

∂θ ′

]
.
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We use the short-hand notation Uit ≡ Ui (xit ; θ0,γi0) and Vit ≡ Vi (xit ; θ0,γi0).
We will denote by Uγi

i t and Uγiγi
i t the first and second derivatives of Uit with

respect to γi . Likewise, we will denote by V γi
i t the derivative of Vit with respect

to γi .
We now discuss a number of models that fall within the scope of our method.

Example 1
The binary panel model with fixed effects is characterized by yit = 1(γi0 + z′

i tθ0
+ εi t ≥ 0), where εi t conditional on zit either has a logistic or standard normal
distribution. The maximum likelihood estimator (MLE) which is consistent as
T → ∞, is a special case of (1), with xit = (yit , z′

i t

)′ and ψ (xit ; θ,γi ) =
yit log�

(
γi + z′

i tθ
)+ (1− yit ) log

(
1−�

(
γi + z′

i tθ
))

, where � denotes the cu-
mulative distribution function (CDF) of a logistic or standard normal distribution.
Extensions to multinomial logit follow easily in the same way and have been ap-
plied by, for example, Hendel and Nevo (2006).

Example 2
The dynamic binary panel model with fixed effects is characterized by the for-
ward solution of yit = 1(γi0 + z′

i tζ0 +τ0 yi,t−1 +εi t ≥ 0) with initial condition yi0
drawn from the stationary distribution. Here εi t either has a logistic or standard
normal distribution. The MLE is a special case of (1), with xit = (yit , z′

i t , yit−1
)′,

θ = (
ζ ′,τ

)′
, and ψ (xit ; θ,γi ) = yit log�

(
γi + z′

i tζ + τ yit−1
) + (1− yit )

log
(
1−�

(
γi + z′

i tζ + τ yit−1
))

. This model has been applied by Chintagunta,
Kyriazidou, and Perktold (2001) to household brand choices.

Example 3
Tobit models with lagged dependent variables and fixed effects are characterized
by the forward solution to yit = max

(
0, z′

i tζ0 + τ0 yit−1 +γi0 + εi t
)

with initial
condition yi0 drawn from the stationary distribution. If εi t is independent and
identically distributed (i.i.d.) N

(
0,σ 2

ε

)
as in the previous example, we obtain the

MLE by setting

ψ (xit ; θ,γi )= 1(yit = 0) log�
((

τ yit−1 + z′
i tζ +γi

)
/σ 2

ε

)
+1(yit > 0) λ

((
yit − τ yit−1 − z′

i tζ −γi
)
/σ 2

ε

)/
σε,

where � is the CDF of the standard normal distribution and λ is the corresponding
density. It is a special case of (1), with xit = (yit , z′

i t , yit−1
)′, and θ = (ζ ′,τ,σ 2

ε

)′
.

For the special case where τ0 = 0, we have a Tobit model with unobserved effects
that was considered in Heckman and Macurdy (1980) and Honoré (1992).

Our theoretical results hold under a number of regularity conditions that are
listed next. Below we verify the regularity conditions for each of the previous
examples.
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Condition 1. For each η > 0, infi
[
G(i) (θ0,γi0)− sup{(θ,γ ):‖(θ,γ )−(θ0,γi0)‖>η}

G(i) (θ,γ )
]
> 0, where G(i) (θ,γi ) ≡ E[ψ (xit ; θ,γi )], and ‖·‖ denotes the eu-

clidean norm.

Condition 2. n,T → ∞ such that n
T → κ , where 0 < κ < ∞.

Condition 3. (i) For each i , {xit , t = 1,2, . . .} is a stationary mixing sequence;
(ii) {xit , t = 1,2, . . .} are independent across i ; (iii) supi |αi (m)| ≤ Cam for some
a such that 0 < a < 1 and some C > 0, where Ai

t ≡ σ (xit , xit−1, xit−2, . . .),
Bi

t ≡ σ (xit , xit+1, xit+2, . . .), and

αi (m) ≡ sup
t

sup
A∈Ai

t ,B∈Bi
t+m

|P (A ∩ B)− P (A) P (B)| .

Condition 4. Let ψ (xit ,φ) be a function indexed by the parameter φ = (θ,γ )∈
int�, where � is a compact, convex subset of Rp, p ≡ dim(φ) = R + 1, and
R = dim(θ). Let ν = (ν1, . . . ,νp

)
be a vector of nonnegative integers νi , |ν| =

∑p
j=1 νj and Dνψ (xit ,φ) = ∂ |ν|ψ (xit ,φ)

/(
∂φ

ν1
1 . . . ∂φ

νp
p

)
. There exists a func-

tion M (xit ) such that ‖Dνψ (xit ,φ1)− Dνψ (xit ,φ2)‖ ≤ M (xit )‖φ1 −φ2‖ for
all φ1,φ2 ∈� and |ν| ≤ 5. The function M(xit ) satisfies supφ∈� ‖Dνψ (xit ,φ)‖ ≤
M(xit ) and

sup
i

E
[
|M(xit )|(10+10q)/(1−10υ)+δ

]
< ∞ (2)

for some integer q ≥ p/2+2, some δ > 0, and 0 < υ < 1/10.

Condition 5. Let λiT denote the smallest eigenvalue of �iT = Var
(
T −1/2 ∑T

t=1
Ui (xit ; θ0,γi0)). We assume that infi infT λiT > 0.

Condition 6. infi
∣∣E[∂Vi (xit ; θ0,γi0)

/
∂γi
]∣∣> 0.

Condition 7. Let μi1 ≤ . . . ≤ μik ≤ . . . ≤ μi R be the eigenvalues of Ii in as-
cending order. Assume that (i) 0 < infi μi1 ≤ supi μi R < ∞; (ii) limn→∞ n−1

∑n
i=1Ii exists; (iii) letting I ≡ limn→∞ n−1 ∑n

i=1Ii , we assume that I is positive
definite.

Remark 1. Condition 3 implicitly imposes that the fixed effects γi are constant
and uniformly bounded in i . In applications where a model with randomly realized
individual effects γi that are possibly correlated with covariates is more desirable,
our analysis can be interpreted as being conditional on the realizations for γi . In
this case the stationarity requirement needs to be restated as follows: “For each i ,
{xit , t = 1,2, . . .} is a stationary mixing sequence conditional on γi .” Of course,
if the sequence {xit , t = 1,2, . . .} is stationary conditionally, it is also station-
ary unconditionally. Similarly, Condition 3(iii) needs to be modified as follows:
supi |αi (m|γi )| ≤ Cam a.s. (almost surely) where αi(m|γi )≡ supt supA∈Ai

t ,B∈Bi
t+m
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|P (A ∩ B|γi )− P (A|γi ) P (B|γi )| a.s. Remarks 3 and 4 below discuss specific
examples of models with random effects.

Remark 2. The uniform bound supi |αi (m|γi )| ≤ Cam a.s. discussed in Re-
mark 1 as well as Conditions 3(i) and 4 impose implicit restrictions on the marginal
distribution of γi . A sufficient restriction for Conditions 3 and 4 to hold in our ex-
amples is that the support of the distribution of γi is bounded uniformly in i.

Condition 1 is a sufficient condition that guarantees that the parameters are
identified based on time series variation. This is a typical condition usually in-
voked to prove consistency of extremum estimators. Condition 2 formalizes our
asymptotic approximation, where n and T go to infinity at the same rate. Condi-
tion 3 restricts the serial dependence in each time series {xit , t = 1,2, . . .}. Condi-
tion 3 also imposes stationarity, which rules out time trends. This is one important
drawback of our approach. Stationarity is sometimes used as a way to solve the
initial conditions problem associated with a random effects approach. Therefore,
there might be less of a case of taking a fixed effects approach under stationar-
ity. Finally, Condition 3 imposes independence but no homogeneity assumptions
on the behavior of xit across i . In particular, we impose a uniform upper bound
on the decay rate of temporal dependence without requiring that dependence be
homogeneous across i. We assume that this uniform upper bound is decaying
exponentially with lag length. Exponential rates of decay are not necessary to es-
tablish first-order asymptotic results. At the cost of more complicated notation
in the assumptions and proofs, sharper upper bounds decaying at geometric rates
could be given but all of our examples are mixing at exponential rates. Condition 4
imposes a moment condition on the envelope function M(xit ). The moment con-
dition is chosen so that Hansen’s (1991) maximal inequality can be applied. Hahn
and Newey (2004) require somewhat stronger restrictions on moments because
they analyze the jackknife estimator, which requires expansions of higher orders
than is the case here. Conditions 5, 6, and 7 are put in place to rule out the pos-
sibility that the properties of any estimator can be influenced by only a small
number of i’s.

We discuss in turn the additional restrictions necessary such that our exam-
ples satisfy Conditions 1–7. In Example 1, we can first see from Newey and Mc-
Fadden (1994, p. 2125) that the probit likelihood has a unique maximum and
E[|ψ (xit ; θ,γi )|] < ∞ if E

[
wi tw

′
i t

]
is positive definite where wi t = (1, z′

i t

)′.
Also, ψ (xit ; θ,γi ) is globally concave such that G(i) (θ,γi ) has a unique global
optimum. Similar arguments hold for the logit case. Condition 3 is satisfied if zit is
a stationary mixing sequence with mixing coefficients αi such that supi |αi (m)| ≤
Cam for some a such that 0 < a < 1 and some C > 0 because yit is a measurable
function of zit and thus inherits the mixing and stationarity properties from zit .
For logit and probit models all finite order derivatives of log�(v) exist and are
continuous. This implies that the derivatives are uniformly bounded on a compact
parameter space � and satisfy the Lipschitz condition of Condition 4. For the
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logit model with �(xit ,φ) = (1+ exp(−(γi + zitθ)))
−1, it follows that all the

derivatives of log�(xit ,φ) are of the form Dv
[(

z′
i tφ
)|v|]

g|v|(z′
i tφ) with g|v| (·)

a uniformly bounded function. The moment restrictions of Condition 4 are then

satisfied if supi E
[∣∣z j

i t

∣∣|v|+(10+10q)/(1−10υ)+δ
]
< ∞ for j = 1, . . . , R where z j

i t is

the j th element of zit . Similar results hold for the probit model where we also
require the same moment bounds on z j

i t . If the regressors are assumed to have
bounded support, this requirement is automatically satisfied. For the probit model
Conditions 5, 6, and 7 hold if E

[
wi tw

′
i t

]
is positive definite uniformly in i by the

results of Newey and McFadden (1994, p. 2147 and fn 29).
For Example 2 we note that De Jong and Woutersen (2011) discuss conditions

for consistency such that for wi t = (1, yit−1, z′
i t

)′ we need E
[
wi tw

′
i t

]
nonsingular.

Stationarity and exponential mixing conditions hold if zit is strictly stationary
with mixing coefficients αi such that supi |αi (m)| ≤ Cam for some a
such that 0 < a < 1 and some C > 0 and εi t is i.i.d. Then, by de Jong and
Woutersen (2011, Thm. 2), it follows that (yit , zit ) is strong mixing with
strong mixing coefficients βi = C0 (C1 exp(−C2m)+αi (m)) for positive con-
stants C0,C1,C2, and is strictly stationary. The moment bounds are satisfied as

before if supi E
[∣∣z j

i t

∣∣|v|+(10+10q)/(1−10υ)+δ
]
< ∞, and the remaining conditions

hold under the same assumptions as previously discussed.
For Example 3 we first note that identification as in Condition 1 follows if(

ζ0,τ0,γi0,σ
2
iε

) ∈ int�, E
[
wi tw

′
i t

]
is positive definite for wi t = (1, yit−1, z′

i t )
′,

and εi t is i.i.d. Gaussian from Amemiya (1973) and Olsen (1978). We establish
stationarity and exponential mixing properties in Hahn and Kuersteiner (2010b)
under some regularity conditions. These are |τ0|< 1, εi t is i.i.d. across i and t with
εi t ∼ N

(
0,σ 2

ε

)
and zit =�zit−1 +ηi t where ηi t is i.i.d. and independent of εjs for

all j and s, ηi t has density pη(η) such that
∫
η

∣∣pη(η+ x)− pη(η)
∣∣dη ≤ Cη ‖x‖ for

some 0 < Cη < ∞, E
[‖ηi t‖r

]
< ∞ for some r > 2, and maxj

∣∣πj
∣∣< 1 where πj

are the eigenvalues of �. Let yit and ψ (xit ; θ,γi ) be as defined before in Example
3. Then, Condition 4 is satisfied if (yit , zit ) is strictly stationary and the moment

bounds supi E
[∣∣η j

i t

∣∣|v|+(10+10q)/(1−10υ)+δ
]
<∞ hold where η

j
i t is the j th element

of ηi t . Conditions 5, 6, and 7 hold if E
[
wi tw

′
i t

]
is positive definite uniformly in i

by the results of Amemiya (1973).

Remark 3. Mixing when individual effects γi are random can be handled as
follows. For Example 1 the conditions on zit need to be strengthened to the re-
quirement that zit is a stationary mixing sequence with mixing coefficients αi such
that supi |αi (m|γi )| ≤ Cam for some a such that 0 < a < 1 and some C > 0 condi-
tional on γi . A model for zit that satisfies this condition is zit =�zit−1 +γi +ηi t ,
where � and ηi t satisfy the conditions discussed above. Example 2 is a special
case of the model in de Jong and Woutersen (2011). A condition for their Theorem
1, modified to our example, reads
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P
(
τ0 +γi + z′

i tζ0 + εi t > 0|yit−K−1, yit−K−2, . . . ,γi
)

− P
(
γi + z′

i tζ0 + εi t > 0|yit−K−1, yit−K−2, . . . ,γi
)≤ 1− δ a.s.

for some δ > 0 and K a positive integer where we explicitly condition on γi . The
above condition is satisfied if zit is uniform mixing, K is chosen large enough,
and

P
(
τ0 +γi + z′

i tζ0 + εi t > 0|γi
)− P

(
γi + z′

i tζ0 + εi t > 0|γi
)≤ 1− δ a.s.,

which holds if |γi | ≤ B < ∞ a.s. It then follows from de Jong and Woutersen
(2011, Thm. 2) that yit is strong mixing with mixing coefficients C (vi (m) +
αi (m)), where vi (m) ≤ (1− δ)m/2K .

For Example 3 it follows from Hahn and Kuersteiner (2010b) that γi only af-
fects the constant C of the upper bound for αi (m) . The constant C in turn is
bounded as long as supi E

[|γi |r
]
< ∞ for r sufficiently large. Clearly, when γi

has bounded support, this condition holds for any r < ∞.

Remark 4. Dependence between observable variables, including covariates,
and γi arises almost invariably in dynamic models. In Example 1, assuming
that dim(zit ) = 1 to simplify exposition, stationarity is achieved for zi0|γi ∼
N
(
γi/(1−�),σ 2

η /
(
1−�2

))
a.s., ηi t ∼ N

(
0,σ 2

η

)
, γi with bounded support

and ηi t ,εi t , and γi mutually independent. It then follows that

zit = 1−�t

1−�
γi +�t zi0 +∑t−1

j=0�
jηi t− j .

Conditional on γi , zit |γi ∼ N
(
γi/(1−�),σ 2

η /
(
1−�2

))
, and is strictly sta-

tionary with mixing coefficients that do not depend on γi . This follows because,
conditional on γi , zit is a Gaussian process with an autocovariance function that
only depends on �. This implies that supi |αi (m|γi )| ≤ Cam . At the same time,
Cov(γi , zit ) = 1−�t

1−� σ 2
γ + �t

1−�σ 2
γ = 1

1−�σ 2
γ , where σ 2

γ = Var(γi ) such that γi is
correlated with zit despite the fact that it is drawn independently of ηi t . In Exam-
ples 2 and 3 stationary processes with random effects could be constructed in a
similar fashion. In both cases γi is not independent of xit because it affects the
transition probabilities for yit . As the arguments in Remark 3 show, this depen-
dence does not materially affect the bounds for the mixing coefficients.

3. BIAS APPROXIMATION AND CORRECTION

The estimator θ̂ is commonly called the fixed effects estimator. It is well known
that, when the number of individuals n is large relative to T , the estimator θ̂
tends to be severely biased. This is the incidental parameters problem, which can
be analyzed under asymptotics where n and T grow to infinity at the same rate.
Under these asymptotics, the incidental parameters problem manifests itself as
the asymptotic bias of the limiting distribution of θ̂ .
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Under the regularity conditions summarized in Section 2, we obtain the fol-
lowing theorem as a characterization of the approximate bias of the fixed effects
estimator.

THEOREM 1. Assume that Conditions 1–7 hold. Then
√

nT
(
θ̂ − θ0

)
→ N

(
β
√
κ,I−1�

(I ′)−1
)
,

where

f V Uγ

i ≡ ∑∞
l=−∞ Cov

(
Vit ,U

γi
i t−l

)
, f V V

i ≡ ∑∞
l=−∞ Cov(Vit ,Vit−l) ,

ϕV Uγ ≡ limn−1∑n
i=1

(
E
[
V γi

i t

])−1
f V Uγ

i ,

ϕV V ≡ 1

2
limn−1∑n

i=1

(
E
[
V γi

i t

])−2
E
[
U γiγi

i t

]
f V V
i ,

� ≡ ϕV Uγ −ϕV V , β ≡ −I−1�, � ≡ lim
n

n−1∑n
i=1�iT .

Proof. See Appendix, Section E. n

Our bias-corrected estimator ˆ̂θ , which removes the asymptotic bias β
√
κ in

Theorem 1, is computed as follows.

Step 1. Compute the fixed effects estimator θ̂ , γ̂1, . . . , γ̂n .

Step 2. Compute sample analogs V̂i t ,V̂
γi
i t ,Ûit ,Û

γi
i t ,Û

γiγi
i t ,Û θ

i t of Vit,V γi
i t ,Uit ,

Uγi
i t ,U

γiγi
i t ,U θ

i t by evaluating the latter at θ̂ , γ̂1, . . . , γ̂n , e.g., V̂i t ≡ ∂ψ(
xit ; θ̂ , γ̂i

)/
∂γi .4

Step 3. Compute sample analog estimators for E
[
V γi

i t

]
, E
[
Uγiγi

i t

]
, and Ii by

Ê
[
V γi

i t

]≡ T −1∑T
t=1V̂ γi

i t , Ê
[
Uγiγi

i t

]≡ T −1∑T
t=1Ûγiγi

i t , and Îi ≡ −T −1

∑T
t=1Û θ

i t .

Step 4. Fix a bandwidth m, and compute f̂ V Uγ

i ≡ T −1∑m
l=−m∑min(T,T +l)

t=max(1,l)

V̂i t Û
γi
i t−l and f̂ V V

i ≡ T −1∑m
l=−m∑min(T,T +l)

t=max(1,l) V̂i t V̂i t−l . (Here, f̂ V Uγ

i and

f̂ V V
i are estimators of f V Uγ

i and f V V
i , which are cross-spectra and

spectra at zero frequency of the processes Uγ
i t and Vit .)

Step 5. Let

β̂ ≡ −
(

1

n

n

∑
i=1
Îi

)−1
1

n

n

∑
i=1

⎡⎢⎣ f̂ V Uγ

i

Ê
[
V γi

i t

] − Ê
[
Uγiγi

i t

]
f̂ V V
i

2
(

Ê
[
V γi

i t

])2

⎤⎥⎦ , (3)

and compute the bias-corrected estimator ˆ̂θ by

ˆ̂θ ≡ θ̂ − 1

T
β̂.
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Our proposal is based on the following idea. If a reasonably precise estimator

β̂ of β is available, we would expect that ˆ̂θ ≡ θ̂ − T −1β̂ would be less biased
than the fixed effects estimator θ̂ . Theorem 2 below formalizes the bias correction
procedure under asymptotics where n and T grow to ∞ at the same rate.

The main result of our paper can then be stated as follows.

THEOREM 2. Assume that Conditions 1–7 hold. Let m,T → ∞ such that

m/T → 0. Then,
√

nT
( ˆ̂θ − θ

)
→ N

(
0,I−1�I−1

)
.

Proof. See Appendix, Section F. n

4. DISCUSSION

In this section we provide some intuition for Theorems 1 and 2. In order to
understand the nature of the bias introduced by the fixed effects estimator γ̂i ,
we first note that the fixed effects estimator for θ̂ is obtained formally by con-
centrating out the fixed effects γi from the criterion function. Letting γ̂i (θ) ≡
argmaxa ∑T

t=1ψ (xit ; θ,a), we can characterize θ̂ as the solution to the first-order

condition 0 = ∑n
i=1∑T

t=1Ui

(
xit ; θ̂ , γ̂i

(
θ̂
))

. The intuition behind the bias of

the fixed effects estimator can be gained by considering an infeasible estimator

θ̃ based on γ̂i (θ0) rather than γ̂i

(
θ̂
)

, where θ̃ solves the first-order conditions

0 = ∑n
i=1∑T

t=1Ui

(
xit ; θ̃ , γ̂i (θ0)

)
.

For θ̃ , standard arguments suggest that θ̃ − θ0 ≈
(

1
n ∑n

i=1Ii

)−1
1

nT ∑n
i=1∑T

t=1Ui(
xit ; θ0, γ̂i (θ0)

)
. Using a second-order Taylor series expansion to approximate

Ui
(
xit ; θ0, γ̂i (θ0)

)
around γi0, we obtain

1√
nT

∑n
i=1∑T

t=1Ui
(
xit ; θ0, γ̂i (θ0)

)≈ 1√
nT

∑n
i=1∑T

t=1Uit

+ 1√
nT

∑n
i=1∑T

t=1U γi
i t

(
γ̂i (θ0)−γi0

)+ 1

2
√

nT
∑n

i=1∑T
t=1U γiγi

i t

(
γ̂i (θ0)−γi0

)2
.

The first term on the right satisfies a central limit theorem because E[Uit ] = 0.
As for the second and third terms, we note that γ̂i (θ0)− γi0 ≈ −T −1 ∑T

t=1 Vit(
E
[
V γi

i t

])−1
, and substituting for γ̂i (θ0) − γi0 in the approximation for Ui(

xit ; θ0, γ̂i (θ0)
)

leads to
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√
nT
(
θ̃ − θ0

)
≈
(

1

n
∑n

i=1Ii

)−1( 1√
nT

∑n
i=1∑T

t=1Uit

)
−
√

n

T

(
1

n
∑n

i=1Ii

)−1 1

n

n

∑
i=1

[
∑T

t=1 Vit√
T E
[
V γi

i t

]]

×
[

1√
T

T

∑
t=1

(
Uγi

i t − E
[
Uγiγi

i t

]
2E
[
V γi

i t

] Vit

)]
.

The preceding discussion indicates the existence of two sources for the asymp-
totic bias. The correlation between Vit and Uγi

i s is a generalized form of an endo-
geneity bias. Note that in linear panel models this correlation is zero if the model
only contains exogenous regressors. With the more general nonlinear models con-
sidered here it may be nonzero even if all the regressors are strictly exogenous.
The second term involves the variance and autocovariance of Vit . This second
term in general is zero in linear models irrespective of whether the regressors are
endogenous or exogenous because for linear models U γiγi

i t = 0.
The expectation of the second term on the right determines the approximate

bias of θ̃ . Letting βn ≡ −(n−1∑n
i=1Ii

)−1
�n , where

�n ≡ 1

n

n

∑
i=1

1

E
[
V γi

i t

]E

[
1

T

(
T

∑
t=1

Vit

)(
T

∑
t=1

Uγi
i t

)]

− E
[
Uγiγi

i t

]
2
(
E
[
V γi

i t

])2 E

⎡⎣ 1

T

(
T

∑
t=1

Vit

)2
⎤⎦ ,

we can write

θ̃ ≈ θ0 +
(

1

n
∑n

i=1Ii

)−1( 1

nT
∑n

i=1∑T
t=1Uit

)
+ T −1βn,

where T −1βn can be interpreted as an approximation to the bias of θ̃ .

5. MONTE CARLO RESULTS

In order to evaluate the quality of our bias-corrected estimator, we conduct some
Monte Carlo experiments. We consider a binary response model with lagged de-
pendent variables. Specifically, we consider a model where

yi0 = 1
(
γi0 + z′

i0ζ0 + εi0 ≥ 0
)
,

yit =1
(
γi0 + z′

i tζ0 + yi,t−1 · τ0 + εi t ≥ 0
)
, t =1, . . . ,T −1; i =1, . . . ,n.

This model received attention from the empirical literature because it can shed
light on the nature of time persistence of individual decisions typically observed
in many panel data sets. Heckman (1978, 1981a, 1981b) discusses alternative
sources of this persistence. Persistence may be due to “state dependence,” where
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the current period decision is changed because of past decisions, or it may be
due to unobserved individual heterogeneity, which impacts the current decision
regardless of the past decisions. Here, state dependence is captured by τ0, and un-
observed heterogeneity is captured by the fixed effects γi0. See Robert and Tybout
(1997), Hyslop (1999), or Chay and Hyslop (2000), e.g., for more on the empirical
relevance of this model in industrial organization (IO) or labor applications.

In our Monte Carlo study we generate εi t from two different distributions,
thereby generating panel probit and logit models. Our θ̂ is the fixed effects MLE.
Our Monte Carlo results are based on 1,000 replications.

It is difficult to interpret the Monte Carlo results without a comparison to
competing estimators. For the logit model, Honoré and Kyriazidou (2000) pro-
posed an estimator that is consistent under large n, fixed T asymptotics. We
therefore compare our estimator for the logit model to the fixed effects MLE
and Honoré and Kyriazidou’s estimator.5 We generate the strictly exogenous re-
gressor zit and the fixed effect γi0 such that zit ∼ N

(
0,
(
π2
/

3
) · Idim(zit )

)
and

γi0 = (zi0 + zi1 + zi2 + zi3)
/

4. When dim (zit ) > 1, we chose γi0 to be the sample
mean of the first components of zi0, zi1, zi2, zi3. The zit are independent over t .

Implementation of our bias correction requires that we choose the bandwidth
parameter m. We chose m according to the automatic method proposed by Hahn
and Kuersteiner (2006). Details of the implementation of the method are given in
Section 6 in the Appendix. For the logit model, the method chose m around 0 for
T = 4, and around 1 for T = 8 and T = 16. For the probit model, the method
chose m around 1 for T = 8, and around 2 for T = 16.

The results are summarized in Table 1.6 The bias-corrected MLE removes
about half of the bias and root mean squared error (RMSE). When dim (zit ) = 1,
our bias-corrected estimator is slightly inferior to Honoré and Kyriazidou’s (2000)
estimator. On the other hand, when dim (zit ) = 2, our bias-corrected estimator
strictly dominates Honoré and Kyriazidou’s. The latter is known to have a slower
rate of convergence when dim(zit ) is large, which may explain this result.

For the panel probit model with fixed effects, there does not seem to exist any
estimator in the literature that attempts to reduce the bias of the MLE. We there-
fore limit our analysis to a comparison of the fixed effects MLE with our bias-
corrected MLE. We generate the strictly exogenous regressor zit and the fixed
effect γi0 such that it is zit ∼ N

(
0, Idim(zit )

)
and γi0 = 3 · (zi0 + zi1 + zi2 + zi3)

/
4.

Table 2 summarizes the results for the cases where zit are independent over t . Our
bias-corrected estimator reduces about half of the bias of the fixed effects MLE,
and the RMSE is reduced by about the same amount. We also considered the case
where zit follows an AR(1) process with the first-order serial correlation equal to
1/2. The results are summarized in Table 3, where we find similar results as in
Table 2.

Our estimator is motivated by asymptotics where T grows to infinity at the
same rate as n. We therefore expect that it may perform poorly when T is very
small. Table 4 summarizes the result for T = 4. We find that there is no substantial
improvement over the fixed effects MLE for this sample size.
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TABLE 1. Monte Carlo results for logit models: Benchmark design

A. Benchmark design with dim (zit ) = 1, ζ = 1, zit ∼ N (0,1)

Estimator proposed here Fixed effects MLE Honore-Kyriazidou’s (2000) estimator

Estimate of ζ Estimate of τ Estimate of ζ Estimate of τ Estimate of ζ Estimate of τ

τ n T Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE

0.5 250 8 0.08 0.11 −0.25 0.29 0.26 0.27 −0.75 0.77 0.02 0.08 −0.07 0.18
250 16 0.01 0.04 −0.06 0.11 0.10 0.11 −0.31 0.32 0.00 0.04 −0.08 0.13
500 8 0.07 0.09 −0.24 0.27 0.25 0.26 −0.75 0.76 0.01 0.05 −0.07 0.14
500 16 0.01 0.03 −0.06 0.09 0.10 0.10 −0.31 0.31 0.00 0.03 −0.08 0.11

1 250 8 0.08 0.11 −0.29 0.33 0.26 0.27 −0.71 0.73 0.03 0.08 −0.14 0.23
250 16 0.02 0.04 −0.09 0.13 0.10 0.11 −0.30 0.31 0.00 0.04 −0.16 0.19
500 8 0.08 0.09 −0.29 0.31 0.25 0.26 −0.71 0.72 0.02 0.06 −0.14 0.20
500 16 0.02 0.03 −0.09 0.11 0.10 0.11 −0.30 0.31 0.00 0.03 −0.16 0.17

Table continues on overleaf
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TABLE 1. continued

B. Benchmark design with dim (zit ) = 2, ζ1 = ζ2 = 1, ζi t ∼ N (0,1)

Estimator proposed here Fixed effects MLE Honore−Kyriazidou’s (2000) estimator

Estimate of ζ1 Estimate of τ Estimate of ζ1 Estimate of τ Estimate of ζ1 Estimate of τ

τ n T Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE

0.5 250 8 0.09 0.13 −0.24 0.30 0.32 0.34 −0.73 0.76 −1.09 1.10 −0.29 0.32
250 16 0.02 0.05 −0.06 0.12 0.12 0.13 −0.29 0.31 −1.04 1.04 −0.49 0.26
500 8 0.09 0.11 −0.23 0.26 0.32 0.32 −0.73 0.74 −1.10 1.10 −0.29 0.31
500 16 0.02 0.04 −0.06 0.09 0.12 0.12 −0.29 0.30 −1.04 1.04 −0.25 0.26

1 250 8 0.09 0.13 −0.26 0.32 0.32 0.34 −0.64 0.67 −1.10 1.10 −0.52 0.54
250 16 0.02 0.05 −0.07 0.13 0.12 0.13 −0.25 0.28 −1.04 1.04 −0.49 0.49
500 8 0.09 0.11 −0.25 0.29 0.32 0.33 −0.64 0.66 −1.10 1.10 −0.52 0.53
500 16 0.02 0.04 −0.07 0.10 0.12 0.13 −0.25 0.27 −1.04 1.04 −0.49 0.49

Note: “Bias” denotes the mean bias of the estimator. “RMSE” denotes the root mean squared error of the estimator. All results are based on 1,000 Monte Carlo runs.
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TABLE 2. Monte Carlo results for probit models: Benchmark design

A. Benchmark design with dim(zit ) = 1, ζ = 1, zit ∼ N (0,1)

Estimator proposed here Fixed effects MLE

Estimate of ζ Estimate of τ Estimate of ζ Estimate of τ

τ n T Bias RMSE Bias RMSE Bias RMSE Bias RMSE

0.5 250 8 0.14 0.17 −0.24 0.27 0.24 0.26 −0.46 0.48
250 16 0.03 0.06 −0.08 0.11 0.09 0.10 −0.21 0.23
500 8 0.13 0.15 −0.23 0.25 0.23 0.24 −0.46 0.47
500 16 0.03 0.04 −0.08 0.09 0.09 0.09 −0.21 0.22

1 250 8 0.14 0.18 −0.31 0.36 0.25 0.28 −0.45 0.47
250 16 0.04 0.07 −0.11 0.13 0.10 0.12 −0.22 0.24
500 8 0.13 0.15 −0.32 0.35 0.24 0.26 −0.45 0.46
500 16 0.04 0.05 −0.10 0.12 0.10 0.11 −0.22 0.23

B. Benchmark design with dim(zit ) = 2,ζ1 = ζ2 = 1, zit ∼ N (0,1)

Estimator proposed here Fixed effects MLE

Estimate of ζ1 Estimate of τ Estimate of ζ1 Estimate of τ

τ n T Bias RMSE Bias RMSE Bias RMSE Bias RMSE

0.5 250 8 0.21 0.24 −0.20 0.24 0.33 0.35 −0.41 0.44
250 16 0.05 0.07 −0.07 0.10 0.12 0.13 −0.19 0.20
500 8 0.21 0.22 −0.20 0.22 0.32 0.33 −0.42 0.43
500 16 0.04 0.06 −0.07 0.09 0.12 0.12 −0.19 0.19

1 250 8 0.22 0.25 −0.19 0.26 0.34 0.36 −0.34 0.37
250 16 0.06 0.08 −0.07 0.10 0.13 0.15 −0.16 0.18
500 8 0.21 0.23 −0.20 0.25 0.33 0.34 −0.34 0.36
500 16 0.06 0.07 −0.07 0.09 0.13 0.14 −0.16 0.17

C. Benchmark design with dim(zit ) = 5, ζ1 = 1,ζ2 = . . . = ζ5 = 0, zit ∼ N (0,1)

Estimator proposed here Fixed effects MLE

Estimate of ζ1 Estimate of τ Estimate of ζ1 Estimate of τ

τ n T Bias RMSE Bias RMSE Bias RMSE Bias RMSE

0.5 250 8 0.14 0.17 −0.24 0.27 0.25 0.27 −0.46 0.48
250 16 0.03 0.06 −0.08 0.11 0.09 0.10 −0.21 0.23
500 8 0.14 0.15 −0.23 0.25 0.24 0.25 −0.46 0.47
500 16 0.03 0.04 −0.08 0.09 0.09 0.10 −0.21 0.22

1 250 8 0.15 0.19 −0.31 0.35 0.27 0.29 −0.44 0.46
250 16 0.04 0.07 −0.10 0.13 0.10 0.12 −0.22 0.23
500 8 0.14 0.16 −0.32 0.36 0.25 0.26 −0.45 0.46
500 16 0.04 0.06 −0.10 0.11 0.10 0.11 −0.22 0.23

Note: “Bias” denotes the mean bias of the estimator. “RMSE” denotes the root mean squared error of the estimator.
All results are based on 1,000 Monte Carlo runs.
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TABLE 3. Monte Carlo results for probit models: Serially correlated

A. Serially Correlated zit with dim(zit ) = 1,ζ = 1, zit ∼ N (0,1)

Estimator proposed here Fixed effects MLE

Estimate of ζ Estimate of τ Estimate of ζ Estimate of τ

τ n T Bias RMSE Bias RMSE Bias RMSE Bias RMSE

0.5 250 8 0.16 0.21 −0.28 0.32 0.29 0.32 −0.51 0.53
250 16 0.06 0.08 −0.11 0.14 0.13 0.15 −0.26 0.27
500 8 0.16 0.18 −0.27 0.29 0.28 0.29 −0.51 0.52
500 16 0.06 0.07 −0.11 0.13 0.13 0.14 −0.25 0.26

1 250 8 0.19 0.24 −0.38 0.42 0.32 0.36 −0.50 0.53
250 16 0.07 0.10 −0.15 0.18 0.15 0.17 −0.27 0.28
500 8 0.17 0.20 −0.40 0.43 0.30 0.32 −0.51 0.52
500 16 0.07 0.09 −0.14 0.16 0.15 0.16 −0.27 0.28

B. Serially Correlated zit with dim(zit ) = 2,ζ1 = ζ2 = 1, zit ∼ N (0,1)

Estimator proposed here Fixed effects MLE

Estimate of ζ1 Estimate of τ Estimate of ζ1 Estimate of τ

τ n T Bias RMSE Bias RMSE Bias RMSE Bias RMSE

0.5 250 8 0.23 0.27 −0.26 0.31 0.37 0.40 −0.48 0.51
250 16 0.08 0.10 −0.11 0.14 0.16 0.17 −0.24 0.25
500 8 0.22 0.24 −0.27 0.30 0.35 0.37 −0.48 0.50
500 16 0.07 0.09 −0.11 0.13 0.16 0.16 −0.24 0.25

1 250 8 0.26 0.30 −0.28 0.34 0.39 0.43 −0.41 0.44
250 16 0.09 0.12 −0.11 0.14 0.18 0.19 −0.21 0.23
500 8 0.24 0.27 −0.30 0.34 0.38 0.40 −0.42 0.44
500 16 0.09 0.10 −0.11 0.13 0.17 0.18 −0.21 0.22

C. Serially Correlated zit with dim(zit ) = 5,ζ1 = 1,ζ2 = . . . = ζ5 = 0, zit ∼ N (0,1)

Estimator proposed here Fixed effects MLE

Estimate of ζ1 Estimate of τ Estimate of ζ1 Estimate of τ

τ n T Bias RMSE Bias RMSE Bias RMSE Bias RMSE

0.5 250 8 0.18 0.22 −0.30 0.34 0.31 0.34 −0.52 0.54
250 16 0.06 0.09 −0.12 0.15 0.14 0.15 −0.26 0.27
500 8 0.17 0.19 −0.28 0.31 0.29 0.31 −0.51 0.52
500 16 0.06 0.07 −0.11 0.13 0.13 0.14 −0.26 0.26

1 250 8 0.21 0.26 −0.37 0.42 0.35 0.38 −0.50 0.53
250 16 0.08 0.10 −0.15 0.18 0.16 0.17 −0.27 0.28
500 8 0.19 0.21 −0.39 0.43 0.32 0.34 −0.51 0.52
500 16 0.07 0.09 −0.14 0.16 0.15 0.16 −0.27 0.28

Note: “Bias” denotes the mean bias of the estimator. “RMSE” denotes the root mean squared error of the estimator.
All results are based on 1,000 Monte Carlo runs.
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TABLE 4. Monte Carlo results for logit models: Benchmark design with dim(zit) = 1,ζ = 1 zit ∼ N (0,π2/3)

Estimator proposed here Fixed effects MLE Honore-Kyriazidou’s (2000) estimator

Estimate of ζ Estimate of τ Estimate of ζ Estimate of τ Estimate of ζ Estimate of τ

τ n T Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE

0.5 250 4 −1.00 3.12 −0.25 3.41 0.83 0.90 −2.61 2.68 0.12 0.29 −0.04 0.59
500 4 −0.97 1.72 −0.29 1.88 0.80 0.83 −2.57 2.60 0.07 0.18 −0.04 0.37

1 250 4 −0.85 2.29 −0.88 2.02 0.83 0.90 −2.41 2.48 0.18 0.38 −0.05 0.65
500 4 −0.85 1.55 −0.88 1.61 0.79 0.83 −2.38 2.41 0.11 0.23 −0.09 0.42

Note: “Bias” denotes the mean bias of the estimator. “RMSE” denotes the root mean squared error of the estimator. All results are based on 1,000 Monte Carlo runs.
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6. SUMMARY

This paper develops an asymptotic expansion for nonlinear dynamic panel data
models with fixed effects. The conditions needed involve mixing assumptions and
bounds on higher-order moments. The results are useful to develop bias-corrected
fixed effects estimators for nonlinear dynamic panel models and have been applied
in this paper and other related work. We expect these expansions to be useful in
other contexts, such as establishing the properties of bootstrap-based procedures.
Questions for future research include the treatment of time effects as well as the
effects of cross-sectional dependence.

NOTES

1. Bias correction for linear dynamic panel models was also considered by Moon and Phillips
(2004), Phillips and Sul (2003), and Han, Phillips, and Sul (2010).

2. After a first draft of this paper was circulated, a number of papers extended our approach in vari-
ous directions. Bester and Hansen (2009) develop similar corrections to the profile likelihood function
instead of correcting the estimator directly. Lee, Yu, and de Jong (2008) extend bias corrections similar
to the ones developed here to the estimation of linear spatial models. Lee (2007b) considers nonparam-
eteric estimators for nonlinear dynamic panel models with fixed effects, and Lee (2007a) investigates
the effects of dynamic misspecification on estimator bias in linear dynamic panel models with fixed
effects.

3. When the model contains lagged endogenous regressors and ψ is a likelihood function, then it is
the likelihood function conditional on the lagged endogenous regressors. The estimators θ̂ , γ̂1, . . . , γ̂n
then are the MLEs conditional on yi0.

4. See Appendix Section A for precise definitions of V̂
γi
i t ,Ûi t ,Û

γi
i t ,Û

γi γi
i t , and Û θ

i t .
5. The method of Honoré and Kyriazidou (2000) depends on a bandwidth choice. In our tables

we report results obtained with their preferred choice, c = 8 (their notation). Especially for the case
dim(zi t ) = 2, which is not reported in their paper, we experimented with c ranging from 2 to 128 but
find no significant effect on the performance of the estimator.

6. To conserve space, we only report results for the first component of ζ when dim (zi t ) > 1.
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Honoré, B.E. (1992) Trimmed LAD and least squares estimation of truncated and censored regression
models with fixed effects. Econometrica 60, 533–565.
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APPENDIX

Throughout this Appendix, we will let F ≡ (F1, . . . , Fn) denote the collection of

(marginal) distribution functions of xit and F̂ ≡
(

F̂1, . . . , F̂n

)
, where F̂i denotes the

empirical distribution function for the i th observation. Define F (ε) ≡ F + ε
√

T
(

F̂ − F
)

for ε ∈
[
0,T −1/2

]
, and �iT ≡ √

T
(

F̂i − Fi

)
.

A. Sample Analogs.

V̂ γi
i t ≡ ∂2ψ

(
xit ; θ̂ , γ̂i

)/
∂γ 2

i ,

ρ̂i ≡
⎛⎝T −1

T

∑
t=1

∂2ψ
(

xit ; θ̂ , γ̂i

)
∂γ 2

i

⎞⎠−1⎛⎝T −1
T

∑
t=1

∂2ψ
(

xit ; θ̂ , γ̂i

)
∂θ∂γi

⎞⎠ ,

Ûi t ≡
∂ψ
(

xit ; θ̂ , γ̂i

)
∂θ

− ρ̂i ·
∂ψ
(

xit ; θ̂ , γ̂i

)
∂γi

,

Ûγi
i t ≡

∂2ψ
(

xit ; θ̂ , γ̂i

)
∂γi∂θ

− ρ̂i ·
∂2ψ

(
xit ; θ̂ , γ̂i

)
∂γ 2

i

,

Ûγiγi
i t ≡

∂3ψ
(

xit ; θ̂ , γ̂i

)
∂γ 2

i ∂θ
− ρ̂i ·

∂3ψ
(

xit ; θ̂ , γ̂i

)
∂γ 3

i

,

Û θ
i t ≡

∂2ψ
(

xit ; θ̂ , γ̂i

)
∂θ∂θ ′ − ρ̂i ·

∂2ψ
(

xit ; θ̂ , γ̂i

)
∂γi∂θ ′ .

B. Some Lemmas.

LEMMA 1. Suppose that, for each i , {ξi t , t = 1,2, . . .} is a mixing sequence with
E
[
ξi t
]= 0 for all i, t. LetAi

t = σ
(
ξi t ,ξi t−1,ξi t−2, . . .

)
and Bi

t = σ
(
ξi t ,ξi t+1,ξi t+2, . . .

)
.

Let

αi (m) = sup
t

sup
A∈Ai

t ,B∈Bi
t+m

|P(A ∩ B)− P (A) P (B)| .

Assume that supi |αi (m)| ≤ Cam for some a such that 0 < a < 1 and some 0 < C <∞. We
assume that {ξi t , t = 1,2,3, . . .} are independent across i . We also assume that n = O (T ).

Finally, assume that E
[
‖ξi t‖4+δ

]
< ∞ for some δ > 0. We then have

P

[
max

1≤i≤n

∥∥∥∥ 1

T
∑T

t=1ξi t

∥∥∥∥> η

]
= o
(

T −1
)
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for every η > 0. Now assume that E
[
‖ξi t‖(10+10q)/(1−10υ)+δ

]
< ∞ for some δ > 0,

0 < υ < 1/10 and some integer q ≥ 1. Then,

P

[
max

1≤i≤n

∥∥∥∥ 1√
T

∑T
t=1ξi t

∥∥∥∥> ηT 1/10−υ
]

= o
(
T −q)

for every η > 0.

Proof. By the Markov inequality,

P

[
max

1≤i≤n

∥∥∥∥ 1

T
∑T

t=1ξi t

∥∥∥∥> η

]
= P

[
max

1≤i≤n

∥∥∥∑T
t=1ξi t

∥∥∥4+δ/2
> η4+δ/2T 4+δ/2

]
≤ T −(4+δ/2)η−(4+δ/2)E

[
max

1≤i≤n

∥∥∥∑T
t=1ξi t

∥∥∥4+δ/2
]
,

and by an inequality for the maximum of random variables (van der Vaart and Wellner,
1996, p. 96) one obtains

E

[
max

1≤i≤n

∥∥∥∑T
t=1ξi t

∥∥∥4+δ/2
]

≤ n max
i

E

[∥∥∥∑T
t=1ξi t

∥∥∥4+δ/2
]
.

By Lemma 2.1 of McLeish (1975) it follows that ξi t satisfies Assumptions 1 and 2 in
Hansen (1991). From Corollary 3 of Hansen it follows that

E

[∥∥∥∑T
t=1ξi t

∥∥∥4+δ/2
]

≤ C
(

E
[
‖ξi t‖4+δ

])(8+δ)/(4+δ)
T 2+δ/4.

Then, for a constant C not necessarily the same as before,

P

[
max

1≤i≤n

∥∥∥∥ 1

T
∑T

t=1ξi t

∥∥∥∥> η

]
≤ nT −(4+δ/2)η−4+δ/2CT 2+δ/4

= O(T −(1+δ/4)) = o
(

T −1
)
.

For the second part of Lemma 1, note that by previous arguments,

T q P

[
max

1≤i≤n

∥∥∥∥ 1√
T

∑T
t=1ξi t

∥∥∥∥> ηT 1/10−υ
]

= T q P

[
max

1≤i≤n

∥∥∥∑T
t=1ξi t

∥∥∥> ηT 3/5−υ
]

= T q P

[
max

1≤i≤n

∥∥∥∑T
t=1ξi t

∥∥∥(10+10q)/(1−10υ)+δ/2

> η(10+10q)/(1−10υ)+δ/2T (3/5−υ)((10+10q)/(1−10υ)+δ/2)
]

≤ T q T −(3/5−υ)((10+10q)/(1−10υ)+δ/2)η−(10+10q)/(1−10υ)+δ/2

×E

[
max

1≤i≤n

∥∥∥∑T
t=1ξi t

∥∥∥(10+10q)/(1−10υ)+δ/2
]

= O
[
T q T (−6q−6+10υq+10υ)/(1−10υ)−(3/5−υ)δ/2n ·CT (5q+5)/(1−10υ)+δ/4

]
= O

(
T −(1−10υ)δ/20

)
= o (1)

for υ > 0 sufficiently small. n
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LEMMA 2. Let ξ (xit ,φ) be a function indexed by the parameter φ ∈ �, where � is a
convex subset ofRp with E

[
ξ (xit ,φ)

]= 0 for all i, t and φ ∈�. Assume that there exists a
functionM(xit ) such that ‖ξ (xit ,φ1)− ξ (xit ,φ2)‖ ≤M(xit )‖φ1 −φ2‖ for all φ1,φ2 ∈
� and supφ ‖ξ (xit ,φ)‖ ≤M(xit ). For each i, let xi t be an α-mixing process with exponen-

tially decaying mixing coefficients αi (m) satisfying supi
∣∣αi (m)

∣∣ ≤ Cam for some a such

that 0 < a < 1 and some 0 < C < ∞. Let q denote a positive integer such that q ≥ p+4
2 ,

where p = dimφ. We also assume that E
[ |M(xit )|(10+10q)/(1−10υ)+δ

]
< ∞ for some

δ > 0. Finally, assume that n = O (T ). We then have P
[
maxi

∥∥∥ 1√
T

∑T
t=1 ξ (xit ,φi )

∥∥∥>
T 1/10−υ

]
= o
(

T −1
)

for 0<υ<1/10. Here, {φi } is an arbitrary nonstochastic sequence

in �.

Proof. Note that we have

T P

[
max

i

∥∥∥∥∥ 1√
T

T

∑
t=1

ξ (xit ,φi )

∥∥∥∥∥> T 1/10−υ

]

≤ T
n

∑
i=1

P

[∥∥∥∥∥ 1√
T

T

∑
t=1

ξ (xit ,φi )

∥∥∥∥∥> T 1/10−υ

]
.

Adapting an argument in Hall and Horowitz (1996) we choose ε > 0 and divide � into
subsets �1,�2, . . .�ϑ(ε) such that ‖φ1 −φ2‖ < ε√

T
whenever φ1,φ2 are in the same

subset �i . Then

P

[
sup
φ∈�

∥∥∥∥∥ 1√
T

T

∑
t=1

ξ (xit ,φ)

∥∥∥∥∥> T 1/10−υ

]

≤
ϑ(ε)

∑
j=1

P

[
sup
φ∈�j

∥∥∥∥∥ 1√
T

T

∑
t=1

ξ (xit ,φ)

∥∥∥∥∥> T 1/10−υ

]
,

and for some φj ∈ �j and any φ ∈ �j ,∥∥∥∥∥ 1√
T

T

∑
t=1

ξ (xit ,φ)

∥∥∥∥∥≤
∥∥∥∥∥ 1√

T

T

∑
t=1

ξ
(
xit ,φj

)∥∥∥∥∥+ 1√
T

T

∑
t=1

∥∥ξ (xit ,φ)− ξ
(
xit ,φj

)∥∥
≤
∥∥∥∥∥ 1√

T

T

∑
t=1

ξ
(
xit ,φj

)∥∥∥∥∥+
∣∣∣∣∣ εT T

∑
t=1

(
M (xit )−E

[
M (xit )

])∣∣∣∣∣
+ 2εE

[
M (xit )

]
such that

P

[
sup
φ∈�j

∥∥∥∥∥ 1√
T

T

∑
t=1

ξ (xit ,φ)

∥∥∥∥∥> T 1/10−υ

]

≤ P

[∥∥∥∥∥ 1√
T

T

∑
t=1

ξ
(
xit ,φj

)∥∥∥∥∥> T 1/10−υ

3

]

+P

[
1

T

∣∣∣∣∣ T

∑
t=1

(
M (xit )−E

[
M (xit )

])∣∣∣∣∣> T 1/10−υ

3

]
.
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By Lemma 1, it follows that both terms on the right-hand side are of order o
(
T −q), where

the orders are uniform in i . Since ϑ (ε) = O
(
T p/2) it follows that

T P

[
max

i

∥∥∥∥∥ 1√
T

T

∑
t=1

ξ (xit ,φi )

∥∥∥∥∥> T 1/10−υ

]
= nT ·o

(
T −q) · O

(
T p/2

)
= o
(

T 2−q+p/2
)

= o (1) . n

LEMMA 3. Assume that xit satisfies Condition 3, and let ξ (xit ,φ) be a function in-
dexed by the parameter φ ∈ int�, where � is a convex subset ofRp. For any sequence φi ∈
int�, assume E

[
ξ (xit ,φi )

]= 0. Further assume that supφ ‖ξ (xit ,φ)‖ ≤M(xit ) for some

M(xit ) such that E
[
M(xit )

4
]
< ∞. Let �nT = ∑n

i=1�
ξξ
iT with �

ξξ
iT = Var

( 1√
T

∑T
t=1

ξ (xit ,φi )
)
. Denote the smallest eigenvalue of �

ξξ
iT by λ

ξ
iT , and assume that infi infT

λ
ξ
iT > 0. Then, 1√

nT
∑n

i=1 ∑T
t=1 ξ (xit ,φi )

d→ N
(

0, f ξξ
)

, and supi

∥∥∥�ξξ
iT − f ξξi

∥∥∥→ 0,

where f ξξ ≡ limn−1 ∑n
i=1 f ξξi and f ξξi ≡ ∑∞

j=−∞ E
[
ξ (xit ,φi )ξ

(
xit− j ,φi

)′].
Proof. First note that by Condition 3 and the fact that the mixing property is preserved

by measurable transformations of finitely many elements xit , ξ (xit ,φi ) is mixing with
exponentially decaying mixing coefficients. Let p′ ≡ dim(ξ). By the Cramer-Wold theorem

it is enough to consider vi,n,T =  ′�−1/2
nT ZiT =  ′�−1/2

nT
1√
T

∑T
t=1 ξ (xit ,φi ) for all  ∈

R
p′
,‖ ‖ = 1 where �nT = ∑n

i=1�
ξξ
iT with �

ξξ
iT = Var

(
1√
T

∑T
t=1 ξ (xit ,φi )

)
. The

Lindeberg-Feller condition requires that for any ε > 0,

n

∑
i=1

E
[
v2

i,n,T 1
{∣∣vi,n,T

∣∣> ε
}]→ 0.

In order to verify this condition, let ξi t ≡ ξ (xit ,φi ), and note that

E
[
v2

i,n,T 1
{∣∣vi,n,T

∣∣> ε
}]= E

[∥∥vi,n,T
∥∥2
1
{∣∣vi,n,T

∣∣> ε
}]

≤
∥∥∥ ′�−1

nT  
∥∥∥2

E
[
‖ZiT ‖21

{∣∣vi,n,T
∣∣> ε

}]
≤ ε−2

∥∥∥ ′�−1
nT  
∥∥∥4

E
[
‖ZiT ‖4

]
= ε−2

∥∥∥ ′�−1
nT  
∥∥∥4

T −2 ∑
t1,..,t4

E
[
ξ ′
i t1ξi t2ξ

′
i t3ξi t4

]
,

where 1
{∣∣vi,n,T

∣∣> ε
} ≤ 1

{
‖ZiT ‖2 > ε2/

∥∥∥ ′�−1
nT  
∥∥∥2
}

. Observe that (i)  ′�−1
nT  

≤ maxk λ
−1
k = 1/mink λk with λk eigenvalues of �nT ; and (ii) mink λk ≥ n infi infT λ

ξ
iT

by Magnus and Neudecker (1988, p. 204). It follows that
∥∥∥ ′�−1

nT  
∥∥∥4 ≤ c2n−2 for some

constant c2 < ∞.
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We now take care of E
[
ξ ′
i t1

ξi t2ξ
′
i t3

ξi t4

]
. For this purpose, let the j th element of ξi t be

denoted by ξj,i t . We then have

E
[
ξ ′
i t1ξi t2ξ

′
i t3ξi t4

]
=

p′

∑
j1, j2

E
[
ξj1,i t1ξj1,i t2ξj2,i t3ξj2,i t4

]

=
p′

∑
j1, j2

{
E
[
ξj1,i t1ξj1,i t2

]
E
[
ξj2,i t3ξj2,i t4

]
+E
[
ξj2,i t3ξj1,i t2

]
E
[
ξj1,i t1ξj2,i t4

]+E
[
ξj2,i t3ξj1,i t1

]
E
[
ξj1,i t2ξj2,i t4

]
+ Cum

(
ξj1,i t1 ,ξj1,i t2 ,ξj2,i t3 ,ξj2,i t4

)}
,

where Cum
(
ξj1,i t1 ,ξj1,i t2 ,ξj2,i t3 ,ξj2,i t4

)
is a fourth-order cumulant term. The terms on

the right-hand side can be bounded by making the following observations. First, from An-
drews (1991, Lem. 1), it follows that ∑t2,..,t4 supt1 Cum

(
ξj1,i t1 ,ξj1,i t2 ,ξj2,i t3 ,ξj2,i t4

)
<∞.

Second, from Hall and Heyde (1980, Cor. A.2), we have E
[
ξj1,i t1ξj1,i t2

]≤ 8 E
[∣∣ξj1,i t1

∣∣4]
E
[∣∣ξj1,i t2

∣∣4]α (t1 − t2)
1/2 such that T −1 ∑t1,t2 E

[
ξj1,i t1ξj1,i t2

] ≤ c1 ∑T
l=0 (1− l/T )(√

a
)l

< ∞ for all T and some constant c1 < ∞.
These arguments show that

E
[
v2

i,n,T 1
{∣∣vi,n,T

∣∣> ε
}]≤ cn−2

uniformly in i,T for some constant c < ∞. Therefore, the Lindeberg-Feller condition is
satisfied. The result then follows from the fact that

sup
i

∥∥∥�ξξ
iT − f ξξi

∥∥∥≤ 1

T

T

∑
l=−T

|l|sup
i

∥∥Cov
(
ξi t ,ξ

′
i t−l
)∥∥+ ∑

|l|≥T +1
sup

i

∥∥Cov
(
ξi t ,ξ

′
i t−l
)∥∥

≤ 1

T

∞
∑

l=−∞
|l|sup

i

∥∥Cov
(
ξi t ,ξ

′
i t−l
)∥∥+ c1

∞
∑

|l|≥T +1

(√
a
)l

→ 0 as T → ∞,

such that iterated and joint limits are the same and �nT → f ξξ . n

C. Consistency. Recall that G(i) (θ,γ ) = E
[
ψ (xit ; θ,γ )

]
, and define Ĝ(i) (θ,γ ) ≡

T −1 ∑T
t=1ψ (xit ; θ,γ ).

LEMMA 4. For all η > 0 it follows that

P

[
max

1≤i≤n
sup
(θ,γ )

∣∣∣Ĝ(i) (θ,γ )− G(i) (θ,γ )
∣∣∣≥ η

]
= o
(

T −1
)
.

Proof. Let η > 0 be given. We note that

P

[
max

1≤i≤n
sup
(θ,γ )

∣∣∣Ĝ(i) (θ,γ )− G(i) (θ,γ )
∣∣∣≥ η

]

≤
n

∑
i=1

P

[
sup
(θ,γ )

∣∣∣Ĝ(i) (θ,γ )− G(i) (θ,γ )
∣∣∣≥ η

]
. (A.1)
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Let ε > 0 be chosen such that 2εmaxi E
[
M (xit )

]
< η

3 . Divide ϒ into subsets ϒ1,ϒ2, . . . ,

ϒϑ(ε) such that
∣∣(θ,γ )− (θ ′,γ ′)∣∣< ε whenever (θ,γ ) and

(
θ ′,γ ′) are in the same subset.

Let
(
θj ,γj

)
denote some point in ϒj for each j . Then

sup
(θ,γ )

∣∣∣Ĝ(i) (θ,γ )− G(i) (θ,γ )
∣∣∣= max

j
sup
ϒj

∣∣∣Ĝ(i) (θ,γ )− G(i) (θ,γ )
∣∣∣ ,

and therefore

P

[
sup
(θ,γ )

∣∣∣Ĝ(i) (θ,γ )− G(i) (θ,γ )
∣∣∣> η

]
≤

ϑ(ε)

∑
j=1

P

[
sup
ϒj

∣∣∣Ĝ(i) (θ,γ )− G(i) (θ,γ )
∣∣∣> η

]
.

(A.2)

For (θ,γ ) ∈ ϒj , we have∣∣∣Ĝ(i) (θ,γ )− G(i) (θ,γ )
∣∣∣≤ ∣∣∣Ĝ(i)

(
θj ,γj

)− G(i)
(
θj ,γj

)∣∣∣
+ ε

T

∣∣∣∣∣ T

∑
t=1

(
M (xit )−E

[
M (xit )

])∣∣∣∣∣+2εE
[
M (xit )

]
.

Then

P

[
sup
ϒj

∣∣∣Ĝ(i) (θ,γ )− G(i) (θ,γ )
∣∣∣> η

]
≤ P
[∣∣∣Ĝ(i)

(
θj ,γj

)− G(i)
(
θj ,γj

)∣∣∣> η

3

]
+P

[
1

T

∣∣∣∣∣ T

∑
t=1

(
M (xit )−E

[
M (xit )

])∣∣∣∣∣> η

3ε

]
= o
(

T −2
)
, (A.3)

by Lemma 1. Combining (A.1), (A.2), (A.3), and n = O (T ), we obtain the desired
conclusion. n

THEOREM 3. P
[∥∥∥θ̂ − θ0

∥∥∥≥ η
]

= o
(

T −1
)

for every η > 0.

Proof. Let η be given, and let

ε ≡ infi

[
G(i) (θ0,γi0)− sup{(θ,γ ):‖(θ,γ )−(θ0,γi0)‖>η}G(i) (θ,γ )

]
> 0.

With probability equal to 1−o
(

1
T

)
, we have

max‖θ−θ0‖>η,γ1,...,γn
n−1

n

∑
i=1

Ĝ(i) (θ,γi ) ≤ max‖(θ,γi )−(θ0,γi0)‖>η
n−1

n

∑
i=1

Ĝ(i) (θ,γi )

< max‖(θ,γi )−(θ0,γi0)‖>η
n−1

n

∑
i=1

G(i) (θ,γi )+ 1

3
ε

< n−1
n

∑
i=1

G(i) (θ0,γi0)− 2

3
ε

< n−1
n

∑
i=1

Ĝ(i) (θ0,γi0)− 1

3
ε,
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where the second and fourth inequalities are based on Lemma 4. Because

max
θ,γ1,...,γn

n−1
n

∑
i=1

Ĝ(i) (θ,γi ) ≥ n−1
n

∑
i=1

Ĝ(i) (θ0,γi0) ,

by definition we can conclude that P
[∥∥∥θ̂ − θ0

∥∥∥≥ η
]

= o
(

T −1
)

. n

THEOREM 4. P
[
max1≤i≤n

∣∣γ̂i −γi0
∣∣≥ η

]= o
(

T −1
)

.

Proof. We first prove that

T P

[
max

1≤i≤n
sup
γ

∣∣∣Ĝ(i)

(
θ̂ ,γ
)

− G(i) (θ0,γ )
∣∣∣≥ η

]
= o (1) (A.4)

for every η > 0. Note that

max
1≤i≤n

sup
γ

∣∣∣Ĝ(i)

(
θ̂ ,γ
)

− G(i) (θ0,γ )
∣∣∣

≤ max
1≤i≤n

sup
γ

∣∣∣Ĝ(i)

(
θ̂ ,γ
)

− G(i)

(
θ̂ ,γ
)∣∣∣+ max

1≤i≤n
sup
γ

∣∣∣G(i)

(
θ̂ ,γ
)

− G(i) (θ0,γ )
∣∣∣

≤ max
1≤i≤n

sup
(θ,γ )

∣∣∣Ĝ(i) (θ,γ )− G(i) (θ,γ )
∣∣∣+ max

1≤i≤n
E
[
M (xit )

] ·∥∥∥θ̂ − θ0

∥∥∥ .
Therefore,

T P

[
max

1≤i≤n
sup
γ

∣∣∣Ĝ(i)

(
θ̂ ,γ
)

− G(i) (θ0,γ )
∣∣∣≥ η

]

≤ T P

[
max

1≤i≤n
sup
(θ,γ )

∣∣∣Ĝ(i) (θ,γ )− G(i) (θ,γ )
∣∣∣≥ η

2

]

+ T P

[∥∥∥θ̂ − θ0

∥∥∥≥ η

2
(
1+max1≤i≤n E

[
M (xit )

])]
= o (1) ,

by Lemma 4 and Theorem 3.
We now get back to the proof of Theorem 4. It suffices to prove that

T P

[
max

1≤i≤n

∣∣γ̂i −γi0
∣∣≥ η

]
= o (1)

for every η > 0. Let η be given, and let

ε ≡ infi

[
G(i) (θ0,γi0)− sup{γi :|γi −γi0|>η}G(i) (θ0,γi )

]
> 0.

Condition on the event
{

max1≤i≤n supγ

∣∣∣Ĝ(i)

(
θ̂ ,γ
)
−G(i) (θ0,γ )

∣∣∣≤ 1
3ε
}

, which has

probability equal to 1−o
(

1
T

)
by (A.4). We then have

max|γi −γi0|>η
Ĝ(i)

(
θ̂ ,γi

)
< max|γi −γi0|>η

G(i) (θ0,γi )+ 1

3
ε<G(i) (θ0,γi0)− 2

3
ε< Ĝ(i)

(
θ̂ ,γi0

)
− 1

3
ε.
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This is inconsistent with Ĝ(i)

(
θ̂ , γ̂i

)
≥ Ĝ(i)

(
θ̂ ,γi0

)
, and therefore,

∣∣γ̂i −γi0
∣∣ ≤ η for

every i . n

D. Proof of Expansion (A.30). Let γ̂i (θ) ≡ argmaxa ∑T
t=1ψ (xit ; θ,a). Notice that

θ̂ can be given an alternative characterization: θ̂ ≡ argmaxc ∑n
i=1 ∑T

t=1ψ
(
xit ; c, γ̂i (c)

)
.

Then, γ̂i (θ) solves

T

∑
t=1

∂ψ
(
xit ; θ, γ̂i (θ)

)
∂γi

= 0 (A.5)

and, similarly, θ̂ solves

0 =
n

∑
i=1

T

∑
t=1

∂ψ
(

xit ; θ̂ , γ̂i

(
θ̂
))

∂θ
. (A.6)

Now multiply (A.5) by ρi0, evaluate it at θ = θ̂ , and add it to (A.6), such that

0 =
n

∑
i=1

T

∑
t=1

∂ψ
(

xit ; θ̂ , γ̂i

(
θ̂
))

∂θ
+

n

∑
i=1

⎛⎝ρi0

T

∑
t=1

∂ψ
(

xit ; θ̂ , γ̂i

(
θ̂
))

∂γi

⎞⎠ .

This shows that θ̂ solves

0 =
n

∑
i=1

T

∑
t=1

Ui

(
xit ; θ̂ , γ̂i

(
θ̂
))

.

Let F ≡ (F1, . . . , Fn) denote the collection of (marginal) distribution functions of xit . Let

F̂ ≡
(

F̂1, . . . , F̂n

)
, where F̂i denotes the empirical distribution function for the observa-

tion i . Define F (ε) ≡ F + ε
√

T
(

F̂ − F
)

for ε ∈
[
0,T −1/2

]
. For each fixed θ and ε, let

γi (θ, Fi (ε)) be the solution to the estimating equation

0 =
∫

Vi
[·; θ,γi (θ, Fi (ε))

]
d Fi (ε) ,

and let

θ̂ (ε) = θ (F (ε)) (A.7)

be the solution to the estimating equation

0 =
n

∑
i=1

∫
Ui (xit ; θ (F (ε)) ,γi (θ (F (ε)) , Fi (ε)))d Fi (ε) .

By a Taylor series expansion, we have

θ
(

F̂
)

− θ (F) = 1√
T
θε (0)+ 1

2

(
1√
T

)2
θεε (0)+ 1

6

(
1√
T

)3
θεεε (ε̃) , (A.8)

https://doi.org/10.1017/S0266466611000028 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466611000028


1178 JINYONG HAHN AND GUIDO KUERSTEINER

where θε (ε) ≡ dθ (F (ε))
/

dε, θεε (ε) ≡ d2θ (F (ε))
/

dε2, . . . , and ε̃ is somewhere in

between 0 and T −1/2. Theorem 5 below allows us to ignore the last term. We will therefore
work with the expansion

√
nT
(
θ
(

F̂
)

− θ (F)
)

= √
nT

1√
T
θε (0)+√

nT
1

2

(
1√
T

)2
θεε (0)+op (1) . (A.9)

Let

hi (·,ε) ≡ Ui (·; θ (F (ε)) ,γi (θ (F (ε)) , Fi (ε))) . (A.10)

The first-order condition may be written as

0 = 1

n

n

∑
i=1

∫
hi (·,ε)d Fi (ε) . (A.11)

Differentiating repeatedly with respect to ε, we obtain

0 = 1

n

n

∑
i=1

∫ dhi (·,ε)
dε

d Fi (ε)+ 1

n

n

∑
i=1

∫
hi (·,ε)d�iT , (A.12)

0 = 1

n

n

∑
i=1

∫ d2hi (·,ε)
dε2 d Fi (ε)+2

1

n

n

∑
i=1

∫ dhi (·,ε)
dε

d�iT , (A.13)

0 = 1

n

n

∑
i=1

∫ d3hi (·,ε)
dε3 d Fi (ε)+3

1

n

n

∑
i=1

∫ d2hi (·,ε)
dε2 d�iT , (A.14)

where �iT ≡ √
T
(

F̂i − Fi

)
.

D.1. θε (0). Evaluating (A.12) at ε = 0, and noting that E
[
Uγi

i

]= 0, we obtain

θε (0) =
(

1

n

n

∑
i=1
Ii

)−1(
1

n

n

∑
i=1

∫
Ui d�iT

)
. (A.15)

D.2. γ θ
i ,γ ε

i . In the i th observation, γi (θ, Fi (ε)) solves the estimating equation∫
Vi (·; θ,γi (θ, Fi (ε)))d Fi (ε) = 0. (A.16)

Differentiating the left-hand side (LHS) with respect to θ and ε, we obtain

0 =
∫

∂Vi (·,θ,ε)
∂θ

d Fi (ε)+
(∫

∂Vi (·,θ,ε)
∂γi

d Fi (ε)

)
∂γi (θ, Fi (ε))

∂θ
, (A.17)

0 =
(∫

∂Vi (·,θ,ε)
∂γi

d Fi (ε)

)
∂γi (θ, Fi (ε))

∂ε
+
∫

Vi (·,θ,ε)d�iT . (A.18)
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Equating these equations to zero and solving for derivatives of γi evaluated at ε = 0 gives

γ θ
i = −

E
[
∂Vi
∂θ

]
E
[
∂Vi
∂γi

] , (A.19)

γ ε
i = − ∑T

t=1 Vit√
T E
[
∂Vi
∂γi

] = − T −1/2 ∑T
t=1 Vit

E
[
∂Vi
∂γi

] , (A.20)

where γ θ
i ≡ ∂γi (θ,Fi (0))

∂θ and γ ε
i ≡ ∂γi (θ,Fi (0))

∂ε . Note that they are evaluated at θ = θ̂ (0) =
θ0, and ε = 0.

D.3. θεε (0). Now, evaluating each term of (A.13) at ε = 0, and noting that E
[
Uγi

i

]= 0,
we obtain

0 = 1

n

n

∑
i=1

E

[
∂Ui

∂θ ′

]
θεε (0)

+ 2

n

n

∑
i=1

γ ε
i ·E

[
∂2Ui

∂θ ′∂γi

]
θε (0)+ 2

n

n

∑
i=1

γ ε
i

(
θε (0)′ γ θ

i

) ·E

[
∂2Ui

∂γ 2
i

]

+ G+ 2

n

n

∑
i=1

θε (0)′ γ θ
i ·E

[
∂2Ui

∂θ ′∂γi

]
θε (0)+ 1

n

n

∑
i=1

(
θε (0)′ γ θ

i

)2 ·E

[
∂2Ui

∂γ 2
i

]

+ 1

n

n

∑
i=1

(
γ ε

i

)2 ·E

[
∂2Ui

∂γ 2
i

]

+ 2

n

n

∑
i=1

(∫
∂Ui

∂θ ′ d�iT

)
θε (0)+ 2

n

n

∑
i=1

(
θε (0)′ γ θ

i

)·∫ ∂Ui

∂γi
d�iT

+ 2

n

n

∑
i=1

γ ε
i ·
∫

∂Ui

∂γi
d�iT,

where

G ≡
[
θε (0)′

(
1
n ∑n

i=1 E

[
∂2U (1)

i
∂θ∂θ ′

])
θε (0) , . . . , θε (0)′

(
1
n ∑n

i=1 E

[
∂2U (R)

i
∂θ∂θ ′

])
θε (0)

]′
,

from which we obtain

(
1

n

n

∑
i=1
Ii

)
θεε (0) = 1

n

n

∑
i=1

(
γ ε

i
)2 ·E

[
∂2Ui

∂γ 2
i

]
+ 2

n

n

∑
i=1

γ ε
i ·
∫

∂Ui

∂γi
d�iT +T (A.21)
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for

T ≡ 2

(
1

n

n

∑
i=1

γ ε
i ·E

[
∂2Ui

∂θ ′∂γi

])
θε (0)+

(
2

n

n

∑
i=1

γ ε
i E

[
∂2Ui

∂γ 2
i

](
γ θ

i

)′
)
θε (0)

+ 2

(
1

n

n

∑
i=1

∫
∂Ui

∂θ ′ d�iT

)
θε (0)+

(
2

n

n

∑
i=1

∫
∂Ui

∂γi
d�iT ·

(
γ θ

i

)′
)
θε (0)

+ G+ 2

n

n

∑
i=1

θε (0)′ γ θ
i ·E

[
∂2Ui

∂θ ′∂γi

]
θε (0)

+ 1

n

n

∑
i=1

(
θε (0)′ γ θ

i

)2 ·E

[
∂2Ui

∂γ 2
i

]
. (A.22)

Next note that

1

n

n

∑
i=1

(
γ ε

i
)2 ·E

[
∂2Ui

∂γ 2
i

]
= 1

n

n

∑
i=1

E
[
Uγiγi

i

]⎛⎝T −1/2 ∑T
t=1 Vit

E
[
∂Vi
∂γi

]
⎞⎠2

,

n

∑
i=1

γ ε
i ·
∫

∂Ui

∂γi
d�iT = − 1

n

n

∑
i=1

T −1/2 ∑T
t=1 Vit

E
[
∂Vi
∂γi

] (
1√
T

T

∑
t=1

(
Uγi

i −E
[
Uγi

i

]))
,

and that by Hahn and Kuersteiner (2010a, Lem. 3) it follows that(
1

n

n

∑
i=1

γ ε
i ·E

[
∂2Ui

∂θ ′∂γi

])
θε (0) = Op

(
1√
n

)
Op

(
1√
n

)
= Op

(
1

n

)
, (A.23)(

1

n

n

∑
i=1

γ ε
i E

[
∂2Ui

∂γ 2
i

](
γ θ

i

)′
)
θε (0) = Op

(
1√
n

)
Op

(
1√
n

)
= Op

(
1

n

)
, (A.24)(

1

n

n

∑
i=1

∫
∂Ui

∂θ ′ d�iT

)
θε (0) = Op

(
1√
n

)
Op

(
1√
n

)
= Op

(
1

n

)
, (A.25)(

1

n

n

∑
i=1

∫
∂Ui

∂γi
d�iT ·

(
γ θ

i

)′
)
θε (0) = Op

(
1√
n

)
Op

(
1√
n

)
= Op

(
1

n

)
, (A.26)

and

θε (0)′
(

1

n

n

∑
i=1

E

[
∂2U (r)

i
∂θ∂θ ′

])
θε (0) = Op

(
1√
n

)
O (1)Op

(
1√
n

)
= Op

(
1

n

)
, (A.27)

1

n

n

∑
i=1

θε (0)′ γ θ
i ·E

[
∂2Ui

∂θ ′∂γi

]
θε (0) = Op

(
1√
n

)
O (1)Op

(
1√
n

)
= Op

(
1

n

)
, (A.28)

1

n

n

∑
i=1

(
θε (0)′ γ θ

i

)2 ·E

[
∂2Ui

∂γ 2
i

]
= Op

(
1√
n

)2
O (1) = Op

(
1

n

)
. (A.29)
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These arguments establish that

θεε (0) =
(

1

n

n

∑
i=1
Ii

)−1
1

n

n

∑
i=1

E
[
Uγiγi

i

]⎛⎝T −1/2 ∑T
t=1 Vit

E
[
∂Vi
∂γi

]
⎞⎠2

− 2

(
1

n

n

∑
i=1
Ii

)−1
1

n

n

∑
i=1

T −1/2 ∑T
t=1 Vit

E
[
∂Vi
∂γi

] (
1√
T

T

∑
t=1

(
Uγi

i −E
[
Uγi

i

]))

+ Op

(
1

n

)

= −2

(
1

n

n

∑
i=1
Ii

)−1
1

n

n

∑
i=1

⎡⎣ ∑T
t=1 Vit√

T E
[
∂Vi
∂γi

]
⎤⎦⎡⎣ 1√

T

T

∑
t=1

⎛⎝Uγi
i − E

[
Uγiγi

i

]
2E
[
∂Vi
∂γi

] Vit

⎞⎠⎤⎦+op(1).

It follows that

√
nT

1

2

(
1√
T

)2
θεε (0) = −

√
n

T

(
1

n

n

∑
i=1
Ii

)−1
⎧⎨⎩ 1

n

n

∑
i=1

⎡⎣ 1√
T

T

∑
t=1

Vit

E
[
∂Vi
∂γi

]
⎤⎦

×
⎡⎣ 1√

T

T

∑
t=1

⎛⎝Uγi
i − E

[
Uγiγi

i

]
2E
[
∂Vi
∂γi

] Vit

⎞⎠⎤⎦⎫⎬⎭+op (1) .

D.4. γ θθ
i , γ θε

i , and γ εε
i .

Remark 5. All the lemmas below are used to establish

√
nT

1

6

(
1√
T

)3
θεεε

(
ε̃
)= op (1) .

This is achieved by establishing properties of the expansion uniformly in ε̃ ∈
[
0, 1√

T

]
in

the lemmas that follow.

Second-order differentiation
(

∂2

∂θ2 ,
∂2

∂θ∂ε ,
∂2

∂ε2

)
of (A.16) yields

0 =
∫

∂2Vi (·,θ,ε)
∂θ∂θ ′ d Fi (ε)+ ∂γi (θ, Fi (ε))

∂θ

(∫
∂2Vi (·,θ,ε)

∂γi∂θ ′ d Fi (ε)

)

+
(∫

∂2Vi (·,θ,ε)
∂γi∂θ

d Fi (ε)

)
∂γi (θ, Fi (ε))

∂θ ′

+
(∫

∂Vi (·,θ,ε)
∂γi

d Fi (ε)

)
∂2γi (θ, Fi (ε))

∂θ∂θ ′

+
(∫

∂2Vi (·,θ,ε)
∂γ 2

i

d Fi (ε)

)
∂γi (θ, Fi (ε))

∂θ

∂γi (θ, Fi (ε))

∂θ ′ ,
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0 =
(∫

∂2Vi (·,θ,ε)
∂θ∂γi

d Fi (ε)

)
∂γi (θ, Fi (ε))

∂ε

+
(∫

∂Vi (·,θ,ε)
∂γi

d Fi (ε)

)
∂2γi (θ, Fi (ε))

∂θ∂ε

+
(∫

∂2Vi (·,θ,ε)
∂γ 2

i

d Fi (ε)

)
∂γi (θ, Fi (ε))

∂θ

∂γi (θ, Fi (ε))

∂ε

+
∫

∂Vi (·,θ,ε)
∂θ

d�iT +
(∫

∂Vi (·,θ,ε)
∂γi

d�iT

)
∂γi (θ, Fi (ε))

∂θ
,

and

0 =
(∫

∂Vi (·,θ,ε)
∂γi

d Fi (ε)

)
∂2γi (θ, Fi (ε))

∂ε2 +
(∫

∂2Vi (·,θ,ε)
∂γ 2

i

d Fi (ε)

)

×
(
∂γi (θ, Fi (ε))

∂ε

)2
+2

(∫
∂Vi (·,θ,ε)

∂γi
d�iT

)
∂γi (θ, Fi (ε))

∂ε
.

These three equalities characterize ∂2γi (θ,Fi (ε))
∂θ∂θ ′ , ∂2γi (θ,Fi (ε))

∂θ∂ε
, and ∂2γi (θ,Fi (ε))

∂ε2 .

LEMMA 5. Let θ̂ (ε) ≡ argmaxc ∑n
i=1
∫
ψ (xit ; c,γi (c, Fi (ε)))d F (ε), where

γi (θ, Fi (ε)) ≡ argmax
a

∫
ψ (xit ; θ,a)d Fi (ε) .

Then

T P

⎡⎣ max
0≤ε≤ 1√

T

∣∣∣θ̂ (ε)− θ0

∣∣∣≥ η

⎤⎦= o (1) ,

and for γ̂i (ε) = γi

(
θ̂ (ε) , F (ε)

)
,

T P

⎡⎣ max
1≤i≤n

max
0≤ε≤ 1√

T

∣∣γ̂i (ε)−γi0
∣∣≥ η

⎤⎦= o (1) ,

for every η > 0.

Remark 6. Using the notation of this Lemma, γ̂i (θ) in (A.5) is defined as γ̂i (θ) =
γi

(
θ, F

(
T −1/2

))
. Similarly, θ̂ in Theorem 3 is defined as θ̂ = θ̂

(
T −1/2

)
and γ̂i in

Theorem 4 is defined as γ̂i = γi

(
θ̂ , F

(
T −1/2

))
.

Proof. See Hahn and Kuersteiner (2010a). n

LEMMA 6. Suppose that Ki

(
·; θ̂ (ε) ,γi

(
θ̂ (ε) , F (ε)

))
is equal to

∂m1+m2ψ
(

xit ; θ̂ (ε) ,γi

(
θ̂ (ε) , F (ε)

))
∂θm1∂γ

m2
i
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for some m1 +m2 ≤ 1, . . . ,5. Then, for any η > 0, we have

P

⎡⎣ max
0≤ε≤ 1√

T

∣∣∣∣∣ 1n n

∑
i=1

∫
Ki

(
·; θ̂ (ε) ,γi

(
θ̂ (ε) , F (ε)

))
d Fi (ε)

− 1

n

n

∑
i=1

E
[
Ki (xit ; θ0,γi0)

]∣∣∣∣∣> η

]
= o
(

T −1
)

and

P

⎡⎣max
i

max
0≤ε≤ 1√

T

∣∣∣∣∫ Ki

(
·; θ̂ (ε) ,γi

(
θ̂ (ε) , F (ε)

))
d Fi (ε)

−E
[
Ki (xit ; θ0,γi0)

]∣∣> η
]= o

(
T −1

)
.

Also,

P

⎡⎣max
i

max
0≤ε≤ 1√

T

∣∣∣∣∫ Ki

(
·; θ̂ (ε) ,γi

(
θ̂ (ε) , F (ε)

))
d�iT

∣∣∣∣> CT
1
10 −υ

⎤⎦= o
(

T −1
)

for some constant C > 0 and 0 < υ < 1/10.

Proof. See Hahn and Kuersteiner (2010a). n

LEMMA 7. For ∂γi (θ, Fi (ε))/∂θ and ∂γi (θ, Fi (ε))/∂ε implicitly defined by (A.17)

and (A.18), let γ θ
i (ε)= ∂γi

(
θ̂ (ε) , Fi (ε)

)
/∂θ and γ ε

i (ε)= ∂γi

(
θ̂ (ε) , Fi (ε)

)
/∂ε. Then

it follows that

P

⎡⎣max
i

max
0≤ε≤ 1√

T

∣∣∣γ θ
i (ε)

∣∣∣> C

⎤⎦= o
(

T −1
)
,

P

⎡⎣max
i

max
0≤ε≤ 1√

T

∣∣γ ε
i (ε)

∣∣> CT 1/10−υ

⎤⎦= o
(

T −1
)
,

for some constant C > 0 and 0 < υ < 1/10.

Proof. See Hahn and Kuersteiner (2010a). n

LEMMA 8. For θε (ε) ≡ dθ (F (ε))
/

dε where θ (F (ε)) is defined in (A.7), it follows
that

P

⎡⎣ max
0≤ε≤ 1√

T

∣∣θε (ε)∣∣> CT 1/10−υ

⎤⎦= o
(

T −1
)
,

for some constant C > 0 and 0 < υ < 1/10.

Proof. See Hahn and Kuersteiner (2010a). n
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LEMMA 9. Let γ
θr θr ′
i (ε) ≡ ∂2γi

(
θ̂ (ε),Fi (ε)

)
∂θr ∂θr ′ , where ∂2γi (θ,Fi (ε))

∂θr ∂θr ′ is defined in Sec-

tion D.4. We define γ
θr ε
i (ε) and γ εε

i (ε) similarly. Then it follows that

P

⎡⎣max
i

max
0≤ε≤ 1√

T

∣∣∣γ θr θr ′
i (ε)

∣∣∣> C

⎤⎦= o
(

T −1
)
,

P

⎡⎣max
i

max
0≤ε≤ 1√

T

∣∣∣γ θr ε
i (ε)

∣∣∣> CT 1/10−υ

⎤⎦= o
(

T −1
)
,

P

⎡⎣max
i

max
0≤ε≤ 1√

T

∣∣γ εε
i (ε)

∣∣> C
(

T 1/10−υ
)2

⎤⎦= o
(

T −1
)
,

for some constant C > 0 and 0 < υ < 1/10.

Proof. See Hahn and Kuersteiner (2010a). n

LEMMA 10.

P

⎡⎣ max
0≤ε≤ 1√

T

∣∣θεε (ε)∣∣> C
(

T 1/10−υ
)2

⎤⎦= o
(

T −1
)
,

for some constant C > 0 and 0 < υ < 1/10.

Proof. The conclusion follows by using the characterization of θεε (ε), and Lemmas 6,
7, 8, and 9. n

LEMMA 11. Let γ
θr θr ′θr ′′
i (ε) ≡ ∂3γi

(
θ̂ (ε),Fi (ε)

)
∂θr ∂θr ′∂θr ′′ , where ∂3γi (θ,Fi (ε))

∂θr ∂θr ′∂θr ′′ is defined in the

proof. We similarly define γ
θr θr ′ ε
i (ε) ,γ

θr εε
i (ε), and γ εεε

i (ε) . Then it follows that

P

⎡⎣max
i

max
0≤ε≤ 1√

T

∣∣∣γ θr θr ′ θr ′′
i (ε)

∣∣∣> C

⎤⎦= o
(

T −1
)
,

P

⎡⎣max
i

max
0≤ε≤ 1√

T

∣∣∣γ θr θr ′ ε
i (ε)

∣∣∣> CT 1/10−υ

⎤⎦= o
(

T −1
)
,

P

⎡⎣max
i

max
0≤ε≤ 1√

T

∣∣∣γ θr εε
i (ε)

∣∣∣> C
(

T 1/10−υ
)2

⎤⎦= o
(

T −1
)
,

P

⎡⎣max
i

max
0≤ε≤ 1√

T

∣∣γ εεε
i (ε)

∣∣> C
(

T 1/10−υ
)3

⎤⎦= o
(

T −1
)
,

for some constant C > 0 and 0 < υ < 1/10.

https://doi.org/10.1017/S0266466611000028 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466611000028


BIAS REDUCTION FOR NONLINEAR DYNAMIC PANELS 1185

Proof. See Hahn and Kuersteiner (2010a). n

THEOREM 5.

P

⎡⎣ max
0≤ε≤ 1√

T

∣∣θεεε (ε)∣∣> C
(

T 1/10−υ
)3

⎤⎦= o
(

T −1
)
,

for some constant C > 0 and 0 < υ < 1/10.

Proof. From (A.14), we have

0 = 1

n

n

∑
i=1

∫ d3hi (·,ε)
dε3 d Fi (ε)+3

1

n

n

∑
i=1

∫ d2hi (·,ε)
dε2 d�iT .

Combining Lemmas 6, 7, 8, 9, and 10, we can bound 1
n ∑n

i=1
∫ d2hi (·,ε)

dε2 d�iT by

C
(

T 1/10−υ
)3

with probability 1 − o
(

T −1
)

. Recall that the r th component
d2h(r)

i (·,ε)
dε2

of d2hi (·,ε)
dε2 is equal to

d2h(r)
i (·,ε)
dε2 = ∂θ (·,ε)′

∂ε

∂2h(r)
i (·,ε)
∂θ∂θ ′

∂θ (·,ε)
∂ε

+ ∂2h(r)
i (·,ε)

∂θ ′∂γi

(
∂γi

∂θ ′
∂θ

∂ε

)
∂θ

∂ε
+ ∂2h(r)

i (·,ε)
∂θ ′∂γi

∂γi

∂ε

∂θ

∂ε

+ ∂h(r)
i (·,ε)
∂θ ′

∂2θ

∂ε2

+ ∂2h(r)
i (·,ε)

∂θ ′∂γi

∂θ

∂ε

∂γi

∂θ ′
∂θ

∂ε
+ ∂2h(r)

i (·,ε)
∂γ 2

i

(
∂γi

∂θ ′
∂θ

∂ε

)2

+ ∂2h(r)
i (·,ε)
∂γ 2

i

(
∂γi

∂θ ′
∂θ

∂ε

)
∂γi

∂ε

+ ∂h(r)
i (·,ε)
∂γi

(
∂θ ′

∂ε

∂2γi

∂θ∂θ ′

)
∂θ

∂ε
+ ∂h(r)

i (·,ε)
∂γi

∂2γi

∂θ ′∂ε
∂θ

∂ε
+ ∂h(r)

i (·,ε)
∂γi

∂γi

∂θ ′
∂2θ

∂ε2

+ ∂2h(r)
i (·,ε)

∂θ ′∂γi

∂θ

∂ε

∂γi

∂ε
+ ∂2h(r)

i (·,ε)
∂γ 2

i

(
∂γi

∂θ ′
∂θ

∂ε

)
∂γi

∂ε
+ ∂2h(r)

i (·,ε)
∂γ 2

i

(
∂γi

∂ε

)2

+ ∂h(r)
i (·,ε)
∂γi

∂2γi

∂ε∂θ ′
∂θ

∂ε
+ ∂h(r)

i (·,ε)
∂γi

∂2γi

∂ε2 .

Using Lemmas 6, 7, 8, 9, and 10 again, we can conclude that 1
n ∑n

i=1
∫ d3hi (·,ε)

dε3 d Fi (ε)

is equal to
(

1
n ∑n

i=1
∫ ∂hi (·,ε)

∂θ ′ d Fi (ε)
)

∂3θ
∂ε3 plus terms that can all be bounded by 1

n ∑n
i=1∫ d2hi (·,ε)

dε2 d�iT , which is bounded by C
(

T 1/10−υ
)3

with probability 1 − o
(

T −1
)

.

Because
(

1
n ∑n

i=1
∫ ∂hi (·,ε)

∂θ ′ d Fi (ε)
)−1

is bounded away from 0 by Lemma 6, we obtain

the desired conclusion. n
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E. Proof of Theorem 1. Using the Taylor series expansion as in Hahn and Newey
(2004), it is shown in Section D that

√
nT
(
θ̂ − θ0

)
=
(

1

n

n

∑
i=1
Ii

)−1(
1√
nT

n

∑
i=1

T

∑
t=1

Uit

)

−
√

n

T

(
1

n

n

∑
i=1
Ii

)−1

×
⎧⎨⎩ 1

n

n

∑
i=1

⎡⎣ 1√
T

T

∑
t=1

Vit

E
[
∂Vi
∂γi

]
⎤⎦⎡⎣ 1√

T

T

∑
t=1

⎛⎝Uγi
i − E

[
Uγiγi

i t

]
2E
[
∂Vi
∂γi

] Vit

⎞⎠⎤⎦⎫⎬⎭
+ op (1) . (A.30)

In light of Lemma 3, it suffices to establish the limiting behavior of the second term on the
right. Let

ZiT ≡
⎡⎣ 1√

T

T

∑
t=1

Vit

E
[
∂Vi
∂γi

]
⎤⎦⎡⎣ 1√

T

T

∑
t=1

⎛⎝Uγi
i t − E

[
Uγiγi

i t

]
2E
[
∂Vi
∂γi

] Vit

⎞⎠⎤⎦ .
Then, ZiT are independent across i , and

E
[
ZiT
]= �V U

iT

E
[
∂Vi
∂γi

] − E
[
Uγiγi

i t

]
2
(

E
[
∂Vi
∂γi

])2 �
V V
iT ,

where �V U
iT ≡ T −1 ∑T

t,s=1 E
[

VitU
γi ′
is

]
and �V V

iT ≡ T −1 ∑T
t,s=1 E

[
Vit V ′

is

]
. Next note that

Var(ZiT ) = T −2
T

∑
t1,...,t4=1

⎧⎪⎪⎨⎪⎪⎩
E

[
Vit1 Vit4Uγi

i t2
U

γ ′
i

i t3

]
−�V U

iT �V U ′
iT(

E
[
∂Vi
∂γi

])2

−
E
[
Uγiγi

i t3

](
E

[
Vit1 Vit4 Vit3U

γ ′
i

i t2

]
−�V V

iT �V U ′
iT

)
2
(

E
[
∂Vi
∂γi

])3

−
(

E
[

Vit1 Vit4 Vit2Uγi
i t3

]
−�V V

iT �V U
iT

)
E
[
Uγiγi

i t2

]
2
(

E
[
∂Vi
∂γi

])3

+
E
[
Uγiγi

i t2

]
E
[
Uγiγi

i t3

]′(
E
[
Vit1 Vit2 Vit3 Vit4

]−�V V
iT �V V

iT

)
4
(

E
[
∂Vi
∂γi

])4

⎫⎪⎬⎪⎭ .

Note that Vitk ,U
γi
i tk′ are random variables measurable with respect to the filtration gen-

erated by xit . By Condition 4, sufficient moments exist to apply Corollary A.2 of Hall
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and Heyde (1980, p. 278) as well as Lemma 1 of Andrews (1991). First note that for any
element ( j1, j2) we have

E

[
Vit1 Vit4Uγi , j1

i t2
U

γ ′
i j2

i t3

]
−
[
�V U

iT �V U ′
iT

]
j1, j2

= E
[
Vit1 Vit4

]
E

[
Uγi , j1

i t2
U

γ ′
i j2

i t3

]
+E

[
Vit1U

γ ′
i j2

i t3

]
E
[

Vit4Uγi , j1
i t2

]
+ Cum

(
Vit1 ,Vit4 ,U

γi , j1
i t2

,U
γ ′

i j2
i t3

)
,

where the fourth-order cumulant Cum

(
Vit1 ,Vit4 ,U

γi , j1
i t2

,U
γ ′

i j2
i t3

)
is uniformly summable

over three indices. This implies that T −2 ∑T
t1,...,t4=1

∣∣∣∣Cum

(
Vit1 ,Vit4 ,U

γi , j1
i t2

,U
γ ′

i j2
i t3

)∣∣∣∣ =
O
(

T −1
)

uniformly in i . For δ > 0 and some constant 0 < c < ∞, it follows from Corol-

lary A.2 of Hall and Heyde (1980, p. 278) and Condition 3 that

sup
i

∣∣∣E[Vit1Uγi , j1
i t2

]∣∣∣≤ 8c
(

E
[∣∣Vit1

∣∣2+δ
])1/2+δ

(
E

[∣∣∣Uγi , j1
i t2

∣∣∣2+δ
])1/2+δ(

aδ/2+δ
)|t1−t2|

,

with similar inequalities holding for the remaining second moments. These arguments es-
tablish that

sup
i

∥∥∥∥∥T −2
T

∑
t1,...,t4=1

E

[
Vit1 Vit4Uγi

i t2
U

γ ′
i

i t3

]
−�V U

iT �V U ′
iT

∥∥∥∥∥= O(1),

and the same can be established for the remaining terms in Var(ZiT ). By the Markov
inequality it follows that

P

[∥∥∥∥ 1

n
∑n

i=1
(

ZiT −E
[
ZiT
])∥∥∥∥> η

]
<

supi Var(ZiT )

nη2 → 0,

such that 1
n ∑n

i=1 ZiT = 1
n ∑n

i=1E
[
ZiT
]+ Op(n−1/2). By applying Lemma 3 to

ξ =(V,Uγ
)
, we obtain supi

∣∣∣�V Uγ

iT − f V Uγ

i

∣∣∣→ 0 and supi

∣∣∣�V V
iT − f V V

i

∣∣∣→ 0 as T →
∞. Uniformity of convergence then implies that joint and iterated limits exist and agree
such that 1

n ∑n
i=1E

[
ZiT
]→ �. Therefore, the second term on the right can be written as

−
√

n

T

(
1

n

n

∑
i=1
Ii

)−1

� +op (1) .

F. Proof of Theorem 2. We first prove two lemmas.

LEMMA 12. Let kit = k (xit ; θ0,γi0) and k̂i t = k
(

xit ; θ̂ , γ̂i

)
, where xit satisfies

Condition 3, kit satisfies Condition 4, and θ̂ , γ̂i are defined in (1). Assume that E
[
kit
] =

0 for i, t. Let Ai be a conformable matrix of constants such that maxi ‖Ai ‖ < ∞. Let
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f kk
i = ∑∞

l=−∞ E
[
kit k′

i t−l

]
and f kk = limn→∞ n−1 ∑n

i=1 Ai f kk
i . Then, 1

n ∑n
i=1 Ai(

1
T ∑m

l=−m ∑min(T,T +l)
t=max(1,l) k̂i t k̂′

i t−l

)
− f kk = op(1), where m,n,T → ∞ such that

m = o (T ) and n/T → κ.

Proof. Let r1 = max(1, l) and r2 = min(T,T + l), and define Ki,m = 1
T ∑m

l=−m ∑r2
t=r1

kit k′
i t−l . From Lemmas 3 and 4 of Hahn and Kuersteiner (2006) it follows that 1

n ∑n
i=1

Ai Ki,m − f kk = Op(T −1)+
(

aδ/2+δ
)m = op (1) as m,n,T → ∞ such that m = o (T )

and n/T → κ.
Next, we turn to showing that

1

n
∑n

i=1 Ai
1

T
∑m

l=−m∑r2
t=r1

(
k̂i t k̂′

i t−l − kit k′
i t−l

)
= op(m/T ).

We use the decomposition

1

T
∑m

l=−m∑r2
t=r1

(
k̂i t k̂′

i t−l − kit k′
i t−l

)
= 1

T
∑m

l=−m∑r2
t=r1

(
k̂i t − kit

)(
k̂i t−l − kit−l

)′

+ 1

T
∑m

l=−m∑r2
t=r1

kit

(
k̂i t−l − kit−l

)′ + 1

T
∑m

l=−m∑r2
t=r1

(
k̂i t − kit

)
k′

i t−l ,

and define

kθi t (xit ; θ,γi ) = ∂k (xit ; θ,γi )/∂θ
′,

kγi t (xit ; θ,γi ) = ∂k (xit ; θ,γi )/∂γ,

kγ γi t (xit ; θ,γi ) = ∂2k (xit ; θ,γi )/(∂γ )
2 ,

kγ θi t (xit ; θ,γi ) = ∂2k (xit ; θ,γi )/
(
∂γ ∂θ ′) ,

kθθi t (xit ; θ,γi ) = ∂
(
vec∂k (xit ; θ,γi )/∂θ

′)/∂θ ′,

as well as kθ0,i t = kθi t (xit ; θ0,γi0) , kγ0,i t = kγi t (xit ; θ0,γi0) , kγ γi t = kγ γi t

(
xit ; θ̃ , γ̃i

)
, kγ θi t =

kγ θi t

(
xit ; θ̃ ′, γ̃ ′

i

)
, and kθθi t = kθθi t

(
xit ; θ̃ ′′, γ̃ ′′

i

)
. Use a second-order Taylor approxima-

tion to

k̂i t − kit = kθ0,i t

(
θ̂ − θ0

)
+ kγ0,i t

(
γ̂i −γi0

)+ 1

2

((
θ̂ − θ0

)′ ⊗ I

)
kθθi t

(
θ̂ − θ0

)
+ 1

2
kγ γi t

(
γ̂i −γi0

)2 + kγ θi t

(
θ̂ − θ0

)(
γ̂i −γi0

)
,

where θ̃ , γ̃i , θ̃
′, γ̃ ′

i , θ̃
′′, γ̃ ′′

i such that
∥∥∥θ̃ − θ0

∥∥∥ ≤
∥∥∥θ̂ − θ0

∥∥∥ , ∥∥∥θ̃ ′ − θ0

∥∥∥ ≤
∥∥∥θ̂ − θ0

∥∥∥ , etc. by

the multivariate version of the mean value theorem. Note that each row of ∂k
(
xit ; θ̃ , γ̃i

)
/∂θ ′

needs to be evaluated at a different θ̃ , but in slight abuse of notation we do not make this
explicit. Then

1

T
∑m

l=−m∑r2
t=r1

(
k̂i t k̂′

i t−l − kit k′
i t−l

)
= ∑35

j=3Tj ,
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where Tj is defined in Hahn and Kuersteiner (2006). By Lemmas 5–20 in Hahn and

Kuersteiner (2006) it follows that ∑35
j=3 Tj = Op (m/T ), which establishes the result. n

LEMMA 13. Under Conditions 1–7, we have (i) maxi

∥∥∥Ê
[
V γi

i

]−E
[
V γi

i

]∥∥∥ = op (1);

(ii) maxi

∥∥∥Ê
[

V θ
i

]
−E
[

V θ
i

]∥∥∥ = op (1); (iii) maxi

∥∥∥Ê
[
Uγiγi

i

]−E
[
Uγiγi

i

]∥∥∥ = op (1);

(iv) n−1 ∑n
i=1 Îi −I = op(1).

Proof. We note that β̂ depends on the estimators θ̂ and γ̂i . We obtain feasible versions
of γ̂i by substituting θ̂ in the criterion function and maximizing with respect to γi such

that γ̂i (ε) solves γ̂i (ε) ≡ argmaxa
∫
ψ
(

xit ; θ̂ (ε) ,a
)

d Fi (ε). First consider Ê
[
V γi

i

] =
1
T ∑T

t=1 V γi
i t

(
xit ; θ̂ , γ̂i

)
. We have

∥∥∥Ê
[
V γi

i

]−E
[
V γi

i

]∥∥∥≤
∥∥∥∥∥ 1

T

T

∑
t=1

V γi
i t

(
xit ; θ̂ , γ̂i

)
− 1

T

T

∑
t=1

V γi
i t (xit ; θ0,γi0)

∥∥∥∥∥
+
∥∥∥∥∥ 1

T

T

∑
t=1

V γi
i t (xit ; θ0,γi0)−E

[
V γi

i t (xit ; θ0,γi0)
]∥∥∥∥∥

≤
(

1

T

T

∑
t=1

‖M(xit )‖
)(∥∥∥θ̂ − θ

∥∥∥+max
i

∣∣γ̂i −γi0
∣∣)

+max
i

∥∥∥∥∥ 1

T

T

∑
t=1

V γi
i t (xit ; θ0,γi0)−E

[
V γi

i t (xit ; θ0,γi0)
]∥∥∥∥∥ ,

so that

max
i

∥∥∥Ê
[
V γi

i

]−E
[
V γi

i

]∥∥∥≤
(

max
i

1

T

T

∑
t=1

‖M(xit )‖
)(∥∥∥θ̂ − θ

∥∥∥+max
i

∣∣γ̂i −γi0
∣∣)

+max
i

∥∥∥∥∥ 1

T

T

∑
t=1

V γi
i t (xit ; θ0,γi0)−E

[
V γi

i t (xit ; θ0,γi0)
]∥∥∥∥∥ .

By Lemma 2, the second term tends to zero with probability 1 − o(T −1). Applying
Theorems 3 and 4 to the first term, we obtain

max
i

∥∥∥Ê
[
V γi

i

]−E
[
V γi

i

]∥∥∥= op (1) .

In the same way, we obtain

max
i

∥∥∥Ê
[

V θ
i

]
−E
[

V θ
i

]∥∥∥= op (1)

and

max
i

∥∥∥Ê
[
Uγiγi

i

]−E
[
Uγiγi

i

]∥∥∥= op (1) .

Let Ê
[
V γi

i

]= E
[
V γi

i

]+op(1), which holds uniformly in i . Thus,

max
i

∥∥∥Îi −Ii

∥∥∥≤
(

max
i

1

T

T

∑
t=1

‖M(xit )‖
)(∥∥∥θ̂ − θ

∥∥∥+max
i

∣∣γ̂i −γi0
∣∣)+op (1) .
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Since
∥∥∥θ̂−θ

∥∥∥= op (1) and maxi
∣∣γ̂i −γi0

∣∣= op (1) by Theorems 3 and 4, and maxi
1
T ∑T

t=1

‖M(xit )‖ = Op (1) by Lemma 1, it follows that maxi

∥∥∥Îi −Ii

∥∥∥= op(1) such that

n−1
n

∑
i=1
Îi −I = op(1).

n

The proof of Theorem 2 now follows from Lemmas 12 and 13. By Lemma 13, we have

1

n

n

∑
i=1

[
f̂ V Uγ

i

Ê
[
V γi

i t

] − f̂ V Uγ

i

E
[
V γi

i t

]]= op (1) ,

1

n

n

∑
i=1

⎡⎢⎣ Ê
[
Uγiγi

i (xit ; θ,γi )
]

f̂ V V
i

2
(

Ê
[
V γi

i t

])2 − E
[
Uγiγi

i (xit ; θ,γi )
]

f̂ V V
i

2
(
E
[
V γi

i t

])2
⎤⎥⎦= op (1) .

In order to establish the result we thus need to apply Lemma 12 to show that

1

n

n

∑
i=1

[
f̂ V Uγ

i − f V Uγ

i

E
[
V γi

i t

] ]
= op (1) ,

1

n

n

∑
i=1

⎡⎣E
[
Uγi γi

i (xit ; θ,γi )
](

f̂ V V
i − f V V

i

)
(
E
[
V γi

i t

])2

⎤⎦= op (1) .

The result follows by Lemma 12, since inf
∣∣E[V γi

i t

]∣∣ > 0 by Condition 6 and
∥∥E
[
Uγiγi

i
(xit ; θ,γi )

]∥∥≤ E
[
M (xit )

]
< ∞.

G. Bandwidth Selection: AR(1) Approximation. We define

k̂i t = k
(

xit ; θ̂ , γ̂i

)
=
⎡⎣ Vi

(
xit ; θ̂ , γ̂i

)
Uγi

i

(
xit ; θ̂ , γ̂i

)⎤⎦
and let

ai,1 = − E
[
Uγiγi

i (xit ; θ,γi )
]

2
(

E
[
∂Vi (xit ;θ,γi )

∂γi

])2 ,ai,2 = 1

E
[
∂Vi (xit ;θ,γi )

∂γi

] ,
where a1 is an R × 1 vector where R = dimθ and a2 is a scalar. Then define the 2R ×
(R +1) matrix

Ã =

⎡⎢⎢⎢⎢⎣
a1 0R×1 · · · 0R×1

0 a2
. . .

...
...

. . .
. . . 0

0 · · · 0 a2

⎤⎥⎥⎥⎥⎦ ,

and let

Ai = −I−1 [IR, IR] Ã,
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where IR is the R-dimensional identity matrix such that

β̃m ≡ 1

n

n

∑
i=1

Ai
1

T

m

∑
l=−m

min(T,T +l)

∑
t=max(1,l)

k̂i t k̂′
i t−l B,

where

B =
[

1
0R×1

]
.

Let kγi t (xit ; θ,γi ) = ∂k (xit ; θ,γi )/∂γ and ψ
γ,v
i t = −(E[V γ

i

])−1 ∂ψ(xit ;θ0,γi0)
∂γ . We

approximate the spectral density matrix of kit with a parametric model. We use k̂γi t =
kγi t

(
xit ; θ̂ , γ̂i

)
and so on to denote estimated quantities. Let

H̃i =
⎡⎢⎣ h̃i1 0

. . .

0 h̃i R+1

⎤⎥⎦
be the pseudo-true value that minimizes E

∥∥kit − Hi kit−1
∥∥2 under the restriction that the

off-diagonal elements of Hi are zero. The parameters h̃i are estimated as

ĥi j =
(

T −1∑T −1
t=1 k̂j,i t+1k̂′

j,i t

)
(

T −1∑T −1
t=1 k̂j,i t k̂′

j,i t

) ,

where k̂j,i t+1 is the j th element of k̂i t+1. Then define

Ĥi =

⎡⎢⎢⎣
ĥi1 0

. . .

0 ĥi R+1

⎤⎥⎥⎦
and the function

T̂0 (m) = 1

n
∑n

i=1 Âi

[(
Ĥi

)m+1(
I − Ĥi

)−1(
T −1∑T

t=1k̂i t k̂′
i t

)
+
(

T −1∑T
t=1k̂i t k̂′

i t

)(
I − Ĥi

)−1(
Ĥi

)m+1
]
. (A.31)

Note that
(

Ĥi

)m
is the diagonal matrix with elements

(
ĥi j

)m
on the diagonal.

Select the bandwidth m̂ by solving

m̂ = argmin
m

B′(T̂0 (m)+m

T
1R1

′
R+1

)′(
T̂0 (m)+m

T
1R1

′
R+1

)
B,

where 1R is an R ×1 matrix consisting of all elements equal to one. Note that 1′R+1 B = 1

such that the bias contribution to β̂m that is increasing in m takes on the form m
T 1R ; i.e.,

all elements of β are affected in the same way.
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