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Abstract. We show that for every non-elementary hyperbolic group the Bowen—Margulis
current associated with a strongly hyperbolic metric forms a unique group-invariant Radon
measure class of maximal Hausdorff dimension on the boundary square. Applications
include a characterization of roughly similar hyperbolic metrics via mean distortion.
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1. Introduction

Let I' be a non-elementary hyperbolic group. It is known that the ideal boundary aI"
admits plenty of finite measures, which give rise to I'-invariant measures on the boundary
square 92T := (9 F)Z\{diagonal}, where we consider the diagonal action of I" on 92T". The
I-invariant measures on 92T arise in the study of geodesic flows on negatively curved
manifolds since there exists a natural correspondence between geodesic flow-invariant
finite measures and ['-invariant Radon (i.e., locally finite and Borel regular) measures
on the boundary square of the universal coverings. For example, one way to obtain an
invariant measure of maximal entropy for the geodesic flow on a compact negatively curved
manifold is to construct a I'-invariant Radon measure in the measure class consisting of the
product of Patterson—Sullivan measures on 82I". This construction has been generalized
beyond the manifold setting such as CAT(—1)-spaces [Bou93, Bou95]. For general
hyperbolic groups, the study of geodesic flows goes back to the original paper by Gromov
[Gro87, §8.3]. Furman [Fur02] has given a framework for a general hyperbolic group
I' to analyze I'-invariant measures on d2I" without assuming any actions on another
reasonable geometric space (see also [BF17]). It would be desirable to define the entropy
of a I-invariant measure on 92I" for a general hyperbolic group such that it gives the
measure theoretical entropy for a geodesic flow when the geodesic flow is defined. Instead
we discuss the Hausdorff dimension; the entropy coincides with the Hausdorff dimension
under an appropriate normalization in the case of negatively curved manifolds as it was
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studied and the approach has been suggested for hyperbolic groups by Kaimanovich
[Kai90, §3.5]. The purpose of this paper is to characterize the I'-invariant Radon measure
class where the maximal entropy is replaced by the maximal Hausdorff dimension.

For any non-elementary hyperbolic group I (not necessarily torsion-free), we consider
a strongly hyperbolic metric d, which is left-invariant and quasi-isometric to a word metric
on I'. For example, one may take the hat metric constructed by Mineyev [Min05] and any
hyperbolic group admits such a metric. Let us consider the Bowen—Margulis current for d,

A = exp(20 (£]n)o) lo ® o 00 9°T,

where (£]n), is the Gromov product based at o0 and v is the exponential volume growth
rate of (I, Zi\) and [z, is the corresponding Patterson—Sullivan measure on 9. Letting the
gauge p(£, 1) := exp(—(€]n),) and py be the maximum of 5 on each component on 3°T,
we define the (lower) Hausdorff dimension of a Borel measure A on 32T by

dimy; (A, §x) := inf{dimy (A, Px) : A(A) > 0},

It is known that dimy (3°T", px) = 20. We show that the Bowen—Margulis current A s
the unique I'-invariant Radon measure on 9°I" of maximal Hausdorff dimension up to a
multiplicative constant.

THEOREM 1.1. Let ' be a non-elementary hyperbolic group and d bea left-invariant
strongly hyperbolic metric quasi-isometric to a word metric. For any T -invariant Radon
measure A on 3°T, if dimy (A, px) = dimy (3T, px), then A is a constant multiple of
the Bowen—Margulis current A.

The result allows us to compare any I-invariant Radon measure A with the
Bowen—Margulis current on 3°I". Our proof is based on a topological model of geodesic
flow on a general hyperbolic space introduced by Mineyev [Min05]. Note that one is
able to compare two Bowen—Margulis currents arising from two hyperbolic metrics on
I' in a measure theoretical model introduced by Furman [Fur(02] and by the double
ergodicity result of Kaimanovich [Kai94, Theorem 2.8], Bader and Furman [BF17] (see
also [Gar16]) and Coulon et al. [CDST18, §4]. However, since our aim is to deal with
any I'-invariant Radon measure A and the question involves the Hausdorff dimension, we
require a topological setting independent of the choice of measures.

In the case of free groups with actions on metric trees, Kapovich and Nagnibeda have
introduced the geometric entropy of a current [KN10, Definition 3.1]. Analogously, we
define

h(A,d):= lim lim inf (

R—00 d(x,y)—o00 x,yel’

_log A(Oy(x, R) X Oo(y, R)))
d(x,y) ’
where O, (x, R) is the shadow based at o of the ball centered at x with radius R (§2.1.4)

and the limit exists as R — oo since it is non-decreasing. The lower Hausdorff dimension
of A is given by for a large enough R > 0,

dimy (A, px) = inf lim inf < —

A-almost every (&, ) n—00

log A(Oy(¢(—n), R) x O (¢(n), R)))

n
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where ¢ is a rough geodesic with extreme points (£, ) normalized so that ¢ (0) realizes
a minimum distance to the base point o and infa_imost every (¢, ;) Stands for the essential
infimum relative to A (§2.2). Then we have

2n(A, d) < dimy (A, Py).

In the case of (simplicial) trees, their result reads if h(A, d ) =7, then A is a constant
multiple of the Bowen—Margulis current (in our terminology) [KN10, Theorems C and
E]. Since geodesic metrics in trees are strongly hyperbolic (§2.4), Theorem 1.1 reproduces
their result. We note however that one is not able to replace dimy (A, d ) by the upper
Hausdorff dimension dimy (A, d ) (§2.2) to obtain Theorem 1.1 unless A is ergodic with
respect to the I'-action, i.e., any I'-invariant Borel set A in 92T, one has A(A) =0 or
A(d*T\A) = 0.

1.1. A connection to mean distortion. ~We have the corresponding result for word metrics
(Theorem 7.2). Let us illustrate an application to comparison between two word metrics.
For any two finite symmetric sets of generators S, S*, we consider the word norms | - |
and | - |s~ for S and S*, respectively. For each integer n > 0, let

S, ={xel:|x|s=n}.

We sample an element x,, according to the uniform distribution Unifs , on S,, for each n,
and consider the (liminf-) linear growth rate of the average length with respect to | - |gx,

T(S*/S) = lim inf %EUnifs,nlxnls* where Eunifg, [xn |5« 1= Sil Z x| 5+

x€e S,
Let us call t(S*/S) the mean distortion of | - | s~ relative to | - |5. Since two word metrics
are bi-Lipschitz, the mean distortion is bounded from above and from below by the
bi-Lipschitz constants. The quantity t(S*/S) represents a typical distortion rate between
two word norms. If we denote by gr(S) and gr(S*) the exponential volume growth rates
for word metrics relative to S and S*, respectively, then a simple counting argument yields
7(8*/S) > gr(S)/gr(S*). We show that the equality holds if and only if two word metrics
are roughly similar.

THEOREM 1.2. Let T' be a non-elementary hyperbolic group. For any pair of finite
symmetric sets of generators S and S* in ", we have that

* 4 l
7(8*/8) = lim ;EUnifs,,1|xn|S*’

and for any ¢ > 0,

lim Unifs,,,{x e S, :

n—oo

|ds= (0, x) — nt(5*/S)| . 8} _0

n

Moreover, it holds that
gr(S)
gr(s*)’

T(87/8) =
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and the equality T(S*/S) = gr(S)/gr(S*) holds if and only if word metrics ds= and ds are
roughly similar, i.e., there exist constants T > 0 and D > 0 such that

lds(x,y) —tds(x,y)| <D forallx,yeT.

Theorem 1.2 is a consequence of Theorems 7.4 and 7.7 (see also Remark 7.5). We have
stated Theorem 1.2 only for word metrics; but this is mainly for the sake of simplicity
on the statement—one may discuss more general hyperbolic metrics. The proof is based
on showing that the Hausdorff dimension computed by the gauge associated with dg+
of the Bowen—Margulis current for dg coincides with gr(S)/7(S*/S). The inequality
T(S*/S) > gr(S)/gr(S*) has been obtained by Calegari and Fujiwara [CF10, Remark
4.28] (and this remark has motivated our result). Moreover, t(S*/S) is an algebraic number
[CF10, Corollary 4.27]. In fact, they have shown a central limit theorem, which implies
that |x,|s» = T(8*/S)n + O(y/n) with high probability for uniformly chosen x, in the
sphere S, as n — oo (see also [Call3, Corollary 3.6.4]). Our proof indicates that the
O (y/n)-fluctuation can not be negligible as soon as two word metrics are not roughly
similar. In the case of free groups and word metrics associated with free bases, the
characterization of rough similarity has been given by [KKS07, Theorem F] (where the
mean distortion is called the generic stretching factor). We point out that Theorem 1.2 is
regarded as a discrete counterpart of a result for compact negatively curved manifolds by
Knieper [Kni95, Theorem 1.2] (where 7(S*/S) corresponds to the geodesic stretch).

1.2. Outline of the proof.  Let us give an outline of the proof of Theorem 1.1. We consider
the flow {&5t }ter on the space 92I" x R defined by the translation in the R-coordinate. The
space 82I" x R admits a I"-action, which is constructed as in the following. For a strongly
hyperbolic metric donT,the corresponding Gromov product and the Busemann functions
bo(x, &) extend continuously on the compactification I' U 9I". By using the cocycle

a(x, &) = 3bo(x 7' E) = bo(x™, m)) forx €T, (£,1) € 87T,

we define the I'-action on 3°T" x R byx-(&,n,t) = x&, xn,t —a(x,&,n)). Let us call
this action the (I", «)-action. The (I", @)-action is properly discontinuous and cocompact
(Lemma 3.2). Then we define F, := I'\(3°T" x R) and call it the topological flow space.
Since the flow {EIVD,}tER commutes with the (I", «)-action, it descends to the flow {®,};cr
on Fy. It amounts to considering the geodesic flow on the total space of a unit tangent
bundle in the case of manifolds.

This flow {®,};cr on the topological flow space F,, has potentially a lot of similarities
to Axiom A flows. However, a direct connection to the known machinery seems lacking
(e.g., [BCS17, §6.3]). Moreover, the (I', «)-action on 92 x R is not necessarily free, and
Fo 18 far from being a manifold, it is not clear that one could resemble the techniques
developed in the manifold setting; in particular, a serious issue arises when one tries to
obtain a lower bound of the topological entropy of the flow on F,. Instead, we follow
a classical approach in the Axiom A flows by Bowen and Ruelle [BR75]. We construct a
symbolic coding of the topological flow space F, by using Cannon’s automatic structure of
hyperbolic group I'. This allows us to work with a two-sided subshift of finite type (X, o)
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based on the underlying graph structure. Then the suspension flow Sus(X, r) with a natural
roof function associated with the cocycle « carries a coding map wy : Sus(X, r) — Fq,
which is bounded-to-one and equivariant with flows. The suspension flow Sus(X, ) is now
the place to work on, but the problem is that it is not clear as to whether the coding map
is one-to-one over a residual set, and the two-sided shift space (X, o) is not necessarily
topologically transitive. In the CAT(—1)-setting, a coding as satisfactory as in hyperbolic
basic sets has been constructed in [CLT20], but we do not know as to whether a similar
construction is possible for a general hyperbolic group. An advantage, however, to use
Cannon’s automatic structure for coding is that it respects the geometry of a Cayley
graph. It is actually strong enough to employ thermodynamic formalism on (X, o). The
Bowen—Margulis current for a strongly hyperbolic metric is encoded on the shift space by
using a Holder continuous potential associated with the Busemann cocycle. It requires a
careful treatment to understand the support of this encoded measure since (X, o) is not
transitive and we use a spectral decomposition into transitive components. We show a key
proposition, which makes it possible to encode all I'-invariant Radon measures on 92T as
a shift-invariant probability measure on X. Then the problem is basically reduced to the
uniqueness of measure of maximal entropy on a transitive subshift of finite type.

Let us mention a direction, which we have not pursued in this paper; given all this
framework, it would be interesting to extend results to the product of Patterson—Sullivan
measures associated with a Holder continuous cocycle (e.g., [LLed95]) for a general
hyperbolic group setting.

1.3. Organization of the paper. In §2, we review basics on hyperbolic metrics and
Patterson—Sullivan measures. In particular, we discuss a strongly hyperbolic metric and
an associated cocycle we use. We also give basic facts on the Hausdorff dimension
of sets and measures on the boundary of a hyperbolic group. In §3, we construct a
topological flow space F, and show that the Bowen—Margulis current yields an ergodic
flow-invariant measure on F, (Theorem 3.6). This implies the double ergodicity of the
Patterson—Sullivan measures (Corollary 3.7). We follow [BF17, Gar16, Appendix A] (see
also Coulon et al. [CDST18, §4]) for the proofs in our setting. In §4, we construct a
two-sided subshift of finite type based on an automatic structure of the hyperbolic group.
We show that there exists a natural coding map from the suspension flow Sus(Z, r) to Fy
(Proposition 4.4) and a key proposition, which states that all I"-invariant Radon measures
on 92T arise from shift-invariant probability measures on ¥ (Proposition 4.7). In §5, we
use thermodynamic formalism to construct a shift-invariant measure, which induces a
measure dominated by the Bowen—Margulis current up to a positive multiplicative constant
(Lemma 5.8). We also formulate the variational principle based on the subshift of finite
type (X,0). In §6, we give a local entropy-dimension estimate, which gives a direct
connection between the measure theoretic entropy of an invariant probability measure on
the shift space (X, o) and the Hausdorff dimension of a measure on 92T in the case when
the two measures are connected as in Proposition 4.7 (Lemma 6.3). We prove Theorem 6.5
(i.e., Theorem 1.1) for a strongly hyperbolic metric. In §7, we show the corresponding
result for a word metric (Theorem 7.2). We prove results on mean distortions (Theorems 7.4
and 7.7) and deduce Theorem 1.2.
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Notation. Throughout this article, we write numerical constants C, C’, C”, ... whose
exact values may change from lines to lines, and we denote by Cs, etc. to indicate its
dependance on § for a parameter §. For two real-valued functions f(¢) and g(¢), we write
f (@) = g(t) + Os if and only if there exists a constant Cs such that | f () — g(¢)| < Cs for
allt € I.Equivalently, we also sometimes write f(t) = g(¢) £ C; if we want to emphasize
the dependence on constants slightly more. Although we might not state it everywhere, all
measures on topological spaces are Borel.

2. Preliminary
2.1. Metrics on hyperbolic groups.

2.1.1. Hyperbolic groups. Let IT" be a finitely generated group. We say that a metric d
on I' is left-invariant if d(yx, yy) =d(x, y) for all y,x,y € ', and d is §-hyperbolic if
there exists § > O such that for any x, y, z, w € T,

| Y)w = min{(x]|2)w, @ [ Y)w} — 6,
where we define the Gromov product

dw,x)+dw,y)—d(x,y)
[ Yw = 5 )

A metric d is called hyperbolic if d is §-hyperbolic for some § > 0. For a finite set of
generators S with § = S~! in I, the associated word metric for x, y € I is defined by

ds(x,y) :=|x'y|s where |x|s :=min{k > 0:s1 -5k =X, S1,...,5 €S}

and |id|s = O where id denotes the identity element. We denote the associated Cayley
graph by Cay(I", S) and regard dy as the graph distance in Cay(I", S). The word metric dg
is left-invariant, and it is proper, i.e., every ball of finite radius consists of finitely many
points. A finitely generated group I' is called a hyperbolic group (or a word hyperbolic
group) if a word metric is §-hyperbolic for some § > 0. In fact, if I is a hyperbolic group,
then any word metric is hyperbolic although the constant § depends on the set of generators
S. This follows since for every word metric any two points are joined by an isometric image
of a (discrete) path, and any two word metrics are quasi-isometric.

Recall that two metrics di and d» on I" are quasi-isometric if for some constants L >
0, C = 0 we have that

(I/L)d(x,y) = C <do(x,y) < Ld(x,y)+C forallx,yeT.

Let 7 be an interval in R. We say that a path ¢ : I — (I", d) is an (L, C)-quasi-geodesic
for constants L, C if

(A/L)|s —t]| = C <d(¢(s),9()) < L|s—t|+C foralls,tel,
and ¢ : I — (', d) is a C-rough geodesic if
s —t]| —C <d(p(s),p(t)) <|s—t|+C foralls,tel,

where we say that ¢ is geodesic if d(¢(s), ¢(t)) = |s —t| for all s,¢ € I. Note that if
dy and d» are quasi-isometric, then geodesic or C-rough geodesic paths into (I, dy) are
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(L, C")-quasi-geodesics in (I", d) for some L, C’. A metric space (I", d) is called geodesic
if any two points are joined by a geodesic path, and (I", d) is called C-roughly geodesic
if for any two points x, y € I" there exists a C-rough geodesic path ¢ : [a, b] — (I, d)
such that ¢ (a) = x and ¢ (b) = y. We say that (I, d) is roughly geodesic if it is C-roughly
geodesic for some C > 0.

Let Dr be the set of metrics d on I' such that d is left-invariant, hyperbolic and
quasi-isometric to some (equivalently, any) word metric on I". Note that every metric
d € Dr is proper since it is quasi-isometric to a proper metric. Although d € Dr is not
necessarily geodesic, it is roughly geodesic by a result of Bonk and Schramm [BS00,
Proposition 5.6]. We repeatedly use the following lemma called the Morse lemma when
we change metrics in Dr.

LEMMA 2.1. Let (I',d) be a proper C-roughly geodesic §-hyperbolic space. For any
(L, K)-quasi-geodesic ¢ in (T, d), there exists a C-rough geodesic ¢’ such that ¢ and ¢’
are within Hausdorff distance D, where D depends only on C, L, K, and the hyperbolic
constant § of (', d).

See the proof when d is geodesic [GAIH90, Théoremes 21 et 25, Chapitre 5]; it is
adapted when d is roughly geodesic, cf. [BS00, proof of Proposition 5.6].

2.1.2. Boundary at infinity. Let us denote by d(I', d) the geometric boundary (or
boundary) of (I, d). This is a compact metrizable space consisting of equivalence classes
of divergent sequences in (I', d). Recall that a sequence {x,}>°, in (I', d) is divergent
if (xy|xm)w — 00 as n,m — oo for some (equivalently, any) w € I'. Two divergent
sequences {x,}>°, and {y,}>2, are equivalent {x,}>°, ~ {yn},o( if (Xu|Ym)w — 00 as
n, m — oo. The boundary d(T", d) is the set of equivalence classes of divergent sequences
in (I', d). For any d € Dr, the corresponding boundaries d(I", d) are all homeomorphic
each other. We denote by dI' the underlying topological space of the boundary for
d € Dr. The group T" acts on 9I" continuously by left multiplications I" x aI" — 9T,
(x,8) —~> x-§.

Since we work with a roughly geodesic hyperbolic metric d in I', we record the
following lemma, which says that there exists a constant C > 0 such that any two distinct
points in the boundary dI" are joined by a C-rough geodesic in (I", d).

LEMMA 2.2. [BS00, Proposition 5.2(3)] If (I', d) is a C-roughly geodesic 5-hyperbolic
space, then there exists a constant C' = C’(8, C) > 0 such that for any two points &, 1 €
ol with & # n, there is a C'-rough geodesic ¢ : R — T satisfying that ¢(—t) — & and
¢(@t) > nast - ooinT" Ul

2.1.3. Gauges in the boundary. Fix a base point o corresponding to the identity element
of I'. We extend the Gromov product relative to d € Dr to I' U 9T by setting

(€lmeo = sup { lim infCralyn)o : ()2 € &, ko € ).
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If d € Dr is §-hyperbolic, then for any two pairs of equivalent sequences {x,};2, ~
{x,;};.,o:o and {Yn}?,oz() ~ {y,’, }ZO:()’

lim inf(x), |y, )o > lim sup(x,|yn)o — 28.

n—00 n—00

o0 o0

Hence if {x,}.2 , and {y,} 7, converge to & and 7, respectively in I' U 9T", then

Elmo —28 < linrgiogf(xnwn)o < lim sup(x,|yn)o < (§10)o + 28, (D

n—oo

and we have the §-hyperbolic inequality on I' U 9T,

(&1mo = min{(§12)o, (¢} — 38 foré,n, £ e I UIT. 2)

For d € Dr, let us define

p &, n) :=exp(—(&ln),) for&,nedl.

The p defines a quasi-metric in 9T, i.e., p satisfies that p(&, n) = 0 if and only if £ = 7,
and p(&, n) = p(n, ), moreover there exists a constant C > 1 such that

pE, ) <C(pE, n+pm ) foré n ¢ edl.

In fact, there exists an ¢ € (0, 1) such that p® is bi-Lipschitz equivalent to a genuine
metric on daI' (e.g., [GAIH90, Proposition 10, §3, Chapitre 7]). However, in order to
avoid introducing an additional parameter ¢, we mainly use p in the boundary oI'. Let
0°T := {(£,n) € (AT)? : € # n}. We define p, by

px (€1, m), (B2, 12)) 1= max{p (&1, &), p(m, M)} for (&1, M), (£2, ) € 8°T.

For d € Dr, we call p and px gauges associated with d on dT" and 92T, respectively.

2.1.4. Shadows. For d € Dr, we define shadows on 9I"; they behave similarly to balls
relative to p, but it is better suited to control measures on the boundary. Moreover, shadows
are less sensitive to the change of metrics d in Dr while p vitally depends on d. Let
(I, d) be a C-roughly geodesic hyperbolic space and fix a point 0 € I'. For any x € "
and any R > 0, let us define O,(x, R) the shadow from o as the set of points & € 9T
such that some C-rough geodesic ray from o converging to § intersects By (x, R) 1= {y €
I' : d(x, y) < R}. The next lemma follows from the definitions of shadows and the gauge
p by the §-hyperbolicity.

LEMMA 2.3. (Cf. Proposition 2.1 in [BHM11]) Fix d € Dr. Then there exist constants
Ry, C > 0 such that for all R > Ry, forall x € T and all & € dT", we have that

B, (&, (1/C)e™ @I FR) € 0,(x, R) C B, (€, Ce™IHR),
where By(§,r) :={n € ol : p(&,n) <r}h

For d,d’ € Dr, let O,(x, R) and O} (x, R) be shadows defined in (I, d) and (", d'),
respectively. Since d and d’ are quasi-isometric, any C-rough geodesic ¢ in (T, d) is a
(L, K)-quasi-geodesic in (I, d"), and thus there exists a C’-geodesic in ¢ in (", d’) such
that ¢ and ¢’ are within Hausdorff distance at most D in (I", d"), where the constant
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D depends only on the constants involved in Lemma 2.1. Therefore, we have O, (x, R) C
O/ (x, R') for R" = LR + K + D. Note that shadows around the same point x but different
metrics in Dr are comparable up to changing the thickness of shadows independent of x.

2.2. Hausdorff dimension of measures. Let (X, p) be a space endowed with a gauge p;
we say that p is a gauge in X if p(x, y) = p(y, x) forall x, y € X, itholds that p(x, y) =0
if and only if x = y, and there exists a constant C > 0 such that p(x, y) < C(p(x, z) +
p(z,y)) for all x, y, z € X. Examples we have in mind are (3", p) and (82F, px). If p
is bi-Lipschitz equivalent to a genuine metric d, for some 0 < ¢ < 1, then the Hausdorff
dimension dimpg (A, p) of a set A relative to the gauge p is € - dimg (A, d;).

For any subset E of X, letting p(E) := sup{p(x, y) : x, y € E}, we define for every
D >0and A > 0,

o o0
HR(E, p) = inf{ Z p(EDP  E C U E; and p(E;) < A}.
i=0 i=0

The D-Hausdorff measure of a set E is defined by

HP(E. p) := sup HR(E, p) = lim HZ(E, p).

The Hausdorff dimension of a set E in (X, p) is defined by
dimg (E, p) := inf {D >0:HP(E, p) = 0} = sup {D >0:HP(E, p) > 0}.

Definition 2.4. Let v be a Borel measure on (X, p). We define the lower Hausdorff
dimension of v by

dimy (v, p) ;= inf {dimH(E, 0):v(E) >0, Eis Borel},
and the upper Hausdorff dimension of v by
dimpy (v, p) := inf {dimH(E, p) :v(X\E)=0, Eis Borel}.

If we have dimy (v, p) = dimy (v, p), then we say that the value is the Hausdorff
dimension of v and denote it by dimy (v, p).

In order to estimate the Hausdorff dimension of a measure, we use the following
Frostman-type lemma, which relates the dimension of v to the pointwise behavior
v(By(§,r)) asr — Oateach point§ € X.

LEMMA 2.5. (Cf. §8.7 in [Hei01]) Let v be a finite Borel measure on X. If there exist
Dy, Dy > 0 such that

log v(B
Dy < lim inf 28V (BpE- )

< D, forv-almost every & in X,
r—0 log r

where B,(&,7) = {n € X : p(§,n) < r}, then Dy < dimy (v, p) < dimpy (v, p) < D».
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Note that by Lemma 2.5, for every finite Borel measure v on (X, p), we have
log v(B, (&, 1))

dimg (v, p) = inf lim inf and
- RN log r
— 1 B, (&,
dimg (v, p) = sup lim inf w
) r— IOg r

where the infimum (respectively, supremum) stands for the essential infimum (respectively,
supremum) relative to v. If v is a possibly infinite but o -finite Borel measure on (X, p),
then taking compact sets X, of X forn =0, 1, ... such that X = Uflozo X,, and letting
v|x, :=v(- NX,), wehave

dimy (v, p) = inf dimj(v[x,.p) and dimy (v, p) = sup dimy(vlx,. p).
n=0,1,... n=0,1,...

We will apply these facts to Radon measures on (92T, py) in oder to estimate their
Hausdorff dimensions.

2.3. Busemann (quasi-)cocycles. For any d € Dr and for w € I', let us define the
Busemann function based at w by

by :T X T > R, by(x, &) := sup {lim SUp(d(x. 2n) — d(w, z)) : {2n)2p € g].

n—oo

We focus on the Busemann function b, based at 0. Noting the identity
d(x,z) —d(o,2) = d(0, x) — 2(x|2)o,

by equation (1), we have that |b,(x, &) — (d(0, x) — 2(x|€),)| < 46 for (x,&) e ' x oT".
This shows that forx € I" and & € O,(x, R),

—d(0,x) < by(x,8) < —d(o,x) + Cpy,

where in fact the first inequality holds for all £ € o' and all x € I' by the triangle
inequality. Moreover, b,, satisfies the (cocycle) identity up to an additive constant 46,

bo(xy, &) — (bo(y, x'&) + by(x, £))| <48 forx,yeT,& e dl. 3)
Combining the definition of the Gromov product on I' U 9T", we have

bo(x, &) + bo(x, n) = 2(5|n)x — 2(§In)o + O5  and
bo(x,8) — bo(x, 1) = —=2(§1x)o + 2(nlx)o + Os,

for x € T" and two distinct points &, € 9I".

2.4. Strongly hyperbolic metrics. Let us introduce a special class of metrics, which
behave regularly at infinity, following [N S16].

Definition 2.6. We say that a hyperbolic metric d on I" is strongly hyperbolic if there exist
constants L > 0, s > 0 and Ry > O such that for all x, x’, y,y" € T, and all R > Ry, if
d(x,y) —d(x,x") —d(y, y) +dx',y") = R, then

ld(x, y) —d (', y) —d(x,y) +d(x’, y)| < Le k.
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Nica and Spakula have shown that d is strongly hyperbolic if and only if there exists a
constant € > 0 such that

exp(—&(x | ¥)o) = exp(—&(x|z)o) +exp(=£(z | ¥)o),

forall x,y,z,0€ T [NS16, Lemma 6.2, Definition 4.1], whence the strong hyperbolicity
implies the (usual) hyperbolicity, furthermore for the strongly hyperbolic metric the
corresponding Gromov product extends to I" U dI" continuously [NS16, Theorem 4.2].

This property of strong hyperbolicity is actually much stronger than what we expect
from word metrics (except for very special cases such as word metrics on finite rank-free
groups with the standard set of generators). We are interested in strongly hyperbolic
metrics, which are quasi-isometric to a word metric. It is known that every non-elementary
hyperbolic group admits a strongly hyperbolic metric, which is left-invariant and
quasi-isometric to a word metric, i.e., there is a strongly hyperbolic metric in Dr. In
this case, since d is roughly geodesic and quasi-isometric to any word metric, the strong
hyperbolicity of d is equivalent to the following: for any Cayley graph Cay(T", S) there
exist constants L > 0, s > 0, and C > 0 depending only on Cay(T", S) such that for any
x,x',y,y €T and any n > 0, if two geodesic segments connecting x and y, and x” and
y’, respectively, have a common geodesic segment of length n in each C-neighborhood,
then

|d()€, y) - d(-x/7 y) - d(-x7 y/) + d(-x/’ y/)| = Le—sn7 (4)
where § is a hyperbolic constant of Cay(I", §).

Example 2.7.

(1) The hat metric d on T introduced by Mineyeyv is a hyperbolic metric, which is strongly
hyperbolic, left-invariant and quasi-isometric to a word metric [Min05, Theorem 32].

(2) CAT(—1) spaces are strongly hyperbolic [NS16, Theorem 5.1], e.g., Riemannian
manifolds with sectional curvature at most —1. If a hyperbolic group I' acts on a
CAT(—1) space isometrically and the action is properly discontinuous, cocompact
and free, then for any base point o in the space, the metric d, induced from the orbit
dy(x,y) :=d(xo, yo) is strongly hyperbolic, left-invariant and quasi-isometric to a
word metric. If the action is not free and the stabilizer at o is non-trivial, then d,, is
not a genuine metric on I, but up to changing in the rough isometry class one obtains
a metric by defining d (x, y) := d(x0,y0) + e ifx #y and d)(x,y) :=0ifx =y
for a fixed ¢ > 0. Then the metric d/, on I is strongly hyperbolic, left-invariant and
quasi-isometric to a word metric.

(3) The Green metric dg associated with a p-random walk on I' is a hyperbolic metric,
which is left-invariant and quasi-isometric to a word metric if u is a finitely supported
and symmetric probability measure on I" such that the support generates the group
I' as a semigroup [BHM11, the first part of Corollary 1.2]. Moreover, dg is strongly
hyperbolic, which follows from a special case of [Goul4, INO08, Theorem 2.9, §3]
(cf. [NS16, Theorem 6.1]).

We denote by da hyperbolic metric, which is strongly hyperbolic, left-invariant and
quasi-isometric to a word metric on I'. This notation is indebted to the hat metric, but d
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is not intended to be the particular metric in Example 2.7 (1). The property we use is that
d € Dr and d is strongly hyperbolic in Definition 2.6.

Since d € Dr, the following is a consequence of the Morse lemma for roughly geodesic
hyperbolic spaces (Lemma 2.1): there exists a constant C > 0 such that for any x, y €
Cay(T", §) and any z on a geodesic connecting x and y in Cay(I', S), we have

ld(x,2) +d(z, y) —d(x, y)| < C. (5)

Intending to clarify and simplify notations, we denote the Gromov product by (-, ),
relative to a general d € Dr, and by (-, -), relative to d, respectively. An important
consequence of the strong hyperbolicity is that the Gromov product (-, -), extends
continuously on I' U aT".

For the metric ZZ\, the corresponding Busemann function Eo (based at 0) is defined as the
limit

bo(x.§) = lim (d(x, 23) —d(0, ) = d(0, x) = 2{x[§)o, (©6)

for any sequence {z,}° , converging to &. Note that for any x € T", the Busemann function
by(x, ) is continuous on dI". Furthermore, b satisfies the genuine cocycle identity in
equation (3),

bo(xy, €) = bo(y, x7'€) +by(x, §) forx,y eI, & €T,
Note that we have the genuine identity

bo(x, &) + bo(x, 1) = 2(E|n)x — 2(EN)os (7)

for x € I" and for any two distinct £, n € dI".

2.5. Patterson—Sullivan measures. For a metric d € Dr, let us denote balls relative to d
by Bg(x,R) :={y el :d(x,y) <R}forx eI and R > 0. We define the exponential
volume growth rate of (I", d) by

1
gr(d) := lim sup — log |By4(o, n)|,
n—oo N
where | - | stands for the cardinality of the set. We have that 0 < gr(d) < oo as soon as I
is non-elementary (i.e., non-amenable) and d € Dr. The Patterson—Sullivan construction
yields a probability measure w4 associated with d on dI" satisfying that for a constant
C >0,
X L

1 d
& exp(—gr(d) bo(x, £) < d—d(é) < C exp(—gr(d) by(x, £)), ®)
Hd

for all x € I and pg-almost every & € 9T". For the Patterson—Sullivan construction, see
[C0093, Théoreme 5.4] and for the statement in a more general setting, see [BHM11,
Theorem 2.7], which covers the case for d € Dr. We call g a Patterson—Sullivan measure
for d € Dr. The following is a consequence of equation (8) (for which we do not reproduce
the proof, see e.g., [C0093, Proposition 6.1]).
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PROPOSITION 2.8. Fix a large enough constant R > 0. Then there exists a constant
Cr > 1 such that forall x € T,

1
Cr exp(—gr(d) d(o, x)) = na(Oo(x, R)) = Cr exp(—gr(d) d(o, x)).

We use the following doubling property of Patterson—Sullivan measures later.

LEMMA 2.9. Let us fix a metric d € Dr. Then the corresponding Patterson—Sullivan
measure g is doubling with respect to p, i.e., there exists a constant C > 1 such that
forany & € oI and for any r > 0,

/‘Ld(B,O(é’ 27')) = C- /‘Ld(Bp(é’ I")),

where By(§,r) ={ne€dl': p(§,n) <r}.

Proof. Proposition 2.8 shows that a large enough R > 0, the measures uq (O, (x, 2R)) and
1d(O,(x, R)) are comparable with uniform constants independent of x € I'. Applying this
estimate repeatedly, Lemma 2.3 yields the claim. O

It is known that the size of (thickened) spheres is comparable with an exponential
function. The following is a version in the form of a weighted sum relative to a word
metric.

LEMMA 2.10. For any hyperbolic metric d in Dr and any word metric ds on T, there exist
constants cy, ¢y > 0 such that

c1 < Z exp(—gr(d) d(o, x)) <cp foralln >0,

x€ S,
where S, := {x € " : ds(0, x) = n} for integers n > 0.

Proof. Letus denote by O,(x, R) shadows relative to d. Fix a large enough R > 0. For any
integer n, shadows O, (x, R) for |x|s = n cover the boundary dI", and thus Proposition 2.8
implies that

1= 1a@0) < Y 1a(0,(x. R) < Cr Y exp(—gr(d)d(o, x)).

xe S, xe S,

We denote by O (x, R) shadows relative to a word metric. For any R > 0, there exists
a constant R’ > 0 such that O,(x, R) C OY(x, R) for all x € T" (cf. §2.1.4). Note that
OY(x, R') for |x|s = n cover the boundary 3" with bounded overlaps, i.e., for an integer
D > 1 each point in 3T is included at most D shadows OY(x, R’) with |x|s =n.
Therefore, by Proposition 2.8 we have that

(1/Cr) Y exp(—gr(d)d(0,)) < Y 11a(0} (x, R) < Dua(dT) = D.

xe S, xeS,

‘We conclude the claim. O
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PROPOSITION 2.11. Let 3°T := (3T)2\{(&, &) : € € OT'}. For every d € Dr, there exists
a T-invariant Radon measure Ay on 3T such that

Ng = (&, n) expgr(d) ElMo)itd @ Hds

where there exist constants ¢, ¢y > 0 such that ¢; < ¢(&,1) < ¢ for all (€, 1) € 3°T.
Moreover, Ag(U) > 0 for each open set U in 3°T and Ay(K) < oo for each compact set
K in 9°T.

Proof. Let g be a Patterson—Sullivan measure for d € Dr. Restricting the measure ;g ®
g on 92T, we define the measure on 92T by
v = exp(2gr(d)(§[n)o)ia @ -

Since we have for x € I and &, n € 9T, by(x, &) + bo(x, m) = 2(§|n)x — 2(&[n)o £ Cs
(§2.3) and by equation (8), there exist constants c1, ¢ > 0 such that

d
c] < %(é, n) <cy forall x € T and v-almost every (£, 1) € 8°T.
v

For x, y € T, note that

d(xy)v . dx,v dyyv
0 &, n)= 7 &, T

Letting ¢ (&, 1) := sup,r ((dx+v/dv)(§, 1)), we have ¢1 < ¢(§,7) < c2 and

e ).

dx,v
dv
Hence if we define Ay := ¢(&, n)v, then Ay is I'-invariant. Moreover, note that each
compact set K in 92T is included in {(&, n) € 82T : (£]n), < C} for some C > 0, and

thus vy (K) < oo. For each open set U in 92T, we have A4(U) > 0 since naq(B) > 0 for
each open set B in dT". O

pE, ) = E ) -o e, x ).

Remark 2.12. For a strongly hyperbolic metric d, the corresponding I'-invariant mea-
sure is given by Aj= exp(2gr(3) (EImo)ug @ ug, that is, one may take ¢ =1 in
Proposition 2.11. This is because one is able to take the constant C = 1 in equation (8) in
the Patterson—Sullivan construction and the Busemann function 79:, (x, -) defines a genuine
cocycle (without an additive constant) (see also [Nic13, §7.1]).

3. Topological flow spaces

3.1. Construction of a flow space. Let 3°T := (d1)2\{(£, &) : & € T}, i.e., the space
of ordered pairs of distinct points in dT". We consider the diagonal action of I" on 82T".
The space 3°T" x R is regarded as the set of directed lines with distinct extreme points
in 3T". Here we give a geometric realization of 32" x R by rough geodesics on (", ZZ\).
For every (&, n) € 8°T, there exists a C-rough geodesic ¢y R— (T, 3) from & to n by
Lemma 2.2. We normalize the parametrization of ¢ ,(¢) by shifting ¢ — ¢ + T for some
T if necessary such that

d(¢e.,(0), 0) = min d(pz (1), 0).
teR
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Then we define the map
T xR — (I,d), (&,n,1) > ¢e(0).

This map is not canonical; it depends on choices for rough geodesics. However, note that
for any choices ¢¢ , and ¢é,n for (£, ) € 8°T, we have sup, g d(e 5 (1), ¢é,n (1)) < C for
a constant C depending only on (T, d ) by the stability of C-rough geodesics.

LEMMA 3.1. For the metric d € Dr, let p be the corresponding gauge in dT. For any
compact set K in 9°T, there exists a constant cg > 0 such that for any &€, n, n' € T and
x el if €, En) e KandT = —by(x~, &), then

2CK7T

p(xn, xn') <e o).

Proof. Since the Gromov product (-, -), is continuous on 92T and K is a compact subset
in 3T, there exists a positive constant cx depending only on K such that (£|n),, (€|17')o <
ck . Hence

o™ &) +hox ! ) = —2ex and Bo(rL E) +Bo(x ! n)) = ~2¢x,
and by (x, 1) + by (x, n") = 2(nin")x — 2(n|n"), by equation (7), we obtain
M) = (ln)o = =bo(x™", &) = 2cx.
Therefore, letting T = —30 (x’l, &), we have
DGen, xn) = e M1 < G2k o= T=(nln)o — 2k =T 5 3/,
as desired. O
Let us define the cocycle  : I’ x 92" — R by
a(x, &) = 2o (x7' ) = bo(x™", m)) forx €T, (£,1) € 8°T.

Note that we have

a(x, £.m) = (27 o — (7)o ©)
Then, we define the action of " on 32I" x R by for x € " and for (¢, n, ) € 92l x R,

x- (&, m, 1) = (xE, xn, 1 —a(x, §,n)).

The cocycle identity a(xy, &, n) = a(x, y&, yn) + a(y, &, n) shows that it defines indeed
a [-action on 82T" x R. We call this ['-action on 32T x R via « the (I, &)-action.

LEMMA 3.2. The (I', a)-action of T on 3*T x R is properly discontinuous and cocom-
pact, i.e., T\(9*T" x R) is compact.

Proof. For N, T > 0, let
Fyr :={(E 00 ed’ T xR:|t| <T, p( n) > exp(—N)}.

First we shall show that for each N, T > 0, the number of x in I' such that
xFnr1 N Fyr # 0 is finite. Suppose that for x € I' there exists (§, n,t) € Fy,r such
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that x(§, , t) € Fy,r. Then, we have
(lmo =N and (§]n) -1 = (x§lxn)o < N.
Furthermore, since |¢| < T and |t — a(x, &, n)| < T, we have by equation (9),
[ o — (N8Nl = la(x, £, m)| < 2T,

and

TNEY o + T o < 2 minf(xTHE) o, (x T Mo} + 1T e — (xTE
< 2(&In)o + 68 + 2T,

where the last inequality follows from the &-hyperbolic inequality (2). Therefore, by
equation (6) we have

c?(o, X)

L BoG™1 ) + o™l ) 4+ (7 1EN 4+ (7 o
Em 1 — (Elmo + (xHEY  + (x 7 Hmo
< (EIn) 1 + (EIn)o + 68 +2T <2N + 68 + 2T.

This shows that x is included in a ball of a finite radius in the proper metric space (I, d ),
and thus the number of such x is finite. Since any compact set K in 8°I" x R is contained
in Fy r for some N and 7', we conclude that the action of I' on 3T x R is properly
discontinuous.

Second we shall show that for some N and T, every I'-orbit intersects F r. For any
given (§,1,1) € 92I" x R, take a Cs-rough geodesic ¢g , from & to n such that ¢x¢ ;, (0) is
one of the nearest points on ¢ ; to o. Then we have Bg (¢£,7(0), &) = —(&In)o + Os and
'l;o(¢g,,,(0), n) = —(&In)o + Os, and thus a(qﬁg,n(O)_l, &,n) = Os. Since for any r € R,

bo (e (1), &) =1 + bo(¢e (00, £) + O, by(pe 5 (r)s ) = —r + bo(g 4 (0), ) + Os,

we have that oe(¢>g,,7(r)_l, En=r+ a(d)g,n(O)_], &,1n)+ Os =r + Os. Letting x :=
¢§,n(t)’], we obtain

alx, & m) =alde, (0", & n) =1+ Cj.

Since now the base point o is on the Cs-rough geodesic x¢¢ , from x& to xn, we have
(xE|xn)o < 3Cs + 26. Therefore, if N :=3Cs+25 and T := C(g, then

X (E’ n, t) = (.X'E, xn, t— a(-x’ %" T})) € FN,T~
The set Fiy 7 is compact, and thus the action T on 3’I" x R is cocompact. O

Let F, :=T\(3’T x R) be the quotient topological space of 9°I' x R by the
(I', w)-action. The space F, is compact by Lemma 3.2. We shall define a flow on F,,
namely, a continuous R-action on Fy,.

We define the action of R on 9°T" x R by fort e R, (§,1,s) € 9Tl x R,

D (5,1, 8) i= (&, .t +9).
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Since this R-action and the (I", @)-action commute on 92T x R, the action {CTD,}teR
descends to F. We define the induced flow by for t € R, [&, 1, s] € Fq,

q)t:]:ot_)]:ou [§9n’s]l_>[$’n,t+s]-

The action of R via ®, is continuous on F,. We call {®,},cr a topological flow on F,.

Remark 3.3. The space F plays a role of the (total space of) unit tangent bundle over a
compact Riemannian manifold where the geodesic flow is defined in the classical sense.
Let us mention a metric structure on JF, not just the topology although we do not use it for
our purpose. Associated with a metric d in T, there is a metric d in 82T x R such that the
(T, @)-action on (32T x R, d.) is isometric [Min05, Theorem 60(d)]. One may define the
metric d g, in Fy by

dr, ([x], [x']) = }}Iellf; dy(x, yx) forx,x € 9’T xR,

where the infimum is attained since the (I", &)-action on 3T x R is cocompact.

3.2. Measures on 3*T x R and F,. Let A be a [-invariant Radon measure on 92T.
(Recall that a measure on a locally compact Hausdorff space is Radon if it is finite on
every compact set and Borel regular.) Let dt be the (normalized) Lebesgue measure on
R. Then, the measure A ® dt is Radon on 82T x R. Furthermore, the measure A ® dt is
(I", a)-invariant as well as {5t}teR-invariant. For each continuous function with compact
support f € C.(3°T" x R), let

FEn 0= flx-En0),

xel’

where the summation runs over a finite number of x for each point by Lemma 3.2. Since f
is T-invariant on 3°T" x R, the function f can be defined on F,. We use the same symbol
for the function f defined on F,.

LEMMA 3.4. For any T-invariant Radon measure A on 8T, there exists a unique finite
Radon measure m on Fy such that

f fdA®dt=/ f dm,
92I'xR Fa

for any compactly supported continuous function f on 3°T" x R. Moreover, the measure
m is invariant under the topological flow {®;};eRr.

Proof. Note that for any continuous function ¢ on F, there exists a f € C.(3°T x R)
such that f = ¢. Indeed, let us denote the quotient map by 7 : 3" x R — F,. There
exists a compact set F on 3°I" x R such that 7(F) = F, by Lemma 3.2. By the Urysohn
lemma, there exists a continuous function x with values in [0, 1] on 92T x R such that
x =1on F and x = 0 outside a relatively compact neighborhood of F. Taking such a
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function yx, define

X (x)

T LU

fx) =

Then f has a compact support and f = ¢. Moreover, if ¢ > 0, then f > 0.
For any continuous function ¢ on F,, the map

@ fx)dA ®dt,
92I'xR

is well defined, independent of the choice of f such that f = ¢, and defines a positive
bounded linear functional on the space of continuous functions C(Fg). Therefore, the
Riesz representation theorem yields a unique finite Radon measure m.

Since A ® dt is {E),},ER-invariant and the (", a)-action and {EIV)t}teR commute on
92I" x R, for any ¢ € C(Fy) and any t € R,

/ wo@,dm:/ o dm.

This shows that m is invariant under {®; };cR. O]

Remark 3.5. If we take a Borel fundamental domain D and a measurable section ¢ : F, —
D C 9’T" x R, then we have A ® dt = Zye[‘ y.tsm. If the group I' acts on 3°T x R
freely, then the measure m in Lemma 3.4 is obtained by the restriction of the measure
A ®dton D,ie., A Qdt|lp = t.m. However, if the I"-action is not free, then ¢,m is not
the restriction of A ® dt on D. See [PPS15, §2.6].

3.3. Flow-invariant measures. For any d € Dr, let 4 be a Patterson—Sullivan measure
on 32T and A, be the associated I-invariant Radon measure on 92I" constructed in
Proposition 2.11. Let us consider the (I', o)-invariant measure Ay ® dt on 92 x R.
Lemma 3.4 implies that there exists a unique finite Radon measure m, on F, such that
mg is {®;};er-invariant and

/ fdAg ®dt =/ Fdmg for f € Co(d°T x R).
32I'xR Fa

We normalize mg with mg(Fy) = 1.

THEOREM 3.6. Fixd € Dr. Then for any ¢ in L' (Fy, mg), we have

1 T
lim ?/ @ o D, (x) dt =/ o dmg for mg-almost every x.
0 Fu

In particular, for any d € Dr, the measure mq is ergodic under the topological flow
{®:}ier on Fy, i.e., for any Borel set A in F, with ®_;(A) = A for all t € R, one has
mg(A) = 0ormg(Fy\A) = 0.
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Proof. For d € Dr, let us write A = Ay and m = my. For any ¢ € Ll(]-'a, m), the
Birkhoff ergodic theorem implies that for m-almost every x € F,, there exists a limit

.17
Voo (X) 1= Tlimoo T /0 ¢ o ®,(x) dt,

and @ is defined on m-almost everywhere on JF, such that gy 0 ®; = @ for any
t € R. (This follows by considering a Birkhoff sum of fo] ¢ o ®,(x) dt and integers T.)
The convergence is also in L!(F,, m). We shall show that ¢, is constant m-almost
everywhere. Note that if ¢, coincides with a constant m-almost everywhere, then it has to
be f]_-a ¢ dm. By the Fatou lemma, we have [|¢x |1 < ||¢l|l1. Hence it suffices to show the
claim for continuous functions ¢ € C(Fy).

Let 7 : 8T’ x R — F, be the quotient map. Taking a Borel fundamental domain
D in 32T x R and a measurable section ¢ : F, — D, we have A @ df = Zyer Y.l
(Remark 3.5). Hence for A ® dr-almost every (£, n, s) € 92 x R,

e ~
lim —/ (pom)(Pi(§,n,5)) dt = oo 07 (§, 17, 5). (10)
T—oo T Jo

In fact, since this holds for A ® dr-almost every (&, n, s) and ¢ is continuous on a
compact space Fy, the limit in equation (10) exists for A-almost every (£, ) € 8°T" and
for all s € R. Let ¢ := @0 0 T ON 92l x R. Since Yoo 18 {®;};cr-invariant, the lift
Poo 18 {®,},cr-invariant. Therefore, @ is defined on 92T, and we write @0 (£, 1) for
(€,71) € 9°T". Noting that A and p ® u are mutually absolutely continuous on 32T, we
have for & ® p-almost every (&, n) € 32T, and all s € R,

Fim —/ (@ om)(Di(E, 1, 9)) dt = Foo(&, ). )

Let K be any compact set in 2I". Then there exists a constant cx > 0 such that for any
&.m, (€. 1) € K, (§In)o, (§In)o < ck. For § € 9T, if we take a Cs-rough geodesic ¢
from o to &, then for any » > 0,

bo(p(r), £) = —r + 2Cs.

Forany T > 0, letx := ¢(T)_1,then7)\,,(x_1, &) = —T £ 2Cs. Hence Lemma 3.1 implies
that

2cx+2Cs | ,—T

plxn, xn) < e e,

and thus for any e > 0, there exists x € I' depending only on & such that for any
(&, 1), (§,71") € K, we have p(xn, xn') < e. Moreover, since

a(x, &) = LB, &) — b7 ) = bpx 7 8) — LB (x 71, &) +Bo (TN ),

letting

sto= 3B, &) + B ) and 5= LB, &) + By, o)),

we have s| + a(x, &, 1) = 55 + a(x, &, ). Since ¢ o 7 is uniformly continuous on 92T x
R, for any & > 0 and for any (&, 1), (£, ") € K, there exists a x € " such that for any
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t e R,

lpom(x- (&, ms1+1) —pom(x- (&, n,s2+1) <e.
Therefore, since p om = @ om(x - ) for all x € I, by equation (11), we obtain for u ®
w-almost every (&, n), (§, 7)) € K,

This shows that for u ® p-almost every (£,7),(&,n) € K, we have @oo(&,n) =
Pno(E, 1)), Since 9°I" is o-compact, for u ® u-almost every (£,n), (&,7n)) € 3°T,
we have @oo(€, 1) = Poo(&, 1), 1.€., Poo(€, -) is w-almost everywhere constant for
p-almost every & € dT'. Changing the role of & and 7 in 3°T, we also show that Gao (- , 7)
is w-almost everywhere constant for w-almost every n € 9. We conclude that @ is
i ® p-almost everywhere constant on 92T", and thus A-almost everywhere constant on
8°T. Therefore, since $ro = Poo 0 7, the limiting function ¢u is m-almost everywhere
constant and we obtain the claim. U

COROLLARY 3.7. Foranyd € Dr, the corresponding I"-invariant Radon measure A4 on
92T is ergodic with respect to the T-action on 9T.

Proof. Let A be any I'-invariant Borel set in 82" and consider A x R. Since A is
I-invariant, A x R is (I", @)-invariant on 92 x R and thus A x R defines the set
[A x R] in F,. The set [A x R] is {®,},cr-invariant, and it has mg,-measure O or
1 since my is ergodic by Theorem 3.6. This shows that A x R has either null or
co-null Ay ® dt-measure and A has either null or co-null A -measure. Therefore, A, is
ergodic. O

4. Coding via automatic structures

4.1. Automatic structures. Let S be a finite set of generators such that S = S~! in T".
An automaton (A, w, S) is a directed graph A = (V, E, s,) where s, is a vertex called
the initial state, together with a labeling w: E — S on edges by S. For a directed
path @ = (eg, €1, . . ., €,—1) in the graph A where the terminus of ¢; is the origin of
ei+1, we associate a path w(w) in the Cayley graph of (I, S) issuing from the identity
0, w(eg), w(eg)w(er), ..., wley) - - - wle,—1). Let wy(w) be the terminus of the path
w(w), namely, wy(w) = w(ep) - - - wley—1).

Definition 4.1. We say that an automaton (A, w, S), where A = (V, E, s,) and a labeling

w : E — §is astrongly Markov automatic structure if the following hold:

(1) each vertex in V can be reached by a directed path from the initial state s,;

(2) for every directed path w in A, the path w(w) is a geodesic in the Cayley graph of
(T, S); and

(3) the map w, assigning the terminus of a path defines a bijection from the set of
directed paths from s, in A to .

Every hyperbolic group admits a strongly Markov automatic structure for any finite set
of generators S with § = S—1 [Can84, Call3, §7, §3.2]. We fix an automaton (A, w, S)
for (', S). Let £* be the set of finite directed paths (not necessarily from s,) in the
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graph A, and X% be the set of semi-infinite paths (¢;)$%,,. Let Tt .= 2 Ut be the
set of unilateral paths. We define the map w; : T STrU aI', where to every path w in
er, we associate a point in I' U 9I" as the terminus of geodesic segment or a geodesic ray
w(w) starting from the identity o in Cay(T’, S).

Actually we mainly use the space of bilateral paths based on .A. We will work with the
space T to construct an appropriate measure in §5.1.

4.2. Bilateral paths. Let us define X the space of bilateral directed paths in .4. Namely,
letting A = (A(e, €')).ce be the adjacency matrix (for directed edges) of A, where
A(e, €') = 1if (e, ') is a directed path in A, and 0 otherwise, we define

Y= {(wi)iez : Alw;, wix1) =1 foralli € Z}.
Let us define the shift o on X,
0:X—> 2%, o(w)iez = (@i+1iez-

Then we obtain a subshift of finite type (X, o) with the set of alphabets E. Let us define
the metric in ¥ by

n

ds(w, ') :=e™" wheren :=supfk > 0:w; =w; foralll|i|<k}ande > =0.

We consider the map assigning to a bilateral path w = (w;);cz in X a pair of points
&_(w) and &4 (w) in 0T, where £_ (w) and & (w) are the extremes of geodesic rays

© ww-)" we-D w@-2)"",..) and (0, wwo), www@), ...),
respectively. Abusing the notation, we denote this map by
Wi S — 3T, o (E_(0), &4 (0)).
The map wy is continuous; although it is not injective nor surjective, it is C-to-1 for some

constant C > 1.

LEMMA 4.2. Let p(¢, &) = e~ €% for a word metric ds and px (-, &+), (€L, £})) =
max{p(§—, §1), p(&+, E1)}.

(1)  There exists a constant L > 0 such that
Ox Wy (), wy (@) < Lds(w, ) forallw, o' € X.

(ii) There exists an integer C > 1 such that for every (&, £4) € 9°T, the number of
pre-image w*_1 (-, &4) is at most C.

Proof. For any w, 0’ € X, let wy(w) = (5, &;) and wy (') = (§L,&)). f dx (0, o) =
e”" forn > 0, then (§41&}), = n — 28 and (§_|.), > n — 28 by the 5-hyperbolicity of
the Cayley graph Cay(I", S), and this shows (i).

Note that the §-hyperbolicity of Cay(I', S) implies that two geodesics with the same
extreme points are within Cs-Hausdorff distance for some constant C5 > 0. For (§_, &) €
92T, if there exists an w € T such that wy(w) = (5_, &1), then for any other ' € ¥ with
wy (@) = (§_, £1), the corresponding geodesic w(w’) in Cay(T, S) passes through o from
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&_ to &;. Since o' is a path in the automaton A, the number of geodesic rays from o of the
form w((@')i=o,1,...) following w(w) within Cs-distance is at most | Bs(o, Cs)|. The same
is true for geodesic rays from o of the form w((«')j=—1,—2,..). Therefore, the number of
such o’ is at most | Bs(o, Cs)|?, and this implies (ii). O]

Associated to the cocycle @ : I' x 3°I" — R, we define a function on X by
a:X—>R o~ oz(so_l, wy(w)) where 5o := w(wp) for w = (w;);ez.

LEMMA 4.3. There exist an N > 1 and positive constants cy, co > 0 such that

N—1
SNa(w) = Z (0" w) € [c1, 2] forallw e =.
n=0

Proof. For any integer N > 1, the cocycle identity of « yields

SN (@) = a(sy ", we@) +alsyh sg we(@) + -+ alsyl syl sy we@)
=a((s0 - sv—1) ", we(@)),

where s; = w(w;) fori =0,..., N — 1. Letting ({_, £;) = w,(w), we take a Cs-rough
geodesic ¢— 4 from &_ to &4 with d(¢— +(0), 0) < Cs. Then we have

alp_ ()L E_E))=r£Cs, forreR.

Since for all large enough N, there exists an r > 2Cs such that 2(¢_,+(r), 1 8N) <
Cs, we have that a((so---sy_1)" !, we(w) > a(p_+(r)~',&_,£,) —2Cs and thus
there exist N > 1 and ¢ > 0 such that Sy@(w) > ¢ for all w € . Letting

C :=supf{la(x, wiw)| : w € X, x € Bs(o, N)} < o0,

we obtain Sy (w) < C forallw € Z. O

4.3. Coding the flow space. Fix an integer N > 1 in Lemma 4.3. Let
Sus(Z, Sya) := (X x R)/ ~,
where
(0,1 + Sya(w)) ~ (6Nw, 1) for(w,1) € T x R.

We endow Sus(X, Sya@) with the quotient topology from X x R. If we define the
R-action on Sus(Z, Sy@) by o;[w, s] := [, t + s] for t € R and [w, 5] € Sus(Z, Sya),
then Sus(Z, Sya) defines a suspension flow over (X, o).

Let us define IT: £ x R — 92T x R by

H(w, ) := (we(w), 1) for (w, 1) € T x R,
and the map by

IT: Sus(Z, Sya) — Fo, (o, 1] = [wi(w), t].
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We shall show that this map IT : Sus(Z, Sya) — Fy is well defined. For (w, 1) € £ x R,
we have

(@, 1 + SNE (@) = (Wa(@), 1 + SyE(@)) and  TT(oVw, 1) = (xy" - wal), 1),
where xy := w(wp) - - - w(wy—1). By definition of the (I", «v)-action on 9 x R,
iyt T, 1+ SyE() = (3 wa(@), 1 + SyE (@) — aley', we(@)) = TeVw, 1),

where we have used Sya(w) = a(x;l, wy(w)) in the last equality. This shows that §l
defines the map IT : Sus(Z, Sya@) — Fy.

PROPOSITION 4.4. The map
IT:Sus(T, Sya) — Fu, [, t] = [we(w), ]

is continuous and satisfies that Tl o oy = ®; o I1 for t € R. Moreover, 11 is a surjective
map and there exists a constant C > 1 such that the cardinality of T1~ ' (x) is at most C for
all x € Fy.

Proof. By definition I1[w, t] = [ﬁ(a), t)] for (w, 1) € ¥ x R, and since I is continuous,
IT is a continuous map. Furthermore, if we define an R-action on X x R by 07 (w, s) :=
(w, s + 1), then o;[w, s] = [0+ (w, 5)] and

MMo& =®,0ll forteR.

This relation descends to IT o 0, = ®; o IT for all t € R.

Let us show that the map IT : Sus(X, Sy@) — Fy is surjective. For given (§_, 1) €
92T, let ¢ = (¢ (n)),ez be a geodesic from £_ to &4 in the Cayley graph Cay(I", S) where
¢mn) el forneZ. Forn>1,let &, := ¢(—n) and &, := ¢ (n), for which we have
&, —> & and§, — & in T UIT as n — oo. The strongly Markov automatic structure
(A, w) gives a unique geodesic path ¢, from §_, to &, as the image of a directed path
of length 2n + 1 in A from the initial state s,. We parametrize ¢, so that ¢, : [—n, n] —
Cay(T", §) with &_,, = ¢,(—n) and &, = ¢, (n) and extend ¢, on Z in such a way that
¢n and ¢ coincide on (—oo, —n] U [n, 00). The §-hyperbolicity of Cay(I", S) implies that
ds(¢(i), ¢, (i)) < Cs for all i € [—n, n]. Hence there exists a subsequence ¢,, such that
@, (i) converges to a y; € I' for each i € Z as ny — oo. The path (y;);cz is a geodesic
from £_ and &, and since any finite subpath (y;)—ny<i<y is given by the image of a
directed path in A, there exists an w € X such that w(w;) = yl._l - yi41 foralli € Z. Then,
we have

wy(w) = (yo”éﬂ V0’1§+).
This shows that for an arbitrary (§_, &4, 1) € 92T x R, there existan w € ¥ and a el
such that yp - (wy(w), t + @ (0, )/0_15_, J/O_1$+)) = (£€_, &y, 1). Therefore,
Mo, t + oy, vy E-. vy €01 = [E-. & 1],

and the map IT : Sus(X, Sya) — Fy is surjective.
Let us show that the map IT is C-to-one for some constant C > 1. Since I1 is surjective,
forany [§_, &,, s] € Fq, we have a [w, 5] € Sus(XZ, Sy@) such that [T[w, s] = [£_, &, s].
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Letting
Z:={(w,t) e T xR:0<t < Sya(w)},

we identify Z with Sus(Z, Sya). Fix a unique lift (w, s) € Z of [w, s]. We count the
number of (o', s') € Z such that T1(w/,s’) and T1(w, s) are in the same (I, )-orbit
in 82" x R. Note that T1(Z) = {(wx(w), 1) € 3*T x R: (w, 1) € Z} is included in a
compact set K in 8°T" x R since 0 < Sy@(w) < C by Lemma 4.3 and (£_|£4), < C/,
where wy(w) = (€_, &) for all € X. If there exists a y € T" such that y - (w4 (w), s) =
(w4 (@), s), then the number of such y is at most Cg, which is a constant depending only
on K since the (I, @)-action on 8°I" x R is properly discontinuous by Lemma 3.2. For
each such y € T', we have

(w*(w,)v S/) = (V : E*’ Y- €+’ s+ Ol()/’ 57, §+)),

where wy(w) = (§_, £4). There exists a constant C > 1 such that the number of @’ such
that wy(w') = (y -&_,y - &) is at most C by Lemma 4.2 (ii). Therefore, the number
of (o', s") € Z such that I[w', s'] = [w, s] is at most Cg - C. We conclude that IT :
Sus(X, Sya) — Fyis (Ck - C)-to-one. O

4.4. Coding the measures. LetII : Sus(X, Sya@) — F, be the map in Proposition 4.4.
For the simplicity of notation, fix N and we write r := Sya@ and Sus(Z,r) :=
Sus(Z, Sya).

LEMMA 4.5. For any {®;};cr-invariant Borel probability measure m on F, there exists
a {0, };er-invariant Borel probability measure m on Sus(X, r) such that

M.m = m.
Proof. Let m be any probability measure on F, such that m o ®_; = m for all t € R. If
we have a continuous function f € C(Fy), then f o IT € C(Sus(X, r)), and the positive
linear functional

L(fol'[)::/ fdm
‘FOt

extends to a linear functional L on C(Sus(Z, r)) such that |Z(f)| < ||]F”V||Oo for all
fe C(Sus(XZ, r)) by the Hahn—Banach theorem. Note that Z(l) = 1, and moreover L
is positive. Indeed, suppose that there is an fon Sus(X, r) such that f > (0 and Z(f) <0,
then normalizing fso that 0 < f < 1 if necessary, we have

La-H=1-L(H>1

since ||[1 — f lleo <1, this is a contradiction. Hence by the Riesz representation theorem

there exists a Borel probability measure /& on Sus(X, r) such that
/ fol'[dﬁ:/ fdm for f € C(Fy).
Sus(Z,r) Fa
For all T > 0, let iy := (1/2T) ffr(a,)*ﬁ dt. Then there exists a sequence 7; — 00

such that i, weak-star converges to a probability measure 71, which is {0} };er-invariant.
Since [T o 0; = ®; o I for all ¢ € R, we have IT,m = m as required. O]
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For any real values a < b, we denote by Leby, ;) the Lebesgue measure restricted on
the interval [a, b) in R. For a probability measure A on X, let wyA := X o w, I be the
pushforward of A by w, on 3°T.

LEMMA 4.6. For any o -invariant Borel probability measure  on ., and for any Ty > 0,
there exist a o -invariant Borel probability measure A on ¥ and some T > Ty such that the
following inequalities hold on 3°T x R,

1 ~ 1
Nw*)n ® Lebjo,1;) < wxA ® Lebyo, 1) < N l l;\] 1 y.(wsA ® Lebi_1.1).
VissN—

Proof. Let = /N ) Z 0 o). Then X is a o-invariant Borel probability measure on
. Since A < N - %, we have w,i ® Leb [0,Tp) < Nw.k ® Lebjo,7p)-
On the other hand, we note that for w € X,

Wi (0w) = (E—(0w), £1(0w)) = 55 .(E—(0), £4(0) = 55wy (),
where so = w(wy). For any Borel set A in 92T and for each s € S, we have
Ao w AN (wwo) =5 < A({s T we(w) € AY) = wih(sA) = (s71).wA(A),

and thus since S = S~!, wyouh < ZSES s.wyA. In fact, we have for all integer i > 0,
WxOL in < Zlyls _i Y.wsA and

X % Z Y Wy,

lyls<N—1
Let T := Ty + T’, where
T :=sup{la(y, -, )| lyls < N — 1, (5_|&4), < 48} < oo.

For any compactly supported continuous function f > 0 on 3°I" x R, we have

/ f(é’ t) d((Vw*?») ®Leb[O,To)) = / f(J/-‘E, t) d(w*A-@Leb[O,To))
32I'xR 32 xR

:/ foy(E, t—a(y, §)) d(w.r ®Lebp, 1))
92I'xR

< f foy(E,t)dlwsA@Leb_1 1)),
92I'xR

for all y € T such that |y|s < N — 1, where we have used the definition of T = Ty + T’
in the last inequality. Therefore, we obtain

~ 1
wid ® Lebpo 1) < N Z v.(wed ® Lebj—7 1)),
lylssN—1

and thus we conclude the claim. O]

Let us consider

Z ={(w,t) e 2 xR:0=<t <r(w)},
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and identify Sus(X, r) with Z and also the measures on them. Let M({o;};cr) be the
set of flow {0} };er-invariant Borel probability measures on Sus(X, ). There is a bijection
between M (o, ) and M({0};er),

1
M@V, %) > M{0o:}ier), A > vy = mx ® Leb|z,

where Leb stands for the Lebesgue measure on R. The reverse map is given by for

v € M({or}ier) taking v on X by disintegration v = fz Lebjo,r(w)) dV and assigning
()T

PROPOSITION 4.7. There exist constants Ty, c1, c2 > 0 such that the following hold.

(i) For every flow {®,},cr-invariant Borel probability measure m on Fy, there exists a
o -invariant Borel probability measure A on ¥ satisfying that

cim < n*(w*x ® Lebjo,1)) < com,

where T : 3°T x R — F is the quotient map.
(ii)  For every T-invariant Radon measure A on 3T, there exists a o-invariant Borel
probability measure A on X satisfying that

clA®dt <Y y.(wik ® Lebjr,) < c2A ®dt on9°T x R.
yell

Note that for any compactly supported finite measure p on 3°I" x R, the sum
ZV er V-1 is well defined since the (I, )-action on 8°T" x R is properly discontinuous.

Proof. First we show (ii) by using (i). Let A be a I'-invariant Radon measure on 92T,
Letting ¢ : 7y, — D be a Borel section, we have a {®;};cr-invariant finite measure m on
Fu such that

A®dt =) y.i.m,
yel

by Lemma 3.4 (and Remark 3.5). By (i), there exists a o-invariant probability measure x
on X satisfying that cym < m,(wsA ® Lebjo,1,)) < com. Since we have that

>y (wik ® Lebjo.) = Y v.(wek ® Lebjo.7y)).
yell yell

we obtain (ii),

A ®dt < Z y.(w*x ® Lebjo,7)) < c2A @ dt.
yell

Next let us show (i). Let m be a {®,};cr-invariant probability measure on Fy. First
we shall show that the claim holds for a o"-invariant probability measure A on X
for an integer N > 1. By Lemma 4.5, there exists a {o;};cr-invariant Borel probability
measure 7 on Sus(X, r) such that [T,m = m, where r = Sy« for some N > 1. Identifying
Sus(X, r) with Z, we write the measure 7 by (1/(A ® Leb(Z)))(A ® Leb)|z where A is a

o N -invariant Borel probability measure on . Formally, letting pr: ¥ x R — Sus(Z, r)
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be the quotient map, we have

N

—— (A ®Leb)|z.
pr*)»®Leb(Z)( ® e)|Z

Let Tp := max,ey r(w) and cp := minyey r(w), where we have c¢g > 0. Note that ¢y <
(A ® Leb)(Z) < Tp. By the definition of I, it holds that 7 o IT = IT o pr. Therefore, we
have
m = Tl,pr ;(A®Leb)| = 1,11 ;()\®Leb)| )
Pl S Leb(Z) 2= N5 2 Leb(2) z

By using disintegration with respect to w4 A, we obtain
M.(» ® Leb)|z = / e dwa) @),
a2r

where [¢ = Zw* w=t Leb[0r(w) for wyA-almost every £ in 9°I". Noting that the map w :
> — 92T is C-to-one for some C > 1 by Lemma 4.2 (ii), we have
M.(A ® Leb)|z < C - wyh @ Lebyo. 7).

This shows that

C

m < C—n*(w*k ® Lebjo,75))- (12)

0
We shall show the other estimate. Since m is {o;};er-invariant, for any T > 0, (T + ¢g) -
m = f,TCO (0¢)«m. Noting that (A ® Leb)|z > A ® Lebjo,¢,), we have that for any T > 0,

T

(01)«(A®@Leb)|z > co- A ®@Lebyory and m

co
> ————pr, (A ®Leb .
. = T + o)™ 07)

Hence by using the relation 7 o M=TIo pr, we obtain for all T > 0,

~ (&)
= M > ——  M,pr,(» ®Leb
=T 2 2T ey P @ Lebon)
co ~
= 0 L. f.0.®Leb
To(T +co) +(h ® Leby

(13)

€0
> ————— . (weA ® Leb .
0.1)) = To(T + <o) «(wsA @ Lebpo, 1)

Finally, applying Lemma 4.6, we have a o-invariant probability measure % on ¥ such
that for some T > T,

1 ~ 1
ek @ Leboy) < w.i ® Lebo ) < Z y.(wih @ Lebi_7.7y).  (14)
lyls<N—1

By equation (12) and the first inequality of equation (14), we have cim < n*(w*’)t ®
Lebyo,7,)). By equation (13), we have that for some positive constant ¢ > 0,

T T
3Tm = / (D) ym dt ch (P4)sms(wsd ® Lebjo 1)) dt > cTrwy(wyk @ Leb_7 1)).
=27 —2T7

Since w o y = 7 for all y € T, by the second inequality of equation (14) we obtain

Bg(o, N — 1 Bg(o, N — 1 3
[Bs( = )ln*(w*A®Leb[_T,T))§| s( )| =

T (wik ® Lebyo.zy)) < N

https://doi.org/10.1017/etds.2020.101 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2020.101

Topological flows for hyperbolic groups 3501

where Bg(o, N — 1) is the ball of radius N — 1 centered at o in Cay(T", S). We conclude
the claim. O]

5. Symbolic dynamics
Recall that associated to the cocycle o : " x 92" — R, we have defined the function

a:X—>R, wr— a(so_l, wy(w)),
where 5o := w(wq) for = (w;j);cz. Similarly, we define
h:¥ >R, wr Bo(so, (i(w) and u:¥X >R, o (E(0|&r(w)o-
LEMMA 5.1. The functions @, E and u are Holder continuous on (X, dy), i.e., there exist
constants L > 0 and s > 0 such that
&(w) — &(@)] < Lds(w, o) forallw o € X,
and the same estimates hold for b and u. Moreover, we have
d(w) = —b(w) + u(cw) — u(w) forallw € X.
Proof. For any n > 0, let w, v’ € £ be any two sequences sat1sfy1ng that w # o’ and
ds (w, @) = e™". Since the Busemann function bo(x Xn) —> b, o(x,E)asx, > &Einl"U

aT foreachx € I and d is strongly hyperbolic, by equation (4) in §2.4, there exist constant
L > 0and s > 0 such that

|77\0(50» () — E (50, E4(@))] < Leﬂ‘(nfl)’

where 5o = w(wp), and thus IE(w) b(w’)| < Lefe™ = Leé* dx (w, w'). Moreover, the
strong hyperbolicity of d implies that

ld(x,y) —d(x',y) —d(x,0) +d(x',0)| < Le™"

if two geodesic segments connecting x and y, and x” and o, respectively, have a common
geodesic of length n in their Cs-neighborhoods in the Cayley graph Cay(I', S). Adding
d(y, o) and —d(y, 0), we have that

26— (@) |+ (@)o — 25— (@)IE1 (@))o] < Le™"
and
266 @)154(@)o = 2(6-(@)E+ @))o] < Le ™.
This shows that
lu(w) — u(@)| < Le ™" = L dx(w, o).

By the definition of @ and the relation between Do and the Gromov product, we have

() = alsy ', (), £E4(@) = L(Bo(s0, £ (@) — by (50, £ ()))

and
Do (50, E—(@)) + by (50, &+ (@) = 2(E— (@) |E+(@))sy — 2(6— (@) [E+ (@),
and thus &(w) = —b(w) + u(ocw) — u(w). Therefore, & is also Holder continuous. O

https://doi.org/10.1017/etds.2020.101 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2020.101

3502 R. Tanaka

5.1. Thermodynamic formalism. 1In this section, we work on the set of unilateral paths
T 1t is better suited when we construct a shift-invariant measure on the set of bilateral
paths ¥ by using transfer operators. We introduce thermodynamic formalism on b
following [Goul4, §3.3].

Leto:E — T be the shift defined by deleting the first edge of paths. Define the
metric in & by d§+ (w, @) := e where n :=suplk > 0: w; = a);, 0 <i <k}. For
every real-valued Holder continuous function v : T = Rwith respect to dx-+, we define

the transfer operator Ly, acting on the space of continuous functions f on b by

Lyf@= Y fw),

o(0)=w

where the preimages of w = @ by the shift o are paths of length 1. We will analyze the
asymptotics of

L@ = SV @) where S, ¥ (@) i= ¥ (@) + Y(ow) + - - -+ ¥ (0" w).

o' of length n

We call a finite directed graph recurrent when any vertex is accessible from any other
vertex by a directed path, and topologically mixing when it is recurrent and there exists
N such that for all n > N any two vertices are connected by a directed path of length 7.
If the underlying graph of A is topologically mixing, then the Ruelle—Perron—Frobenius
theorem is applicable to describe the spectra of Ly, ([Bow08, PP90, Theorem 1.7, Theorem
2.2] and see also [Gould, Theorem 3.6]). If the graph A is only recurrent, then there
is a period p > 1; every loop has the length of a multiple of p. In the case when p >
1, the set of vertices V of A is a disjoint union of subsets V; for j € Z/pZ such that
any edge of the origin in V; has the terminus in V;,;. We call such a decomposition
V= jezpz Vi @ cyclic decomposition. Let f; be the set of path starting at a vertex
in V; and the empty path. Then o : f? — f;l and, the restriction of o” on f; is a
topological mixing subshift of finite type for each j € Z/pZ. In the general case when A
is not necessarily recurrent, we decompose A into components. A component of A is a
maximal subgraph, which is recurrent. For a general hyperbolic group, a strongly Markov
automatic structure .4 can have several distinct components whose cardinality is greater
than 1. (There are examples such as free groups and surface groups with the standard sets
of generators admitting an A with a unique component, which is not a singleton.)

To each component C, we define the transfer operator L¢ by restricting v on the set of
paths staying in C. Then L¢ has finitely many eigenvalues of maximal modulus R and
they are all simple and isolated. Let Pr¢ (¥, o) := log R¢. (This value will be called the
pressure.) We define

Pr(yr, o) := mcax Pre (Y, 0),

where the maximum is taken over all components C of 4. We call a component C maximal
if Pr(¢, o) = Pre (¥, o). A potential  is called semisimple if there is no directed path
between any two different maximal components.
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Let 1(£,) be the indicator function on b taking the value 1 on the set of paths starting
at sy and O otherwise. Then we have

Ly lipa@) =) 5@,

where the summation runs over all paths w of length n starting at s,.. The following lemma
is used to compute Pr(¢, o) and decide whether the potential ¥ is semisimple.

LEMMA 5.2. Let k > 1 be an integer. If there exists a path from s, in A passing through
successively k different maximal components, then there exists a constant C > 0 such that
for all integers n > 1, we have

L 115, 1(9) = Cnk~ 1),

Let L > 1 be an integer. If there are L components in a finite directed graph of A, then
there exists a constant C > 0 such that for any integers n > 1,

E:;/ lig, (@) < CntePrvo),

Proof. The first claim is a special case of [Goul4, Lemma 3.7] and the proof of the second
claim is in [Tan17, Lemma 4.7]. O]

Although we do not use it directly in this paper, it is instructive to record the
following theorem by Gouézel in order to understand the situation when the potential
is semisimple. We denote by | - |g the Holder norm with some fixed exponent (whose
explicit value is not used).

THEOREM 5.3. (Theorem 3.8 in [Gould]) Ify is a semisimple potential, and Cy, . . ., C;
are the maximal components with period p;, where C; = LljeZ/p,-Z Ci,j is a cyclic
decomposition for each i =1, ..., I, then there exist Holder continuous functions h; ;
and measures A; j such that f§+ hij dX\; j =1 and for every Holder continuous function
f, and for alln > 0,

I pi—1
‘El]’;/f _ "Pr(¥.0) Z Z (/‘F fd)"i,(jfn mod Pi))hiwj
)y

i=1 j=0
where C > 0 and ey > 0 are constants independent of n and f. Foreachi =1, ...,]1,

< Clfllm- e 0™V,
H

1 pi—1
Wi = — Z hi jAi,j
i

is a o -invariant ergodic probability measure, and supported on E;" .

We extend the Busemann function ZJ\O (denoted by the same symbol) on the whole space
I' x (I' U dI') by setting the same as the original Busemann function for d on I" x dI" and

Z,,(x, Z) = Zf(x, z) — c/z'\(o, z) forx,zeTl.

Further recalling the definition w, :§+ — ' U 9T", which assigns the terminus of the
corresponding geodesic segments or rays (see, right after Definition 4.1), we define
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b TSR by E(a)) = Eo(w(a)o), wsw). Note that b is Holder continuous on st by
Lemma 5.1. We denote the exponential volume growth rate v := gr(d ) relative to d.
LEMMA 5.4. If we define the potential by v := 7 - b, then Pr(y, o) = 0.

Proof. For any integer n > 1 and for all path w € T of length n, we have

Sk (@) = by(so - - - Sk—1, wew) forall 1 <k <n,

where s = w(ay) fork =0,...,n — 1, and thus S, ¥ (w) = — - d(0, wsw). Therefore,
we have
L1 @) = Z S _ Z o)
w: length n from s, xeS,

where S, = {x € I" : |x|s = n}. Since the last term is bounded from above and from
below by some constants independent of n > 1 by Lemma 2.10, Lemma 5.2 shows that
Pr(yr,0) =0. O

Remark 5.5. In fact, the first part of Lemma 5.2 shows that the potential ¥ = - b is
semisimple, which we do not exploit in this paper.

The following lemma is specific to word metrics. Let vg := gr(ds) be the exponential
volume growth rate with respect to ds.

LEMMA 5.6. Let Z;S(a)) =—lforalwe §+ and ¥rg := vg - Z;S. Then Pr(yrg, 0) = 0.

Proof. Note that Sy s(w) = —vg-kforall 1l <k <n forall w € T of length n. The
proof follows as in Lemma 5.4. O

5.2. Variational principle. Let ¢ be a Holder continuous function on X where we
assume that Y depends only on coordinates of non-negative indices, i.e., ¥ (w) =
¥ (wo, w1, . . .). For each component C of A, let X¢ be the set of bilateral paths all the
time staying in C. Then it holds that

1
Pre(¥,0) = lim —log > exp(Sup,.op V),

[wo,....0p—1]

where S, 0w, ¥ i=sup{S ¥ (@) : w € [woy, . . ., wy—1]} for cylinder sets [wo, ...,
wp—1]1in X¢.

For any subshift of finite type (X, o), we denote by M(o, X) the set of all o-invariant
probability measures on X. For any A € M(o, X), let h(o, L) be the measure theoretical
entropy of (X, o, 1) (see §6.2 for the definition).

PROPOSITION 5.7. Let W be a Holder continuous potential on ¥. Then for each
component C of A, we have that

Prec(y,0) = sup {h(k, o)+ / v dk}, (15)
Xc

reM(o,2Z¢)
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and there exists a unique o -invariant Borel probability measure pc on X¢ for which the
supremum is attained. Moreover, there exist constants c1, ¢o > 0 such that

MC[CL)O, LR ] wn*]]
€ [c1, 2], (16)
exp(—nPrc (¥, o) + Sp ¢ (@)
forall w € [wy, . . .,w,—1] and for alln > 1.

Proof. For each component C, let C = |_| ieZ/pe C; be a cyclic decomposition, where p¢
is the period of C. Let X¢ ; be the space of bilateral paths (w;);cz staying in C such that
the edge wp starts in C;. Then we have that X¢ = Ufio_l Yejand o : Xej — X 1
for each j € Z/pcZ. The (two-sided) shift space (X¢ ;, 07¢) is a topologically mixing
subshift of finite type. Since ¥ is Holder continuous on X, S, is Holder continuous on
X ¢ o relative to the metric dy restricted to X¢ . Therefore, we have that

PrCo(SPc’ab’O'pC) = sup {h()\,apc) +/ Spe¥r dk}, (17)
reM(oPC Xc o) X0

and the supremum in equation (17) is attained by a measure if and only if it is the unique

Gibbs measure ¢ with potential S,y [Bow08, p. 19, Theorem 1.22]. In this setting,

the measure pc is a unique o PC-invariant probability measure pco on X¢ o for which

there exist constants cy, co > 0 such that for any integer N > 1 and any cylinder set

[wo, . . ., @Npe—1]in B¢ of a path (wo, . . . , wnp.—1) starting in Cp, one has
ueolwo, - .- s oNpe—1]
pe € [c1, 2], (18)
exp (—Npc - Pre(¥r, 0) + Snpe ¥ (0))
forany o € [wo, . . ., ©Npe—1].

Note that there is a one-to-one correspondence between M(a, L¢) and M(aP¢, X¢ ).
For A € M(o, Z¢), since A(Z¢,;) = 1/pc for any j € Z/pcZ, letting the restriction
Ao := (pcA)lzc, we obtain Ao € M(oP€, ¥cp). On the other hand, for Ap e
M(oPe, Zep), letting A := (1/pc) ;’ia] Xo oo™/, we obtain A € M(o, ¥¢). These
processes are mutually invertible. Moreover, we have Pr¢, (Sp. ¥, 07¢) = pc Pre (¢, o),

h(xg, oP€) = pc h(A,0) and / Spe¥r dho = pc ¥ dA.
2co e
Therefore, a probability measure A € M(o, ¥¢) attains the supremum in equation (15)
if and only if the corresponding probability measure Ay € M(cP¢, Ec) attains the
supremum equation (17). If we define u¢ := (1/pc) Zj’ial uc,j> then pc is the unique
o -invariant probability measure, which attains the supremum of equation (15). Moreover,
e satisfies equation (16). This follows from equation (18) and the Holder continuity of .

Indeed, for any n > 1, let N be the integer with Np¢c < n < (N + 1) pc. Taking

[wo, - . . s ON+1)pe—1] C w0, . . ., @p—1] C @0, - . ., ONpc—1],

we have

pelwo, ..., wp—1]< ;—Z -exp(pe(|Pre (¥, o)+ ¥ ]lo0) - exp(=nPre (¥, 0) + Spih (@),
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forany w € [wo, . . ., wy—1], and
1
uclwo, . . ., wp—11 > e -exp(—pc(IPre (¥, o) + 1¥lloo) — C')

-exp(—nPre (¥, o) + Sy (w)),

for any € [wo, . .., wp—1], Where [Sv41)pe ¥ (@) — Sy ()| < C'+ pellYlloo for
any o’ € [wo, . .., OnN+1)pe—1] and any w € [wo, . . ., w,—1] for some constant C' > 0
independent of the cylinder sets and w. O

5.3. Coding Patterson—Sullivan measures. Let us take a Holder continuous potential
Yvi=7- b on ¥,andletC;,i =1, ..., I be the maximal components of . For each i =
1,..., 1, let u; be a unique o-invariant probability measure on X¢, satisfying equation
(16) in Proposition 5.7. Let f{ := Y/_, j1; on X.

LEMMA 5.8. Let ug be a Patterson—Sullivan measure for d on dT. There exists a constant
C > 0 such that
Wit <C-puz®ug on 9°T.

Moreover, for any T > 0, the measure

Z Y -(wy/i ® Lebjo, 7))
yel

is Radon and absolutely continuous with respect to @ ugz ® dt on 3°I' x R.

Remark 5.9. Note that w, [l has the support in a compact subset of 3°T" while ngQ® ug
has the full support 3°I". We do not have the reverse inequality in the claim.

Proof. Fixing a large enough R > 0, we define shadows O, (x, R) on Cay(I", S). For any
fixed x, y € T, let us consider any paths w € ¥ satisfying that for some m, n > 0,

§-m(w) € Bs(x,R) and §&,(w) € Bs(y, R). 19)
Note that if some w in [w_y,, . . ., ®,] satisfies equation (19) with the indices m, n > 0,
then in fact every w in the same cylinder set satisfies equation (19), and thus it is not
ambiguous to say that a cylinder set [w—_,, . . . , w,] satisfies equation (19). For every w in
[w—m, . .., w,—1] with equation (19), we have
D50+ + Sn—1, Wyw) = —d (0,50 -+ * $n—1) = Cs

since d is rough geodesic (see equation (5) in §2.4), and thus
Sut (@) =T Do(s0 - - - Su—1, We) = —0 - d(0, 50 - - - $u—1) = Cs = =V - d(0, y) £ Cr,
where in the last estimates we have used the triangle inequality, and
S (0" w) = =0 -d(0, S_p - - - 5-1) £ Cs = =0 - d(x, 0) £ Cr,
for s; = w(w;) fori = —m, ..., n — 1. Since by Proposition 2.8,

15(0,(x, R)) = exp(—7 - d(0, x) + C),
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we obtain for all w € [w_yy, . . . , wy—1] With equation (19),
1g(0o(x, R)) = exp(Su (0" w) £ Cry) and pz(O0n(y, R)) = exp(S, ¥ (@) £ Cgy).
Note that for any x, y € I', we have
Wi (Op(x, R) X Op(y, R)) = fi(w € T : wy(®) € Op(x, R) x Op(y, R))
< Z alo-ms . - ., wp—1l,

[@—pmseees0p—1]

where the summation runs over all cylinder sets [w—_y, . . ., ®w,—1] satisfying equation
(19) (where m, n also vary). Since the measures u; are o-invariant and satisfy equation
(16) in Proposition 5.7 and Pr(y,0) =0 by Lemma 5.4, we have that for all w €

[w_pm, . . ., w,—1] With equation (19),
@y - - - s Wp1] < CeSrmV@"0) _ €S (@™"w) | Spty (@)
< C'ug(0,(x, R)) - ng(O0o(y, R)).
Note that for each pair x, y € I', the number of all cylinder sets [w—y,, . . . , w,—1] With

equation (19) is at most | Bs (o, R)|*. Hence for any x, y € I', we obtain
Wi (O (x, R) X Oy(y, R)) < C'|Bs(o, R)|* - 13(O0p(x, R)) - 13(0o(y, R)).

(Note that the left hand side may be O for some x and y.) Comparing shadows with balls
(Lemma 2.3), we have constants C, C’ > 0 such that for any (¢, n) € 92I" and for any
r,s >0,

Wil (Bp(§,7) X Bp(1,$)) < C - ug ® ng(By(§, C'r) x By(n, C's)).

In the following discussion, we use a metric bi-Lipschitz to p® for some ¢ € (0, 1) in
oI’ (§2.1.3) and denote it by the same symbol p. Let us consider px ((§1, 1), (&2, 72)) =
max{p (&1, &), p(n1, n2)} in 92T. For any Borel set A in 92T and for any ¢ > 0, we take
a compact set K and an open set U in 92T such that both w, i and 1z ® ug have their
measures of U\ K less than ¢. Since K is compact, there exists an &9 > 0 such that every
ball (relative to py) of radius less than &y centered in K is included in U. Let us take a
countable family of balls B, (x;, r;) of radius r; < gy covering K such that B,_(x;, r;/2)
are disjoint. Then we have that

wol(K) < ) wifi(By, (xi, 1) < C Y g ® pug(Bp, (xi, C'ry)).
i i

Noting that ;7 ® w7 is doubling relative to px by Lemma 2.9 (whose proof is adapted to
the metric p) and B, (x;, r; /2) are disjoint, we obtain a constant C’ > 0 such that the last
term is at most

C' > g ® ug(By, (xi,ri/2) = Clug ® ug( U B (i, ri/2)> < C'ug ® png(U).
i i

1

Letting ¢ — 0, we have w,i(A) < C’y,g@ g (A) for any Borel set A in 92T. Since the
constant C’ is independent of A, we conclude the first claim.
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Let us show the second claim. Note that for any 7 > 0 and for every y € I', the
measure y.(ws/[ ® Lebjg 7)) is absolutely continuous with respect to u; ® uj ® dt, and
the finite measure w, /[l @ Lebjo 7y is supported on a compact set in 3’ x R and the
(T", a)-action of I" on 82I" x R is properly discontinuous. Therefore, for any 7 > 0 the
measure ZV er V-(ws it @ Lebyo 7)) is Radon and absolutely continuous with respect to
ug® pug @ dr. O

For the potential Y5 = vg - ZS as in Lemma 5.6, letting C;, i =1,...,1 be the
corresponding maximal components of 15, we have a unique o -invariant Borel probability
measure (; on X¢; in Proposition 5.7. (In fact, this specific case allows us to describe each
w; as the invariant measure for a Markov chain on C; [CF10, §4.2].) Let fig := Zilzl Wi
on X. The following lemma is proved as in Lemma 5.8; we omit the proof.

LEMMA 5.10. Let us be a Patterson—Sullivan measure associated with a word metric dg
on dl'. There exists a constant C > 0 such that

Wylls < C - s ® s on d°T.

Moreover, for any T > 0, the measure Zyer y.(wyps ® Lebjo,7y) is Radon and abso-
lutely continuous with respect to s ® s ® dt on 3°T" x R.

6. Dimension and entropy

6.1. Dimension. For each (§_,&,) € 3°T, let £ be a geodesic in the Cayley graph
Cay(I', §) such thaté_,, — &_ and &, — &4+ asn — oo in I' U 9T, respectively. For any
hyperbolic metric d in Dr, we define

1
x (-, 645 d) == lim inf z—d(é—n, &n).
n—oo 2n

Note that y (€_, &) is independent of the choice of a geodesic £ since any two geodesics
with the same pair of extreme points are within a bounded distance in Cay(I", S) and d is
quasi-isometric to a word metric. For any d € Dr, there exist constants L1, L, > 0 such
that

Ly < x((—,&4:d) < Ly forall (6, &) € 3°T.
LEMMA 6.1. Let d € Dr, and let A be a I'-invariant Radon measure on 82T, For

A-almost every (_, &,) € 3°T, and for any geodesic & in Cay(I', S) with extreme points
(&-, &4), the limit exists

. 1
xG—, &pd) = lim ——d(§_p, &p). (20)
n—oo 2n
Moreover, if A is ergodic, then x (§_, &4; d) is constant A-almost everywhere.

Proof. For (_,&,) € 3°T, if the limit exists along a geodesic & in equation (20), then
in fact the limit exists along any geodesics with the same pairs of extreme points. Let us
take a geodesic ¢z_ ¢, in Cay(I", S) such that the map (§_, &;) > ¢@:_ ¢, is measurable.
(Choosing a lexicographic ordering in the space of geodesics endowed with the topology of
pointwise convergence, we assign the minimum ¢¢_ ¢, in this ordering for each (§_, &, );
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then this map is Borel measurable.) Then, note that the set
. 1
B:= {(5_, ) €T x(E, s d) = lim —d(E,, $n>}
n—oo 2n

is Borel measurable and I'-invariant in 82I". Proposition 4.7 (ii) implies that for any
I-invariant Radon measure A on 32T, there exists a o-invariant probability measure A
on X such that

cilA®dt <) y.(wu ®Leb ) < caA®dt ond’T xR @21
yell

for some constants c1, ¢z, Top > 0. The Kingman subadditive ergodic theorem implies that
there exist the limits

1 1
lim —-d(éy(w), &(w)) and lim —d(é_,(w), &o(w)) for A-almost every w € X.
n—oo n n—-oo n

Since d € Dr is quasi-isometric to a word metric, there exists a constant C4 s > 0 such
that forall w € ¥ and foralln > 1,

0 <d(E-n(w),0) +d(0,5(®) — d(E_n(@), & (@) = 2(5n(@) |6 (@))o = Cas.

Therefore, the limit exists
1
xE_(w), &4 (w); d) = lim —d (é_,(w), &, (w)) for A-almost every w € X,
n—o00 2n

and thus k(w;lB) = 1. Since B is '-invariant, if we apply the set (3%T"\B) x [0, 1] to
the first inequality in equation (21), then we obtain A(9*T"\B) = 0. Hence equation (20)
holds for A-almost every (£_, £,) € 9°T". Moreover, since x (5_, £4; d) is I-invariant on
92T, if A is ergodic with respect to the I"-action, then x (§_, &+; d) has to be a constant
function A-almost everywhere on 8°T". [

LEMMA 6.2. If we define the function bonx for the metric d, then for every o -invariant
Borel probability measure ) on %, we have

/Edh—f x(E_(w), Ex(w); d ) dh.
) >

Proof. Since dis hyperbolic and quasi-isometric to a word metric, for any w € ¥ and any
n > 1, we have for some constants L, C > 0,

(E_n(@)]61(@))0 < LE_n(@)En(@))o + C,
(cf. [BS00, Proposition 5.5(1)]) and thus
Sub(0 7" w) + Spb(@) = —d(0, £_n(®)) — d(0, £(®)) £ C = —d(¢_p (), &n(w)) £ C'.

Therefore, it holds that

1 ~ ~ ~
lim —(Syb(c ""w) + Spb(w)) = —x (—(w), £+ (w); d ) for A-almost every w € X.

n—oo 2n
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Since b is bounded measurable on ¥, the Lebesgue dominated convergence theorem yields

/de=—/ X E_ (@), £+ (@): ) dh,
X X

as required. O

6.2. Entropy. Let X be a compact topological space, and f : X — X be a continuous
map. We denote by M(f, X) the space of all f-invariant Borel probability measures v on
X. For any v € M(f, X), for any finite Borel partition P = {Py, . .., P¢} of X, i.e., each

P; is a Borel set and X = Uf‘: | P, let us define the entropy of P by

k
H(v,P):= =Y v(P)logv(P,).

i=1

We define the entropy of (X, v, f) relative to P by
1 n—1 ) 1 n—1 ‘
h(f, v, P):= lim —H<v, \/ f"P) = inf —H(v, \/ f—tp>,
n—-oo n l:0 nzl n l:0

where \/:'lz_ol friP=Pv folpv...v f~@=DPis the partition consisting of all sets
of the form

PoNf PN e i e (L),

n’

and the limit exists by the subadditivity of the function n — H (v, \/;:(; f7¥P). The
measure theoretical entropy of f for (X, v) is defined by

h(f,v):=suph(f,v,P),
P

where the supremum is taken over all finite Borel partitions P. For the suspension flow
{ot}ter On Sus(X, r), we consider the time one map o7 and consider & (o1, v) for a flow
invariant probability measure v on Sus(X, r).

For any Radon measure A on 82T, let

log A(By(§—,r) X By(§4, 1))
log r

Dy(E-, &4; A) = lim inf for (6_, £,) € 9°T.
r—

LEMMA 6.3. Let d € Dr and p be the associated gauge in oU'. Let A be a I'-invariant
Radon measure on 82F, and A be a o-invariant Borel probability measure on ¥ such that
for a constant C > 0, we have

weh < C-A ond’T.

If Dy(6-, &5 A) = D for A-almost every (§_, &) in 92T, then we have that

D ~
h(a,)\)+—f 5dr>o0.
2 Js
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Proof. We identify Sus(X, r) with Z = {(w, 1) € £ x R:0 <t < r(w)}. Letting Wy be

the set of paths (wo, . . ., wy—1) of length N in A, we decompose Z into
{(w,t) eZ:welwg,...,on—1], 0 <t < r(w)}
for each cylinder set [wy, . . . , wy—1] corresponding to the path in Wy and define P the

resulting partition of Z. Thereby in Sus(X, r) we obtain the partition, which we denote by
the same symbol P. Let us fix 0 < g9 < minyeyx 7 (@), and oy := o, for the flow {o:};cr
on Sus(X, ). We consider /P Vv - - - Vo "P.

For any [w, t] € Sus(X, r) and for any integer n > 1, let us denote by P, » ([, t])
the set in o]!P Vv - - - vV o, ""P containing [w, t]. Fix the corresponding point (w, t) € Z.
Then for wy(w) = (§-(w), £+ (w)) € 92T, take a C-rough geodesic ¢ in (I', d) with
d(¢(0), 0) < C such that ¢(—n) — &_(w) and ¢ (n) - &4 (w) as n — oo, respectively
(Lemma 2.2). Note that ¢ and & (w) are within a bounded distance, where & (w) is a geodesic
in Cay(T", §) since d and dg are quasi-isometric. Fixing a large enough R > 0, we have
that

[0, 1] € Ploppi([@, 1]) == wi(@') € Ou(d(t — eon), R) x On(¢(t + o), R).

This follows since &(w) and &(w’) coincides at the coordinates i = —Nm/, ..., Nm,
where m :=max{k > 0: Spr(w) <t+eon} and m’:=minf{k > 0: Sr(c *Nw) >
—t + gon}.

By the assumption we have wyA < C - A. Let vy, := (1/(A ® Leb(Z)))(A ® Leb)|z.
Then we have that for T := sup,,5, r(w),

V. (Plopa((@, 1) < va(wi (@) € 0o (@ (t — g0n), R) x Oo(¢(t + on), R), |t — '] < To)
= C - A(Oo(p(r — gon), R) x Op(¢(t + £on), R)) - (2T).

Comparing shadows with balls, we have that for alln > 1,
Oo(¢(t — gon), R) x O,(¢(t + gon), R) C B, (§_(w), Cre™*") x B, (&4 (w), Cre "),

we obtain

1
lim inf ——log vi (P{—nni([@, ])) = €0 - Dp(§— (@), 51 (w); A).

n— 00 n

Noting that A is {o;};er-invariant, by the Fatou lemma we obtain

1 2n+1 '
h(ox, vi, P) = nlgl;o EH<V}” \/ 0*_17)>

i=0
1 n
— lim — —i
- nlgl;o 2nH<v)” \/ O P)
l=—n
1
= lim inf — — log v (Pi—nn([w, 1)) dv;,
=00 2n Sus(X,r)
£0
=5 Dy(E—(w), &+ (@); A) dvj.
Sus(X,r)
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We have that h(oy, vy) > h(oy, vi, D) by definition of the measure theoretic entropy.
Since wyA < C - A, if Dy(5—, &4; A) = D for A-almost every (§_, §4), then D, (6, &4
A) > D for wyr-almost every (§_, £1) in 92T, and thus we have h(ox, 1) > eoD/2.

Then we apply the Abramov formula and its consequence (e.g., [FH18, Theorem 4.1.4
and Corollary 4.1.10])

h(oN,x)=h(al,uk)-/rd,\ and  h(oey, 1) = &0 - h(o1,v3) for € M(o™, 2).
)

Note that A is o-invariant on X; we have h(aN,k) =N -h(o,)), and fz rdi=
NfE a dX. Moreover, by Lemma 5.1, we have that @ = —b+u oo —u and thus
[s, @ dx = — [5 b dx. Therefore, we obtain

D ~
h(o,h) > ——./ b dn,
2 Js

as required. [

6.3. Invariant Radon measures of maximal dimensions.

LEMMA 6.4. Let A be a o-invariant Borel probability measure on X. For any component
C of the underlying graph in the automatic structure A, letting X be the set of bilateral
paths all the time staying in C, we have that

x(x\ |?| 2C> =0.

Proof. Let us denote by X_,  the set of bilateral paths eventually staying in C (and never
leaving C). We note that

=]z
C

since there is no loop in the components graph (which is a directed graph obtained by
identifying each component C in A with a point). The set £_, ¢ is o-invariant and ¥_, ¢
are disjoint for different C. For any integer K, if we define

Ykc ={weX:wisanedgeinC foralli > K},

then we have T, ¢ =Jx-_o Zkc and Z¢ = (F-_o Zk.c. Note that g e C
Yk+1c C a_lEK,c, and X_ c\Z¢ = U?{O:_OO(EK+1,C\EK,C)~ Hence for any
o -invariant probability measure A on X_, ¢, we have that for each K € Z,

MEx11.c\Zke) < Ao 'Zge) — Mg o) =0,

and thus A(2_, ¢\X¢) = 0 for each C. Therefore, every o -invariant probability measure A
onX =| |- X, ¢ issupported on | |, X¢. O

THEOREM 6.5. Let T" be a non-elementary hyperbolic group and consider a strongly
hyperbolic metric de Dr in T and the associated gauge p in dT. For any T -invariant
Radon measure A on 9T, if dimy (A, px) = dimy (3T, px), then A is a constant
multiple of Aj.
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Proof. Let us denote by ¥ := gr(Zl\ ) the exponential volume growth rate relative to d. For
any I'-invariant Radom measure A on 9°T", there exists a o-invariant probability measure
A on X such that

cilA®dt <) y.(wuh ® Lebjogy) < c2A ®dt,
yell
for some constants cy, c3, Tp > 0 by Proposition 4.7 (ii). Lemma 6.4 implies that A
is supported on | |» X¢. Letting ¥ =7 - b and A = Y cac - Aic, where ac > 0 with
Y cac =1, and Ac is a o-invariant probability measure supported on X for each
component C, we have

h(a,,\)+/ wdxzzac<h(o,xc)+/ dec>.
) )

C

The assumption dim, (A, px) = 20 implies that D5(6_, &3 A) > 20 for A-almost every
(€_,&,)1in 8°T. Hence Lemma 6.3 yields

h(a,,\)+/ wdkzh(o,k)—i—’ﬁ/ bdxr> 0.
) )

The variational principle (Proposition 5.7) implies that for each C,

Pre(¥, o) = h(o, Ae) + / ¥ dic, (22)
>

and this implies that

Pr(y,0) = mcax Pre (Y, 0) > Z ac - Pre(Yr,0) > h(o, L) —i—/ v di > 0.
C =

For the potential ¥ =7 - b, we have Pr(y, ) = max¢ Pre(y, o) =0 by Lemma 5.4.
Therefore, we obtain

> ac-Pre(¥.0)=0 and Pre(y.0) <0 forallC.
C

If C is not maximal for v, then Pr¢ (¥, o) < 0 and thus a¢ = 0 for all component C, which
is not maximal for v. Hence A is supported on | |;.; X¢, where C; for i € I are maximal
components for . If ac, > 0 for some i € I, then for such an i € I, we have that

Prci(l//,a)zh(a,kci)—i—/ ¥ dic,.
z

Since for each C;, there exists a unique o-invariant probability measure u;, which
attains the equality in equation (22) (Proposition 5.7), A¢; = ;. This shows that A =
Y cac - ic is absolutely continuous with respect to &L =) ;.; ni, and thus wyi is
absolutely continuous with respect to w, . By Lemma 5.8, we know that w, [ is absolutely
continuous with respect to Aj. Therefore, A ® dt is absolutely continuous with respect
to A7 ® dt, which shows that A is absolutely continuous with respect to Aj. Note that
dA/dAj islocally integrable since A and Aj are Radon and I'-invariant. This shows that
dA/dAj = c for a constant ¢ almost everywhere relative to A since Aj is ergodic with
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respect to the ['-action on 32T by Corollary 3.7. Therefore, we obtain A = ¢ - Ag for some
¢ > 0 as desired. O

7. Mean distortion for word metrics

7.1. Word metrics. Let S be a finite set of generators S with § = S~!. In this section, we
focus on a word metric ds and denote by pg the associated gauge in dI". Let us consider the
two-sided shift space (3, o) based on an automatic structure (A, w, S) with respect to S.

LEMMA 7.1. Let A be a I'-invariant Radon measure on 821", and A be a o -invariant Borel
probability measure on ¥ such that for a constant C > 0, we have

wh < C- A ond’T.
If Dpg(6_, 645 A) = D for A-almost every (5_, &) in 9T, then we have that

D
h(o, 1) > —.
.1z
Proof. The proof runs similarly as in Lemma 6.3. For any integer n > 1, let
[w_y, . .., w,] be any cylinder set of ¥. Fix a large enough R > 0 and we define shadows
O,(x, R) on Cay(I', S). f w € [w—y, . . ., w,], then
Wi(w) € Op(6—n(®), R) x Op(§n(w), R).
Therefore, for any [w—,, . . . , w,], we have that
Mo, - oo 0] < %o w, (Op(E-n (@), R) X Op(6n(@), R))

= (W) (0o (-n(®), R) X Oo(5x(w), R)).
By the assumption that w,A < C - A, the last term is at most
C - A(Op(E-n(®), R) X Op(§n(w), R)).
Comparing shadows with balls (Lemma 2.3), we have for any n > 1 and for any w € X%,
Oo(—n(w), R) C Byg(§—(0), Cre™) and  O,(&x(w), R) C Bys(§4(w), Cre™),

for some constant Cr > 0 depending only on R, and for any w € X,
1 1
lim inf —— log A[w—y, . . ., @,] > lim inf —— log A(B,s(6—(®), Cre™")
2n n—oo  2n

X Bpg(§4+(w), Cre™™))
= Dps (6 (), &1 (w)).

Let P := {P.}ece where P, := {w € X : wp = e} is the partition of ¥ according to the set
of alphabets E. By the definition of measure theoretic entropy, since X is o -invariant, we

have
1 2n
. _ —i
h(a,k,P)—nll)rrolo an(a,A,\/a P)
i=0
. 1

znlliro‘o_ﬁ[ > ]k[w_n,...,wn]logk[w_n,...,a)n],

W—pyeensWp
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and by the Fatou lemma,

.. 1
lim inf — n Z Mo—_pn, ..., op]loglo—_p, ..., o,

n— 00 n
[@—p,....0n]

1
> / lim inf —— log Alw—_,, . . ., w,]dA.
=

n—00 n

Hence we obtain
D
ho,h) = L Dy(E-(@), & @) dh = 5

if Dpg(5_,&4) > D/2 for A-almost every (5_, &;) in 3°T. O

Let gr(S) := gr(ds) be the exponential volume growth rate with respect to ds and A g be
the corresponding Bowen—Margulis current for dg. Note that dimy (32T, ps.x) = 2gr(S).

THEOREM 7.2. Let T' be a non-elementary hyperbolic group, ds be a word metric on T’
and ps be the associated gauge in dT. For any T -invariant Radon measure A on 3T, if
dimy (A, ps,x) = 2gr(S), then A is a constant multiple of As.

Proof. The proof is analogous to Theorem 6.5 and we indicate the place specific to
word metrics. Let vg := gr(S). For any I'-invariant Radom measure A on 3T, we take
a o-invariant probability measure A on ¥ in Proposition 4.7 and A is supported on | | ¢
by Lemma 6.4. Let Y5 := vg - 55 where 55 = —1. The assumption dimy (A, ps,x) = 2vs
implies that D, (§_, £&;; A) > 2vg for A-almost every (§_, £;) in 92I". Hence Lemma 7.1
implies that h(o, ) > vg, and thus

h(a,,\)+/ ws di > 0.
)

For the potential 5 = vg - ES, we have Pr(yg, o) = maxe Pre(¢s,0) =0 by
Lemma 5.6. We use the measure jis on ¥ in Lemma 5.10. The rest follows similarly as in
Theorem 6.5. O

LEMMA 7.3. Let S and S* be finite symmetric sets of generators in I'. There exists a
constant T* such that for us-almost every point & in 9" and for any geodesic ray &, in
Cay(T", §) converging to &, we have

. 1
lim —dg« (0, &) = %,
n—>oo n
where s is a Patterson—Sullivan measure for dg.

Proof. Let Ag be the Bowen—Margulis current on 8>T" associated with ds. Then we have
that for A g-almostevery (§_, &) € 82T and for any geodesic & in Cay(I", S) with extreme
points (§_, &), the limit exists

1
x T Epids) = lim —ds« (0, &).
n—oo n
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Indeed, if this convergence holds for some geodesic ray toward &, then in fact it holds for
any geodesic ray toward £ since any two geodesic rays converging to the same extreme
point are eventually within bounded distance, and this shows that the set where this limit
exits is ['-invariant; the rest follows as in Lemma 6.1. Since A g is ergodic with respect to
I"-action on 9°T by Corollary 3.7, this x T (£_, £ ; ds+) is a constant function A g-almost
everywhere on 92T. Note that A is equivalent to s ® ps and the limit does not depend
on the choice of geodesic £ converging to £ . Letting the constant 7* = x T (£_, £,; ds),
we obtain the claim. O

7.2. Mean distortion. Recall that for any pair of finite symmetric sets of generators S
and S* in I', we have defined

!
7(8*/8) := lim inf —Euynitg , X, |s+,
n—-o0o n ,

where x, has the uniform distribution Unifs, on S, = {x € I' : |[x|s = n}. We shall show
that the liminf is actually the limit, and the weak law of large number holds.

THEOREM 7.4. Let I be a non-elementary hyperbolic group. For any pair of finite
symmetric sets of generators S and S* in ", we have that

. 1
(S*/S) = nli)rgo ;EUnif&n | |55

and for any ¢ > 0,

ds, (0, x) —nt(5*/S
lim Unifs,n{x e §,: 95 0:0) —nt (/D g} —0.

n—00 n

Proof. By Lemma 7.3, there exists a constant t* such that for pg-almost every & in 9T
and for any geodesic ray &, converging to & in Cay([", S), we have ds+(0, §&,)/n — t* as
n — oo. For any ¢ > 0, let

ds (0,x) —nt*
A, = {xe Sn:—| 5:(0, ) = n7’| >8}.
n

Fix a large enough R > 0, and define shadows O,(x, R) in Cay(I", S). We have that
c1 < us(Oy(x, R)) - |Sy| < cp for all x € S, and for all n > 0 by Proposition 2.8 and
Lemma 2.10 where we apply to ds. Note that shadows O, (x, R) for |x|s = n cover the
boundary 0T, and each & € dI" is included at most | Bs(o, 4R)| shadows O,(x, R) with
|x|s = n. Therefore, we have that

|An
[ Snl

<C Y us(O(x, R) < cm( U 0o, R>>. (23)

x€A, X€A,

If &€ UxeAn O,(x, R), then &, € Bs(x,2R) for some x € A,, and thus
|ds+(0, &) — nt*| > en —2LR where L is a Lipschitz constant: dg» < Lds. Hence
Lemma 7.3 implies that the last term in equation (23) tends to 0 as n — oo, and we
obtain Unifs ,(A,) — 0asn — oo. This shows that for any & > 0, for all large enough n,
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we have (t* — e)n < |x,|s+ < (t* 4 ¢)n with probability at least 1 — ¢, and thus
(1 —&)(t* — &)n < Eunifs,, [Xnls* < (t* +&)n + Len.
Therefore, we obtain
;EUnifSJl [Xp|sx = T asn — o0,
and thus T = 7(5*/S). We conclude the claim. O

Remark 7.5. Gekhtman, Taylor, and Tiozzo have discussed a more general setting where
a hyperbolic group acts on a (possibly locally noncompact) hyperbolic metric space.
Actually, Lemma 7.3 is a special case of [GTT18, Theorem 1.4], and (a part of)
Theorem 7.4 is included in [GTT18, Theorems 1.7 and 7.3].

LEMMA 7.6. Fix a word metric ds~ in I'. Let jus be a Patterson—Sullivan measure for ds.
Then
. gr(S)
dim , PS*) = ————»
H(Us, ps*) 2(5*/S)
where pg+ is the gauge in oI relative to dg».

Proof. For any £ in 0T, let us take a geodesic ray & from o converging to £ in Cay(I", $*).
Then £* is a (L, C)-quasi-geodesic ray in Cay(I", S), and there exists a geodesic ray &,
from o toward & in Cay(I", §) such that & and &, are within bounded Hausdorff distance
in Cay(I", S). Namely, there exists D > 0 such that for any n we have ds (&, &,) < D for
some k,. Lemma 7.3 implies that for pg-almost every £ in dI", we have that

ds+ (o, ds (0.

£(5%/8) < lim inf 3520 8k) _ iy oy 95000 1)

n—oo dg(o, gk,l) n—oo ds(o, ékn)

and thus since ds(5;. &,) < D and ds+ (5, &,) < L - D foralln = 1,

dse (0, &
im Lé") =1(8*/S) for ug-almost every &.
n—>o0 dg(o, &)

T(87/9),

Now we have dg«(0, ;) = n and us(O,(x, R)) is comparable to exp(—gr(S)|x|s) for all
x € I' by Proposition 2.8, it holds that

1 e ds(0, )
lim —— log us(0,(&7, R)) = lim gr(§) 1"
n—oo n n—00 ds+ (o, En) (24)
= er(s) for ps-almost every &
) S s
Comparing shadows with balls by Lemma 2.3 and by the Frostman-type lemma
(Lemma 2.5), we obtain dimg (s, ps+) = gr(S)/t(S*/S). O

THEOREM 7.7. Let I be a non-elementary hyperbolic group. For any pair of finite
symmetric sets of generators S and S* in T, it holds that

gr(s)
gr(s*)’

T(87/8) =
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and ©(S*/S) = gr(S)/gr(S*) if and only if ds~ and ds are roughly similar, i.e., there exist
constants T > 0 and D > 0 such that

|ds«(x,y) — tds(x,y)| < D forallx,yeT.

Proof. Since dimpg (s, psx) < gr(S*), Lemma 7.6 shows that we have that 7(S*/S) >
gr(S)/gr(S*). If there exist T > 0 and D > 0 such that |dg+(x, y) — tds(x, y)| < D for
all x, y € T, then 7(5*/S) = 7 and gr(S) = 7 - gr(S*) and thus the equality 7(S*/S) =
gr(S)/gr(S*) holds.

Let us assume that 7(5*/S) = gr(S)/gr(S*). Since Ag and s ® ps are equivalent on
82T and by (24) in Lemma 7.6, the Frostman-type lemma (Lemma 2.5) implies that

2gr(S) .
T57/8) 2gr(S™).

dimpg (As, ps+x) =

Therefore, Theorem 7.2 implies that Ag = ¢ - Ag+ for some constant ¢ > 0. This shows
that ug and pg+ are mutually absolutely continuous and thus us = fus+ for a density
function f > 0 on dI"'. We shall show that f is uniformly bounded from above and away
from 0. Since Ag = c - Ag~, by the definition of Ag and Ag+, we have that the ratio
between

. 281 (S E )y
FOrm ad o

are uniformly bounded from above and away from O for all £ # n where (-|-), and (-|-)}
are Gromov products with respect to ds and ds+, respectively. If the density f is not
bounded on B, (£, ¢), then fixing n # & with f(n) > 0, we have that f(§') is arbitrary
large for &' € B, (&, ¢) for all small enough ¢ > 0 while (§'|)} and (§'|n), are bounded
for £ € B,g(&, €); this is absurd. Hence f has to be uniformly bounded from above and
the same argument shows that f is uniformly bounded away from 0. Therefore, 15 and p g+
are comparable, and for a fixed R > 0 the ratio between ps(O,(x, R)) and s« (O, (x, R))
are uniformly bounded from above and away from 0. By Proposition 2.8, we have
that

ar(SM)|x|s« = gr(S)|x|s + O(1) forallx € T.

This shows that dg+ and dg are roughly similar, as required. O

Acknowledgements. The author would like to thank Professor Vadim Kaimanovich for
sharing the questions and his insight, which leads this work as well as valuable comments
on an earlier version of this paper, Professors Jérémie Brieussel, Thibault Godin, Jayadev
Athreya, Hidetoshi Masai, Takefumi Kondo, Hiroyasu Izeki and Koji Fujiwara for helpful
discussions on this topic, Professors Rémi Coulon and Ilya Gekhtman for informing
their works, and Professor Marc Bourdon for sending him his PhD thesis and valuable
comments on the preprint. He also would like to thank the organizers of the workshop
‘Equilibrium states for dynamical systems arising from geometry’ held at American
Institute of Mathematics, where he had beneficial discussions with participants, and last
but not least, an anonymous referee for careful reading of the paper and useful comments.

https://doi.org/10.1017/etds.2020.101 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2020.101

Topological flows for hyperbolic groups 3519

The author is supported by JSPS Grant-in-Aid for Young Scientists (B) JP17K 14178 and
JST, ACT-X Grant Number JPMJAX190]J, Japan.

REFERENCES

[BCS17] M. Bridgeman, R. Canary and A. Sambarino. An introduction to pressure metrics for higher
Teichmiiller spaces. Ergod. Th. & Dynam. Sys. 38 (2017), 2001-2035.

[BF17] U. Bader and A. Furman. Some ergodic properties of metrics on hyperbolic groups. Preprint, 2017,
arXiv:1707.02020v2.

[BHM11] S. Blachere, P. Haissinsky and P. Mathieu. Harmonic measures versus quasiconformal measures for
hyperbolic groups. Ann. Sci. Ec. Norm. Supér. (4) 44(4) (2011), 683-721.

[Bou93] M. Bourdon. Actions quasi-convexes d’un groupe hyperbolique, flot géodésique. PhD Thesis,
Université de Paris-Sud, 1993.

[Bou95] M. Bourdon. Structure conforme au bord et flot géodésique d’un CAT (—1)-espace. Enseign. Math.
(2) 41(1-2) 63-102, 1995.

[Bow08] R. Bowen. Equilibrium States and the Ergodic Theory of Anosov Diffeomorphisms, 2nd revised edn
(Lecture Notes in Mathematics, 470). Springer, Berlin, 2008.

[BR75] R. Bowen and D. Ruelle. The ergodic theory of Axion Aflows. Invent. Math. 29(3) (1975), 181-202.

[BS00] M. Bonk and O. Schramm. Embeddings of Gromov hyperbolic spaces. Geom. Funct. Anal. 10(2)
(2000), 266-306.

[Call3] D. Calegari. The ergodic theory of hyperbolic groups. Geometry and Topology Down Under
(Contemporary Mathematics, 597). American Mathematical Society, Providence, RI, 2013, pp.
15-52.

[Can84] J. W. Cannon. The combinatorial structure of cocompact discrete hyperbolic groups. Geom. Dedicata
16(2) (1984), 123-148.

[CDST18] R. Coulon, R. Dougall, B. Schapira and S. Tapie. Twisted Patterson-Sullivan measures and
applications to amenability and coverings. Preprint, 2018, arXiv:1809.1088]1.

[CF10] D. Calegari and K. Fujiwara. Combable functions, quasimorphisms, and the central limit theorem.
Ergod. Th. & Dynam. Sys. 30(5) (2010), 1343-1369.

[CLT20] D. Constantine, J.-F. Lafont and D. J. Thompson. Strong symbolic dynamics for geodesic flows on
CAT(—1) spaces and other metric Anosov flows. J. Ec. Polytech. Math. 7 (2020), 201-231.

[Co093] M. Coornaert. Mesures de Patterson-Sullivan sur le bord d’un espace hyperbolique au sens de
Gromov. Pacific J. Math. 159(2) (1993), 241-270.

[FH18] T. Fisher and B. Hasselblatt. Hyperbolic Flows (Lecture Notes in Mathematical Sciences, 16). The
University of Tokyo, Tokyo, 2018.

[Fur02]  A. Furman. Coarse-geometric perspective on negatively curved manifolds and groups. Rigidity in
Dynamics and Geometry (Cambridge, 2000). Springer, Berlin, 2002, pp. 149-166.

[Gar1l6] L. Garncarek. Boundary representations of hyperbolic groups. Preprint, 2016, arXiv:1404.0903v2.

[GdIH90] E. Ghys and P. de la Harpe. Sur les groupes hyperboliques d’aprés Mikhael Gromov (Progress in
Mathematics, 83). Birkhduser Boston, Inc., Boston, MA, 1990.

[Gould4] S. Gouézel. Local limit theorem for symmetric random walks in Gromov-hyperbolic groups. J. Amer.
Math. Soc. 27(3) (2014), 893-928.

[Gro87] M. Gromov. Hyperbolic groups. Essays in Group Theory (Mathematical Sciences Research Institute
Publications, 8). Springer, New York, NY, 1987, pp. 75-263.

[GTT18] I. Gekhtman, S.J. Taylor and G. Tiozzo. Counting loxodromics for hyperbolic actions. J. Topol. 11(2)
(2018), 379-419.

[Hei01]  J. Heinonen. Lectures on analysis on metric spaces. Universitext. Springer, New York, 2001.

[INOO8] M. Izumi, S. Neshveyev and R. Okayasu. The ratio set of the harmonic measure of a random walk on
a hyperbolic group. Israel J. Math. 163 (2008), 285-316.

[Kai90] V. A. Kaimanovich. Invariant measures of the geodesic flow and measures at infinity on negatively
curved manifolds. Ann. Inst. H. Poincaré Phys. Théor. 53(4) (1990), 361-393.

[Kai94] V. A. Kaimanovich. Ergodicity of harmonic invariant measures for the geodesic flow on hyperbolic
spaces. J. Reine Angew. Math. 455 (1994), 57-103.

[KKS07] V. A. Kaimanovich, I. Kapovich and P. Schupp. The subadditive ergodic theorem and generic
stretching factors for free group automorphisms. Israel J. Math. 157 (2007), 1-46.

[KN10] I Kapovich and T. Nagnibeda. Geometric entropy of geodesic currents on free groups. Dynamical
Numbers—Interplay Between Dynamical Systems and Number Theory (Contemporary Mathematics,
532). American Mathematical Society, Providence, RI, 2010, pp. 149-175.

https://doi.org/10.1017/etds.2020.101 Published online by Cambridge University Press


https://arxiv.org/abs/1707.02020v2
https://arxiv.org/abs/1809.10881
https://arxiv.org/abs/1404.0903v2
https://doi.org/10.1017/etds.2020.101

3520 R. Tanaka

[Kni9S]  G. Knieper. Volume growth, entropy and the geodesic stretch. Math. Res. Lett. 2(1) (1995), 39-58.
[Led95] F. Ledrappier. Structure au bord des variétés a courbure négative. Séminaire de Théorie Spectrale et
Géométrie. Vol. 13. Université Grenoble I, Saint-Martin-d’Heres, 1994-995, pp. 97-122.

[Min05] I. Mineyev. Flows and joins of metric spaces. Geom. Topol. 9 (2005), 403-482.

[Nic13] B. Nica. Proper isometric actions of hyperbolic groups on L”-spaces. Compos. Math. 149(5) (2013),
773-792.

[NS16] B. Nica and J. Spakula. Strong hyperbolicity. Groups Geom. Dyn. 10(3) (2016), 951-964.

[PPI0] W. Parry and M. Pollicott. Zeta functions and the periodic orbit structure of hyperbolic dynamics.
Astérisque 268 (1990), 187-188.

[PPS15] F. Paulin, M. Pollicott and B. Schapira. Equilibrium states in negative curvature. Astérisque 373
(2015), viii+281 pp.

[Tan17]  R. Tanaka. Hausdorff spectrum of harmonic measure. Ergod. Th. & Dynam. Sys. 37(1) (2017),
277-307.

https://doi.org/10.1017/etds.2020.101 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2020.101

	1 Introduction
	1.1 A connection to mean distortion
	1.2 Outline of the proof
	1.3 Organization of the paper

	2 Preliminary
	2.1 Metrics on hyperbolic groups*-9.5pt
	2.1.1 Hyperbolic groups
	2.1.2 Boundary at infinity
	2.1.3 Gauges in the boundary
	2.1.4 Shadows

	2.2 Hausdorff dimension of measures
	2.3 Busemann (quasi-)cocycles
	2.4 Strongly hyperbolic metrics
	2.5 Patterson–Sullivan measures

	3 Topological flow spaces
	3.1 Construction of a flow space
	3.2 Measures on ∂2 ΓR and Fα
	3.3 Flow-invariant measures

	4 Coding via automatic structures
	4.1 Automatic structures
	4.2 Bilateral paths
	4.3 Coding the flow space
	4.4 Coding the measures

	5 Symbolic dynamics
	5.1 Thermodynamic formalism
	5.2 Variational principle
	5.3 Coding Patterson–Sullivan measures

	6 Dimension and entropy
	6.1 Dimension
	6.2 Entropy
	6.3 Invariant Radon measures of maximal dimensions

	7 Mean distortion for word metrics
	7.1 Word metrics
	7.2 Mean distortion

	Acknowledgements
	References

