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MULTIVARIATE TIME SERIES
WITH VARIOUS HIDDEN
UNIT ROQOTS, PART Il

Estimation and Testing

STEPHANE GREGOIR
CREST—I.N.S.E.E.

This paper extends the statistical results obtained by Gregoir and La(bg&é
Journal of Econometric83, 183-214. It develops statistical tools to analyze multi-
variate time series that can be represented under an autoregressive equation of finite
order with various polynomial error correction terms at various frequencies with
possibly a non-null deterministic part as introduced by Gred@®9 Econometric
Theoryl5, 435—-468. We propose an estimation procedure that proceeds through
repeated applications of principal component analysis and a specification test for
the omission of a polynomial relation of cointegration at each frequency

1. INTRODUCTION

The questionable use of seasonally adjusted data in empirical works by applied
econometricians has been the subject of many wéiisinstanceBell and Hill-

mer (1984 and Ghysel$1988 have pointed out that seasonal adjustment may
lead to mistaken inference on relationships between economic time. $emes
correspond to an important loss of information if seasonal fluctuations are a ma-
jor source of variations in the time series under st@ythe other handshysels

and Perror{1993 and Maraval(1993 have respectivelyillustrated the effects

of seasonal adjustment on test statistics for unit root and properties of multivar-
iate representatiorseasonal adjustment may cause severe dynamic misspecifi-
cations in vectorial autoregressive regres$MR ). It may therefore be important

to develop statistical tools that allow applied econometricians to work on multi-
variate nonseasonally adjusted times sefiieis means also for preliminary stud-

ies tests for seasonal unit roots such as that proposed by Hasza and Fa@2y
Dickey, Haszaand Fuller(1984), or Hylleberg Engle Grangeyand Yoo(1991.
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In Gregoir(1999, a general autoregressive representation theorem has been
provided for a large class of real multivariate covariance stationary time series
This class is composed of multivariate processes with possibly various unit roots
with various order of multiplicity in the determinant of the matrix series associ-
ated to their Wold representationhis kind of model must be considered when
linear covariance stationary relationships exist between variables of different
order of integrationThis property is described as polynomial cointegration by
Gregoir and Laroquél993 but was previously introduced in some examples by
Yoo (1986 and Granger and Le@ 9893 19890 as multicointegrationin this
paperwe present an estimation procedure and a specification test that extend the
results obtained by Gregoir and Larodd894) for a smaller class of processes in
which only the unit root one was considered

Cointegration at seasonal frequency was introduced by EGgdagerand Hall-
man(1989, and tests for seasonal cointegration have recently been deskgmed
gle, GrangeyHylleberg and Leg1993 proposed a generalization of the two-step
Engle and Grangdd.987) procedure to the case of monomial seasonal cointegra-
tion. Lee (1992 extended the maximum likelihood framewaork proposed by Jo-
hanseri1988 1991 to the VAR of time series that are seasonally cointegr&eth
considered the representation of monomial cointegration under some restrictive as-
sumptionsRecently Johansen and Schaumti@p7) provided a complete treat-
ment for the maximum likelihood estimation of the model without any restriction
Besidessome empirical studies on quarterly data have been perforaregle
etal (1993 failed to find seasonal cointegration between Japanese household con-
sumption and incoméut Lee(1992 could not reject the null that there is cointe-
gration at frequencyr between Canadian immigration and unemploymantl
Kunst (1993 found some seasonal cointegrati@h frequencyr/2 andw) in a
model of some macroeconomic time series for different European coumthies
purpose of this paper is to present some results on tests for polynomial cointegra-
tion at various frequencies without any restrictions on the shapgodynomia)
error correction terms or on ti@olynomia) loading factors

Following Gregoir and Laroqu@ 993 1994, we first develop an approach for
covariance stationary processes without deterministic trend with the help of in-
tegral operators and do not consider the consequences of pretesting for the exis-
tence of various unit roots in the time series under stkdy sake of simplicity
we consider a general framework of polynomial cointegration but assume that we
know the frequencies of interest and test for the dimensions and degrees of the
cointegration relationships for each frequendje do not assume that a prior
analysis allows us to define a subset of variables that appears in the relations of
cointegrationas is done in the approach proposed by Phillips and Loé&8n),
Saikkonen(1991), Stock and Watso1993, and othersThe estimation proce-
dure we propose cannot therefore provide the efficient estimators obtained by
these authorsSimilarly, a maximum likelihood approach in the spirit of that
proposed by Johans€éh988 would be computationally difficult in the general
case In the case of monomial cointegration at frequemgy, it has been ana-
lyzed by Johansen and Schaumb(k§97) and amounts to iterative procedures
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Consequentlythe cointegrating vectors we obtain in our approach by principal
component analysis are not efficient estimators but consistent celatively
simple to computeNeverthelessas described by Harrid997), they can be the
starting point of the computation of efficient estimators once some nonparamet-
ric corrections have been computed in the spirit of the fully modified estimators
proposed by Phillips and Hans&t990. We are here mainly interested in the test
for the ranks and degrees of polynomial relations of cointegralttimneover any
efficient estimator of these relations that would satisfy an expansion of the kind
we obtain can be used to test for the null hypotheses we consider

The paper is organized as followis Section 2 the usual model of mono-
mial seasonal cointegration considered by (892, Engle et al (1993, and
Johansen and SchaumbuP97) is used to illustrate the estimation and test
procedures that are presentegspectivelyin Sections 3 and.4The main pur-
pose of Section 5 is to extend the results to a more general class of processes
This class is composed of processes in the class introduced previously but that
have a deterministic trend that we restrict to be a linear combination of mono-
mials (t9 COSw; t,t9 sinw; t)(wje[o,rr],djEN)- In the case of monomial cointegra-
tion at frequency Qwe know that inference on the dimension of the cointegration
space based on maximum likelihood ratio tekithansen1991;, Johansen and
Juselius 1990 can be appreciably modified according to the presence and po-
sition of a constant term or linear trenthe framework introduced in the pre-
ceding sections allows us to provide a specification test for the omission of a
relation of (polynomia) cointegration(at various frequencigsn presence of a
deterministic termA short conclusion is given in Section Bhe technical as-
sumptions on the processes and proofs are gathered in Appendixefexact
definitions of the integral operators denot8g (which play roughly the role of
the inverse of the first-difference operatakg), of 7.! (the vector space of
deterministic polynomial generated it coswt, t’sinwt, t = | — 1}), and the
meaning of the notatiofA, B)* whereA andB are two real matrices with the
same dimensions areespectivelyintroduced in Gregoif1999 in Section 2
and Definition 32. We refer the reader to this paper for most of the results
related to the representation and identification problenthe sequelthe sym-
bol = signifies weak convergence

2. INTRODUCTORY EXAMPLE

By way of illustration we propose in this first section to describe through a
simple example the main results we develop in the following sections in the
general case of polynomial cointegration at different frequenbiethis exam-

ple, we deal with the usual model of monomial cointegration at frequengy®,
andsr. We work with anN-dimensional process whose representation equation is
of finite orderp. We assume that we know the dimensions of the space of cointe-
gration at each frequencs, r 2, andr,. and for sake of simplicitythere do not
exist deterministic trends in the error correction terms at each frequ&hag
under the nullour process satisfies the following equation
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Vi = O0aoGoYi-1+ 0, a,G,yi—1 + (0}, + BOZ ,)

p
X (ak)2G a1+ a2/2G,2V-2) + >, & Vi T €, (1)
-1

where®, andagareN X ro, ®,, anda,, areN X r.,, 07, anda, areN X 1.5, ¢;
areN X N, for all j, and at last, is anN-dimensional martingale difference such
thatEe, e/ = > and each component has a finite fourth mom@re first present an
estimation proceduréhen a statistical procedure to test for the specification of the
model i.e., to check that we do not omit a relation of cointegration at one fre-
quency precisely a test foHJ:ro = r againstH2:r, > r, atest forHg :r, =r
againstH7 :r, >r, and atest foH§/?:r,,,, =r againsHZ/?:r_,, >r.

2.1. Estimation Procedure

A possible way of estimating the cointegration terms at frequencgsh =) is
to compute the, (resp r,,) principal components associated to thérespr,;)
smallest eigenvalues of the cross-productGgi; (resp G, V;). We denotei,
(resp a,) therq (resp r,,) estimates of the basis of the cointegration space at
frequency Qresp ) andy, (resp v,,) theN — ro (resp N — r ;) vectors associ-
ated with the remaining principal components that g® (resp|,,(1)). The way
these estimators are built satisfies the identification rule presented in Theorem
3.2 in Gregoir(1999.

At frequencyr/2, the estimation procedure is more complegcause accord-
ing to Remark 3L in Gregoin(1999, we know that there existr2, ,, cointegrating
vectors that are related two by two by linear constraiifitéxl,, «2),) is a set
of cointegrating vectors ther-a2,, a?,,) is also a set of cointegrating vectors
Various procedures can be used to estimate the cointegrating vectors according to
whether or not we take into account the cross-restrictions that exist between the
2r > vectors We propose to follow a procedure that relies on the identification
criterion proposed in Theorem3in Gregoir(1999. First we compute the small-
est principal component of the cross-product®f .y G, Vi-1), which we
denote(@} ) @221, and buildcii?, the 2N — 1) X 2N matrix whose or-
thogonal rows span the vector space orthogonalag, i, @&2/21) and
(—=a&2,5) @k @), which are linearly independenWe then compute the
smallest principal component of the cross-product®f(G,.¥{ G./2Vi-1)’
and getthe coordinates @t} ,, ;) @22, (») in the basis2. We buildc3{?, the
2(N — 2) X 2N matrix whose orthonormal rows span the vector space orthogonal
to (5\4#/2,(1) &,3/2,(1)), (_&3/2,(1) 51#/2,(1)), (&i/z,(z) &727/2,(2)), and (— CAlﬁ/z,(z)
&}/2.2), and compute the smallest principal component of the cross-product
c%?(G,2Y{ G,/2¥i-1),and so onAtthe end of the proceduyere obtain 2.,
vectors of cointegration that can be divided into two sets gfvectors satisfying
the preceding linear constrainEnally, we denotéyl,, 92,,),the(N—r ) X
2N matrix whose rows are orthonormal té}, a2,) and(—a2, ak.),
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which have been built sequentially using the same procetléeehave the fol-
lowing result

THEOREM 21. The principal component estimaté&o,a,.,(ak, @&2/,))
are consistent estimators 6kg, a,,,(al,,  a2),)).

Once the cointegration relationships have been consistently estirttatquh-
rametersdo, 0, O% ,, 02,5, and¢;, j = 1,...,p can be estimated by running
ordinary least squares regressiong,@h the various cointegration terms and the
lagged dependent variablégonethelesshis analysis is conditional on the null
hypothesis omg, r ., andr,,. It seems of interest to design a procedure to test for
these hypotheses against possible alternatives

2.2. A Specification Test

The test procedure we propose allows us to test for the omission of a relation of
cointegration at a given frequendirelies on the same idea as the test suggested
by Dickey and Fulle(1979. If we introduce the term$,GyV;, v.G,Y;, and
V25GL2V + 92,26, 2 Vi1, Which are nonstationary under the niri the right-
hand side of the representation equatitihve estimators of the coefficients of
these variables superconverge toward zettereas under the alternative at least
one of the estimators of these coefficients has a nonzero. Nfgtcompute a
statistic as the ratio of the variance explained by the integrated regressors for each
frequency to the variance of the residyalhiose nonstandard asymptotic distri-
bution is free of nuisance parametésimilar test has been proposed by Gregoir
and Laroqu&1994) in case of cointegration at frequencylie test at frequency
7 is very close to this ondn case of frequencyr/2, the construction of a test
statistic free of nuisance parameter requires an additional regression because of
the involvement of lagged error correction terms in the evolution of the
N-dimensional variable under study

Let y; be a process whose data generatlng process is givetl)byet
(\Ifo, ﬂ,\Pﬂ/z,Go,@ﬂ,@#/z@ﬂ/z,cﬁl,] =1,...,p') andn be respectivelythe or-
dinary least squares estimators of me< N — ro coefficient matrix¥,, of the
N X N — r, coefficient matrix¥,, of theN X 2(N — r_,,) coefficient matrix
W1/, 0f 09,0,,0%,,,02,,,¢;,j = 1,...,p" and of theN X T matrix of residu-
als in theN-regression equations

’y7T/2G7T/2yt 2+7#/2Gw/2yt 3)

Vi = Y990Go Vi1 + ¥, ¥, G, Vo1 + Vo
V22Gr2Ve-3+ ¥2/2Gr/2Yi-a

+ OpoGoYi-1 + 0,4,G, Y1

+ (0,2 + B0O3,2) (422G, /2Yio1 T @2/2G2Yi-2) + 2 b Yeej T M,

wherep’ = p.
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Let (W, ¥, ¥2,,00,0,,0%,,,062,,¢,] =1,...,p') and7 be respectively
the ordinary least squares estimators oflkhe N — r, coefficient matrix¥,, of
theN X N — r_. coefficient matrix¥,,, of theN X 2(N —r_,) coefficient matrix
W25, 0f00,0,,0%,,,0%,,,¢;,j=1,...,p" and of theN X T matrix of residuals
in the N-regression equations

o1 02

R R Va/2Gr/2Ye-1+ V7/2Gn/2Ye-2

Yo = Y% 70GoYi-1+ V¥ Gr Vi1 + V2| 2
Var2Gar2Vi—2+ V7/2Ca/2Yi-3

+ 00doGoYi-1+0,4,G, Y1

o
+ (0L, + BO2,5)(aL/2GaVi1 + @2/2G2Vi-2) + X, & Viej + s
-1

wherep’ = p.
Then when the sample siZegoes to infinity O, 0., ©% », 025, andd;, j =
1,...,p are consistent asymptotically normal estimator®gf®.,, 01,5, 02,

andg;,j=1,...,p.
Moreover we have the following result

THEOREM 22. The following conergence in distribution holds when T goes
to infinity:

Trace{Tz(éw,L)_l(:);u,L {I\Iw[ﬂi}w Gw y(‘)A/w Gw Y)' ]\i% (:)w,J_}

1 1 -1 1
:Trace{(J dWa’,Ww><J W, (7)'W,,(7) dr> <f W, dWa,)},
0 0 0

where

(i) whenw € {0,7}, ©,,, is an Nx N — r,, matrix of full rank such tha®,, , 0, =
0,3(0,,,) = 0, 7'10,., 7,G,Yy stands for the X N — r,, matrix of generic
elemeny,G,y;—1,t=1...,T,and W, is a standard Wiener process of dimension
(IXN-=r,);

(i) whenw = 7/2, (:)77/2,l is a2N X 2N — 2r,, matrix of full rank such that

A1 A2
N 677/2 ®’JT/2 0
/2,1 Ao A1 =V,
_G)‘n'/Z ®Tr/2

3(0,/2.1) = (042112 ® 11'0.2.1), V/2Gr/2y Stands for the K 2(N —r,2)
matrix of generic element

V2/2Grs2Yie1+ $2/2Gr 2 Y2
V2/2Gr/2Yi—2 + ¥2/2Gr/2 Vi3

t=1...,T
¥ ‘i’;/z

/2 = | 4 ,
V2,
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and

WC, /2 WS. /2
W, /2 =
- WS, /2 WC, /2

where W >, and W, ./, are two independent standard Wiener processes-of di
mensionN1 X N —r_ ).

The trace statistics of the preceding theorem provide consistent tests against
the alternative hypotheses whargis larger than under the nulUnder these
alternativessome linear combinations of variables introduced for test purposes
in the right-hand side of the equation are covariance statioiag/estimates of
the nonzero coordinates ¢f, associated with these combinations are consistent
so that the test statistic is at le@3§(T).

Remark 21. In the general data generating procesere may exist determin-
istic terms in each error correction terifve have

Yi = Oo{aoGoYi—1 + Bo} + 0,{a, G, Y1 + (1) B}
+ (0%, + BOZ,,)

1 G 2 G Z -1 1 P z -1 2
X\ az7/2Gq2Y-11 a7/2G,/2Yi-2 + COS 5 (t—1B7,2+ sin 5 (t—1pBz»

p
+ E Vi t+ €.
=1

The estimation procedure can be easily amended to take into account the pres-
ence of these deterministic trendfge have to regress eatf(1) process on the
corresponding deterministic tre(sl and apply the same estimation procedure to
the residuals of these regressionar the test proceduyee have to introduce the
deterministic trends in the right-hand side of the equation in addition th,the
linear relationshipsTherefore the coefficient matricelg, and . are respec-
tively, N X N —ro+ 1 andN X N — r,, + 1 matrices and2 ,, g = 1,2, areN X
2(N = r,/» + 1) matrices We then compute the same kind of ratio but with the
correspondindN —rg+1XN—-rqg+21(respN—r,.+1XN—-r_+1)or2(N—
r-;2+1) X2(N—r,,+1) cross-product matrices built up with the extra terms
introduced in the right-hand side of the equati®he asymptotic distribution of
the test statistics is then modifidelor 0 andr, we have to replacé,, andW,, by,
respectively(W, 1) and(W, 1). Forw/2, we replacé\ ., andW ., re-
spectivelyby (W, ,,» 0) andW,,,» 1). We refer to Theorems.g and 44 for
more details

3. GENERAL ESTIMATION PROCEDURE

As already mentioned in the introductiothe estimation of the model in this
sectiopand in the following ongs made under the null hypothesis that we know
the degrees and ranks of the cointegrating polynomials at each frequency
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In case of monomial cointegratipfohansen1988 1991 has developed a full
information maximum likelihood approach that has been recently extended by
Johansen and Schaumbyf®97) to the case of seasonal monomial cointegra-
tion. In the general case we considiefooks difficult to carry out in practice/NVe
therefore intend to use the technique proposed by Gregoir and La(bg4é
based on principal component analysibich yields consistent estimates of the
cointegrating vectordn this frameworkwe work with a covariance stationary
processThe idea of the procedure consists of considering the vectors of inte-
grated serie$G, y,G2y,...,G»y) and estimating sequentially the error correc-
tion terms starting with the terms of highest degrBlee basic intuition is that
knowing the number,, , of terms of degreé that are stationaryve estimate
them with the polynomials of degrdein the corresponding integral operator
with the smallest varianceander some appropriate constraints

We derive an asymptotic expansion of the estimates of the principal compo-
nents and we give explicitly the order of magnitudes of their weights on the
integrated directionsvhich are required to derive the asymptotic tests of the next
section The procedure and the proofs of the theorems when{0, 7} are close
tothose in Gregoir and LaroqU&994. Nevertheless for convenienaee present
the procedure and restate the theorems

3.1. A Principal Components Estimator When w € {0,7}

Under the nullwe know that there are exactty ,, terms of degreen, in G,y

and propose &,,-step procedure in which we take into account the fact that the
highest degree coefficients in a cointegrating vector are orthogonal to those as-
sociated with cointegrating vector of larger order of integration under the iden-
tification restrictions of Theorem.3 in Gregoir(1999.

Let us define the matrig, = Iy and the integes, = N. The principal compo-
nents estimator can be iteratively obtained through the replication of the follow-
ing generic stepfor | =1 tom,,.

(Stepl):

—1+1 —l+1

(a) Regresg, G yonG,Y,...,G™ 'yand a basis of ™ and take the prin-
cipal components of the residualhe coordinates of the, ,, ;1 Smallest com-
ponents denoted?, , _j.1 giveas |11 =&l m _1+1C, whereas the associated
regression coefficienté.e., premultiplied bya}, ., _i.1 with the opposite sign
givear e ' forh=m, —landply, "t for0=h=m, —|.

(b) Denotes 1 =98 — I, 141, atm~""ltheg,, X § matrix of the largest principal
components and . ; = 4™ '*1¢ and go to the step+ 1.

We have the following result

THEOREM 31. The principal components estimatés:"(G,), "), h =
1,...,m, are consistent estimators 6&%"(G,),8"),h=1,...,m,.

We need a more precise characterization of the asymptotic behavior of the
estimators of the principal components to derive the statistics of the next section
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In particular it is useful to know the order of magnitude Thof the estimation
error. To describe the speed of convergence of the estimatersake a particular
basis say @,(G,,), of the Nm, space of polynomiaN-vectors inG,, of degree
inferior or equal tan,,, without constant termg&irst, we take thek,, = > hr,,
terms described in Remark23in Gregoir(1999, which are such that,,(G,)y s
stationary with possibly a deterministic trefithen we take theN —r,, terms

G,(a) ag(G,)...az™ 1G,))

that applied toy, all yield 1,,(1) serieslterating the procedurat stagen, we take
theN—ry — -+ =TIy i terms

Ghel abi(G,)...a"™"(G,))

that applied toy, all yield I ,(h) seriesand so onuntil «2G-. It is easy to see
that by construction the resultirg, (G,) is a full rank(Nm, X N) matrix that
forms a basis of th&l-vector polynomials irG,,.

We define similarlyB,,(t) as the correspondingm, X 1 deterministic vector
obtained by the same operations

Now letA,(T) be the(Nm, X Nm,) diagonal matrix that describes the speeds
of convergence of the,(G,)y; + B, (t) serieslts first k, terms are taken equal
to T~Y2 and the others ar€ " whereh is the degree of integration of the cor-
responding term i&,,(G,)y; + B.,(t). Similarly, let A¢(T) be theh X h diagonal
matrix whose ternt j, ) is equal toT 71, associated with tha elements of the
canonical basis of," whose generic element ise "%, In the following state-
ment we use the same symbol for the vector space and its canonical\Wasis
have the following result

THEOREM 32. When the sample size T goes to infinttye principal com
ponent estimates ha the following asymptotic behiar :

ag"(G,)y: + Bh(t) — ad"(G, )y — BH(t)
= Op"(1)A,(T)[a&,(G,)y: + B, (D] + T-Y205(1) AR(T) Z,(1),

where Q¢4(1) and Q¢'(1) are, respectiely, (r,, , X Nm,) and(r,, , X h) ma
trices that both comerge weakly

3.2. A Principal Component Estimator When o €]0,7[

Using the same approach as in the previous seofierwant to estimate sequen-
tially the error correction terms whemn&]0, 77[. We know that in this caseach
set of 2, , independent polynomial cointegrating vectors of dedresan be
partitioned intar,, , couples whose elements are related by linear constr&ifets
therefore are led to build up iteratively one vector in each couple and to derive the
second one by the operation described in RematkrBGregoir(1999.

We start with the terms of highest degrémder the nullwe know that there
are exactly 2, , terms of degreen,,. Among the polynomials of degres, in
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G, Y: andG, y;_, with a deterministic polynomial ifi_", they are the ones with
the smallest varianc&ome cross-restrictions allow us to deriyg, cointegrat-
ing vectors from the,, ,, others We take into account these cross-restrictions
and compute iteratively only,, ,, principal componentsTo find the error cor-
rection terms of lower degrege have to take into account the constraint that
their coefficients of highest degree are orthogonal to those of the error correction
terms of larger degree under the identification restrictions of Theor@nin3
Gregoir(1999. We now describe this iterative proceduket us define the ma-
trix ¢y = I,y and the integes, ; = 1. The principal components estimator can
then be iteratively obtained through the replication of the following generic step
| (forl=1tom,) composed of generic substgffor j =1 tory, ;1) in which
we denote(a, hm'” aZpe ") thejth row of ther,, X 2N matrix coeffi-
cient associated to the terms(B’i}yt andGy,_, in the cointegration relation-
ship of degreen,, — | + 1:

(Stepl, substep ):

(8 Regress ¢ ""HGI ! Tryy GIT Ty 1) on G,Yi,GuYio1.---G0 s
GM~ly,_, and a basis of,™'*1 and compute the principal components of
the 2N — 5 ; + one-dimensional residualshe coordinates of the smallest compo-
nent denoteddy, m —1+1(j) &35 m,-1+1(j)) give (as e —|+L(,) &imﬁjii(,’)‘) =
(&L m—1+1()) 8m L ()G “I+1 \whereas the associated regression co-
efficients (i.e,, premultiplied by(a%  —i+1(j) &3 m,-1+1(j)) With the opposite
sign give (a_ o)t @z forh=m, — | andA-m " and 2" for
O=h=m,— I

(b) Buildupa2N-—g ) >< 2N matrix whose orthonormal rows span the vector space
orthogonal to(am m, —|+:L<1> aZ =111 ;)™ in the vector space spanned by
the rows of¢™ LT ] = Im,—i+1 then denote this matrig™ ™", puts 1, =
Sitmoaa T L and go ta(step(l + 1), substep L otherwisg < ry, .1, denote the

matrlxcﬁl"“, puts j+1=s,; + 1, and go to(stepl, substeg + 1).

We have the following result

THEOREM 33. The principal component estimates(a;"(G,),
&2"G,),BM, h = 1,...,m, are consistent estimators ofal"(G,),
aZ"(G,).B)), h=1....m

As in the preceding sectioto derive the test statistics in Sectionwle need
to know the speed of convergence of these estimatesintroduce a particu-
lar basis of the Rim,-dimensional vector space of polynomiaNectors in
G,, of degree inferior or equal to, without constant termFirst we take the
2k, vectors described in Remark23in Gregoir (1999 that applied to
(y{ yi_1)" yield stationary processes with possibly deterministic treids
then take the &N —r,, , ) terms

G, (5% a2 (az'(G,),aZ*(G,)*™" ... (ag™ XG,),as™ X(G,)™")

that applied toy{ y{ 1)’ yield l,(1) times series with possibly deterministic
trends following Remark.3 in Gregoir(1999.
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We iterate the proceduré\t stageh, we take the 2N — r, ,, — -+ —
l'w,m,—h+1) t€rMS

GE((ad®.a2)™  (abHGu) o (Cu) ™. (a5 ™ (G,).aZ ™ (G ™)

that applied to(y; y{-1)' yield I,(h) time series with possibly deterministic
trends and so onuntil («2°GM, «2°GM)*, From Property 4L in Gregoir
(1999, we conclude that the resulting matis, (G, ) is a full rank 2Nm,, X 2N
matrix that forms a basis of the\N2vector polynomials irG,,.

We define similarly3,,(t) as the corresponding\in,, X 1 deterministic vector
obtained by the same operations

Now let A, (T) be the(2Nm, X 2Nm,) diagonal matrix that describes the
speeds of convergence of theg (G,)(y{ VYi_1)' + B.,(t) series Its first 2k,
terms are taken equal /2, and the others ar€ " whereh is the degree of
integration of the corresponding termar,(G,)(y; yi—1)' + B, (t). Similarly,
let A%(T) be the 2 X 2h diagonal matrix whosgh 2 X 2 diagonal matrix on the
diagonal is equal td ~, when associated with the generic elemehtoswt and
t) sinwt of the canonical basis & In the following statement we use the same
symbol for the vector space and its canonical haseshave the following result

THEOREM 34. When the sample size T goes to infinthe principal com
ponent estimates ha the following asymptotic bebiar :

Y
Yi—

Y

&B(Gw)< 1) +Bi(t) — aB(G“’)<yt1> — Ba(V)

= OSj’lh(l)Aw(T)[aw(Gw)<ytytl> + Bw(t)} + T7205(1) AR(T) V),

where Q1"(1) and Q¢5'(1) are, respectiely, (r,, , X 2Nm,,) and(r,, , X h) ma
trices that comerge weakly

Remark 31. There are other consistent estimators of the cointegration space
However from Gregoir and Laroquél994), we know that a procedure that uses
similar principal component computations but goes from the lowest to the highest
degree gives inconsistent estimators

Remark 32. The estimators we obtain by such a procedure are not efficient in
comparison with estimators we would get by MLE techniguasthe case of
monomial seasonal cointegration at frequengy®, Johansen and Schaumburg
(1997) were led to use complex representation of the VAR process and iterative
maximization procedure to obtain the maximum likelihood estimataorshe
case of polynomial cointegratipthis approach could be computationally diffi-
cult because of complex linear cross-restrictions that have to be taken into ac-
countinthe reduced-rank regression prohl8imilarly, we cannot use the efficient
estimators obtained by Phillips and Lore{d®91), Saikkonen1991), or Stock
and Watson(1993 under some additional restrictions on the structure of the
cointegrating vectors we do not assurvée are basically interested in the tests
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for the ranks and degrees of the relation of cointegratitmverthelesgollowing
Harris (1997), we can modify the estimators we consider with nonparametric
corrections in the spirit of the fully modified estimators proposed by Phillips and
Hansen(1990 to obtain efficient estimates

4. TEST OF THE MODEL SPECIFICATION

We consider a model in which there is simultaneous polynomial cointegration at
different frequenciesWe have to take into account the different directions of
cointegration We then reintroduce the indgxfor the parametew. Once the
cointegration relationshipé,, (G, ), ,éwj) have been consistently estimatéds
easy to estimate the other paramet@jsand¢ of the representation theorem
(equation(1) in Gregoir 1999 simply by running ordinary least squares regres-
sions ofy; on the various cointegration terms and the lagged dependent variables
As noted by Engle and Grangét987), this gives consistenasymptotically
normal estimators dd,, andqﬁ But this analysis is conditional on the initial null
hypothesisi.e,, the values ofa, 1ees T m, , for eachw; € Q. Itis important to
design a procedure to test for these hypotheses agalnst possible alternatives
Under the maintained hypothesis thrq;J is large enough for eadl;, k;) € Q,
there areas considered by Gregoir and Laroqu®94), two possible types of
errors First, the misspecification orfa, 1eeos T m, for at least ongw;, k) € Q
may have led to inclusion among the error correction terms of one or several
terms that are integrated of order at least one for the corresponding frequency
rather than being stationaiy that circumstanceahe corresponding coefficients
in @}uj(O), w; € {0,7}, (resp (D},j(O) and ®§,j(0), w; €]0,7[), (supej converge
to zera This should inform the econometricians about the misspecification
because according to the representation theprin@ matrix 0% (0) (resp
(@)l (0),02 (0))*‘") is of full rank. We are not able to build such a test whose null
hypothe5|s would be that the matrices considered previously are of full rank
The second type of error corresponds to the situation in which one has forgot-
ten some error correction terso thatk; = >y hr,, nistoo small for atleast one
w;j € Q. Itis possible to design a statistical test of the null against the alternative
for each frequency that relies on the same idea as that in the Dickey and Fuller
(1979 test but in a multivariate setuphe specification test is built as follows
Whenw; € {0, 7}, we denoteywj(ij) theNm,, — k; lastcomponents at, (ij)
and Swj(t) the Nm, — k; corresponding components gf, . By construction
wa(GwJ)yt + Swj(t) = Z,, .+ is made of variables integrated of order at least one
at frequencyw; that are not cointegrated herefore if we introduce these
(Nmm - k) variables on the right-hand side of the representation equdtien
esumatord;w of the coefficients of these variables superconverges toward
0. Wheno; E]O [, we proceed similarlyWe denoteyw (G, ) the Nm,, — K
last components of,, (G ) built from polynomlals(alh(G ) a2 h(G ))
ands,, (t) the Nm,, — k correspondlng components ﬁ@), By constructlon
wa(GwJ)(yt Vi 1)’ + 4, (t) Z,,.t Is such that Z!, Ziy 1)" is made of
variables integrated of order one or more at frequeznpynat are not cointe-
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grated Similarly, if we introduce thes@Nmm 2k;) variables on the right-hand

side of the representation equatitime estlmatorpw of the coefficients of these
variables superconverges toward/%e can introduce simultaneously these var-
ious nonstationary terms in the equati@e have statistical results that state that
nonstationary processes at different frequencies are asymptotically orthpgonal
this ensures that the analysis is similar for each nonstationary term introduced in
the right-hand side of the regressidfor sake of simplicitythe statements in
Theorems 4—4.4 take in turn each set of nonstationary terms for each frequency
We then compute a statistic as the ratio of the variance explained by the integrated
regressors for each frequency to the variance of the residuals whose asymptotic
nonstandard distribution is free of nuisance parameters

4.1. Notations

To describe these distributianse need to introduce some pieces of notation
First we define an operatds on the space of multivariaté X n) continuous
time stochastic processesr), with w almost surely inC[0,1]", through

Gw(r) = J: w(r,) d7;. (2)

The termGwbelongs almost surely ©[0,1]", and we not&s¢, thedth iterate of
G. For any positive integed

Gow(r) = fo dr, JO g JO “W(ry) dry 3)

(by conventionG? is equal to the identity

Secondwe associate to ead¢th X n) complex continuous time stochastic pro-
cesam(r) with iw andIw almost surely irC[0,1]" a real matrix representation
with the following form?2

wWh(r) = ( Nw(7) JW(T))

—Jw(r) Rw(r)

and define an operat@,,,  €]0,7[ on this real matrix representation through

GoW'(r) = f W) (¥ (@) © 1) s, @)
where

B Sinw  COSw
Y(w)_<—cos(u sinw>

such that the corresponding proces3&s,w = G, ;w and3IG,w = G, sw be-
long almost surely t€[0,1]". We noteG¢, thedth iterate ofG,,. For any positive
integer
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’ GdC T Gad;s T
Gew* (7) :f G W () (Y (@) @ 1) d71=< 6.cW(T)  GF sw( ))
0

- Gg,sW(T) Gg,cW(T)

(5)

(by convention G2 is equal to the identity

Third, we define a bilinear operator that associates to two multivariate
(1 X m) and(1 X n) stochastic processesandw (resp Brownian processiw)
the (m X n) stochastic matrix = w’ (resp v * dw’), whose elemen(j,|) is
equal to

1
f v (T)w (7) dr
0

(resp folvj(r) dw (7)) and to two multivariatg1 X m) and (1 X m) complex
stochastic processesndw (resp Brownian procesdw) the complex stochastic
matrix whose real and imaginary part dhgo’ = w) = N’ = Rw + Jv’ * Jw,
I x=w) = — Jv" = Nw + R’ = Jw, (resp R’ * dw) = R’ = Rdw + IJv’ *
Jdw, I x dw) = —Jv’ = Rdw + R’ * Jdw). This also corresponds to the
components of ther X 2n real stochastic matrix™ = w* (resp v™ = dw").

Fourth we use the same symbglwhich associates to a deterministic function
(m X 1)g(t) and a multivariatg1 X n) stochastic process (resp Brownian
processdw) the (m X m) stochastic matri>g(t) * w (resp g(t) * dw), whose
element(j,l) is equal to

1
f gi(m)w(7) dr
0

(resp fol gj(7) dwi (7)) and to them X 1 deterministic functiomg(t) and a multi-
variate(1 X n) complex stochastic process(resp Brownian processiw) the
m X n complex stochastic matriy(t) = w (resp g(t) = dw) whose real and imag-
inary part aréli(g(t) = w) = g(t) * Rw, I (g(t) = w) = g(t) * Iw (resp N(g(t) =*
dw) = g(t) = Ndw, I(g(t) = dw) = g(t) = Idw).

In the sequelwe use the notations) to represent thia + 1 X 1 vector whose
jth element is equal to! 2

4.2. A Theoretical Statistical Property

As in Gregoir and Laroque 994, we decompose the analysis into two paftse

first part Theorems 4L and 42, which follow, states a statistical respdtssuming

that the cointegration terms are known at each frequeBay the estimation
errors of the cointegration terms introduce nuisance parameters in the test statis-
tics. To get rid of these parameteiheorems 8 and 44 in the next subsection
present some corrections of the test statisfibe results stated in these theorems
are still valid if we introduce simultaneously various sets of nonstationary terms
in the right-hand side of the regressid¥e first give the technical assumption we
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require for the data generating process of the time series under study and its
innovation process,.

Assumption 1y, is a process i€, whereQ) = {(w},k),j = 1,...,K} with a
finite representation and satisfies an equation of the following form

P(B)Y: = B0} (4) + BOZ (4u)Ha (6o + 056 Yocs + By (O} + o

with the propertles described in Theorem & Gregoir(1999 andd¢; = 0, for
i >p.

Assumption 2 g, is an N-dimensional martingale difference satisfying
E(el Ai-1) = 0, Cov(er| A1) = 3, and mayeqy . nySURE(g;[*"°[ A1) <
+oo a.s. for somed > 0, where#,_ is theo-field generated bys, |,1 =1,2,...}
andy, is a positive definite matrix of full rank

We now state the first theorem far € {0, 7}: Lety; be a process satisfying
Assumptions 1 and. letzpw , (69 (A,),9=12) (@2 (-) =0whenw; €{0,7}),
¢w1’ and 7 Ty be, respectlvelythe ordinary least squares estimators of th&
(waj — k;) coefficient matrm,//wj, of (03(4,,),9=12), ¢, and of the(NX T)
matrix of the residuals in thH regression equations

p’
Vi = Yo, 2oy -1~ |=21¢| Y1 + 1t
+ BE {®Z-J|(Aw|) + B®E)|(Aw| )}{a(}q(Gq)yt + a02)|(Gw|)ylfl + Bw|(t)}’ (6)

where Zop t is constructed as described in the beginning of this section and
p’ = p. In the following statementZ,, _, stands for theT X (Nrnwj - k)
matrix of generic eIemenZ;)j,t_l,t =1...,T.

THEOREM 41. When the sample size T goes to infinttye following con
vergence in distribution holds

Trace{T (7, %j)fl/zl/;wj [Z0,-1(Z4,-1) ]%j(ﬁw,- 7o) %}
= Trace{(dW, * X,, ) (X,, * ij)*l(xguj * dW, )},

Whel’eVM —(W 0 Wy 15w, Woy i, )isastandard Wiener process of dimension
(1XN), Wlth W,,, Oofdlmensmr(lxN (o ) and\/\L hofdlmen5|or(1><rw h)
forh=1, and fmally >g, (W0, - ,G”‘w.‘lw O,W .,G™Mo 2W

W, 1y, GM ™ IW, e, W _1) is of d|men5|or(1>< wa — k)

We now consider the casg E]O,w[. Lety, be a process satisfying Assump-
tions 1 and 2Lety, , (03 (A,,), g=12) (62 (-) = 0 whenw; € {0,7}), 4,,, and
7., D& respectivelythe ordinary least squares estimators of the (2Nm,,,J -
2k;) coefficient matrin//wj, of (G)S’,I(Awl), g=12), ¢, and of the(N X T) matrix
of the residuals in th&l regression equations
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ij t—1 P’
'//w < _lgld’l Vi1 + 1

,t=2

+BY {0} (4,,) +BO2Z (A, )Hal (G,)y: + @2 (G, )1+ B., (D)}, (7)

where the wayzZ,, . is computed is described in the beginning of this section and
p’ = p. In the following theoremZ’J,,L,z stands for thel X (2Nmmj— 2k;)
matrix of generic eIemer(tZa, -1 Z[’uj,t,z), t=1...,T.

THEOREM 42. When the sample size T goes to infinthe following con
vergence in distribution holds

Trace{T(nw an l/Zl)ij [ij,*L*Z(ij,*L*Z), ]l&(:uj(ﬁwj ’;7(:)])71/2}

:Trace{(COSw,-IN sinw; In) (AW 5 X5 ) (Xg # X;5) ™ 1

Coswj Iy
X (X, = dW)
sinwj Iy
where

W* _ WC,a)J Ws,wj

“ _Ws,wj Wc,wj
where W,, and W, are two independent standard Wiener processes -of di
mension (1 X N), which can be respectiely, partitioned into (V\4w 05

We w15+ We o, m ) fe{c,s}, Wltth oofdimensiofl X N—r J),and ij,h
of d|men5|or{1 X rw n) forh=1; then

XC,a)j XS,mJ
X =
! _Xs,wj Xc,wj
-1 —2
Where Xw (VVf wj, 0 G;‘:{:’Jf WwJ,O’VVf,wlj,l’ '”’Gz}:]’f ij,l" "’va,wj,h’ ceey
Gmwj h- 1W h’ va,a),,mwfl)’f € {C’S}’ and
W Wc,wj,h Ws,wj,h
wi,h —
! _Wswj,h Wc,wj,h
sothatX,,,f e {c,s}, is of dimension(1 X Nm,, — k).

The trace statistics of the preceding theorem provide consistent tests against
the alternative hypotheses whdge= >hr, , is larger than in the nullUnder
these alternativesome linear comblnatlons cZw . or (ij ¢ Zw i—1) are
covariance stationaryrhe estimates of thédlﬁ‘erent from zero coordlnates of
Yo, associated with those combinations are consisteatest statistics is at least
p(T) (e.g., Phillips and Ouliaris199Q Sect 5).
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4.3. The Specification Test

Unfortunatelythe first step errors in the estimationaf (G, ),Whenw, e{0,7},

or Of(al(G ) aZ(G )), whenw; €]0,7, introduce nuisance parameters in
the limit distribution of the test statistics presented in TheorerhsAd 42. A
projection onthe orthogonal spaceétggj (0), whenw; € {0, 7}, allows us to getrid

of these nuisance parametef¢henw; €]0,7[, the correction is more compli-
cated because of the involvement of lagged integrated variables in the error cor-
rection termsThe correction we propose corresponds to a projection on the
orthogonal space t(l?‘)(},j (0), @)ij (0))*»;, which allows us to eliminate the spread-
ing of the error correction terms at ddte 1 in the evolution ofy, andy;, 1. It re-
quires an additional regressidffe now have to describe the way the terﬁ]@t

must be built

When w; € {0,7}, take in turn the cointegration relationships of degree
h,h = m,, ;.. .1 anda n the estimated coefficients of the terms of highest
degreeThen apply these coefficients to the residuals of the regress@j, of
on G- ly, ,G,,y and a basis o, =h+1,...,m,. Finally, |eta0 be an
(N — r X N) matrix of orthonormal vectors that completes ﬁ?& h- Apply
the same rule foh = 0. This yields an(wa — k X T) estimate of

Whenw; €]0,7[, similarly, take in turn the cointegration relationships of de-
greeh,h=m,,...,1, and(aj;j[“h aj;jf‘h) the estimated coefficients of the terms of
highest degree‘l’hen apply these coefficients to the residuals of the regression of
G., Yt andG,, i1 on Gy 'yi, Gy M Yi 1, Gy V1, G, Vi1 @nd a basis of ;| =
h+ 1...,m, . Finally, Iet(al0 a2 0) be an(N -r, % 2N) matrix of orthonor-
mal vectors(bunt sequentlally usmg the procedure described in Secti?ntBat
completes thex)) 1 in anN X 2N matrix of full rankN. Apply the same rule for
h=0. This y|elds ar(wa —k; X T) estimate on,,, t-

In the sequeITm i(t) stands for the canonical baS|s of the vector sﬁéﬁe at
datet. We first g|ve aresultfow € {0,7}. Lety, be a process as in Theoren4
Let tpwj, (@wl(Awl), g=12 (G)f,j( -) = 0 whenw; € {0,7}), ¢, andij be, respec-
tively, the ordinary least square estimators of kh& ((N + 1) m,, — k) coeffi-
cient matrixy,, , of (02 (A,),9 = 12), ¢, and of the(N X T) matrix of the
residuals in the\ regression equations

Zij,t—l p’
=i, > hy +
Ve = o, ,];ij(t) I=1¢|)’t| UL

+ B {05,(A,,) + BOZ (4,)Has (Gu)Y: + @2 (Gu)yi-1+ B, (D} (8)

wherez’?wj,t is described previously ang = p.
THEOREM 43. Let @w L bean(NXN-r, ) full rank matrix such that

0., L(E) ,(0) = 0. Then when the sample size T goes to infinitye following
corvergence in distribution holds
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Trace{T(G)a) Lﬁﬁ,®wJ,L)71@L)J ,L l;wj [zwj,fl(ZAmj,*l), ](Z-ti)] (:jmj ,L}
= Trace{(dW,, o * X, )(X;, * X,,) " (X, * dW, o)},

whereX, = (X, 7o™ 1) with W, .0 and X, as defined in Theorem.1 and
whereZ; _4 stands for the Tx ((N + 1)m — kj) matrix of generic element
(Zha TM(t—1)),t=1...T.

We now consider the casg €]0,7[. Lety, be a process as in Theoren24 et
lﬁi,-,(@fi.(Aw.), 9=12) (03 (-) = 0 whenw; € {0,7}), ¢, andij be, respectively
the ordinary least squares estimators oflfthe (2(N + 1) m,, — 2k;) coefficient
matrix z//,,ﬁj, of (@,?,I(Awl), g=12), ¢, and of the(N X T) matrix of the residuals
in theN regression equations

A

Za)j,th ,
ZA p
= '//al), @}, =3 - Z D1 Y1 T M
Tw'j"‘“l(t P =
+B X {0(4,)+BOZ(A,)}
w €]0,7[
X {d(}q(G@)yt + CA¥3|((-?"w|)yt*1 + ,éwl(t)h (9)

whereé’,‘,j,t is described previously ang = p. Let ;Zﬁj,(égl(Awl),g =12), b,
and 1 be respectivelythe ordinary least squares estimators oflkhg (2(N +
1) m,, — 2k;) coefficient matrixpf,J, of (®§,I(Awl), g=12),¢,and of the(N X T)
matrix of the residuals in thH regression equations

ij,t*l ,
N p
= l!/az), Z“’i’tfz - 2 h Y+
Twrj"wl(t _1 =1
+B X {05(4,)+B6OZ(A,)}
w €]0,7[
X {al (G, + &2(G,,)) Y1+ Bu, (D). (10)

THEOREM 44, Let ®w L bea2Nx2(N-r, ) full rank matrix such that
l(01 (0),02 (0))*“’ = 0 Then when the sample size T goes to infintibg
foIIowmg corvergence in distribution holds

i 7
Trace{Tiu,Jl/zC:)L,J,L(w )[Z 12(Z,, LZ),](&ZJ)éwJ,Liwjl/z}

= Trace{(dW ', * XZ,-)(X;; s )'Zj,j)*l()?;j’ # dW o)},
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3 _ A’ coswin’\
ij = @)wj,J_ ~ ~ G)wj,J_ ’
COSw]- nm nm

Zw _1-» stands for the TX (2(N + 1)m — 2k;) matrix of generic element
(Z’ -1 Zw 2 Tm'w(t 1)), t=1 TW|thXCw = (X, Ouxm, ))and

(ng To Mo~ ) where W 05 Cw , and Xw have been defined in Theo
mm42

The first step errors in the estimation of the cointegration terms create a diffi-
culty: the testbased on the trace statistics of Theorefentl 44 procedure is only
consistent against the alternative hypothesis of Ia{)gerZhrwJ,h such that when

1
w; € {0, 7}, Ol 1 Yo, is different from zero and whea; €10, 7, 0,1 (w“z’i) is
different from zeroFor the(measure zensubset of alternatives underwhjich this
matrix product is nullthe trace statistic does not tend to infinity withThis sit-

uation does not exist in the monomial case where whef {0, 77}, G);uj AW, and
1

Z’) are always different from zero

Appendix B presents the guantiles of the corresponding test statistics for the
case where the statistician considers twice integrated time gemjes 2) and
o =m/2. Whenw = 0 orw = 7, the useful table is given in Gregoir and Laroque
(1994. Five thousand independent drawings of the distribution have been com-
puted for a value of = 400. The rankN —r ., ranges from 1 to Swith values of
I.21fromO0to5r,,,being implicitly equal tar,,» — r,/2.1.

whenw; €]0,7, ®Z)j,i (

5. DETERMINISTIC TRENDS

Johanseii1991) and Johansen and Jusel{@990 have shown that the presence
of deterministic trends under the null in the Wold representation of a multivariate
process plays a crucial role in the statistical and probabilistic analysis of the
model The subject of this section is to extend the results obtained in the preced-
ing sections to the larger class of similar processes but with deterministic trends
we restrict to be a linear combination of various elements in some vector spaces
Td The representation equation for such a class of processes is in Gregoir
(1999 We briefly explain the modification we have to introduce in the estima-
tion procedure and design a new test procedure for the presence of omitted poly-
nomial relations of cointegratiohe proofs of these results that are relatively
close to the previous ones are not given in the appendix because of lack of space
but are available from the author

We start by introducing our data generating process
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Assumption 3 y; is a process it - with a finite representatigrwhich sat-
isfies an equation of the following form

®(B)y = @, (1) + & + B {05 (A,,) + BOZ (A,)}

X {al (G, )Y + a2(Gy i1 + B, (M) (D)}

with the properties described in Theorem & Gregoir(1999, in particular

@ -

T

andeg; =0, fori > p, O ={(w;,k),j=1...,K},andl’' = {(=;,,d;))j’ =1,...,D}.

In this sectionwe use the notatioff,_r with T' C T to denote the vector
space such thaf, = 7,_ r®(ﬂ, d )EFTJ When w; is not an element of a
couple inT', we putd; = 0, so thatTh+d =1, le = {0}, andv — {w}} = ».

From now on we assume that the innovation processf the time series un-
der study satisfies Assumption 2

Using the results of the preceding subsectibris easy to amend the esti-
mation procedure described in Section 3 to take into account the presence of
the deterministic trends in the error correction terms induced by the existence
of v, under the null We have to include at step in the regressors with
Gmwn yt,Gmwn "ly.,...,G, .Y @ basis of the vector space of deterministic
functlons described in Theorem16|n Gregoir(1999. For this modified pro-
cedure results such as Theoremsl3and 33 can be easily extendgdnd we
have consistency of the estimato&milarly, Theorems 2 and 34 are slightly
modified The estimated principal components keep the described asymptotic
behavior They more precisely have weights of order" 2 on each deter-
ministic trendt"e'®it included in the regression3o describe the behavior of
these termswe need to introduce a basis of the vector polynomials of degree
at mostm,, . We use the basia, (G ) which is defined in Sections.B and
3.2. The construction oBu, (v)(t) is derived in the same way as that presented
in Section 6 in GregO|(1999

THEOREM 51. When the sample size T goes to infinthe principal com
ponent estimates ha the following asymptotic bebiar.

1. Whenw; € {0, 7},
GEP(G,)Y: + (1) (1) — aZP(G,, )y, — BY(1)(D)
= O (DA, (T)[ e (G e + By (1) (V)]

+ T 200" (1) Ao (T TS () + T 200" (1) AL 9N (T) T, 14 (1)

https://doi.org/10.1017/50266466699154021 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466699154021

HIDDEN UNIT ROOTS: Il 489

where Cg"l (1), O“’l "(1), and O(”J "(1) are, respectiely, (r,, n X Nm, ), (1, n X
h+d), and(rml h >< Em. +apmpe(om O + Dwelo,»[201) matrices that coverge
weakly The termsd,, (T) and AR 4(T) are defined in SectioB. Here A}, lol(T)
is a diagonal matrlx whose terms are equal to'Wwhen they are associated to a
monomial of degree |

2. Whenw; €]0,7[,

Yt . Y
&zj<ewj)< ) AR (1) — azj(ewj>< ) ~ BRI
Yi-1 Yi-1

Yt _
— o)A, (T){ (Gwp(y)ww,(u)(t)}

+ T200," (1) At g (T) TS (t) + T Y2020 AL (T) T, 1, (1),

where Q:il’h(l), O;“’Jz’h(l), and O‘F’;gh(l) are, respectely, (r,, n X 2Nm,, ), (r,, n X
2h), and (rwi,h X D efo,m EWI,#wj,WI,E]O,,,[Zd.V) matrices that corerge
weakly

We want to build a specification test in the same spirit as that in Gregoir and
Laroque(1994) and Section 4We know that we are only able in this framework
to test for the omission of polynomial error correction terifitse expressiok; =
thzllhrwj,h is too small for at least one; € Q. Under the nulla deterministic
term is presentwe therefore have to amend the procedures described in Section
4 to take into account this tetrhe specification test is built as follows

Whenw; € {0,7}, we denotey,, (G,,) the Nm, — k; last components of

(G ) andé,, (v)(t) the Nm,, — k correspondlng components ,BL (v). By
constructlon wa(G J)yt + 6 J(v)(t) = 2yt is made of variables mtegrated of
order one or more at frequeney that are not cointegrated herefore if we
introduce theseéwa — kj) variables on the right-hand side of the representa-
tion equationthe estlmatorpw of the coefficients of these variables supercon-
verges toward 0

Practically these terms are estimatatfe know that the estimation errors of
these terms and in the error correction terms introduce nuisance parameters in the
limit distribution of z/?wj that can be removed by a suitable projectidloreover
these terms are not asymptotically orthogonal to the terms present under the null
in the right-hand side of the representation equatindeed there exists a cor-
relation due to the deterministic trenflvo projections therefore are needed to
introduce in the equation for test purposes nonstationary terms asymptotically
orthogonal to the terms in the right-hand side of the equation and to build a test
statistic free of nuisance parametefr$e first projection is performed on the
nonstationary terms before their introduction in the equafidre second one
corresponds to the projection qf)t,j on the orthogonal space @)j 0).

Here is the way the divergent terms are built Take in turn the cointegration
relationships of degrele, h = My, - L1 andaw n the estimated coefficients of
the terms of highest degreEhen apply these coefficients to the residuals of the
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regression of5;, y on G'J y....,G, y and a basis o, "% @ 7, | =h +
L...,m, Fmally, leta? be an(N ><N)matr|x of orthonormal vectors that
completes thezh e Apply the same rule foh = 0. This yields ar(wa -k X

T) estimate on,,, .. We complete this vector with the elements of the canonlcal
basis omewJ T‘J’ ={tde el . tM 4" leT19itl We compute the residuals
of this (N + 1) o k; vector in the ordinary least squares regression on the
canonical basis off’d We then obtain afiN + 1)m — kj X 1 vector we de-
note?, q z, tand introduce in the right-hand side of the equation

When o E]O w[, we proceed in a similar waywe denotevy,, (G,)
the Nm, — ki last components ofa, (G J) built from polynom|als
(alh(G ) a2 hG, ) and 8, (v)(t) the wa — k; correspondmg compo-
nents ofﬁw(v) By construcuoh ym(G )(yt Vi_ 1)’ + 4, (v)(t) = Zyt is
such that(Z;)j,t Z;,j,t,l)’ is made of variables integrated of order one or
more at frequencw; that are not cointegrate@imilarly, if we introduce these
(2wa — 2k;) variables on the right-hand side of the representation equa-
tion, the estlmaton//m of the coefficients of these variables superconverges
toward Q

Practically these terms must be estimatadd we have the same problems as
that whenw; € {0,7}. The estimation errors of these terms and in the error
correction terms introduce nuisance parameters in the limit dlstrlbutlrzm, of
and these terms are not asymptotically orthogonal to the terms present under the
null in the right-hand side of the representation equatia then perform two
similar projectionsThe first projection is performed on the nonstationary terms
before their introduction in the equatiofhe second one corresponds to the pro-
jection ofij,,, on the orthogonal space (@, (0), 62 (0)) .

The divergent terms are built up in the following wdawke in turn the co-
integration relationships of degregh = m,,,...,1 and (aj;jf‘h aj;j[lh) the
estimated coefficients of the terms of highest degiideen apply these coeffi-
C|ents to the residuals of the regression ce}g y, and G, Yi-1 0N G- lyt,

"Yi1,.-:Gu, Y1, Gy, Vi1 @nd a basis ol‘T'+d ® 7T, {m}, l=h+1,..

Fmally, let (allo 210) be an(N - r,, ' 2N) matrix of orthonormal
vectors built sequentially as in SectionZ that completes the!! .h inanN X 2N
matrix of full rankN. Apply the same rule foln = 0. This yields ar(wa —k X
T) estimate ofZ,, .. We build the(2wa — 2k; X 1) vector of these terms and
their once Iagged value and complete this vector with the elements of the canon-
ical basis of 7,4 — T4 = {t4sinet t4 cosayt,..., t™ 4 sinayt,
[T I COSw); t} We compute the reS|duals of thighe + 1)m — 2k; vector in
the ordinary Ieast squares regression on the canonical ba@]& cWe then ob-
taina AN + 1)m — 2k; X 1 vector we denot@w 4 Zw . and introduce in the
right-hand side of the equatlon

As in the procedure described in Sectignve can introduce simultaneously
these various nonstationary terms in the equatkor sake of simplicitythe
statements in Theorems25and 53 take in turn each set of nonstationary terms
for each frequencywWe then compute a statistic as the ratio of the variance ex-
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plained by the integrated regressors for each frequency to the variance of the
residuals whose asymptotic nonstandard distribution is free of nuisance parameters
Before stating the statistical resyltge need to introduce some pieces of no-
tation Let us define two operatorB, and Qy, on the space of the multivariate
continuous time stochastic procesgés) through the following procedure

(i) For(1X n)w(t) almost surely inC[0,1]", we denote
Paw(t) = w(t) = t§ (7§~ x 78 7V) H(rg xw),

wheretd = (1...t"Y, (P,w(t)) belongs almost surely ©[0,1]", (7§ = 7§~ V) is

a symmetric invertible matrpand the other terms of the expression are continuous
(ii) Fora(l1x n)complex stochastic proceagt) whose real and imaginary parts are

almost surely inC[0,1]", we denoteQ,w(t) the complex stochastic process such

that R Qpw(t) = Piw(t) andI Qpw(t) = P,Iw(t) that belong almost surely to

C[0,1]". The expressio®,w*(t) is consistently defined

By convention Q, andP, are equal to the identity operatdihe same notations
are used for similar operations on deterministic functidvs now state the prin-
cipal result of this sectian

We first consider the case € {0,7}. Lety, be a process satisfying Assump-
tion 3. Let szJ, (02(4,), 9=12), ®,, $, and7n be respectivelythe ordinary
least squares estimators of the< (N + 1) m,, — k) coefficient matrix%j, of
(02 (A,), 9=12), ®,, ¢, and of the(N X T) matrix of the residuals in thi
regression equations

o
i = q)v(t) + wmj ij,dj ij,t*l - 2 ¢| Vi1 + Tt
=1
+BY {0} (4,) +BO2Z(A,)}
@)

X {&3)|(Gw|)yt + C/\l5|(G(u|)ytfl + BAwl(V)(t)}’ (11)
whereP,, 4 Zuj,t is described previously am = p.

THEOREM R/2. Let ®,,, L bean(NXN-r, ) full rank matrix such that
o, l(i) (O) = 0. Then when the sample size T goes to infinitye following
corvergence in distribution holds

Trace{T i;}jl/Z (:);uj,i l/;wj [ij ,dj é’ywj ,fl(pwj ,dj é’,wj ,fl), ]17[7(2)] @wj L S;jl/Z}
= Trace{(dW,, o Py X,,) (Py X,,)" * Py X, ) H(Py X)) x AW, o)},

wheres, = G)w 2m @,,, 15 Py, Zw -1 stands for the T>< (N + 1)m,,
k) matrix of generic eIemen’Pw dZw et = 1. o = (X, 74
.M 41 and W, 0 and X, are defined in Theorem 1
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We now consider the casg €]0,7[. Lety, be a process satisfying Assump-
tion 3. Let s, (07 (4,,),9 = 12), ,, ¢, and1j be, respectivelythe ordinary
least squares estimators of fdex (2(N + 1)m — 2k;) coefficient matrinpj , of

(e (Aw|) g=12), ®,, ¢, and of the(N X T) matrix of the residuals in thbl
regression equations

o
Yt = (I),,(t) + l;[/(})jpwj,dj Za)j,t—Z - E ¢| Yi—i + Nt
=1
+BY {0} (4,,) +BO2Z(A,)}
)

X {3, (G,)Y: + @2 (G,)Yi-1+ By () (1)}, (12)

WhereP,,, g Zw tis described previously amd = p. Letg[/ , (02 (A,),9=12),

b, ¢, andn be, respectivelythe ordinary least squares estimators of khg
(2(N+ 1)m,,,j 2k;) coefficient matrmpwj, of (@wl(Awl), g=12),d,, ¢, and of
the(NXT) matrix of the residuals in thH regression equations

.
Yo = @, (1) + 2P g Zu1— 2 bV T m
=1

+B > {0l(a,)+B62(a,)

w €]0,7[
X {&d (G, )y + &2(G,)Ye-1 + B, (W) (D). (13)

THEOREM 83. Let ®a, L bea2Nx2(N-r, ) full rank matrix such that
0,,..(0;,(0),0Z (0) ™ = 0. Then when the sample size T goes to infintitg
foIIowmg corvergence in distribution holds

7.1

I 7 ZAY
Trace | T2,'0), | JZ [Payg Zoy.1(Puy.d 2y 1)'] 72 0,1

= Trace{(dW; o + Qq X5,)((Qq X3,)' # Qg X5) ((Qy X5)' * AW, )},

where
- _ 77’ cosw; 71"\ _
Ew» = ®w~,i —_ _ G)w- R )
’ T\coswjn’ 7’ :

Po,.q 2;, _4 stands for the TX (2(N + 1)m — 2k;) matrix of generic element
ij,dj Z:u],tfl’t = ]-a”-vT’
K= 27 Xs

“ _Xs,wj Xc,wJ
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with X, = (X, Otaxm,)) and Xew = Kgo, 74..7M471) and W, o,
Xew,, and X, are defined in Theorem.2.

As noted in Section 2, the first step errors in the estimation of the cointegra-
tion terms cause a problefhe test based on the trace statistics of Theoreths 5
and 53 procedure is only consistent against the alternative hypothesis of larger
k= Ehrwj, nhsuch that whem; € {0, 7}, Ol 1 Yo, is different from zero and when

l/Jl
w] 6]0777[7 ®;uj,J_ (lp

@i

2
alternatives under which these matrix products are théltrace statistics do not
tend to infinity with T. Similarly, this difficulty does not exist in the monomial
case where these matrix products are always different from zero

Finally, Appendix B presents the quantiles of the corresponding test statistics

for the case where the statistician considers twice integrated time &®yjes2)
andw = 7/2. Whenw = 0 or w = 7, the useful table is given in Gregoir and
Laroque(1994). The table is similar to that described in Sectio®:4,000 inde-
pendent drawings of the distribution have been computed for a vallie@f00
TherankN —r, ,ranges from 1 to with values ofr ., ; fromOto 5, ,, , being
implicitly equal tor,.,, — r,/2.1.

) is different from zeroFor the(measure zenossubset of

6. CONCLUSION

In this paperwe develop an estimation and test strategy relying on simple sta-
tistical procedures such as principal component computation and ordinary least
squares to deal with vector error correction models with complicated polynomial
error correction term@vith possibly deterministic termat different frequencies

as described in Gregait999. This specification may occur when we work with
nonseasonally adjusted nominal data and price indices that may be well described
with models containing more than one unitroot at frequency 0 and some seasonal
unit roots Once the null hypothesis is chosen and the stationary polynomially
cointegrated terms are estimat@ck can test separately for each frequency for
the omission of a polynomial error correction terfthe result presented here
assumes the knowledge of the highest degree of the polynomial error correction
terms at each frequency and the dimension decomposition of the cointegration
vector space into independent subspaces of polynomials of different highest de-
grees(between one and the highest value practice following Gregoir and
Laroque(1994), it is possible to use iteratively the same simple ideas and statis-
tical procedures to construct an exploratory procedure to build the null hypoth-
esis and then proceed to an overall specification test

NOTES
1. We simply have to note that B2(t) € 7." then8l(t) as defined in Remark.B in Gregoir
(1999 is also in7,.

2. This relies on the existence of an isomorphism between the spaces undeSs@doodman
(1963 for an introduction to multivariate complex distribution
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APPENDIX A: PROOFS

PRELIMINARIES

All the proofs rely on the asymptotic behavior of integrated proces8edirst introduce
two new integral operatorand then we summarize the statistical properties of the pro-
cesses we have considered up to now

DEFINITION A.1.

(i) The integral operatosS. ,,, @ €]0,7[ associates to any sequences=y(y;,t =
0,1,...) of RY a sequencé, ,,(y); defined by

Sc,a)(y)t = 21 CquT)yT'

(i) The integral operatoiSs ,,, w €]0,7[ associates to any sequences=y(y;,t =
0,1,...) of R¥ a sequencés ,(y); defined by

Ssw(Y) = 21 sin(w7)y,.

Ford =1, we denotesg,, andS¢,,, the integral operatois, , andSs ,, applied toGd*:
880w =8c0GS

S84, = 8,63
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There exists a simple linear relation between the ved®fs; GJy;_;)’ on which we
work and the termsS¢,y; S, y¢). After simple trigonometric computationse get

Q) ® |N< o ) “R @) ® m(sg’“’y‘), (A1)
GoYi1 SduVe
where
1 —cosw
Qlw) = (0 —sinw)
and

COSw —Sinw
R(w) = . .
sinw  cosw
In the sequelwe denoté (w,d) = 1/29"*sin% w.

Property A.1. Let u, be an N-dimensional martingale difference satisfying
E(uilF-1) = 0, Cov(p| F-1) = In, and mayeqy,.. nySURE(uj(|*°| Fo1) <
+o0 as. for somes > 0, where F_ is the o-field generated by{u,—,| = 12,...}.
Then whenT, the sample sizegoes to infinity the following convergences in distribu-
tion hold wherd T7] is equal to the integral part dfr.

(I (a)) [ONS {Oa 77}5T71/2eiM[TT]Gw M[T7] = Ww(T)7
whereW,, is anN-dimensional standard Wiener process

2\1/2
(i(b))wE]O,ﬂ[,<;> (Sewttfrr) Sswmirm) = Meo(7)  Weo(T)),

whereW, ,, and W ,, are two N-dimensional independent standard Wiener
processes

For any integed; =1, d, = 1, d3 = 0, andd,; = 0, we have the following joint weak

C,w S, w

convergence where we denote wher 0,7 [, W, = :
_Wsw Wc,w

.
(iil(@) 0 €{0,7}, T™H7% > G u,G% u| = GH W, * G2\,

t=1

.
(il (D) @ €{0,7}, T~ %R 2N glottdsGl 1 — 7 5 GL™IW,,

t=1
T Gglll« nglu ’

(ii(c) wel0,7[, T 4% %> d t d [
t=1\ Ggt -1 ) \ G2 ti—1

= f(w,d; — Df(0,d, — DQuH @) (G W, * G W, ) Qu*(w)',
whereQy'(») = Q ' (w) ® I.
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T [ t%sin(wt G2 ) ’
(ii (d)) wE]O,W[,Td3d21/22< sin( )>( L >

i\ tBcogwt) [\ GL

=2 Y% (0,d, — D7% % GE W, Q ()"

(iii (@) w €{0,7r}, T~97d"1 > (glottd)(elwith) —

= dy+d,+1°
. 1 t% sin(wt) \ /t% sin(wt) \
i €10, [, T %t
(it (b)) @ €10, tzZl t% cogwt) / \ t% cog wt)
1 3 0
T drdir1\0 2)
T .
(V@) w € {07}, T4 > G i = €GH W, + dW,.
t=1

.
(iv(b) w €{0,7}, T~ %2> e@lottdayr | — elords x dW),
%
t=1

T Gﬂl Mi—1
(ive) weloa[[ T 43| =
=1\ Gg! ty—»

COSa)|N
=f(w,d, — 1)Q Hw) ® INGH W, % dW, | . .
Sinwly

T Gdl -
(iv(d) o €]oa[, T E( o 2) Kt

d
t=1 Gwl Mt—3

= fo,d — DQ (@) ® INGH W, * dWw<

T /t% codq wt) coswly
(iv(e) w€l0,m[, T %23 pisr= 2 Y27%  dW, :

COS wly
sin 2wl

Z1\ t% sin(ot) sinwly

T d3 |
(iv(f)) o €10,7[, T B2 t C?S(wt) Wiio = 27 Y27% % dW, C?s Dol .

1\ t% sin(wt) sin 2wl

Furthermore

]
V(@) T 4% G§ G = O.

t=1
T Ggi:“«t '
(V(b)) w31 € {0777-}5 w3 6]0177[’ T7d17d2 2 Ggi Mt = 0

t=1 Ggil“‘t—l
(V(C)) (wl9w2) E]Or’”[% (251 ta w2,
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T/ Gh G% u, \
Td1d22< wllu’l )( wzﬂ’t ) :>o

d d
t=1\Gg! mi-1/ \Ga2 e—1

T Ggl Mt
(v(d) w€]0,7[, T™% Gl (pe — 2C0Swpti—1 + pi—2)' = 0.
t=1 w Mt—1

(v(g) T 9% 9 1 td(—1)t% - 0.

t=1

T . td4 Sln(x)zt !
(vV(f)) w, € {0,7}, 0w, €]0,7[, T %02 z tdsgiwat — 0.
=1 t% cosw,t

(V(g)) (wl’wZ) 6]0777[29 w3 7+ w3,
T [t%Bsinwt) /t%sinw,t
Toaaty >0
Z1\ t%cosw,t /\ t% cosw,t

T
(v(h)) T ds—d2-1/2 E (—l)ttd3ng wi=0.

t=1
T
(v(i)) T-% %2 3 tRGE ui = 0.

t=1

T Gt \
() w1 E{07}w, €J0,7[, T % %12 erionttds| = | =0,
t=1 Go2 -1

T /t%sin(w,t)
(vV(K) w; €{0,7},w, €]0,7[, T~ %% Y23 G% ui=0.
=1\ t% cos w,t) '

(V(I)) (wl9w2) E]O,’n’[z, w7 * w2,

T d3 qj t ng !
Tdadzl/ZE(t st ))( . ) = 0.

=1\t% cos(wyt) )\ G py—y
Finally, if C(B) is a matrix series whose radius of convergence is strictly larger than one

(Vi@) o € {07, T %3 G2 u[CB)u]

has a limit

T Ggll‘l‘t
(vi(b)) we]o,w[,Td12< ] )[C(Bw'
t=1 G(ullu’t*l
has a limit

.
(Vi(©) @ €{0,7}, T V2 X tS[C(B) ]’
t=1

has a limit
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=1\ t% coswt

T /t%sinwt
(vi(d) w €]0,7[, T % 723 < >[C(B)Mt]'

has a limit

The proofs of the various items can be built from lemmas or theorems that can be found
in Chan and We{1988, Sims Stock and Watsor{1990, and Tsay and Tia@1990. For
conveniencghroughout we have to condition @n = 0, t = 0. As shown by Tsay and Tiao
(1990, the assumption of zero starting value does not matter in studying asymptotic re-
sults of the processes built wiih,. Because of lack of space the proofs are not given but
can be provided by the author on request

The equations in Property.&A(v) are importantThey greatly simplify the limiting
distribution of the test statistics and allow us to separate the analysis for each couple
(wj, k) € Q. We now define the canonical error termaso which we shall apply Property
A.1. In fact we have to build one vector for each frequeMipenwo € {0, 7}, we use the
Gregoir and Laroquél994 approachWe start from equatio®) in Theorem 2 (iden-
tification) in Gregoir(1999, which gives us thé/A(+co) representation of the, poly-
nomial error correction terms appearing in the representation theorem completed by a set
of N — r,, stationary linear combinations of the process under stlilg matrix poly-
nomial associated to this representation is den&tg®). From the Gram-Schmidt pro-
cessthere exists a full rank lower triangular matiik, such thatif we let

/‘Lw,t = Mw Ew(eiiw)et

thenu,, ¢ is a unit variance martingale difference proceésw, write E,(B) = E,,(e'*) +
A, EZ(B). Partitioning conformably,,  and the inverse matrix &, yields the follow-
ing lemma

LEMMAA .1 w €{0,7},O0h,h=1,...,m,

h

ab(G,)y: + Bi(t) = 2 MBIIJ«L),t + A, E;n(Be,
(=)

where the matrices I are of full rank

Likewise another property of the representation theorem is useful in the.proof

LEMMAA .2. Whenw € {0,7}, consider any NXx N — r,, matrix ®,, , orthogonal to
0,,(0) that is such that the X N matrix(0,(0) 0,,,) is of full rank and®,, , 0,,(0) =
0. Then there exists afN — r,, X N —r,,) matrix M, such that

’ — 0
M, ®, € = et

The proof relies on the algebraic identities behind the representation equiatembe
built from (4) and(8) in Gregoir(1999. It is left to the readerbut it is close to that of
Lemma A4 in the complex casgsee the discussion that folloys

Whenw €10, 7 [, the construction of.,, is more complicatedVe start in this case from
equation3) in Theorem 3 (identification in Gregoir(1999, which gives us th&1A(+oo)
representation of thie, polynomial error correction terms appearing in the representation
theorem completed by a set Nf— r,, covariance stationary linear combinations of the
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process under studyhe matrix polynomial associated to this representation is denoted
E,(B). Itis such thaE,(e'*) is a full rank matrix BecauseE, (e'*) is a complex matrix
of full rank, the matrix

RE,(e'”) —JE,(e'*)

JE,(e?)  NE,(e)
is a real matrix of full rankThe 2N X N matrix that corresponds to it first columns is
of rankN. Rearrange the rows of this last matrix alternating real part and imaginary part of
each row ofE,(e'“) and denote this new matr&,. The term&, ¢, is a 2N-dimensional

process whose variance covariance matrixMaggenvalues equal to zerbhere exists a
full rank 2N X 2N lower triangular matriM,, such thatif we define

ea),t = ngwet

then

1 0
Ve, =In® <0 O>'

We then defingu,,  asu,t = In® (1 0)e,  so thatu,, ( is unit variance martingale
difference procesdVe get a result similar to Lemma.A on thel,(d) processes after
having partitionedx,, conformably

LEMMAA .3. w €]0,#[, forallh,h=0,1,...,m,, there exist h+ 1 matrices M" of
respectve dimensior2r,, , X 2(N—r,) when |I=0and2r, , X 2r,, | = h such that for
ald=1

az" G,y + aZ"(G,)y1 + (D) )

d
Qo) ®1,,Go (aj;h(Gw)Ytl +aZ"(G,)y 2+ BL(t—1)

d
C,w

’ ) ® Ir(,,‘h> Mot T G5 TES n(B)ey,

d
Ssw

h
= > M;"R(w) ' ® |<<
I1=0

where M;"™is a2r,, n X 2r,, , matrix of full rank

Proof of Lemma A.3. Simple algebraic computations give

E.(B) | N NE, (e'°) —JE,(e') I
se.® ) 2 O e ) e e )OO By

+ A, E(B).

We introduce the matrix
0 -1

Jp, = R

27 \1 o
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which is such thafl; = —J, andJZ = — |,. The preceding equation can be rewritten as

E.B)\ (L& RE.(6) + 2.6 SE (el (M
ot (8)) = Q@ ® (1 @ RE, () + 1 @ IE,(€)Qw) @ In{ 5
+ A, Es(B).

Using (A.1) and the fact thaf, andR(w) commute we first apply to both sides of the
equation the integral operatd®s . We then rearrange the rows of the vectors of each side
grouping each component and its lagged value in the left-hand side and simultaneously
grouping the corresponding sums in cosine and sirgimthe right-hand sidéNe get

Q(w) ®InY41 = INn® R(w) S, IN® 12— 88, In ® LIE, € + GI1E:(B)e;,
whereYZ,_; stands for the rearrangement of the rows of
azlyi+ aZl
as5(Gy)yi + @Z(G,)Yi-1 + Bu(t)
a1+ al%is

ai(Gw)yl*l + ag(Gw)yt*Z + Bw(t - 1)

andE; for those ofE;:.
By constructionwe have

0 0
MA@ (o )€ =0

almost surely becaus&(ly ® (0 1e, ;) = 0. It follows that

1
Q(w) @ |NYt,dt—1 =lIn @ R(w)il{sgwIZN - nglN ® JZ}MaleN ®<O> Mot

+ G LE:(B)e.
Now using the property that for anyN2x n matrix M, with n a nonzero integer
1 0
M=[Iy® (1 OM]I® 0 FIIhn® O YM]® 1)

we obtain after some simple manipulations that

d

C,w

Q@) @ InYi-1 = In ® R(w) ‘M (lw ® <Sd >) ot + G5 ES(B)er,

where

1 1
M:_|:IN®(1 O)Mwl|N®<o>:|®l2_|:lN®(o 1)Mwl|N®<o>:|®J2-
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More preciselyM; is a lower block triangular matrix of full ranleach block is a X 2

m; —mj;

matrix of the form that commutes witfR(w). A new rearrangement of the
m;  mj

rows gives the formulae stated in LemmaA u

In the spirit of Lemma A2, we need an algebraic property of the representation theorem
to complete the proofs

LEMMAA .4. Whenw €]0,7[, consider any2N X 2(N - r,) matrix®,, , orthogonal

t00,(0) = (0(0),02(0))* that is such that th&N X 2N matrix(0,(0) 0,,,) is of full
rank and®,, , ®,(0) = 0. Then there existsZ(N —r,,) X 2(N —r,,) matrix M,, ; such that

€t /-Lg,t
Mw,l@iﬂ’l(O) B < O >

and

0 —coswul
Mw,J_ G);),J_ = . .

€ —sinwul

Proof of LemmaA.4. The proofrelies on the algebraic properties of the representation
equation First from (4) in Gregoir(1999, after multiplication of thehth set of rows by
A,(B)"h=1...,m,, we getinB=¢e"
Eo(e™)
A,(e'“)C(e') =
0

Using the matrice®,,(B) defined in Lemma 3. in Gregoir(1999, ¢,,(e'*) of full rank
introduced in(7) of the same papgand the preceding equatiomne obtain the following
algebraic equatian

Ed(e™)

In=e'“(0 050 +e'“0%(0)D,(e') + {,(e) A, (e)

With the help of the following equality (N X r) complex matrix/,

11 U 0\/1 1\ MU —U
(i —i>®IN<O L‘{)(i —i) ®'r:<—?su mu)
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and the fact that

01(0) + cosw®?(0) —sinw®2(0)
sinw®2(0) O (0) + cosw®?2(0)

NG 02(0)
~\ -02(0) ©L(0) + 2 coswd?(0) )’

we obtain the following algebraic identity

Q) ® |N< )Q(w) X1,

(@' ®]I R, ()AL () =L, (e )A,(e)
@ SE,(E)A ) R, (E°)A, ()"
RES(e) —IES(e™)
0 0
X ) .
IE%el?)  MES(el?)
0 0

g{einaJ;mw(eiw) 7%ein(fj’m’”(eiw)
=0,0Qw*®l,

Sei“’Ej;mw(ei“’) meimEa];mw(eim)
+ Q(w)il ® IN5
whereEX™-(el*) stands for théN — ro X N matrix obtained by stacking up the matrices

EL(e'®) forj =1 tom,. Then premultiplying by®,, , and postmultiplying b (o) ® Iy,
if we denote

= - NE,(€9)AL() 7 =3, (e)A, (€)™
E,=0,. Q@) ®Iy

SL(E)ALE) T I, (€)A, ()
we get

RES(e'®) —JEL(e'@)

0
= ) . In=0,, .
SEQ(e)  mES(eiey | Q@) O IN= s
0 0

If we now consider the expressions of the form

RE(e”) —JEe™)

0 0 ae;
IE(e®)  ME(e@) |\be )’
0 0
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wherea andb are real numbersve have

RE(e'®) —JEY(e®) RES(e')
0 0 ae; a -b 0
JEJ(e”)  MNESe@) <b6t> - <b a ) Ol JEYe™) |
0 0 0

which can be rewritten after a rearrangement of the rows and according to the definition of
Mot as

In-r, O a —b . 1
(5 ole s

which is similar to the equation we obtained in the proof of the preceding leMiméhen
use the same argument to rewrite it under the form

lon-r,) O M| a
0 O wN@ b lu’(u,l’

whereM. is the full rank block triangular matrix previously definédnew arrangement
of the rows gives

RE2(el”) —JES(e'?)

0 0 ae; MZ aﬂg,t
SEQew)  MEew) |\be) \ 0 J\bul,)

0 0

_ M2\
whereM_; is a matrix of full rank ZN —r,,). We denoteM,, , = <Ew< 0 )) and obtain

the desired result because

€t _ €t
cwon(?)- (2)

and

0 —COSwe; -
Q) @ In € B —sinwe; |
PROPERTIES OF THE PRINCIPAL COMPONENT PROCEDURE

We need for the proof of Theoremsl4 4.4 a precise expansion of the estimated error
correction terms that are derived from the principal components associated with the small-
est eigenvalues of the cross-product of residuals at each step of the procedure described in
Section 3The main arguments used in the proof of Theorems34 are close to those

used by Gregoir and Laroqy#&994). We do not give the proofs of Theoremd &and 32
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that are almost similar to their§he basic property used in these proofs is given by their
Lemma 54. It describes the expansion for largeof the eigenvectors of a symmetric
matrix whose particular form is that we are led to consider in our situafioa procedure

of Section 3 involves a regression at each sTdme properties of this regression are de-
scribed in the following lemmadror sake of simplicitywe omit the deterministic trends in
the analysis of the procedurEheir role will be extensively analyzed in RemarklA

LEMMAA 5. LetYinR and Xj inR"Y, forj =0,1,...,¢, be processes if,, defined
whenw €]0,7[, through

A%Y, =d,(Be;,  ALX! =di(B)e,

where d is a nomegatbe integer ¢; is an Ndimensional martingale difference process
of variance cwariance matrix> (N being larger than pfor all j = 1), and
di(e'®),...,dl(e') are of full rank(d,(e'“) and/or d2(e'“) may be of rank smaller
than rny, but thevariance ceariance matrix of X is assumed of full rank

Let 7 = (72,...,7f) be the coefficient of the regression Of’ Y, ;) on X =
(XO, XA, X2 1,..., XE, XE ). Then when the sample size T goes to infinity

7h(T) = TEIIL(T),
wherell},(T) corverges in distribution to some random matrix
Proof of Lemma A.5. Itis left to the reader

Some notations have to be introduced before proceeding to the proofkisstfcon-
sider the N X 2N unitary matrix5,, built the following way We take theN(2N X 1)
orthonormal vectoréah p a2h),h=1...,m,,q=1...,r,, and(al® a2°).We
complete this matrix with the same number of orthonormal veeigegg h=1,...,m,, q=
1...,r,andh=0,q=1,...,N—r,, obtained by Gram—-Schmidt process starting with
(—aZfe qy agst o)+ 2coswa e 4), then increasing the indeg in the space of
degreem,, then decreasing the degrbgand so onBy construction the vector space
spanned by(e, | ()01, @) With1=q' =r,,,| <h,and 1= q' = q,| = h}is equal to the
one spanned b¥(e, | ), (—a2l @) atlq) + 2c0swaZ ) Withl=q =r,,
| <h,and 1= g’ = g, | = h}. It follows that the polynomial, q(G,,) of degreeh built
with the same linear combination of elementsfG,,) as that which defines the vector
vh(g ONnce applied tgy; y;_,)" also defines a covariance stationary procéés denote
B., h(q the matrix obtained by discarding the set of couples of vedt@rs, ), v1,))
withl=q =r, | <h,and 1= q =q,| = h}. We have by this construction defined a new
rule of identification built upon the previous one in which the matrix obtained by stacking
up the terms of highest degree is a unitary matie can now adapt the two remarks that
were used by Gregoir and Laroq(994) in the proof of the similar result when = 0,
namely as follows

(i) Although the procedure is described in terms (@0“y;,GTy; 1,...,G, Y,

G, Y:_1), We can analyze it in terms of appropriate components built upon the polynomial
associated with the definition &, (see the preceding discussjoh allows us to build a
new basisys (G,) of 2N-polynomial of degree at most,,. ReplacgG»y;  GJyi_1)’

with
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G Y
(I)(‘)U y Tw
ON7r) Yi-1

Gl(amdn-r Y T adqN-r,) Yi-1)

V.0 (Gu) Vi

aaT‘?nw,(l)(Gw)yt

Ghy:
and ,h=1...,m,—1with

GhVi1

h Y
G, Vo,(N-r,,) Vi

Go(asin-r) Yt T aZiu-r,)Yi1)

Do Y
A, (B)meh E Vmw,|,<1)G,|v (y >

I=m,—h+1 t—1
mm

Y
A, (B S ag},»,(l)G,',,<yt)

I=m,—h+1 t—1

These replacements do not change the results of the procéadeed first the vector
space spanned 0B i, Gl Yi—1,...,G., Yi,G. Yi—1) is unchanged after the substitution
Secondadding a linear combination of the regressors to the regressand does not change
the residualsThird, the principal components of these residuals are not affected by a full
rank unitary transformation of the variabl€snally, an upper triangular matrix allows us
to transform the coordinates in the basis (G,,) into that ofa,,(G,,) (when the rows of
these matrices are arranged in decreasing order of integration of the processes they de-
fine).

(ii) Let Y denote the regressand axithe regressors in a regression stage of the proce-
dure The residuals ar¥ — YX'(XX’) X, and their variance covariance matrix is

YY = YX'(X'X) XY

Now, we claim that in our problem the block structure of this matrix whegoes to
infinity is similar to that ofYY’. Indeed let H be the variance covariance matrix(&f X).
It satisfies the properties of Lemmadsof Gregoir and Laroquél994), up to a permuta-
tion matrix and its inverse has the structure shown in this lem¥wav note tha(YY’ —
YX'(X'X)"1XY’) is the inverse of the element &f %, corresponding to th& block. It
follows that the orders of divergenceTrof the blocks ofY'Y’ are equal to those ofY’ —
YX'(X'X)1XY’ and left unchanged by the regression

We now proceed to the proofd/e first prove the result fmtg}(’l)(ew). We use(i) from
the preceding discussioBy Property Al, the definition ofu,, in Lemma A3, and(ii)
from the preceding discussipthe variance covariance matrix of the residuals has the
structure of the matrikl (T) of Lemma 54 in Gregoir and Laroquel994), with Hoo(T) of
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dimension 2,, , ,H14(T) of dimension 2, , _1,...,Huym(T) of dimension 2N —r,,).
From Lemma 54 of Gregoir and Laroqu€l994), the principal component estimator is a
linear combination of theld residualslt can be expressed in terms of tBg(y; yi_1)’
with the help off,, ), the eigenvector associated with the smallest eigenyakie

. i f:,ly a(T)
aw,((ul)(Gw) = E{ Tm.—!

(G, (G,) — fT'(T)O_Zw(Gw))},

where the( f;',,(l)(T)), converge weakly toward some limit whd@nhgoes to infinity The
(#'(T)), are computed from the regression coefficients of the first. Stap components
associated with the regressands of the first step of the procedure are equal traero
LemmaADb, 7#'(T)is O(T™~'~") on the components a5, (G,,) or those ofx,(G,,) that
are integrated of orddrbecause according t0), the transformation of coordinates from
one basis to the other is performed by an upper triangular matrix

Rearranging terms in the preceding equatioa obtain the result stated in Theorem
3.4 for 5‘2‘("1>(Gw)- The consistency of the estimator is a consequence of the definition
of @,(G,) and the waya (G,,) is built; in particular all the coefficients (T) of the
stationary components a, ,(G,) converge to zerd:rom the consistency af" 1) (Ga)s
we deduce the consistency 6fa2m me.(1) azm me@ + 2 coswazm me,p) and therefore
that of o, (1) (the normalization of this last vector is satisfied for the coefficients of
the linear combination of the two preceding vectors converge toward their true value at
a rate inT Y?). It follows that A(l), the matrix of orthonormal rows orthogonal to
(@5 me q),@Zme 4))* or equivalently to(ab e o) a2 q)) andom, ), is such that

2,m,
wmm<1) %,mw,u)))
9’

(ag

Ay = Fom)(T) B, ) + O(T)<
Um,, (1)
wherelfw, m,.0(T)isa2(N—1) X 2(N—1) unitary matrix ana(T) converges to zero and
is at least of ordell ~%2 on the rows corresponding to the estimators of the stationary
directions
We then iterate the procedure along the same lifleg expansion oﬁm(z)(Gm) is

derived from the same argumenitecause the principal components are not affected by
the unitary transformatioﬁw,mw(l)(T), and the same computatigrexcept for the di-
mension of the matridHgo(T) that is now 2r,, ,, — 1) X 2(r,, m — 1). The terms in
o(T) due to the preceding step are negligiblae consistency of the estimators results
from the definition ofa,(G,) and ag,(G,). Finally, we use the fact that the vector
space spanned bg/awm (1), o m’ (1))*’” and (%m (@) wﬂ:,(z))*w is equal to that
spanned by(ase o) a,ﬁ me @) Um0 (2o ) af,,mw(z)), and v, (), Which is
consistently estimated by the estimators of the same vedtorsrite

A A 2‘ o
(a(ff,ﬁ‘:,(l) Ay, R,(l))
m ﬁmw(l)
-A(z) m m,, (2)(T)Bm ,(2) + O(T) N
(Otm m,,2 &

Om,.@
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wherelfw, m,.@(T)isa2(N—2) X 2(N — 2) unitary matrix ana(T) converges to zero and
is at least of ordel %2 on the rows corresponding to the estimators of the stationary
directions A proof by induction using the same arguments can easily be built

Remark A.1. If we now consider a polynomial cointegration model in which error
correction terms have nonzero deterministic tremeks can adapt the preceding proof in
two different waysThe first one consists of stating a more general lemmathan Lem#ma 5
in Gregoir and Laroqué€l 994 for symmetric matrices such as some blocks on its diagonal
diverging at ratel @ with d odd and out of the diagonal at raf€**/?, This would corre-
spond to the analysis of the cross-product of the complete set of integrated processes and
of a basis of the deterministic trend vector spddee second approackimpler consists
of showing that we keep the same structure of the cross-product matrix if we regress in a
preliminary step each variable on the appropriate basis of deterministic tlgndrop-
erty results from Property A. If YisaT X 1 vector of arl,,(d;) processXis aT X 1 vector
of anl,(d,) processandPr, ,+ stands for the projector orthogonal onto the space orthog-
onal to the basis of.", then the cross-product of the residuals is givenybipr 7~ X or
equivalentlyif we denote by the same symbh]' the T X h matrix of the regressors in the
regression on the basis Bf", by

Y'X — Y//Z;}h(fz"mhllz";}h)*llz’;)hl X,

Thus if we introducél ~2A¢(T), theh X h diagonal matrix whose terms are equalto
on the row related to'e '“t whenw € {0, 7} (resp 2h X 2h diagonal matrix whose terms
are equal tar'' on the rows related tt coswt andt' sinwt whenw €10, 7), in the pre-
ceding expressigwe get

1 1
Tara VX T Y/ T Y2AR(T) [T Y2A0(T) IV 0T~ H2A5(T)]

X TVEATITIX =
where each element of this expression has a limit in distribution accordiiighy ii (d),
iii (b), iii (d)) in Property Al. This result can easily be extended to a cross-product of
matrices Therefore the cross-product of the variables once regressed on the b#gis of
has the same structure as the matrix of Lemmdaits Gregoir and Laroquél994. This
simple computation has the consequence that in Lemrsab% the Frish—Waugh theo-
rem if we regress regressand and regressord fnthe result obtained in Lemma.B
remains validThis allows us to conclude that the expansion previously obtained still holds
when we introduce deterministic trends in the error correction tefims consistency of
the estimator is similarly derived from the definition of the basjgG,) and3,(t) as
described in Section.3

Neverthelesswe must notice that the estimated principal components have in their
expansion weights on the deterministic variablesfind the magnitude of these weights
we need a new lemm&or sake of simplicitywe consider only the case €]0,[; the
extension taw € {0, 7} is straightforward

LEMMAA .6. LetY inR and X{ inR", forj=0,1,...,¢, be processes i, as defined
in LemmaA.5.
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Leto = (62,00,0d,0d,...,0) be the coefficient of the elements of the canonical

basis of7," in the regression ofY’  Y’,)’ on X and the basidhen when the sample size
T tends to infinity

od(T) = THI7V254(T),
od(T) = THI7V254(T),
whereaJ(T) andad(T) corverge in distribution to some random matrices

Proof of Lemma A.6. Itis left to the reader

From these resultsve conclude thaflh=1,...,m

Yt . Yt
&h G h _ ah G _ ph
5 “(ytl)ww(” 5 m(y{l) BI

- Y
= OE“,’lh(l)Aw(T)[ﬁlm(Gw)<y

t—1

) + Bw(t)} + T 72050 () AR(T) T

A similar expansion holds when € {0,7}. The details are left to the reader

PROOF OF THE STATISTICAL PROPERTY

The proof of Theorems.4 and 42 uses the same kind of argument as that in the previous
subsectlon We deflne whenw, € {0,7} Ho, (Gw, ij ., GM ) ,u,,,l G, ,u(,,]
TSN C AT € S I T Mw“' %) and whenw €]0, 7T[ How, =
(Sc,mjllij . SC,wJMa}“SC,leu’wl" STT‘,DJI a)v"'?SCwaa"'as(TZ)l Mw?"‘?
-1

SCM,U,(T“’J ) and ,u,s,a, = (sti,ugj,.. S ) st,u,a, ...,Sg‘;jj ‘”1""’
S&w y’a) Smwj m Ss,a) Mw"’l l)'

We flrst denve an expressmn of the divergent terms introduced in the right-hand side of
the representation equation in terms of the preceding procés$esiw; € {0, 7}, it is
straightforward using the definition gf,, from Lemma Al to get

ij,t = Koy Myt + “terms of smaller order”

wherexwJ is an(waJ —kj X Nm,, — k;) full rank matrix built with the submatricelvlwh;'
of Lemma Al. Whenw; €]0,7[, a similar operation gives from Lemma3\after a re-
arrangement of the rows

Q) ® 1 S R@) @I Het

w; k = Kk, R(w Kk

] Nm,, —k; Zwl,t—l i Nm,, —k; Msa.t
+ “terms of smaller ordet

wherexw is a(2wa — 2k X 2Nm,, — 2k;) full rank matrix built with the submatrices
M. of Lemma A3.

For sake of simplicitywe prove Theorems.4 and 42 simultaneously under the null
that there exist only three different unit roots in the determinant of the Wold representa-
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tion, related to the frequencies; € {0,7} andw, €]0,7[. The same arguments allow

us to build a proof for a more general null hypothesis with the use(@fand \d) in
Property AL

Proof of Theorems 4.1 and 4.2.To simplify notations we denotez, ; the k;-
dimensional vector obtained by stacking up #iecovariance stationary components
of @, (G, )y + Bml(t), z,,.1 the k,-dimensional vector obtained by stacking up

the k, covariance stationary components &f,(G,,,) + B, (t) andz_; =
t—1

(Yi-1,---»¥i—g). The ordinary least squares regression coefficient®pbr (7) satisfy

~ Zwl,*l
%
lﬁ’ Z{uz,*l
@2
N Zopm2
00, — 00,
xx| . = Z,,-1 | = X,
1 _ gl
0., — 0.,
Ao > Z(uz,—l
05 — 05
‘:’2 w2 Zw2,72
¢ —¢
Z

where the index-1 denotes the matrix obtained by stacking upTlbservations for the
corresponding variables from=0,...,T — 1, §,,, stands for the expansion 6, (A,,)
according to Remark.3 in Gregoir(1999, and Iikewise@j,2 and 052 are obtained by a
similar operation applied t@,luz(sz) and@iz(sz). The coefficients are stored equation
by equation in columns in aN(m,,, + 2m,,, + p’) X N matrix and the error termsin an

N X T matrix. The proof is similar to that of Theorem13in Gregoir and Laroqué&l994);
we sum up the argumentéfe buildD(T), anN(m,,, +2m,,, + p’) X N(m,,, +2m,,, + p’)
block diagonal matrixwhere the first block is equal mwl(T)K;ll, the second one to
A, (T, Qlw) ® Inm,,—,» and all the remaining terms Y2 We premultiply and
postmultiply the matrix of the cross-product of the regressors and perform the necessary
operations to keep the preceding identitje have

i, 21
W, 2,1
’ ’ —1r 0;1 B el,ul ;)2’72 ’
{D(T)XX'D(T) YD(T) - L |=pM €.
0&1’2 - 0w; L)l,*l
02— 02 Z, 1
<?’/ —¢ z g

By construction and from Property. we have the following convergences in distribu-

tion, whenT goes to infinity

(D) A, (MK 20 120, —1K0Y A, (T) = X, * X, whereX,, is defined in the

1

statement of Theorem#4
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Za)z,*l Za)z,*l !
(i) ,,,(T) k01 Qw2) ® lewzkz< B ) < - )

wy,—2 wy,—2
Q(@2)" @ Inm,,—kyKary Ay (T) = 12 @ o, (X5 % X5) 12 @ Fo,,

whereX,,, is defined in the statement of Theoren24F,, is anNm,,, — k, X
Nm,, — k; diagonal matrix whose element corresponding td,ath) process is
equal to SiA " w27,

Zpp-1

(”I) Awl(T)lelZwl,—l(Z 2) Q(wZ), ® lewz—szajzl,sz(T) = 07

(iv) Til/zAwl(T)Kujllzml,fl(zéjl,fl Z,,, -1 Z.1) =0,
Z, 1
w32,

Z

wy,—2

W) T-lszwz(T)nglQ(a,z)@|wa2kz( )(z(’%l Z,,-1 Z-1)=0.

Finally, because =[M,, E, (€'*)] *u,, ande=[Iy® (1 OM,,E,,1 1., we get
Vi) A, (T Ky 2, —1€" = X, dW, [M,, E, (e")] Y,

.. sz,*l

(vii) Til/zsz(T)K;le(wz) ® Inm,,—k, z €’

wy,—2

COSw> Iy
z|2®Fm (XZ)’*thj) . [|N®(1 O)Mm gzu ]_1,7
2 2 2 SInwle 2~ w3

whereF,,, is defined in(ii).

The matrix of the cross-product of the stationary regressors converges toward a positive
definite variance covariance matyitherefore

(Vi) Ko AGH(T) il = (X0, % X, ) 72XL, % AW, [M,, E,, (e'“1)] 7Y,

1

(iX) Ko, Aur(T)Q(w2)' ® |Nmu;k21/?,i)2 = F,,t @ 1[(X5, # X5 ) H(Xe, + dW,)
COSws Iy
< >[|N®(l oM, &,,] 7"

Sinws, |y

The coefficientd),, , 02 ,62,, ¢ are consistent estimators@yf,, 62,, 62,, and¢. It follows
thatn7/T converges toward

Ve = [M,,E, (e')] 1 [M,,E,, (")
or
Ve=[ly® @1 OM,,E, 1 HIn® (1 OM,,E,, 1Y

by construction ofu,,, andu,,,. The results of Theorems#and 42 follow from the
properties of the trace operator n
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PROOF OF THE SPECIFICATION TEST

The proof proceeds along similar lin&¥ge first have to take into account that the divergent
terms that are introduced in the right-hand side of the equation are now estiffeied
the Wayé'wj,t is built, the proofs of the expansion of Theorem2 a8nd 34, and the defi-
nition of u’s from Lemmas Al and A3, we get whernw; € {0, 7}

Zij-t lu'wj,l
=Kk, (T + “terms of smaller ordet
7)) 5\ g ¢

whereka,j(T) isan((N+1) m,, — ki< (N+1) m,, — k) full rank random matrixSimilarly,

whenw; €]0,7[, we obtain
1 lu‘C,Lul,l
R(©) ™ @ Inm, &

Q) ® 1 Eo
Wi —k: N
! wa] kl Z{u =1 s,wj,t

1

= &, (T)
Ty (1) T (1)

+ “terms of smaller ordet
wherekwj(T) isa(2(N+ 1) m,, — 2k X 2(N+1) m,, — 2k;) full rank random matrix and
%T"’i(t) is arranged in the following way

1

" sinw;t t
T, (t) =
(0 CoSw; t ® :

tm‘“l_l

As in the preceding subsectiofor the sake of simplicitywe prove simultaneously
Theorems 48 and 44 under the null that there exist only three different unit roots in the
determinant of the Wold representatjarelated to the frequencies,; € {0,7} and
w, €]0,7[. With the help of \(a), v(c), v(d), and f) of Property Al, it is easy to prove
that the same result holds for a more general null hypothesis

Proof of Theorems 4.3 and 4.4We use the same notations as that in the proof of
Theorem 41. The ordinary least squares coefficientgd®f and(9) satisfy

P
b,
| 6., -6, N N
XX | . =Xe' + X(z,, .1— 2, _1) 6.,
01! _ 01/ 1> 1> 1
w2 w3
02, — 602,
¢ —¢
1
v ! 51 ! 51 0‘1)2
T X2, 1= 2,1 Ziy-2— 2,-2)| L s
05,
whereX stands for

(gwl,—l Ty 2oz Zayoz T 2011 2wy 1 2ay-2 Zo1)

wy,—1 w2, w2, Wy, —wy,—2
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The same kind of identity holds for the second regres&mand(10) in which

(Zsz,*Z Z/\wz,*f‘} mez )’

Wy, —wy,—2
is replaced by

(Zog1 Zup2 Ty, 1)

In this equationthe estimators are denoted Wi ~ symbal The arguments of the proof
of Theorems 4. and 42 are still valid the asymptotic behavior of the elements of the
cross-product of the regressors is not affected by the estimation errors introduged in
On the other handve have to deal with the extra terms on the right-hand. $titst, we
give the limit distribution of the cross-product of the regress@ve defineD(T), an

(N + 1)(m,, + 2m,,) + Np’ X (N + 1)(m,, + 2m,,,) + Np’ block diagonal matrix
whose first block is equal to

A, (T) 0

Dl(T)_( 0 T V2w _1(T))k”’11(T)’

the second one to

A,,(T) 0 - Q(w2) ® Inm,,—k, O
Dy(T) = 0 T—1/2|2® A‘:)iz—l(-r) Ko, (T) 0 |2mw2 ,

and the remaining terms Y2 From Property Al and the expansions obtained in
Theorems 2 and 34, we get the following result whem goes to infinity

Zp o1\ [ 21\ X # Xy, K e re
(i) Do(T) Di(T) = I B
T

m, m, m, —1 m, —1
Zul,il 7;;1,—11 0t kX, Toer TEkTy

whereX,,, is defined in the statement of Theoreni.4

sz,—Z Z(uz,—Z !
(i) DoT)| 23 Zwy—3 | DXT)
mmz I'T]w2
Wy, —wy,—2 Wy, —wy,—2
3 —1/2 € o M, —1r
L@ F,, (Xl x X5 )L Q@ F,, 2 Y2,Q F,, X5 # 75
_ B o
2 e X @ FL, @ tergh Y

whereX,, is defined in the statement of Theoren2 4ndF,,, in (i) in the pre-
ceding proof

~ ZAw ,—2 '
Zwl,*l A :

(i) Dy(T)| im,, Zop—3 | DYT)=0
®1,—1 m,,

w3, ~wp,—2

by v(b), v(f), v(j), v(k), in Property Al.
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A

Zwl,*l
(|V) Tl/z,Dl(T)(mel )(2;)1’_1 2(,‘,2!_1 Z,—l) — 0

by iv(a), vi(c) in Property A1 and Theorems.3 and 34.

2@2,—2
W) T2Dy(T)| Zoas |(2yy 2y 24) =0
Moy
wo, —wy,—2
by iv(b) and vi(d) in Property A1 and Theorems.3 and 34.
We now consider the extra terms of the right-hand side of the equdtienfirst one is
D) X2y -1~ 2y, -1)'00,-

The firstr,, components ot,, _, — 2, _, are according to the expansion described in
Theorem 3# equal to

A, (T) 0

(Il’w1 - ﬁwl,l(T)) [awl(Gwl)yfl + B”’l(_ 1)] - ﬁwl,Z(T)< 0 T_l/zAwl (T)
mwl—l

awl(Gwl)yfl + Bwl(_ 1)
X 7::1.]‘”1(7 1) )

wheref[,,,bl(T) converges td; andﬁwl,z(T) has a limit distributiorI,,, , whenT goes

to infinity. The remaining rows are similar processes but premultiply by the opexgtor
It follows from Property Al that these extra terms converge to zero exceptjftep rows

that converge to

! ’ m, —1r
xwl*xwl le*'ro 1 )
- 1 m. -1 Hw1,2®w1(0) .

m,,—1 m,,—1, o
0t TH X, Tg TETy™

To get rid of this termwe multiply the top equations from the right lﬁ%lyl(o). Using
LemmaA2 toreplaced,, , (0)e by M;jl ,uf,’,bb we obtain through similar computations
as those in the end of the proof of Theorenis @nd 42 the desired result

The same approach fer, €10, [ leads to the fact that in the first equatjaifi the extra
terms related to the estimation errors at frequangcin the right-hand side of the equation
converge to zero except the cross-product of
Do(T)(Zu,2 Zup-s Tor2e, o)

w2, — W3,

0%,(0)
andthe 2, firstrows of(z,, 1 =2, -1 Z,, -2~ 2;,22)(@2/ (O)) for the same kind of
@32
expansion holds fa,,, ; according to Theorem.8. We denote the limit distribution of

1r
this termez(Wa,z)(;:). Neverthelesghis result ensures the consistency?bzfandéﬁz.
w2

Now remark that
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Z,,
(01.(A,,) @izme))( 1)

sz,t*Z

Za) ,t

= (7®E)2(Aw2) (®¢:E)2 + COS&)Z@E,Z) (Aw2)<z ) + Aw2®3)2(Aw2)sz,['

wy, t—1

The identity holds of course if we replaag, ; by 2,, ;. It follows that in the second
equation(10), the ordinary least squares regression coefficients satisfy
i,
i,
N S I
xx v v | = Xe' + X2, -1 — 2,,-1)'00,
Wy wq
62 — 63!

¢ =9

+ X[(1— 2 cosw, B + B?)(2,, 0 — 24,0102

V. _0£;
’ 2 ! -2
B0~ Zoo Zopt ™ Bt oy 5 og, g2

whereX stands for

5 5

Z m, Z m,,
(Zwl,*l 7;)1’11 Z 1 Z -2 T Mz Z(ul,*l Z

@2, wy, —wy,—1

5 r
wp-1 2w -2 Z-1)

The same analysis of the behavior of the extra terms due to the estimation errors at fre-
guencyw, in this second equation shows that all these terms converge to zero except the
cross-product of

Dz(T)(éwz,—l éwz,—z T )’

wy,~wp,—1

and the 2, first rows of

02!
(20,0 = Zopp0 Ztnp—1— 20, —1) ”
Cr Teen e “27 7\ + 2 cosw,62)

which has the following limit distribution

02,00 )

Z(L) Wll)
o 2)((9,%,’2(0) + 2 cosw,07(0)

It follows that if we store in columns the two preceding identities satisfied by the least
squares regression coefficients and multiply the equations correspondipgftom the
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right by ©,,, |, we eliminate the nuisance parameggy,(W,,,). We now describe the con-
sequences of this operatiddsing Lemma A4 and Property AL it is easy to show that

ZwZ, -2

Wi) D,,(M| Zos | 00,

n’]‘,_,2

Wy, ~w3,—2

L®F, O )( Xa, # AW, o0 )(COSZUZ 0

. INnMS2,,
0 2712 [\ r "t AW o) \ SIN 2w o>® N ez,

wy, L

|2® sz 0 X:);* dW’jZ’O
=
0 2—1/2 mezfl i dWLjZ,O

0

2{4)2,—1
(vii) DwZ(T)< Zu,-2 (0 )0

( —cofw,  —COSw,SiNw,
X

-1
. ) ® IN MwZ,J_‘
—COSw, SINw» —SIN“ w»y

Thus when we mix the preceding resultge obtain that

Zmz,,Z ZAmz,fl

D,,(T) Zip-3 |(e8 O+ | Loz |0 €)(0),, .,
m,, m,,
Wy, —wy,—2 7:02,*w2,*1

= —Sinw,

<|2®sz 0 )( Xz s dW o

—1/2 m,,—1 «
2 Tz AW, o

)Y(wz) ® In MaTZJ:L'

The last step consists of providing a consistent estimatht,gf, M,,." , but by construc-
tion, we have

ee’ COSw, €€’ ) = IR
®w2,J_ ®a)2,J. = sin w2 Mw J_MwZ,JJ

2
COSwyee’ €€’

which because of the consistencyfof, 62, 62,, andé can be estimated by

. '’ coswa M7\
®w2,L N N ®;"2yi'
COSw, 17’ '

Finally, joining all these resultsve obtain through similar computations as those in the
end of the proof of Theorems#and 42 the desired result u
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APPENDIX B

TaBLE B1. Quantiles of the test statistics presented in Theorema= 7/2,
5,000 drawingsT = 400

HIDDEN UNIT ROOTS: Il

517

(7721
N—r,/2 Level 0 1 2 3 4
1 50 4632 5409 6148 6924 7671
80 5719 6606 7529 8355 9189
90 6399 7370 8253 9141 10023
95 6960 8034 8923 97.86 10709
975 7467 8507 9412 10475 11322
99 8160 9153 10333 11163 12221
2 50 13993 15485 17000 18516 20002
80 15719 17333 19011 20630 22208
90 16637 18383 20153 21835 23498
95 17556 19279 21133 22923 24578
97.5 18256 20158 22086 23893 25603
99 19144 21458 23156 25026 26948
3 50 27809 30113 32334 34551 36733
80 30255 32697 35104 37497 39808
90 31535 34108 36609 39021 41395
95 32682 35275 37820 40336 42878
975 33644 36421 38946 41689 43924
99 34897 37591 40336 43013 45680
4 50 46115 49049 51977 54924 57854
80 49180 52377 55560 58498 61543
90 50994 54194 57253 60452 63547
95 52389 55651 58776 62026 65243
975 53540 56843 60090 63237 66483
99 54821 58284 61501 64732 67985
5 50 68744 72359 76004 79594 83166
80 72265 76085 79906 83740 87490
90 74406 78221 82059 86007 89940
95 75956 79983 83895 87928 91935
97.5 77650 81766 85553 89668 93449
99 79547 83701 87725 91497 95315
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TaBLE B2. Quantiles of the test statistics presented in Theoréndd= /2,
5,000 drawingsT = 400

l7/2,1

N—r./2 Level 0 1 2 3 4

1 50 6349 7081 7842 8593 9351
80 7533 8393 9244 10097 10923
920 8223 9163 10025 10938 11871
95 8769 97.79 10717 11734 12670
975 9390 10336 11354 12400 13272
99 10089 11063 12187 13191 14111

2 50 17240 18736 20242 21747 23186
80 19084 20741 22319 23960 25523
90 20101 21833 23485 25171 26861
95 21034 22763 24597 26287 27968
975 21809 23524 25535 27219 29040
99 22902 24668 26649 28234 30181

3 50 32575 34777 37027 39236 41384
80 35024 37395 39841 42137 44419
90 36432 38919 41477 43795 46095
95 37647 40187 42776 45Q76 47490
975 38712 41461 43989 46319 48758
99 39916 42697 45635 48155 50648

4 50 52217 55172 58074 61034 63850
80 55403 58518 61495 64465 67534
90 57060 60276 63458 66444 69427
95 58588 61826 64901 67932 71005
975 59838 63126 66389 69554 72592
99 61491 64981 67954 71378 74456

5 50 76117 79781 83273 86855 90442
80 79869 83533 87374 91160 94866
90 81939 85723 89540 93310 97110
95 83785 87614 91382 95142 99128
975 85169 89293 93114 97190 100998
99 87219 91497 95568 99539 103125
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