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Abstract. In the paper, we develop and analyze a new mass-preserving splitting do-
main decomposition method over multiple sub-domains for solving parabolic equa-
tions. The domain is divided into non-overlapping multi-bock sub-domains. On the
interfaces of sub-domains, the interface fluxes are computed by the semi-implicit (ex-
plicit) flux scheme. The solutions and fluxes in the interiors of sub-domains are com-
puted by the splitting one-dimensional implicit solution-flux coupled scheme. The
important feature is that the proposed scheme is mass conservative over multiple non-
overlapping sub-domains. Analyzing the mass-preserving S-DDM scheme is difficult
over non-overlapping multi-block sub-domains due to the combination of the splitting
technique and the domain decomposition at each time step. We prove theoretically
that our scheme satisfies conservation of mass over multi-block non-overlapping sub-
domains and it is unconditionally stable. We further prove the convergence and obtain
the error estimate in L2-norm. Numerical experiments confirm theoretical results.
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1 Introduction

Parabolic equations are widely used in science and engineering, which describe water
head in groundwater modelling, pressure in petroleum reservoir simulation, and diffu-
sion phenomena in heat propagation, etc (see, for example, [1–3]). Due to the computa-
tional complexity and the large computational cost in long term and large scale simula-
tions, there are strong interests in developing efficient domain decomposition methods
for solving these kinds time-dependent PDEs in high dimensions.
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Domain Decomposition Methods (DDMs) allow the reduction of the sizes of problems
by dividing the large domain into smaller ones on which the PDEs can be solved by mul-
tiple computers in parallel, including the overlapping methods and the non-overlapping
methods ([4,8,9,11,12,16,17], etc). Since non-overlapping methods have low computation
and communication costs at each time step, the non-iterative explicit-implicit schemes on
non-overlapping domain decompositions have been developed for solving large scale
problems of parabolic types on massively parallel machine (see, [4–10, 13–15, 18, 19]).
[4, 9] proposed the mixed/hybrid schemes, where the implicit schemes are used in sub-
domains while the explicit schemes are used for the interface values on the interfaces of
sub-domains. [6] further proposed the explicit-implicit methods for parabolic problems
by either a multi-step explicit scheme or a high-order explicit scheme on the interfaces
which relaxed the stability requirements. Further developments were done in [14, 19]
by introducing the implicit correction step on the interfaces for improving the stability,
where [14] analyzed theoretically the unconditional stability on the zigzag-shaped in-
terfaces of sub-domains and obtained the convergence of the improved schemes in two
dimensions. [18] studied the cell centered finite difference domain decomposition pro-
cedure for parabolic equations in one dimension. The fluxes at interface points were
computed explicitly by nearby fluxes values at previous time. [15] proposed the parallel
difference schemes for parabolic equations in two dimensions, where the predicted inter-
face values on interfaces are employed some linear combination of the values on previous
two time levels on the interfaces of sub-domains, which leads to a three level schemes.
The methods in [4,6,18] can work efficiently for one dimensional problems and for stripe-
divided sub-domains along one spatial variable for parabolic equations. More recently,
over multiple block-divided sub-domains, [5,10] developed an efficient splitting domain
decomposition methods (S-DDM) by combining the splitting technique with the non-
overlapping decomposition for solving parabolic equations in two dimensions and com-
pressible contamination fluid flows in porous media. While the local multi-level schemes
with local time steps are used to compute the interface values on the interfaces of sub-
domains, the interior values in sub-domains are solved by the splitting one-dimensional
implicit schemes. But, these previous methods [4–6, 9, 10, 14, 15, 19] do not satisfy the im-
portant physical law of mass conservation on multiple sub-domains. It is an important
and challenging task to develop and analyze the mass-preserving domain decomposition
methods over multi-block sub-domains.

In this paper, over multiple block-divided sub-domains, we propose and ana-
lyze a new mass-preserving splitting domain decomposition method for solving two-
dimensional parabolic equations by combining the non-overlapping domain decomposi-
tion, the splitting technique and the coupling of the solution and its fluxes on staggered
meshes. In the method, the global domain is divided into multi-block non-overlapping
sub-domains. At each time step level, we take two stages to compute the solutions and
fluxes on sub-domains. Firstly, the intermediate interface fluxes of x-direction are com-
puted by a semi-implicit (explicit) flux scheme. The intermediate solutions and fluxes in
the interiors of sub-domains are computed by a x-directional splitting implicit solution-
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flux coupled scheme. By substituting the intermediate fluxes, it leads to tridiagonal linear
systems of intermediate solutions on sub-domains, which can be easily solved in parallel
by Thomas’ method. Secondly, the interface fluxes of y-direction are computed by a semi-
implicit (explicit) flux scheme. The solutions and fluxes are computed by a y-directional
splitting implicit solution-flux coupled scheme in the interiors of sub-domains.The im-
portant features are that the proposed scheme is mass conservative over multiple sub-
domains and it is unconditionally stable. Meanwhile, the scheme has the advantage of
easily extending to three or higher dimensional problems. We prove the scheme to satisfy
conservation of mass over multi-block sub-domains and further analyze theoretically its
unconditional stability and convergence. Analyzing the stability and convergence of the
scheme over block-divided sub-domains is challenging due to the combination of the
splitting technique and the domain decomposition. In order to overcome the difficulty,
we derive out some auxiliary lemmas of estimating numerical fluxes in the interface areas
and then prove the scheme unconditionally stable over multi-block sub-domains. Intro-
ducing intermediate variable values of solutions and applying the matrix theory for ana-
lyzing truncation errors, we prove the convergence of the scheme and obtain the error es-
timate in L2-norm. Numerical experiments confirm theoretical results. The scheme keeps
the excellent advantages of the non-overlapping multi-block domain decomposition and
the splitting technique, preserves the important physical law of mass conservation, and
is more suitable and powerful for parallel computing.

The paper is organized as follows. In Section 2, we introduce the parabolic equations
and propose the mass-preserving S-DDM scheme. In Section 3, the mass conservation
and unconditional stability of the scheme are proved. In Section 4, we prove convergence
and error estimate of the scheme. Finally, numerical experiments are presented in Section
5.

2 The parabolic equations and the mass-preserving S-DDM

scheme

Consider the two-dimensional parabolic equations with Neumann boundary conditions










∂u
∂t − ∂

∂x (D1
∂u
∂x )− ∂

∂y (D2
∂u
∂y )= f (x,y,t), (x,y,t)∈Ω×(0, T],

∇u·~n=0, (x,y,t)∈∂Ω×(0, T],

u(x,y,0)=u0(x,y), (x,y)∈Ω,

(2.1)

where Ω=(a,b)×(c,d), ∂Ω is the boundary of Ω, and~n is the normal vector along ∂Ω. T>
0 is the time period. D1>0 and D2>0 are the diffusion coefficients. f (x,y,t) and u0(x,y)
are the known smooth functions. Parabolic equations are important, which model reser-
voir pressure, groundwater water-head and heat temperature, etc. Many real applica-
tions are large scale and long term duration. They lead to developing the mass-preserving
explicit/implicit domain decomposition methods over non-overlapping multi-block sub-
domains.
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Figure 1: The domain Ω and its sub-domains Ωα,β.

For designing our mass-preserving domain decomposition schemes, we first di-
vide the domain Ω into multiple non-overlapping block-divided sub-domains Ωα,β (see,
Fig. 1). In general, the number p=p1×p2 is related to the problem and the number of pro-
cessors in the computer platform, and the sub-domains may be of different widths. Let
γx

α,β=∂Ωα,β∩∂Ωα+1,β, the interface of Ωα,β and Ωα+1,β, and γ
y
α,β=∂Ωα,β∩∂Ωα,β+1, the in-

terface of Ωα,β and Ωα,β+1. Further, let Γx
α=

⋃p2

β=1γx
α,β and Γ

y
β=

⋃p1

α=1γ
y
α,β. Each sub-domain

Ωα,β is further divided by fine meshes.

In the construction, we approximate directly the solution u and fluxes qx =D1
∂u
∂x and

qy = D2
∂u
∂y in a coupled system. For doing this, we introduce the staggered meshes for

u,qx and qy. For simplicity, we describe the p=2×2 sub-domains of domain Ω and their
staggered meshes (see, Fig. 2).

Let ∆x= b−a
I , ∆y= d−c

J . I, J, are the positive integers. Define

xi+ 1
2
= a+i∆x, i=0,1,··· , I, xi = a+

(

i− 1

2

)

∆x, i=1,2,··· , I,

yj+ 1
2
= c+ j∆y, j=0,1,··· , J, yj = c+

(

j− 1

2

)

∆y, j=1,2,··· , J.

The lines Γx
1 : x = xi1+

1
2
= a+b

2 Γ
y
1: y = yj1+

1
2
= c+d

2 are the interface lines of sub-domains

Ωα,β, α= 1,2; β= 1,2. Nodes {(xi+ 1
2
,yj)} and {(xi,yj+ 1

2
)} are the nodes for the fluxes qx

and qy and nodes {(xi,yj)} are for the solution u.

Let ∆t = T
N and tn = n∆t, n = 0,1,··· ,N. Denote rx = D1

∆t
(∆x)2 and ry = D2

∆t
(∆y)2 . Let

wi,j,wi+ 1
2 ,j,wi,j+ 1

2
be the values of w(x,y) defined at nodes (xi,yj), (xi+ 1

2
,yj) and (xi,yj+ 1

2
).
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Figure 2: The sub-domains and their meshes: ◦,⋆,⋄ – the points of (i, j),(i+ 1
2 , j),(i, j+ 1

2 ).

Define the space center difference operators as

δxwi+ 1
2 ,j=

wi+1,j−wi,j

∆x
, δywi,j+ 1

2
=

wi,j+1−wi,j

∆y
,

δxwi,j=
wi+ 1

2 ,j−wi− 1
2 ,j

∆x
, δywi,j=

wi,j+ 1
2
−wi,j− 1

2

∆y
.

Define the time difference operators as

∂̂tw
∗=

w∗−wn

∆t
, ∂̌tw

n+1=
wn+1−w∗

∆t
, ∂tw

n+1=
wn+1−wn

∆t
.

Let {Un
i,j}, {Qx

i+ 1
2 ,j
} and {Q

y

i,j+ 1
2

} be the numerical solution and the numerical fluxes.

Let f = f1+ f2 by using f1 =
1
2 f , f2=

1
2 f , or f1= f , f2=0, or f1=0, f2= f in computations.

Based on the notations, we now propose the mass-preserving splitting domain de-
composition method over multi-block sub-domains as

Stage 1: Along x-direction:

(a) On the interface lines Γx
α, the intermediate fluxes {Q̃x,∗

iα+
1
2 ,j
} are computed by the

semi-implicit (explicit) flux scheme

Q̃x,∗
iα+

1
2 ,j
=Qx,n

iα+
1
2 ,j
+rx(Q

x,n

iα− 1
2 ,j
−2Q̃x,∗

iα+
1
2 ,j
+Qx,n

iα+
3
2 ,j
)+∆tD1δx f1

n+1
iα+

1
2 ,j

. (2.2)

(b) In the interiors of sub-domains Ωα,β, the intermediate variables {U∗
i,j,Q

x,∗
i+ 1

2 ,j
} are
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computed by the x-directional splitting implicit and solution-flux coupled scheme















U∗
i,j−Un

i,j

∆t =δxQx,∗
i,j + f1

n+1
i,j , (xi,yj)∈Ωα,β,

Qx,∗
i+ 1

2 ,j
=D1δxU∗

i+ 1
2 ,j

, (xi+ 1
2
,yj)∈Ωα,β,

Qx,∗
iα+

1
2 ,j
= Q̃x,∗

iα+
1
2 ,j

, (xiα+
1
2
,yj)∈Γx

α.

(2.3)

(c) Let

Qx,∗
iα+

1
2 ,j
=D1δxU∗

iα+
1
2 ,j

, (xiα+
1
2
,yj)∈Γx

α,

and

Q
y,∗
i,j+ 1

2

=D2δyU∗
i,j+ 1

2
, (xi,yj+ 1

2
)∈Ωα,β.

Stage 2: Along y-direction:

(a) On the interface lines Γ
y
β, the interface fluxes {Q̃

y,n+1

i,jβ+
1
2

} are computed by the semi-

implicit (explicit) flux scheme

Q̃
y,n+1

i,jβ+
1
2

=Q
y,∗
i,jβ+

1
2

+ry(Q
y,∗
i,jβ− 1

2

−2Q̃
y,n+1

i,jβ+
1
2

+Q
y,∗
i,jβ+

3
2

)+∆tD2δy f2
n+1
i,jβ+

1
2

. (2.4)

(b) In the interiors of sub-domains Ωα,β, the numerical solutions and fluxes

{Un+1
i,j ,Q

y,n+1

i,j+ 1
2

} are solved by the y-directional splitting implicit and solution-flux cou-

pled scheme


















Un+1
i,j −U∗

i,j

∆t =δyQ
y,n+1
i,j + f2

n+1
i,j , (xi,yj)∈Ωα,β,

Q
y,n+1

i,j+ 1
2

=D2δyUn+1
i,j+ 1

2

, (xi,yj+ 1
2
)∈Ωα,β,

Q
y,n+1

i,jβ+
1
2

= Q̃
y,n+1

i,jβ+
1
2

, (xi,yjβ+
1
2
)∈Γ

y
β.

(2.5)

(c) Let

Q
y,n+1

i,jβ+
1
2

=D2δyUn+1
i,jβ+

1
2

, (xi,yjβ+
1
2
)∈Γ

y
β,

and

Qx,n+1

i+ 1
2 ,j

=D1δxUn+1
i+ 1

2 ,j
, (xi+ 1

2
,yj)∈Ωα,β.

The boundary conditions are

Qx,∗
1
2 ,j
=Qx,∗

I+ 1
2 ,j
=0, (x 1

2
,yj),(xI+ 1

2
,yj)∈∂Ω,

Q
y,n+1

i, 1
2

=Q
y,n+1

i,J+ 1
2

=0, (xi,y 1
2
),(xi,yJ+ 1

2
)∈∂Ω,

(2.6)

and the initial values are given by

U0
i,j=u0(xi,yj), (xi,yj)∈Ω. (2.7)
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Remark 2.1. In the scheme (2.2)-(2.7), we normally use f1 =
1
2 f , f2 =

1
2 f , or f1 = f , f2 = 0,

or f1 = 0, f2 = f . Combining the splitting technique with the coupling of solution and
flux on staggered meshes, the scheme is developed over multi-block sub-domains, which
is explicit-implicit and can be implemented easily. At Stage 1, the intermediate fluxes
{Q̃x,∗

iα+
1
2 ,j
} on the interfaces are firstly computed by the semi-implicit flux scheme (2.2)

explicitly. Substituting the intermediate fluxes {Qx,∗
i+ 1

2 ,j
} into the first equation of (2.3),

it leads to symmetric and tridiagonal algebraic systems of {U∗
i,j} on sub-domains which

can be easily solved by the Thomas’ method. At Stage 2, {Un+1
i,j } and {Q

y,n+1

i,j+ 1
2

} can be

solved on sub-domains in the same way as Stage 1.

Remark 2.2. Our mass-preserving S-DDM scheme (2.2)-(2.7) overcomes the limitation of
the strip-divided sub-domains and the zigzag-shaped sub-domains. While it works effi-
ciently over multiple block-divided non-overlapping sub-domains, our scheme preserves
mass even though the explicit-implicit technique is used on interfaces and in multi-block
sub-domains.

3 Conservation of mass and unconditional stability

In this section, we first prove our scheme to satisfy mass conservation and then prove its
unconditional stability. The analysis of the stability for the scheme over non-overlapping
multi-block sub-domains is difficult due to the combination of the splitting technique, the
coupling of U, Qx and Qy on the staggered mesh on sub-domains and the semi-implicit
(explicit) flux scheme used on interfaces of sub-domains. For analyzing its stability, we
derive out Lemma 3.4 and Lemma 3.5 for ∂̂t ‖U∗ ‖2 and ∂̌t ‖Un+1 ‖2 of the solution and
Lemma 3.6 and Lemma 3.7 for ∂̂t | Qy,∗ |2Γ

x,j+ 1
2

and ∂̌t | Qx,n+1 |2Γ
i+ 1

2 ,y
of the fluxes on the

interface lines and finally derive out the unconditionally stability of the proposed scheme.

Lemma 3.1. Assume that Qx
1
2 ,j
=Qx

I+ 1
2 ,j
= 0, j= 1,2,··· , J, and Q

y

i, 1
2

=Q
y

i,J+ 1
2

= 0, i= 1,2,··· , I.

Then for the mesh functions {Qx
i+ 1

2 ,j
,Q

y

i,j+ 1
2

}, it holds that

J

∑
j=1

I

∑
i=1

δxQx
i,j=0,

I

∑
i=1

J

∑
j=1

δyQ
y
i,j =0. (3.1)

Theorem 3.1. (Conservation of mass) The scheme (2.2)-(2.7) satisfies mass conservation over
multi-block sub-domains, i.e.

I

∑
i=1

J

∑
j=1

Un
i,j∆x∆y=

I

∑
i=1

J

∑
j=1

U0
i,j∆x∆y+

n−1

∑
l=0

( I

∑
i=1

J

∑
j=1

f l+1
i,j ∆x∆y

)

∆t, f or n≥1. (3.2)

https://doi.org/10.4208/cicp.070814.190615a Published online by Cambridge University Press

https://doi.org/10.4208/cicp.070814.190615a


418 Z. Zhou and D. Liang / Commun. Comput. Phys., 19 (2016), pp. 411-441

Proof. Multiplying the first equation of (2.3) with ∆x∆y and summing for i, j from 1 to
I, J, and noting that Qx,∗

iα+
1
2 ,j

is given at the nodes on interfaces Γx
α, from the boundary

condition (2.6) and Lemma 3.1, we can obtain that

I

∑
i=1

J

∑
j=1

U∗
i,j−Un

i,j

∆t
∆x∆y=

J

∑
j=1

I

∑
i=1

δxQx,∗
i,j ∆x∆y+

I

∑
i=1

J

∑
j=1

f1
n+1
i,j ∆x∆y

=
I

∑
i=1

J

∑
j=1

f1
n+1
i,j ∆x∆y. (3.3)

Similarly, multiplying the first equation of (2.5) with ∆x∆y and summing for i, j from 1 to
I, J, we can have that

I

∑
i=1

J

∑
j=1

Un+1
i,j −U∗

i,j

∆t
∆x∆y

=
I

∑
i=1

J

∑
j=1

δyQ
y,n+1
i,j ∆x∆y+

I

∑
i=1

J

∑
j=1

f2
n+1
i,j ∆x∆y

=
I

∑
i=1

J

∑
j=1

f2
n+1
i,j ∆x∆y. (3.4)

Combining (3.3) with (3.4), it yields that

I

∑
i=1

J

∑
j=1

Un+1
i,j −Un

i,j

∆t
∆x∆y=

I

∑
i=1

J

∑
j=1

f n+1
i,j ∆x∆y. (3.5)

Multiplying (3.5) with ∆t and summing it from 0 to n−1, we finally get (3.2).

Let U = {Ui,j}, V = {Vi,j}, X= {Xi+ 1
2 ,j}, Y= {Yi+ 1

2 ,j}, Z= {Zi,j+ 1
2
}, and W = {Wi,j+ 1

2
}

be discrete functions. Define the discrete inner products, and the corresponding discrete
L2-norms over Ω as follows,

(U,V)=∑
I
i=1∑

J
j=1Ui,jVi,j∆x∆y, ‖U ‖=(U,U)

1
2 ,

(X,Y)=∑
I−1
i=0 ∑

J
j=1 Xi+ 1

2 ,jYi+ 1
2 ,j∆x∆y, ‖X ‖=(X,X)

1
2 ,

(Z,W)=∑
I
i=1∑

J−1
j=0 Zi,j+ 1

2
Wi,j+ 1

2
∆x∆y, ‖Z‖=(Z,Z)

1
2 .

(3.6)

Let Γiα+
1
2 ,y, and Γx,jβ+

1
2

be the interface lines, respectively. We define the corresponding

inner products and norms on the interface lines.

<X,Y>Γ
iα+

1
2 ,y
=∑

J
j=1 Xiα+

1
2 ,jYi+ 1

2 ,j∆y, |X |Γ
iα+

1
2 ,y
=<X,X>

1
2
Γ

iα+
1
2 ,y

,

<Z,W>Γ
x,jβ+

1
2

=∑
I
i=1 Zi,jβ+

1
2
Wi,jβ+

1
2
∆x, |Z |Γ

x,jβ+
1
2

=<Z,W>
1
2
Γ

x,jβ+
1
2

.
(3.7)

We first give some preliminary lemmas.
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Lemma 3.2. Let U={Ui,j} and V={Vi,j}. Then

(U−V

∆t
,U

)

=
1

2∆t
(‖U ‖2−‖V ‖2)+

1

2∆t
‖U−V ‖2 . (3.8)

Lemma 3.3. Let Qx
i+ 1

2 ,j
=D1δxUi+ 1

2 ,j and Q
y

i,j+ 1
2

=D2δyUi,j+ 1
2
. If Qx

1
2 ,j
=D1δxU 1

2 ,j=0, Qx
I+ 1

2 ,j
=

D1δxUI+ 1
2 ,j=0, Q

y

i, 1
2

=D2δyUi, 1
2
=0 and Q

y

i,J+ 1
2

=D2δyUi,J+ 1
2
=0, then we have that

(δxQx,U)=− 1

D1
‖Qx ‖2, (δyQy,U)=− 1

D2
‖Qy ‖2, (3.9)

and

D2δyQx
i+ 1

2 ,j+ 1
2
=D1δxQ

y

i+ 1
2 ,j+ 1

2

. (3.10)

Proof. Note that

(δxQx,U)=
I,J

∑
i=1,j=1

δxQx
i,jUi,j∆x∆y=

J

∑
j=1

I

∑
i=1

(Qx
i+ 1

2 ,j
−Qx

i− 1
2 ,j
)Ui,j

∆x
∆x∆y

=
J

∑
j=1

I

∑
i=1

Qx
i+ 1

2 ,j
Ui,j

∆x
∆x∆y−

J

∑
j=1

I−1

∑
i=0

Qx
i+ 1

2 ,j
Ui+1,j

∆x
∆x∆y

=
J

∑
j=1

(

−
I−1

∑
i=1

Qx
i+ 1

2 ,j
δxUi+ 1

2 ,j−
Qx

1
2 ,j

U1,j

∆x
+

Qx
I+ 1

2 ,j
UI,j

∆x

)

∆x∆y. (3.11)

Using the definition Qx
i+ 1

2 ,j
=D1δxUi+ 1

2 ,j and the conditions Qx
1
2 ,j
=Qx

I+ 1
2 ,j
=0, we can get

that (δxQx,U)=− 1
D1

‖Qx ‖2. Similarly, we have that (δyQy,U)=− 1
D2

‖Qy ‖2.
From D2δyQx

i+ 1
2 ,j+ 1

2

=D1δyδxUi+ 1
2 ,j+ 1

2
, and δyδxUi+ 1

2 ,j+ 1
2
=δxδyUi+ 1

2 ,j+ 1
2
, we have that

D2δy(D1δxUi+ 1
2 ,j)=D1δx(D2δyUi,j+ 1

2
)=D1δxQ

y

i+ 1
2 ,j+ 1

2

. (3.12)

This ends the proof.

Without loss of generality, we will give the proof of stability of the scheme (2.2)-(2.7)
over 2×2 sub-domains. The interface indexes are i= i1 and j= j1. The first equation of
Eq. (2.3) and the first equation of (2.5) can be rewritten into the equivalent forms



























∂̂tU
∗
i,j=δxQx,∗

i,j + f1
n+1
i,j , i=1,2,··· ,i1−1,i1+2,··· , I,

∂̂tU
∗
i1,j=δxQx,∗

i1,j+ f1
n+1
i1,j −

Qx,∗
i1+

1
2 ,j
−Q̃x,∗

i1+
1
2 ,j

∆x , i= i1,

∂̂tU
∗
i1+1,j=δxQx,∗

i1+1,j+ f1
n+1
i1+1,j+

Qx,∗
i1+

1
2 ,j
−Q̃x,∗

i1+
1
2 ,j

∆x , i= i1+1,

(3.13)
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and



























∂̌tU
n+1
i,j =δyQ

y,n+1
i,j + f2

n+1
i,j , j=1,2,··· , j1−1, j1+2,··· , J,

∂̌tU
n+1
i,j1

=δyQ
y,n+1
i,j1

+ f2
n+1
i,j1

−
Q

y,n+1

i,j1+
1
2

−Q̃
y,n+1

i,j1+
1
2

∆y , j= j1,

∂̌tU
n+1
i,j1+1=δyQ

y,n+1
i,j1+1+ f2

n+1
i,j1+1+

Q
y,n+1

i,j1+
1
2

−Q̃
y,n+1

i,j1+
1
2

∆y , j= j1+1.

(3.14)

Lemma 3.4. Let {U∗
i,j} be the solution of Stage 1 of the scheme. We have that

(1−∆t)∂̂t ‖U∗ ‖2+
(∆t)2

∆x
(∂̂t |Qx,∗ |2Γ

i1− 1
2 ,y
+∂̂t |Qx,∗ |2Γ

i1+
3
2 ,y
)

≤‖Un ‖2 +M(‖ f1
n+1‖2+‖ f1

n+1 ‖2
Γ), (3.15)

where M>0 is a positive constant and

‖ f n+1
1 ‖2

Γ=
(∆t)2

∆x
(| f1

n+1 |2Γi1,y
+ | f1

n+1 |2Γi1+1,y
). (3.16)

Proof. Multiplying both sides of (3.13) by U∗
i,j∆x∆y, respectively, and summing them up

for i, j from 1 to I, J, we obtain that

(∂̂tU
∗,U∗)=(δxQx,∗,U∗)+( f1

n+1,U∗)+R, (3.17)

where

R=
J

∑
j=1

Qx,∗
i1+

1
2 ,j
−Q̃x,∗

i1+
1
2 ,j

∆x
(U∗

i1+1,j−U∗
i1,j)∆x∆y

=
∆x

D1
<Qx,∗−Q̃x,∗,Qx,∗

>Γ
i1+

1
2 ,y

=
∆x

D1

(

(|Qx,∗ |2Γ
i1+

1
2 ,y
−| Q̃x,∗ |2Γ

i1+
1
2 ,y
)−<Qx,∗−Q̃x,∗,Q̃x,∗

>Γ
i1+

1
2 ,y

)

. (3.18)

Subtracting the second equation of (3.13) from the third equation of (3.13), we get that at
interface x= xi1+

1
2

Qx,∗
i1+

1
2 ,j
−Qx,n

i1+
1
2 ,j

∆t
=D1

Qx,∗
i1+

3
2 ,j
−2Q̃x,∗

i1+
1
2 ,j
+Qx,∗

i1− 1
2 ,j

∆x2
+D1δx f1

n+1
i1+

1
2 ,j

. (3.19)

Using (2.2) and (3.19), we have that

Qx,∗
i1+

1
2 ,j
−Q̃x,∗

i1+
1
2 ,j
= rx(Q

x,∗
i1− 1

2 ,j
+Qx,∗

i1+
3
2 ,j
)−rx(Q

x,n

i1− 1
2 ,j
+Qx,n

i1+
3
2 ,j
). (3.20)
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So, we get that

−<Qx,∗−Q̃x,∗,Q̃x,∗
>Γ

i1+
1
2 ,y
=−rx

J

∑
j=1

(Qx,∗
i1− 1

2 ,j
+Qx,∗

i1+
3
2 ,j
)Q̃x,∗

i1+
1
2 ,j

∆y

+rx

J

∑
j=1

(Qx,n

i1− 1
2 ,j
+Qx,n

i1+
3
2 ,j
)Q̃x,∗

i1+
1
2 ,j

∆y. (3.21)

Applying the equality 2ab = a2+b2−(a−b)2 and the second equation of Eq. (3.13), we
have that for the right side term of (3.21)

−rx

J

∑
j=1

Qx,∗
i1− 1

2 ,j
Q̃x,∗

i1+
1
2 ,j

∆y=
rx

2

J

∑
j=1

(Q̃x,∗
i1+

1
2 ,j
−Qx,∗

i1− 1
2 ,j
)2∆y− rx

2
(|Qx,∗ |2Γ

i1− 1
2 ,y
+ | Q̃x,∗ |2Γ

i1+
1
2 ,y
)

=
D1∆t

2

J

∑
j=1

(∂tU
∗
i1,j− f1

n+1
i1,j )2∆y− rx

2
(|Qx,∗ |2Γ

i1− 1
2 ,y
+ | Q̃x,∗ |2Γ

i1+
1
2 ,y
)

=
D1∆t

2
(| ∂̂tU

∗ |2Γi1,y
−| f1

n+1 |2Γi1,y
)− rx

2
(|Qx,∗ |2Γ

i1− 1
2 ,y
+ | Q̃x,∗ |2Γ

i1+
1
2 ,y
)

−D1
∆t

∆x

J

∑
j=1

(Q̃x,∗
i1+

1
2 ,j
−Qx,∗

i1− 1
2 ,j
) f1

n+1
i1,j ∆y. (3.22)

Similarly, applying the third equation of Eq. (3.13), we have that

−rx

J

∑
j=1

Qx,∗
i1+

3
2 ,j

Q̃x,∗
i1+

1
2 ,j

∆y

=
D1∆t

2
(| ∂̂tU

∗ |2Γi1+1,y
−| f1

n+1 |2Γi1+1,y
)− rx

2
(|Qx,∗ |2Γ

i1+
3
2 ,y
+ | Q̃x,∗ |2Γ

i1+
1
2 ,y
)

−D1
∆t

∆x

J

∑
j=1

(Qx,∗
i1+

3
2 ,j
−Q̃x,∗

i1+
1
2 ,j
) f1

n+1
i1,j ∆y. (3.23)

Substituting (3.22) and (3.23) into Eq. (3.21), we get that

−<Qx,∗−Q̃x,∗,Q̃x,∗
>Γ

i1+
1
2 ,y

=
D1∆t

2
(| ∂̂tU

∗ |2Γi1,y
+ | ∂̂tU

∗ |2Γi1+1,y
−| f1

n+1 |2Γi1,y
−| f1

n+1 |2Γi1+1,y
)

− rx

2
(|Qx,∗ |2Γ

i1− 1
2 ,y
+ |Qx,∗ |2Γ

i1+
3
2 ,y
+2 | Q̃x,∗ |2Γ

i1+
1
2 ,y
)

+rx

J

∑
j=1

(Qx,n

i1− 1
2 ,j
+Qx,n

i1+
3
2 ,j
)Q̃x,∗

i1+
1
2 ,j

∆y

+
D1∆t

∆x

J

∑
j=1

(

f1
n+1
i1,j (Qx,∗

i1− 1
2 ,j
−Q̃x,∗

i1+
1
2 ,j
)− f1

n+1
i1+1,j(Q

x,∗
i1+

3
2 ,j
−Q̃x,∗

i1+
1
2 ,j
)
)

∆y. (3.24)

https://doi.org/10.4208/cicp.070814.190615a Published online by Cambridge University Press

https://doi.org/10.4208/cicp.070814.190615a


422 Z. Zhou and D. Liang / Commun. Comput. Phys., 19 (2016), pp. 411-441

For the third and fourth terms of (3.24), we use Holder-inequality and ǫ-inequality, re-
spectively, to get

rx

J

∑
j=1

(Qx,n

i1− 1
2 ,j
+Qx,n

i1+
3
2 ,j
)Q̃x,∗

i1+
1
2 ,j

∆y

≤ rx

2
(|Qx,n |2Γ

i1− 1
2 ,y
+ |Qx,n |2Γ

i1+
3
2 ,y
+2 | Q̃x,∗ |2Γ

i1+
1
2 ,y
), (3.25)

J

∑
j=1

D1∆t

∆x

(

f1
n+1
i1,j (Qx,∗

i1− 1
2 ,j
−Q̃x,∗

i1+
1
2 ,j
)− f1

n+1
i1+1,j(Q

x,∗
i1+

3
2 ,j
−Q̃x,∗

i1+
1
2 ,j
)
)

∆y

≤M
(∆t)2

(∆x)2
(| f1

n+1 |2Γi1,y
+ | f1

n+1 |2Γi1+1,y
)+ǫ(|Qx,∗ |2Γ

i1+
3
2 ,y
+ |Qx,∗ |2Γ

i1− 1
2 ,y
+ | Q̃x,∗ |2Γ

i1+
1
2 ,y
).

(3.26)

Substituting (3.25) and (3.26) into (3.24), and further using (3.18), we obtain that

R≤ ∆t∆x

2
(| ∂̂tU

∗ |2Γi1,y
+ | ∂̂tU

∗ |2Γi1+1,y
)+

∆x

D1
|Qx,∗ |2Γ

i1+
1
2 ,y

− ∆t

2∆x

(

(|Qx,∗ |2Γ
i1− 1

2 ,y
+ |Qx,∗ |2Γ

i1+
3
2 ,y
)−(|Qx,n |2Γ

i1− 1
2 ,y
+ |Qx,n |2Γ

i1+
3
2 ,y
)
)

+
ǫ∆x

D1
(|Qx,∗ |2Γ

i1+
3
2 ,y
+ |Qx,∗ |2Γ

i1− 1
2 ,y
)+M

(∆t)2

∆x
(| f1

n+1 |2Γi1,y
+ | f1

n+1 |2Γi1+1,y
). (3.27)

By Lemma 3.2 and Lemma 3.3, we have that

(∂̂tU
∗,U∗)=

1

2∆t
(‖U∗ ‖2−‖Un ‖2)+

∆t

2
‖ ∂̂tU

∗ ‖2, (3.28)

(δxQx,∗,U∗)=− 1

D1
‖Qx,∗ ‖2 . (3.29)

Substituting (3.27)-(3.29) into (3.17), we obtain that

1

2
∂̂t ‖U∗ ‖2+

∆t

2∆x

(

|Qx,∗ |2Γ
i1− 1

2 ,y
+ |Qx,∗ |2Γ

i1+
3
2 ,y
−(|Qx,n |2Γ

i1− 1
2

,y+ |Qx,n |2Γ
i1+

3
2 ,y
)
)

≤1

2
‖U∗ ‖2+M

(

‖ f1
n+1 ‖2+

(∆t)2

∆x
(| f1

n+1 |2Γi1,y
+ | f1

n+1 |2Γi1+1,y
)
)

. (3.30)

This ends the proof.

Similarly, for Stage 2 of the scheme, we have Lemma 3.5.
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Lemma 3.5. Let {Un+1
i,j } be the solution of Stage 2 of the scheme, we have that

∂̌t ‖Un+1 ‖2+
(∆t)2

∆y
(∂̌t |Qy,n+1 |2Γ

x,j1− 1
2

+∂̌t |Qy,n+1 |2Γ
x,j1+

3
2

)

≤‖Un+1‖2+M(‖ f2
n+1‖2+‖ f2

n+1 ‖2
Γ), (3.31)

where M>0 is a positive constant and

‖ f n+1
2 ‖2

Γ=
(∆t)2

∆y
(| f2

n+1 |2Γx,j1
+ | f2

n+1 |2Γx,j1+1
). (3.32)

As the scheme (2.2)-(2.7) involves the numerical fluxes Qx,∗,Qy,∗ on interfaces. In
order to study the stability of the scheme, we need to analyze the fluxes Qx,∗ and Qy,∗

in terms of ∂̂t|Qx,∗|2Γ
i+ 1

2 ,y
and ∂̌t|Qy,n+1|2Γ

x,j+ 1
2

on the interface lines. Applying the operator

D2δy to (3.13) and (3.14), we get the equations of Q
y,∗
i,j1+

3
2

and Q
y,∗
i,j1− 1

2

as follows,



















































∂̂tQ
y,∗
i,j1+

3
2

=D2δyδxQx,∗
i,j1+

3
2

+D2δy f1
n+1
i,j1+

3
2

, i=1,2,··· ,i1−1,i1+2,··· , I,

∂̂tQ
y,∗
i1,j1+

3
2

=D2δyδxQx,∗
i1,j1+

3
2

+D2δy f1
n+1
i1,j1+

3
2

−D2

δyQx,∗
i1+

1
2 ,j1+

3
2

−δyQ̃x,∗
i1+

1
2 ,j1+

3
2

∆x , i= i1,

∂̂tQ
y,∗
i1+1,j1+

3
2

=D2δyδxQx,∗
i1+1,j1+

3
2

+D2δy f1
n+1
i1+1,j1+

3
2

+D2

δyQx,∗
i1+

1
2 ,j1+

3
2

−δyQ̃x,∗
i1+

1
2 ,j1+

3
2

∆x , i= i1+1,

(3.33)

with the boundary conditions δxQ
y,∗
1
2 ,j1+

3
2

=δxQ
y,∗
I+ 1

2 ,j1+
3
2

=0, and



















































∂̂tQ
y,∗
i,j1− 1

2

=D2δyδxQx,∗
i,j1− 1

2

+D2δy f1
n+1
i,j1− 1

2

, i=1,2,··· ,i1−1,i1+2,··· , I,

∂̂tQ
y,∗
i1,j1− 1

2

=D2δyδxQx,∗
i1,j1− 1

2

+D2δy f1
n+1
i1,j1− 1

2

−D2

δyQx,∗
i1+

1
2 ,j1− 1

2

−δyQ̃x,∗
i1+

1
2 ,j1− 1

2
∆x , i= i1,

∂̂tQ
y,∗
i1+1,j1− 1

2

=D2δyδxQx,∗
i1+1,j1− 1

2

+D2δy f1
n+1
i1+1,j1− 1

2

+D2

δyQx,∗
i1+

1
2 ,j1− 1

2

−δyQ̃x,∗
i1+

1
2 ,j1− 1

2
∆x , i= i1+1,

(3.34)

with the boundary conditions δxQ
y,∗
1
2 ,j1− 1

2

= δxQ
y,∗
I+ 1

2 ,j1− 1
2

= 0. Using the equality (3.9),
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Eqs. (3.33) and (3.34) can be rewritten that






















































∂̂tQ
y,∗
i,j1+

3
2

=δx(D1δxQ
y,∗
i,j1+

3
2

)+D2δy f1
n+1
i,j1+

3
2

, i=1,2,··· ,i1−1,i1+2,··· , I,

∂̂tQ
y,∗
i1,j1+

3
2

=δx(D1δxQ
y,∗
i1,j1+

3
2

)+D2δy f1
n+1
i1,j1+

3
2

−
D1δxQ

y,∗
i1+

1
2 ,j1+

3
2

−D1δxQ̃
y,∗
i1+

1
2 ,j1+

3
2

∆x , i= i1,

∂̂tQ
y,∗
i1+1,j1+

3
2

=δx(D1δxQ
y,∗
i1+1,j1+

3
2

)+D2δy f1
n+1
i1+1,j1+

3
2

+
D1δxQ

y,∗
i1+

1
2 ,j1+

3
2

−D1δxQ̃
y,∗
i1+

1
2 ,j1+

3
2

∆x , i= i1+1,
(3.35)

and






















































∂̂tQ
y,∗
i,j1− 1

2

=δx(D1δxQ
y,∗
i,j1− 1

2

)+D2δy f1
n+1
i,j1− 1

2

, i=1,2,··· ,i1−1,i1+2,··· , I,

∂̂tQ
y,∗
i1,j1− 1

2

=δx(D1δxQ
y,∗
i1,j1− 1

2

)+D2δy f1
n+1
i1,j1− 1

2

−
D1δxQ

y,∗
i1+

1
2 ,j1− 1

2

−D1δxQ̃
y,∗
i1+

1
2 ,j1− 1

2
∆x , i= i1,

∂̂tQ
y,∗
i1+1,j1− 1

2

=δx(D1δxQ
y,∗
i1+1,j1− 1

2

)+D2δy f1
n+1
i1+1,j1− 1

2

+
D1δxQ

y,∗
i1+

1
2 ,j1− 1

2

−D1δyQ̃
y,∗
i1+

1
2 ,j1− 1

2
∆x , i= i1+1.

(3.36)
In the similar way of the proof of Lemma 3.4, from (3.35) and (3.36) we obtain the

following Lemma 3.6.

Lemma 3.6. On the interface lines Γx,j1− 1
2

and Γx,j1+
3
2
, respectively, we have that

(1−∆t)∂̂t |Qy,∗ |2Γ
x,j1+

3
2

+
(∆t)2

∆x

(

∂̂t(D1δxQ
y,∗
i1− 1

2 ,j1+
3
2

)2+ ∂̂t(D1δxQ
y,∗
i1+

3
2 ,j1+

3
2

)2
)

≤|Qy,n |2Γ
x,j1+

3
2

+M(|δy f1
n+1 |2Γ

x,j1+
3
2

+ |δy f1
n+1 |2IΓ

x,j1+
3
2

) (3.37)

and

(1−∆t)∂̂t |Qy,∗ |2Γ
x,j1− 1

2

+
(∆t)2

∆x

(

∂̂t(D1δxQ
y,∗
i1− 1

2 ,j1− 1
2

)2+ ∂̂t(D1δxQ
y,∗
i1+

3
2 ,j1− 1

2

)2
)

≤|Qy,n |2Γ
x,j1− 1

2

+M(|δy f1
n+1 |2Γ

x,j1− 1
2

+ |δy f1
n+1 |2IΓ

x,j1− 1
2

), (3.38)

where

|δy f1
n+1 |2IΓ

x,j1+
3
2

=
(∆t)2

∆x
(|δy f1

n+1
i1,j1+

3
2

|2+ |δy f1
n+1
i1+1,j1+

3
2

|2),

|δy f1
n+1 |2IΓ

x,j1− 1
2

=
(∆t)2

∆x
(|δy f1

n+1
i1,j1− 1

2

|2+ |δy f1
n+1
i1+1,j1− 1

2

|2).
(3.39)
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Similarly, taking the operator D1δx to Eqs. (3.14), we have the equations of Qx,n+1

i1+
3
2 ,j

and

Qx,n+1

i1− 1
2 ,j

as follows,























































∂̌tQ
x,n+1

i1+
3
2 ,j
=δy(D2δyQx,n+1

i1+
3
2 ,j
)+D1δx f2

n+1
i1+

3
2 ,j

, j=1,2,··· , j1−1, j1+2,··· , J,

∂̌tQ
x,n+1

i1+
3
2 ,j1

=δy(D2δyQx,n+1

i1+
3
2 ,j1

)+D1δx f2
n+1
i1+

3
2 ,j1

−
D2δyQx,n+1

i1+
3
2 ,j1+

1
2

−D2δyQ̃x,n+1

i1+
3
2 ,j1+

1
2

∆y , j= j1,

∂̌tQ
x,n+1

i1+
3
2 ,j1+1

=δy(δyD2Qx,n+1

i1+
3
2 ,j1+1

)+D1δx f2
n+1
i1+

3
2 ,j1+1

+
D2δyQx,n+1

i1+
3
2 ,j1+

1
2

−D2δyQ̃x,n+1

i1+
3
2 ,j1+

1
2

∆y , j= j1+1,

(3.40)
with the boundary conditions δyQx,n+1

i1+
3
2 , 1

2

=δyQx,n+1

i1+
3
2 ,J+ 1

2

=0, and























































∂̌tQ
x,n+1

i1− 1
2 ,j
=δy(δyD2Qx,n+1

i1− 1
2 ,j
)+D1δx f2

n+1
i1− 1

2 ,j
, j=1,2,··· , j1−1, j1+2,··· , J,

∂̌tQ
x,n+1

i1− 1
2 ,j1

=δy(δyD2Qx,n+1

i1− 1
2 ,j1

)+D1δx f2
n+1
i1− 1

2 ,j1

−
D2δyQx,n+1

i1− 1
2 ,j1+

1
2

−D2δyQ̃x,n+1

i1− 1
2 ,j1+

1
2

∆y , j= j1,

∂̌tQ
x,n+1

i1− 1
2 ,j1+1

=δy(δyD2Qx,n+1

i1− 1
2 ,j1+1

)+D1δx f2
n+1
i1− 1

2 ,j1+1

+
D2δyQx,n+1

i1− 1
2 ,j1+

1
2

−D2δyQ̃x,n+1

i1− 1
2 ,j1+

1
2

∆y , j= j1+1,

(3.41)
with the boundary conditions δyQx,n+1

i1− 1
2 , 1

2

=δyQx,n+1

i1− 1
2 ,J+ 1

2

=0.

Further, we can get from (3.40) and (3.41) the following lemma.

Lemma 3.7. On the interface lines Γi1+
3
2 ,y and Γi1− 1

2 ,y, respectively, we have that

∂̌t |Qx,n+1 |2Γ
i1+

3
2 ,y
+
(∆t)2

∆y

(

∂̌t(D2δyQx,n+1

i1+
3
2 ,j1− 1

2

)2+ ∂̌t(D2δyQx,n+1

i1+
3
2 ,j1+

3
2

)2
)

≤|Qx,n+1 |2Γ
i1+

3
2 ,y
+M(|δx f2

n+1 |2Γ
i1+

3
2 ,y
+ |δx f2

n+1 |2IΓ
i1+

3
2 ,y
) (3.42)

and

∂̌t |Qx,n+1 |2Γ
i1− 1

2 ,y
+
(∆t)2

∆y

(

∂̌t(D2δyQx,n+1

i1− 1
2 ,j1− 1

2

)2+ ∂̌t(D2δyQx,n+1

i1− 1
2 ,j1+

3
2

)2
)

≤|Qx,n+1 |2Γ
i1− 1

2 ,y
+M(|δx f2

n+1 |2Γ
i1− 1

2 ,y
+ |δx f2

n+1 |2IΓ
i1− 1

2 ,y
), (3.43)
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where

|δx f2
n+1 |2IΓ

i1+
3
2 ,y
=

(∆t)2

∆y
(|δx f2

n+1
i1+

3
2 ,j1

|2+ |δx f2
n+1
i1+

3
2 ,j1+1

|2),

|δx f2
n+1 |2IΓ

i1− 1
2 ,y
=

(∆t)2

∆y
(|δx f2

n+1
i1− 1

2 ,j1
|2+ |δx f2

n+1
i1− 1

2 ,j1+1
|2).

(3.44)

Define

|‖{U,Q} |‖2=‖U ‖2+
(∆t)2

∆x
(|Qx |2Γ

i1− 1
2 ,y
+ |Qx |2Γ

i1+
3
2 ,y
)+

(∆t)2

∆y
(|Qy |2Γ

x,j1− 1
2

+ |Qy |2Γ
x,j1+

3
2

)

+
(∆t)4

∆x∆y

[

(D2δyQx
i1− 1

2 ,j1− 1
2
)2+(D2δyQx

i1+
3
2 ,j1− 1

2
)2

+(D2δyQx
i1− 1

2 ,j1+
3
2
)2+(D2δyQx

i1+
3
2 ,j1+

3
2
)2

]

. (3.45)

Finally, we can have the following stability theorem.

Theorem 3.2. (Stability) The scheme (2.2)-(2.7) is unconditionally stable over multi-block sub-
domains, i.e.,

|‖{Un+1,Qn+1} |‖2≤M
(

|‖{U0,Q0} |‖2 +
n+1

∑
l=1

∆t(‖ f l
1 ‖2+‖ f l

2 ‖2+‖| f l |‖2
Γ)
)

, (3.46)

where M>0 is a positive constant independent of ∆t,∆x,∆y, and

‖| f l |‖2
Γ=

(∆t)2

∆x
(| f1

l |2Γi1
,y+ | f1

l |2Γi1+1,y)+
(∆t)2

∆y
(| f2

l |2Γx,j1
+ | f2

l |2Γx,j1+1
)

+
(∆t)2

∆y
(|δy f1

l |2Γ
x,j1− 1

2

+ |δy f1
l |2Γ

x,j1+
3
2

)+
(∆t)2

∆x
(|δx f2

l |2Γ
i1− 1

2 ,y
+ |δx f2

l |2Γ
i1+

3
2 ,y
)

+
(∆t)4

∆x∆y
(|δy f1

l
i1,j1− 1

2
|2+ |δy f1

l
i1+1,j1− 1

2
|2+ |δy f1

l
i1,j1+

3
2
|2+ |δy f1

l
i1+1,j1+

3
2
|2)

+
(∆t)4

∆x∆y
(|δx f2

l
i1− 1

2 ,j1
|2+ |δx f2

l
i1− 1

2 ,j1+1
|2+ |δx f2

l
i1+

3
2 ,j1

|2+ |δx f2
l
i1+

3
2 ,j1+1

|2).
(3.47)

Proof. Multiplying both sides of (3.31) with (1−∆t) and adding together with (3.15), we
obtain that

∂t ‖Un+1 ‖2+
(∆t)2

∆x
(∂̂t |Qx,∗ |2Γ

i1− 1
2 ,y
+∂̂t |Qx,∗ |2Γ

i1+
3
2 ,y
)

+(1−∆t)
(∆t)2

∆y
(∂̌t |Qy,n+1 |2Γ

x,j1− 1
2

+∂̌t |Qy,n+1 |2Γ
x,j1+

3
2

)

≤(2−∆t)‖Un+1 ‖2+M(‖ f1
n+1 ‖2+‖ f2

n+1‖2+‖ f1
n+1 ‖2

Γ +‖ f2
n+1‖2

Γ). (3.48)
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Multiplying (3.37), (3.38) with
(∆t)2

∆y , respectively, multiplying (3.42), (3.43) with
(∆t)2

∆x , re-

spectively, and adding with (3.48), applying the equality (3.9), we can obtain that

∂t ‖Un+1‖2+
(∆t)2

∆x
(∂t |Qx,n+1 |2Γ

i1+
3
2 ,y
+∂t |Qx,n+1 |2Γ

i1− 1
2 ,y
)

+
(∆t)2

∆y
(∂t |Qy,n+1 |2Γ

x,j1+
3
2

+∂t |Qy,n+1 |2Γ
x,j1− 1

2

)

+
(∆t)4

∆x∆y

[

∂t(D2δyQx,n+1

i1− 1
2 ,j1− 1

2

)2+∂t(D2δyQx,n+1

i1− 1
2 ,j1+

3
2

)2

+∂t(D2δyQx,n+1

i1+
3
2 ,j1− 1

2

)2+∂t(D2δyQx,n+1

i1+
3
2 ,j1+

3
2

)2

]

≤(2−∆t)‖Un+1 ‖2 +
(∆t)2

∆x
(|Qx,n+1 |2Γ

i1+
3
2 ,y
+ |Qx,n+1 |2Γ

i1− 1
2 ,y
)

+
(∆t)2

∆y
(|Qy,n+1 |2Γ

x,j1+
3
2

+ |Qy,n+1 |2Γ
x,j1− 1

2

)+M(‖ f n+1
1 ‖2+‖ f n+1

2 ‖2+‖| f n+1 |‖2
Γ). (3.49)

From (3.49), we have that

∂t |‖{Un+1,Qn+1} |‖2≤2 |‖{Un+1,Qn+1} |‖2 +M(‖ f n+1
1 ‖2+‖ f n+1

2 ‖2+‖| f n+1 |‖2
Γ).
(3.50)

By Gronwall’s lemma, (3.50) leads to (3.46). This ends the proof.

Remark 3.1. In the scheme, we choose f1 =
1
2 f , f2 =

1
2 f , or f1 = f , f2 = 0, or f1 = 0, f2 = f .

Our scheme (2.2)-(2.7) is unconditionally stable. The unconditional stability is proved in
the sense that the numerical solutions of the scheme are continuously dependent on the
initial value u0(x,y) and the right side term f (x,y,t) without any restrictions of the mesh
ratios (see, the description on p.1586, and Lemma 6.1, Lemma 6.2 and Theorem 6.3 on
zigzag-shaped sub-domains in [14]).

The new important feature of the scheme (2.2)-(2.7) is that the scheme is proved to
preserve mass over multi-block sub-domains.

4 Convergence

In this section, we will analyze the convergence and error estimate of the scheme in
L2-norm, without loss of generality, over 2×2 sub-domains with interface indexes i= i1
and j= j1. Let un

i,j denote the value of the exact solution u at the point (xi,yj,t
n) and the

fluxes qx,n

i+ 1
2 ,j
=D1δxun

i+ 1
2 ,j

and q
y,n

i,j+ 1
2 ,j
=D2δyun

i,j+ 1
2

.
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Define u∗
i,j,q̃

x,∗
i1+

1
2 ,j

,qx,∗
i+ 1

2 ,j
,q

y,∗
i,j+ 1

2

and q̃
y,n+1

i,j1+
1
2

to satisfy the following equations.



























u∗
i,j=un

i,j+∆tδxqx,∗
i,j +∆t f n+1

i,j , i=1,··· ,i1−1,i1+2,··· , I,

u∗
i1,j=un

i1,j+∆t
q̃x,∗

i1+
1
2 ,j
−qx,∗

i1− 1
2 ,j

∆x +∆t f n+1
i1 ,j , i= i1,

u∗
i1+1,j=un

i1+1,j+∆t
qx,∗

i1+
3
2 ,j
−q̃x,∗

i1+
1
2 ,j

∆x +∆t f n+1
i1+1,j, i= i1+1,

(4.1)

and


























q̃x,∗
i1+

1
2 ,j
=qx,n

i1+
1
2 ,j
+∆tD1δ2

xqx,n

i1+
1
2 ,j
+∆tD1δx f n

i1+
1
2 ,j

,

qx,∗
i+ 1

2 ,j
=D1δxu∗

i+ 1
2 ,j

, i=1,2,··· , I−1, j=1,2,··· , J,
q

y,∗
i,j+ 1

2

=D2δyu∗
i,j+ 1

2

, i=1,2,··· , I, j=1,2,··· , J−1,

q̃
y,n+1

i,j1+
1
2

=q
y,∗
i,j1+

1
2

+ ∆t
1+2ry

D2δ2
yq

y,∗
i,j1+

1
2

+
2ry∆t
1+2ry

D2δ2
yq

y,n

i,j1+
1
2

.

(4.2)

From the definition of u∗
i,j, we can obtain the truncation errors of the first equation of

Eqs. (2.3) and (2.5) of the scheme as























∂̂tu
∗
i,j=δxqx,∗

i,j + f n+1
i,j +θn+1

i,j , i=1,··· ,i1−1,i1+1,··· , I,

∂̂tu
∗
i1,j =

q̃x,∗
i1+

1
2 ,j

−qx,∗
i1− 1

2 ,j

∆x + f n+1
i1,j +θn+1

i1,j , i= i1,

∂̂tu
∗
i1+1,j=

qx,∗
i1+

3
2 ,j
−q̃x,∗

i1+
1
2 ,j

∆x + f n+1
i1+1,j+θn+1

i1+1,j, i= i1+1,

(4.3)

and


























∂̌tu
n+1
i,j =δyq

y,n+1
i,j +ηn+1

i,j , j=1,2,··· , j1−1, j1+2,··· , J,

∂̌tu
n+1
i,j1

=
q̃

y,n+1

i,j1+
1
2

−q
y,n+1

i,j1− 1
2

∆y +ηn+1
i,j1

, j= j1,

∂̌tu
n+1
i,j1+1=

q
y,n+1

i,j1+
3
2

−q̃
y,n+1

i,j1+
1
2

∆y +ηn+1
i,j1+1, j= j1+1.

(4.4)

In order to analyze the truncation error ηn+1
i,j , we define the new variables ψn+1

i,j for ηn+1
i,j

such that














ψn+1
i,j =(1−D1∆tδ2

x)η
n+1
i,j , i=1,2,··· ,i1−1,i1+2,··· , I,

ψn+1
i1,j =ηn+1

i1 ,j +D1
∆t
∆x δxηn+1

i1− 1
2 ,j

, i= i1,

ψn+1
i1+1,j=ηn+1

i1+1,j−D1
∆t
∆x δxηn+1

i1+
3
2 ,j

, i= i1+1.

(4.5)

Now, we first estimate θn+1
i,j and ψn+1

i,j by the following lemma.

Lemma 4.1. Assume that the exact solution u satisfies the following regularity condition:

u∈C0([0,T];C5(Ω))∩C1([0,T];C3(Ω))∩C2([0,T];C1(Ω)). (4.6)
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We have that

θn+1
i,j =0, ∀i, j, (4.7)

and

‖ψn+1 ‖≤M

(

∆t+(∆x)2+(∆y)2+
(∆t)2

∆x
+
(∆t)2

∆y

)

, (4.8)

where M>0 is a constant independent of ∆t,∆x and ∆y.

Proof. By the definition for u∗
i,j, we can easily get that θn+1

i,j =0. In the following, we will

give the detailed estimates of ψn+1
i,j .

For all the strict interior nodes, i 6∈ {i1 ,i1+1}, j 6∈ {j1, j1+1}, from the first equation of
(4.4) and (4.5), we can have that

ψn+1
i,j =(1−D1∆tδ2

x)

(un+1
i,j −u∗

i,j

∆t
−δyq

y,n+1
i,j

)

=
un+1

i,j −(1−D1∆tδ2
x)u

∗
i,j

∆t
−δxq

y,n+1
i,j −δyq

y,n+1
i,j +D1∆tδ2

xδyq
y,n+1
i,j . (4.9)

Eliminating u∗
i,j, by using the first equation of (4.1) and using Taylor formula, we can

obtain that

ψn+1
i,j =

un+1
i,j −un

i,j

∆t
−δxqx,n+1

i,j −δyq
y,n+1
i,j − f n+1

i,j +D1∆tδ2
xδyq

y,n+1
i,j

=O(∆t+(∆x)2+(∆y)2). (4.10)

For the near interface nodes, j= j1,i 6∈ {i1,i1+1}, on the near interface line Γx,j1 , from
the first equation of (4.4) and (4.5), it holds that

ψn+1
i,j1

=(1−D1∆tδ2
x)

(un+1
i,j1

−u∗
i,j1

∆t
−δyq

y,n+1
i,j1

)

−(1−D1∆tδ2
x)

q̃
y,n+1

i,j1+
1
2

−q
y,n+1

i,j1+
1
2

∆y
. (4.11)

For the second term of (4.11), using the definition of q̃
y,n+1

i,j1+
1
2

of (4.2), the first equation of

(4.1), Eq. (2.1), and the Taylor formula, we can get that

1

∆y
(1−D1∆tδ2

x)(q̃
y,n+1

i,j1+
1
2

−q
y,n+1

i,j1+
1
2

)

=
1

∆y
(1−D1∆tδ2

x)

(

q
y,∗
i,j1+

1
2

+
1

1+2ry
D2∆tδ2

yq
y,∗
i,j1+

1
2

+
2ry

1+2ry
D2∆tδ2

yq
y,n

i,j1+
1
2

−q
y,n+1

i,j1+
1
2

)
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=
1

∆y

[

q
y,n

i,j1+
1
2

+D2∆tδy f n+1
i,j1+

1
2

+
1

1+2ry
D2∆tδ2

yq
y,n

i,j1+
1
2

+
1

1+2ry
D2∆tδ3

y f n+1
i,j1+

1
2

+
2ry

1+2ry
D2∆tδ2

yq
y,n

i,j1+
1
2

− 2ryD1D2(∆t)2

1+2ry
δ2

xδ2
yq

y,n+1
i,j1

−q
y,n+1

i,j1+
1
2

+D1∆tδ2
xq

y,n+1

i,j1+
1
2

]

=
∆t

∆y

[

−∂tq
y,n+1

i,j1+
1
2

+D2δ2
yq

y,n+1

i,j1+
1
2

+D1δ2
xq

y,n+1

i,j1+
1
2

+D2δy f n+1
i,j1+

1
2

−D2∆tδ2
y∂tq

y,n+1

i,j1+
1
2

−D1D2∆t
2ry

1+2ry
δ2

xδ2
yq

y,n+1
i,j1

+D2∆t
1

1+2ry
δ3

y f n+1
i,j1+

1
2

]

=− 1

2

(∆t)2

∆y
(utty)

n1
i,j1

+
D1D2

12

∆t(∆x)2

∆y
(uxxxxy)

n+1
s1,t1

+
D2

2

12
∆t∆y(uyyyyy)

n
i,t2

−D2
2

(∆t)2

∆y
(utyyy)

n2
i,t3

−D1D2
(∆t)2

∆y

2ry

1+2ry
(uxxxyy)

n+1
s2,t4

+D2
(∆t)2

∆y

1

1+2ry
( fyyy)

n+1
i,t5

=O
(

∆t+
(∆t)2

∆y

)

, (4.12)

where {n1,n2}∈ [n,n+1],{s1 ,s2}∈ [i−1,i+1],{t1 ,t2,t3,t4,t5}∈ [j1, j1+1].

Similarly to the first term of (4.11) as analyzing (4.9), and combining with (4.12), we
obtain that on the near interface line Γx,j1

ψn+1
i,j1

=O
(

∆t+(∆x)2+(∆y)2+
(∆t)2

∆y

)

, i 6∈ {i1,i1+1}, j= j1, (4.13)

and, it is also true on the near interface line Γx,j1+1 for j= j1+1, i 6∈ {i1,i1+1}.

Further, similarly, for the near interface nodes, i=i1, j 6∈{j1, j1+1}, on the near interface
line Γi1,y, we can have the estimate of

ψn+1
i1,j =O

(

∆t+(∆x)2+(∆y)2+
(∆t)2

∆x

)

, i= i1, j 6∈ {j1, j1+1}, (4.14)

and, it is also true on the near interface line Γi1+1,y, for i= i1+1, j 6∈ {j1, j1+1}.

For the intersection point of the near interface lines Γi1,y and Γx,j1 with i=i1, j= j1, from
the second equation of (4.4) and (4.5), we have that

ψn+1
i1,j1

=

[un+1
i1,j1

−u∗
i1,j1

∆t
−δyq

y,n+1
i1,j1

+D1
∆t

∆x
δx

(un+1
i1− 1

2 ,j1
−u∗

i1− 1
2 ,j1

∆t
−δyq

y,n+1

i1− 1
2 ,j1

)

]

+

[

− 1

∆y

(

q̃
y,n+1

i1,j1+
1
2

−q
y,n+1

i1,j1+
1
2

+D1
∆t

∆x
δx(q̃

y,n+1

i1− 1
2 ,j1+

1
2

−q
y,n+1

i1− 1
2 ,j1+

1
2

)
)

]

. (4.15)

For the first term of (4.15), using the second equation of (4.1), the definition of q̃x,∗
i1+

1
2 ,j1

of
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(4.2), (3.10) of Lemma 3.3, the Taylor formula and equation (2.1), we have that

un+1
i1,j1

−u∗
i1,j1

∆t
−δyq

y,n+1
i1 ,j1

+D1
∆t

∆x
δx

(un+1
i1− 1

2 ,j1
−u∗

i1− 1
2 ,j1

∆t
−δyq

y,n+1

i1− 1
2 ,j1

)

=∂tu
n+1
i1,j1

−δxqx,n+1
i1,j1

−δyq
y,n+1
i1 ,j1

− f n+1
i1,j1

−∆tD1δ2
xδyq

y,n+1
i1,j1

+
∆t

∆x

[

∂tq
x,n+1

i1+
1
2 ,j1

−D1δ2
xqx,n+1

i1+
1
2 ,j1

−D2δ2
yqx,n+1

i1+
1
2 ,j1

−D1δx f n+1
i1+

1
2 ,j1

−D1∆tδ2
x∂tq

x,n+1

i1+
1
2 ,j1

−∆tD1δx∂t f n+1
i1+

1
2 ,j1

]

=O
(

∆t+(∆x)2+(∆y)2+
(∆t)2

∆x

)

. (4.16)

For the second term of (4.15), using the definition q̃
y,n+1

i,j1+
1
2

of (4.2) and the second equation

of (4.1), we can obtain that

− 1

∆y

(

q̃
y,n+1

i1,j1+
1
2

−q
y,n+1

i1,j1+
1
2

+D1
∆t

∆x
δx(q̃

y,n+1

i1− 1
2 ,j1+

1
2

−q
y,n+1

i1− 1
2 ,j1+

1
2

)

)

=− 1

∆y

[

q
y,∗
i1,j1+

1
2

+
D2

1+2ry
∆tδ2

yq
y,∗
i1,j1+

1
2

+
2ry

1+2ry
D2∆tδ2

yq
y,n

i1,j1+
1
2

−q
y,n+1

i1,j1+
1
2

+D1
∆t

∆x
δx

(

q
y,∗
i1− 1

2 ,j1+
1
2

+
D2

1+2ry
∆tδ2

yq
y,∗
i1− 1

2 ,j1+
1
2

+
2ry

1+2ry
D2∆tδ2

yq
y,n

i1− 1
2 ,j1+

1
2

−q
y,n+1

i1− 1
2 ,j1+

1
2

)]

=− 1

∆y

[

q
y,n

i1,j1+
1
2

−q
y,n+1

i1,j1+
1
2

+D1∆tδ2
xq

y,n+1

i1,j1+
1
2

+D2∆tδ2
yq

y,n+1

i1,j1+
1
2

+D2∆tδy f n+1
i1,j1+

1
2

+
∆t

∆x
D2δyq̃x,∗

i1+
1
2 ,j1+

1
2

−D1
∆t

∆x
δxq

y,n+1

i1+
1
2 ,j1+

1
2

−D2(∆t)2δ2
y∂tq

y,n+1

i1,j1+
1
2

+
D2

2

1+2ry

( (∆t)2

∆x
δ3

yqx,n

i1+
1
2 ,j1+

1
2

+(∆t)2δ3
y f n+1

i1,j1+
1
2

)

+
2ry

1+2ry
D1D2

(∆t)2

∆x
δxδ2

yq
y,n

i1− 1
2 ,j1+

1
2

]

. (4.17)

Further, using the definition of q̃x,∗
i1+

1
2 ,j

of (4.2), Taylor’s expansion and Eq. (2.1), we have

from (4.17) that

− 1

∆y

(

q̃
y,n+1

i1,j1+
1
2

−q
y,n+1

i1,j1+
1
2

+D1
∆t

∆x
δx(q̃

y,n+1

i1− 1
2 ,j1+

1
2

−q
y,n+1

i1− 1
2 ,j1+

1
2

)

)
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=− 1

∆y

[

q
y,n

i1,j1+
1
2

−q
y,n+1

i1,j1+
1
2

+D2∆tδ2
yq

y,n+1

i1,j1+
1
2

+D1∆tδ2
xq

y,n+1

i1,j1+
1
2

+D2∆tδy f n+1
i1,j1+

1
2

+
(∆t)2

∆x

(

−D1δx∂tq
y,n+1

i1+
1
2 ,j1+

1
2

+D2
1δ3

xq
y,n

i1+
1
2 ,j1+

1
2

+D1D2δxδy f n
i1+

1
2 ,j1+

1
2

)

+
(∆t)2

∆x

( D2
2

1+2ry
δ3

yqx,n

i1+
1
2 ,j1+

1
2

+
2ry

1+2ry
D1D2δxδ2

yq
y,n

i1− 1
2 ,j1+

1
2

)

+(∆t)2
( D2

2

1+2ry
δ3

y f n+1
i1 ,j1+

1
2

−D2δ2
y∂tq

y,n+1

i1,j1+
1
2

)

]

=O
(

∆t+
(∆t)2

∆y
+

(∆t)2

∆x∆y

)

. (4.18)

Using (4.16) and (4.18), from (4.15) we obtain that, at the intersection point of the near
interface lines Γi1,y and Γx,j1

ψn+1
i1,j1

=O
(

∆t+(∆x)2+(∆y)2+
(∆t)2

∆x
+
(∆t)2

∆y
+

(∆t)2

∆x∆y

)

, i= i1, j= j1. (4.19)

Similarly, at other three intersection points of the near interface lines, they are also true
for i= i1+1, j= j1; i= i1, j= j1+1 and i= i1+1, j= j1+1.

Using the estimate of (4.10) at the strict interior nodes, the estimates of (4.13) and
(4.14) on the near interface lines, and the estimate of (4.19) at the four intersection points,
from the definition of discrete L2-norm, we have that

‖ψn+1 ‖2=
I

∑
i=1

J

∑
j=1

(ψn+1
i,j )2∆x∆y

=
I

∑
i 6=i1,i1+1

J

∑
j 6=j1,j1+1

(ψn+1
i,j )2∆x∆y+∆x

J

∑
j 6=j1 ,j1+1

((ψn+1
i1,j )2+(ψn+1

i1+1,j)
2)∆y

+∆y
I

∑
i 6=i1,i1+1

((ψn+1
i,j1

)2+(ψn+1
i,j1+1)

2)∆x

+∆x∆y
[

(ψn+1
i1,j1

)2+(ψn+1
i1+1,j1

)2+(ψn+1
i1,j1+1)

2+(ψn+1
i1+1,j1+1)

2
]

≤M

(

(∆t)2+(∆x)4+(∆y)4+
(∆t)4

(∆x)2
+

(∆t)4

(∆y)2

)

. (4.20)

This ends the proof.

We then estimate {ηn+1
i,j } in (4.4). Considering (4.5), we have the following system:

Bηn+1=ψn+1, (4.21)

https://doi.org/10.4208/cicp.070814.190615a Published online by Cambridge University Press

https://doi.org/10.4208/cicp.070814.190615a


Z. Zhou and D. Liang / Commun. Comput. Phys., 19 (2016), pp. 411-441 433

where B is a block diagonal matrix:

B=

















C
. . .

0
C

. . .0
C

















J×J

, C=





A1 0

0 A2





2×2

, (4.22)

with

A1=





















1+rx −rx 0 0 . . 0 0 0 0
−rx 1+2rx −rx 0 . . 0 0 0 0

. . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . .
0 0 0 0 . . 0 −rx 1+2rx −rx

0 0 0 0 . . 0 0 −rx 1+rx





















i1×i1

, (4.23)

A2=





















1+rx −rx 0 0 . . 0 0 0 0
−rx 1+2rx −rx 0 . . 0 0 0 0

. . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . .
0 0 0 0 . . 0 −rx 1+2rx −rx

0 0 0 0 . . 0 0 −rx 1+rx





















(I−i1)×(I−i1)

. (4.24)

From (4.23) and (4.24), matrices A1 and A2 are symmetric positive-definite and strictly
diagonal dominated and B then is symmetric positive-definite and strictly diagonal dom-
inated. By Gerschgorin Theorem, it is clear from (4.23) and (4.24) that λ(A1)≥1,λ(A2)≥1.
Thus, from (4.22), we have λ(B)≥ 1 and ρ(B)≥ 1. Therefore, we can get that ‖B ‖≥ 1.
Further, using the estimate (4.21), we have that ‖ηn+1‖0=‖B−1ψn+1 ‖0≤‖B−1‖‖ψn+1‖0≤
‖ψn+1‖0. We thus get ‖ηn+1 ‖≤‖ψn+1‖, which leads to the following estimation of trun-
cation error η in the discrete L2-norm.

Lemma 4.2. Assume that the exact solution u satisfies the following regularity condition:

u∈C0([0,T];C5(Ω))∩C1([0,T];C3(Ω))∩C2([0,T];C1(Ω)). (4.25)

Then we have that

‖ηn+1 ‖≤M
(

∆t+(∆x)2+(∆y)2+
(∆t)2

∆x
+
(∆t)2

∆y

)

, (4.26)

where M>0 is a positive constant independent of ∆t,∆x, and ∆y.
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Finally, we consider the convergence and error estimate of the scheme (2.2)-(2.7). Let

ρi,j =ui,j−Ui,j, ζx
i+ 1

2 ,j
=qx

i+ 1
2 ,j
−Qx

i+ 1
2 ,j
=D1δxρi+ 1

2 ,j,

ζ
y

i,j+ 1
2

=q
y

i,j+ 1
2

−Q
y

i,j+ 1
2

=D2δyρi,j+ 1
2
,

ζ̃x
i1+

1
2 ,j
= q̃x

i1+
1
2 ,j
−Q̃x

i1+
1
2 ,j

, ζ̃
y

i,j1+
1
2

= q̃
y

i,j1+
1
2

−Q̃
y

i,j1+
1
2

.

(4.27)

Subtracting the first equation of Eqs. (2.3) and (2.5) from Eqs. (4.3) and (4.4), we have
the error equations



























∂̂tρ
∗
i,j =δxζx,∗

i,j +θn+1
i,j , i=1,··· ,i1−1,i1+2,··· , I,

∂̂tρ
∗
i1 ,j=

ζ̃x,∗
i1+

1
2 ,j
−ζx,∗

i1− 1
2 ,j

∆x +θn+1
i1,j , i= i1,

∂̂tρ
∗
i1+1,j=

ζx,∗
i1+

3
2 ,j
−ζ̃x,∗

i1+
1
2 ,j

∆x +θn+1
i1+1,j, i= i1+1,

(4.28)

and

ζ̃x,∗
i1+

1
2 ,j
= ζx,n

i1+
1
2 ,j
+rx(ζ

x,n

i1− 1
2 ,j
−2ζ̃x,∗

i1+
1
2 ,j
+ζx,n

i1+
3
2 ,j
)+γn+1

i1+
1
2 ,j

, (4.29)

where

γn+1
i1+

1
2 ,j
=2rxD1∆tδ2

xqx,n

i1+
1
2 ,j
+(1+2rx)D1∆tδx f n

i1+
1
2 ,j
−D1∆tδx f n+1

i1+
1
2 ,j
=O(∆t+rx∆t), (4.30)

and with the boundary conditions ζx,∗
1
2 ,j

=0 and ζx,∗
I+ 1

2 ,j
=0, and



























∂̌tρ
n+1
i,j =δyζ

y,n+1
i,j +ηn+1

i,j , j=1,2,··· , j1−1, j1+2,··· , J,

∂̌tρ
n+1
i,j1

=
ζ̃

y,n+1

i,j1+
1
2

−ζ
y,n+1

i,j1− 1
2

∆y +ηn+1
i,j1

, j= j1,

∂̌tρ
n+1
i,j1+1=

ζ
y,n+1

i,j1+
3
2

−ζ̃
y,n+1

i,j1+
1
2

∆y +ηn+1
i,j1+1, j= j1+1,

(4.31)

and

ζ̃
y,n+1

i,j1+
1
2

= ζ
y,∗
i,j1+

1
2

+ry(ζ
y,∗
i,j1− 1

2

−2ζ̃
y,n+1

i,j1+
1
2

+ζ
y,∗
i,j1+

3
2

)+εn+1
i,j1+

1
2

, (4.32)

where

εn+1
i,j1+

1
2

=2ryD2∆tδ2
yq

y,n

i,j1+
1
2

=O(ry∆t), (4.33)

and with the boundary conditions ζ
y,n+1

i, 1
2

=0 and ζ
y,n+1

i,J+ 1
2

=0.

Similarly to Lemmas 3.3-3.7, and using the estimates of γi1+
1
2 ,j ε i,j1+

1
2
, and the trun-

cation estimates in Lemma 4.1 and Lemma 4.2, we can finally obtain the convergence
theorem:
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Theorem 4.1. (Convergence) Assume the conditions of Lemma 4.2 hold. The scheme (2.2)-
(2.7) over multi-block sub-domains has the error estimate in the L2-norm as

‖un−Un ‖≤M

(

∆t+(∆x)2+(∆y)2+
(∆t)2

(∆x)
3
2

+
(∆t)2

(∆y)
3
2

)

, (4.34)

for n≥1, where M>0 is a constant independent of ∆t, ∆x and ∆y.

Remark 4.1. We prove the convergence of our scheme with the estimate of (4.34) over
multi-block sub-domains due to the interfaces, which reaches the optimal order of O(∆t+
(∆x)2+(∆y)2) when using ∆t=O((∆x)3/2),∆t=O((∆y)3/2). The regularity conditions
in Lemmas 4.1-4.2 and Theorem 4.1 are a little bit higher than the classical ones due to
the use of the flux schemes on the interfaces. This proved error estimate (4.34) in L2-
norm of our mass-preserving S-DDM scheme in Theorem 4.1 is much better than that

of O(∆t+h2+
√

h−1(∆t+h2)) in L2-norm obtained in Theorem 6.4 for their schemes on
Zigzag-shaped sub-domains in [14], where the schemes in [14] do not preserve mass.

Remark 4.2. On the other hand, our mass-preserving S-DDM scheme (2.2)-(2.7) and its
analysis can be extended to the Parabolic equations with reaction terms and with Dirich-
let boundary conditions and to the three dimensional Parabolic equations, which will be
further studied in our next work.

5 Numerical experiments

In the section, we present numerical experiments to illustrate the performance of the
scheme.

Example 5.1. Firstly, we consider the parabolic equation in two dimensions with Neu-
mann boundary condition and without right side function. The exact solution is

u=
1

2

(

e−2Dπ2tcos(πx)cos(πy)+1
)

. (5.1)

The domains Ω = [0,1]×[0,1] and D = D1 = D2. Take uniform mesh steps ∆x = ∆y =
h and divide the domain into 2×2 sub-domains. We focus on the accuracy, orders of
convergence in time and space, and mass conservation.

Let error eh=max0≤l≤n‖ul−Ul‖. Table 1 presents the errors computed by our scheme
and the order of convergence in space step at t=0.1. The space step size h is selected from
1/10 to 1/40, while the time step size is taken as ∆t= 1/100000 for obtaining the space
step error order. From Table 1, we can see clearly that our scheme has second-order
convergence in L2-norm in spatial step for the cases of different diffusions.

The time order of convergence of the scheme at time t= 0.1 is presented in Table 2.
Taking h=∆t, Table 2 shows clearly that the scheme is of first-order convergence in time
step for D=2E−2,2E−1 and has much better convergence for D=2.
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Table 1: Errors and ratios of convergence in space for different diffusion D.

D\h 1/10 1/20 1/30 1/40

2E-2
eh 3.9669E-5 9.9429E-6 4.4223E-6 2.4890E-6

ratio - 1.9963 1.9982 1.9981

2E-1
eh 3.3254E-4 8.3439E-5 3.7208E-5 2.1019E-5

ratio - 1.9947 1.9918 1.9890

2
eh 5.699E-4 1.4450E-4 6.6053E-5 3.8620E-5

ratio - 1.9796 1.9307 1.9036

Table 2: Errors and ratios of convergence in time for different diffusion D.

D\∆t 1/50 1/100 1/150 1/200

2E-2
eh 3.3475E-5 1.6835E-5 1.1157E-5 8.3407E-6

ratio - 0.9916 1.0146 1.0113

2E-1
eh 3.3658E-3 1.9595E-3 1.29999E-3 9.4458E-4

ratio - 0.7804 1.0122 1.10959

2
eh 9.3206E-2 5.5072E-2 2.7380E-2 1.4350E-2

ratio - 0.87777 1.7235 2.2458

Table 3: Errors of mass for different diffusion D and different ∆t.

∆t\D 0.01 0.1 1 10

1/100 7.7716E-16 1.9984E-15 1.1713E-14 2.0939E-13

1/500 2.5535E-15 4.1078E-15 1.1990E-14 3.1009E-13

1/1000 2.2760E-15 7.8826E-15 2.2204E-14 1.1369E-13

1/2000 6.7168E-15 5.7065E-14 1.7486E-14 4.4398E-13

Then, considering conservation of mass of our scheme, we let Massn =∑i,j C
n
i,j∆x∆y,

Mass0=∑i,j C
0
i,j∆x∆y, and MassError= |Massn−Mass0|. Take the space step size h=1/40

and the time step ∆t from 1/100 to 1/2000. Table 3 presents the errors of mass at time
t = 0.2 for different diffusions and with different time steps. From Table 3, it is clear
that our scheme satisfies conservation of mass for the cases of different diffusion D and
different time step, since the errors of mass have reached the machine accuracy 10−13.

Example 5.2. Consider the parabolic equation with a right side function











∂u
∂t =∇·(D∇u)+ f (x,y,t), (x,y,t)∈Ω×(0,T],

∇u·~n=0, (x,y)∈∂Ω,

u(x,y,0)= x2(1−x)2y2(1−y)2, (x,y)∈Ω,

(5.2)
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Table 4: Errors and ratios of space convergence for different diffusion D and with a right side function.

D\h 1/10 1/20 1/30 1/40

2E-2
eh 1.1626E-5 3.0109E-6 1.3511E-6 7.6523E-7

ratio - 1.9606 1.9762 1.9762

2E-1
eh 6.4453E-5 1.6016E-5 7.0312E-6 3.9063E-6

ratio - 2.0088 2.0303 2.0432

2
eh 2.8828E-4 7.2266E-5 3.2031E-5 1.7969E-5

ratio - 1.9961 2.0067 2.0094

Table 5: Errors and ratios of time convergence for different diffusion D and with a right side function.

D\∆t 1/50 1/100 1/150 1/200

2E-2
eh 7.7449E-6 3.7660E-6 2.4872E-6 1.8567E-6

ratio - 1.0402 1.0231 1.0163

2E-1
eh 8.4480E-5 4.2234E-5 2.8160E-5 2.1122E-5

ratio - 1.0002 0.9997 0.9996

2
eh 5.9914E-5 2.7320E-5 1.7611E-5 1.2988E-5

ratio - 1.1339 1.0813 1.0584

Table 6: Stability: L2 error of the solution at different t with spatial step h=1/200.

t D\∆t 1/400 1/200 1/100 1/50 1/20 1/10

0.5

2E-2 6.5426E-7 1.2872E-6 2.5487E-6 5.0531E-6 1.2500E-5 2.4219E-5

2E-1 1.2675E-5 2.5257E-5 5.0281E-5 9.9777E-5 2.4414E-4 4.7344E-4

2 2.1842E-5 4.3199E-5 8.5422E-5 1.6902E-4 4.1914E-4 8.3867E-4

1

2E-2 9.4418E-7 1.8567E-6 3.6779E-6 7.3027E-6 1.7969E-5 3.5547E-5

2E-1 1.0595E-5 2.1122E-5 4.2109E-5 8.3848E-5 2.0742E-4 4.1016E-4

2 6.8813E-6 1.2988E-5 2.5129E-5 4.9168E-5 1.1953E-4 2.3242E-4

where

f (x,y,t)=−2De−2Dt
(

x2(1−x)2y2(1−y)2+x2(1−x)2

(6y2−6y+1)+y2(1−y)2(6x2−6x+1)
)

. (5.3)

The ratios of space convergence at time t = 1 are listed in Table 4. The space step
size h is selected from 1/10 to 1/40, and the time step size is used as ∆t=1/10000. It is
clearly shown that our scheme is of second-order convergence in L2-norm in spatial step
for the case with a right side function. The ratios of time convergence of the scheme at
time t=1 are listed in Table 5, by taking h=∆t. It shows that the scheme is of first-order
convergence in time step for the case with a right side function.

Then, we test the stability of the scheme. Table 6 shows the numerical results on the

https://doi.org/10.4208/cicp.070814.190615a Published online by Cambridge University Press

https://doi.org/10.4208/cicp.070814.190615a


438 Z. Zhou and D. Liang / Commun. Comput. Phys., 19 (2016), pp. 411-441

Table 7: Errors of mass for different diffusion D and a right side function.

∆t\D 0.01 0.1 1 10

1/100 9.8629E-18 2.8786E-17 5.9848E-17 3.6212E-16

1/500 2.5513E-17 4.6051E-17 6.6136E-17 2.8796E-16

1/1000 3.5782E-17 6.4131E-17 1.1633E-16 9.7145E-17

1/2000 7.9946E-17 5.9468E-16 8.8579E-17 3.4022E-16

values of ∆t
h , where it reaches ∆t

h =20 in the last column (i.e. ∆t
h2 =4000). We can see clearly

that the scheme is stable. The table supports the stability result of our scheme (Theorem
3.2).

Finally, for the problem with a right side function, let the numerical mass at tn

be Massn = ∑i,j C
n
i,j∆x∆y+∆t∑

n
l=1∑i,j f l

i,j∆x∆y. Then, the error of mass is MassError =

|Massn−Mass0|. Errors of mass at t=1 are given in Table 7. We can see clearly that our
scheme preserves mass for the problem with a right side function.

Remark 5.1. From numerical results in Examples 5.1 and 5.2, our scheme reaches sec-
ond order in space, and it reaches first order in time even using ∆t = h, which implies
that numerical tests have shown a better rate of convergence than the theoretical results
obtained.

Example 5.3. In the third example, we compute the shape of heat propagation. The initial
heat distribution solution is given as 1 at space points A, B, C and D and 0 for all other
points (see, Fig. 3).

(1,1)

(0,0)

•A •C

•B •D

Figure 3: The initial heat distribution in the domain.

For the problems with different diffusions D=0.01, and 1, the numerical heat distri-
butions are shown in Figs. 4 and 5, where we use h=1/40 and ∆t=1/1000. In Fig. 4, we
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t=0.25, D=0.01
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Figure 4: The problem with the diffusion D=0.01 at different time.
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Figure 5: The problem with the diffusion D=1 at different time.
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can see that the highest heats at initial gradually decrease and propagate smoothly in all
directions.

Fig. 5 shows that heat distributions at different times when the diffusion, D = 1, is
large. When the heat solutions cross the interfaces of sub-domains, the shapes of solu-
tions move smoothly without any numerical oscillation. Our mass-preserving S-DDM
scheme works excellently for the problem as well.
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