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A detailed comparison between the Landau and the Dougherty collision operators
has been performed by means of Eulerian simulations, in the case of relaxation toward
equilibrium of a spatially homogeneous field-free plasma in three-dimensional velocity
space. Even though the form of the two collisional operators is evidently different,
we found that the collisional evolution of the relevant moments of the particle
distribution function (temperature and entropy) are similar in the two cases, once an
‘ad hoc’ time rescaling procedure has been performed. The Dougherty operator is a
nonlinear differential operator of the Fokker-Planck type and requires a significantly
lighter computational effort with respect to the complete Landau integral; this makes
self-consistent simulations of plasmas in presence of collisions affordable, even in the
multi-dimensional phase space geometry.

1. Introduction

The longstanding problem of collisions in plasmas is a very fascinating and
huge topic in the field of plasma physics and it has always been the subject of
a relevant scientific effort. Many authors approached the study of collisional effects
in plasmas (Landau 1936; Spitzer 1956; Lenard and Bernstein 1958), by modeling
particle interactions through different operators with different physical features and
mathematical structures.

The ‘natural’ operator that describes the Coulombian interactions between charged
particles (in absence of wave-particle resonance) is the Landau integral operator
(Landau 1936). The Landau collision integral is a nonlinear, integro-differential and
Fokker-Planck type operator which satisfies the H-theorem for the entropy growth
(Hinton and Hazeltine 1976). Due to its nonlinear nature and multi-dimensionality,
any analytical and numerical approaches to the solution of the Landau integral results
extremely complicated.

When studying plasma dynamics, collisions are usually considered either negligible
(Vlasov model) or dominant such to maintain the distribution function Maxwellian
(fluid model). For physical systems, such as the solar wind, that exhibit a weak,
almost negligible collisionality, the kinetic and collisional approach is necessary,
especially when physical processes of particle heating and consequent entropy growing
are considered. In fact, on the basis of the H-theorem, collisions are the unique
physical ‘ingredient’ that can thermalize free-energy and produce heating in general
thermodynamic sense.
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From the numerical point of view, a self-consistent collisional approach requires,
in principle, simulation of the Landau equation for the particle distribution function
coupled to the Maxwell equations for fields. Since the Landau operator is multi-
dimensional, the computational cost to evaluate the Landau integral numerically is
huge: for N gridpoints along each direction of the 3D-3V numerical phase space
(3D in physical space and 3D in velocity space), the computation requires about N°
operations at each time step. Remarkable attempts to attack the collisional problem
numerically have been reported in Pareschi et al. (2000); Filbet and Pareschi (2002),
where the authors proposed a spectral method for the numerical evaluation of the
Landau collisional integral, based on the use of Fast Fourier Transform (FFT)
routines. FFT routines allow to significantly reduce the computational weight with
respect, for example, to the case of finite difference schemes, but also require to
periodize the distribution function in the velocity domain as well as the Landau
operator, thus introducing unphysical effects of fake binary collisions.

Due to the computational weight of the numerical approximation to the Landau
integral, simplified collisional operators are usually considered to model collisionality.
A major simplification consists in employing operators in differential form, which can
be further reduced by decreasing their dimensionality in velocity space (Zakharov
and Karpman 1963; O’Neil 1968). Of course, in reduced geometry velocity space,
essential features of particle collisions are missed; nevertheless, reduced differential
operators can be successfully employed to model collisionality in physical systems
whose dynamical evolution is restricted to a preferential direction (Anderson and
O’Neil 2007a,b). Recently, a detailed numerical study of these simplified operators
(1D-1V) has been performed through Eulerian simulations (Pezzi et al. 2013, 2014a,b).
In this study it has been shown that, among this class of operators, the most suitable
operator to describe the effects of collisions in plasmas is the Dougherty one.

The general form of the Dougherty operator has been proposed by Dougherty
(1964) to describe collisions among particles of the same species in 3D-3V physical
systems. Moreover, this operator, even though it has been set up in a phenomenological
way, satisfies the main properties of a good collisional operator (Anderson and O’Neil
2007a,b):

e it vanishes for any thermal equilibrium distribution function and it displays the
Maxwellian distribution function as a long-time limit solution;

e it conserves particle number, momentum and energy;

e it describes the dominance of small-angle scattering through a velocity-space

diffusion term.
However, since the Dougherty operator is explicitly phenomenological and it has not
been formally derived from the Landau collisional operator, firstly it could give rise to
evolution times which can be different from those predicted by the Landau operator
by some numerical factor and secondly it does not describe the velocity dependence
of the diffusion coefficients in velocity space.

For this reason, in the present paper we try to face the first problem by analyzing
the behavior of the Dougherty operator (Dougherty 1964), as compared to that of
the complete Landau integral, through a numerical investigation of the relaxation
toward equilibrium of a spatially homogeneous plasma in absence of fields, in full
three-dimensional geometry in velocity space. To perform this analysis, we describe
numerically the return to equilibrium of several non-Maxwellian velocity distributions,
and compare quantitatively the time evolution of the velocity distribution itself and
of temperature and entropy. Interestingly enough, for the cases discussed in this work,
the system evolution obtained when collisions are modeled through the Dougherty
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operator results very similar to the case where the full Landau integral is employed,
provided an ‘ad hoc’ time rescaling is performed.

The structure of the paper is the following: in Sec. 2 the Landau and the Dougherty
operators are explicitly described and compared from a theoretical point of view.
Then, in Sec. 3, the effects of the two operators are compared through Eulerian
simulations and the time rescaling factor which allows the Dougherty solution to
closely approximate the Landau solution is discussed. Finally we summarize and
conclude in Sec. 4, also discussing possible future developments.

2. Landau and Dougherty collisional operators
We consider here the collisional relaxation of a plasma in presence of collisions
among particles of the same species (electron-electron or ion-ion). We assume that the
plasma is spatially homogeneous and no field (self-consistent or external) is present.
The explicit form of the Landau operator, in dimensionless units, is the following:

of glna 3 : n9f(v) f (v')
ar|., 8« 8v[/d3v Uis(w) [f(v) v; — /) vy |’

(2.1)

coll

f(v) being the particle distribution function, normalized such as [d*v f(v) =n =1,
g = 1/n/3, the plasma parameter, In A ~ —Ing/3 the Coulombian logarithm and
U;;(u) the projector
Siju* —uu;
Uij(u) = %
where u = v — v and u = |u|. For brevity and clarity, we avoided to explicitly
indicate the time dependence of the distribution function f. Moreover, the Einstein
summation notation has been introduced.
The dimensionless Dougherty operator is the following:

af _glnA n 0 [ 9f(v)
at |, 8w T v | dv,

where n = [dvf(v) = 1, V = 1/n[d’v vf(v), T = 1/3n [d*v(v — V)’ f(v)
respectively the density, the mean velocity and the temperature of the plasma.

In the previous equations, time is scaled to the inverse plasma frequency w,, lengths
to the Debye length 1p and velocities to the thermal speed v,,. From now on, all
physical quantities will be scaled with these characteristic parameters.

It is worth to remark that both operators exhibit a similar Fokker-Planck
structure, weighted with different coefficients, satisfy conservation of mass, energy
and momentum and obeys an H-theorem (Dougherty 1964; Dougherty and Watson
1967; Hinton and Hazeltine 1976).

By looking at (2.1)—~(2.3), one can realize that the projector U;;(u) that couples the
velocity v, at which the Landau collisional operator is evaluated, and the integration
variable v’ is absent in the Dougherty operator. This significantly simplifies the
numerical solution, since the velocity integrals in the Dougherty operator (n, U and
T) can be evaluated once for each time step in the simulation. In the case of spatially
homogeneity, this reduces the computational cost from N° (Landau operator) to N*
(Dougherty operator); for the general non-homogeneous case with three dimensions
in physical space, the computational cost decreases from N° (Landau operator) to
N® (Dougherty operator).

; (2.2)

+@—=V); f(v)|. (2.3)
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3. Relaxation toward equilibrium: a numerical comparison

To begin this section, we shortly discuss the numerical strategy adopted to solve
the collisional time evolution equation for the particle distribution function:

af _af
ar ot

coll

(3.1)

where 9f/0t|,,, is given by (2.1) for the case of the Landau operator and by (2.3)
for the Dougherty operator. We will refer to (3.1) as the Landau or the Dougherty
equation, depending on which collisional operator is used in the right-hand side.
The velocity derivatives in both Landau and Dougherty operator are evaluated
numerically through a sixth-order centered finite difference scheme (Pezzi et al. 2013,
2014a), while for the time derivative a first-order Eulerian scheme has been employed.
The explicit expressions of the schemes for the velocity derivatives are the following:
of | _ —fis Vi =45 i +45fini —9fia + fis (32)
8vj i N 6OAUj ’ '
_ 2fi3 = 27fia + 270 i1 —490fi + 270 fiy — 27 fi10 + 2 fi13
B 180Av? ’

3 f

2
ij

(3.3)

1

i being a generic grid point along the velocity direction j and Av; the mesh size
along the j-th velocity direction.

In the numerical velocity domain, f is set equal to zero for |v] > vm., Where
Umax = OV, along each direction, where v, = max {v, |, v, 1 }. The number of
grid points used to discretize the velocity numerical domain has been chosen such
that the ratio Av;/v;; ; is almost constant for j = x, y, z. We typically use 101 grid
points in v, and 51 grid points in v, and v,.

The time step At is chosen in such a way to satisfy the Courant-Friedrichs-Levy
condition for the numerical stability of time explicit finite difference schemes (Peyret
and Taylor 1983).

In the following Sections, we will describe the comparison between Landau and
Dougherty operators in different cases, i. €., initializing the computation with different
initial particle velocity distributions. In Sec. 3.1 the evolution of a bi-Maxwellian
velocity distribution is discussed. Then, in Sec. 3.2 we analyze the relaxation of
velocity distributions with a plateau and a beam along one velocity direction. Finally,
in Sec. 3.3, the evolution of a more ‘distorted’ velocity distribution, which comes out
from a self-consistent 1D—1V Vlasov-Poisson simulation of nonlinear wave-particle
interaction, is discussed.

3.1. Bi-Maxwellian velocity distribution
We consider the following bi-Maxwellian non-drifting velocity distribution:

! ex woyu o (34)
(27”3/2 T.\/T, P 2T, 2T, 21, )| '
Here, the subscript || indicates the z direction, while x and y are the perpendicular
(L) directions. We define the temperature anisotropy as A = T, /7.
From the analytical point of view, by assuming that the distribution function
remains a bi-Maxwellian during the process of collisional relaxation, one can integrate

(3.1) in the case of both Landau and Dougherty operators to obtain the evolution
equation for parallel and perpendicular temperatures.

f(vm Uy, vz) =
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In the case of the Landau operator (Kogan 1961), one gets:

dT
) 63)
dT

dTH =2, (T.—T)); (3.6)

vy being a thermalization frequency given by:

_glna =34 (A+3)p(A)
Vo= 8713/2TH3/2 A2 ’

(3.7)

where A = A — 1 and
tan~'(/x)//x x > 0
1x=0 (3.8)
tanh™!(\/—x)//—x x < 0
It is worth noting that, in (3.5), (3.6), the total temperature 7 = (27, + T))/3

remains constant in time.
In the same way, for the case of the Dougherty operator, one can easily get:

p(x) =

dT 2v,
M (1), (39)
dT 2v,
d—t“=2 3 (T.—T)); (3.10)
v, being a thermalization frequency written as:
glnA n

For the case of the Dougherty operator an evolution equation for the entropy
S =— [d*vfIn f can be easily deduced, and reads:

d T, + 2T
S =nv, [TH——3].

== = 3.12
dt T, T, (3.12)

Figure 1 shows the time evolution of parallel and perpendicular temperatures
obtained from (3.5), (3.6) (black solid lines) and from (3.9), (3.10) (red dashed lines).
In this specific case the initial anisotropy is A = 4, while the value of the plasma
parameter is g = 1072 In this plot, time is normalized to the inverse Spitzer-
Harm frequency (Spitzer 1956) vgy, that is the characteristic collisional frequency for
relaxation processes in plasmas, and rescaled by a factor «. The value of « is set equal
to 1 in the case of the Landau operator, while in the case of the Dougherty operator
it is determined numerically in such a way to minimize the following function:

(@) =\/ ! /Om { [TH‘L)(t)—T‘;D)(at)r—l- [T() — Tf’(at)]z} At (3.13)

tmax

where t,,.¢ 1S the time at which the thermal equilibrium is established. This procedure
gives o = 3.55 for the Dougherty operator.

It is worth noting that rescaling the time by « = 3.55 in the case of the Dougherty
operator corresponds to rescaling the thermalization frequency v, by 1/«; in other
words, the collisional effect of the Dougherty operator is made ‘slower’ than it would
be originally.

https://doi.org/10.1017/50022377814000877 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377814000877

6 O. Pezzi et al.

2.0[ ]

L — a =1 - Landau |

L — - o = 3.55 — Dougherty |

1.5 r N

b T, ]

. L i

= L i
- 1.0

= [ ]

0.5 » 7

0.0L | | | | 1

0 2 4 6 8 10

ot vgy

FiGURE 1. Time evolution of parallel and perpendicular temperatures obtained from (3.5),
(3.6) (black solid lines) and (3. 9) (3.10) (red dashed lines). The initial anisotropy is A = 4 and
the plasma parameter g = 1072,

As itis clear from Fig. 1, when rescaling the time as explained above, the evolution of
perpendicular and parallel temperatures obtained through the Landau equations (3.5),
(3.6) and the Dougherty equations (3.9), (3.10) looks closely similar for many Spitzer-
Harm times. We have checked that the value of the rescaling factor o does not depend
on the value of g.

The analytical predictions for the time evolution of 7, and T provide excellent
benchmarks to check the direct numerical solution of equation (3.1). Therefore we
solved numerically (3.1) in the case of the Landau operator and of the Dougherty
operator, through the Eulerian algorithm shortly presented previously. Then, we
compared the results of these simulations for the evolution of 7, and 7 with the
theoretical solutions. In these direct simulations the initial condition for the velocity
distribution is given by (3.4) with A = 4 and the plasma parameter is g = 1072,

In Fig. 2(a) the evolution of T, and Tj is reported for the case in which the Landau
operator is used in the right-hand side of (3.1). The analytical curves from (3.5), (3.6)
are indicated as black solid lines, while the results of the direct simulation as red
stars. In the same way, Fig. 2(b) shows the comparison between theory and numerical
results for the case of the Dougherty operator. In both cases we get a very good
agreement between analytical and numerical results. Again, the time scaling factor
is @ = 1, 3.55 for the case of the Landau operator and of the Dougherty operator
respectively.

Finally, in Fig. 2(c) we report the entropy growth obtained through the direct
simulation of (3.1), in the case of the Landau operator (red stars), of the Dougherty
operator (blue stars). The black solid line indicates the analytical solution from
the time evolution of S from (3.12). Here, we point out that at time ¢ ~ 1.5vg}
the Landau solution slightly departs from the Dougherty solution even when time
is rescaled by the factor « = 3.55. A better agreement has been recovered for

= 3.35. It is worth noting that, in both cases, the final temperature and the
total entropy growth are in accord with the thermodynamical prediction on the
final temperature and on the entropy variation between the initial condition (three
Maxwellian distribution functions with different temperatures considered as isolated
systems) and the equilibrium distribution functions at saturation (three Maxwellian
distribution functions with the same temperature). This shows that the numerically
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FIGURE 2. (a) Time evolution of the parallel and perpendicular temperatures for the Landau
operator case. The black solid line represents the time evolution of the moments equations
[(3.5), (3.6)], while the red dots correspond to the time evolution of the temperatures obtained
from the numerical evolution of (3.1). (b) Time evolution of the parallel and perpendicular
temperatures for the Dougherty operator case. The black solid line represents the time evolution
of the moments equation [(3.9), (3.10)], while the red dots correspond to the time evolution
of the temperatures obtained from the numerical evolution of (3.1). (c) Time evolution of the
entropy growth obtained from (3.12) and from the numerical evolution of the (3.1) for the case
of the Landau operator (red dots) and the Dougherty operator (blue dots), respectively.

produced entropy variation is negligible with respect to the entropy variation produced
by the collisional terms.

Eulerian algorithms allow for a clean description (almost noise-free) of the velocity
distribution. Figures 3(a)—(d) show four snapshots of the velocity distribution at four
different times for a Dougherty simulation of equation (3.1) with initial anisotropy
A =8 and g = 1072. The sequence of plots illustrates how collisions work to restore
the spherical shape of the velocity distribution, which corresponds to the isotropic
Maxwellian configuration.

3.2. Plateau and Beam velocity distributions

In order to investigate whether the time rescaling procedure allows in general
to reproduce the collisional Landau relaxation through the simplified Dougherty
operator, in this Section we follow numerically the collisional evolution of velocity
distributions with sharp gradients in one velocity direction. In particular, we
considered a velocity distribution with a plateau along v, (f,) at t+ = 0 and a
velocity distribution with a beam along v, (f,) at + = 0. This kind of velocity
distributions are usually generated by resonant wave-particle interaction processes
and are very common features recovered, for example, in solar-wind spacecraft
observations (Marsch 2006) and in laboratory plasma experiments (Valentini et al.
2006; Driscoll et al. 2009).

For these new set of simulations the plasma parameter is g = 1072, The explicit
expressions of the initial velocity distributions are:

mpq—1
e = o = [ftw) = sty - |14 (2522 ) (.19
(vz — Vb)z
4/2 T, eXp{ 27, }

being fo(v,) = 1/\/271 exp[—v2/2], v, = 1.44, m, = 8, dv, = 0.5 and n, = 0.17,
Vy,=22and T, =

To(ve) = folv,) + (3.15)
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(a) (b)

FIGURE 3. Snapshot (iso-contour levels) of the distribution function in the whole 3V space
at four different times: o #; vgyg = 0.00 (a), a 1, vsyg = 0.70 (b), o 73 vsy = 1.38 (c) and
oty vgy = 4.13 (d).

Figures 4(a) and (b) show the initial velocity distributions f, and f;, respectively.
Panels (c), (d) in the same figure display the time evolution of S obtained through the
Landau operator (black solid line) and through the Dougherty operator (red stars),
for the initial conditions f, and f;, respectively. The rescaling factor is given the value
a = 1, 3.55 for the Landau operator and the Dougherty operator, respectively. We
note that, for the plateau initial condition f,, the Landau solution and the Dougherty
solution almost superpose one on another, once time has been rescaled. A slight
discrepancy is recovered for the case of the beam initial condition f;.

A better agreement between Landau solution and Dougherty solution can be
obtained slightly modifying the value of the scaling parameter o (better choices
would be o = 3.35 for the plateau initial condition and « = 3.75 for the beam initial
condition), which, however, remains very close to the value @ = 3.55 predicted from
the analytical considerations in the previous section.
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FIGURE 4. In the top row, the initial velocity distributions functions along v, are shown for the
plateau case [equation (3.14)] (a) and for the beam case [equation (3.15)] (b). In the bottom
row, the entropy growth is presented for the Landau operator (black solid line) and for the
Dougherty operator (red dashed line) for the plateau case (c) and for the beam case (d).

3.3. Trapped particle distribution function

As a final case, in this section we compare Landau and Dougherty operators in
the process of collisional relaxation of a velocity distribution generated by the
process of particle trapping. The trapped particle distribution function is obtained
by means of a 1D-1V self-consistent Vlasov-Poisson simulation (with no collisions)
with kinetic electrons and fixed protons. In this simulation, the initial plasma is
spatially homogeneous, with Maxwellian distribution of velocities. The phase space
numerical domain is discretized by 256 x 101 grid points in physical and velocity
space, respectively.

We launch into the plasma an external driver sinusoidal electric field of the form:

E (z,t) = Eg g(t)sinf[k(z — vst)] (3.16)
where Ey = 0.2 w,mv,;,/e (m and e being the electron mass and charge, respectively),
k =0.263", v, = 1.42v,, and

sin (7r¢/100) t < 50
B 150 <7< 150
8(1) =9 cos [ (r — 150)/100] 150 < < 200
073200

(3.17)
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FIGUre 5. (a) Phase space portrait of the distribution function obtained through a
self-consistent 1D—1V Vlasov-Poisson simulation at time rw, = 500 zoomed in the region
x = [2, 18], v = [0, 4]. The red vertical line indicates the value of z at which we get the velocity
profile f,(v;), shown in panel (b). (c) Time evolution of the entropy growth for the Landau
operator case (black solid line) and for the Dougherty operator case (red dots).

This external field is turned off once a population of trapped particles has been
created. Figure 5(a) shows the phase space portrait of the electron distribution function
fe(z, v,) at a fixed instant of time, after the driver has been turned off. Here, a vortical
structure, typical signature of the presence of trapped particles, is recovered. At this
point, we consider the velocity profile f,(v,) = f.(zm, v;), Where z,, (red vertical line
in the plot) is the spatial point corresponding to the maximum velocity width of the
trapping region. The velocity profile f,(v,) is reported in Fig. 5(b).

Therefore, we build a three-dimensional velocity distribution as follows:

f(vx’ Uy, Uz) =C fM(vm vy)fu(vz) (318)
where the constant C is chosen such that [ f(v,, v,,v,) d*v =n =1 and
v + 02
fu(ve,vy) =exp | — T (3.19)
with
1
v.= o [ s av. (320)
n
1
r = [~ v d, (321)

The three-dimensional velocity distribution f(vy, vy, v;) is used as initial condition
for the direct simulations of equation (3.1), performed for both the Landau and the
Dougherty operator. Figure 5(c) shows the evolution of the entropy for the case of the
Landau operator (black line) and of the Dougherty operator (red dots). In this figure,
as in previous examples, time has been scaled by @ = 1, 3.55 for the Landau operator
and the Dougherty operator, respectively. Even in this case a slight discrepancy in
the evolution of S is recovered, while a better agreement is found when the scaling
factor is given the value o = 3.75 for the Dougherty simulation.

Finally, in Figs 6(a)—(d), we directly report the velocity distribution f (evaluated at
v, = v, = 0) versus v, at four different times in the simulation. The black line in each
plot represents the solution obtained when the Landau operator is considered, while
the red-dashed line corresponds to the Dougherty solution. Here o = 1, 3.55 for the
Landau operator and the Dougherty operator, respectively.
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FIGURE 6. Velocity distributions obtained from the numerical solution of the Landau equation
(black solid line) and of the Dougherty equation (red dashed line) at four different times
ot vsg = 0.03 (a), o 1) vsg = 0.34 (b), o 13 vsg = 0.69 (C) and o ty Vsg = 1.38 (d)

It is worth noting that, during the relaxation process, the form of the velocity
distributions display different details. In particular the Dougherty operator seems
to be faster than the Landau operator, in smoothing the velocity gradients. This is
consistent with the fact that, when slightly increasing more and more the value of the
rescaling factor « for the Dougherty simulation, the detailed evolutions of the velocity
distributions approach each other more and more. The different behavior of the two
operators can be due to the different way they smooth and weight the gradients in
velocity space.

4. Conclusions

In this Section we summarize the results presented above and shortly discuss
possible future developments of the research on plasma collisions. We performed
a detailed comparison between the Landau operator (Landau 1936) and the
Dougherty operator (Dougherty 1964) by means of Eulerian kinetic simulations
of a homogeneous, field-free plasma in a three-dimensional velocity space.

As a first step, by looking at the collisional relaxation processes of a bi-Maxwellian
velocity distribution, we have realized that an ‘ad hoc’ time rescaling procedure allows
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to make the time evolution of parallel and perpendicular temperatures described by
the Dougherty operator in equations (3.9), (3.10) very close to the one obtained when
the full Landau integral is employed [equations (3.5), (3.6)], despite the profound
mathematical differences between the two operators. Pushed by these surprising
analytical findings, we employed an Eulerian algorithm to simulate numerically the
return toward equilibrium of several velocity distributions (bi-Maxwellian, beam
distribution, plateau distribution etc.), for which we verified that the Dougherty-
Landau time rescaling factor « is the same and does not change with respect to the
analytical prediction obtained for the bi-Maxwellian case.

For all velocity distributions considered in this work, the value of the factor
o = 3.55 allows to almost superpose the results for the time evolution of 7, and T
obtained in the case of the Landau operator and of the Dougherty operator. For the
time evolution of the entropy, the two operators exhibit slight differences, presumably
due to the different roles of the velocity gradients in the Landau and the Dougherty
operator. However, we point out that the maximum relative discrepancy for the time
evolution of entropy, in a one Spitzer-Harm time, is about 6%.

Our results allow to conclude that the lack of physical details that one relentlessly
introduces by approximating the Landau operator with the Dougherty operator can
be considered negligible compared to the advantage of having a collisional operator,
the Dougherty one, that can be easily used and implemented in self-consistent Eulerian
simulations and that reproduces satisfactorily the Landau collisional thermalization,
once an appropriate time rescaling has been introduced.

We again emphasize that rescaling the time by the factor « in the case of the
Dougherty operator, as discussed in detail previously, corresponds to rescaling the
thermalization frequency v, in equation (3.11) by 1/«, thus slowing down the effects
of the Dougherty operator.

Thanks to the time rescaling procedure described in the present paper, since the
two collisional operators behave in a very similar way for about one Spitzer-Harm
time, the Dougherty operator can be employed in a wide range of kinetic simulations
to replace the much more complex and computationally demanding Landau operator.
Indeed, it is worth noting that, for example in the case of the solar-wind plasma,
the Spitzer-Harm time is significantly larger than the typical cyclotron time and
plasma time (a);l). Therefore, the Dougherty operator can be successfully employed
in place of the Landau operator to describe collisional processes in long time regime
simulations of both electromagnetic and electrostatic plasmas.

To conclude this Section, we would like to point out that, since the Dougherty
operator does not describe the velocity dependence of the diffusion coefficients in
velocity space, we cannot assure that the time-scaling factor we determined does
not change in situations where the distribution function is extremely distorted with
respect to a Maxwellian one. However, the detailed comparison between Landau and
Dougherty collisional operators in full self-consistent simulations will be the subject
of future works.
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