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Abstract. In singular perturbation problems one frequently has a family (πε)ε∈ ]0,1] of
semiflows on a space X and a ‘singular limit flow’ π0 of this family which is defined only
on a subspace X0 of X. Moreover, πε converges to π0 only in some ‘singular’ sense.
Such a situation occurs, for example, in fast–slow systems of differential equations or in
evolution equations on thin spatial domains.

In this paper we prove a general singular Conley index continuation principle stating that
every isolated invariant set K0 of π0 can be continued to a nearby family Kε of isolated
invariant sets of πε with the same Conley index. We illustrate this continuation result with
damped wave equations on thin domains. This extends some results from our previous
work.

1. Introduction
The Conley index is a well-known tool used in the analysis of dynamical systems, both
in finite and in infinite dimensional spaces. Its usefulness is largely due to the fact that it
enjoys a so-called continuation property, which can roughly be described as follows:

Let X be a (metric) space and (πε)ε∈[0,1] be a family of flows (or semiflows) on
X such that πε converges to π0 on X as ε → 0+. This means that whenever
xε → x0 and tε → t0 as ε → 0+ then xεπεtε → x0π0t0. Let N ⊂ X be
an isolating neighborhood of an isolated invariant set K0 of π0. Then, under
some additional compactness assumptions, for every ε > 0 small enough, the
set N is an isolating neighborhood of an isolated invariant set Kε of πε and
the Conley indices of Kε and K0 are the same.
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This result is commonly used when we want to deduce information about the more
complicated invariant sets Kε , ε > 0, from the simpler invariant set K0.

In this situation the flow π0 is a ‘regular limit’ of the flows πε , ε ∈ ]0, 1].
However, in singular perturbation problems one frequently has a family (πε)ε∈]0,1] of

flows on the space X, a family (ρε)ε∈]0,1] of metrics on X together with a ‘singular limit
flow’ π0 which is defined only on a subspace X0 of X. Moreover, πε converges to π0 only
in some restricted sense with respect to this family of metrics. Such a situation occurs, for
example, in evolution equations on thin spatial domains, which we now briefly describe.

Let M and N be positive integers and � be an arbitrary non-empty smooth bounded
domain in R

M × R
N . Write (x, y) for a generic point of R

M × R
N . Given ε > 0 squeeze

� by the factor ε in the y-direction to obtain the squeezed domain �ε . More precisely, let
Tε : R

M × R
N → R

M × R
N , (x, y) 
→ (x, εy), be the squeezing operator and define

�ε := {(x, εy) | (x, y) ∈ �}. Consider the following reaction–diffusion equation on �ε :

ut = �u− γ u+ f (ε, x, y, u), t > 0, (x, y) ∈ �ε,

∂νεu = 0, t > 0, (x, y) ∈ ∂�ε,
(Ẽε)

where νε is the exterior normal vector field on ∂�ε , γ > 0 is a constant and f is a given
(scalar valued) nonlinearity. We are interested in what happens to the dynamics of this
equation as ε → 0+. This problem was first considered by Hale and Raugel [5] for special
so-called ordinate set domains and later, for general domains, by Prizzi and Rybakowski
[10, 11] and also by the present authors [1].

In order to describe some of the results obtained we first use the transformation
u 
→ u ◦ Tε to transfer problem (Ẽε) to the equivalent problem

ut = �xu+ (1/ε2)�yu− γ u+ f (ε, x, εy, u), t > 0, (x, y) ∈ �,

ν1 · ∇xu+ (1/ε2)ν2 · ∇yu = 0, t > 0, (x, y) ∈ ∂�.
(Eε)

Here, ν = (ν1, ν2) is the exterior normal vector field on ∂�.
If the nonlinearity f is a C1-function of its arguments and has appropriate polynomial

growth in u, ε and y, then we can define, for every ε > 0, the Nemitski operator

fε : H 1(�) → L2(�)

fε(u)(x, y) := f (ε, x, εy, u(x, y)).

Then equation (Eε) can be written in the abstract form

u̇+ Aεu = fε(u),

where Aε is the linear operator defined by

Aεu = −�xu− (1/ε2)�yu+ γ u ∈ L2(�)

for u ∈ H 2(�) with ν1 · ∇xu+ (1/ε2)ν2 · ∇yu = 0 on ∂�. Equation (Eε) defines a (local)
semiflow πε on H 1(�). Note that the operator Aε is generated, in the usual way, by the
bilinear form

aε : H 1(�)×H 1(�) → R
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given by

aε(u, v) :=
∫
�

(γ uv +∇xu · ∇xv + (1/ε2)∇yu · ∇yv) dx dy

(cf. formula (F )). On X := H 1(�) we define the norm | · |ε by

|u|2ε := aε(u, u)

and the corresponding metric ρε(u, v) := |u− v|ε .
Now define the space

X0 := H 1
s (�) := {u ∈ H 1(�) | ∇yu = 0}.

This is a closed linear subspace of H 1(�). The bilinear form given by the formula:

a0(u, v) :=
∫
�

(γ uv +∇xu · ∇xv) dx dy, u, v ∈ H 1
s (�)

uniquely determines a densely defined self-adjoint linear operator A0 : D(A0) ⊂ H 1
s (�)

→ L2
s (�) by the usual formula

a0(u, v) = 〈A0u, v〉L2(�), for u ∈ D(A0) and v ∈ H 1
s (�). (F )

Here, L2
s (�) is the closure of H 1

s (�) in the L2-norm, so L2
s (�) is a closed linear subspace

of L2(�). It is proved that the Nemitski operator f0 defined by

f0(u)(x, y) := f (0, x, 0, u(x, y)),

maps the space H 1
s (�) into L2

s (�). Consequently the abstract parabolic equation

u̇ = −A0u+ f0(u) (E0)

defines a semiflow π0 on the space X0 = H 1
s (�). This is the singular limit semiflow of the

family πε . In fact, the family (πε)ε∈]0,1] converges to π0 in the following restricted sense:
whenever εn → 0+, tn → t0 and ρεn(un, u0) → 0, where tn, t0 ∈ [0,∞[, un ∈ X, n ≥ 1,
and u0 ∈ X0 then ρεn(unπεntn, u0π0t0) → 0 (cf. [1, 10]).

If the nonlinearity f is dissipative, then each semiflow πε , ε ∈ [0, 1], possesses a global
attractor Aε . The family of attractors (Aε)ε∈[0,1] is upper-semicontinuous at ε = 0 with
respect to the family | · |ε of norms, i.e.

lim
ε→0+

sup
u∈Aε

inf
v∈A0

|u− v|ε = 0.

(See [10, Theorem 5.10], which generalizes previous results in [5].)
Note that each attractor Aε for ε ∈ [0, 1] is a compact isolated πε-invariant set with

Conley index %0. Therefore the above-mentioned result implies that the invariant set A0

can be continued to a family of invariant sets with the same Conley index.
It was proved in our previous paper [1] that the latter statement holds true for an arbitrary

isolated invariant set of the limit semiflow.
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THEOREM A. (Singular Conley index continuation principle) Let K0 ⊂ H 1
s (�) be a

compact isolated invariant set of the limit semiflow π0. Then there is an ε0 > 0 and for
each ε ∈ ]0, ε0] there is a compact isolated invariant set Kε ⊂ H 1(�) of the semiflow πε

such that the Conley indices of Kε and K0 are the same. Moreover, the family (Kε)ε∈[0,ε0]
is upper-semicontinuous at ε = 0 with respect to the family | · |ε of norms, i.e.

lim
ε→0+

sup
u∈Kε

inf
v∈K0

|u− v|ε = 0.

For the precise assumptions on f see [1]. By what was said earlier, it is clear that
this result is not a mere consequence of the regular continuation principle described at the
beginning of this section. The reader is referred to [1] for some applications of Theorem A
to reaction–diffusion equations on thin domains.

For special ordinate set domains � of the form � = U× ]0, 1[ , where U is a bounded
domain in R

M with M = 1 or 2, Theorem A was also independently proved by Huang in
a recent preprint [7] (see [7, Theorem 6.1]). The author obtains his result as an application
of an abstract Conley index continuation theorem (see [7, Theorem A]).

However, an inspection of the proof of Theorem A in [1] shows that we use only some
general properties of the family (πε)ε∈[0,1] of semiflows like the restricted convergence
of (πε)ε∈]0,1] to π0 and a technical admissibility assumption. By carefully abstracting
these properties we arrive at a general singular Conley index continuation principle
(Theorem 4.1), which is the main result of this paper.

Roughly speaking, our admissibility assumption (similar to that introduced in [12]
for the construction of the infinite-dimensional Conley index) covers semiflows whose
solution operators are conditional α-contractions. Therefore Theorem 4.1 is applicable
not only to semiflows whose solution operators are compact maps (like the dynamical
systems generated by ordinary differential equations in finite dimensions, parabolic partial
differential equations on bounded domains or retarded functional differential equations
with finite delays) but also to some classes of semiflows (like those generated by damped
wave equations, neutral functional differential equations or infinite delay equations) whose
solution operators are not compact. Thus, in particular, Theorem 4.1 is more general than
Theorem A of [7], since the latter requires compact solution operators.

We illustrate Theorem 4.1 by considering semiflows generated by damped wave
equations on thin domains. More precisely, let �, �ε , γ and f be as before and consider
the following damped wave equation on �ε :

utt = −νut +�u− γ u+ f (ε, x, εy, u), t > 0, (x, y) ∈ �ε,

∂νε u = 0, t > 0, (x, y) ∈ ∂�ε.
(D̃ε)

Here, ν > 0 is a fixed constant.
Proceeding as before we can transfer equation (D̃ε) to the following equivalent equation

on the fixed domain �:

utt = −νut +�xu+ (1/ε2)�yu− γ u+ f (ε, x, y, u), t > 0, (x, y) ∈ �,

ν1 · ∇xu+ (1/ε2)ν2 · ∇yu = 0, t > 0, (x, y) ∈ ∂�.
(Dε)
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Set Xε ≡ X := H 1(�)× L2(�) for ε > 0 and X0 := H 1
s (�)× L2

s (�). Given u ∈ Xε

we will write u0 (respectively u1) for the first (respectively second) component of u, i.e.
u = (u0, u1). For ε > 0 endow Xε with the norm | · |Xε defined by

|(u0, u1)|2Xε
:= |u0|2ε + |u1|2L2(�)

.

For ε ≥ 0 define D(Bε) := D(Aε) × H 1(�) ⊂ Xε and let Bε : D(Bε) → Xε be the
operator

Bε(u0, u1) := (−u1, νu1 + Aεu0) for (u0, u1) ∈ D(Bε).

Moreover, for all ε ≥ 0, define the map gε : Xε → Xε by

gε(u0, u1) = (0, fε(u0)) for (u0, u1) ∈ Xε .

Then, for all ε > 0, equation (Dε) can be written in the equivalent abstract form:

u̇ = −Bεu+ gε(u).

This equation defines a (local) semiflow (actually, a flow) πε on X. The limit flow of the
family (πε)ε∈]0,1] is given by the flow π0 generated by the equation

u̇ = −B0u+ g0(u).

An application of our abstract Theorem 4.1 now gives the following theorem.

THEOREM B. (Continuation principle for damped wave equations) Let K0 ⊂ X0 be a
compact isolated invariant set of the limit semiflow π0. Then there is an ε0 > 0 and for
each ε ∈ ]0, ε0] there is a compact isolated invariant set Kε ⊂ X of the semiflow πε such
that the Conley indices of Kε and K0 are the same. Moreover, the family (Kε)ε∈[0,ε0] is
upper-semicontinuous at ε = 0 with respect to the family | · |Xε of norms, i.e.

lim
ε→0+

sup
u∈Kε

inf
v∈K0

|u− v|Xε = 0.

For the precise assumptions on f , see Examples 5.4 and 5.8. Let us only mention, that
unlike in Theorem A, we assume, in Theorem B, subcritical growth of f with respect to u.

Let us remark that Theorem 4.1 can also be applied to both reaction–diffusion equations
and the corresponding damped wave equations on curved thin domains introduced in the
recent paper [9]. The ideas of this paper can also be used to prove a singular continuation
result for Morse decompositions and the connection matrix (cf. [3, 4]). Furthermore, it
is applicable to various fast–slow systems of ordinary differential equations and evolution
equations. This will be treated elsewhere.

This paper is organized as follows. In the next section we review some basic concepts
and results of the Conley index theory for semiflows defined on a metric space. In §3 we
introduce the concepts of singular convergence and singular admissibility which are the
key properties in the statement of our abstract continuation result. Section 4 is devoted to
the proof of Theorem 4.1. Finally, an application to damped wave equations is presented
in §5.
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2. Conley index for semiflows on metric spaces
We will review some basic definitions and results concerning the Conley index theory for
semiflows defined on a metric space. The reader is referred to [12] or [13] for the proofs
of several of the results stated here and for further details on the subject.

Given a topological space Z and an arbitrary set Y , we define the quotient space Z/Y

as follows: fix an arbitrary p /∈ Z. Define the set Z/Y as

Z/Y := (Z \ Y ) ∪ {p}
and the map q : Z → Z/Y as

q(z) =
{
z if z ∈ Z \ Y ,

p otherwise.

We commonly write [z] instead of q(z). We also write [Y ] instead of p.
Call a subset V of Z/Y open in Z/Y if and only if q−1(V ) is open in Z. This defines a

(quotient) topology on Z/Y . Note that if Y ∩ Z �= ∅, then q is a (surjective) identification
map. If Y ∩ Z = ∅, then Z/Y = Z ∪ {p} and V ⊂ Z/Y is open in Z/Y if and only if
V ∩ Z is open in Z.

Let us now recall the definition of a semiflow and a few related concepts.
Let X be a topological space, let D be an open subset of [0,∞[ × X and π : D → X

be a continuous map. We write xπt := π(t, x) for (t, x) ∈ D. The map π is called a local
semiflow on X if the following properties are satisfied:
(1) for every x ∈ X there is a number ωx = ωπ

x ∈ ]0,∞] such that (t, x) ∈ D if and
only if 0 ≤ t < ωx ;

(2) xπ0 = x for all x ∈ X;
(3) if (t, x) ∈ D and (s, xπt) ∈ D then (t + s, x) ∈ D and

xπ(t + s) = (xπt)πs.

If ωx = ∞ for every x ∈ X, then π is called a global semiflow on X.
Let N be an arbitrary subset of X. We say that the local semiflow π does not explode in

N if, whenever xπt ∈ N for all t ∈ [0, ωx [, then ωx = ∞.
Let J be an arbitrary interval in R. A map σ : J → X is called a solution of π if

for all t ∈ J and s ∈ [0,∞[ for which t + s ∈ J , it follows that σ(t)πs is defined and
σ(t)πs = σ(t+s). If 0 ∈ J and σ(0) = x, we say that σ is a solution through x. If J = R

(respectively J = ]−∞, 0]), then σ is called a full solution (respectively full left solution)
relative to π .

Suppose that Y is a subset of X. We define the following subsets of X:

A+
π (Y ) := {x ∈ X | xπ [0, ωx[ ⊂ Y },

A−
π (Y ) := {x ∈ X | ∃ solution σ : ]−∞, 0] → X through x with σ(]−∞, 0]) ⊂ Y },

Aπ(Y ) := A+
π (Y ) ∩ A−

π (Y ).

A subset Y of X is called invariant (respectively positively invariant, respectively
negatively invariant) relative to π if Y = Aπ(Y ) (respectively Y = A+

π (Y ), respectively
Y = A−

π (Y )).
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Let N be a closed subset of X such that K := Aπ(N) is closed and K ⊂ IntN . Then N

is called an isolating neighborhood of K relative to π and K is called an isolated invariant
set relative to π .

Let B ⊂ X be a closed set and x ∈ ∂B. The point x is called a strict egress (respectively
strict ingress, respectively bounce-off ) of B, if for every solution σ : [−δ1, δ2] → X

through x, with δ1 ≥ 0 and δ2 > 0, the following properties hold:
(1) there exists an ε2 ∈ ]0, δ2[ such that σ(t) �∈ B (respectively σ(t) ∈ IntB,

respectively σ(t) �∈ B), for t ∈ ]0, ε2];
(2) if δ1 > 0, then there exists an ε1 ∈ ]0, δ1[ such that σ(t) ∈ IntB (respectively

σ(t) �∈ B, respectively σ(t) �∈ B), for t ∈ [−ε1, 0[.
The set of all strict egress points (respectively strict ingress, respectively bounce-off) of

the closed set B will be denoted by Be (respectively Bi , respectively Bb). A closed set
B ⊂ X is called an isolating block, if ∂B = Be ∪ Bi ∪ Bb and B− := Be ∪ Bb is closed.

Let N be a closed subset of X. Then N is called strongly π-admissible if the following
properties are satisfied:
(1) the local semiflow π does not explode in N ; and
(2) whenever (xn)n∈N is a sequence in X and (tn)n∈N is a sequence in [0,∞[ such that

tn → ∞ as n → ∞ and xnπ [0, tn] ⊂ N for all n ∈ N, then the sequence (xnπtn)n∈N
of endpoints has a convergent subsequence.

THEOREM 2.1. Let K be an isolated π-invariant set and N be a strongly π-admissible
isolating neighborhood of K . Then there exists an open set V such that B := clV is an
isolating block such that K ⊂ V ⊂ B ⊂ N and ∂V = ∂B.

Proof. By [13, Theorem I.5.1] there exists an isolating block B ′ such that K ⊂ IntB ′ ⊂
B ′ ⊂ N . Set V := IntB ′ and B := clV . It is easily verified that B := clV is an isolating
block such that K ⊂ V ⊂ B ⊂ N and ∂V = ∂B. ✷

Let N , Y be subsets of X such that Y ⊂ N . The set Y is called N-positively invariant
relative to π , if whenever x ∈ X, t ≥ 0 are such that xπ [0, t] ⊂ N and x ∈ Y , then
xπ [0, t] ⊂ Y .

Definition 2.2. Let N be a closed set in X and N1 and N2 be closed subsets of N . The pair
(N1, N2) is called a pseudo-index pair in N if:
(1) N1 and N2 are N-positively invariant; and
(2) whenever x ∈ N1 and xπt0 �∈ N for some t0 ∈ [0,∞[, then there exists a t ′ ∈ [0, t0]

such that xπ [0, t ′] ⊂ N and xπt ′ ∈ N2.
A pseudo-index pair (N1, N2) in N is called an index pair in N if Aπ(N) is closed and
Aπ(N) ⊂ Int(N1 \ N2).

An isolating block B determines a special index pair in B, namely (B,B−).
Let K be an isolated invariant set, N be a strongly π-admissible isolating neighborhood

of K and (N1, N2) be an index pair in N . Then the homotopy type of the pointed space
(N1/N2, [N2]) depends only on the semiflow π and the isolated invariant set K (see [13,
Theorem I.10.1]). The Conley index, h(π,K), of the isolated invariant set K with respect
to π is defined to be the homotopy type of (N1/N2, [N2]).
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Remark 2.3. If N is a strongly π-admissible isolating neighborhood relative to π , we will
sometimes write h(π,N) to denote h(π,Aπ(N)). This will not lead to confusion.

3. Singular convergence and singular admissibility
In this section we introduce the basic concepts and preliminary results which will be used
in the next sections.

Let (X0, d0) be a metric space. Let ε0 > 0 and for each ε ∈ ]0, ε0] let (Yε, dε) be a
metric space and θε ∈ Yε be a distinguished point of Yε . The open ball in Yε with its center
in v and radius β > 0 is denoted by Bε(v, β). Analogously, Bε [v, β] is the closed ball in
Yε with its center in v ∈ Yε and radius β > 0.

For each ε ∈ ]0, ε0] define the set Zε := X0 × Yε . Endow Zε with the metric

;ε((u, v), (u
′, v′)) := max{d0(u, u

′), dε(v, v′)} for (u, v), (u′, v′) ∈ Zε .

Definition 3.1. Given a subset V of X0, β > 0 and ε ∈ ]0, ε0] define the ‘inflated’ subsets
]V [ε,β and [V ]ε,β of Zε as follows:

]V [ε,β := {(u, v) ∈ Zε | u ∈ V and v ∈ Bε(θε, β)},
[V ]ε,β := {(u, v) ∈ Zε | u ∈ V and v ∈ clε Bε(θε, β)}.

LEMMA 3.2. Let V be a subset of X0. Then for every β > 0 and ε ∈ ]0, ε0]
clε ]V [ε,β = [clV ]ε,β .

Proof. Since [clV ]ε,β is closed in Zε , we obtain that clε ]V [ε,β ⊂ [clV ]ε,β .
Conversely, let (u, v) ∈ [clV ]ε,β . This implies that u ∈ clV and v ∈ clε Bε(θε, β).

Therefore, there exist sequences (un)n∈N in V and (vn)n∈N in Bε(θε, β) such that

d0(un, u) → 0 and dε(vn, v) → 0 as n → ∞.

Thus (un, vn) ∈ ]V [ε,β and ;ε((un, vn), (u, v)) → 0 as n → ∞. ✷

Let π0 be a local semiflow on X0 and for every ε ∈ ]0, ε0] let πε denote a local semiflow
on Zε . For each ε ∈ ]0, ε0] given w ∈ Zε and t ≥ 0 such that wπεt is defined, the
components of wπεt are denoted by

(wφεt, wψε t),

where wφεt ∈ X0 and wψεt ∈ Yε .
The next two concepts contain the main assumptions required in Theorem 4.1.

Definition 3.3. Using the previous notation, we say that the family (πε)ε∈]0,ε0] of local
semiflows converges singularly to the local semiflow π0 if whenever (εn)n∈N and (tn)n∈N
are sequences of positive numbers such that

εn → 0, tn → t0 as n → ∞, for some t0 ∈ [0,∞[

and whenever u0 ∈ X0 and wn ∈ Zεn are such that

;εn(wn, (u0, θεn)) → 0 as n → ∞
and u0π0t0 is defined, then there exists an n0 ∈ N such that for all n ≥ n0, wnπεntn is
defined and

;εn(wnπεntn, (u0π0t0, θεn)) → 0 as n → ∞.
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Definition 3.4. Let β be a positive number and N be a closed subset of X0. We say that N
is a singularly strongly admissible set with respect to β and the family (πε)ε∈[0,ε0] of local
semiflows if the following conditions are satisfied:
(1) N is a strongly π0-admissible set;
(2) for each ε ∈ ]0, ε0] the set [N]ε,β is strongly πε-admissible; and
(3) whenever (εn)n∈N and (tn)n∈N are sequences of positive numbers such that

εn → 0, tn → ∞ as n → ∞
and whenever wn ∈ Zεn is such that wnπεn [0, tn] ⊂ [N]εn,β , then there exist a
u0 ∈ N and a subsequence of the sequence (wnπεntn)n∈N of endpoints, denoted
again by (wnπεntn)n∈N, such that

;εn(wnπεntn, (u0, θεn)) → 0 as n → ∞.

The basic consequences of these definitions are contained in the following lemma.

LEMMA 3.5. Suppose (πε)ε∈]0,ε0] is a family of local semiflows that converges singularly
to the local semiflow π0 and N is a singularly strongly admissible set with respect to β and
the family (πε)ε∈[0,ε0] of local semiflows.
(1) Let (εn)n∈N and (tn)n∈N be sequences of positive numbers such that

εn → 0, tn → ∞ as n → ∞.

For each n ∈ N, let wn ∈ Zεn . Suppose that wnπεn [0, tn] is defined and included in
[N]εn,β . If (w0

nπε0
n
t0n)n∈N is a subsequence of (wnπεntn)n∈N such that

;ε0
n
(w0

nπε0
n
t0n , (u0, θε0

n
)) → 0 as n → ∞,

for some u0 ∈ N , then u0 ∈ A−
π0
(N).

(2) Let (εn)n∈N and (tn)n∈N be sequences of positive numbers such that εn → 0 and
tn → ∞ as n → ∞. Let u0 ∈ X0 and for each n ∈ N, let wn ∈ Zεn . Suppose that

;εn(wn, (u0, θεn)) → 0 as n → ∞.

For each n ∈ N suppose that wnπεn [0, tn] is defined and included in [N]εn,β . Then
u0π0t is defined for all t ≥ 0 and u0 ∈ A+

π0
(N).

Proof. Condition 3 of Definition 3.4 implies that there exists a subsequence of the sequence
(w0

nπε0
n
t0n)n∈N, denoted by (w1

nπε1
n
t1n)n∈N, with t1n ≥ 1, such that

;ε1
n
(w1

nπε1
n
(t1n − 1), (u−1, θε1

n
)) → 0 as n → ∞,

for some u−1 ∈ N . Proceeding recursively, for every k ≥ 1 we obtain a subsequence
(wk

nπεkn
tkn)n∈N of (wk−1

n π
εk−1
n

tk−1
n )n∈N with tkn ≥ k such that

;εkn
(wk

nπεkn
(tkn − k), (u−k, θεkn

)) → 0 as n → ∞. (1)

Moreover, u−k ∈ N for all k ∈ N.
We claim that u−kπ0t is defined for all t ∈ [0, k]. Suppose u−kπ0t is not defined for

some t ∈ [0, k]. Then there is a t0 ∈ [0, k] with u−kπ0t0 defined and u−kπ0t0 /∈ N .
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Since (πε)ε∈]0,ε0] is a family of local semiflows that converges singularly to the local
semiflow π0, formula (1) implies that

;εkn
(wk

nπεkn
(tkn − k)πεkn

t0, (u−kπ0t0, θεkn
)) → 0 as n → ∞.

Note that wk
nπεkn

(tkn − k)πεkn
t0 = wk

nπεkn
(tkn − k + t0). Thus

d0(w
k
nφεkn

(tkn − k + t0), u−kπ0t0) → 0 as n → ∞.

This implies that wk
nφεkn

(tkn − k + t0) /∈ N for all n large enough. Since tkn − k + t0 < tkn
we obtain a contradiction. This proves our claim.

For t ∈ [−k, 0] define
σk(t) := u−kπ0(t + k).

We have that σk is a solution of π0 in N . We claim that σk(0) = u0 for all k ∈ N.
In fact, since (πε)ε∈]0,ε0] is a family of local semiflows that converges singularly to the
local semiflow π0, formula (1) implies that

;εkn
(wk

nπεkn
(tkn − k)πεkn

k, (u−kπ0k, θεkn
)) → 0 as n → ∞.

Therefore
d0(w

k
nφεkn

tkn, u−kπ0k) → 0 as n → ∞.

However, since for every k ∈ N, the sequence (wk
nφεkn

tkn )n∈N is a subsequence of

(w0
nπε0

n
t0n)n∈N, we have

d0(w
k
nφεkn

tkn , u0) → 0 as n → ∞.

This implies that σk(0) = u0. This completes the proof of our claim.
Note that if k < k′, then σk and σk′ coincide on [−k, 0]. Thus σ(t) := σk(t) for

t ∈ [−k, 0] defines a solution of π0 on ]−∞, 0] with σ(]−∞, 0]) ⊂ N and σ(0) = u0.
This completes the proof of assertion 1.

We turn to the proof of part 2 of the lemma. Let 0 < ω ≤ ∞ be such that u0π0τ

is defined if and only if τ ∈ [0, ω[. Let τ ∈ [0, ω[. Since (πε)ε∈]0,ε0] is a family of
local semiflows that converges singularly to the local semiflow π0, we have that wnπεnτ is
defined for all n ∈ N large enough and

;εn(wnπεnτ, (u0π0τ, θεn)) → 0 as n → ∞. (2)

Let t ∈ [0, ω[. Since tn → ∞ as n → ∞, it follows that t < tn for all n large
enough and so wnφεn [0, t] is included in N for all n. Therefore, formula (2) implies that
u0π0 [0, t] ⊂ N . It follows that u0π0 [0, ω[ ⊂ N and so ω = ∞. This concludes the proof
of the lemma. ✷

We will also need the following technical result.

LEMMA 3.6. Suppose (πε)ε∈]0,ε0] is a family of local semiflows that converges singularly
to the local semiflow π0 and N is a singularly strongly admissible set with respect to β and
(πε)ε∈[0,ε0]. Let (εn)n∈N and (tn)n∈N be sequences of positive numbers such that

εn → 0 and tn → ∞ as n → ∞.

https://doi.org/10.1017/S0143385702000378 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385702000378


General Conley index continuation 739

Moreover, let (wn)n∈N be a sequence such that wn ∈ Zεn and

wnπεn [0, tn] ⊂ [N]εn,β
for every n ∈ N. Then there exist a u0 ∈ Aπ0(N) and a subsequence of (wnπεn(tn/2))n∈N,
again denoted by (wnπεn(tn/2))n∈N, such that

;εn(wnπεn(tn/2), (u0, θεn)) → 0 as n → ∞.

Proof. For each n ∈ N define sn := tn/2. It follows that sn → ∞ as n → ∞ and

wnπεn [0, sn] ⊂ wnπεn [0, tn] ⊂ [N]εn,β .
Therefore condition 3 of Definition 3.4 implies that there exist a u0 ∈ N and a subsequence
of (wnπεnsn)n∈N, denoted again by (wnπεnsn)n∈N, such that

;εn(wnπεnsn, (u0, θεn)) → 0 as n → ∞.

The first part of Lemma 3.5 implies that u0 ∈ A−
π0
(N). Define

yn := wnπεnsn.

Then ;εn(yn, (u0, θεn)) → 0 as n → ∞. Moreover ynπεn [0, sn] ⊂ wnπεn [0, tn] the
latter set being included in [N]εn,β . Hence Lemma 3.5(2) implies that u0 ∈ A+

π0
(N). This

completes the proof. ✷

4. The singular Conley index continuation principle
In this section we state and prove the main result of this paper, a general Conley index
continuation principle for singular perturbation problems.

THEOREM 4.1. Suppose that there exists an η0 > 0 such that for all ε ∈ ]0, ε0] and all
η ∈ ]0, η0] the set clε Bε(θε, η) is contractible.

Let β be a positive number. Suppose (πε)ε∈]0,ε0] is a family of local semiflows that
converges singularly to the local semiflow π0 and N is a singularly strongly admissible set
with respect to β and (πε)ε∈[0,ε0]. Assume that N is an isolating neighborhood for π0.

Then for every η ∈ ]0, η̃0], where η̃0 < min{ η0, β}, there exists an εc = εc(η) > 0 such
that for every ε ∈ ]0, εc] the set [N]ε,η is a strongly admissible isolating neighborhood
relative to πε and

h(πε, [N]ε,η) = h(π0, N). (3)

Remark 4.2. Recall that a topological space Y is called contractible if there is a point
p ∈ Y and there is a continuous map H : Y × [0, 1] → Y such that H(y, 0) = y and
H(y, 1) = p for all y ∈ Y .

The proof of Theorem 4.1 is a careful abstraction of the Conley index continuation
theorem for reaction–diffusion equations on thin domains given in our previous work [1].
We need a number of preliminary results.

PROPOSITION 4.3. Fix η ∈ ]0, β] arbitrarily. For all sufficiently small ε > 0 the set
[N]ε,η is a strongly πε-admissible isolating neighborhood for πε .
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Proof. Since η ∈ ]0, β] the strong admissibility is an immediate consequence of
Definition 3.4.

Suppose that there is a sequence (εn)n∈N of positive numbers converging to zero such
that for each n ∈ N the set [N]εn,η is not an isolating neighborhood for πεn . Then for each
n ∈ N there exists a solution σn : R → Zεn of πεn such that

σn(R) ⊂ [N]εn,η and σn(0)πεnn ∈ ∂ [N]εn,η .
For each n ∈ N define tn := 2n. Therefore tn → ∞ as n → ∞ and σn(0)πεn [0, tn] ⊂
[N]εn,η ⊂ [N]εn,β . Lemma 3.6 implies that there exist a u0 ∈ Aπ0(N) and a subsequence
of (σn(0)πεn(tn/2))n∈N which is denoted again by (σn(0)πεn(tn/2))n∈N such that

;εn(σn(0)πεn(tn/2), (u0, θεn)) → 0 as n → ∞.

Thus

d0(σn(0)φεnn, u0) → 0 and dεn(σn(0)ψεnn, θεn) → 0 as n → ∞.

Therefore dεn(σn(0)ψεnn, θεn) < η for all n large enough. Hence σn(0)ψεnn ∈ Bεn(θεn, η)

and so σn(0)ψεnn /∈ ∂ clεn Bεn(θεn, η) for all n large enough. This implies that σn(0)φεnn ∈
∂N for all n large enough and so u0 ∈ ∂N . However, this contradicts the fact that N is an
isolating neighborhood for π0. ✷

PROPOSITION 4.4. Assume that K0 := Aπ0(N) = ∅. Fix η ∈ ]0, β] arbitrarily. For all
sufficiently small ε > 0 the set Kε,η := Aπε ([N]ε,η) is empty.

Proof. Otherwise, we find an η ∈ ]0, β] and a sequence (εn)n∈N, of positive numbers
converging to zero such that Kεn,η �= ∅ for each n ∈ N. Therefore, for every n ∈ N there
exists a full solution σn : R → [N]εn,η of πεn . For each n ∈ N define tn := n. Therefore
tn → ∞ as n → ∞ and σn(0)πεn [0, tn] ⊂ [N]εn,η ⊂ [N]εn,β . Lemma 3.6 implies that
there exists a u0 ∈ Aπ0(N). However, this is a contradiction. ✷

Thus Theorem 4.1 holds if K0 = ∅.
Assume from now on that K0 �= ∅. Since N is a strongly admissible isolating

neighborhood for π0 and K0 = Aπ0(N) �= ∅ is an isolated invariant set of π0, we can
apply Theorem 2.1 and choose an open set U0 in X0 such that N0 := clU0 is an isolating
block for π0 and such that K0 ⊂ U0 ⊂ N0 ⊂ N and ∂U0 = ∂N0.

Let α : [0,∞[ → [1, 2[ be a monotone increasing C∞-diffeomorphism. Let s+ :
N0 → R ∪ {∞} be given by

s+(u) := sup{t ≥ 0 | uπ0t is defined and uπ0 [0, t] ⊂ N0},
and define the function t+ : U0 → R ∪ {∞} by

t+(u) := sup{t ≥ 0 | uπ0t is defined and uπ0[0, t] ⊂ U0}.
Moreover, define the function F : X0 → [0, 1] by

F(u) := min{1, d(u,A−
π0
(N0))},
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where d(u,A−
π0
(N0)) is the distance (in X0) of the point u from the set A−

π0
(N0). Finally,

we define g− : N0 → R as follows:

g−(u) := sup{α(t)F (uπ0t) | t ∈ [0, s+(u)] ,
if s+(u) < ∞ and t ∈ [0,∞[ , if s+(u) = ∞}.

Whenever (un)n∈N is a sequence in N0 with g−(un) → 0 as n → ∞, then, by
admissibility, there is a subsequence of (un)n∈N converging to an element of A−

π0
(N0).

Given a > 0, b > 0 define

V (a, b) := {u ∈ U0 | g−(u) < a, t+(u) > b}.
Note that V (a, b) is open in X0, K0 ⊂ V (a, b) and admissibility implies that we can
choose a0 > 0 and b0 > 0 such that clV (a0, b0) ⊂ U0.

Given a > 0, b > 0, ε > 0 and α > 0 define

Vε,α(a, b) := ]V (a, b)[ε,α .
LEMMA 4.5. Fix positive numbers a, b, α, δ, η and M such that a ≤ a0, b ≥ b0 and
η ≤ β. Then

K(ε, η, a, b) := Aπε ([clV (a, b)]ε,η) ⊂ Vε,α(δ,M)

for all sufficiently small ε > 0.

Proof. If the lemma is not true then there are positive numbers a, b, α, δ, η and M such
that a ≤ a0, b ≥ b0 and η ≤ β and a sequence (εn)n∈N of positive numbers converging to
zero such that for all n ∈ N

K(εn, η, a, b) �⊂ Vεn,α(δ,M).

For each n ∈ N, there is a solution σn : R → [clV (a, b)]εn,η of πεn with

σn(0)πεnn �∈ Vεn,α(δ,M).

Since σn(0)πεn [0, 2n] ⊂ [clV (a, b)]εn,η ⊂ [N]εn,η ⊂ [N]εn,β and 2n → ∞ as
n → ∞, Lemma 3.6 implies that there exist a u0 ∈ Aπ0(N) and a subsequence of
(σn(0)πεnn)n∈N which is again denoted by (σn(0)πεnn)n∈N such that

;εn(σn(0)πεnn, (u0, θεn)) → 0 as n → ∞.

This implies that d0(σn(0)φεnn, u0) → 0 as n → ∞ and dεn(σn(0)ψεnn, θεn) < α for
all n large enough. Since g−(u0) = 0 and t+(u0) = ∞, it follows that u0 ∈ V (δ,M).
Therefore σn(0)φεnn ∈ V (δ,M) for all n large enough. Thus σn(0)πεnn ∈ Vεn,α(δ,M) for
all n large enough which is a contradiction. ✷

Let ε ∈ ]0, ε0] and ν > 0 be arbitrary. Given w ∈ ]U0[ε,ν , define

t+ε,ν(w) := sup{t ≥ 0 | wπεt is defined and wπε[0, t] ⊂ ]U0[ε,ν}.
LEMMA 4.6. Fix ν > 0. Let εn > 0, wn ∈ ]U0[εn,ν , n ∈ N and u ∈ U0 be such that
εn → 0 and

;εn(wn, (u, θεn)) → 0 as n → ∞.

Then
t+εn,ν(wn) → t+(u) as n → ∞.
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Proof. Suppose first that t+(u) < ∞ and let C ∈ ]0,∞] be arbitrary with t+(u) < C.
Since uπ0t

+(u) ∈ ∂U0 = ∂N0 and N0 is an isolating block for π0, there exists an s ∈ R

with C > s > t+(u) such that uπ0s �∈ N0. Since (πε)ε∈]0,ε0] converges singularly to π0,
we have

;εn(wnπεns, (uπ0s, θεn)) → 0 as n → ∞.

Therefore
d0(wnφεns, uπ0s) → 0 as n → ∞.

Thus wnφεns /∈ N0 for all n large enough. Hence wnπεns /∈ [N0]εn,ν and so t+εn,ν(wn) <

s < C for all n large enough.
Now let C be arbitrary with t+(u) > C > 0. Then uπ0 [0, C] ⊂ U0. We claim that

wnπεn [0, C] ⊂ ]U0[εn,ν for all n large enough. Suppose that this is not true. Then we may
assume that for every n ∈ N

wnπεn [0, C] �⊂ ]U0[εn,ν
and so there exists a tn ∈ [0, C] such that

wnπεntn �∈ ]U0[εn,ν .
Again we can assume that there exists a t ∈ [0, C] such that tn → t as n → ∞. The fact
that (πε)ε∈]0,ε0] converges singularly to π0 implies

;εn(wnπεntn, (uπ0t, θεn)) → 0 as n → ∞.

This implies that

d0(wnφεntn, uπ0t) → 0 and dεn(wnψεntn, θεn) → 0 as n → ∞.

Therefore wnφεntn ∈ U0 and dεn(wnψεn tn, θεn) < ν for all n large enough. This implies
that wnπεntn ∈ ]U0[εn,ν for all n large enough which is a contradiction. This proves our
claim, which, in turn, implies that t+εn,ν(wn) > C for all sufficiently large n. The lemma is
proved. ✷

Definition 4.7. Fix positive real numbers M , M ′, ν, η, ρ, a and b. For all positive numbers
ε ∈ ]0, ε0], α and δ define the following subsets of Zε :

N1(α, δ, ε) := [clV (a, b)]ε,η ∩ clε{w | there exist a w ∈ Vε,α(δ,M) and a t ≥ 0

such that wπε[0, t] ⊂ ]U0[ε,β and wπεt = w},
N2(α, δ, ε) := N1(α, δ, ε) ∩ {w ∈ ]U0[ε,ν | t+ε,ν(w) ≤ M ′},

Ê(ε) := [{u ∈ U0 | t+(u) ≤ 5M} ∩ clV (a, b)]ε,η ,
Ĉ(ε, α, δ) := {w ∈ ]U0[ε,ν | t+ε,ν(w) ≤ 4M} ∩N1(α, δ, ε),

E(ε, α, δ) := [{u ∈ U0 | t+(u) ≤ 3M} ∩ clV (δ,M)]ε,α ,
C(ε, ρ, α, δ) := {w ∈ ]U0[ε,α | t+ε,α(w) ≤ 2M} ∩ clε Vε,ρ(δ,M).

Remark 4.8. If α ≤ η, α ≤ β, δ ≤ a and M ≥ b then clearly Vε,α(δ,M) ⊂ N1(α, δ, ε).
Moreover, if a ≤ a0, b ≥ b0, η ≤ β and η < ν then [clV (a, b)]ε,η ⊂ ]U0[ε,ν and
whenever w lies in K(ε, η, a, b), the largest invariant set in [clV (a, b)]ε,η, then, by the
definition of t+ε,ν , we have t+ε,ν(w) = ∞. In particular, K(ε, η, a, b) ∩N2(α, δ, ε) = ∅.
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PROPOSITION 4.9. Assume that M > b, M ′ > b, a ≤ a0, b ≥ b0 and η < ν < β.
(1) For all sufficiently small positive α, δ and ε:

(a) (N1(α, δ, ε),N2(α, δ, ε)) is a pseudo-index pair in [clV (a, b)]ε,η;
(b) the following inclusions are satisfied:

E(ε, α, δ) ⊂ Ĉ(ε, α, δ) ⊂ Ê(ε).

(2) For every α > 0 and all sufficiently small positive ρ, δ and ε

C(ε, ρ, α, δ) ⊂ E(ε, α, δ).

Proof. It is clear that N1(α, δ, ε) is a closed subset of Zε . We will prove that N2(α, δ, ε) is
also a closed subset of Zε . Let (wn)n∈N be a sequence in N2(α, δ, ε) such that

;ε(wn,w0) → 0 as n → ∞.

Therefore w0 = (u0, v0) ∈ N1(α, δ, ε). We need to show that

w0 ∈ ]U0[ε,ν and t+ε,ν(w0) ≤ M ′.

Since w0 ∈ N1(α, δ, ε), it follows that w0 ∈ [clV (a, b)]ε,η. Thus

u0 ∈ clV (a, b) ⊂ U0 and v0 ∈ clε Bε(θε, η) ⊂ Bε(θε, ν).

Thereforew0 ∈ ]U0[ε,ν . The lower-semicontinuity of the function t+ε,ν (cf. [13, Proposition
I.5.2]) implies t+ε,ν(w0) ≤ M ′.

The next step is to show that N1(α, δ, ε) is [clV (a, b)]ε,η-positively invariant relative
to πε . Let w ∈ N1(α, δ, ε) and s ≥ 0 such that wπε [0, s] ⊂ [clV (a, b)]ε,η. Hence there
exist a sequence (wn)n∈N in Vε,α(δ,M) and a sequence (tn)n∈N of positive numbers such
that

wnπε [0, tn] ⊂ ]U0[ε,β
and wn := wnπεtn is such that

;ε(wn,w) → 0 as n → ∞.

We claim that wnπε [0, s] ⊂ ]U0[ε,β for all n large enough. Since wπε [0, s] ⊂
[clV (a, b)]ε,η, it follows that, for all τ ∈ [0, s],

wφετ ∈ clV (a, b) ⊂ U0 and wψετ ∈ clε Bε(θε, η).

Since η < ν < β, it follows that wψετ ∈ Bε(θε, β). Thus wπε [0, s] is a subset of ]U0[ε,β .
Since πε is continuous, there exists an n0 ∈ N such that for all n ≥ n0,

wnπε [0, s] ⊂ ]U0[ε,β .
Therefore

wnπε [0, tn + s] ⊂ ]U0[ε,β for all n ≥ n0. (4)

Let τ ∈ [0, s] be arbitrary. Then

;ε(wnπε(tn + τ ),wπετ) = ;ε(wnπετ,wπετ) → 0 (5)
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as n → ∞. It follows from (4) and (5) that

wπετ ∈ clε{z | ∃z ∈ Vε,α(δ,M) and ∃t ≥ 0 such that zπε[0, t] ⊂ ]U0[ε,β and zπεt = z}.
Therefore wπε [0, s] ⊂ N1(α, δ, ε).

To verify that N2(α, δ, ε) is [clV (a, b)]ε,η-positively invariant relative to πε , let w ∈
N2(α, δ, ε) and s ≥ 0 such that wπε [0, s] ⊂ [clV (a, b)]ε,η. Therefore

wπε [0, s] ⊂ N1(α, δ, ε).

Let τ ∈ [0, s] be arbitrary. Then

wφετ ∈ clV (a, b) ⊂ U0 and wψετ ∈ clε Bε(θε, η).

Since η < ν, it follows that wψετ ∈ Bε(θε, ν). Thuswπετ ∈ ]U0[ε,ν . Since t+ε,ν(w) ≤ M ′,
we have t+ε,ν(wπετ) ≤ M ′. Therefore

wπε [0, s] ⊂ N2(α, δ, ε).

To conclude the proof of the first part of the proposition, suppose that part 1 does not
hold. Then for some choice of the constants M , M ′, ν, η, a and b as before there are
sequences (δn)n∈N, (αn)n∈N and (εn)n∈N of positive numbers converging to zero and a
sequence (wn)n∈N, with wn = (un, vn), such that

wn ∈ N1(αn, δn, εn) ∩ ∂εn [clV (a, b)]εn,η \ N2(αn, δn, εn) for all n ∈ N (6)

or
wn ∈ Ĉ(εn, αn, δn) \ Ê(εn) for all n ∈ N (7)

or
wn ∈ E(εn, αn, δn) \ Ĉ(εn, αn, δn) for all n ∈ N. (8)

In the first two cases, for each n ∈ N we have wn ∈ N1(αn, δn, εn), so there exist a
wn = (un, vn) ∈ Vεn,αn(δn,M) and a tn ≥ 0 such that

wnπεn [0, tn] ⊂ ]U0[εn,β
and w̃n := wnπεntn is such that

;εn(w̃n,wn) < 2−n.

Since un ∈ V (δn,M), it follows that g−(un) < δn → 0, we may assume, taking
subsequences if necessary, that d0(un, u0) → 0 for some u0 ∈ A−

π0
(N0). Since

dεn(vn, θεn) ≤ αn → 0 as n → ∞ we have

;εn(wn, (u0, θεn)) → 0 as n → ∞. (9)

We claim that there is a subsequence of (wnπεntn)n∈N which we will again denote by
(wnπεntn)n∈N and there is a ũ0 ∈ A−

π0
(N0) such that

;εn(wnπεntn, (ũ0, θεn)) → 0 as n → ∞.
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First assume that the sequence (tn)n∈N is bounded. By taking subsequences, if
necessary, we may assume that there exists a t ∈ [0,∞[ such that tn → t as n → ∞.
Since (πε)ε∈]0,ε0] converges singularly to π0, formula (9) implies that

;εn(wnπεntn, (u0π0t, θεn)) → 0 as n → ∞.

Since A−
π0
(N0) is an N0-positively invariant set relative to π0, it follows that

ũ0 := u0π0t ∈ A−
π0
(N0).

Suppose that (tn)n∈N is an unbounded sequence. Then we may assume that tn → ∞ as
n → ∞. Recall that wnπεn [0, tn] ⊂ ]U0[εn,β ⊂ [N0]εn,β ⊂ [N]εn,β . Since N is singularly
strongly admissible with respect to β and (πε)ε∈[0,ε0], condition 3 of Definition 3.4 implies
that there exist a subsequence of (wnπεntn)n∈N, denoted again by (wnπεntn)n∈N, and there
is a ũ0 ∈ N such that

;εn(wnπεntn, (ũ0, θεn)) → 0 as n → ∞.

Lemma 3.5(1) implies that ũ0 ∈ A−
π0
(N0). This concludes the proof of our claim. It follows

that
;εn(wn, (ũ0, θεn)) → 0 as n → ∞.

Thus
dεn(vn, θεn) < η and dεn(vn, θεn) < ν for all n large enough. (10)

Since wn ∈ [clV (a, b)]εn,η, we also have un ∈ clV (a, b) ⊂ U0. Thus wn ∈ ]U0[εn,ν
for all n large enough and so Lemma 4.6 and the continuity of t+ imply that t+εn,ν(wn) →
t+(ũ0) and t+(un) → t+(ũ0) as n → ∞.

Suppose that (6) holds. Then relations (6) and (10) imply that un ∈ ∂ clV (a, b) ⊂ U0,
for all n large enough and so ũ0 ∈ ∂ clV (a, b) ⊂ U0. Since t+εn,ν(wn) > M ′ for all n we
also conclude that t+(ũ0) ≥ M ′ > b. Since g−(ũ0) = 0 < a, we see that ũ0 ∈ V (a, b).
However, V (a, b) ∩ ∂ clV (a, b) = ∅. This contradiction proves part 1(a).

Suppose now that (7) holds. Then t+εn,ν(wn) ≤ 4M for all n and so t+(ũ0) ≤ 4M < 5M .
We thus conclude that t+(un) < 5M for all n large enough. Since un ∈ clV (a, b) and
dεn(vn, θεn) < η for all n large enough, all this clearly implies that wn ∈ Ê(εn) for all n
large enough, a contradiction proving the second inclusion in 1(b).

Finally assume that (8) holds. Therefore for all n ∈ N

un ∈ {u ∈ U0 | t+(u) ≤ 3M} ∩ clV (δn,M) and vn ∈ clεn Bεn(θεn, αn). (11)

Hence there exists a un ∈ V (δn,M) such that d0(un, un) < 2−n. Since g−(un) → 0, we
may again assume that there is a u0 ∈ A−

π0
(N0) such that d0(un, u0) → 0 as n → ∞.

Notice that vn ∈ Bεn [θεn, αn]. Since αn → 0 as n → ∞, we have

;εn(wn, (u0, θεn)) → 0 as n → ∞.

For all n large enough we have g−(un) < δn < a and t+(un) > M > b so un ∈ V (a, b).
This implies that u0 ∈ clV (a, b) ⊂ U0. Since t+(un) ≤ 3M , the continuity of t+
implies that t+(u0) ≤ 3M . Note that un ∈ U0 and dεn(vn, θεn) < ν for all n large
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enough. Therefore wn ∈ ]U0[εn,ν for all n large enough. Lemma 4.6 now shows that
t+εn,ν(wn) → t+(u0) as n → ∞. Hence we can assume that, for every n large enough,
t+εn,ν(wn) ≤ 4M .

Since N1(αn, δn, εn) is closed, we obtain from Remark 4.8 and Lemma 3.2 that, for all
n large enough,

wn ∈ [clV (δn,M)]εn,αn = clεn ]V (δn,M)[εn,αn = clεn Vεn,αn(δn,M) ⊂ N1(αn, δn, εn).

This implies that wn ∈ Ĉ(εn, αn, δn). This contradiction completes the proof of part 1 of
the proposition.

If the second part of the proposition is not true then there exist numbers M > b, α > 0
and sequences (δn)n∈N, (ρn)n∈N and (εn)n∈N of positive numbers converging to zero and
there is a sequence (wn)n∈N, with wn = (un, vn), such that

wn ∈ C(εn, ρn, α, δn) and wn �∈ E(εn, α, δn).

Therefore for every n ∈ N we have wn ∈ ]U0[εn,α, t+εn,α(wn) ≤ 2M and there exists a
wn = (un, vn) ∈ Vεn,ρn(δn,M) such that

;εn(wn,wn) < 2−n.

Therefore un ∈ V (δn,M). Hence for every n ∈ N,

g−(un) < δn and t+(un) > M

and so there exists a subsequence of (un)n∈N, denoted again by (un)n∈N, and u0 ∈ A−
π0
(N0)

such that d0(un, u0) → 0 as n → ∞. Since dεn(vn, θεn) < ρn → 0, we have

;εn(wn, (u0, θεn)) → 0 as n → ∞.

For all n large enough g−(un) < δn < a. Therefore un ∈ V (a, b) for all n large enough.
This implies u0 ∈ clV (a, b) ⊂ U0. Since wn ∈ ]U0[εn,α and ;εn(wn, (u0, θεn)) → 0
as n → ∞, Lemma 4.6 implies that t+εn,α(wn) → t+(u0) as n → ∞. Therefore
t+(u0) ≤ 2M . This inequality and the continuity of t+ imply that t+(un) ≤ 3M for
all n large enough. Lemma 3.2 implies that

wn ∈ clεn Vεn,ρn(δn,M) = [clV (δn,M)]εn,ρn .
Therefore

un ∈ clV (δn,M) and vn ∈ clεn Bεn(θεn, ρn) ⊂ Bεn [θεn, ρn].
Since ρn → 0 as n → ∞, it follows that, for all n large enough,

un ∈ clV (δn,M) and dεn(vn, θεn) < α.

Therefore we have shown that wn ∈ E(εn, α, δn) for all n large enough, a contradiction.
The proposition is proved. ✷

LEMMA 4.10. Let N1 and N2 be closed subsets in X0 such that N2 ⊂ N1.

https://doi.org/10.1017/S0143385702000378 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385702000378


General Conley index continuation 747

Let ιε : N1/N2 → [N1]ε,η / [N2]ε,η be the map induced by the inclusion u 
→ (u, θε)

and Tε : [N1]ε,η / [N2]ε,η → N1/N2 be the map induced by the projection onto the first
factor.

Then for every ε ∈ ]0, ε0] and η ∈ ]0, η0] the maps ιε and Tε are homotopy inverses to
each other in the category of pointed spaces. In particular, the pointed spaces N1/N2 and
[N1]ε,η / [N2]ε,η have the same homotopy type.

Proof. The hypothesis implies that, for each ε ∈ ]0, ε0] and for each η ∈ ]0, η0], there
exists a continuous map hε,η : clε Bε(θε, η)× [0, 1] → clε Bε(θε, η) such that

hε,η(v, 0) = v and hε,η(v, 1) = θε.

LetHε,η : [N1]ε,η / [N2]ε,η×[0, 1] → [N1]ε,η / [N2]ε,η be the map induced by the function

Kε,η : [N1]ε,η × [0, 1] → [N1]ε,η , ((u, v), t) 
→ (u, hε,η(v, t)).

It is clear that Hε,η is a homotopy between I[N1]ε,η/[N2]ε,η and ιε ◦ Tε . Moreover, it is clear
that Tε ◦ ιε = IN1/N2 . This concludes the proof. ✷

Now we are able to complete the proof of Theorem 4.1.
Choose positive numbers ν and M with M > b0 and η < ν < β. Moreover, choose

positive numbers α′ < η, δ′ < a0 and ε′ ≤ ε0 such that for all positive α ≤ α′, δ ≤ δ′ and
ε ≤ ε′ all assertions of part 1 of Proposition 4.9 hold, where we fix a := a0, b := b0 and
M ′ := 4M . Now choose positive numbers ρ′ < α′, δ′′ ≤ δ′ and ε′′ ≤ ε′ such that for all
positive ρ ≤ ρ′, δ ≤ δ′′ and ε ≤ ε′′ part 2 of Proposition 4.9 holds, where we fix α := α′.

Note also that 2M > b0, ρ′ < α′ and α′ < β (α′ < η < ν < β). Therefore we are
able to apply Proposition 4.9 with M and M ′ replaced by 2M , η := ρ′, ν := α′, a := δ′′,
b := M . Thus we obtain positive numbers α′′′ ≤ ρ′, δ′′′ < δ′′ and ε′′′ ≤ ε′′ such that for all
positive α ≤ α′′′, δ ≤ δ′′′ and ε ≤ ε′′′ the pair (Ñ1(α, δ, ε), Ñ2(α, δ, ε)) is a pseudo-index
pair in [clV (δ′′,M)]ε,ρ′ .

Here,

Ñ1(α, δ, ε) = [clV (δ′′,M)]ε,ρ′ ∩ clε{w | there exists a w ∈ Vε,α(δ, 2M) and a t ≥ 0

such that wπε[0, t] ⊂ ]U0[ε,β and wπεt = w}
and

Ñ2(α, δ, ε) = Ñ1(α, δ, ε) ∩ {w ∈ ]U0[ε,α′ | t+ε,α′(w) ≤ 2M}.
Fix α := α′′′, δ := δ′′′ and write ρ := ρ′. We now conclude that, for ε ∈ ]0, ε′′′[,

A1 := Ñ1(α, δ, ε) ⊂ [clV (δ′′,M)]ε,ρ ⊂ A2 := [clV (δ′′,M)]ε,α′
⊂ A3 := N1(α

′, δ′′, ε) ⊂ A4 := [clV (a0, b0)]ε,η
and

B1 := Ñ2(α, δ, ε) ⊂ [clV (δ′′,M)]ε,ρ ∩ {w ∈ ]U0[ε,α′ | t+ε,α′(w) ≤ 2M}
= C(ε, ρ, α′, δ′′) ⊂ B2 := E(ε, α′, δ′′)
⊂ B3 := Ĉ(ε, α′, δ′′) = N2(α

′, δ′′, ε)
⊂ B4 := Ê(ε).
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Note that for each i = 1, . . . , 4, Bi ⊂ Ai . Therefore we can consider the pointed spaces
Ai/Bi . The two sequences of inclusions described earlier induce continuous maps

D1 : A1/B1 → A2/B2, D2 : A2/B2 → A3/B3 and D3 : A3/B3 → A4/B4.

Using Lemma 4.5 let us now choose a positive number εc ≤ ε′′′ such that

K(ε, η, a0, b0) ⊂ Vε,α′(δ
′′,M) ∩ Vε,α(δ, 2M)

for ε ∈ ]0, εc]. Then Remark 4.8 implies that (A1, B1) and (A3, B3) are index pairs for
K(ε, η, a0, b0) and it follows from [13, Theorem I.9.4] that D2 ◦D1 is an isomorphism in
the homotopy category of pointed spaces. The proof of Theorem 2.3 in [13] implies that

(clV (δ′′,M), clV (δ′′,M) ∩ { u ∈ U0 | t+(u) ≤ 3M })
and

(clV (a0, b0), clV (a0, b0) ∩ {u ∈ U0 | t+(u) ≤ 5M})
are index pairs for K0. Since α′ < η < η0 we conclude from Lemma 4.10 that there exist
inclusion-induced maps

D4 : clV (δ′′,M)/(clV (δ′′,M) ∩ {u ∈ U0 | t+(u) ≤ 3M}) → A2/B2

and
D5 : clV (a0, b0)/(clV (a0, b0) ∩ {u ∈ U0 | t+(u) ≤ 5M}) → A4/B4

which are isomorphisms in the homotopy category of pointed spaces. Therefore, [13,
Theorem I.9.4] allows us to conclude that D−1

5 ◦D3 ◦D2 ◦D4 is also an isomorphism in
the same category. Consequently D3 ◦ D2 is an isomorphism. Now [13, Lemma I.12.4]
implies that D1, D2 and D3 are all isomorphisms in the homotopy category of pointed
spaces. We conclude that (3) also holds for the case K0 �= ∅. The proof of Theorem 4.1 is
complete. ✷

Theorem 4.1 yields the following corollary.

COROLLARY 4.11. For every η ∈ ]0, η̃0], the family (Kε,η)ε∈[0,εc(η)] of invariant sets,
where Kε,η := Aπε ([N]ε,η), ε ∈ ]0, εc(η)] and K0,η = K0 := Aπ0(N), is upper-semi-
continuous at ε = 0 with respect to the family (;ε)ε∈[0,εc(η)] of metrics in the following
sense:

lim
ε→0+

sup
w∈Kε,η

inf
u∈K0

;ε(w, (u, θε)) = 0.

Proof. If the corollary is not true, then there are numbers η ∈ ]0, η̃0] and E > 0, a sequence
εn → 0+ and a sequence wn ∈ Kεn,η, n ∈ N, such that

inf
u∈K0

;εn(wn, (u, θεn)) > E.

For every n ∈ N let σn : R → [N]εn,η be a solution of πεn with σn(0)πεnn = wn.
For each n ∈ N define tn := 2n. Then tn → ∞ as n → ∞ and σn(0)πεn [0, tn] ⊂
[N]εn,η ⊂ [N]εn,β . Lemma 3.6 implies that there exist a u0 ∈ Aπ0(N) and a subsequence
of (σn(0)πεnn)n∈N which is denoted again by (σn(0)πεnn)n∈N such that

;εn(σn(0)πεnn, (u0, θεn)) → 0 as n → ∞.

This is a contradiction, which proves the corollary. ✷
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5. Damped wave equations
In this section we will apply Theorem 4.1 to obtain a singular continuation principle
for damped wave equations on thin domains. Damped wave equations, unlike parabolic
equations, give rise to non-compactifying flows on a Banach space. This section is not
self-contained; in particular, we use some results established in a recent paper [2]. For
additional information on this subject the reader is referred to the seminal works [6, 8, 15].

Suppose H is a linear space which is complete with respect to the scalar product 〈·, ·〉H
and let A : D(A) ⊂ H → H be a (densely defined) positive self-adjoint operator on
(H, 〈·, ·〉H ) with A−1 : H → H compact. Let λ1 := λ1(A) > 0 be the first eigenvalue
of A and H1(A) be the linear space D(A1/2). Endow H1(A) with the (complete) scalar
product

〈u, v〉H1(A) := 〈A1/2u,A1/2v〉H .

Set X(A) := H1(A)×H . Given u ∈ X(A) we will write u0 (respectively u1) for the first
(respectively second) component of u, i.e. u = (u0, u1). Endow X(A) with the (complete)
scalar product

〈(u0, u1), (v0, v1)〉X(A) := 〈u0, v0〉H1(A) + 〈u1, v1〉H .

Write | · |H , | · |H1(A) and | · |X(A) for the corresponding Hilbert space norms.
Let ν > 0. Define D(Bν,A) := D(A) × H1(A) ⊂ X(A) and let Bν,A : D(Bν,A) →

X(A) be the operator

Bν,A(u0, u1) := (−u1, νu1 + Au0) for (u0, u1) ∈ D(Bν,A).

Now suppose that f : H1(A) → H is a map which is Lipschitzian on bounded subsets of
H1(A). Define the map g = gA,f : X(A) → X(A) by

gA,f (u0, u1) = (0, f (u0)) for (u0, u1) ∈ X(A).

It follows that gA,f is Lipschitzian on bounded subsets of X(A). Consequently there exists
a well-defined local semiflow (actually a local flow) πν,A,f generated by the mild solutions
of the following abstract damped wave equation:

u̇ = −Bν,Au+ gA,f (u).

Moreover, πν,A,f does not explode in bounded subsets of X(A). This follows, e.g., from
[14, Theorem 1] and its proof.

Next we will describe the precise set of assumptions which will allow us to obtain a
continuation principle for certain ‘singular’ families of abstract damped wave equations.
This, in turn, will imply a continuation principle for damped wave equations on thin
domains. We start with the following definition.

Definition 5.1. Given a number ε0 > 0 we say that the families (H ε, 〈·, ·〉Hε )ε∈[0,ε0] and
(Aε)ε∈[0,ε0] satisfy condition (Spec) if the following properties are satisfied.
(1) For every ε ∈ [0, ε0], (H ε, 〈·, ·〉Hε ) is a Hilbert space and Aε : D(Aε) ⊂ Hε → Hε

is a densely defined positive self-adjoint operator on (H ε, 〈·, ·〉Hε ) with A−1
ε : Hε →

Hε compact. Write Hε
1 := H1(Aε) and Xε := X(Aε).
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(2) The linear spaces H := Hε and H1 := Hε
1 are independent of ε for ε ∈ ]0, ε0], H 0

is a linear subspace of H and H 0
1 is a linear subspace of H1.

(3) There exists a constant C ∈ ]0,∞[ such that

|u|Xε ≤ C|u|X0 and |u|X0 ≤ C|u|Xε

for all u ∈ X0 and all ε ∈ ]0, ε0].
(4) For every ε ∈ ]0, ε0] let (λε,j )j∈N be the repeated sequence of eigenvalues of

Aε and (wε,j )j∈N be a corresponding Hε-orthonormal sequence of eigenfunctions.
Furthermore, let (λ0,j )j∈N be the repeated sequence of eigenvalues of A0.
Whenever (εn)n∈N is a sequence of positive numbers converging to zero then
(a) for every j ∈ N,

λεn,j → λ0,j as n → ∞;

(b) there is a subsequence of (εn)n∈N, again denoted by (εn)n∈N, and there is an
H 0-orthonormal sequence of eigenfunctions (w0,j )j∈N corresponding to the
sequence (λ0,j )j∈N such that

|wεn,j −w0,j |Hεn
1

→ 0 as n → ∞
for all j ∈ N;

(c) for every u ∈ H 0
1 ,

〈u,wεn,j 〉Hεn
1

→ 〈u,w0,j 〉H 0
1

as n → ∞
for all j ∈ N.

The following example shows that the thin domain problems for reaction–diffusion
equations and damped wave equations described in the introduction provide families of
Hilbert spaces and positive self-adjoint operators satisfying condition (Spec).

Example 5.2. Let � be an arbitrary non-empty bounded domain in R
M × R

N with
Lipschitz boundary and let ε > 0 be arbitrary. As in the introduction, write (x, y) for
a generic point of R

M ×R
N . Let γ > 0 be a fixed constant. Define the symmetric bilinear

form
aε : H 1(�)×H 1(�) → R

by

aε(u, v) :=
∫
�

(γ uv +∇xu · ∇xv + (1/ε2)∇yu · ∇yv) dx dy.

The pair (aε, 〈·, ·〉L2(�)) generates a linear operator Aε : D(Aε) ⊂ H 1(�) → L2(�) such
that u ∈ D(Aε) if and only if there is a wu ∈ L2(�) for which

aε(u, v) = 〈wu, v〉L2(�) for all v ∈ H 1(�).

The element wu ∈ L2(�) is then necessarily unique and we write Aε(u) := wu.
Now define the ‘limit’ space H 1

s (�) by

H 1
s (�) = {u ∈ H 1(�) | ∇yu = 0}.
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Note that H 1
s (�) is a closed linear subspace of H 1(�). Let us also define the space L2

s (�)

to be the closure of the set H 1
s (�) in L2(�). It follows that L2

s (�) is a Hilbert space under
the scalar product of L2(�). Now let a0 : H 1

s (�) × H 1
s (�) → R be the ‘limit’ bilinear

form defined by

a0(u, v) :=
∫
�

(γ uv +∇u · ∇v) dx dy =
∫
�

(γ uv +∇xu · ∇xv) dx dy.

Denote by A0 the operator defined, as before, by the pair (a0, 〈·, ·〉L2
s (�)).

For ε > 0 write Hε := L2(�) and 〈·, ·〉Hε := 〈·, ·〉L2(�). Moreover, define
H 0 := L2

s (�) and 〈·, ·〉H 0 := 〈·, ·〉L2
s (�). With this notation it follows from the results

of [10] that for every ε0 > 0 the families (H ε, 〈·, ·〉Hε )ε∈[0,ε0] and (Aε)ε∈[0,ε0] satisfy the
condition (Spec).

For the rest of the paper, let ν > 0 be fixed arbitrarily. If the families
(H ε, 〈·, ·〉Hε )ε∈[0,ε0] and (Aε)ε∈[0,ε0] satisfy the condition (Spec) then we shall write
Bε := Bν,Aε , ε ∈ [0, ε0].

The following concept plays an important role in the convergence result stated later.

Definition 5.3. Given ε0 > 0 let (H ε, 〈·, ·〉Hε )ε∈[0,ε0] and (Aε)ε∈[0,ε0] satisfy condition
(Spec). We say that the family (fε)ε∈[0,ε0] of maps satisfies hypothesis (Conv) if the
following properties are satisfied:
(1) fε : Hε

1 → Hε for every ε ∈ [0, ε0];
(2) limε→0+ |fε(u)− f0(u)|Hε = 0 for every u ∈ H 0

1 ;
(3) for every M ∈ [0,∞[ there is an L = LM ∈ [0,∞[ such that

|fε(u)− fε(v)|Hε ≤ L|u− v|Hε
1

for all ε ∈ [0, ε0] and u, v ∈ Hε
1 satisfying |u|Hε

1
, |v|Hε

1
≤ M .

Families of maps satisfying hypothesis (Conv) can be obtained as follows.

Example 5.4. Let ε0 > 0 be arbitrary and the families (H ε, 〈·, ·〉Hε )ε∈[0,ε0] and (Aε)ε∈[0,ε0]
be as in Example 5.2. Let G : R × R

M × R
N × R → R, (ε, x, y, ξ) 
→ G(ε, x, y, ξ),

be a C1-function for which there are constants β, δ and C ∈ [0,∞[ such that for all
(ε, x, y, ξ) ∈ R × R

M × R
N × R the following estimates are satisfied:

(1) |∂εG(ε, x, y, ξ)| ≤ C(1 + |ξ |β);
(2) |∇yG(ε, x, y, ξ)| ≤ C(1 + |ξ |β);
(3) |∂ξG(ε, x, y, ξ)| ≤ C(1 + |ξ |δ).
If n := M + N > 2 then we also assume that β ≤ 2∗/2 and δ ≤ (2∗/2) − 1, where
2∗ := 2n/(n− 2).

For ε > 0 define the map fε by

fε(u)(x, y) := G(ε, x, εy, u(x, y)), for u ∈ H 1(�) and (x, y) ∈ �.

Furthermore, for u ∈ H 1
s (�) define f0(u) : � → R by

f0(u)(x, y) := G(0, x, 0, u(x, y)) for (x, y) ∈ �.

It is easy to prove (cf. [1]) that the family (fε)ε∈[0,ε0] satisfies hypothesis (Conv).
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In the following, if the family (fε)ε∈[0,ε0] of maps satisfies hypothesis (Conv) then we
will write πε := πν,Aε,fε for every ε ∈ [0, ε0].

We have the following convergence result, which is proved in [2].

THEOREM 5.5. Let (H ε, 〈·, ·〉Hε )ε∈[0,ε0] and (Aε)ε∈[0,ε0] satisfy condition (Spec) and
suppose that (fε)ε∈[0,ε0] satisfies hypothesis (Conv). Let (εn)n∈N be a sequence in ]0, ε0]
with εn → 0 as n → ∞ and (tn)n∈N be a sequence in [0,∞[ with tn → t∞ as n → ∞,
for some t∞ ∈ [0,∞[. Moreover, let (un)u∈N be a sequence in H1 ×H such that

|un − u∞|Xεn
→ 0 as n → ∞

for some u∞ ∈ H 0
1 × H 0. Under these assumptions if u∞π0t∞ is defined then, for all n

large enough unπεntn is defined and

|unπεntn − u∞π0t∞|Xεn
→ 0 as n → ∞.

For every ε ∈ ]0, ε0], the set X0 = H 0
1 × H 0 is a closed subspace of Xε . For

each ε ∈ ]0, ε0], let Qε : Xε → Xε be the Xε-orthogonal projection of Xε onto X0.
Define Yε := (I −Qε)Xε and endow Yε with the norm | · |Xε restricted to Yε . Define on
Zε = X0 × Yε the following norm:

‖(u, v)‖ε := max{|u|X0, |v|Xε } for (u, v) ∈ Zε .

We will denote by ;ε the metric on Zε induced by the norm ‖ · ‖ε . For each ε ∈ ]0, ε0],
define θε := 0.

Let Kε : Xε → Zε be the linear map defined by

Kε(w) := (Qεw, (I −Qε)w) for w ∈ Xε .

It follows that Kε is a bijective linear map and its inverse map is given by

K−1
ε ((u, v)) = u+ v for (u, v) ∈ Zε .

Moreover both Kε and K−1
ε are continuous maps. This fact is a consequence of the

following inequalities:

‖Kε(w)‖ε ≤ max{1, C}|w|Xε for w ∈ Xε , (12)

|K−1
ε ((u, v))|Xε ≤ (1 + C2)1/2‖(u, v)‖ε for (u, v) ∈ Zε , (13)

where the positive constant C was defined in hypothesis (Spec).
Given (u, v) ∈ Zε and t ∈ [0,∞[ define

(u, v)π̃ε t := Kε(K
−1
ε ((u, v))πεt).

Hence π̃ε is a local semiflow on Zε which is conjugated to πε . Theorem 5.5 and
inequalities (12) and (13) immediately imply the following.

COROLLARY 5.6. Under these hypotheses the family (π̃ε)ε∈]0,ε0] converges singularly
to π0.

Singular admissibility is implied by the following hypothesis on the families of
nonlinearities in damped wave equations.
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Definition 5.7. We say that the family (fε)ε∈[0,ε0] satisfies hypothesis (Comp) if the
following hypotheses are satisfied:
(1) for every ε ∈ [0, ε0] the map fε : Hε

1 → Hε is compact, i.e. maps bounded sets in
(H ε

1 , | · |Hε
1
) into compact sets in (H ε, | · |Hε ); and

(2) whenever (εn)n∈N is a sequence of positive numbers converging to zero as n → ∞,
C̃ is a non-negative constant and (ξn)n∈N is a sequence in H1 such that

sup
n∈N

|ξn|Hεn
1

≤ C̃,

then there is a sequence (nk)k∈N in N with nk → ∞ as k → ∞ such that

|fεnk (ξnk )− v|Hεnk → 0 as k → ∞
for some v ∈ H 0.

The following statement is easily proved.

Example 5.8. Let ε0 > 0 be arbitrary and the families (H ε, 〈·, ·〉Hε )ε∈[0,ε0] and (Aε)ε∈[0,ε0]
be as in Example 5.2. Let G : R × R

M × R
N × R → R be as in Example 5.4.

If n := M + N > 2 then assume also that δ < (2∗/2) − 1, where 2∗ := 2n/(n − 2)
(subcritical growth). Then, the family (fε)ε∈[0,ε0] satisfies hypothesis (Comp).

The admissibility result proved in [2] reads as follows.

THEOREM 5.9. Let (H ε, 〈·, ·〉Hε )ε∈[0,ε0] and (Aε)ε∈[0,ε0] satisfy condition (Spec).
Suppose the family of maps (fε)ε∈[0,ε0] satisfies hypotheses (Conv) and (Comp).

Then for every ε ∈ [0, ε0] every closed bounded subset of Xε is strongly πε-admissible.
Suppose N ⊂ X0 is a closed and bounded set and (εn)n∈N is a sequence of positive

numbers converging to zero as n → ∞. Let η > 0 be arbitrary and define

Nn = Nn,η := {u ∈ Xεn | Qεnu ∈ N and |(I −Qεn)u|Xεn
≤ η}.

Suppose (tn)n∈N is a sequence of positive numbers such that tn → ∞ as n → ∞ and
(un)n∈N is a sequence in H1 ×H such that

unπεn [0, tn] ⊂ Nn for all n ∈ N.

Then there exist a v ∈ N and a sequence (nk)k∈N in N with nk → ∞ as k → ∞ such that

|unkπεnk
tnk − v|Xεnk

→ 0 as k → ∞.

Let N be a closed and bounded subset of X0. Recall that, given ε ∈ ]0, ε0] and η > 0,

[N]ε,η = {(u, v) ∈ Zε | u ∈ N and v ∈ clε Bε(0, η)}
= {(u, v) ∈ Zε | u ∈ N and ‖v‖ε ≤ η}.

Theorem 5.9 and inequalities (12) and (13) easily imply the following.

COROLLARY 5.10. Let N be a closed and bounded subset of X0. Then for every η > 0
the set N is singularly strongly admissible with respect to η and the family (π̃ε)ε∈[0,ε0],
where π̃0 = π0.
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We can finally state the following Conley index continuation principle for ‘singular’
families of abstract damped wave equations:

THEOREM 5.11. Let N be a closed and bounded isolating neighborhood for π0. Then for
every η > 0, there exists an εc = εc(η) > 0 such that for every ε ∈ ]0, εc] the set Nε,η is
a strongly admissible isolating neighborhood relative to πε and

h(πε,Nε,η) = h(π0, N).

Furthermore, for every η > 0, the family (Kε,η)ε∈[0,εc(η)] of invariant sets, where
Kε,η := Aπε (Nε,η), ε ∈ ]0, εc(η)] and K0,η = K0 := Aπ0(N) is upper semicontinuous at
ε = 0 with respect to the family | · |Xε of norms.

Proof. The isomorphism Kε conjugates the local semiflow πε to the local semiflow π̃ε .
Thus whenever S is a strongly admissible isolating neighborhood with respect to πε , then
Kε(S) is a strongly admissible isolating neighborhood with respect to π̃ε and

h(πε, S) = h(π̃ε,Kε(S)).

Corollaries 5.6 and 5.10 imply that the family of semiflows (π̃ε)ε∈[0,ε0] and the set N
satisfy the hypotheses of Theorem 4.1. Note also that any closed ball in Yε is contractible.
Hence Theorem 4.1 and Corollary 4.11 complete the proof. ✷

The last result, together with Examples 5.2, 5.4 and 5.8 yield a singular Conley
index continuation principle for damped wave equations on thin domains. The precise
formulation is left to the reader. In particular, we obtain Theorem B stated in the
Introduction.
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