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WITH VARIOUS HIDDEN

UNIT ROOTS, PART II
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STTTÉÉÉPPPHHHAAANNNEEE GRRREEEGGGOOOIIIRRR
CREST—I.N.S.E.E.

This paper extends the statistical results obtained by Gregoir and Laroque~1994,
Journal of Econometrics63, 183–214!+ It develops statistical tools to analyze multi-
variate time series that can be represented under an autoregressive equation of finite
order with various polynomial error correction terms at various frequencies with
possibly a non-null deterministic part as introduced by Gregoir~1999,Econometric
Theory15, 435–468!+We propose an estimation procedure that proceeds through
repeated applications of principal component analysis and a specification test for
the omission of a polynomial relation of cointegration at each frequency+

1. INTRODUCTION

The questionable use of seasonally adjusted data in empirical works by applied
econometricians has been the subject of many works+ For instance, Bell and Hill-
mer ~1984! and Ghysels~1988! have pointed out that seasonal adjustment may
lead to mistaken inference on relationships between economic time series+ It may
correspond to an important loss of information if seasonal fluctuations are a ma-
jor source of variations in the time series under study+On the other hand,Ghysels
and Perron~1993! and Maravall~1993! have, respectively, illustrated the effects
of seasonal adjustment on test statistics for unit root and properties of multivar-
iate representation+ Seasonal adjustment may cause severe dynamic misspecifi-
cations in vectorial autoregressive regression~VAR!+ It may therefore be important
to develop statistical tools that allow applied econometricians to work on multi-
variate nonseasonally adjusted times series+This means also for preliminary stud-
ies, tests for seasonal unit roots such as that proposed by Hasza and Fuller~1982!,
Dickey,Hasza, and Fuller~1984!, or Hylleberg, Engle,Granger, and Yoo~1991!+
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In Gregoir~1999!, a general autoregressive representation theorem has been
provided for a large class of real multivariate covariance stationary time series+
This class is composed of multivariate processes with possibly various unit roots
with various order of multiplicity in the determinant of the matrix series associ-
ated to their Wold representation+ This kind of model must be considered when
linear covariance stationary relationships exist between variables of different
order of integration+ This property is described as polynomial cointegration by
Gregoir and Laroque~1993! but was previously introduced in some examples by
Yoo ~1986! and Granger and Lee~1989a, 1989b! as multicointegration+ In this
paper,we present an estimation procedure and a specification test that extend the
results obtained by Gregoir and Laroque~1994! for a smaller class of processes in
which only the unit root one was considered+

Cointegration at seasonal frequency was introduced by Engle,Granger,and Hall-
man~1989!, and tests for seasonal cointegration have recently been designed+ En-
gle,Granger,Hylleberg, and Lee~1993! proposed a generalization of the two-step
Engle and Granger~1987! procedure to the case of monomial seasonal cointegra-
tion+ Lee~1992! extended the maximum likelihood framework proposed by Jo-
hansen~1988,1991! to theVAR of time series that are seasonally cointegrated+Both
considered the representation of monomial cointegration under some restrictive as-
sumptions+Recently Johansen and Schaumburg~1997! provided a complete treat-
ment for the maximum likelihood estimation of the model without any restriction+
Besides, some empirical studies on quarterly data have been performed+ Engle
et al+ ~1993! failed to find seasonal cointegration between Japanese household con-
sumption and income, but Lee~1992! could not reject the null that there is cointe-
gration at frequencyp between Canadian immigration and unemployment, and
Kunst ~1993! found some seasonal cointegration~at frequencyp02 andp! in a
model of some macroeconomic time series for different European countries+ The
purpose of this paper is to present some results on tests for polynomial cointegra-
tion at various frequencies without any restrictions on the shape of~polynomial!
error correction terms or on the~polynomial! loading factors+

Following Gregoir and Laroque~1993, 1994!,we first develop an approach for
covariance stationary processes without deterministic trend with the help of in-
tegral operators and do not consider the consequences of pretesting for the exis-
tence of various unit roots in the time series under study+ For sake of simplicity,
we consider a general framework of polynomial cointegration but assume that we
know the frequencies of interest and test for the dimensions and degrees of the
cointegration relationships for each frequency+ We do not assume that a prior
analysis allows us to define a subset of variables that appears in the relations of
cointegration, as is done in the approach proposed by Phillips and Loretan~1991!,
Saikkonen~1991!, Stock and Watson~1993!, and others+ The estimation proce-
dure we propose cannot therefore provide the efficient estimators obtained by
these authors+ Similarly, a maximum likelihood approach in the spirit of that
proposed by Johansen~1988! would be computationally difficult in the general
case+ In the case of monomial cointegration at frequencyp02, it has been ana-
lyzed by Johansen and Schaumburg~1997! and amounts to iterative procedures+
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Consequently, the cointegrating vectors we obtain in our approach by principal
component analysis are not efficient estimators but consistent ones, relatively
simple to compute+ Nevertheless, as described by Harris~1997!, they can be the
starting point of the computation of efficient estimators once some nonparamet-
ric corrections have been computed in the spirit of the fully modified estimators
proposed by Phillips and Hansen~1990!+We are here mainly interested in the test
for the ranks and degrees of polynomial relations of cointegration+Moreover, any
efficient estimator of these relations that would satisfy an expansion of the kind
we obtain can be used to test for the null hypotheses we consider+

The paper is organized as follows+ In Section 2, the usual model of mono-
mial seasonal cointegration considered by Lee~1992!, Engle et al+ ~1993!, and
Johansen and Schaumburg~1997! is used to illustrate the estimation and test
procedures that are presented, respectively, in Sections 3 and 4+ The main pur-
pose of Section 5 is to extend the results to a more general class of processes+
This class is composed of processes in the class introduced previously but that
have a deterministic trend that we restrict to be a linear combination of mono-
mials ~t dj cosvj t, t dj sinvj t!~vj[@0,p# ,dj[N! + In the case of monomial cointegra-
tion at frequency 0, we know that inference on the dimension of the cointegration
space based on maximum likelihood ratio test~Johansen, 1991; Johansen and
Juselius, 1990! can be appreciably modified according to the presence and po-
sition of a constant term or linear trend+ The framework introduced in the pre-
ceding sections allows us to provide a specification test for the omission of a
relation of~polynomial! cointegration~at various frequencies! in presence of a
deterministic term+ A short conclusion is given in Section 6+ The technical as-
sumptions on the processes and proofs are gathered in Appendix A+ The exact
definitions of the integral operators denotedGv ~which play roughly the role of
the inverse of the first-difference operatorsDv!, of Tv

l ~the vector space of
deterministic polynomial generated by$t j cosvt, t j sinvt, t # l 2 1%!, and the
meaning of the notation~A,B!*v whereA andB are two real matrices with the
same dimensions are, respectively, introduced in Gregoir~1999! in Section 2
and Definition 3+2+ We refer the reader to this paper for most of the results
related to the representation and identification problem+ In the sequel, the sym-
bol n signifies weak convergence+

2. INTRODUCTORY EXAMPLE

By way of illustration, we propose in this first section to describe through a
simple example the main results we develop in the following sections in the
general case of polynomial cointegration at different frequencies+ In this exam-
ple,we deal with the usual model of monomial cointegration at frequency 0,p02,
andp+We work with anN-dimensional process whose representation equation is
of finite orderp+We assume that we know the dimensions of the space of cointe-
gration at each frequency: r0, rp02, andrp and for sake of simplicity, there do not
exist deterministic trends in the error correction terms at each frequency+ Thus
under the null, our process satisfies the following equation:
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yt 5 Q0a0G0 yt21 1 Qp ap Gp yt21 1 ~Qp02
1 1 BQp02

2 !

3 ~ap02
1 Gp02 yt21 1 ap02

2 Gp02 yt22! 1 (
j51

p

fj yt2j 1 et , (1)

whereQ0 anda0
' areN3 r0,Qp andap

' areN3 rp,Qp02
g andap02

g' areN3 rp02, fj

areN3 N, for all j, and at lastet is anN-dimensional martingale difference such
thatEet et

'5S and each component has a finite fourth moment+We first present an
estimation procedure, then a statistical procedure to test for the specification of the
model, i+e+, to check that we do not omit a relation of cointegration at one fre-
quency, precisely a test forH0

0 : r0 5 r againstHa
0 : r0 . r, a test forH0

p : rp 5 r
againstHa

p : rp . r, and a test forH0
p02 : rp02 5 r againstHa

p02 : rp02 . r+

2.1. Estimation Procedure

A possible way of estimating the cointegration terms at frequency 0~resp+ p! is
to compute ther0 ~resp+ rp! principal components associated to ther0 ~resp+ rp!
smallest eigenvalues of the cross-product ofG0yt ~resp+ Gp yt !+ We denote [a0

~resp+ [ap! the r0 ~resp+ rp! estimates of the basis of the cointegration space at
frequency 0~resp+ p! and [g0 ~resp+ [gp! theN2 r0 ~resp+ N2 rp! vectors associ-
ated with the remaining principal components that areI0~1! ~resp+ Ip~1!!+The way
these estimators are built satisfies the identification rule presented in Theorem
3+2 in Gregoir~1999!+

At frequencyp02, the estimation procedure is more complex, because accord-
ing to Remark 3+1 in Gregoir~1999!,we know that there exist 2rp02 cointegrating
vectors that are related two by two by linear constraints: if ~ap02

1 ap02
2 ! is a set

of cointegrating vectors then~2ap02
2 ap02

1 ! is also a set of cointegrating vectors+
Various procedures can be used to estimate the cointegrating vectors according to
whether or not we take into account the cross-restrictions that exist between the
2rp02 vectors+We propose to follow a procedure that relies on the identification
criterion proposed in Theorem 3+3 in Gregoir~1999!+ First we compute the small-
est principal component of the cross-product of~Gp02 yt

' Gp02 yt21
' !', which we

denote~ [ap02,~1!
1 [ap02,~1!

2 !, and buildc~1!
p02, the 2~N 2 1! 3 2N matrix whose or-

thogonal rows span the vector space orthogonal to~ [ap02,~1!
1 [ap02,~1!

2 ! and
~2 [ap02,~1!

2 [ap02,~1!
1 !, which are linearly independent+ We then compute the

smallest principal component of the cross-product ofc~1!
p02~Gp02 yt

' Gp02 yt21
' !'

and get the coordinates of~ [ap02,~2!
1 [ap02,~2!

2 ! in the basisc~1!
p02+We buildc~2!

p02, the
2~N2 2! 3 2N matrix whose orthonormal rows span the vector space orthogonal
to ~ [ap02,~1!

1 [ap02,~1!
2 !, ~2 [ap02,~1!

2 [ap02,~1!
1 !, ~ [ap02,~2!

1 [ap02,~2!
2 !, and ~2 [ap02,~2!

2

[ap02,~2!
1 !, and compute the smallest principal component of the cross-product

c~2!
p02 ~Gp02 yt

' Gp02 yt21
' !', and so on+At the end of the procedure,we obtain 2rp02

vectors of cointegration that can be divided into two sets ofrp02 vectors satisfying
the preceding linear constraints+Finally,we denote~ [gp02

1 [gp02
2 !, the~N2 rp02!3

2N matrix whose rows are orthonormal to~ [ap02
1 [ap02

2 ! and ~2 [ap02
2 [ap02

1 !,
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which have been built sequentially using the same procedure+We have the fol-
lowing result+

THEOREM 2+1+ The principal component estimates~ [a0, [ap ,~ [ap02
1 [ap02

2 !!
are consistent estimators of~a0,ap ,~ap02

1 ap02
2 !!+

Once the cointegration relationships have been consistently estimated, the pa-
rametersQ0, Qp, Qp02

1 , Qp02
2 , andfj , j 5 1, + + + , p can be estimated by running

ordinary least squares regressions ofyt on the various cointegration terms and the
lagged dependent variables+ Nonetheless, this analysis is conditional on the null
hypothesis onr0, rp, andrp02+ It seems of interest to design a procedure to test for
these hypotheses against possible alternatives+

2.2. A Specification Test

The test procedure we propose allows us to test for the omission of a relation of
cointegration at a given frequency+ It relies on the same idea as the test suggested
by Dickey and Fuller~1979!+ If we introduce the terms[g0G0yt , [gpGp yt , and
[gp02
1 Gp02 yt 1 [gp02

2 Gp02 yt21,which are nonstationary under the null, in the right-
hand side of the representation equation, the estimators of the coefficients of
these variables superconverge toward zero,whereas under the alternative at least
one of the estimators of these coefficients has a nonzero limit+ We compute a
statistic as the ratio of the variance explained by the integrated regressors for each
frequency to the variance of the residuals, whose nonstandard asymptotic distri-
bution is free of nuisance parameters+Asimilar test has been proposed by Gregoir
and Laroque~1994! in case of cointegration at frequency 0+ The test at frequency
p is very close to this one+ In case of frequencyp02, the construction of a test
statistic free of nuisance parameter requires an additional regression because of
the involvement of lagged error correction terms in the evolution of the
N-dimensional variable under study+

Let yt be a process whose data generating process is given by~1!; let
~ ZC0, ZCp , ZCp02

1 , ZQ0, ZQp , ZQp02
1 ZQp02

2 , Zfj , j 5 1, + + + , p' ! and [h be, respectively, the or-
dinary least squares estimators of theN 3 N 2 r0 coefficient matrixC0, of the
N 3 N 2 rp coefficient matrixCp, of the N 3 2~N 2 rp02! coefficient matrix
Cp02

1 , of Q0,Qp ,Qp02
1 ,Qp02

2 ,fj , j 5 1, + + + , p' and of theN 3 T matrix of residu-
als in theN-regression equations

yt 5 C0 [g0G0 yt21 1 Cp [gp Gp yt21 1 Cp02
1 S [gp02

1 Gp02 yt22 1 [gp02
2 Gp02 yt23

[gp02
1 Gp02 yt23 1 [gp02

2 Gp02 yt24
D

1 Q0 [a0G0 yt21 1 Qp [ap Gp yt21

1 ~Qp02
1 1 BQp02

2 !~ [ap02
1 Gp02 yt21 1 [ap02

2 Gp02 yt22! 1 (
j51

p'

fj yt2j 1 ht ,

wherep' $ p+
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Let ~ EC0, ECp , ZCp02
2 , EQ0, EQp , EQp02

1 , EQp02
2 , Efj , j 5 1, + + + , p' ! and Ih be respectively

the ordinary least squares estimators of theN 3 N 2 r0 coefficient matrixC0, of
theN 3 N 2 rp coefficient matrixCp, of theN 3 2~N 2 rp02! coefficient matrix
Cp02

2 , of Q0,Qp ,Qp02
1 ,Qp02

2 ,fj , j 5 1, + + + , p' and of theN 3 T matrix of residuals
in theN-regression equations

yt 5 C0 [g0G0 yt21 1 Cp [gp Gp yt21 1 Cp02
2 S [gp02

1 Gp02 yt21 1 [gp02
2 Gp02 yt22

[gp02
1 Gp02 yt22 1 [gp02

2 Gp02 yt23
D

1 Q0 [a0G0 yt21 1 Qp [ap Gp yt21

1 ~Qp02
1 1 BQp02

2 !~ [ap02
1 Gp02 yt21 1 [ap02

2 Gp02 yt22! 1 (
j51

p'

fj yt2j 1 ht ,

wherep' $ p+
Then when the sample sizeT goes to infinity, ZQ0, ZQp, ZQp02

1 , ZQp02
2 , and Zfj , j 5

1, + + + , p are consistent asymptotically normal estimators ofQ0, Qp, Qp02
1 , Qp02

2 ,
andfj , j 5 1, + + + , p+

Moreover, we have the following result+

THEOREM 2+2+ The following convergence in distribution holds when T goes
to infinity:

Trace$TS~ ZQv,4!21 ZQv,4
' ZCv @ [gv Gv y~ [gv Gv y!' # ZCv

' ZQv,4%

n TraceHSE
0

1

dWv
'WvDSE

0

1

Wv~t!'Wv~t! dtD21SE
0

1

Wv
' dWvDJ ,

where

~i! whenv [ $0,p%, ZQv,4 is an N3 N 2 rv matrix of full rank such that ZQv,4
' ZQv 5

0,S~ ZQv,4! 5 ZQv,4
' [h ' [h ZQv,4, [gvGv y stands for the T3 N 2 rv matrix of generic

element [gvGv yt21, t 51, + + + ,T, and Wv is a standard Wiener process of dimension
~13 N 2 rv!;

~ii ! whenv 5 p02, ZQp02,4 is a 2N 3 2N 2 2rp02 matrix of full rank such that

ZQp02,4
' S ZQp02

1 ZQp02
2

2 ZQp02
2 ZQp02

1 D 5 0,

S~ ZQp02,4! 5 ~ ZQp02,4
' I2 J [h [h ' ZQp02,4!, [gp02Gp02y stands for the T3 2~N 2 rp02!

matrix of generic element

S [gp02
1 Gp02 yt21 1 [gp02

2 Gp02 yt22

[gp02
1 Gp02 yt22 1 [gp02

2 Gp02 yt23
D,

t 5 1, + + + ,T

ZCp02 5 S ZCp02
1

ZCp02
2 D ,
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and

Wp02 5 S Wc,p02 Ws,p02

2Ws,p02 Wc,p02
D

where Wc,p02 and Ws,p02 are two independent standard Wiener processes of di-
mension~13 N 2 rp02!+

The trace statistics of the preceding theorem provide consistent tests against
the alternative hypotheses whererv is larger than under the null+ Under these
alternatives, some linear combinations of variables introduced for test purposes
in the right-hand side of the equation are covariance stationary+ The estimates of
the nonzero coordinates ofcv associated with these combinations are consistent
so that the test statistic is at leastOp~T !+

Remark 2+1+ In the general data generating process, there may exist determin-
istic terms in each error correction term+We have

yt 5 Q0$a0G0 yt21 1 b0% 1 Qp $ap Gp yt21 1 ~21! t21bp%

1 ~Qp02
1 1 BQp02

2 !

3 Sap02
1 Gp02 yt21 1 ap02

2 Gp02 yt22 1 cos
p

2
~t 2 1!bp02

1 1 sin
p

2
~t 2 1!bp02

2 D
1 (

j51

p

fj yt2j 1 et +

The estimation procedure can be easily amended to take into account the pres-
ence of these deterministic trends+We have to regress eachIv~1! process on the
corresponding deterministic trend~s! and apply the same estimation procedure to
the residuals of these regressions+ For the test procedure,we have to introduce the
deterministic trends in the right-hand side of the equation in addition to theIv~1!
linear relationships+ Therefore the coefficient matricesc0 andcp are, respec-
tively, N 3 N 2 r0 1 1 andN 3 N 2 rp 1 1 matrices andcp02

g , g 5 1,2, areN 3
2~N 2 rp02 1 1! matrices+We then compute the same kind of ratio but with the
correspondingN2 r0 113 N2 r0 11 ~resp+ N2 rp 113 N2 rp 11! or 2~N2
rp02 11! 3 2~N2 rp02 11! cross-product matrices built up with the extra terms
introduced in the right-hand side of the equation+ The asymptotic distribution of
the test statistics is then modified+ For 0 andp, we have to replaceW0 andWp by,
respectively, ~W0 1! and~Wp 1!+ For p02, we replaceWc,p02 andWs,p02, re-
spectively, by ~Wc,p02 0! andWs,p02 1!+We refer to Theorems 4+3 and 4+4 for
more details+

3. GENERAL ESTIMATION PROCEDURE

As already mentioned in the introduction, the estimation of the model in this
section, and in the following one, is made under the null hypothesis that we know
the degrees and ranks of the cointegrating polynomials at each frequency+
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In case of monomial cointegration, Johansen~1988, 1991! has developed a full
information maximum likelihood approach that has been recently extended by
Johansen and Schaumburg~1997! to the case of seasonal monomial cointegra-
tion+ In the general case we consider, it looks difficult to carry out in practice+We
therefore intend to use the technique proposed by Gregoir and Laroque~1994!
based on principal component analysis, which yields consistent estimates of the
cointegrating vectors+ In this framework, we work with a covariance stationary
process+ The idea of the procedure consists of considering the vectors of inte-
grated series~Gv y,Gv

2 y, + + + ,Gv
mv y! and estimating sequentially the error correc-

tion terms starting with the terms of highest degree+ The basic intuition is that
knowing the numberrv,h of terms of degreeh that are stationary, we estimate
them with the polynomials of degreeh in the corresponding integral operator
with the smallest variances, under some appropriate constraints+

We derive an asymptotic expansion of the estimates of the principal compo-
nents, and we give explicitly the order of magnitudes of their weights on the
integrated directions,which are required to derive the asymptotic tests of the next
section+ The procedure and the proofs of the theorems whenv [ $0,p% are close
to those in Gregoir and Laroque~1994!+Nevertheless for convenience,we present
the procedure and restate the theorems+

3.1. A Principal Components Estimator When v [[[ {0,p}

Under the null, we know that there are exactlyrv,mv
terms of degreemv in Gv y

and propose amv-step procedure in which we take into account the fact that the
highest degree coefficients in a cointegrating vector are orthogonal to those as-
sociated with cointegrating vector of larger order of integration under the iden-
tification restrictions of Theorem 3+2 in Gregoir~1999!+

Let us define the matrixc1 5 IN and the integers1 5 N+ The principal compo-
nents estimator can be iteratively obtained through the replication of the follow-
ing generic step, for l 5 1 to mv+

~Stepl !:

~a! Regresscl Gv
mv2l11y onGv y, + + + ,Gv

mv2l y and a basis ofTv
mv2l11 and take the prin-

cipal components of the residuals+ The coordinates of therv,mv2l11 smallest com-
ponents denoted[av,mv2l11

1 give [av,mv2l11
1,mv2l11 5 [av,mv2l11

1 cl , whereas the associated
regression coefficients~i+e+, premultiplied by [av,mv2l11

1 with the opposite sign!
give [av,h

1,mv2l11, for h # mv 2 l and Zbv,h
mv2l11 for 0 # h # mv 2 l+

~b! Denotesl11 5 sl 2 rmv2l11, [av
1,mv2l11 thesl11 3 sl matrix of the largest principal

components andcl11 5 [av
1,mv2l11cl and go to the stepl 1 1+

We have the following result+

THEOREM 3+1+ The principal components estimates~ [av
1,h~Gv!, Zbv

h!, h 5
1, + + + ,mv are consistent estimators of~av

1,h~Gv!,bv
h!, h 5 1, + + + ,mv+

We need a more precise characterization of the asymptotic behavior of the
estimators of the principal components to derive the statistics of the next section+
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In particular, it is useful to know the order of magnitude inT of the estimation
error+To describe the speed of convergence of the estimators,we take a particular
basis, say, Tav~Gv!, of theNmv space of polynomialN-vectors inGv, of degree
inferior or equal tomv,without constant terms+ First,we take thekv 5(h51

mv hrv,h

terms described in Remark 3+2 in Gregoir~1999!,which are such thatTav~Gv!y is
stationary with possibly a deterministic trend+ Then, we take theN 2 rmv

terms

Gv~av
0' av

1,1~Gv!'+ + +av
1,mv21~Gv!' !'

that, applied toy, all yield Iv~1! series+ Iterating the procedure, at stageh,we take
theN 2 rmv

2 {{{ 2 rmv2h11 terms

Gv
h~av

0' av
1,1~Gv!'+ + +a1,mv2h~Gv!' !'

that, applied toy, all yield Iv~h! series, and so on, until av
0 Gv

mv + It is easy to see
that by construction the resultingTav~Gv! is a full rank~Nmv 3 N! matrix that
forms a basis of theN-vector polynomials inGv+

We define similarly Nbv~t! as the correspondingNmv 3 1 deterministic vector
obtained by the same operations+

Now letDv~T ! be the~Nmv 3 Nmv! diagonal matrix that describes the speeds
of convergence of theTav~Gv!yt 1 Nbv~t! series+ Its first kv terms are taken equal
to T2102, and the others areT2h whereh is the degree of integration of the cor-
responding term inTav~Gv!yt 1 Nbv~t!+ Similarly, let Dh

v~T ! be theh3 h diagonal
matrix whose term~ j, j ! is equal toT2j, associated with theh elements of the
canonical basis ofTv

h whose generic element ist je2ivt+ In the following state-
ment we use the same symbol for the vector space and its canonical basis+ We
have the following result+

THEOREM 3+2+ When the sample size T goes to infinity, the principal com-
ponent estimates have the following asymptotic behavior :

[av
1,h~Gv!yt 1 Zbv

h~t! 2 av
1,h~Gv!yt 2 bv

h~t!

5 Op,1
v,h~1!Dv~T !@ Tav~Gv!yt 1 Nbv~t!# 1 T2102Op,2

v,h~1!Dh
v~T !Tv

h~t!,

where Op,1
v,h~1! and Op,2

v,h~1! are, respectively, ~rv,h 3 Nmv! and ~rv,h 3 h! ma-
trices that both converge weakly+

3.2. A Principal Component Estimator When v [[[]0,p[

Using the same approach as in the previous section, we want to estimate sequen-
tially the error correction terms whenv [#0,p@+We know that in this case, each
set of 2rv,h independent polynomial cointegrating vectors of degreeh can be
partitioned intorv,h couples whose elements are related by linear constraints+We
therefore are led to build up iteratively one vector in each couple and to derive the
second one by the operation described in Remark 3+1 in Gregoir~1999!+

We start with the terms of highest degree+ Under the null, we know that there
are exactly 2rv,mv

terms of degreemv+ Among the polynomials of degreemv in
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Gv yt andGv yt21 with a deterministic polynomial inTv
mv , they are the ones with

the smallest variance+Some cross-restrictions allow us to deriverv,mv
cointegrat-

ing vectors from therv,mv
others+ We take into account these cross-restrictions

and compute iteratively onlyrv,mv
principal components+ To find the error cor-

rection terms of lower degree, we have to take into account the constraint that
their coefficients of highest degree are orthogonal to those of the error correction
terms of larger degree under the identification restrictions of Theorem 3+3 in
Gregoir~1999!+We now describe this iterative procedure+ Let us define the ma-
trix c1

mv 5 I2N and the integers1,1 5 1+ The principal components estimator can
then be iteratively obtained through the replication of the following generic step
l ~for l 5 1 to mv! composed of generic substepj ~for j 5 1 to rmv2l11! in which
we denote~av,h,~ j !

1,mv2l11 av,h,~ j !
2,mv2l11! the j th row of therv 3 2N matrix coeffi-

cient associated to the terms inGv
h yt andGv

h yt21 in the cointegration relation-
ship of degreemv 2 l 1 1:

~Stepl, substepj !:

~a! Regress cj
mv2l11~Gv

mv2l11yt
' Gv

mv2l11yt21
' !' on Gv yt ,Gv yt21, + + + ,Gv

mv21yt ,
Gv

mv2l yt21 and a basis ofTv
mv2l11 and compute the principal components of

the 2N2 sl, j 1 one-dimensional residuals+ The coordinates of the smallest compo-
nent denoted~ [av,mv2l11,~ j !

1 [av,mv2l11,~ j !
2 ! give ~ [av,mv2l11,~ j !

1,mv2l11 [av,mv2l11,~ j !
2,mv2l11 ! 5

~ [av,mv2l11,~ j !
1 [av,mv2l11,~ j !

2 !cj
mv2l11 whereas the associated regression co-

efficients ~i+e+, premultiplied by~ [av,mv2l11,~ j !
1 [av,mv2l11,~ j !

2 ! with the opposite
sign! give ~ [av,h,~ j !

1,mv2l11 [av,h,~ j !
2,mv2l11! for h # mv 2 l and Zbv,h

1,mv2l and Zbv,h
2,mv2l for

0 # h # mv 2 l+
~b! Build up a 2~N2 sl, j ! 3 2N matrix whose orthonormal rows span the vector space

orthogonal to~ [av,mv2l11,~ j !
1,mv2l11 [av,mv2l11,~ j !

2,mv2l11 !*v in the vector space spanned by
the rows ofcj

mv2l11+ If j 5 rmv2l11 then denote this matrixc1
mv2l , put sl11,1 5

sl, rmv2l11
1 1, and go to~step~l 11!, substep 1!; otherwisej , rmv2l11, denote the

matrix cj11
mv2l11, put sl, j11 5 sl, j 1 1, and go to~stepl, substepj 1 1!+

We have the following result+

THEOREM 3+3+ The principal component estimates~ [av
1,h~Gv!,

[av
2,h~Gv!, Zbv

h!, h 5 1, + + + ,mv are consistent estimators of~av
1,h~Gv!,

av
2,h~Gv!,bv

h!, h 5 1, + + + ,mv+

As in the preceding section, to derive the test statistics in Section 4, we need
to know the speed of convergence of these estimators+ We introduce a particu-
lar basis of the 2Nmv-dimensional vector space of polynomial 2N-vectors in
Gv of degree inferior or equal tomv without constant term+ First we take the
2kv vectors described in Remark 3+2 in Gregoir ~1999! that applied to
~ yt
' yt21

' !' yield stationary processes with possibly deterministic trends+ We
then take the 2~N 2 rv,mv

! terms

Gv~~av
1,0,av

2,0!*v' ~av
1,1~Gv!,av

2,1~Gv!!*v' + + + ~av
1,mv21~Gv!,av

2,mv21~Gv!!*v' !'

that applied to~ yt
' yt21

' !' yield Iv~1! times series with possibly deterministic
trends following Remark 3+1 in Gregoir~1999!+
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We iterate the procedure+ At stageh, we take the 2~N 2 rv,mv
2 {{{ 2

rv,mv2h11! terms

Gv
h~~av

1,0,av
2,0!*v' ~av

1,1~Gv!,av
2,1~Gv!!*v'+ + + ~av

1,mv2h~Gv!,av
2,mv2h~Gv!!*v' !'

that applied to~ yt
' yt21

' !' yield Iv~h! time series with possibly deterministic
trends, and so on, until ~av

1,0Gv
mv ,av

2,0Gv
mv!*v+ From Property 4+1 in Gregoir

~1999!, we conclude that the resulting matrixTav~Gv! is a full rank 2Nmv 3 2N
matrix that forms a basis of the 2N-vector polynomials inGv+

We define similarly Nbv~t! as the corresponding 2Nmv 31 deterministic vector
obtained by the same operations+1

Now let Dv~T ! be the~2Nmv 3 2Nmv! diagonal matrix that describes the
speeds of convergence of theTav~Gv!~ yt

' yt21
' !' 1 Nbv~t! series+ Its first 2kv

terms are taken equal toT2102, and the others areT2h whereh is the degree of
integration of the corresponding term inTav~Gv!~ yt

' yt21
' !' 1 Nbv~t!+ Similarly,

let Dh
v~T ! be the 2h3 2h diagonal matrix whosej th 23 2 diagonal matrix on the

diagonal is equal toT2j, when associated with the generic elementst j cosvt and
t j sinvt of the canonical basis ofTv

h+ In the following statement we use the same
symbol for the vector space and its canonical basis+We have the following result+

THEOREM 3+4+ When the sample size T goes to infinity, the principal com-
ponent estimates have the following asymptotic behavior :

[av
h~Gv!S yt

yt21
D1 Zbv

h~t! 2 av
h~Gv!S yt

yt21
D2 bv

h~t!

5 Op,1
v,h~1!Dv~T !F Tav~Gv!S yt

yt21
D1 Nbv~t!G1 T2102Op,2

v,h~1!Dh
v~T !Tv

h~t!,

where Op,1
v,h~1! and Op,2

v,h~1! are, respectively, ~rv,h 3 2Nmv! and~rv,h 3 h! ma-
trices that converge weakly+

Remark 3+1+ There are other consistent estimators of the cointegration space+
However, from Gregoir and Laroque~1994!, we know that a procedure that uses
similar principal component computations but goes from the lowest to the highest
degree gives inconsistent estimators+

Remark 3+2+ The estimators we obtain by such a procedure are not efficient in
comparison with estimators we would get by MLE techniques+ In the case of
monomial seasonal cointegration at frequencyp02, Johansen and Schaumburg
~1997! were led to use complex representation of the VAR process and iterative
maximization procedure to obtain the maximum likelihood estimators+ In the
case of polynomial cointegration, this approach could be computationally diffi-
cult because of complex linear cross-restrictions that have to be taken into ac-
count in the reduced-rank regression problem+Similarly,we cannot use the efficient
estimators obtained by Phillips and Loretan~1991!, Saikkonen~1991!, or Stock
and Watson~1993! under some additional restrictions on the structure of the
cointegrating vectors we do not assume+We are basically interested in the tests
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for the ranks and degrees of the relation of cointegration+Nevertheless, following
Harris ~1997!, we can modify the estimators we consider with nonparametric
corrections in the spirit of the fully modified estimators proposed by Phillips and
Hansen~1990! to obtain efficient estimates+

4. TEST OF THE MODEL SPECIFICATION

We consider a model in which there is simultaneous polynomial cointegration at
different frequencies+ We have to take into account the different directions of
cointegration+ We then reintroduce the indexj for the parameterv+ Once the
cointegration relationships~ [avj

~Gvj
!, Zbvj

! have been consistently estimated, it is
easy to estimate the other parametersQvj

andf of the representation theorem
~equation~1! in Gregoir, 1999! simply by running ordinary least squares regres-
sions ofyt on the various cointegration terms and the lagged dependent variables+
As noted by Engle and Granger~1987!, this gives consistent, asymptotically
normal estimators ofQvj

andf+ But this analysis is conditional on the initial null
hypothesis, i+e+, the values ofrvj ,1, + + + , rvj ,mvj

, for eachvj [ V+ It is important to
design a procedure to test for these hypotheses against possible alternatives+

Under the maintained hypothesis thatmvj
is large enough for each~vj ,kj ! [ V,

there are, as considered by Gregoir and Laroque~1994!, two possible types of
errors+ First, the misspecification ofrvj ,1, + + + , rvj ,mvj

for at least one~vj ,kj ! [ V
may have led to inclusion among the error correction terms of one or several
terms that are integrated of order at least one for the corresponding frequency,
rather than being stationary+ In that circumstance, the corresponding coefficients
in Qvj

1 ~0!, vj [ $0,p%, ~resp+ Qvj

1 ~0! andQvj

2 ~0!, vj [#0,p@!, ~super! converge
to zero+ This should inform the econometricians about the misspecification
because according to the representation theorem, the matrix Qvj

1 ~0! ~resp+
~Qvj

1 ~0!,Qvj

2 ~0!!*v ! is of full rank+We are not able to build such a test whose null
hypothesis would be that the matrices considered previously are of full rank+

The second type of error corresponds to the situation in which one has forgot-
ten some error correction term, so thatkj 5(h51

mvj hrvj ,h is too small for at least one
vj [ V+ It is possible to design a statistical test of the null against the alternative
for each frequency that relies on the same idea as that in the Dickey and Fuller
~1979! test but in a multivariate setup+ The specification test is built as follows+
Whenvj [ $0,p%,we denotegvj

~Gvj
! theNmvj

2 kj last components ofTavj
~Gvj

!
and dvj

~t! the Nmvj
2 kj corresponding components ofNbvj

+ By construction,
gvj

~Gvj
!yt 1 dvj

~t! 5 Zvj , t is made of variables integrated of order at least one
at frequencyvj that are not cointegrated+ Therefore, if we introduce these
~Nmvj

2 kj ! variables on the right-hand side of the representation equation, the
estimator Zcvj

of the coefficients of these variables superconverges toward
0+ Whenvj [#0,p@, we proceed similarly+ We denotegvj

~Gvj
! the Nmvj

2 kj

last components of Tavj
~Gvj

! built from polynomials~avj

1,h~Gvj
! avj

2,h~Gvj
!!

and dvj
~t! the Nmvj

2 kj corresponding components ofNbvj
+ By construction,

gvj
~Gvj

!~ yt
' yt21

' !' 1 dvj
~t! 5 Zvj , t is such that~Zvj , t

' Zvj , t21
' !' is made of

variables integrated of order one or more at frequencyvj that are not cointe-
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grated+Similarly, if we introduce these~2Nmvj
22kj ! variables on the right-hand

side of the representation equation, the estimator Zcvj
of the coefficients of these

variables superconverges toward 0+We can introduce simultaneously these var-
ious nonstationary terms in the equation+We have statistical results that state that
nonstationary processes at different frequencies are asymptotically orthogonal;
this ensures that the analysis is similar for each nonstationary term introduced in
the right-hand side of the regression+ For sake of simplicity, the statements in
Theorems 4+1–4+4 take in turn each set of nonstationary terms for each frequency+
We then compute a statistic as the ratio of the variance explained by the integrated
regressors for each frequency to the variance of the residuals whose asymptotic
nonstandard distribution is free of nuisance parameters+

4.1. Notations

To describe these distributions, we need to introduce some pieces of notation+
First, we define an operatorG on the space of multivariate~1 3 n! continuous
time stochastic processesw~t!, with w almost surely inC@0,1# n, through

Gw~t! 5E
0

t

w~t1! dt1+ (2)

The termGwbelongs almost surely toC@0,1# n, and we noteGd, thedth iterate of
G+ For any positive integerd

Gdw~t! 5E
0

t

dtdE
0

td

dtd21 + + +E
0

t2

w~t1! dt1 (3)

~by convention, G0 is equal to the identity!+
Second, we associate to each~13 n! complex continuous time stochastic pro-

cessm~t! with Rw andIw almost surely inC@0,1# n a real matrix representation
with the following form:2

w*~t! 5 S Rw~t! Iw~t!

2Iw~t! Rw~t!D
and define an operatorGv, v [#0,p@ on this real matrix representation through

Gvw*~t! 5E
0

t

w*~t1!~Y~v! J In! dt1, (4)

where

Y~v! 5 S sinv cosv

2cosv sinvD
such that the corresponding processesRGvw 5 Gv,cw andIGvw 5 Gv,sw be-
long almost surely toC@0,1# n+We noteGv

d , thedth iterate ofGv+ For any positive
integer
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Gv
d w*~t! 5E

0

t

Gv
d21w*~t1!~Y~v! J In! dt1 5S Gv,c

d w~t! Gv,s
d w~t!

2Gv,s
d w~t! Gv,c

d w~t!D
(5)

~by convention, Gv
0 is equal to the identity!+

Third, we define a bilinear operator* that associates to two multivariate
~1 3 m! and~1 3 n! stochastic processesv andw ~resp+ Brownian processdw!
the ~m 3 n! stochastic matrixv * w' ~resp+ v * dw' !, whose element~ j, l ! is
equal to

E
0

1

vj ~t!wl ~t! dt

~resp+ *0
1 vj ~t! dwl ~t!! and to two multivariate~1 3 m! and ~1 3 m! complex

stochastic processesv andw ~resp+ Brownian processdw! the complex stochastic
matrix whose real and imaginary part areR~v' * w! 5 Rv' * Rw 1 Iv' * Iw,
I~v' * w! 5 2 Iv' * Rw 1 Rv' * Iw, ~resp+ R~v' * dw! 5 Rv' * Rdw1 Iv' *
Idw, I~v' * dw! 5 2Iv' * Rdw 1 Rv' * Idw!+ This also corresponds to the
components of the 2m3 2n real stochastic matrixv*' * w* ~resp+ v *' * dw* !+

Fourth,we use the same symbol*,which associates to a deterministic function
~m 3 1!g~t! and a multivariate~1 3 n! stochastic processw ~resp+ Brownian
processdw! the ~m 3 m! stochastic matrixg~t! * w ~resp+ g~t! * dw!, whose
element~ j, l ! is equal to

E
0

1

gj ~t!wl ~t! dt

~resp+ *0
1 gj ~t! dwl ~t!! and to them3 1 deterministic functiong~t! and a multi-

variate~1 3 n! complex stochastic processw ~resp+ Brownian processdw! the
m3 n complex stochastic matrixg~t! * w ~resp+ g~t! * dw! whose real and imag-
inary part areR~g~t! * w! 5 g~t! *Rw, I~g~t! * w! 5 g~t! * Iw ~resp+R~g~t! *
dw! 5 g~t! * Rdw, I~g~t! * dw! 5 g~t! * Idw!+

In the sequel, we use the notationst0
h to represent theh 11 31 vector whose

j th element is equal tot j21+

4.2. A Theoretical Statistical Property

As in Gregoir and Laroque~1994!,we decompose the analysis into two parts+The
first part,Theorems 4+1 and 4+2,which follow, states a statistical result, assuming
that the cointegration terms are known at each frequency+ But the estimation
errors of the cointegration terms introduce nuisance parameters in the test statis-
tics+ To get rid of these parameters, Theorems 4+3 and 4+4 in the next subsection
present some corrections of the test statistics+The results stated in these theorems
are still valid if we introduce simultaneously various sets of nonstationary terms
in the right-hand side of the regression+We first give the technical assumption we

482 STÉPHANE GREGOIR

https://doi.org/10.1017/S0266466699154021 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466699154021


require for the data generating process of the time series under study and its
innovation processet +

Assumption 1+ yt is a process inCV whereV 5 $~vj ,kj !, j 5 1, + + + ,K % with a
finite representation and satisfies an equation of the following form:

F~B!yt 5 B(
vj

$Qvj

1 ~Dvj
! 1 BQvj

2 ~Dvj
!%$avj

1 ~Gvj
!yt 1 avj

2 ~Gvj
!yt21 1 bvj

~t!% 1 «t

with the properties described in Theorem 3+1 in Gregoir~1999! andfi 5 0, for
i . p+

Assumption 2+ «t is an N-dimensional martingale difference satisfying
E~«t 6Ft21! 5 0, Cov~«t 6Ft21! 5 S, and maxj[$1, + + + ,N% supt E~6«j, t 621d 6Ft21! ,
1` a+s+ for somed . 0,whereFt21 is thes-field generated by$«t2l , l 51,2, + + + %
andS is a positive definite matrix of full rank+

We now state the first theorem forv [ $0,p%: Let yt be a process satisfying
Assumptions 1 and 2+ Let Zcvj

, ~ ZQvl

g ~Dvl
!, g51,2! ~Qvj

2 ~{! 5 0 whenvj [ $0,p%!,
Zfvj
, and [hvj

be, respectively, the ordinary least squares estimators of theN 3
~Nmvj

2 kj ! coefficient matrixcvj
, of ~Qvl

g ~Dvl
!, g51,2!, f, and of the~N3 T !

matrix of the residuals in theN regression equations

yt 5 cvj
Zvj , t21 2 (

l51

p'

fl yt2l 1 ht

1 B(
vl

$Qvl

1 ~Dvl
! 1 BQvl

2 ~Dvl
!%$avl

1 ~Gvl
!yt 1 avl

2 ~Gvl
!yt21 1 bvl

~t!%, (6)

whereZvj , t is constructed as described in the beginning of this section and
p' $ p+ In the following statement, Zvj ,21

' stands for theT 3 ~Nmvj
2 kj !

matrix of generic elementZvj , t21
' , t 5 1, + + + ,T+

THEOREM 4+1+ When the sample size T goes to infinity, the following con-
vergence in distribution holds:

Trace$T~ [hvj
[hvj

' !2102 Zcvj
@Zvj ,21~Zvj ,21!' # Zcvj

' ~ [hvj
[hvj

' !2102 %

n Trace$~dWvj

' * Xvj
!~Xvj

' * Xvj
!21~Xvj

' * dWvj
!%,

where Wvj
5 ~Wvj ,0,Wvj ,1, + + + ,Wvj ,mvj

! is a standard Wiener process of dimension
~13 N!,with Wvj ,0 of dimension~13 N2 rvj

!, and Wvj ,h of dimension~13 rvj ,h!
for h $ 1, and finally Xvj

5 ~Wvj ,0, + + + ,G
mvj

21Wvj ,0,Wvj ,1, + + + ,G
mvj

22Wvj ,1, + + + ,
Wvj ,h, + + + ,G

mvj
2h21Wvj ,h, + + + ,Wvj ,mvj

21! is of dimension~13 Nmvj
2 kj !+

We now consider the casevj [#0,p@+ Let yt be a process satisfying Assump-
tions 1 and 2+ Let Zcvj

, ~ ZQvl

g ~Dvl
!, g51,2! ~Qvj

2 ~{!50 whenvj [ $0,p%!, Zfvj
, and

[hvj
be, respectively, the ordinary least squares estimators of theN 3 ~2Nmvj

2
2kj ! coefficient matrixcvj

, of ~Qvl

g ~Dvl
!, g 51,2!, f, and of the~N 3 T ! matrix

of the residuals in theN regression equations
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yt 5 cvjSZvj , t21

Zvj , t22
D2 (

l51

p'

fl yt2l 1 ht

1 B(
vl

$Qvl

1 ~Dvl
! 1 BQvl

2 ~Dvl
!%$avl

1 ~Gvl
!yt 1 avl

2 ~Gvl
!yt21 1 bvl

~t!%, (7)

where the wayZvj , t is computed is described in the beginning of this section and
p' $ p+ In the following theorem, Zvj ,21,22

' stands for theT 3 ~2Nmvj
2 2kj !

matrix of generic element~Zvj , t21
' Zvj , t22

' !, t 5 1, + + + ,T+

THEOREM 4+2+ When the sample size T goes to infinity, the following con-
vergence in distribution holds:

Trace$T~ [hvj
[hvj

' !2102 Zcvj
@Zvj ,21,22~Zvj ,21,22!' # Zcvj

' ~ [hvj
[hvj

' !2102 %

n TraceH~cosvj IN sinvj IN!~dWvj

*' * Xvj

* !~Xvj

*' * Xvj

* !21

3 ~Xvj

*' * dWvj

* !Scosvj IN

sinvj IN
DJ ,

where

Wvj

* 5 S Wc,vj
Ws,vj

2Ws,vj
Wc,vj

D
where Wc,vj

and Ws,vj
are two independent standard Wiener processes of di-

mension ~1 3 N!, which can be, respectively, partitioned into ~Wf,vj ,0,
Wf,vj ,1, + + + ,Wf,vj ,mvj

!, f [ $c,s%,with Wf,vj ,0 of dimension~13N2 rvj
!, and Wf,vj ,h

of dimension~13 rvj ,h! for h $ 1; then

Xvj

* 5 S Xc,vj
Xs,vj

2Xs,vj
Xc,vj

D
where Xf,vj

5 ~Wf,vj ,0, + + + ,Gvj , f
mvj

21Wvj ,0,Wf,v1j ,1, + + + ,Gvj , f
mvj

22Wvj ,1, + + + ,Wf,vj ,h, + + + ,
Gvj , f

mvj
2h21Wvj ,h, + + + ,Wf,vj ,mvj

21!, f [ $c,s%, and

Wvj ,h 5 S Wc,vj ,h Ws,vj ,h

2Ws,vj ,h Wc,vj ,h
D

so that Xf,vj
, f [ $c,s%, is of dimension~13 Nmvj

2 kj !+

The trace statistics of the preceding theorem provide consistent tests against
the alternative hypotheses wherekj 5 (hrvj ,h is larger than in the null+ Under
these alternatives, some linear combinations ofZvj , t or ~Zvj , t

' Zvj , t21
' !' are

covariance stationary+ The estimates of the~different from zero! coordinates of
cvj

associated with those combinations are consistent: the test statistics is at least
Op~T ! ~e+g+, Phillips and Ouliaris, 1990, Sect+ 5!+
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4.3. The Specification Test

Unfortunately, the first step errors in the estimation ofavj
~Gvj

!,whenvj [ $0,p%,
or of ~avj

1 ~Gvj
! avj

2 ~Gvj
!!, whenvj [#0,p@, introduce nuisance parameters in

the limit distribution of the test statistics presented in Theorems 4+1 and 4+2+ A
projection on the orthogonal space toZQvj

~0!,whenvj [ $0,p%,allows us to get rid
of these nuisance parameters+Whenvj [#0,p@, the correction is more compli-
cated because of the involvement of lagged integrated variables in the error cor-
rection terms+ The correction we propose corresponds to a projection on the
orthogonal space to~ ZQvj

1 ~0!, ZQvj

2 ~0!!*vj, which allows us to eliminate the spread-
ing of the error correction terms at datet 21 in the evolution ofyt andyt11+ It re-
quires an additional regression+We now have to describe the way the termsZZvj , t

must be built+
When vj [ $0,p%, take in turn the cointegration relationships of degree

h,h 5 mvj
, + + + ,1, and avj ,h

h the estimated coefficients of the terms of highest
degree+ Then apply these coefficients to the residuals of the regression ofGvj

l y
on Gvj

l21y, + + + ,Gvj
y and a basis ofTv

l , l 5 h 1 1, + + + ,mvj
+ Finally, let avj

0 be an
~N 2 rvj

3 N! matrix of orthonormal vectors that completes theavj ,h
h + Apply

the same rule forh 5 0+ This yields an~Nmvj
2 kj 3 T ! estimate of ZZvj , t +

Whenvj [#0,p@, similarly, take in turn the cointegration relationships of de-
greeh,h5mvj

, + + + ,1, and~avj ,h
1,h avj ,h

1,h ! the estimated coefficients of the terms of
highest degree+ Then apply these coefficients to the residuals of the regression of
Gvj

l yt andGvj

l yt21 on Gvj

l21yt ,Gvj

l21yt21, + + + ,Gvj
yt ,Gvj

yt21 and a basis ofTv
l , l 5

h1 1, + + + ,mvj
+ Finally, let ~avj

1,0 avj

2,0! be an~N2 rvj
3 2N! matrix of orthonor-

mal vectors~built sequentially using the procedure described in Section 3+2! that
completes theavj ,h

h in anN 3 2N matrix of full rankN+ Apply the same rule for
h 5 0+ This yields an~Nmvj

2 kj 3 T ! estimate of ZZvj , t +
In the sequel, Tvj

mvj~t! stands for the canonical basis of the vector spaceTvj

mvj at
datet+We first give a result forv [ $0,p%+ Let yt be a process as in Theorem 4+1+
Let Dcvj

, ~ EQvl

g ~Dvl
!,g5 1,2! ~Qvj

2 ~{! 5 0 whenvj [ $0,p%!, Ef, and Ih be, respec-
tively, the ordinary least square estimators of theN 3 ~~N 1 1!mvj

2 kj ! coeffi-
cient matrixcvj

, of ~Qvl

g ~Dvl
!,g 5 1,2!, f, and of the~N 3 T ! matrix of the

residuals in theN regression equations

yt 5 cvjS ZZvj , t21

Tvj

mvj~t!D2 (
l51

p'

fl yt2l 1 ht

1 B(
vl

$Qvl

1 ~Dvl
! 1 BQvl

2 ~Dvl
!%$ [avl

1 ~Gvl
!yt 1 [avl

2 ~Gvl
!yt21 1 Zbvl

~t!% (8)

where ZZvj , t is described previously andp' $ p+

THEOREM 4+3+ Let EQvj ,4 be an~N 3 N 2 rvj
! full rank matrix such that

EQvj ,4
' EQvj

~0! 5 0+ Then when the sample size T goes to infinity, the following
convergence in distribution holds:
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Trace$T~ EQvj ,4
' Ih Ih ' EQvj ,4!21 EQvj ,4

' Dcvj
@ ZZvj ,21~ ZZvj ,21!' # Dcvj

' EQvj ,4%

n Trace$~dWvj ,0
' * FXvj

!~ FXvj

' * FXvj
!21~ FXvj

' * dWvj ,0!%,

where FXvj
5 ~Xv t0

mvj
21'! with Wvj ,0 and Xvj

as defined in Theorem4+1 and
where ZZvj ,21

' stands for the T3 ~~N 1 1!mvj
2 kj ! matrix of generic element

~Zvj , t21
' Tvj

mvj~t 2 1!' !, t 5 1, + + + ,T+

We now consider the casevj [#0,p@+ Letyt be a process as in Theorem 4+2+ Let
Dcvj

1 ,~ EQvl

g ~Dvl
!,g5 1,2! ~Qvj

2 ~{! 5 0 whenvj [ $0,p%!, Ef, and Ih be, respectively,
the ordinary least squares estimators of theN3 ~2~N1 1!mvj

2 2kj ! coefficient
matrix cvj

1 , of ~Qvl

g ~Dvl
!,g 5 1,2!, f, and of the~N 3 T ! matrix of the residuals

in theN regression equations

yt 5 cvj

1 1
ZZvj , t22

ZZvj , t23

Tvj

mvj~t 2 2!
2 2 (

l51

p'

fl yt2l 1 ht

1 B (
vl[ #0,p@

$Qvl

1 ~Dvl
! 1 BQvl

2 ~Dvl
!%

3 $ [avl

1 ~Gvl
!yt 1 [avl

2 ~Gvl
!yt21 1 Zbvl

~t!%, (9)

where ZZvj , t is described previously andp' $ p+ Let Dcvj

2 ,~Q̆vl

g ~Dvl
!,g 5 1,2!, f̆,

and h̆ be, respectively, the ordinary least squares estimators of theN 3 ~2~N 1
1!mvj

2 2kj ! coefficient matrixcvj

2 , of ~Qvl

g ~Dvl
!,g5 1,2!, f, and of the~N3 T !

matrix of the residuals in theN regression equations

yt 5 cvj

2 1
ZZvj , t21

ZZvj , t22

Tvj

mvj~t 2 1!
2 2 (

l51

p'

fl yt2l 1 ht

1 B (
vl[#0,p@

$Qvl

1 ~Dvl
! 1 BQvl

2 ~Dvl
!%

3 $ [avl

1 ~Gvl
!yt 1 [avl

2 ~Gvl
!yt21 1 Zbvl

~t!%+ (10)

THEOREM 4+4+ Let EQvj ,4 be a2N 3 2~N 2 rvj
! full rank matrix such that

EQvj ,4
' ~ EQvj

1 ~0!, EQvj

2 ~0!!*vj 5 0+ Then when the sample size T goes to infinity, the
following convergence in distribution holds:

TraceHT ESvj

2102 EQvj ,4
' S Dcvj

1

Dcvj

2 D @ ZZvj ,21,22~ ZZvj ,21,22!' #S Dcvj

1

Dcvj

2 D' EQvj ,4 ESvj

2102J
n Trace$~dWvj ,0

*' * FXvj

* !~ FXvj

*' * FXvj

* !21~ FXvj

*' * dWvj ,0
* !%,
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where

ESvj
5 S EQvj ,4

' S Ih Ih ' cosvj Ih Ih '

cosvj Ih Ih ' Ih Ih ' D EQvj ,4D,
ZZvj ,21,22
' stands for the T3 ~2~N 1 1!mvj

2 2kj ! matrix of generic element
~ ZZvj , t21
' ZZvj , t22

' Tvj

mvj~t 2 1!' !, t 51, + + + ,T, with FXc,vj
5 ~Xc,vj

0~13mvj
! ! and

FXs,vj
5 ~Xs,vj

t0
mvj

21!, where Wvj ,0, Xc,vj
, and Xs,vj

have been defined in Theo-
rem4+2+

The first step errors in the estimation of the cointegration terms create a diffi-
culty: the test based on the trace statistics ofTheorems 4+3 and 4+4 procedure is only
consistent against the alternative hypothesis of largerkj 5(hrvj ,h such that when

vj [ $0,p%,Qvj ,4
' cvj

is different from zero and whenvj [#0,p@, Qvj ,4
' Scvj

1

cvj

2 D is

different from zero+For the~measure zero! subset of alternatives under which this
matrix product is null, the trace statistic does not tend to infinity withT+ This sit-
uation does not exist in the monomial case where whenvj [ $0,p%,Qvj ,4

' cvj
and

whenvj [#0,p@, Qvj ,4
' Scvj

1

cvj

2 D are always different from zero+

Appendix B presents the quantiles of the corresponding test statistics for the
case where the statistician considers twice integrated time series~mv 5 2! and
v 5 p02+Whenv 5 0 orv 5 p, the useful table is given in Gregoir and Laroque
~1994!+ Five thousand independent drawings of the distribution have been com-
puted for a value ofT5 400+ The rankN2 rp02 ranges from 1 to 5,with values of
rp02,1 from 0 to 5, rp02,2 being implicitly equal torp02 2 rp02,1+

5. DETERMINISTIC TRENDS

Johansen~1991! and Johansen and Juselius~1990! have shown that the presence
of deterministic trends under the null in the Wold representation of a multivariate
process plays a crucial role in the statistical and probabilistic analysis of the
model+ The subject of this section is to extend the results obtained in the preced-
ing sections to the larger class of similar processes but with deterministic trends
we restrict to be a linear combination of various elements in some vector spaces
TÃj '

dj ' + The representation equation for such a class of processes is in Gregoir
~1999!+We briefly explain the modification we have to introduce in the estima-
tion procedure and design a new test procedure for the presence of omitted poly-
nomial relations of cointegration+ The proofs of these results that are relatively
close to the previous ones are not given in the appendix because of lack of space
but are available from the author+

We start by introducing our data generating process+
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Assumption 3+ yt is a process inCV,G with a finite representation, which sat-
isfies an equation of the following form:

F~B!yt 5 Fn~t! 1 «t 1 B(
vj

$Qvj

1 ~Dvj
! 1 BQvj

2 ~Dvj
!%

3 $avj

1 ~Gvj
!yt 1 avj

2 ~Gvj
!yt21 1 bvj

~n!~t!%

with the properties described in Theorem 6+1 in Gregoir~1999!, in particular

nt [ !
j '51

j '5D
TÃj '

dj ' 5 Tn

andfi 5 0, for i . p, V 5 $~vj ,kj !, j 51, + + + ,K %, andG 5 $~Ãj ' ,dj '! j
'51, + + + ,D%+

In this section, we use the notationTn2 EG with EG , G to denote the vector
space such thatTn 5 Tn2 EG !~Ãj ' ,dj ' ![ EGTÃj '

dj ' + When vj is not an element of a
couple inG, we putdj 5 0, so thatTvj

h1dj 5 Tvj

h, Tvj

dj 5 $ ;0%, andn 2 $vj % 5 n+
From now on, we assume that the innovation processet of the time series un-
der study satisfies Assumption 2+

Using the results of the preceding subsection, it is easy to amend the esti-
mation procedure described in Section 3 to take into account the presence of
the deterministic trends in the error correction terms induced by the existence
of nt under the null+ We have to include at steph in the regressors with
Gvj

mvj
2hyt ,Gvj

mvj
2h21yt , + + + ,Gvj

yt a basis of the vector space of deterministic
functions described in Theorem 6+1 in Gregoir~1999!+ For this modified pro-
cedure, results such as Theorems 3+1 and 3+3 can be easily extended, and we
have consistency of the estimators+ Similarly, Theorems 3+2 and 3+4 are slightly
modified+ The estimated principal components keep the described asymptotic
behavior+ They more precisely have weights of orderT2h2102 on each deter-
ministic trendt heiÃj t included in the regressions+ To describe the behavior of
these terms, we need to introduce a basis of the vector polynomials of degree
at mostmvj

+ We use the basisTavj
~Gvj

!, which is defined in Sections 3+1 and
3+2+ The construction ofbvj

~n!~t! is derived in the same way as that presented
in Section 6 in Gregoir~1999!+

THEOREM 5+1+ When the sample size T goes to infinity, the principal com-
ponent estimates have the following asymptotic behavior+

1+ Whenvj [ $0,p%,

[avj

1,h~Gvj
!yt 1 Zbvj

h ~n!~t! 2 avj

1,h~Gvj
!yt 2 bvj

h ~n!~t!

5 Op,1
vj ,h~1! DDvj

~T !@ Tavj
~Gvj

!yt 1 Nbvj
~n!~t!#

1 T2102Op,2
vj ,h~1!Dh1dj

vj ~T !Tvj

h1dj~t! 1 T2102Op,3
vj ,h~1!Dh

n2$vj %~T !Tn2$vj %~t!
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where Op,1
vj ,h~1!, Op,2

vj ,h~1!, and Op,3
vj ,h~1! are, respectively, ~rvj ,h 3 Nmvj

!, ~rvj ,h 3
h 1 dj !, and~rvj ,h 3 (Ãl 'Þvj ,Ãl '[$0,p% dl ' 1 (Ãl '[#0,p@2dl ' ! matrices that converge
weakly+ The terms DDvj

~T ! andDh1dj

vj ~T ! are defined in Section3+ HereDh
n2$vj %~T !

is a diagonal matrix whose terms are equal to T2l when they are associated to a
monomial of degree l+

2+ Whenvj [#0,p@,

[avj

h ~Gvj
!S yt

yt21
D1 Zbvj

h ~n!~t! 2 avj

h ~Gvj
!S yt

yt21
D2 bvj

h ~n!~t!

5 Op,1
vj ,h~1! DDvj

~T !F Tavj
~Gvj

!S yt

yt21
D1 Nbvj

~n!~t!G
1 T2102Op,2

vj ,h~1!Dh1dj

vj ~T !Tvj

h1dj~t! 1 T2102Op,3
vj ,h~1!Dh

n2$vj %~T !Tn2$vj %~t!,

where Op,1
vj ,h~1!, Op,2

vj ,h~1!, and Op,3
vj ,h~1! are, respectively, ~rvj ,h 3 2Nmvj

!, ~rvj ,h 3
2h!, and ~rvj ,h 3 (Ãl '[$0,p% dl ' 1 (Ãl 'Þvj ,Ãl '[#0,p@2dl ' ! matrices that converge
weakly+

We want to build a specification test in the same spirit as that in Gregoir and
Laroque~1994! and Section 4+We know that we are only able in this framework
to test for the omission of polynomial error correction terms+ The expressionkj 5

(h51
mvj hrvj ,h is too small for at least onevj [ V+ Under the null, a deterministic

term is present; we therefore have to amend the procedures described in Section
4 to take into account this term+ The specification test is built as follows+

When vj [ $0,p%, we denotegvj
~Gvj

! the Nmvj
2 kj last components of

Tavj
~Gvj

! anddmj
~n!~t! theNmvj

2 kj corresponding components ofNbvj
~n!+ By

construction, gvj
~Gvj

!yt 1 dvj
~n!~t! 5 Zvj , t is made of variables integrated of

order one or more at frequencyvj that are not cointegrated+ Therefore, if we
introduce these~Nmvj

2 kj ! variables on the right-hand side of the representa-
tion equation, the estimator Zcvj

of the coefficients of these variables supercon-
verges toward 0+

Practically, these terms are estimated+ We know that the estimation errors of
these terms and in the error correction terms introduce nuisance parameters in the
limit distribution of Zcvj

that can be removed by a suitable projection+ Moreover,
these terms are not asymptotically orthogonal to the terms present under the null
in the right-hand side of the representation equation+ Indeed, there exists a cor-
relation due to the deterministic trend+ Two projections therefore are needed to
introduce in the equation for test purposes nonstationary terms asymptotically
orthogonal to the terms in the right-hand side of the equation and to build a test
statistic free of nuisance parameters+ The first projection is performed on the
nonstationary terms before their introduction in the equation+ The second one
corresponds to the projection ofZcvj

on the orthogonal space toZQvj
~0!+

Here is the way the divergent terms are built up+ Take in turn the cointegration
relationships of degreeh, h 5 mvj

, + + + ,1, andavj ,h
h the estimated coefficients of

the terms of highest degree+ Then apply these coefficients to the residuals of the
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regression ofGvj

l y on Gvj

l21y, + + + ,Gvj
y and a basis ofTvj

l1dj ! Tn2$vj % , l 5 h 1
1, + + + ,mvj

+ Finally, let avj

0 be an~N2 rvj
3 N! matrix of orthonormal vectors that

completes theavj ,h
h + Apply the same rule forh 5 0+ This yields an~Nmvj

2 kj 3
T ! estimate of ZZvj , t +We complete this vector with the elements of the canonical
basis ofTvj

mvj
1dj 2Tvj

dj 5 $t dje2ivj t, + + + , t mvj
1dj21e2ivj t %+We compute the residuals

of this ~N 1 1!mvj
2 kj vector in the ordinary least squares regression on the

canonical basis ofTvj

dj + We then obtain an~N 1 1!mvj
2 kj 3 1 vector we de-

notePvj ,dj
ZZvj , t and introduce in the right-hand side of the equation+

When vj [#0,p@, we proceed in a similar way+ We denotegvj
~Gvj

!
the Nmvj

2 kj last components of Tavj
~Gvj

! built from polynomials
~avj

1,h~Gvj
! avj

2,h~Gvj
!! and dvj

~n!~t! the Nmvj
2 kj corresponding compo-

nents of Nbvj
~n!+ By construction, gvj

~Gvj
!~ yt

' yt21
' !' 1 dvj

~n!~t! 5 Zvj , t is
such that~Zvj , t

' Zvj , t21
' !' is made of variables integrated of order one or

more at frequencyvj that are not cointegrated+ Similarly, if we introduce these
~2Nmvj

2 2kj ! variables on the right-hand side of the representation equa-
tion, the estimator Zcmj

of the coefficients of these variables superconverges
toward 0+

Practically, these terms must be estimated, and we have the same problems as
that whenvj [ $0,p%+ The estimation errors of these terms and in the error
correction terms introduce nuisance parameters in the limit distribution ofZcvj

,
and these terms are not asymptotically orthogonal to the terms present under the
null in the right-hand side of the representation equation+We then perform two
similar projections+ The first projection is performed on the nonstationary terms
before their introduction in the equation+ The second one corresponds to the pro-
jection of Zcvj

on the orthogonal space to~ ZQvj

1 ~0!, ZQvj

2 ~0!!*vj+
The divergent terms are built up in the following way+ Take in turn the co-

integration relationships of degreeh,h 5 mvj
, + + + ,1, and ~avj ,h

1,h avj ,h
1,h ! the

estimated coefficients of the terms of highest degree+ Then apply these coeffi-
cients to the residuals of the regression ofGvj

l yt and Gvj

l yt21 on Gvj

l21yt ,
Gvj

l21yt21, + + + ,Gvj
yt ,Gvj

yt21 and a basis ofTvj

l1dj ! Tn2$vj % , l 5 h 1 1, + + + ,
mvj
+ Finally, let ~avj

1,0 avj

2,0! be an ~N 2 rvj
3 2N! matrix of orthonormal

vectors, built sequentially as in Section 3+2, that completes theavj ,h
h in anN3 2N

matrix of full rankN+ Apply the same rule forh5 0+ This yields an~Nmvj
2 kj 3

T ! estimate of ZZvj , t +We build the~2Nmvj
2 2kj 3 1! vector of these terms and

their once lagged value and complete this vector with the elements of the canon-
ical basis of Tvj

mvj
1dj 2 Tvj

dj 5 $t dj sinvj t, t dj cosvj t, + + + , t mvj
1dj21 sinvj t,

t mvj
1dj21 cosvj t%+We compute the residuals of this 2~N1 1!mvj

2 2kj vector in
the ordinary least squares regression on the canonical basis ofTvj

dj +We then ob-
tain a 2~N 1 1!mvj

2 2kj 3 1 vector we denotePvj ,dj
ZZvj , t and introduce in the

right-hand side of the equation+
As in the procedure described in Section 4, we can introduce simultaneously

these various nonstationary terms in the equation+ For sake of simplicity, the
statements in Theorems 5+2 and 5+3 take in turn each set of nonstationary terms
for each frequency+ We then compute a statistic as the ratio of the variance ex-
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plained by the integrated regressors for each frequency to the variance of the
residuals whose asymptotic nonstandard distribution is free of nuisance parameters+

Before stating the statistical results, we need to introduce some pieces of no-
tation+ Let us define two operatorsPh andQh on the space of the multivariate
continuous time stochastic processesw~t! through the following procedure+

~i! For ~13 n!w~t! almost surely inC@0,1# n, we denote

Phw~t! 5 w~t! 2 t0
h21'~t0

h21 * t0
h21'!21~t0

h21 * w!,

wheret0
h 5 ~1+ + + t h!', ~Phw~t!! belongs almost surely toC@0,1# n,~~t0

h21 * t0
h21'! is

a symmetric invertible matrix, and the other terms of the expression are continuous!+
~ii ! For a~13 n! complex stochastic processw~t! whose real and imaginary parts are

almost surely inC@0,1# n, we denoteQhw~t! the complex stochastic process such
thatRQhw~t! 5 PhRw~t! andIQhw~t! 5 PhIw~t! that belong almost surely to
C@0,1# n+ The expressionQhw*~t! is consistently defined+

By convention, Q0 andP0 are equal to the identity operator+ The same notations
are used for similar operations on deterministic functions+We now state the prin-
cipal result of this section+

We first consider the casevj [ $0,p%+ Let yt be a process satisfying Assump-
tion 3+ Let Ocvj

, ~ OQvl

g ~Dvl
!, g 5 1,2!, OFn, Nf, and Th be, respectively, the ordinary

least squares estimators of theN 3 ~~N 1 1!mvj
2 kj ! coefficient matrixcvj

, of
~Qvl

g ~Dvl
!, g 5 1,2!, Fn, f, and of the~N 3 T ! matrix of the residuals in theN

regression equations

yt 5 Fn~t! 1 cvj
Pvj ,dj

ZZvj , t21 2 (
l51

p'

fl yt2l 1 ht

1 B(
vl

$Qvl

1 ~Dvl
! 1 BQvl

2 ~Dvl
!%

3 $ [avl

1 ~Gvl
!yt 1 [avl

2 ~Gvl
!yt21 1 Zbvl

~n!~t!%, (11)

wherePvj ,dj
ZZvj , t is described previously andp' $ p+

THEOREM 5+2+ Let OQvj ,4 be an~N 3 N 2 rvj
! full rank matrix such that

OQvj ,4
' OQvj

~0! 5 0+ Then when the sample size T goes to infinity, the following
convergence in distribution holds:

Trace$T OSvj

2102 OQvj ,4
' Ocvj

@Pvj ,dj
ZZvj ,21~Pvj ,dj

ZZvj ,21!' # Ocvj

' OQvj ,4 OSvj

2102%

n Trace$~dWvj ,0
' * Pdj

PXvj
!~~Pdj

PXvj
!' * Pdj

PXvj
!21~~Pdj

PXvj
!' * dWvj ,0!%,

where OSvj
5 OQvj ,4

' Th Th ' OQvj ,4 ,Pvj ,dj
ZZvj ,21
' stands for the T3 ~~N 1 1!mvj

2
kj ! matrix of generic elementPvj ,dj

ZZvj , t21
' , t 5 1, + + + ,T, PXvj

5 ~Xvj
tdj

+ + +tmvj
1dj21 !, and Wvj ,0 and Xvj

are defined in Theorem4+1+
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We now consider the casevj [#0,p@+ Let yt be a process satisfying Assump-
tion 3+ Let Ocvj

1 , ~ OQvl

g ~Dvl
!,g 5 1,2!, OFn, Nf, and Th be, respectively, the ordinary

least squares estimators of theN3 ~2~N1 1!mvj
2 2kj ! coefficient matrixcvj

1 , of
~Qvl

g ~Dvl
!,g 5 1,2!, Fn, f, and of the~N 3 T ! matrix of the residuals in theN

regression equations

yt 5 Fn~t! 1 cvj

1 Pvj ,dj
ZZvj , t22 2 (

l51

p'

fl yt2l 1 ht

1 B(
vl

$Qvl

1 ~Dvl
! 1 BQvl

2 ~Dvl
!%

3 $ [avl

1 ~Gvl
!yt 1 [avl

2 ~Gvl
!yt21 1 Zbvl

~n!~t!% , (12)

wherePvj ,dj
ZZvj , t is described previously andp'$ p+ Let Ocvj

2 , ~Q̂vl

g ~Dvl
!,g51,2!,

F̂n, f̂, and _h be, respectively, the ordinary least squares estimators of theN 3
~2~N1 1!mvj

2 2kj ! coefficient matrixcvj

2 , of ~Qvl

g ~Dvl
!,g5 1,2!, Fn, f, and of

the~N 3 T ! matrix of the residuals in theN regression equations

yt 5 Fn~t! 1 cvj

2 Pvj ,dj
ZZvj , t21 2 (

l51

p'

f l yt2l 1 ht

1 B (
vl[#0,p@

$Qvl

1 ~Dvl
! 1 BQvl

2 ~Dvl
!%

3 $ [avl

1 ~Gvl
!yt 1 [avl

2 ~Gvl
!yt21 1 Zbvl

~n!~t!%+ (13)

THEOREM 5+3+ Let OQvj ,4 be a2N 3 2~N 2 rvj
! full rank matrix such that

OQvj ,4
' ~ OQvj

1 ~0!, OQvj

2 ~0!!*vj 5 0+ Then when the sample size T goes to infinity, the
following convergence in distribution holds:

TraceHT OSvj

21 OQvj ,4
' S Ocvj

1

Ocvj

2 D @Pvj ,dj
ZZvj ,21~Pvj ,dj

ZZvj ,21!' #S Ocvj

1

Ocvj

2 D' OQvj ,4J
n Trace$~dWvj ,0

*' * Qdj
PXvj

* !~~Qdj
PXvj

* !' * Qdj
PXvj

* !21~~Qdj
PXvj

* !' * dWvj ,0
* !%,

where

OSvj
5 S OQvj ,4

' S Th Th ' cosvj Th Th '

cosvj Th Th ' Th Th ' D OQvj ,4D ,
Pvj ,dj

ZZvj ,21
' stands for the T3 ~2~N 1 1!mvj

2 2kj ! matrix of generic element
Pvj ,dj

ZZvj , t21
' , t 5 1, + + + ,T,

PXvj

* 5 S PXc,vj
PXs,vj

2 PXs,vj
PXc,vj

D
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with PXc,vj
5 ~Xc,vj

0~13mvj
! ! and PXs,vj

5 ~Xs,vj
tdj + + +tmvj

1dj21! and Wvj ,0,
Xc,vj
, and Xs,vj

are defined in Theorem4+2+

As noted in Section 4+2, the first step errors in the estimation of the cointegra-
tion terms cause a problem+ The test based on the trace statistics of Theorems 5+2
and 5+3 procedure is only consistent against the alternative hypothesis of larger
kj 5(hrvj ,h such that whenvj [ $0,p%,Qvj ,4

' cvj
is different from zero and when

vj [#0,p@, Qvj ,4
' Scvj

1

cvj

2 D is different from zero+ For the~measure zero! subset of

alternatives under which these matrix products are null, the trace statistics do not
tend to infinity withT+ Similarly, this difficulty does not exist in the monomial
case where these matrix products are always different from zero+

Finally, Appendix B presents the quantiles of the corresponding test statistics
for the case where the statistician considers twice integrated time series~mv 5 2!
andv 5 p02+ Whenv 5 0 or v 5 p, the useful table is given in Gregoir and
Laroque~1994!+ The table is similar to that described in Section 4+3: 5,000 inde-
pendent drawings of the distribution have been computed for a value ofT5 400+
The rankN2 rp02 ranges from 1 to 5,with values ofrp02,1 from 0 to 5, rp02,2 being
implicitly equal torp02 2 rp02,1+

6. CONCLUSION

In this paper, we develop an estimation and test strategy relying on simple sta-
tistical procedures such as principal component computation and ordinary least
squares to deal with vector error correction models with complicated polynomial
error correction terms~with possibly deterministic terms! at different frequencies
as described in Gregoir~1999!+ This specification may occur when we work with
nonseasonally adjusted nominal data and price indices that may be well described
with models containing more than one unit root at frequency 0 and some seasonal
unit roots+ Once the null hypothesis is chosen and the stationary polynomially
cointegrated terms are estimated, we can test separately for each frequency for
the omission of a polynomial error correction term+ The result presented here
assumes the knowledge of the highest degree of the polynomial error correction
terms at each frequency and the dimension decomposition of the cointegration
vector space into independent subspaces of polynomials of different highest de-
grees~between one and the highest value!+ In practice, following Gregoir and
Laroque~1994!, it is possible to use iteratively the same simple ideas and statis-
tical procedures to construct an exploratory procedure to build the null hypoth-
esis and then proceed to an overall specification test+

NOTES

1+ We simply have to note that ifbv
h~t! [ Tv

h then Dbv
h~t! as defined in Remark 3+1 in Gregoir

~1999! is also inTv
h+

2+ This relies on the existence of an isomorphism between the spaces under study+ See Goodman
~1963! for an introduction to multivariate complex distribution+
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APPENDIX A: PROOFS

PRELIMINARIES

All the proofs rely on the asymptotic behavior of integrated processes+We first introduce
two new integral operators, and then we summarize the statistical properties of the pro-
cesses we have considered up to now+

DEFINITION A+1+

~i! The integral operatorSc,v, v [#0,p@ associates to any sequences yt 5 ~ yt , t 5
0,1, + + + ! of RN a sequenceSc,v~ y!t defined by

Sc,v~ y!t 5 (
t51

t

cos~vt!yt +

~ii ! The integral operatorSs,v, v [#0,p@ associates to any sequences yt 5 ~ yt , t 5
0,1, + + + ! of RN a sequenceSs,v~ y!t defined by

Ss,v~ y!t 5 (
t51

t

sin~vt!yt +

Ford$1,we denoteSc,v
d andSs,v

d , the integral operatorsSc,v andSs,v applied toGv
d21:

Sc,v
d 5 Sc,v Gv

d21,

Ss,v
d 5 Ss,v Gv

d21+
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There exists a simple linear relation between the vectors~Gv
d yt
' Gv

d yt21
' !' on which we

work and the terms~Sc,v
d yt

' Ss,v
d yt

'!'+ After simple trigonometric computations, we get

Q~v! J INS Gv
d yt

Gv
d yt21

D 5 R2t~v! J INSSc,v
d yt

Ss,v
d yt
D, (A.1)

where

Q~v! 5 S1 2cosv

0 2sinvD
and

R~v! 5 Scosv 2sinv

sinv cosv D+
In the sequel, we denotef ~v,d! 5 102d11 sind v+

Property A.1. Let m t be an N-dimensional martingale difference satisfying
E~ m t 6Ft21! 5 0, Cov~ m t 6Ft21! 5 IN , and maxj[$1, + + + ,N % supt E~6m j , t 621d 6Ft21! ,
1` a+s+ for somed . 0, whereFt21 is the s-field generated by$m t2l , l 5 1,2, + + + %+
Then whenT, the sample size, goes to infinity, the following convergences in distribu-
tion hold where@Tt# is equal to the integral part ofTt+

~i ~a!! v [ $0,p%,T2102eiv@Tt#Gv m@Tt# n Wv~t!,

whereWv is anN-dimensional standard Wiener process+

~i ~b!! v [#0,p@, S 2

T
D102

~Sc,v m@Tt#
' Ss,v m@Tt#

' ! n ~Wc,v~t! Ws,v~t!!,

where Wc,v and Ws,v are two N-dimensional independent standard Wiener
processes+

For any integerd1 $ 1, d2 $ 1, d3 $ 0, andd4 $ 0, we have the following joint weak

convergence where we denote whenv [#0,p@,Wv 5S Wc,v Ws,v

2Ws,v Wc,v
D:

~ii ~a!! v [ $0,p%, T2d12d2 (
t51

T

Gv
d1 m t Gv

d2 m t
'n Gd121Wv * Gd221Wv

' +

~ii ~b!! v [ $0,p%, T2d32d22102 (
t51

T

eivtt d3Gv
d2 m t

'n td3 * Gd221Wv +

~ii ~c!! v [#0,p@, T2d12d2 (
t51

T S Gv
d1 m t

Gv
d1 m t21

DS Gv
d2 m t

Gm
d2 m t21

D'
n f ~v,d1 2 1! f ~v,d2 2 1!QN

21~v!~Gv
d121Wv

' * Gv
d221Wv!QN

21~v!',

whereQN
21~v! 5 Q21~v! J IN +
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~ii ~d!! v [#0,p@, T2d32d22102 (
t51

T S t d3 sin~vt!

t d3 cos~vt!DS Gv
d2 m t

Gv
d2 m t21

D'
n 22102f ~v,d2 2 1!td3 * Gv

d221Wv QN
21~v!'+

~iii ~a!! v [ $0,p%, T2d32d421 (
t51

T

~eivtt d3 !~eivtt d4 ! r
1

d3 1 d4 1 1
+

~iii ~b!! v [#0,p@, T2d32d421 (
t51

T S t d3 sin~vt!

t d3 cos~vt!DS t d4 sin~vt!

t d4 cos~vt!D'
r

1

d3 1 d4 1 1S 2
12 0

0 2
12D+

~iv ~a!! v [ $0,p%, T2d1 (
t51

T

Gv
d1 m t21m t

'n eivGd121Wv * dWv
' +

~iv ~b!! v [ $0,p%, T2d32102 (
t51

T

eivtt d3m t11
' n eivtd3 * dWv

' +

~iv ~c!! v [#0,p@, T2d1 (
t51

T SGv
d1 m t21

Gv
d1 m t22

Dm t
'

n f ~v,d1 2 1!Q21~v! J IN Gv
d121Wv

' * dWvScosvIN

sinvIN
D+

~iv ~d!! v [#0,p@, T2d1 (
t51

T SGv
d1 m t22

Gv
d1 m t23

Dm t
'

n f ~v,d1 2 1!Q21~v! J IN Gv
d121Wv

' * dWvScos 2vIN

sin 2vIN
D+

~iv ~e!! v [#0,p@, T2d32102 (
t51

T St d3 cos~vt!

t d3 sin~vt!Dm t11
' n 22102td3 * dWvScosvIN

sinvIN
D+

~iv ~f !! v [#0,p@, T2d32102 (
t51

T St d3 cos~vt!

t d3 sin~vt!Dm t12
' n 22102td3 * dWvScos 2vIN

sin 2vIN
D+

Furthermore

~v~a!! T2d12d2 (
t51

T

G0
d1 m t Gp

d2 m t
'n 0+

~v~b!! v1 [ $0,p%,v2 [#0,p@, T2d12d2 (
t51

T

Gv1

d1 m tS Gv2

d2 m t

Gv2

d2 m t21
D' n 0+

~v~c!! ~v1,v2! [#0,p@2, v1 Þ v2,
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T2d12d2 (
t51

T S Gv1

d1 m t

Gv1

d1 m t21
DS Gv2

d2 m t

Gv2

d2 m t21
D' n 0+

~v~d!! v [#0,p@, T2d1 (
t51

T S Gv
d1 m t

Gv
d1 m t21

D~m t 2 2 cosvm t21 1 m t22!' n 0+

~v~e!! T2d32d421 (
t51

T

t d3~21! tt d4 r 0+

~v~f !! v1 [ $0,p%,v2 [#0,p@, T2d32d421 (
t51

T

t d3e2iv1 tS t d4 sinv2 t

t d4 cosv2 tD' r 0+

~v~g!! ~v1,v2! [#0,p@2, v1 Þ v2,

T2d32d421 (
t51

T S t d3 sinv1 t

t d3 cosv1 tDS t d4 sinv2 t

t d4 cosv2 tD' r 0+

~v~h!! T2d32d22102 (
t51

T

~21! tt d3G0
d2 m t

'n 0+

~v~i!! T2d32d22102 (
t51

T

t d3Gp
d2 m t

'n 0+

~v~ j!! v1 [ $0,p%,v2 [#0,p@, T2d32d22102 (
t51

T

e2iv1 tt d3S Gv2

d2 m t

Gv2

d2 m t21
D' n 0+

~v~k!! v1 [ $0,p%,v2 [#0,p@, T2d32d22102 (
t51

T St d3 sin~v2 t!

t d3 cos~v2 t!DGv1

d2 m t
'n 0+

~v~l!! ~v1,v2! [#0,p@2, v1 Þ v2,

T2d32d22102 (
t51

T S t d3 sin~v2 t!

t d3 cos~v2 t!
DS Gv1

d2 m t

Gv1

d2 m t21
D' n 0+

Finally, if C~B! is a matrix series whose radius of convergence is strictly larger than one:

~vi ~a!! v [ $0,p%, T2d1 (
t51

T

Gv
d1 m t @C~B!m t #

'

has a limit+

~vi ~b!! v [#0,p@, T2d1 (
t51

T S Gv
d1 m t

Gv
d1 m t21

D @C~B!m t #
'

has a limit+

~vi ~c!! v [ $0,p%, T2d32102 (
t51

T

t d3 @C~B!m t #
'

has a limit+
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~vi ~d!! v [#0,p@, T2d32102 (
t51

T S t d3 sinvt

t d3 cosvtD @C~B!m t #
'

has a limit+

The proofs of the various items can be built from lemmas or theorems that can be found
in Chan and Wei~1988!, Sims, Stock, and Watson~1990!, and Tsay and Tiao~1990!+ For
convenience, throughout we have to condition onm t 50, t # 0+As shown by Tsay and Tiao
~1990!, the assumption of zero starting value does not matter in studying asymptotic re-
sults of the processes built withm t + Because of lack of space the proofs are not given but
can be provided by the author on request+

The equations in Property A+1~v! are important+ They greatly simplify the limiting
distribution of the test statistics and allow us to separate the analysis for each couple
~vj ,kj ! [ V+We now define the canonical error termsm to which we shall apply Property
A+1+ In fact we have to build one vector for each frequency+Whenv [ $0,p%, we use the
Gregoir and Laroque~1994! approach+We start from equation~2! in Theorem 3+2 ~iden-
tification! in Gregoir~1999!, which gives us theMA~1`! representation of therv poly-
nomial error correction terms appearing in the representation theorem completed by a set
of N 2 rv stationary linear combinations of the process under study+ The matrix poly-
nomial associated to this representation is denotedEv~B!+ From the Gram–Schmidt pro-
cess, there exists a full rank lower triangular matrixMv such that, if we let

mv, t 5 Mv Ev~e2iv !et

thenmv, t is a unit variance martingale difference process+ Now, write Ev~B! 5 Ev~eiv ! 1
Dv Ev

*~B!+ Partitioning conformablymv, t and the inverse matrix ofMv yields the follow-
ing lemma+

LEMMA A +1 v [ $0,p%, ∀h,h 5 1, + + + ,mv

av
h~Gv!yt 1 bv

h~t! 5 (
l50

h

Mv
hl mv, t

l 1 Dv Ev,h
* ~B!et ,

where the matrices Mv
hh are of full rank+

Likewise, another property of the representation theorem is useful in the proof+

LEMMA A +2+ Whenv [ $0,p%, consider any N3 N 2 rv matrix Qv,4 orthogonal to
Qv~0! that is such that the N3 N matrix~Qv~0! Qv,4! is of full rank andQv,4

' Qv~0! 5
0+ Then there exists an~N 2 rv 3 N 2 rv! matrix Mv4 such that

Mv4Qv,4
' et 5 mv, t

0 +

The proof relies on the algebraic identities behind the representation equation+ It can be
built from ~4! and~8! in Gregoir~1999!+ It is left to the reader, but it is close to that of
Lemma A+4 in the complex case~see the discussion that follows!+

Whenv [#0,p@, the construction ofmv is more complicated+We start in this case from
equation~3! in Theorem 3+3 ~identification! in Gregoir~1999!,which gives us theMA~1`!
representation of therv polynomial error correction terms appearing in the representation
theorem completed by a set ofN 2 rv covariance stationary linear combinations of the
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process under study+ The matrix polynomial associated to this representation is denoted
Ev~B!+ It is such thatEv~eiv ! is a full rank matrix+ BecauseEv~eiv ! is a complex matrix
of full rank, the matrix

SREv~eiv ! 2IEv~eiv !

IEv~eiv ! REv~eiv ! D
is a real matrix of full rank+ The 2N 3 N matrix that corresponds to itsN first columns is
of rankN+Rearrange the rows of this last matrix alternating real part and imaginary part of
each row ofEv~eiv ! and denote this new matrixEv+ The termEvet is a 2N-dimensional
process whose variance covariance matrix hasN eigenvalues equal to zero+ There exists a
full rank 2N 3 2N lower triangular matrixMv such that, if we define

ev, t 5 MvEv et

then

Vev, t 5 IN J S1 0

0 0D+
We then definemv, t asmv, t 5 IN J ~1 0!ev, t so thatmv, t is unit variance martingale
difference process+ We get a result similar to Lemma A+1 on theIv~d! processes after
having partitionedmv conformably+

LEMMAA +3+ v [#0,p@, for all h, h5 0,1, + + + ,mv, there exist h11 matrices Mv
*,hl of

respective dimension2rv,h 3 2~N2 rv! when l5 0 and2rv,h 3 2rv, l , l # h such that for
all d $ 1

Q~v! J Irv,h
Gv

dS av
1,h~Gv!yt 1 av

2,h~Gv!yt21 1 bv
h~t!

av
1,h~Gv!yt21 1 av

2,h~Gv!yt22 1 bv
h~t 2 1!D

5 (
l50

h

Mv
*,hl R~v!21 J Irv,hSSSc,v

d

Ss,v
d DJ Irv,hDmv, t

l 1 Gv
d21Ev,h

* ~B!et ,

where Mv
*,hh is a 2rv,h 3 2rv,h matrix of full rank+

Proof of Lemma A.3. Simple algebraic computations give

S Ev~B!

BEv~B!D 5 Q~v!21 J INSREv~eiv ! 2IEv~eiv !

IEv~eiv ! REv~eiv ! DQ~v! J INS IN

BIND
1 Dv Ev

*~B!+

We introduce the matrix

J2 5 S0 21

1 0 D ,
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which is such thatJ2
'5 2J2 andJ2

2 5 2 I2+ The preceding equation can be rewritten as

S Ev~B!

BEv~B!D 5 Q~v!21 J IN~I2 J REv~eiv ! 1 J2 J IEv~eiv !!Q~v! J INS IN

BIN
D

1 Dv Ev
*~B!+

Using ~A+1! and the fact thatJ2 andR~v! commute, we first apply to both sides of the
equation the integral operatorsGv

d +We then rearrange the rows of the vectors of each side,
grouping each component and its lagged value in the left-hand side and simultaneously
grouping the corresponding sums in cosine and sine inet in the right-hand side+We get

Q~v! J INYt, t21
d 5 IN J R~v!2t$Sc,v

d IN J I2 2 Ss,v
d IN J J2%Ev et 1 Gv

d21 EEv
*~B!et ,

whereYt, t21
d stands for the rearrangement of the rows of

Gv
d 1

av
1,0yt 1 av

2,0yt21

av
1~Gv!yt 1 av

2~Gv!yt21 1 bv~t!

av
1,0yt21 1 av

2,0yt22

av
1~Gv!yt21 1 av

2~Gv!yt22 1 bv~t 2 1!
2

and EEv
* for those ofEv

* +
By construction, we have

Mv
21 IN J S0 0

0 1Dev, t 5 0

almost surely becauseV~IN J ~0 1!ev, t ! 5 0+ It follows that

Q~v! J INYt, t21
d 5 IN J R~v!21$Sc,v

d I2N 2 Ss,v
d IN J J2%Mv

21 IN JS1

0Dmv, t

1 Gv
d21 EEv

*~B!et +

Now using the property that for any 2N 3 n matrixM, with n a nonzero integer,

M 5 @IN J ~1 0!M# J S1

0D1 @IN J ~0 1!M# J S0

1D ,
we obtain after some simple manipulations that

Q~v! J INYt, t21
d 5 IN J R~v!2tMv

*SIN J SSc,v
d

Ss,v
d DDmv, t 1 Gv

d21 EEv
*~B!et ,

where

Mv
* 5 FIN J ~1 0!Mv

21 IN J S1

0DG J I2 2 FIN J ~0 1!Mv
21 IN J S1

0DG J J2+
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More precisely, Mv
* is a lower block triangular matrix of full rank; each block is a 23 2

matrix of the formSm1
* 2m2

*

m2
* m1

* D that commutes withR~v!+ A new rearrangement of the

rows gives the formulae stated in Lemma A+3+ n

In the spirit of LemmaA+2,we need an algebraic property of the representation theorem
to complete the proofs+

LEMMAA +4+ Whenv [#0,p@, consider any2N3 2~N2 rv! matrixQv,4 orthogonal
to Qv~0! 5 ~Qv

1 ~0!,Qv
2 ~0!!*v that is such that the2N3 2N matrix~Qv~0! Qv,4! is of full

rank andQv,4
' Qv~0! 5 0+ Then there exists a2~N2 rv! 3 2~N2 rv! matrix Mv,4 such that

Mv,4Qv,4
' Set

0D 5 Smv, t
0

0 D
and

Mv,4Qv,4
' S0

et
D 5 S2cosvmv, t

0

2sinvmv, t
0 D+

Proof of LemmaA.4. The proof relies on the algebraic properties of the representation
equation+ First from ~4! in Gregoir~1999!, after multiplication of thehth set of rows by
Dv~B!h,h 5 1, + + + ,mv, we get inB 5 eiv

Av~eiv !C~eiv ! 5 1
Ev

0~eiv !

0

I

0
2 +

Using the matricesDv~B! defined in Lemma 5+1 in Gregoir~1999!, zv~eiv ! of full rank
introduced in~7! of the same paper, and the preceding equation, we obtain the following
algebraic equation:

IN 5 eiv~0 Qv
1 ~0! 1 eivQv

2 ~0!!Dv~eiv ! 1 zv~eiv ! Av~eiv !21 1
Ev

0~eiv !

0

I

0
2 +

With the help of the following equality: ∀~N 3 r ! complex matrixU,

S1 1

i 2iD J INSU 0

0 PUDS1 1

i 2iD21

J Ir 5 SRU 2IU
IU RU D
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and the fact that

Q~v!21 J INSQv
1 ~0! 1 cosvQv

2 ~0! 2sinvQv
2 ~0!

sinvQv
2 ~0! Qv

1 ~0! 1 cosvQv
2 ~0!DQ~v! J Irv

5 S Qv
1 ~0! Qv

2 ~0!

2Qv
2 ~0! Qv

1 ~0! 1 2 cosvQv
2 ~0!D,

we obtain the following algebraic identity:

Q~v!21 J INSRzv~eiv !Av~eiv !21 2Izv~eiv !Av~eiv !21

Izv~eiv !Av~eiv !21 Rzv~eiv !Av~eiv !21 D
3 1

REv
0~eiv ! 2IEv

0~eiv !

0 0

IEv
0~eiv ! REv

0~eiv !

0 0
2

5 Qv~0!Q~v!21 J IrvSReivEv
1,mv~eiv ! 2IeivEv

1,mv~eiv !

IeivEv
1,mv~eiv ! ReivEv

1,mv~eiv ! D
1 Q~v!21 J IN ,

whereEv
1,mv~eiv ! stands for theN 2 r0 3 N matrix obtained by stacking up the matrices

Ev
j ~eiv ! for j 51 tomv+ Then premultiplying byQv,4

' and postmultiplying byQ~v! J IN,
if we denote

Jv 5 Qv,4
' Q~v!21 J INSRzv~eiv !Av~eiv !21 2Izv~eiv !Av~eiv !21

Izv~eiv !Av~eiv !21 Rzv~eiv !Av~eiv !21 D
we get

Jv 1
REv

0~eiv ! 2IEv
0~eiv !

0 0

IEv
0~eiv ! REv

0~eiv !

0 0
2Q~v! J IN 5 Qv,4

' +

If we now consider the expressions of the form

1
REv

0~eiv ! 2IEv
0~eiv !

0 0

IEv
0~eiv ! REv

0~eiv !

0 0
2Saet

bet
D,
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wherea andb are real numbers, we have

1
REv

0~eiv ! 2IEv
0~eiv !

0 0

IEv
0~eiv ! REv

0eiv !

0 0
2Saet

bet
D 5 Sa 2b

b a D J IN 1
REv

0~eiv !

0

IEv
0~eiv !

0
2 et ,

which can be rewritten after a rearrangement of the rows and according to the definition of
mv, t as

SIN2rv
0

0 0D J Sa 2b

b a DMv
21 IN J S1

0Dmv, t ,

which is similar to the equation we obtained in the proof of the preceding lemma+We then
use the same argument to rewrite it under the form

SI2~N2rv! 0

0 0DMv
* IN J Sa

bDmv, t ,

whereMv
* is the full rank block triangular matrix previously defined+A new arrangement

of the rows gives

1
REv

0~eiv ! 2IEv
0~eiv !

0 0

IEv
0~eiv ! REv

0~eiv !

0 0
2Saet

bet
D 5 S GMv

*

0 DSamv, t
0

bmv, t
0 D,

where GMv
* is a matrix of full rank 2~N2 rv!+We denoteMv,45SJvS GMv

*

0 DD21

and obtain

the desired result because

Q~v! J INSet

0D 5 Set

0D
and

Q~v! J INS0

et
D 5 S2cosvet

2sinvet
D+ n

PROPERTIES OF THE PRINCIPAL COMPONENT PROCEDURE

We need for the proof of Theorems 4+1–4+4 a precise expansion of the estimated error
correction terms that are derived from the principal components associated with the small-
est eigenvalues of the cross-product of residuals at each step of the procedure described in
Section 3+ The main arguments used in the proof of Theorems 3+1–3+4 are close to those
used by Gregoir and Laroque~1994!+We do not give the proofs of Theorems 3+1 and 3+2

504 STÉPHANE GREGOIR

https://doi.org/10.1017/S0266466699154021 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466699154021


that are almost similar to theirs+ The basic property used in these proofs is given by their
Lemma 5+4+ It describes the expansion for largeT of the eigenvectors of a symmetric
matrix whose particular form is that we are led to consider in our situation+ The procedure
of Section 3 involves a regression at each step+ The properties of this regression are de-
scribed in the following lemma+ For sake of simplicity,we omit the deterministic trends in
the analysis of the procedure+ Their role will be extensively analyzed in Remark A+1+

LEMMA A +5+ Let Yt in R and Xt
j in Rnj, for j 5 0,1, + + + ,,, be processes inCV, defined,

whenv [#0,p@, through

Dv
d Yt 5 dv~B!«t , Dv

j Xt
j 5 dv

j ~B!«t ,

where d is a non-negative integer, «t is an N-dimensional martingale difference process
of variance covariance matrix S ~N being larger than nj for all j $ 1!, and
dv

1~eiv !, + + + ,dv
,~eiv ! are of full rank ~dv~eiv ! and0or dv

0~eiv ! may be of rank smaller
than n0, but thevariance covariance matrix of X0 is assumed of full rank!+

Let p 5 ~pv
0 , + + + ,pv

, ! be the coefficient of the regression of~Yt
' Yt21

' !' on Xt 5
~Xt

0,Xt
1,Xt21

0 , + + + ,Xt
, ,Xt21

, !+ Then, when the sample size T goes to infinity,

pm
j ~T ! 5 T d2j Pv

j ~T !,

wherePv
j ~T ! converges in distribution to some random matrix+

Proof of Lemma A.5. It is left to the reader+

Some notations have to be introduced before proceeding to the proof itself+ First con-
sider the 2N 3 2N unitary matrixBv built the following way+ We take theN~2N 3 1!
orthonormal vectors~av,h,~q!

1,h av,h,~q!
2,h !,h5 1, + + + ,mv, q51, + + + , rv, and~av

1,0 av
2,0!+We

complete this matrix with the same number of orthonormal vectorsvh,~q!,h51, + + + ,mv, q5
1, + + + , rv andh 5 0, q 5 1, + + + ,N 2 rv, obtained by Gram–Schmidt process starting with
~2av,mv ,~1!

2,mv av,mv ,~1!
1,mv 1 2 cosvav,mv ,~1!

2,mv !, then increasing the indexq in the space of
degreemv, then decreasing the degreeh, and so on+ By construction the vector space
spanned by$~av, l,~q' !

l ,vl,~q' !! with 1# q'# rv, l , l , h, and 1# q'# q, l 5 h% is equal to the
one spanned by$~av, l,~q' !

l ,~2av, l,~q' !
2, l av, l,~q' !

1, l 1 2 cosvav, l,~q' !
2, l !! with 1 # q' # rv, l ,

l , h, and 1# q' # q, l 5 h%+ It follows that the polynomialVh,~q!~Gv! of degreeh built
with the same linear combination of elements ofTav~Gv! as that which defines the vector
vh,~q! once applied to~ yt

' yt21
' !' also defines a covariance stationary process+We denote

Bv,h,~q! the matrix obtained by discarding the set of couples of vectors$~av, l,~q' !
l ,vl,~q' !!

with 1# q'# rv, l , l , h, and 1# q'# q, l 5h%+We have by this construction defined a new
rule of identification built upon the previous one in which the matrix obtained by stacking
up the terms of highest degree is a unitary matrix+We can now adapt the two remarks that
were used by Gregoir and Laroque~1994! in the proof of the similar result whenv 5 0,
namely, as follows+

~i! Although the procedure is described in terms of~Gv
mv yt ,Gv

mv yt21, + + + ,Gv yt ,
Gv yt21!, we can analyze it in terms of appropriate components built upon the polynomial
associated with the definition ofBv ~see the preceding discussion!+ It allows us to build a
new basis TaBv

~Gv! of 2N-polynomial of degree at mostmv+ Replace~Gv
mv yt

' Gv
mv yt21

' !'

with
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1
Gv

mvv0,~N2rv!S yt

yt21
D

Gv
mv~av,~N2rm!

1,0 yt 1 av,~N2rv!
2,0 yt21!

I

Vmv ,~1!~Gv!yt

av,mv ,~1!
mv ~Gv!yt

2
andS Gv

h yt

Gv
h yt21

D, h 5 1, + + + ,mv 2 1 with

1
Gv

h v0,~N2rv!S yt

yt21
D

Gv
h~av,~N2rv!

1,0 yt 1 av,~N2rv!
2,0 yt21!

I

Dv~B!mv2h (
l5mv2h11

mv

Vmv , l,~1! Gv
l S yt

yt21
D

Dv~B!mv2h (
l5mv2h11

mv

av, l,~1!
mv Gv

l S yt

yt21
D
2 +

These replacements do not change the results of the procedure+ Indeed, first the vector
space spanned by~Gv

l yt ,Gv
l yt21, + + + ,Gv yt ,Gv yt21! is unchanged after the substitution+

Second, adding a linear combination of the regressors to the regressand does not change
the residuals+ Third, the principal components of these residuals are not affected by a full
rank unitary transformation of the variables+ Finally, an upper triangular matrix allows us
to transform the coordinates in the basisTaBv

~Gv! into that of Tav~Gv! ~when the rows of
these matrices are arranged in decreasing order of integration of the processes they de-
fine!+

~ii ! Let Ydenote the regressand andX the regressors in a regression stage of the proce-
dure+ The residuals areY2 YX'~XX' !21X, and their variance covariance matrix is

YY' 2 YX'~X 'X !21XY'+

Now, we claim that in our problem the block structure of this matrix whenT goes to
infinity is similar to that ofYY'+ Indeed, let H be the variance covariance matrix of~Y,X !+
It satisfies the properties of Lemma 5+4 of Gregoir and Laroque~1994!, up to a permuta-
tion matrix, and its inverse has the structure shown in this lemma+ Now note that~YY'2
YX'~X 'X !21XY' ! is the inverse of the element ofH21, corresponding to theY block+ It
follows that the orders of divergence inT of the blocks ofYY' are equal to those ofYY'2
YX'~X 'X !21XY' and left unchanged by the regression+

We now proceed to the proofs+We first prove the result forav,~1!
mv ~Gv!+We use~i! from

the preceding discussion+ By Property A+1, the definition ofmv in Lemma A+3, and~ii !
from the preceding discussion, the variance covariance matrix of the residuals has the
structure of the matrixH~T ! of Lemma 5+4 in Gregoir and Laroque~1994!,with H00~T ! of
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dimension 2rv,mv
,H11~T ! of dimension 2rv,mv21, + + + ,Hmm~T ! of dimension 2~N 2 rv!+

From Lemma 5+4 of Gregoir and Laroque~1994!, the principal component estimator is a
linear combination of the 2N residuals+ It can be expressed in terms of theGv~ yt

' yt21
' !'

with the help of Zfv,~1!, the eigenvector associated with the smallest eigenvalue, as

[av,~1!
mv ~Gv! 5 (

l50

mv H Zfv,~1!
l ~T !

T mv2l ~Gv
m2l av

l ~Gv! 2 [p l ~T ! Tav~Gv!!J ,
where the~ Zfv,~1!

l ~T !!l converge weakly toward some limit whenT goes to infinity+ The
~ [p l ~T !!l are computed from the regression coefficients of the first step+ The components
associated with the regressands of the first step of the procedure are equal to zero+ From
Lemma A+5, [p l ~T ! is O~T mv2l2h ! on the components ofTaBv

~Gv! or those of Tav~Gv! that
are integrated of orderh because according to~i!, the transformation of coordinates from
one basis to the other is performed by an upper triangular matrix+

Rearranging terms in the preceding equation, we obtain the result stated in Theorem
3+4 for [av,~1!

mv ~Gv!+ The consistency of the estimator is a consequence of the definition
of Tav~Gv! and the way TaBv

~Gv! is built; in particular all the coefficients[p~T ! of the
stationary components ofTav~Gv! converge to zero+ From the consistency of[av,~1!

mv ~Gv!,
we deduce the consistency of~2 [av,mv ,~1!

2,mv [av,mv ,~1!
1,mv 1 2 cosv [av,mv ,~1!

2,mv ! and therefore
that of [vmv ,~1! ~the normalization of this last vector is satisfied for the coefficients of
the linear combination of the two preceding vectors converge toward their true value at
a rate inT2102!+ It follows that ZA~1!

mv , the matrix of orthonormal rows orthogonal to
~ [av,mv ,~1!

1,mv , [av,mv ,~1!
2,mv !*v or equivalently to~ [av,mv ,~1!

1,mv [av,mv ,~1!
2,mv ! and [vmv ,~1! , is such that

ZA~1!
mv 5 ZFv,mv ,~1!~T !Bmv ,~1! 1 o~T !S~av,mv ,~1!

1,mv av,mv ,~1!
2,mv !

vmv ,~1!
D,

where ZFv,mv ,~1!~T ! is a 2~N21!32~N21! unitary matrix ando~T ! converges to zero and
is at least of orderT2102 on the rows corresponding to the estimators of the stationary
directions+

We then iterate the procedure along the same lines+ The expansion of [av,~2!
mv ~Gv! is

derived from the same arguments, because the principal components are not affected by
the unitary transformationZFv,mv ,~1!~T !, and the same computations, except for the di-
mension of the matrixH00~T ! that is now 2~rv,mv

2 1! 3 2~rv,mv
2 1!+ The terms in

o~T ! due to the preceding step are negligible+ The consistency of the estimators results
from the definition of Tav~Gv! and TaBv

~Gv!+ Finally, we use the fact that the vector
space spanned by~av,mv ,~1!

1,mv ,av,mv ,~1!
2,mv !*v and ~av,mv ,~2!

1,mv ,av,mv ,~2!
2,mv !*v is equal to that

spanned by~av,mv ,~1!
1,mv av,mv ,~1!

2,mv !, vmv ,~1! , ~av,mv ,~2!
1,mv av,mv ,~2!

2,mv !, and vmv ,~2! , which is
consistently estimated by the estimators of the same vectors, to write

ZA~2!
mv 5 ZFv,mv ,~2!~T !Bmv ,~2! 1 o~T !1

~ [av,mv ,~1!
1,mv [av,mv ,~1!

2,mv !

[vmv ,~1!

~ [av,mv ,~2!
1,mv [av,mv ,~2!

2,mv !

[vmv ,~2!

2 ,
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where ZFv,mv ,~2!~T ! is a 2~N22!32~N22! unitary matrix ando~T ! converges to zero and
is at least of orderT2102 on the rows corresponding to the estimators of the stationary
directions+ A proof by induction using the same arguments can easily be built+

Remark A.1. If we now consider a polynomial cointegration model in which error
correction terms have nonzero deterministic trends, we can adapt the preceding proof in
two different ways+The first one consists of stating a more general lemma than Lemma 5+4
in Gregoir and Laroque~1994! for symmetric matrices such as some blocks on its diagonal
diverging at rateT d with d odd and out of the diagonal at rateT d1~102!+ This would corre-
spond to the analysis of the cross-product of the complete set of integrated processes and
of a basis of the deterministic trend vector space+ The second approach, simpler, consists
of showing that we keep the same structure of the cross-product matrix if we regress in a
preliminary step each variable on the appropriate basis of deterministic trends+ This prop-
erty results from PropertyA+1+ If Y is aT31 vector of anIv~d1! process,X is aT31 vector
of anIv~d2! process, andPT,Tv

h stands for the projector orthogonal onto the space orthog-
onal to the basis ofTv

h, then the cross-product of the residuals is given byY 'PT,Tv
h X or

equivalently, if we denote by the same symbolTv
h theT3 h matrix of the regressors in the

regression on the basis ofTv
h, by

Y 'X 2 Y 'Tv
h~Tv

h'Tv
h!21Tv

h'X+

Thus if we introduceT2102Dh
v~T !, theh3 h diagonal matrix whose terms are equal toT l

on the row related tot le2ivt whenv [ $0,p% ~resp+ 2h3 2h diagonal matrix whose terms
are equal toT l on the rows related tot l cosvt andt l sinvt whenv [#0,p@!, in the pre-
ceding expression, we get

1

T d11d2
Y 'X 2

1

T1
d Y 'Tv

hT2102Dh
v~T !@T2102Dh

v~T !Tv
h'Tv

hT2102Dh
v~T !#21

3 T2102Dh
v~T !Tv

h'X
1

T d2
,

where each element of this expression has a limit in distribution according to~ii ~b!, ii ~d!,
iii ~b!, iii ~d!! in Property A+1+ This result can easily be extended to a cross-product of
matrices+ Therefore the cross-product of the variables once regressed on the basis ofTv

h

has the same structure as the matrix of Lemma 5+4 in Gregoir and Laroque~1994!+ This
simple computation has the consequence that in Lemma A+5, by the Frish–Waugh theo-
rem, if we regress regressand and regressors onTv

h, the result obtained in Lemma A+5
remains valid+This allows us to conclude that the expansion previously obtained still holds
when we introduce deterministic trends in the error correction terms+ The consistency of
the estimator is similarly derived from the definition of the basisTav~Gv! and Nbv~t! as
described in Section 3+

Nevertheless, we must notice that the estimated principal components have in their
expansion weights on the deterministic variables+ To find the magnitude of these weights,
we need a new lemma+ For sake of simplicity, we consider only the casev [#0,p@; the
extension tov [ $0,p% is straightforward+

LEMMAA +6+ Let Yt in R and Xt
j in Rnj, for j 5 0,1, + + + ,,, be processes inCV as defined

in LemmaA+5+
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Let s 5 ~sc
0,ss

0,sc
1,ss

1, + + + ,sc
,'! be the coefficient of the elements of the canonical

basis ofTv
,' in the regression of~Y ' Y21

' !' on X and the basis+ Then when the sample size
T tends to infinity,

sc
j~T ! 5 T d2j2102 Isc

j~T !,

ss
j~T ! 5 T d2j2102 Iss

j~T !,

where Isc
j~T ! and Iss

j~T ! converge in distribution to some random matrices+

Proof of Lemma A.6. It is left to the reader+

From these results, we conclude that∀h 5 1, + + + ,mv

[av
h~Gv!S yt

yt21
D1 Zbv

h~t! 2 av
h~Gv!S yt

yt21
D2 bv

h~t!

5 Op,1
v,h~1! DDv~T !F Tav~Gv!S yt

yt21
D1 Nbv~t!G1 T2102Op,2

v,h~1!Dh
v~T !Tv

h~t!+

A similar expansion holds whenv [ $0,p%+ The details are left to the reader+

PROOF OF THE STATISTICAL PROPERTY

The proof of Theorems 4+1 and 4+2 uses the same kind of argument as that in the previous
subsection+ We define whenvj [ $0,p% mvj

5 ~Gvj
mvj

0 , + + + ,Gvj

mvj mvj

0 ,Gvj
mvj

1 , + + + ,
Gvj

mvj
21 mvj

1 , + + + ,Gvj
mvj

h , + + + ,Gvj

mvj
2h mvj

h , + + + ,Gvj
mvj

mvj
21! and whenv [#0,p@, mc,vj

5

~Sc,vj
mvj

0 , + + + , Sc,vj

mvj mvj

0 , Sc,vj
mvj

1 , + + + , Sc,vj

mvj
21 mvj

1 , + + + , Sc,vj
mvj

h , + + + , Sc,vj

mvj
2h mvj

h , + + + ,
Sc,vj

mvj

mvj
21! and ms,vj

5 ~Ss,vj
mvj

0 , + + + , Ss,vj

mvj mvj

0 , Ss,vj
mvj

1 , + + + , Ss,vj

mvj
21 mvj

1 , + + + ,
Ss,vj

mvj

h , + + + ,Ss,vj

mvj
2h mvj

h , + + + ,Ss,vj
mvj

mvj
21!+

We first derive an expression of the divergent terms introduced in the right-hand side of
the representation equation in terms of the preceding processes+ Whenvj [ $0,p%, it is
straightforward using the definition ofmvj

from Lemma A+1 to get

Zvj , t 5 kvj
mvj , t 1 “terms of smaller order”

wherekvj
is an~Nmvj

2 kj 3 Nmvj
2 kj ! full rank matrix built with the submatricesMvj

h, l

of Lemma A+1+Whenvj [#0,p@, a similar operation gives from Lemma A+3 after a re-
arrangement of the rows

Q~vj ! J INmvj
2kjS Zvj , t

Zvj , t21
D 5 kvj

R~v!21 J INmvj
2kjSmc,vj , t

ms,vj , t
D

1 “terms of smaller order,”

wherekvj
is a ~2Nmvj

2 2kj 3 2Nmvj
2 2kj ! full rank matrix built with the submatrices

Mvj

*,hl of Lemma A+3+
For sake of simplicity, we prove Theorems 4+1 and 4+2 simultaneously under the null

that there exist only three different unit roots in the determinant of the Wold representa-
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tion, related to the frequenciesv1 [ $0,p% andv2 [#0,p@+ The same arguments allow
us to build a proof for a more general null hypothesis with the use of v~a! and v~d! in
Property A+1+

Proof of Theorems 4.1 and 4.2.To simplify notations, we denotezv1, t the k1-
dimensional vector obtained by stacking up thek1 covariance stationary components
of Tav1

~Gv1
!yt 1 Nbv1

~t!, zv2, t the 2k2-dimensional vector obtained by stacking up

the k2 covariance stationary components ofTav2
~Gv2

!S yt

yt21
D 1 Nbv2

~t! and zt21 5

~ yt21, + + + , yt2q!+ The ordinary least squares regression coefficients of~6! or ~7! satisfy

XX ' 1
Zcv1

'

Zcv2

'

Zuv1

' 2 uv1

'

Zuv2

1' 2 uv1

1'

Zuv2

2' 2 uv2

2'

Zf ' 2 f

2 5 1
Zv1,21

Zv2,21

Zv2,22

zv1,21

zv2,21

zv2,22

z21

2 e ' 5 Xe ',

where the index21 denotes the matrix obtained by stacking up theT observations for the
corresponding variables fromt 5 0, + + + ,T 2 1, uv1

stands for the expansion ofQv1
~Dv1

!
according to Remark 3+2 in Gregoir~1999!, and likewiseuv2

1 anduv2

2 are obtained by a
similar operation applied toQv2

1 ~Dv2
! andQv2

2 ~Dv2
!+ The coefficients are stored equation

by equation in columns in anN~mv1
1 2mv2

1 p' ! 3 N matrix and the error termse in an
N3 T matrix+ The proof is similar to that of Theorem 3+1 in Gregoir and Laroque~1994!;
we sum up the arguments+We buildD~T !, anN~mv1

1 2mv2
1 p' ! 3 N~mv1

1 2mv2
1 p' !

block diagonal matrix, where the first block is equal toDv1
~T !kv1

21, the second one to
Dv2

~T !kv2

21Q~v2! J INmv2
2k2
, and all the remaining terms toT2102+We premultiply and

postmultiply the matrix of the cross-product of the regressors and perform the necessary
operations to keep the preceding identity+We have

$D~T !XX 'D~T !' %D~T !21' 1
Zcv1

'

Zcv2

'

Zuv1

' 2 uv1

'

Zuv2

1' 2 uv1

1'

Zuv2

2'2 uv2

2'

Zf ' 2 f

2 5 D~T !1
Zv1,21
'

Zv2,21
'

Zv2,22
'

zv1,21
'

zv2,21
'

z21
'

2 e '+

By construction and from Property A+1, we have the following convergences in distribu-
tion, whenT goes to infinity:

~i! Dv1
~T !kv1

21Zv1,21Zv1,21
' kv1

21'Dv1
~T ! n Xv1

' * Xv1
whereXv1

is defined in the
statement of Theorem 4+1,
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~ii ! Dv2
~T !kv2

21Q~v2! J INmv2
2k2SZv2,21

Zv2,22
DSZv2,21

Zv2,22
D'

Q~v2!' J INmv2
2k2

kv2

21'Dv2
~T ! n I2 J Fv2

~Xv2

*' * Xv2

* ! I2 J Fv2
,

whereXv2
is defined in the statement of Theorem 4+2, Fv2

is anNmv2
2 k2 3

Nmv2
2 k2 diagonal matrix whose element corresponding to anIv2

~h! process is
equal to sin12h v222h,

~iii ! Dv1
~T !kv1

21Zv1,21SZv2,21

Zv2,22
D'Q~v2!' J INmv2

2k2
kv2

21'Dv2
~T ! n 0,

~iv! T2102Dv1
~T !kv1

21Zv1,21~zv1,21
' zv2,21

' z21
' ! n 0,

~v! T2102Dv2
~T !kv2

21Q~v2! J INmv2
2k2SZv2,21

Zv2,22
D~zv1,21

' zv2,21
' z21

' ! n 0+

Finally, becausee 5 @Mv1
Ev1

~eiv1 !#21mv1
ande 5 @IN J ~1 0!Mv2

Ev2
#21mv2

, we get

~vi! Dv1
~T !kv1

21Zv1,21e ' n Xv1

' * dWv1
@Mv1

Ev1
~eiv1 !#21',

~vii ! T2102Dv2
~T !kv2

21Q~v2! J INmv2
2k2SZv2,21

Zv2,22
De '

n I2 J Fv2
~Xv2

*' * dWv2

* ! Scosv2 IN

sinv2 IN
D @IN J ~1 0!Mv2

Ev2
#21',

whereFv2 is defined in~ii !+

The matrix of the cross-product of the stationary regressors converges toward a positive
definite variance covariance matrix; therefore

~viii ! kv1
Dv1

21~T ! Zcv1

' n ~Xv1

' * Xv1
!21Xv1

' * dWv1
@Mv1

Ev1
~eiv1 !#21',

~ix! kv2
Dv2

21~T !Q~v2!' J INmv2
2k2
Zcv2

' n Fv2

21 J I2@~Xv2

*' * Xv2

* !#21~Xv2

*' * dWv2

* !

3 Scosv2 IN

sinv2 IN
D @IN J ~1 0!Mv2

Ev2
#21'+

The coefficients Zuv1
, Zuv2

1 , Zuv2

2 , Zf are consistent estimators ofuv1
, uv2

1 , uv2

2 , andf+ It follows
that [h [h0T converges toward

Ve 5 @Mv1
Ev1

~eiv1 !#21 @Mv1
Ev1

~eiv1 !#21'

or

Ve 5 @IN J ~1 0!Mv2
Ev2

#21 @IN J ~1 0!Mv2
Ev2

#21'

by construction ofmv1
andmv2

+ The results of Theorems 4+1 and 4+2 follow from the
properties of the trace operator+ n
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PROOF OF THE SPECIFICATION TEST

The proof proceeds along similar lines+We first have to take into account that the divergent
terms that are introduced in the right-hand side of the equation are now estimated+ From
the way ZZvj , t is built, the proofs of the expansion of Theorems 3+2 and 3+4, and the defi-
nition of m’s from Lemmas A+1 and A+3, we get whenvj [ $0,p%

S ZZvj , t

Tvj

mvj~t!D 5 [kvj
~T !S mvj , t

Tvj

mvj~t!D1 “terms of smaller order,”

where [kvj
~T ! is an~~N11!mvj

2kj 3 ~N11!mvj
2kj ! full rank random matrix+Similarly,

whenvj [#0,p@, we obtain

1Q~vj ! J INmvj
2kjS ZZvj , t

ZZvj , t21
D

Tvj

mvj~t!
2 5 [kvj

~T !1R~v!21 J INmvj
2kjSmc,vj , t

ms,vj , t
D

Tvj

mvj~t!
2

1 “terms of smaller order,”

where [kvj
~T ! is a~2~N1 1!mvj

2 2kj 3 2~N1 1!mvj
2 2kj ! full rank random matrix and

Tvj

mvj~t! is arranged in the following way:

Tvj

mvj~t! 5 Ssinvj t

cosvj t
D J 1

1

t

I

t mvj
21
2 +

As in the preceding subsection, for the sake of simplicity, we prove simultaneously
Theorems 4+3 and 4+4 under the null that there exist only three different unit roots in the
determinant of the Wold representation, related to the frequenciesv1 [ $0,p% and
v2 [#0,p@+With the help of v~a!, v~c!, v~d!, and v~f ! of Property A+1, it is easy to prove
that the same result holds for a more general null hypothesis+

Proof of Theorems 4.3 and 4.4.We use the same notations as that in the proof of
Theorem 4+1+ The ordinary least squares coefficients of~8! and~9! satisfy

ZX ZX ' 1
Dcv1

'

Dcv2

'

Duv1

' 2 uv1

'

Duv2

1' 2 uv1

1'

Duv2

2'2 uv2

2'

Ef ' 2 f

2 5 ZXe ' 1 ZX~zv1,21 2 [zv1,21!'uv1

'

1 ZX~zv2,21
' 2 [zv2,21

' zv2,22
' 2 [zv2,22

' !Suv2

1'

uv2

2'D,
where ZX stands for

~ ZZv1,21 Tv1,21
mv1 ZZv2,22 ZZv2,23 Tv2,2v2,22

mv2 [zv1,21 [zv2,21 [zv2,22 z21!'+
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The same kind of identity holds for the second regression~8! and~10! in which

~ ZZv2,22 ZZv2,23 Tv2,2v2,22
mv2 !'

is replaced by

~ ZZv2,21 ZZv2,22 Tv2,2v2,21
mv2 !'+

In this equation, the estimators are denoted with a ˇ symbol+ The arguments of the proof
of Theorems 4+1 and 4+2 are still valid; the asymptotic behavior of the elements of the
cross-product of the regressors is not affected by the estimation errors introduced inZX+
On the other hand, we have to deal with the extra terms on the right-hand side+ First, we
give the limit distribution of the cross-product of the regressors+ We defineD~T !, an
~N 1 1!~mv1

1 2mv2
! 1 Np' 3 ~N 1 1!~mv1

1 2mm2
! 1 Np' block diagonal matrix

whose first block is equal to

D1~T ! 5 SDv1
~T ! 0

0 T2102Dmv1
21

v1 ~T !D [kv1

21~T !,

the second one to

D2~T ! 5 SDv2
~T ! 0

0 T2102I2 J Dvv2
21

v2 ~T !D [kv2

21~T !SQ~v2! J INmv2
2k2

0

0 I2mv2

D,
and the remaining terms toT2102+ From Property A+1 and the expansions obtained in
Theorems 3+2 and 3+4, we get the following result whenT goes to infinity+

~i! D1~T ! S ZZv1,21

Tv1,21
mv1

DS ZZv1,21

Tv1,21
mv1

D'D1
'~T ! n S Xv1

' * Xv1
Xv1

' * t0
mv1

21'

t0
mv1

21 * Xv1
t0

mv1
21 * t0

mv1
21'D,

whereXv1
is defined in the statement of Theorem 4+1+

~ii ! D2~T !1
ZZv2,22

ZZv2,23

Tv2,2v2,22
mv2

2 1
ZZv2,22

ZZv2,23

Tv2,2v2,22
mv2

2
'

D2
'~T !

n SI2 J Fv2
~Xv2

*' * Xv2

* ! I2 J Fv2

' 22102I2 J Fv2
Xv2

*' * t0
mv2

21'

22102t0
mv2

21 * Xv2

* I2 J Fv2

'
2
12I2 J t0

mv2
21 * t0

mv2
21' D,

whereXv2
is defined in the statement of Theorem 4+2 andFv2

in ~ii ! in the pre-
ceding proof+

~iii ! D1~T !S ZZv1,21

Tv1,21
mv1

D1
ZZv2,22

ZZv2,23

Tv2,2v2,22
mv2

2
'

D2
'~T ! n 0

by v~b!, v~f !, v~ j!, v~k!, in Property A+1+
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~iv! T2102D1~T !S ZZv1,21

Tv1,21
mv1

D~ [zv1,21
' [zv2,21

' z21
' ! n 0

by iv~a!, vi ~c! in Property A+1 and Theorems 3+2 and 3+4+

~v! T2102D2~T !1
ZZv2,22

ZZv2,23

Tv2,2v2,22
mv2

2 ~ [zv1,21
' [zv2,21

' z21
' ! n 0

by iv~b! and vi~d! in Property A+1 and Theorems 3+2 and 3+4+

We now consider the extra terms of the right-hand side of the equation+ The first one is

D~T ! ZX~zv1,21 2 [zv1,21!'uv1

' +

The first rv1
components ofzv1,21 2 [zv1,21 are according to the expansion described in

Theorem 3+4 equal to

~Irv1
2 ZPv1,1~T !!@av1

~Gv1
!y21 1 bv1

~21!# 2 ZPv1,2~T !SDv1
~T ! 0

0 T2102Dmv1
21

v1 ~T !D
3 S Tav1

~Gv1
!y21 1 Nbv1

~21!

Tv1

mv1~21! D,
where ZPv1,1~T ! converges toIrv1

and ZPv1,2~T ! has a limit distributionPv1,2 whenT goes
to infinity+ The remaining rows are similar processes but premultiply by the operatorDv1

+
It follows from PropertyA+1 that these extra terms converge to zero except therv1

top rows
that converge to

S Xv1

' * Xv1
Xv1

' * t0
mv1

21'

t0
mv1

21 * Xv1
t0

mv1
21 * t0

mv1
21'DPv1,2Qv1

~0!'+

To get rid of this term, we multiply the top equations from the right byZQv1,4~0!+ Using
Lemma A+2 to replaceQv1,4~0!et by Mv1,4

21 mv1, t
0 , we obtain through similar computations

as those in the end of the proof of Theorems 4+1 and 4+2 the desired result+
The same approach forv2 [#0,p@ leads to the fact that in the first equation, all the extra

terms related to the estimation errors at frequencyv2 in the right-hand side of the equation
converge to zero except the cross-product of

D2~T !~ ZZv2,22 ZZv2,23 Tv2,2v2,22
mv2 !'

and the 2rv2
first rows of~zv2,21

' 2 [zv2,21
' zv2,22

' 2 [zv2,22
' !SQv2

1' ~0!

Qv2

2' ~0!
D for the same kind of

expansion holds for[zv2,21 according to Theorem 3+4+We denote the limit distribution of

this termZv2
~Wv2

!Suv2

1'

uv2

2'D+ Nevertheless, this result ensures the consistency ofZuv2

1 and Zuv2

2 +

Now remark that
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~Qv2

1 ~Dv2
! Qv2

2 ~Dv2
!!Szv2, t21

zv2, t22
D

5 ~2Qv2

2 ~Dv2
! ~Qv2

1 1 cosv2Qv2

2 !~Dv2
!S zv2, t

zv2, t21
D1 Dv2

Qv2

2 ~Dv2
!zv2, t +

The identity holds of course if we replacezv2, t by [zv2, t + It follows that in the second
equation~10!, the ordinary least squares regression coefficients satisfy

XX XX ' 1
Xcv1

'

Xcv2

'

Xuv1

' 2 uv1

'

Xuv2

1' 2 uv1

1'

Xuv2

2'2 uv2

2'

Xf ' 2 f

2 5 XXe ' 1 XX~zv1,21 2 [zv1,21!'uv1

'

1 XX @~12 2 cosv2B 1 B2 !~zv2,0 2 [zv2,0!# 'uv2

2'

1 XX~zv2,0
' 2 [zv2,0

' zv2,21
' 2 [zv2,21

' !S 2uv2

2'

uv2

1' 1 2 cosv2uv2

2'D,
where XX stands for

~ ZZv1,21 Tv1,21
mv1 ZZv2,21 ZZv2,22 Tv2,2v2,21

mv2 [zv1,21 [zv2,21 [zv2,22 z21!'+

The same analysis of the behavior of the extra terms due to the estimation errors at fre-
quencyv2 in this second equation shows that all these terms converge to zero except the
cross-product of

D2~T !~ ZZv2,21 ZZv2,22 Tv2,2v2,21
mv2 !'

and the 2rv2
first rows of

~zv2,0
' 2 [zv2,0

' zv2,21
' 2 [zv2,21

' !S uv2

2'

u1' 1 2 cosv2uv2

2'D,
which has the following limit distribution:

Zv2
~Wv2

!S Qv2

2' ~0!

Qv2

1' ~0! 1 2 cosv2Qv2

2' ~0!
D+

It follows that if we store in columns the two preceding identities satisfied by the least
squares regression coefficients and multiply the equations corresponding touv2

from the
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right by ZQv2,4, we eliminate the nuisance parameterZv2
~Wv2

!+We now describe the con-
sequences of this operation+ Using Lemma A+4 and Property A+1, it is easy to show that

~vi! Dv2
~T !1

ZZv2,22

ZZv2,23

Tv2,2v2,22
mv2

2 ~e ' 0!Qv2,4
'

n SI2 J Fv2
0

0 22102DS Xv2

*' * dWv2,0
*

t0
mv2

21 * dWv2,0
* DScos 2v2 0

sin 2v2 0D J IN Mv2,4
21 ,

~vii ! Dv2
~T !1

ZZv2,21

ZZv2,22

Tv2,2v2,21
mv2

2 ~0 e ' !Qv2,4
'

n SI2 J Fv2
0

0 22102DS Xv2

*' * dWv2,0
*

t0
mv2

21 * dWv2,0
* D

3 S 2cos2 v2 2cosv2 sinv2

2cosv2 sinv2 2sin2 v2
D J IN Mv2,4

21 +

Thus, when we mix the preceding results, we obtain that

Dv2
~T !51

ZZv2,22

ZZv2,23

Tv2,2v2,22
mv2

2 ~e ' 0! 1 1
ZZv2,21

ZZv2,22

Tv2,2v2,21
mv2

2 ~0 e ' !6Qv2,4
'

n 2sinv2SI2 J Fv2
0

0 22102DS Xv2

*' * dWv2,0
*

t0
mv2

21 * dWv2,0
* DY~v2! J IN Mv2,4

21 +

The last step consists of providing a consistent estimator ofMv2,4
21 Mv2,4

21' , but by construc-
tion, we have

Qv2,4S ee ' cosv2ee '

cosv2ee ' ee ' DQv2,4
' 5 sin2 v2 Mv2,4

21 Mv2,4
21' ,

which because of the consistency ofDuv1
, Duv2

1 , Duv2

2 , and Ef can be estimated by

ZQv2,4S [h [h ' cosv2 [h [h '

cosv2 [h [h ' [h [h ' D ZQv2,4
' +

Finally, joining all these results, we obtain through similar computations as those in the
end of the proof of Theorems 4+1 and 4+2 the desired result+ n
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APPENDIX B
Table B1. Quantiles of the test statistics presented in Theorem 4+4: v 5 p02,
5,000 drawings, T 5 400

rp02,1

N 2 rp02 Level 0 1 2 3 4

1 50 46+32 54+09 61+48 69+24 76+71
80 57+19 66+06 75+29 83+55 91+89
90 63+99 73+70 82+53 91+41 100+23
95 69+60 80+34 89+23 97+86 107+09
97+5 74+67 85+07 94+12 104+75 113+22
99 81+60 91+53 103+33 111+63 122+21

2 50 139+93 154+85 170+00 185+16 200+02
80 157+19 173+33 190+11 206+30 222+08
90 166+37 183+83 201+53 218+35 234+98
95 175+56 192+79 211+33 229+23 245+78
97+5 182+56 201+58 220+86 238+93 256+03
99 191+44 214+58 231+56 250+26 269+48

3 50 278+09 301+13 323+34 345+51 367+33
80 302+55 326+97 351+04 374+97 398+08
90 315+35 341+08 366+09 390+21 413+95
95 326+82 352+75 378+20 403+36 428+78
97+5 336+44 364+21 389+46 416+89 439+24
99 348+97 375+91 403+36 430+13 456+80

4 50 461+15 490+49 519+77 549+24 578+54
80 491+80 523+77 555+60 584+98 615+43
90 509+94 541+94 572+53 604+52 635+47
95 523+89 556+51 587+76 620+26 652+43
97+5 535+40 568+43 600+90 632+37 664+83
99 548+21 582+84 615+01 647+32 679+85

5 50 687+44 723+59 760+04 795+94 831+66
80 722+65 760+85 799+06 837+40 874+90
90 744+06 782+21 820+59 860+07 899+40
95 759+56 799+83 838+95 879+28 919+35
97+5 776+50 817+66 855+53 896+68 934+49
99 795+47 837+01 877+25 914+97 953+15
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Table B2. Quantiles of the test statistics presented in Theorem 5+3: v 5 p02,
5,000 drawings, T 5 400

rp02,1

N 2 rp02 Level 0 1 2 3 4

1 50 63+49 70+81 78+42 85+93 93+51
80 75+33 83+93 92+44 100+97 109+23
90 82+23 91+63 100+25 109+38 118+71
95 87+69 97+79 107+17 117+34 126+70
97+5 93+90 103+36 113+54 124+00 132+72
99 100+89 110+63 121+87 131+91 141+11

2 50 172+40 187+36 202+42 217+47 231+86
80 190+84 207+41 223+19 239+60 255+23
90 201+01 218+33 234+85 251+71 268+61
95 210+34 227+63 245+97 262+87 279+68
97+5 218+09 235+24 255+35 272+19 290+40
99 229+02 246+68 266+49 282+34 301+81

3 50 325+75 347+77 370+27 392+36 413+84
80 350+24 373+95 398+41 421+37 444+19
90 364+32 389+19 414+77 437+95 460+95
95 376+47 401+87 427+76 450+76 474+90
97+5 387+12 414+61 439+89 463+19 487+58
99 399+16 426+97 456+35 481+55 506+48

4 50 522+17 551+72 580+74 610+34 638+50
80 554+03 585+18 614+95 644+65 675+34
90 570+60 602+76 634+58 664+44 694+27
95 585+88 618+26 649+01 679+32 710+05
97+5 598+38 631+26 663+89 695+54 725+92
99 614+91 649+81 679+54 713+78 744+56

5 50 761+17 797+81 832+73 868+55 904+42
80 798+69 835+33 873+74 911+60 948+66
90 819+39 857+23 895+40 933+10 971+10
95 837+85 876+14 913+82 951+42 991+28
97+5 851+69 892+93 931+14 971+90 1,009+98
99 872+19 914+97 955+68 995+39 1,031+25
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