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Abstract. In singular perturbation problems one frequently has a family (7¢)eco,1] Of
semiflows on a space X and a ‘singular limit flow’ o of this family which is defined only
on a subspace Xy of X. Moreover, 7, converges to mg only in some ‘singular’ sense.
Such a situation occurs, for example, in fast—slow systems of differential equations or in
evolution equations on thin spatial domains.

In this paper we prove a general singular Conley index continuation principle stating that
every isolated invariant set Ko of 7y can be continued to a nearby family K. of isolated
invariant sets of w. with the same Conley index. We illustrate this continuation result with
damped wave equations on thin domains. This extends some results from our previous
work.

1. Introduction

The Conley index is a well-known tool used in the analysis of dynamical systems, both
in finite and in infinite dimensional spaces. Its usefulness is largely due to the fact that it
enjoys a so-called continuation property, which can roughly be described as follows:

Let X be a (metric) space and (1¢)ec(o,1] be a family of flows (or semiflows) on
X such that w. converges to wy on X as € — 0. This means that whenever
Xe — xoand te — ty as € — OF then xcmete — xomoto. Let N C X be
an isolating neighborhood of an isolated invariant set Ky of wo. Then, under
some additional compactness assumptions, for every € > 0 small enough, the
set N is an isolating neighborhood of an isolated invariant set K¢ of me and
the Conley indices of K¢ and Ko are the same.
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This result is commonly used when we want to deduce information about the more
complicated invariant sets K¢, € > 0, from the simpler invariant set K.

In this situation the flow 7 is a ‘regular limit’ of the flows 7, € € 10, 1].

However, in singular perturbation problems one frequently has a family (7¢)eejo,17 Of
flows on the space X, a family (p¢)ec)o,1] of metrics on X together with a ‘singular limit
flow’ g which is defined only on a subspace X¢ of X. Moreover, . converges to 77y only
in some restricted sense with respect to this family of metrics. Such a situation occurs, for
example, in evolution equations on thin spatial domains, which we now briefly describe.

Let M and N be positive integers and €2 be an arbitrary non-empty smooth bounded
domain in RY x R¥. Write (x, y) for a generic point of RM x RV . Given € > 0 squeeze
2 by the factor € in the y-direction to obtain the squeezed domain 2. More precisely, let
T, : RM x RN — RM x RV, (x,y) — (x, €y), be the squeezing operator and define

Qe = {(x,€y) | (x,y) € 2}. Consider the following reaction—diffusion equation on 2:
ur=Au—yu+ f(e,x,y,u), >0, (x,y) € Qe, ()
du=0, >0, (x,y) €0, ¢

where v is the exterior normal vector field on €2, ¥ > 0 is a constant and f is a given
(scalar valued) nonlinearity. We are interested in what happens to the dynamics of this
equation as € — 0. This problem was first considered by Hale and Raugel [5] for special
so-called ordinate set domains and later, for general domains, by Prizzi and Rybakowski
[10, 11] and also by the present authors [1].

In order to describe some of the results obtained we first use the transformation
u +— u o T¢ to transfer problem (Ee) to the equivalent problem

up = A+ (1/e)Ayu — yu+ f(e,x,ey,u), >0, (x,y) € Q, E)
Vi onu+(l/62)V2~Vyu=(), t>0, (x,y) € 02. ¢

Here, v = (v1, v2) is the exterior normal vector field on 9<2.
If the nonlinearity f is a C'-function of its arguments and has appropriate polynomial
growth in u, € and y, then we can define, for every € > 0, the Nemitski operator

fe: H'(Q) — LX(Q)
fe)(x,y) = f(e, x, €y, ulx, y)).
Then equation (E¢) can be written in the abstract form
i+ Acu = fe(u),
where A¢ is the linear operator defined by
Act = —Ayu — (1/e)Ayu + yu € LH(Q)

foru € H*(Q) with vy - Vou + (1/62)1)2 - Vyu = 0 on Q2. Equation (E¢) defines a (local)
semiflow 7. on H'(2). Note that the operator A, is generated, in the usual way, by the
bilinear form

ac: H'(Q) x H'(Q) > R
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given by
ac(u,v) := / (yuv + Vyu - Viv + (1/62)Vyu -Vyv)dxdy
Q

(cf. formula (F)). On X := H'(Q) we define the norm | - |¢ by
u? == ac(u, u)

and the corresponding metric p¢ (i, v) 1= |u — v|e.
Now define the space

Xo = HNQ) :={ue HY(Q) | Vyu =0}.

This is a closed linear subspace of H!(£2). The bilinear form given by the formula:
ap(u,v) == / (yuv + Vyu - Vyv)dxdy, u,ve H;(Q)
Q

uniquely determines a densely defined self-adjoint linear operator Ag : D(A¢) C H}!(RQ)
— L?(Q) by the usual formula

ap(u, v) = (Aou, U)Lz(Q), foru € D(Ap) and v € HSI(Q). (F)

Here, L2(Q) is the closure of H/!(2) in the L2-norm, so L2(£2) is a closed linear subspace
of L?(2). It is proved that the Nemitski operator fy defined by

Jo)(x,y) == f(0,x,0,u(x, y)),
maps the space HS1 (R2) into L?(Q). Consequently the abstract parabolic equation
u=—Aou + fou) (Eo)

defines a semiflow g on the space X = HS1 (2). This is the singular limit semiflow of the
family me. In fact, the family (e )eejo,1] converges to mp in the following restricted sense:
whenever €, — 07, 1, — 1o and pe, (u,, uo) — 0, where t,, to € [0, oo[, up, € X, n > 1,
and ug € Xg then p¢, (upme, by, uomoto) — 0 (cf. [1, 10]).

If the nonlinearity f is dissipative, then each semiflow 7, € € [0, 1], possesses a global
attractor Ac. The family of attractors (A¢)ee(o, 1] is upper-semicontinuous at € = 0 with
respect to the family | - |¢ of norms, i.e.

lim sup inf |u —v|e =0.
e=>0T ye g, vedo
(See [10, Theorem 5.10], which generalizes previous results in [S].)
Note that each attractor A, for € € [0, 1] is a compact isolated w¢-invariant set with
Conley index £°. Therefore the above-mentioned result implies that the invariant set A
can be continued to a family of invariant sets with the same Conley index.

It was proved in our previous paper [1] that the latter statement holds true for an arbitrary
isolated invariant set of the limit semiflow.
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THEOREM A. (Singular Conley index continuation principle) Let Ko C H!(Q) be a
compact isolated invariant set of the limit semiflow wo. Then there is an €9 > 0 and for
each € € 10, €q] there is a compact isolated invariant set K¢ C H L) of the semiflow
such that the Conley indices of K¢ and K are the same. Moreover, the family (K¢)eco,¢]
is upper-semicontinuous at € = 0 with respect to the family | - |¢ of norms, i.e.

lim sup inf |u —v|e =0.
e—0t ueke vekKy

For the precise assumptions on f see [1]. By what was said earlier, it is clear that
this result is not a mere consequence of the regular continuation principle described at the
beginning of this section. The reader is referred to [1] for some applications of Theorem A
to reaction—diffusion equations on thin domains.

For special ordinate set domains €2 of the form 2 = U x 0, 1[, where U is a bounded
domain in RM with M = 1 or 2, Theorem A was also independently proved by Huang in
arecent preprint [7] (see [7, Theorem 6.1]). The author obtains his result as an application
of an abstract Conley index continuation theorem (see [7, Theorem A]).

However, an inspection of the proof of Theorem A in [1] shows that we use only some
general properties of the family (me)eefo,1 of semiflows like the restricted convergence
of (e)ee)o,1] to mo and a technical admissibility assumption. By carefully abstracting
these properties we arrive at a general singular Conley index continuation principle
(Theorem 4.1), which is the main result of this paper.

Roughly speaking, our admissibility assumption (similar to that introduced in [12]
for the construction of the infinite-dimensional Conley index) covers semiflows whose
solution operators are conditional a-contractions. Therefore Theorem 4.1 is applicable
not only to semiflows whose solution operators are compact maps (like the dynamical
systems generated by ordinary differential equations in finite dimensions, parabolic partial
differential equations on bounded domains or retarded functional differential equations
with finite delays) but also to some classes of semiflows (like those generated by damped
wave equations, neutral functional differential equations or infinite delay equations) whose
solution operators are not compact. Thus, in particular, Theorem 4.1 is more general than
Theorem A of [7], since the latter requires compact solution operators.

We illustrate Theorem 4.1 by considering semiflows generated by damped wave
equations on thin domains. More precisely, let 2, 2., y and f be as before and consider
the following damped wave equation on 2:

U = —viy + Au —yu+ f(e,x,ey,u), t>0, (x,y) € Qe,
dyu=0, >0, (x,y) € 0Qe.
Here, v > 0 is a fixed constant.

Proceeding as before we can transfer equation (D, ) to the following equivalent equation
on the fixed domain :

Uy = —vitg + Axe + (/€ Ayu — yu + f(e,x,y,u), >0, (x,y) €,

2 (Dé)
v -Viu+(1/eH-Vyu =0, t>0, (x,y) € 0R.
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Set Xe = X := H'(Q) x L>(Q) fore > 0 and X¢ := H!(Q) x L2(R). Given u € X,
we will write ug (respectively u;) for the first (respectively second) component of u, i.e.
u = (up, u1). For ¢ > 0 endow X, with the norm | - |x, defined by

2 . 2 2
I(M(), I'”)'X6 = |M0|€ + |M] |L2(Q)'

For € > 0 define D(B.) := D(A¢) x H'(Q) C X, and let B, : D(B.) — X, be the
operator
Be(ug, uy1) := (—uy, vuy + Acug) for (ug, u1) € D(Be).

Moreover, for all € > 0, define the map g. : X — X¢ by
ge(uo, u1) = (0, fe(uo)) for (uo, u1) € Xe.
Then, for all € > 0, equation (D) can be written in the equivalent abstract form:
i = —Beu + ge(u).

This equation defines a (local) semiflow (actually, a flow) 7. on X. The limit flow of the
family (¢ )eejo,1] is given by the flow mp generated by the equation

i =—Bou + go(u).
An application of our abstract Theorem 4.1 now gives the following theorem.

THEOREM B. (Continuation principle for damped wave equations) Let Ko C Xo be a
compact isolated invariant set of the limit semiflow mg. Then there is an €9 > 0 and for
each € € 10, €q] there is a compact isolated invariant set K. C X of the semiflow m. such
that the Conley indices of K¢ and K are the same. Moreover, the family (K¢)ee[o,e] IS
upper-semicontinuous at € = 0 with respect to the family | - |x, of norms, i.e.

lim sup inf |u —v|x, =0.
e—=0% yek, veKo

For the precise assumptions on f, see Examples 5.4 and 5.8. Let us only mention, that
unlike in Theorem A, we assume, in Theorem B, subcritical growth of f with respect to u.

Let us remark that Theorem 4.1 can also be applied to both reaction—diffusion equations
and the corresponding damped wave equations on curved thin domains introduced in the
recent paper [9]. The ideas of this paper can also be used to prove a singular continuation
result for Morse decompositions and the connection matrix (cf. [3, 4]). Furthermore, it
is applicable to various fast—slow systems of ordinary differential equations and evolution
equations. This will be treated elsewhere.

This paper is organized as follows. In the next section we review some basic concepts
and results of the Conley index theory for semiflows defined on a metric space. In §3 we
introduce the concepts of singular convergence and singular admissibility which are the
key properties in the statement of our abstract continuation result. Section 4 is devoted to
the proof of Theorem 4.1. Finally, an application to damped wave equations is presented
in §5.
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2. Conley index for semiflows on metric spaces
We will review some basic definitions and results concerning the Conley index theory for
semiflows defined on a metric space. The reader is referred to [12] or [13] for the proofs
of several of the results stated here and for further details on the subject.

Given a topological space Z and an arbitrary set Y, we define the quotient space Z/Y
as follows: fix an arbitrary p ¢ Z. Define the set Z/Y as

Z]Y = (Z\Y)U{p}
andthemapgq : Z — Z/Y as

z ifzeZ\Y,
q(z) = .
p otherwise.
We commonly write [z] instead of ¢ (z). We also write [Y] instead of p.

Call a subset V of Z/Y open in Z/Y if and only if g ~!(V') is open in Z. This defines a
(quotient) topology on Z/Y. Note thatif Y N Z # @, then ¢ is a (surjective) identification
map. f YNZ =@, then Z/Y = ZU{p}and V C Z/Y isopenin Z/Y if and only if
VN Zisopenin Z.

Let us now recall the definition of a semiflow and a few related concepts.

Let X be a topological space, let D be an open subset of [0, 00[ x X and7 : D — X
be a continuous map. We write xrrt := 7 (¢, x) for (¢, x) € D. The map r is called a local
semiflow on X if the following properties are satisfied:

(1) for every x € X there is a number wy, = @7 € ]0, oo] such that (¢, x) € D if and
onlyif 0 <t < wy;

2) xmO0=xforallx € X;

(3) if(t,x) € D and (s,xnwt) € D then (t +5,x) € D and

xm(t+s) = (xmt)ms.

If w, = oo forevery x € X, then 7 is called a global semiflow on X.

Let N be an arbitrary subset of X. We say that the local semiflow 7 does not explode in
N if, whenever xmrt € N forall t € [0, wy[, then w, = 0.

Let J be an arbitrary interval in R. A map o : J — X is called a solution of mw if
forallt € J and s € [0, oo[ for which t + s € J, it follows that o (¢)rs is defined and
o(t)mrs =o(t+s). If0 € J and 6 (0) = x, we say that o is a solution throughx. If ] = R
(respectively J = ]—oo0, 0]), then o is called a full solution (respectively full left solution)
relative to 7.

Suppose that Y is a subset of X. We define the following subsets of X:

AT (Y):i={x € X | xm [0, wc[ C ¥},

AL (Y):={x € X |Isolution o : ]—00, 0] — X through x with o (]—00, 0]) C Y},
Ar(Y) = AT (Y)NAL(Y).

A subset Y of X is called invariant (respectively positively invariant, respectively

negatively invariant) relative to 7w if ¥ = A, (Y) (respectively Y = A} (Y), respectively
Y = A7 (V).
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Let N be a closed subset of X such that K := A, (N) is closed and K C Int N. Then N
is called an isolating neighborhood of K relative to w and K is called an isolated invariant
set relative to 1.

Let B C X be aclosed setand x € dB. The point x is called a strict egress (respectively
strict ingress, respectively bounce-off) of B, if for every solution o : [—81,8] — X
through x, with §; > 0 and §, > 0, the following properties hold:

(1) there exists an €2 € ]0,8>[ such that o(f) &€ B (respectively o(t) € IntB,
respectively o (t) € B), fort € 10, e2];

(2) if §1 > 0, then there exists an €; € ]0, §1[ such that o () € Int B (respectively
o(t) &€ B, respectively o (¢) & B), fort € [—€q, O[.

The set of all strict egress points (respectively strict ingress, respectively bounce-off) of
the closed set B will be denoted by B¢ (respectively B, respectively B?). A closed set
B C X is called an isolating block, if 9B = B¢ U B U BY and B~ := B¢ U B is closed.

Let N be a closed subset of X. Then N is called strongly m-admissible if the following
properties are satisfied:

(1) the local semiflow 7 does not explode in N; and

(2) whenever (x,),cN is a sequence in X and (#,),cN is a sequence in [0, oo[ such that
t, > ooasn — ooand x,mw [0, t,] C N foralln € N, then the sequence (x,7#,),eN
of endpoints has a convergent subsequence.

THEOREM 2.1. Let K be an isolated m-invariant set and N be a strongly m-admissible
isolating neighborhood of K. Then there exists an open set V such that B := clV is an
isolating block such that K CV C B C N and 0V = 9B.

Proof. By [13, Theorem 1.5.1] there exists an isolating block B’ such that K C Int B’ C
B’ C N.SetV :=IntB" and B := cl V. Itis easily verified that B := ¢l V is an isolating
block suchthat K C V C B C NanddV = 9B. O

Let N, Y be subsets of X such that Y C N. The set Y is called N-positively invariant
relative to 7, if whenever x € X, t > 0 are such that x7 [0,¢] C N and x € Y, then
xm[0,¢] CY.

Definition 2.2. Let N be a closed set in X and N1 and N> be closed subsets of N. The pair

(N1, N») is called a pseudo-index pair in N if:

(1) Nj and N, are N-positively invariant; and

(2) whenever x € Ny and xmrtg € N for some 1y € [0, oo[, then there exists a t’ € [0, o]
such that x7 [0,¢'] C N and x7rt’ € N».

A pseudo-index pair (N1, N2) in N is called an index pair in N if A;(N) is closed and

Az (N) C Int(N1 \ N2).

An isolating block B determines a special index pair in B, namely (B, B7).

Let K be an isolated invariant set, N be a strongly rr-admissible isolating neighborhood
of K and (Np, N2) be an index pair in N. Then the homotopy type of the pointed space
(N1/N>, [N2]) depends only on the semiflow 7 and the isolated invariant set K (see [13,
Theorem 1.10.1]). The Conley index, h(m, K), of the isolated invariant set K with respect
to 7 is defined to be the homotopy type of (N1/N>, [N2]).
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Remark 2.3. If N is a strongly -admissible isolating neighborhood relative to 7, we will
sometimes write 2 (7r, N) to denote h(;r, A; (N)). This will not lead to confusion.

3. Singular convergence and singular admissibility
In this section we introduce the basic concepts and preliminary results which will be used
in the next sections.

Let (X9, do) be a metric space. Let €9 > 0 and for each € € ]0, €o] let (Y, dc) be a
metric space and 0. € Y, be a distinguished point of Y. The open ball in Y, with its center
in v and radius 8 > 0 is denoted by B (v, 8). Analogously, B¢[v, 8] is the closed ball in
Y. with its center in v € Y, and radius 8 > 0.

For each € € ]0, ¢p] define the set Z, := X¢ x Y. Endow Z, with the metric

Ce((u, v), (', V) := max{dy(u, u'), d.(v,v")} for (u,v), ', V) € Z..

Definition 3.1. Given a subset V of X, 8 > 0 and € € ]0, €p] define the ‘inflated’ subsets
1Vle,p and [V ] g of Z, as follows:

1WVlep :={(u,v) € Zc |u € Vand v € Be(6e, B)},
[Vleg :={(u,v) € Zc |u € Vand v € cle Bc(6e, B)}.
LEMMA 3.2. Let V be a subset of Xo. Then for every B > 0 and € € ]0, €]
e WVlep=I[clV]eg.

Proof. Since [cl V]¢ g is closed in Z, we obtain that cle |V [e g C [cl Ve g.
Conversely, let (u,v) € [cl V]eg. This implies that u € clV and v € cle Be(6e, B).
Therefore, there exist sequences (#,),cN in V and (v,),eN in Be (B¢, B) such that

do(uy,u) > 0 and dc(v,,v) > 0 asn — oo.
Thus (u,, vy) € 1Ve g and T'e ((uy, vn), (4, v)) — 0asn — oo. O

Let 779 be a local semiflow on X and for every € € ]0, €p] let 7. denote a local semiflow
on Z.. Foreach € € ]0,¢p] given w € Z. and t > 0 such that wrm,t is defined, the
components of wr.t are denoted by

(Woet, wiet),

where wo.t € Xo and wiyet € Ye.
The next two concepts contain the main assumptions required in Theorem 4.1.

Definition 3.3. Using the previous notation, we say that the family (¢)eejo,¢, Of local
semiflows converges singularly to the local semiflow g if whenever (¢;,),cn and (¢,),eN
are sequences of positive numbers such that

€, — 0,1, —> tp asn — oo, for some 1y € [0, oo
and whenever ug € Xo and w, € Z, are such that
Ie, (W, (4o, 0,)) = 0 asn — oo

and ugmotp is defined, then there exists an ng € N such that for all n > ng, w,me, , is
defined and
Le, (Wy e, tn, (Momol0, O,)) — 0 asn — oo.
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Definition 3.4. Let B be a positive number and N be a closed subset of Xy. We say that N
is a singularly strongly admissible set with respect to 8 and the family (7t¢)ee[0,¢,) Of local
semiflows if the following conditions are satisfied:

(1) N is astrongly mp-admissible set;

(2) foreache € 10, o] the set [N]¢ g is strongly mc-admissible; and

(3) whenever (€,),cN and (,),cN are sequences of positive numbers such that

€ —> 0,1, > 00 asn — o0

and whenever w, € Z, is such that w,7, [0, #,] C [Nle, g, then there exist a
uo € N and a subsequence of the sequence (w,e,)neN Of endpoints, denoted
again by (w, 7, tx)neN, such that

e, (Wn7e,tn, (U0, Bc,)) = 0 asn — oo.

The basic consequences of these definitions are contained in the following lemma.

LEMMA 3.5. Suppose (7t¢)ee)0,¢0] IS a family of local semiflows that converges singularly
to the local semiflow o and N is a singularly strongly admissible set with respect to 8 and
the family (7¢)ee(0,ey) Of local semiflows.

(1) Let (€n)nenN and (ty),eN be sequences of positive numbers such that

€ — 0,t, > 00 asn — oo.

Foreachn €N, let w, € Z,. Suppose that w,me, [0, t,] is defined and included in
[Nle,,p- If(wgnégt,?)neN is a subsequence of (W, e, th)neN such that

0 0
Lo (wy,moty,, (o, 00)) = 0 asn — oo,

for some ug € N, then ug € A;O(N).
(2)  Let (en)neN and (ty)neN be sequences of positive numbers such that €, — 0 and
t, — oo asn — 00. Let ug € Xo and for eachn € N, let w, € Z,,. Suppose that

Ie, (W, (Mo, 0¢,)) — 0 asn — oo.

For each n € N suppose that w,me, [0, t,] is defined and included in [Nle, g. Then
uogmot is defined for all t > 0 and ug € A;T"O (N).

Proof. Condition 3 of Definition 3.4 implies that there exists a subsequence of the sequence
(w9m,019), e, denoted by (wlm, 1t}),en, with £} > 1, such that

Tt (wamrer (ty — 1), (-1,6,1)) > 0 asn — oo,

for some u_; € N. Proceeding recursively, for every k > 1 we obtain a subsequence
(wﬁﬂegt,]f)neN of (wﬁ’ln€§_| t5=1),eny with £5 > k such that

Lo (Wher (15 — k), (g, 64)) = 0 asn — oo. (1)

Moreover, u_; € N forall k € N.
We claim that u_; ot is defined for all ¢ € [0, k]. Suppose u_jmot is not defined for
some t € [0,k]. Then there is a o € [0, k] with u_moto defined and u_xmoty ¢ N.
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Since (7¢)ee1o,ep) 15 a family of local semiflows that converges singularly to the local
semiflow 77, formula (1) implies that

Férkl(w,]jnérkl (t,]f — k)nérklto, (u—gmoto, 95,5)) — 0 asn — oo.
Note that w7 (ty — k)Tekto = wymek (fy — k + 19). Thus
do(wﬁqbézg(tfl‘ —k+1ty), u_gmotg) — 0 asn — oo.

This implies that wﬁqﬁglkl (tk —k 4+ 19) ¢ N for all n large enough. Since ¥ — k + 19 < t¥
we obtain a contradiction. This proves our claim.
For t € [—k, 0] define
ox(t) == u_gmo(t + k).

We have that oy is a solution of 7y in N. We claim that 04(0) = ug for all k € N.
In fact, since (7¢)ec)o,eq) 1s @ family of local semiflows that converges singularly to the
local semiflow g, formula (1) implies that

Lo Wi (ty — k)T ik, (u_xok, O1)) — 0 asn — oo,

Therefore
do(wf‘,qﬁélgt,]f, u_rmok) - 0 asn — oo.

However, since for every k € N, the sequence (wflq)e#t,]f)neN is a subsequence of

(w,?négt,?)neN, we have
do(wypeity, uo) — 0 asn — oo.

This implies that 0% (0) = ug. This completes the proof of our claim.

Note that if k < k’, then o and oy coincide on [—k, 0]. Thus o(¢) := ox(¢) for
t € [—k, 0] defines a solution of 7y on |]—o0, 0] with o (]—00,0]) C N and o (0) = uy.
This completes the proof of assertion 1.

We turn to the proof of part 2 of the lemma. Let 0 < @w < oo be such that upmgt
is defined if and only if 7 € [0,w[. Let T € [0, w[. Since (7e)ee)o,¢) 15 a family of
local semiflows that converges singularly to the local semiflow o, we have that w,m,, T is
defined for all n € N large enough and

Ie, (wyme, T, (MomoT, B¢,)) = 0 asn — oo. 2)

Let r € [0,w[. Since t, — o0 as n — o0, it follows that t < 1, for all n large
enough and so wy ¢, [0, t] is included in N for all n. Therefore, formula (2) implies that
uopmo [0, t] C N. It follows that ugmo [0, w[ C N and so w = oo. This concludes the proof
of the lemma. O

We will also need the following technical result.

LEMMA 3.6. Suppose (7t¢)ec)0,¢0] IS a family of local semiflows that converges singularly
to the local semiflow o and N is a singularly strongly admissible set with respect to 8 and
(Te)eel0,e0]- Let (€n)nen and (t,)nen be sequences of positive numbers such that

€, —>0 and t, > 00 asn — o0.
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Moreover, let (wy),eN be a sequence such that w, € Z., and
wnﬂen [01 tn] C [N]€ns/3

for every n € N. Then there exist a ug € Ax,(N) and a subsequence of (w7, (tn/2))neN,
again denoted by (W, e, (th/2))peN, such that

e, (wyme, (tn/2), (U0, 6¢,)) = 0 asn — oo.

Proof. For each n € N define s, := 1,/2. It follows that s, — 0o as n — oo and
Wy Te, [0, sp] C Wy Te, [0, 1,] C [N]en,ﬁ .

Therefore condition 3 of Definition 3.4 implies that there exista ug € N and a subsequence
of (wpme,Sn)neN, denoted again by (w, e, Sn)neN, such that

e, (Wnme, Sn, (U0, 0c,)) = 0 asn — oo.
The first part of Lemma 3.5 implies that ug € A7 (N). Define
Yn = WpTle, Sn-

Then T¢, (yn, (40, 60,)) — 0 asn — o0o. Moreover y,7e, [0, sy] C wy7e, [0, 1,] the
latter set being included in [N]e,, 5. Hence Lemma 3.5(2) implies that ug € A;{O(N). This
completes the proof. O

4. The singular Conley index continuation principle
In this section we state and prove the main result of this paper, a general Conley index
continuation principle for singular perturbation problems.

THEOREM 4.1. Suppose that there exists an ny > 0 such that for all € € 10, €9] and all
n € 10, no] the set cle B¢(6¢, n) is contractible.

Let B be a positive number. Suppose (7¢)eel0,¢0] i a family of local semiflows that
converges singularly to the local semiflow mg and N is a singularly strongly admissible set
with respect to B and (7¢)ee[0,¢,)- Assume that N is an isolating neighborhood for my.

Then for every n € 10, 1], where 79 < min{ no, 8}, there exists an € = €°(n) > 0 such
that for every € € 10, €°] the set [Nle y is a strongly admissible isolating neighborhood
relative to . and

h(e, [Ne.) = h(mo, N). 3)

Remark 4.2. Recall that a topological space Y is called contractible if there is a point
p € Y and there is a continuous map H : Y x [0, 1] — Y such that H(y,0) = y and
H(y,l)=pforally €Y.

The proof of Theorem 4.1 is a careful abstraction of the Conley index continuation
theorem for reaction—diffusion equations on thin domains given in our previous work [1].
We need a number of preliminary results.

PROPOSITION 4.3. Fix n € 10, B] arbitrarily. For all sufficiently small € > 0 the set
[Nle,y is a strongly m.-admissible isolating neighborhood for m..
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Proof.  Since n € ]0, B] the strong admissibility is an immediate consequence of
Definition 3.4.

Suppose that there is a sequence (¢,),eN Of positive numbers converging to zero such
that for each n € N the set [N],,, is not an isolating neighborhood for 7.,. Then for each
n € N there exists a solution 0, : R — Z, of m¢, such that

0,(R) C [Nle,,, and 0,(0)7e,n € 0[N,y -

For each n € N define ¢, := 2n. Therefore t, — oo as n — oo and 0, (0)7, [0, #,] C
[Nle,,n C [Nle,,p- Lemma 3.6 implies that there exist a ug € Az,(N) and a subsequence
of (6, (0)7e, (tn/2))nen Which is denoted again by (o, (0)7e, (£, /2))neN such that

Le, (0, (0)7e, (t:/2), (10, 6¢,)) = 0 asn — oo.
Thus
do(0n (e, n,u0) = 0 and de, (0, (0)Ye,n,0,) - 0 asn — oo.

Therefore d, (0, (0) e, 1, O¢,) < n for all n large enough. Hence 6, (0) ¢, n € Be, (O¢,, 1)
and so 0, (0) e, n ¢ 9 cle, Be, (O¢,, n) for all n large enough. This implies that ¢, (0)¢e,n €
dN for all n large enough and so ug € dN. However, this contradicts the fact that N is an
isolating neighborhood for mg. a

PROPOSITION 4.4. Assume that Ko 1= Az,(N) = @. Fix n € 10, B] arbitrarily. For all
sufficiently small € > 0 the set K¢  := Ay ([Nle,y) is empty.

Proof.  Otherwise, we find an n € ]0, 8] and a sequence (€,),¢eN, of positive numbers
converging to zero such that K¢, , # ¥ for each n € N. Therefore, for every n € N there
exists a full solution o, : R — [N]e,,, of 7¢,. For each n € N define #, := n. Therefore
thp — oo asn — oo and o, (0)7, [0, t,] C [Nle,,y C [Nle,,s. Lemma 3.6 implies that
there exists a ug € Ay, (N). However, this is a contradiction. O

Thus Theorem 4.1 holds if Ko = @.

Assume from now on that Ko # #. Since N is a strongly admissible isolating
neighborhood for g and Ko = Az,(N) # @ is an isolated invariant set of mp, we can
apply Theorem 2.1 and choose an open set Uy in X such that Ny := cl Uy is an isolating
block for 7y and such that Ko C Uy C No C N and aUy = 9 Np.

Let o : [0,00[ — [1,2[ be a monotone increasing C*®-diffeomorphism. Let sT :
No — R U {00} be given by

sT(u) :=sup{t > 0 | umot is defined and umg [0, ] C No},
and define the function t+ : Uy — R U {00} by

tT () := sup{t > 0 | umot is defined and umo[0, 1] C Up}.
Moreover, define the function F : Xo — [0, 1] by

F(u) := min{l, d(u, Az (No))},
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where d(u, A7 (No)) is the distance (in X¢) of the point u from the set AZ (No). Finally,
we define g~ : No — R as follows:
g~ (u) := sup{a(r) F(umot) | 1 € [0, 5T (u)],
ifsT(u) <ocandrt € [0, oo[, if sT(u) = 00}.
Whenever (u,),en is a sequence in No with g~ (u,) — 0 as n — o0, then, by

admissibility, there is a subsequence of (u,),eN converging to an element of A7 (Np).
Givena > 0, b > 0 define

V(a,b):={uecUy| g () <a,tt(u) > b}.
Note that V (a, b) is open in Xo, Ko C V(a, b) and admissibility implies that we can
choose ap > 0 and by > 0 such that ¢l V (ag, bg) C Up.
Givena > 0,b > 0,¢ > 0and o > 0 define
Ve,a(aa b) :=1V(a, b)[e,a .

LEMMA 4.5. Fix positive numbers a, b, «, 8, n and M such that a < ag, b > by and
n < B. Then
K(e,n,a,b) .= Az ([c1V(a,b)ley) C Veu(8, M)

for all sufficiently small € > 0.
Proof. If the lemma is not true then there are positive numbers a, b, «, 8, n and M such

that a < ap, b > bg and n < B and a sequence (€,), N of positive numbers converging to
zero such that foralln € N

K(en,m,a,b) ¢ Ve, .a(8, M).
For eachn € N, there is a solution o, : R — [cl V(a, b)]e,,, of 7¢, With
0, (0)me,n & Ve, (8, M).
Since o, (0)7e, [0,2n] C [clV(a,b)le,.n C [Nle,,y C [Nle,p and 2n — o0 as
n — oo, Lemma 3.6 implies that there exist a ug € Ay (N) and a subsequence of
(01 (0)me,n),eN Which is again denoted by (o, (0)7e, 1), eN such that
Ie, (0, (0)7e,n, (4o, be,)) = 0 asn — oo.

This implies that do(0,,(0)¢pe,n, uo) — 0 as n — oo and de, (0, (0)¥e,n, 0:,) < o for
all n large enough. Since g~ (ug) = 0 and " (ug) = oo, it follows that ug € V (8, M).
Therefore 0, (0)¢pe,n € V (8, M) for all n large enough. Thus 0, (0)7e,n € Ve, o (8, M) for
all n large enough which is a contradiction. o

Lete € ]0, o] and v > 0 be arbitrary. Given w € JUple,,, define
t::v(w) = sup{t > 0 | wrnet is defined and wrn[0, t] C JUple v}

LEMMA 4.6. Fixv > 0. Let e, > 0, w, € JUople,,v» n € Nand u € Uy be such that
€, — 0and
Le, (Wp, (u,6:,)) - 0 asn — oo.

Then
& (wp) = tT W) asn — oo
€n,V n :
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Proof.  Suppose first that tT(u) < oo and let C € 10, oo] be arbitrary with T (u) < C.
Since umot™ () € 3Uy = 9Ny and Ny is an isolating block for g, there exists an s € R
with C > s > tT(u) such that umgs ¢ No. Since (7we)ee)0,¢0] cONverges singularly to o,
we have

Ie, (wyme,s, (umos, 0e,)) — 0 asn — oo.

Therefore
do(wp¢e,s, umgs) - 0 asn — oo.

Thus w,¢e,s ¢ No for all n large enough. Hence w,me,s ¢ [Nole,,» and so t;;’v(w,,) <
s < C for all n large enough.

Now let C be arbitrary with tT () > C > 0. Then umg [0, C] C Up. We claim that
wy e, [0, C] C 1Uople,,v for all n large enough. Suppose that this is not true. Then we may
assume that for every n € N

Wy e, [0,C1¢ ]UO[G,,,U

and so there exists a t,, € [0, C] such that
Wy T, In 4 ]UO[G,,,V .
Again we can assume that there exists a ¢ € [0, C] such that f, — f as n — oo. The fact
that (¢ )ee)o,¢o) converges singularly to o implies
e, (Wye, tn, (umot, 6¢,)) = 0 asn — oo.
This implies that
do(Wp e, tn, umot) — 0 and  de, (Wp Ve, tn,be,) = 0 asn — oo.

Therefore wy e, 1, € Uy and de, (Wy e, tn, 0¢,) < v for all n large enough. This implies
that w,me,t, € 1Uole,,v for all n large enough which is a contradiction. This proves our
claim, which, in turn, implies that t;:’v(w,,) > C for all sufficiently large n. The lemma is
proved. O

Definition 4.7. Fix positive real numbers M, M’, v, n, p, a and b. For all positive numbers
€ €10, €], @ and § define the following subsets of Z:
Ni(a,8,¢€) :=[clV(a, b)le,y Ncle{w | there existaw € V¢ (3, M) andat > 0
such that wr[0, t] C Uole,p and wret = w},
Na(a, 8, €) := Ni(a, 8, €) N{w € Uole,y | 11, (w) < M'},
E():=[ueU|ttw) <5MynclV(a,b)le,,
é(e, a,8) :={w e [Uple,v | t::v(w) <4M}N Ni(a, §, €),
E(e,a,8) :=[{uecUy|tT(u) <3M}NclV(, M)cq,
C(e,p,a,8) :=={w € [Uoleq | t:fa(w) <2M}Ncle Ve ,(8, M).
Remark4.8. If o < n,a < B,8 <aand M > b then clearly V¢ (6, M) C Ni(x,$, €).
Moreover, if a < ag, b > bp, n < B and n < v then [clV(a, b)lc,; C [Uple,» and

whenever w lies in K (¢, n, a, b), the largest invariant set in [cl V (a, b)]c 5, then, by the
definition of 77", we have 7, (w) = co. In particular, K (¢, 7, a, b) N Na(«, 8, €) = 0.

€,v°
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PROPOSITION 4.9. Assume that M > b, M’ > b,a < ap, b > bgandn <v < B.
(1)  For all sufficiently small positive «, § and €:

(@) (Ni(a,d,€), No(a, 8, €)) is a pseudo-index pair in [cl V (a, D)]e ),

(b)  the following inclusions are satisfied:

E(e,a,8) C C(e,a,8) C E(e).
(2) Forevery o > 0 and all sufficiently small positive p, § and €

C(e,p,a,8) C E(e,, ).
Proof. 1tis clear that Ny (e, &, €) is a closed subset of Z.. We will prove that N> (e, §, €) is
also a closed subset of Z,. Let (wy,),eN be a sequence in N2 (e, 8, €) such that

Fe(wy, wg) > 0 asn — oo.
Therefore wo = (ug, vg) € Ni(«, 8, €). We need to show that
wo € 1Uole,y and 1} (wo) < M’
Since wo € Ni(a, &, €), it follows that wg € [cl V (a, b)]c . Thus
ug € clVia,b) CUg and wvg € cle Be(Be,n) C Be(6c, V).

Therefore wg € JUple, . The lower-semicontinuity of the function t;r , (cf. [13, Proposition
1.5.2]) implies 77, (wo) < M.

The next step is to show that Ni(«, d, €) is [cl V (a, b)]e ,-positively invariant relative
to me. Let w € Ni(a, 8, €) and s > 0 such that wr [0, s] C [c]l V(a, b)]c ;. Hence there
exist a sequence (Wp),eN in Ve (8, M) and a sequence (#,),N of positive numbers such
that

wy e [0, 1,] C ]UO[G,/S

and w,, := wy, Tty is such that
Fe(w,,w) > 0 asn — oo.

We claim that w,7m¢ [0, 5] C Uole,pg for all n large enough. Since wrm, [0, s] C
[clV(a, b)]c,y, it follows that, for all T € [0, s],

woeT €clV(a,b) CUy and wiet € cle Be(@e, n).

Since n < v < B, itfollows that wieT € Be(6e, B). Thus wr, [0, s]is a subset of [Uple, .
Since 7 is continuous, there exists an ng € N such that for all n > ny,

wyre [0, 5] C ]UO[G,/S .

Therefore
wuTe [0, 8, + 5] C 1Uple,p  foralln > ny. )

Let 7 € [0, s] be arbitrary. Then

Ce(wpme(ty + 1), wreT) = Fe(Wymte T, wrer) — 0 (5)
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as n — oo. It follows from (4) and (5) that
wieT € cle{z | 37 € Ve o (8, M) and 3¢ > 0 such that zrr [0, t] C 1Uple,g and Zmet = z}.

Therefore wrm, [0, s] C Ni(«, 6, €).
To verify that Na(«, 8, €) is [cl V (a, b)]c ,-positively invariant relative to e, let w €
Na(a, 8, €) and s > 0 such that wre [0, s] C [cl V(a, b)]c, ;. Therefore

wre [0, s] C Ni(a, 6, €).
Let 7 € [0, s] be arbitrary. Then
weet €clV(a,b) Cc Uy and wet € cle Be (O, n).

Since n < v, itfollows that wie T € Be(fe, v). Thus wret € JUple,,. Since t:v(w) <M,
we have t:v (wmet) < M’. Therefore

wre [0, 5] C Nao(a, 6, €).

To conclude the proof of the first part of the proposition, suppose that part 1 does not
hold. Then for some choice of the constants M, M’, v, , a and b as before there are
sequences (8,)neN, (@n)neN and (€,),eN of positive numbers converging to zero and a
sequence (wy),eN, With w, = (u,, v,), such that

Wy € Ni(oy, 8p, €0) N0, €1V (a, b)le,,y \ No(oty, 8y, €,) foralln e N (6)

or
wn € Clen, an, 8,) \ E(ey) foralln € N (7

or
Wy € E(en, otn, 8p) \ C(€n, an, 8,) foralln € N. (8)

In the first two cases, for each n € N we have w, € Ni(ay,d,, €,), so there exist a
Wy = (Un, Un) € Ve,,a,(6n, M) and at, > O such that

wnn'e,, [0,2,] C ]UO[G,,,/S
and w, := W, 7,1, is such that
Fe,, (Wy, wy) < 27",

Since u, € V(5,, M), it follows that g~ (u,) < &, — 0, we may assume, taking
subsequences if necessary, that do(u,,uo) — O for some ug € A;O(No). Since
de,(Vn, Oc,) < ay — 0asn — oo we have

Le, @y, (10, 6¢,)) > 0 asn — oo. 9)

We claim that there is a subsequence of (w,m¢,t,),eN Which we will again denote by
(W, e, tn)neN and there is a itg € A;O (Np) such that

e, Wy e, ty, (1o, 0¢,)) — 0 asn — oo.
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First assume that the sequence (f,),cN is bounded. By taking subsequences, if
necessary, we may assume that there exists a r € [0, oo[ such that#, — t asn — oo.
Since (e )ee)o,¢,) cOnverges singularly to o, formula (9) implies that

Ie, (Wpme, ty, (womot, 6¢,)) = 0 asn — oo.
Since A;O (Np) is an Nyp-positively invariant set relative to o, it follows that
i := ugmot € A;O(No).

Suppose that (,),cn is an unbounded sequence. Then we may assume that t,, — oo as
n — oo. Recall that w, ¢, [0, 1,] C JUole,,p C [Nole,,p C [Nle,,p- Since N is singularly
strongly admissible with respect to 8 and (77 )ee0,¢,], condition 3 of Definition 3.4 implies
that there exist a subsequence of (W, 7¢, ), cN, denoted again by (W, e, tn)neN, and there
isaug € N such that

e, Wye, tn, (0, 0¢,)) — 0 asn — oo.

Lemma 3.5(1) implies that izg € Az, (No). This concludes the proof of our claim. It follows
that
[, (wp, (o, 0¢,)) > 0 asn — oo.

Thus
de,(Vn,0¢,) <n and de, (v, 6,) <v forall nlarge enough. (10)

Since w, € [clV(a, b)]c,,n, we also have u, € clV(a,b) C Up. Thus w, € |Uole,,v
for all n large enough and so Lemma 4.6 and the continuity of #* imply that t:; (W) —
t+ (i) and 1+ (u,) — t1 (i) as n — oo.

Suppose that (6) holds. Then relations (6) and (10) imply that u, € dclV(a, b) C Uy,
for all n large enough and so itp € dclV(a, b) C Up. Since t;';’v(wn) > M’ for all n we
also conclude that ¢ (iip) > M’ > b. Since g~ (iig) = 0 < a, we see that ity € V(a, b).
However, V(a, b) N dclV(a, b) = . This contradiction proves part 1(a).

Suppose now that (7) holds. Then t;;’v(wn) < 4M forallnandsott (i) <4M < 5M.
We thus conclude that ™ (u,) < 5M for all n large enough. Since u,, € clV(a, b) and
de,(Vn, 0¢,) < n for all n large enough, all this clearly implies that w, € E(en) for all n
large enough, a contradiction proving the second inclusion in 1(b).

Finally assume that (8) holds. Therefore for alln € N

up € {ueUp | 1T w) <3MyNClV(S,, M) and v, €cl, B, (0, ).  (11)

Hence there exists a u, € V(8,, M) such that do(u,, u,) < 27". Since g~ (u,,) — 0, we
may again assume that there is a ug € A;O(No) such that do(u,, ug) — 0asn — oo.
Notice that v, € Be,[0,, @,]. Since o, — 0 as n — oo, we have

Ie, (wn, (4o, 6¢,)) = 0 asn — oo.

For all n large enough we have g~ (i1,) < 8, < a and t+(u,) > M > bsou, € V(a,b).
This implies that ug € clV(a,b) C Uy. Since tT(u,) < 3M, the continuity of ¢
implies that T (ug) < 3M. Note that u, € Uy and de, (Vn, 0¢,) < v for all n large
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enough. Therefore w, € ]Uple,,v for all n large enough. Lemma 4.6 now shows that
t;';,v(wn) — tT(up) as n — oo. Hence we can assume that, for every n large enough,
1 (wy) <4M.

Since Ni(w,, 8,, €,) is closed, we obtain from Remark 4.8 and Lemma 3.2 that, for all
n large enough,

wy € [clV (S, M)]é,,,oc,, = Clé,, 1V (6x, M)[é,,,a,, = Clé,, Vé,,,ocn (6n, M) C Ni(ot, 8, €1).

This implies that w, € c (€n, oy, 6,). This contradiction completes the proof of part 1 of
the proposition.

If the second part of the proposition is not true then there exist numbers M > b, o« > 0
and sequences (8,),eN, (On)neN and (€,),eN of positive numbers converging to zero and
there is a sequence (wp),eN, With w, = (u,, v,), such that

wy, € C(en, pn,o,6,) and w, &€ E(e,, o, 8p).

Therefore for every n € N we have w, € 1Uole¢,,qa> t;; o(Wn) < 2M and there exists a
Wy, = (Up, Vy) € Ve, p, 8y, M) such that

Te, (wy, wy) <27,
Therefore u, € V(8,, M). Hence for everyn € N,
g (uy) <8, and 1T, >M

and so there exists a subsequence of (u,),cnN, denoted again by () ,,cry, and ug € A;O (No)
such that do(u;,, ug) — 0 as n — oo. Since de, (U, O¢,) < pn — 0, we have

L, Wy, (1o, 0,)) - 0 asn — oo.

For all n large enough ¢~ (u,) < 8, < a. Therefore u,, € V(a, b) for all n large enough.
This implies ug € clV(a,b) C Up. Since w, € |Uple,,o and I, (wy, (4o, 0¢,)) — 0
as n — 00, Lemma 4.6 implies that ¢ ,(w,) — tT(up) as n — oo. Therefore
tv(ug) < 2M. This inequality and the continuity of ¢ imply that t*(u,) < 3M for
all n large enough. Lemma 3.2 implies that

wy € cle, Ve, p,(8n, M) = [c1 V (6,, M)]e,,p, -
Therefore
up € clV(@,, M) and v, €cl, Be,(be,, pn) C Be,[0e,, pnl-
Since p, — 0as n — 00, it follows that, for all n large enough,
up € clV(,, M) and de,(vy,0,) < a.

Therefore we have shown that w, € E(e,, «, 8,) for all n large enough, a contradiction.
The proposition is proved. a

LEMMA 4.10. Let N1 and N; be closed subsets in Xq such that N, C Nj.

https://doi.org/10.1017/50143385702000378 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385702000378

General Conley index continuation 747

Let e : N1/Ny — [Nile,p / [N2]e,, be the map induced by the inclusion u — (u, 6¢)
and T¢ : [Niley / [N2]e,y; — Ni/Nz be the map induced by the projection onto the first
factor.

Then for every € € 10, €g] and n € 10, no] the maps 1. and T are homotopy inverses to
each other in the category of pointed spaces. In particular, the pointed spaces N1/ N> and
[Nile,y / [Nale,y have the same homotopy type.

Proof. The hypothesis implies that, for each € € ]0, ¢p] and for each n € ]0, no], there
exists a continuous map he ; : cle Be(Be, n) x [0, 1] — cle Be(6e, 1) such that

hey(v,0) =v and hey(v, 1) =0e.
Let He ; : [Nile,y / [N2]e, %[0, 1] = [Nile,y / [N2]e,, be the map induced by the function
Key i [Niley x [0, 1] = [Niley, ((u,v),1) = (u, he y(v, 1)).

It is clear that He y is a homotopy between /[n,]. , /[N, and te o Te. Moreover, it is clear
that 7¢ o t¢ = Iy, /n,. This concludes the proof. O

Now we are able to complete the proof of Theorem 4.1.

Choose positive numbers v and M with M > bg and n < v < B. Moreover, choose
positive numbers &’ < 1, 8’ < ag and €’ < ¢ such that for all positive « < o', § < §' and
€ < € all assertions of part 1 of Proposition 4.9 hold, where we fix a := ag, b := by and
M’ := 4M. Now choose positive numbers p’ < o, §” < §’ and €’ < ¢’ such that for all
positive p < p’, 8§ < §” and € < €” part 2 of Proposition 4.9 holds, where we fix a := o’.

Note also that 2M > by, p’ < o’ and o’ < B (@’ < n < v < B). Therefore we are
able to apply Proposition 4.9 with M and M’ replaced by 2M, n := p’, v :=d/,a ;= §’,
b := M. Thus we obtain positive numbers o’ < p’, 8" < §” and €”” < €” such that for all
positive o < o/, § < 8" and € < €” the pair (N1 (e, 8, €), N2(a, 8, €)) is a pseudo-index
pair in [c1 V (8", M)]c .

Here,

1\71 (o, 8,¢€) =[clV(, M)]e,,» Ncle{w | there existsaw € Ve (8,2M) andat > 0

such that wr[0, t] C |Uyl¢,p and wret = w}
and
Na(,8,€) = Ni(, 8, €) N {w € [Wple,or | 1), (w) <2M}.
Fix o := o, § := 8" and write p := p’. We now conclude that, for € € 10, €"'[,

A1 == Ni(a,8,€) C[clV(8", M), C Ay :==[clV (8", M)]c.o
C Az :=Ni(d,8", €) C Ag = [cl V(ap, bo)le.,
and
By == Ny(e.8.€) C [l V(8" M)e,p N {w € Wolew | 1), (w) < 2M}
=C(e,p,a',8") C By :=E(e,a,8")
C By:=C(e,a,8") = Na(, 8", €)
C By = E(e).
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Note that foreachi =1, ...,4, B; C A;. Therefore we can consider the pointed spaces
A;/B;. The two sequences of inclusions described earlier induce continuous maps

A1 :A1/By — Ax/By, Ay:A>/By — A3/B3 and A3z : A3z/B3 — As4/Bjs.
Using Lemma 4.5 let us now choose a positive number € < €” such that
K (e, 1, a0, b0) C Ve o (8", M) N Ve o(8,2M)
for € € 10, €¢]. Then Remark 4.8 implies that (A, By) and (A3, B3) are index pairs for

K (e, n, ap, bo) and it follows from [13, Theorem 1.9.4] that Ay o A1 is an isomorphism in
the homotopy category of pointed spaces. The proof of Theorem 2.3 in [13] implies that

@VE", M),V M)N{uecUy|tTw) <3M})

and
(cl V(ao, bo), €1 V(ao, bo) N{u € Uy | t1(u) < 5M})

are index pairs for Ko. Since &’ < < 1o we conclude from Lemma 4.10 that there exist
inclusion-induced maps

Ag:cl V", M)/(lV (", M)N{ueUy|ttw) <3M}) — Ar/B>

and
As :clV(ag, bo)/(cl V (ag, bo) N{u € Uy | t+(u) < 5M}) — As/Bs

which are isomorphisms in the homotopy category of pointed spaces. Therefore, [13,
Theorem 1.9.4] allows us to conclude that A;l o A3z o Ay o Ay is also an isomorphism in
the same category. Consequently A3 o A3 is an isomorphism. Now [13, Lemma [.12.4]
implies that A1, A> and A3 are all isomorphisms in the homotopy category of pointed
spaces. We conclude that (3) also holds for the case Ko # . The proof of Theorem 4.1 is
complete. O

Theorem 4.1 yields the following corollary.

COROLLARY 4.11.  For every n € 10, 10l the family (K¢ y)ec[o,ec(p)] Of invariant sets,
where Ke = Ax ([Nle,y), € € 10,€°(n)] and Ko, = Ko 1= An,(N), is upper-semi-
continuous at € = 0 with respect to the family (I'¢)ce[o,ec(y)) of metrics in the following
sense:

lim sup inf [c(w, (1, 6:)) = 0.

€e—>0% yek,, “<Ko

Proof. If the corollary is not true, then there are numbers n € ]0, 7jo] and ¢ > 0, a sequence
€, — 0T and a sequence wy € K, », n € N, such that

inf T, (wy, (,6,)) > o0

ueky

For everyn € Nleto, : R — [N], , be a solution of 7, with 0, (0)me,n = wy.
For each n € N define t, := 2n. Thent, — oo as n — oo and 0,(0)7, [0, 1,] C
[Nle,,n C [Nle,,p- Lemma 3.6 implies that there exist a ug € Az,(N) and a subsequence
of (6, (0)m¢,n),eN Which is denoted again by (0, (0)7¢,n),cN such that

Ie, (0, (0)7e,n, (4o, be,)) = 0 asn — oo.

This is a contradiction, which proves the corollary. a
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5. Damped wave equations
In this section we will apply Theorem 4.1 to obtain a singular continuation principle
for damped wave equations on thin domains. Damped wave equations, unlike parabolic
equations, give rise to non-compactifying flows on a Banach space. This section is not
self-contained; in particular, we use some results established in a recent paper [2]. For
additional information on this subject the reader is referred to the seminal works [6, 8, 15].

Suppose H is a linear space which is complete with respect to the scalar product (-, -) g
and let A : D(A) C H — H be a (densely defined) positive self-adjoint operator on
(H, (-, Yg)with A~ - H > H compact. Let A1 := A1(A) > O be the first eigenvalue
of A and H;(A) be the linear space D(A!/ 2). Endow H;(A) with the (complete) scalar
product

(0, V) p, 4y = (AV2u, AV2v)y.

Set X(A) := Hi1(A) x H. Given u € X (A) we will write ug (respectively u1) for the first
(respectively second) component of u, i.e. u = (ug, #1). Endow X (A) with the (complete)
scalar product

((uo, u1), (vo, v1))x(a) = (U0, Vo) Hy(A) + (U1, V1) H.

Write | - |5, | - |H,(4) and | - |xa) for the corresponding Hilbert space norms.
Let v > 0. Define D(By,4) := D(A) x Hi(A) C X(A) andlet B, 4 : D(By,4) —
X (A) be the operator

By, a(uo, u1) = (—ur, vuy + Aug) for (up, u1) € D(By 4).

Now suppose that f : Hj(A) — H is a map which is Lipschitzian on bounded subsets of
H1(A). Define the map g = ga, 5 : X(A) — X (A) by

ga, (o, ur) = (0, f(uo)) for (uo, u1) € X(A).

It follows that g4, ¢ is Lipschitzian on bounded subsets of X (A). Consequently there exists
a well-defined local semiflow (actually a local flow) 7, 4, r generated by the mild solutions
of the following abstract damped wave equation:

= —Bysu+ga, ru).

Moreover, 7y, 4,y does not explode in bounded subsets of X (A). This follows, e.g., from
[14, Theorem 1] and its proof.

Next we will describe the precise set of assumptions which will allow us to obtain a
continuation principle for certain ‘singular’ families of abstract damped wave equations.
This, in turn, will imply a continuation principle for damped wave equations on thin
domains. We start with the following definition.

Definition 5.1. Given a number €9 > 0 we say that the families (H€, (-, -) e )ee[0,¢,] and

(Ae)ee[0,e) Satisfy condition (Spec) if the following properties are satisfied.

(1) Forevery € € [0, €0l, (H, (-, -)ge) is a Hilbert space and A : D(A¢) C H¢ — H€
is a densely defined positive self-adjoint operator on (H¢, (-, -)ye) with AZ! : H —
H€ compact. Write H{ := H(A¢) and X, := X (A).
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(2) The linear spaces H := H€ and H; := Hf are independent of € for € € ]0, €], HO
is a linear subspace of H and H f) is a linear subspace of Hj.
(3) There exists a constant C € ]0, oo[ such that

lulx, < Clu|x, and |ulx, < Clulx,

forall u € Xg and all € € ]0, ¢€].

(4) For every € € ]0,€p] let (A¢,j)jen be the repeated sequence of eigenvalues of
Ac and (we, ;) jen be a corresponding H €-orthonormal sequence of eigenfunctions.
Furthermore, let (Ao, ;) jen be the repeated sequence of eigenvalues of Ag.
Whenever (¢€,),¢eN is a sequence of positive numbers converging to zero then
(a) foreveryjeN,

Aey,j —> Ao,j asn — o0,

(b) there is a subsequence of (€,),¢eN, again denoted by (€,),¢eN, and there is an
HY-orthonormal sequence of eigenfunctions (wo,j) jen corresponding to the
sequence (Aq, ) jeN such that

|w€n’j—w0’j|H]€n — 0 asn— o©

forall j e N;
(c) foreveryu e HIO,

(u, wgmj)Hlen — (u, wOJ)HP asn — oo
forall j € N.

The following example shows that the thin domain problems for reaction—diffusion
equations and damped wave equations described in the introduction provide families of
Hilbert spaces and positive self-adjoint operators satisfying condition (Spec).

Example 5.2. Let Q be an arbitrary non-empty bounded domain in RM x RY with
Lipschitz boundary and let € > 0 be arbitrary. As in the introduction, write (x, y) for
a generic point of RY x RV Let y > 0 be a fixed constant. Define the symmetric bilinear
form

ac: H'(Q) x HY(Q) > R

by
ac(u,v) = / (yuv + Vyiu - Viv + (l/ez)Vyu -Vyv)dxdy.
Q

The pair (ac, (-, -);2(q,) generates a linear operator A : D(A¢) C H'(Q) — L*() such
that u € D(A) if and only if there is a w, € L?(2) for which

ae(u, v) = (wy, v)Lz(Q) forall v € HI(Q).

The element w,, € LZ(Q) is then necessarily unique and we write A¢ (1) := w,,.
Now define the ‘limit’ space H/(2) by

HN Q) ={ueH Q)| Vyu=0).
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Note that HS1 (R2) is a closed linear subspace of H L(Q). Let us also define the space L?(Q)
to be the closure of the set HS1 () in L2(2). It follows that L?(Q) is a Hilbert space under
the scalar product of L2($2). Now let ag: HSI(Q) X HSI(Q) — IR be the ‘limit’ bilinear
form defined by

ap(u, v) := / (yuv+ Vu -Vv)dx dy = / (yuv + Vyu - Viv)dx dy.
Q Q

Denote by Ag the operator defined, as before, by the pair (ao, (-, -) LE(Q)).

For € > 0 writt H¢ := L%*(Q) and (-, )ge = (-, ‘)1L2(q)- Moreover, define
HO = L?(Q) and (-, -)go = (., '>L?(Q)' With this notation it follows from the results
of [10] that for every €y > O the families (H€, (-, -) #¢ )ee[0,¢o] a0d (Ae)eefo,¢,] Satisfy the
condition (Spec).

For the rest of the paper, let v > O be fixed arbitrarily. If the families
(HE, (-, -YHe)eel0,69) and (Ae)eefo,¢) satisfy the condition (Spec) then we shall write
Be := By 4., € € [0, eol.

The following concept plays an important role in the convergence result stated later.

Definition 5.3. Given €9 > 0 let (H€, (-, -) g )ee[0,¢0] and (Ae)eefo,¢,] Satisfy condition
(Spec). We say that the family (fe)eefo,e,) Of maps satisfies hypothesis (Conv) if the
following properties are satisfied:

(1) fe:Hf — He¢foreverye € [0, €];

(2) lime_ o+ | fe(u) — fo(u)|ue = 0 foreveryu H?;

(3) forevery M € [0, oo thereis an L = Ly € [0, oo[ such that

[fe) — fe(W)|ne < Llu — vlye
forall € € [0, ¢9] and u, v € Hj satisfying lulge, vlpe < M.
Families of maps satisfying hypothesis (Conv) can be obtained as follows.

Example 5.4. Leteg > 0 be arbitrary and the families (H¢, (-, -) z¢ )ee[0,¢0] a0d (Ae)ee[0,¢0]
be as in Example 5.2. Let G : R x RM x RN xR — R, (€,x,9,8) > G(e,x,y,8),
be a C!l-function for which there are constants B, § and C € [0, oo such that for all
(6,x,v,6) e Rx RM x RN x R the following estimates are satisfied:
(1) 19:G(e, x, y,8)| < C(1+|1P);
() IV,G(e, x,y.6)] < C(1+ [§]F);
() 19:G(e,x,y.6) < C + [E]).
If n .= M + N > 2 then we also assume that 8 < 2*/2 and § < (2*/2) — 1, where
2% :=2n/(n — 2).

For € > 0 define the map f¢ by

fe)(x,y) == G(e, x, ey, u(x,y)), forue H'(Q)and (x,y) € Q.
Furthermore, for u € HS1 (R2) define fo(u) : 2 — R by
fow)(x,y) =G0, x,0,u(x,y)) for(x,y)e Q.

It is easy to prove (cf. [1]) that the family (fe)eeo,¢,) satisfies hypothesis (Conv).
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In the following, if the family ( f¢)cefo,¢,) Of maps satisfies hypothesis (Conv) then we
will write e 1=, 4, 1. forevery € € [0, €.
We have the following convergence result, which is proved in [2].

THEOREM 5.5. Let (H€, (-, -YH<)ee[0,e9] and (Ac)eelo,e,] Satisfy condition (Spec) and
suppose that (fe)ee(o,ey) satisfies hypothesis (Conv). Let (€,),eN be a sequence in 0, €]
with €, — 0 asn — oo and (t,),cN be a sequence in [0, oo with t,, — tx asn — 00,
for some tso € [0, 0o[. Moreover, let (u,),eN be a sequence in Hy x H such that

lun —uolx,, — 0 asn — oo

for some us, € Hl0 x HO. Under these assumptions if usoTotso is defined then, for all n
large enough unme,ty is defined and

[UnTTe, tn — UooT0loo|X,, — O asn — oo.
For every € € ]0, €], the set Xo = Hf) x HY is a closed subspace of X.. For
each € € ]0, ¢p], let Q. : X — X, be the X.-orthogonal projection of X, onto Xj.

Define Y, := (I — Q¢)Xe and endow Y, with the norm | - |x, restricted to Y. Define on
Ze = Xo x Y the following norm:

|, v)[le := max{|ulx,, [v|x.} for (u,v) e Z.

We will denote by I'c the metric on Z, induced by the norm || - ||c. For each € € ]0, €q],
define 6, := 0.
Let V¢ : X¢ — Z be the linear map defined by

W, (w) := (Qew, (I — Q)w) forw e X,.
It follows that W, is a bijective linear map and its inverse map is given by
Y (w,v) =u+v for (u,v) € Ze.

Moreover both W, and ¥ ! are continuous maps. This fact is a consequence of the
following inequalities:

IWe(w)le < max{l, C}lwl|x, forw € X, (12)
W (@, v)Ix. < (L4 CHY2|, vl for (u,v) € Ze, (13)

where the positive constant C was defined in hypothesis (Spec).
Given (u,v) € Zc and t € [0, oo[ define

(1, V)Tet i= W (W ((u, v))7c1).

Hence 7. is a local semiflow on Z. which is conjugated to w.. Theorem 5.5 and
inequalities (12) and (13) immediately imply the following.

COROLLARY 5.6. Under these hypotheses the family (7e)eclo,e,) converges singularly
to my.

Singular admissibility is implied by the following hypothesis on the families of
nonlinearities in damped wave equations.
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Definition 5.7. We say that the family (fe)eeo,¢, satisfies hypothesis (Comp) if the

following hypotheses are satisfied:

(1) forevery € € [0, €] the map f. : Hf — H€ is compact, i.e. maps bounded sets in
(Hf, |- |H]e) into compact sets in (H€, | - |ge); and

(2) whenever (€,),cN is a sequence of positive numbers converging to zero as n — 00,
C is a non-negative constant and (£,),,cx is a sequence in H such that

sup |&, | yen < C‘,
neN !

then there is a sequence (ny)ien in N with ny — 0o as k — oo such that
|fenk (énk) — vy — 0 ask— oo
for some v € HY.
The following statement is easily proved.

Example 5.8. Let g > 0 be arbitrary and the families (H¢, (-, -) z¢ )ee[0,¢0] a0d (Ae)ee[0,¢0]
be as in Example 52. Let G : R x RY x R x R — R be as in Example 5.4.
If n := M + N > 2 then assume also that § < (2*/2) — 1, where 2* := 2n/(n — 2)
(subcritical growth). Then, the family ( f¢)eefo,¢,) satisfies hypothesis (Comp).

The admissibility result proved in [2] reads as follows.

THEOREM 5.9. Let (H€, (-, -)H¢)ee[0,eq] aNd (Ac)ee[0,eo] Satisfy condition (Spec).
Suppose the family of maps (fe)ee(o,e,) Satisfies hypotheses (Conv) and (Comp).
Then for every € € [0, €o] every closed bounded subset of X is strongly w.-admissible.
Suppose N C Xg is a closed and bounded set and (€,),¢cN is a sequence of positive
numbers converging to zero as n — 00. Let n > 0 be arbitrary and define

n = Nn,n ={uce Xe, | Qc,u € N and |(I — Qen)u|XE,, <n}

Suppose (t;,)neN IS a sequence of positive numbers such that t, — 0o as n — 00 and
(Un)neN is a sequence in Hy x H such that

ul’lnén [01 tn] C Nn fOr alln € N.
Then there exist av € N and a sequence (ny)yeN in N with ny — 0o as k — 0o such that

ltn e tn = VIx, — 0 ask — oo.

Let N be a closed and bounded subset of X(. Recall that, given € € ]0, €g] and n > O,
[Nle,y ={(u,v) € Zc |u € N and v € cle B<(0, )}
={(u,v) € Zc |u € N and ||v[le < n}.
Theorem 5.9 and inequalities (12) and (13) easily imply the following.

COROLLARY 5.10. Let N be a closed and bounded subset of Xo. Then for every n > 0
the set N is singularly strongly admissible with respect to 1 and the family (T¢)ee(o,e,]s
where Ty = .
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We can finally state the following Conley index continuation principle for ‘singular’
families of abstract damped wave equations:

THEOREM 5.11. Let N be a closed and bounded isolating neighborhood for w¢. Then for
every n > 0, there exists an € = €°(n) > 0 such that for every € € 10, €] the set N ; is
a strongly admissible isolating neighborhood relative to m. and

h(me, Ne,n) = h(mo, N).

Furthermore, for every n > 0, the family (Kcy)ec[o,ec(p)) Of invariant sets, where
Ke = Axr. (Ney), € €10,€°(n)] and Ko,y = Ko := Ax,(N) is upper semicontinuous at
€ = 0 with respect to the family | - |x, of norms.

Proof. The isomorphism W, conjugates the local semiflow 7. to the local semiflow 7.
Thus whenever S is a strongly admissible isolating neighborhood with respect to 7., then
W, (S) is a strongly admissible isolating neighborhood with respect to 7. and

h(ze, ) = h(7te, We(9)).

Corollaries 5.6 and 5.10 imply that the family of semiflows (7T¢)eefo,¢,] and the set N
satisfy the hypotheses of Theorem 4.1. Note also that any closed ball in Y. is contractible.
Hence Theorem 4.1 and Corollary 4.11 complete the proof. O

The last result, together with Examples 5.2, 5.4 and 5.8 yield a singular Conley
index continuation principle for damped wave equations on thin domains. The precise
formulation is left to the reader. In particular, we obtain Theorem B stated in the
Introduction.
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