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Let T(n, m) denote the set of all labelled triangle-free graphs with n vertices and exactly

m edges. In this paper we give a short self-contained proof of the fact that there exists a

constant C > 0 such that, for all m � Cn3/2
√

log n, a graph chosen uniformly at random

from T(n, m) is with probability 1 − o(1) bipartite.

1. Introduction

Let T(n, m) denote the set of all labelled triangle-free graphs with vertex set [n] = {1, . . . , n}
and exactly m edges and let Tn,m denote a graph chosen uniformly at random from T(n, m).

In this paper we are concerned with the probability that the graph Tn,m is bipartite. Note

that this probability is equal to

Pr[Tn,m is bipartite] =
|S(n, m)|
|T(n, m)| ,

where S(n, m) denote the set of all labelled bipartite graphs with vertex set [n] and exactly

m edges.

In 1906 Mantel proved that every triangle-free graph on n vertices has at most

�n2/4� edges and that every triangle-free graph with that many edges is bipartite. That

is, for m = �n2/4� we have Pr[Tn,m is bipartite] = 1. Moreover, Erdős, Kleitman and

Rothschild [1] proved that a random triangle-free graph Tn (with no restriction on the

number of edges) is almost surely bipartite and has about m = 1
8
n2 edges. This implies

that Pr[Tn,m is bipartite] = 1 − o(1) whenever m � 1
8
n2. In [8] Prömel and Steger observed

that within the evolution from m = 0 to m = � 1
4
n2� there might be two thresholds. More

precisely, they showed the following.
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212 A. Steger

Theorem 1.1. ([8]) There exist constants c1, c2, c3 such that

Pr[Tn,m is bipartite] →


1 if m = o(n),

0 if c1n � m � c2n
3/2,

1 if m � c3n
7/4 log n.

They also conjectured that the second threshold should in fact be located at m = n3/2+o(1).

This conjecture was proved independently by Steger and Osthus, Prömel, Taraz. The latter

were in fact able to show that this threshold is located precisely at t(n) =
√

3
4
n3/2

√
log n.

Theorem 1.2. ([5]) For any ε > 0,

Pr[Tn,m is bipartite] →


1 if m = o(n),

0 if 1
2
n � m � (1 − ε)

√
3

4
n3/2

√
log n,

1 if m � (1 + ε)
√

3
4
n3/2

√
log n.

The main difficulty of this theorem is the proof of the second 1-statement. Here the

proof of Osthus, Prömel and Taraz is based on ingenious counting in combination with

the correlation inequalities from [2], which bound the probabilities for slightly dependent

events. They also rely on a result of �Luczak [4], who proved that for m � Cn3/2 almost

all triangle-free graphs are ‘almost’ bipartite. The proof of this latter result is based on

the sparse version of Szemerédi’s Regularity Lemma [3].

In this paper we give a short, self-contained proof of the following slightly weaker

statement of the second 1-statement of Theorem 1.2.

Theorem 1.3. There exists a constant C > 0 such that

Pr[Tn,m is bipartite] → 1 if m � Cn3/2
√

log n.

Notation and definitions. To simplify notation we will usually omit the explicit use of the

Gauss brackets � � in denoting the cardinality of vertex sets, but instead tacitly assume

them. In this paper log n denotes the logarithm to base 2. The natural logarithm to base

e = 2.71.. is denoted by ln n.

The following inequalities are easily seen to be true and will be used hereafter without

further reference.

(i) For all a, b, x ∈ N: ( a
b
) � ( a+x

b
), ( a−x

b−x
) � ( a

b
), and ( a

b
) � ( ea

b
)b.

(ii) For all a, b, i, k ∈ N: ( a
i
) · ( b

k
) � ( a+b

i+k
).

(iii) For all a, b, x ∈ N: ( a−x
b

) · e xb
a � ( a

b
) � ( a−x

b
) · e xb

a−b−x and ( a+x
b

) � ( a
b
) · ex ln a.

(iv) For all a, b, x ∈ N: ( a
b−x

) � ( a
b
) · ( b−x

a−b
)x � ( a

b
) · 2x log b.
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2. Proof of Theorem 1.3

In [7] Prömel and Steger obtained precise bounds for the number of bipartite graphs on

n vertices with m edges. For the purpose of this paper, however, the following weaker

estimates suffice. See [8] for a short proof.

Lemma 2.1. ([8]) For all m with m � n log n and n sufficiently large,

2n−2 log n ·
( 1

4
n2

m

)
� |S(n, m)| � 2n ·

( 1
4
n2

m

)
.

The following simple lemma was also proved in [8].

Lemma 2.2. ([8]) For all 0 � m � � 1
8
n2�,

|T(n, m)| � e2m · |S(n, m)|.

Let b � 1 and 0 < εA, εB, εC < 1
100

be positive constants such that

40

log b
+ log(12eε−1

A )εA <
1

2
,

1

2
εAεB >

1700

log b
+

10√
b
, (2.1)

1

2
εA(εC − 3εB) � 1700

log b
+

4√
b
,

1

1600

√
b � 11.

Note that these inequalities are partly redundant. However, these are the requirements

which we need for the rest of the proof and these relations should therefore ease reading

further on. Note also that we may choose these constants such that ε := max{εA, εB, εC}
is arbitrarily small. Furthermore we set

a := 8
√
b

log b
, q = q(n, m) :=

1

2
√
b

m

n log n
.

Before we continue with some definitions we would like to add some words on the

general proof strategy. Assume the theorem is true. Then or m � Cn3/2
√

log n most

triangle-free graphs should be bipartite. In particular, they should have all the properties

of a random bipartite graph. Now, what properties does a random bipartite graph have?

For example, it should satisfy the following properties with high probability: both colour

classes should have approximately size 1
2
n, every vertex should have degree about 2m

n
,

and for every vertex v the neighbourhood Γ(Q) of every suitably large subset Q ⊆ Γ(v) in

the neighbourhood of v should be almost equal to the colour class of v. Our strategy is

now to define ‘bad’ sets, which capture properties that a random bipartite graph does not

have, then to show (Lemma 2.3) that all graphs not contained in any of theses bad sets

are indeed bipartite, and, finally, to show that for m � Cn3/2
√

log n the sizes of these bad

sets are negligible compared to the size of |T(n, m)|.
Define bad sets Ai(n, m), Bi(n, m), C(n, m), and D(n, m) as follows.

A1(n, m) := set of all graphs G in T(n, m) which contain a vertex v of degree less than εA
m
n

.

A2(n, m) := set of all graphs G in T(n, m) which contain a vertex v of degree greater

than 70m
n

.
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B1(n, m) := set of all graphs G in T(n, m) \
⋃

i=1,2 Ai(n, m) which contain a vertex v and a

set Q ⊆ Γ(v) of size |Q| = 2q such that |Γ(Q)| � ( 1
2

+ εB)n.

B2(n, m) := set of all graphs G in T(n, m) \ (
⋃

i=1,2 Ai(n, m) ∪ B1(n, m)) which contain a set

Q ⊆ V of size |Q| = q such that at least one of the following conditions is satisfied:

(i) |Γ(Q)| � ( 1
2

− εB)n,

(ii) there exists a set X ⊆ Γ(Q) of size |X| = 2εBn such that all vertices in Q have at

most q neighbours in X.

C(n, m) := set of all graphs G in T(n, m) \ (
⋃

i=1,2(Ai(n, m) ∪ Bi(n, m))) which contain a

vertex v and sets Q,Q′ ⊆ Γ(v) of size |Q| = |Q′| = q such that for every vertex w ∈ Q′

there exists a set Qw ⊆ Γ(w) of size |Qw| = q such that |Γ(Qw) ∩ Γ(Q)| � εCn.

D(n, m) := set of all graphs G in T(n, m) \ (
⋃

i=1,2(Ai(n, m) ∪ Bi(n, m)) ∪ C(n, m)) that are

not bipartite but for which there exists a bipartition of the vertex set V into two sets

V1 and V2 such that |V1|, |V2| � ( 1
2

− 1
100

)n and such that the bipartite graph induced

by this partition has the following two properties:

(i) it contains at least m − nq edges, and

(ii) every vertex v has at most q neighbours in the same class as v.

Lemma 2.3. If ε is sufficiently small, then for all sufficiently large n and all m �√
bn3/2

√
log n,

T(n, m) \
( ⋃

i=1,2

(Ai(n, m) ∪ Bi(n, m)) ∪ C(n, m) ∪ D(n, m)

)
⊆ S(n, m).

Proof. Let G = (V , E) be an arbitrary but fixed graph in T(n, m) \ (
⋃

i=1,2(Ai(n, m) ∪
Bi(n, m)) ∪ C(n, m) ∪ D(n, m)). In order to concentrate on the main ideas of the proof

instead of technical details we will use the following two notations for subsets X,Y ⊆ V :

|X| ∼=
1

2
n :⇐⇒ ∃cX ∈ N s.t.

(
1

2
− cXε

)
n � |X| �

(
1

2
+ cXε

)
n, and

X ∼= Y :⇐⇒ |X| ∼=
1

2
n ∧ |Y | ∼=

1

2
n ∧ |X ∩ Y | ∼=

1

2
n.

In the following we assume that ε is sufficiently small so that cXε � 1
100

for all constants

cX which occur in the proof. The reader is invited to observe that in the rest of the proof

the constants cX can always be chosen independently of ε = max{εA, εB, εC}.

With this notation at hand we are ready to collect some properties of G which follow

immediately from the definition of the sets A1(n, m), . . . ,C(n, m).

(1) For every vertex v ∈ V all sets Qv ⊆ Γ(v) of size |Qv| = q are such that

• |Γ(Qv)| ∼= 1
2
n, and

• every set X ⊆ Γ(v) \ Qv of size |X| = q satisfies Γ(X) ∼= Γ(Qv).

(Proof: This follows immediately from the definition of the sets B1(n, m) and B2(n, m);

for the second part observe that the set Q in the definition of B1(n, m) has size 2q.)
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In the following we use Qv to denote an arbitrary but fixed set Qv ⊆ Γ(v) of size

|Qv| = q. Note that the existence of these sets is guaranteed by the definition of the

set A1(n, m).

(2) For every vertex v there exist at most q many vertices v1, . . . , vq ∈ Γ(v) that satisfy

|Γ(Qvi) ∩ Γ(Qv)| � εCn.

(Proof: This follows immediately from the definition of the set C(n, m).)

In the following we use Bv to denote these at most q ‘bad’ vertices in Γ(v).

(3) For every vertex v there exists a set Yv ⊆ Γ(Qv) such that |Yv| ∼= |Γ(Qv)| ∼= 1
2
n and

such that

Γ(Qy) ∼= Γ(Qv) for all y ∈ Yv.

(Proof: Let Q̃v denote a set of size q within Γ(v) \ (Bv ∪ Qv). Recall that we know from

the first property that Γ(Q̃v) ∼= Γ(Qv). Consider a vertex w in Q̃v . Then, according

to the second property, Γ(Qw) ∼= V \ Γ(Qv). Repeating this argument we deduce that

all vertices y in Γ(w) \ Bw satisfy Γ(Qy) ∼= V \ Γ(Qw) ∼= Γ(Qv). Now consider the set

X := {x ∈ Γ(Q̃v) | ∀w ∈ Γ(x) ∩ Q̃v : x ∈ Bw}. Then the definition of X implies that

every vertex w ∈ Q̃v has at most |Bw| � q neighbours in X. From the definition of the

set B2(n, m) it therefore follows that |X| < 2εBn. The claim follows as the definition

of X also implies that for every vertex y ∈ Y := Γ(Q̃v) \ X there exists a w ∈ Q̃v such

that y ∈ Γ(w) \ Bw and hence Γ(Qy) ∼= Γ(Qv).)

(4) For every pair of vertices x, y we have

Γ(Qx) ∼= Γ(Qy) or Γ(Qx) ∼= V \ Γ(Qy).

(Proof: This follows easily from the previous property, as the assumption that |Γ(Qx) ∩
Γ(Qv)| > µn for an appropriately defined constant µ > 0 implies that there exists a

vertex z ∈ Γ(Qx) ∩ Γ(Qv) such that Γ(Qz) ∼= Γ(Qx) and Γ(Qz) ∼= Γ(Qy).)

Choose an arbitrary vertex v0. Let A := Γ(Qv0
) and B := V \ A. Recall that |A|, |B| ∼= 1

2
n.

We use these two sets to define a bipartition of the vertex set:

V1 := {v ∈ V | Γ(Qv) ∼= A},
V2 := {v ∈ V | Γ(Qv) ∼= B}.

Observe that according to property (4) this defines indeed a partition of the vertex set V .

As a last step observe that property (2) implies that, for i = 1, 2, every vertex v ∈ Vi has

at most q neighbours in Vi. That is, (V1, V2) induces a bipartite graph that contains at

least m − qn edges and in which every vertex has at most q neighbours inside its class.

As by assumption the graph G is not contained in D(n, m), this implies that G is indeed

bipartite.

Theorem 2.4. There exists a constant ξ0 such that, for all n ∈ N,

|T(n, m)| � (1 + 2ξ(n,m) + 2− 1
800m

2/n3

) · |S(n, m)| for all 0 � m �
(
n

2

)
,
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where

ξ(n, m) = an3/2
√

log n · log
bn3/2

√
log n

m
+ ξ0.

Observe that Theorem 2.4 implies Theorem 1.3 for, e.g., C = 2b. Note also that for

m � n3/2
√

log n the bound on |T(n, m)| is rather weak. Better bounds can be found in

Wormald [9]. Bounds on the chromatic number of almost all graphs in the non-bipartite

interval can be found in Osthus, Prömel and Taraz [6].

Proof. Choose n0 in such a way that all inequalities below hold for all n � n0. Sub-

sequently choose ξ0 in such a way that the claim of the theorem holds for all n � n0. (The

reader is invited to observe that the inequalities later used to define n0 will not depend on

ξ0.)

We proceed by induction on n. So assume the theorem holds for all n′ < n for some

n ∈ N. We will show that it then also holds for n. Let m be an arbitrary integer between

1 and
(
n
2

)
. Observe that if

an3/2
√

log n · log
bn3/2

√
log n

m
> 2 log e · m,

then by Lemma 2.2 there is nothing to show. So we may assume without loss of generality

that

√
bn3/2

√
log n � m <

1

4
n2 (2.2)

(cf. the definition of a and the fact at every triangle-free graph with 1
4
n2 edges is bipartite).

As a first step we convert the bounds on |T(n − x, m − y)| provided by the induction

hypothesis into a somewhat nicer form. First observe that for all n, x ∈ N with x < n we

have

(n − x)3/2 ·
√

log(n − x) � (n − x)
√
n
√

log n = n3/2
√

log n − x
√

n log n, (2.3)

and that for all 1 � x � q and 0 � y � 1
2
m and n sufficiently large,

|S(n − x, m − y)| � 2n ·
(

1
4
(n − x)2

m − y

)
� 2n ·

(
1
4
n2 − 1

2
nx

m − y

)
· e 1

4 x
2 ln( 1

4 n
2)

� 2n+x2 log n ·
( 1

4
n2 − 1

2
nx

m − y

)
� 2n+ x

log b
m
n ·

( 1
4
n2 − 1

2
nx

m − y

)
(2.4)

(cf. Lemma 2.1 and the definition of q) and that

ξ(n − x, m − y) � ξ(n, m) + ax
√
n log n · log

m

bn3/2
√

log n
+

3ayn3/2
√

log n

m

� ξ(n, m) +
8x

log b

m

n
+

24y

log b
.
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This follows from equations (2.2) and (2.3), the definition of a, and the observation that,

for all y � 1
2
m,

log
b(n − x)3/2

√
log(n − x)

m − y
� log

(
bn3/2

√
log n

m
·
(

1 +
y

m − y

))
� log

(
bn3/2

√
log n

m
·
(

1 +
2y

m

))
= log

bn3/2
√

log n

m
+ log

(
1 +

2y

m

)
� log

bn3/2
√

log n

m
+

3y

m

(to see the last inequality use log(1 + x) � x
ln 2

� 3
2
x). We therefore conclude that the

induction hypothesis and (2.4) imply that, for all 1 � x � q and 0 � y � 1
2
m,

|T(n − x, m − y)| � (1 + 2ξ(n,m)+ 8x
log b

m
n

+ 24y
log b + 2

− 1
800

(m−y)2

(n−x)3 ) · 2n+ x
log b

m
n

( 1
4
n2 − 1

2
xn

m − y

)
� 2ξ(n,m)+ 10x

log b
m
n

+ 24y
log b · 2n ·

(
1
4
n2 − 1

2
nx

m − y

)
. (2.5)

We also note that whenever y � 70xm
n

, the following slightly weaker but shorter bound

also holds:

|T(n − x, m − y)| � 2ξ(n,m)+ 1700
log b x

m
n · 2n ·

( 1
4
n2 − 1

2
nx

m − y

)
. (2.6)

These last two inequalities will be heavily used throughout the upcoming parts of the

proof. Before we do so we first recall that, by Lemma 2.3,

|T(n, m)| �
∑
i=1,2

(|Ai(n, m)| + |Bi(n, m)|) + |C(n, m)| + |D(n, m)| + |S(n, m)|.

It hence suffices to show that all summands on the right-hand side except the last one are

smaller than or equal to

1

6
·
(
2ξ(n,m) + 2− 1

800
m2

n3
)

· |S(n, m)|. (2.7)

Moreover, by Lemma 2.1 it also suffices to show that each of these summands is smaller

than or equal to

1

6
· 2ξ(n,m) · 2n−2 log n ·

( 1
4
n2

m

)
. (2.8)

This is what we will do now. (Recall that we assumed that n is sufficiently large, so that

all inequalities below do hold.)

The sets A(n, m). All graphs in A1(n, m) ∪ A2(n, m) can be constructed as follows. First

choose the vertex v (at most n choices). For all integers y such that 0 � y < εA
m
n

or 70m
n
< y < n, then choose a triangle-free graph with m − y edges on the remaining

vertices (|T(n − 1, m − y)| ways). Finally, choose the y neighbours of v (at most
(
n−1
y

)
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ways). Together, this gives

|A1(n, m)| � 2log n ·
εA

m
n∑

y=0

(
n − 1

y

)
|T(n − 1, m − y)|

� 22 log n · max
y�εA

m
n

(
n

y

)
|T(n − 1, m − y)|,

respectively

|A2(n, m)| � 2log n ·
n−1∑

y=70 m
n

(
n − 1

y

)
|T(n − 1, m − y)|

� 22 log n · max
y�70 m

n

(
n

y

)
|T(n − 1, m − y)|.

Using the bound on |T(n − 1, m − y)| from (2.5), we deduce

|Ai(n, m)| � 22 log n · max
y�εA

m
n

|y�70 m
n

(
n

y

)( 1
4
n2 − 1

2
n

m − y

)
· 2n · 2ξ(n,m)+ 10

log b
m
n

+ 24
log b y.

First we consider the case m � 1
6
n2. As we assumed that m �

√
bn3/2

√
log n we know

that, with room to spare, y < n � 1
3
m and the binomial coefficients can therefore be

bounded as follows:(
n

y

)( 1
4
n2 − 1

2
n

m − y

)
�

(
en

y

)y

·
( 1

4
n2

m − y

)
· e

− 1
2 n· m−y

1
4
n2

�
(
en

y

)y

·
( 1

4
n2

m

)(
m − y

1
4
n2 − m

)y

· e− m
n

�
( 1

4
n2

m

)
·
(

12em

yn

)y

· e− m
n .

For y � 70m
n

we have

(
12em

yn

)y

� 2−y.

For y � εA
m
n

we observe that the maximum is attained at y = εA
m
n

, and that therefore

(
12em

yn

)y

� 2
log 12e

εA
·εA

m
n .

In both cases we easily check that the definitions in (2.1) imply that we indeed have

that the cardinalities of the sets Ai(n, m) are smaller than the term in (2.8).
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Now consider the case m > 1
6
n2. For y < εA

m
n

� 1
4
εAn (as m � 1

4
n2 for triangle-free

graphs) we bound the binomial coefficients as follows:(
n

y

)( 1
4
n2 − 1

2
n

m − y

)
�

(
en

y

)y

·
( 1

4
n2 − ( 1

2
n − y)

m

)
�

(
en

y

)y

·
( 1

4
n2

m

)
e

−( 1
2 n−y) m

1
4
n2

�
( 1

4
n2

m

)
·
(
en

y

)y

· e− m
n .

Again we easily check that the maximum is attained at y = εA
m
n
> 1

6
εAn (recall that we

assumed m > 1
6
n2), and that therefore(

en

y

)y

� (6e/εA)εA
m
n � 2

log 6e
εA

·εA
m
n .

As above, the definitions in (2.1) therefore imply that the cardinality of the set A1(n, m)

is smaller than the term in (2.8). Finally, observe that for m > 1
6
n2 we have that 70m

n
> n

and hence |A2(n, m)| = 0.

The set B1(n, m). All graphs in B1(n, m) can be constructed as follows. First choose the

vertex v (at most n ways). Let y denote the degree of v. Note that εA
m
n

� y � 70m
n

.

For all possible values choose a triangle-free graph with m − y edges on the remaining

vertices (|T(n − 1, m − y)| ways). Next choose an appropriate set Q of size 2q (at most(
n−1
2q

)
� 22q log n ways). As v cannot be connected to any vertex in Γ(Q) (this would close

a cycle of length 3) there are at most
(
n−|Γ(Q)|

y

)
ways to choose the remaining neighbours

of v. Together we obtain

|B1(n, m)| � 2log n+2q log n ·
∑

εA
m
n
�y�70 m

n

(
n − |Γ(Q)|

y

)
|T(n − 1, m − y)|

� 23q log n · max
εA

m
n
�y�70 m

n

(
( 1

2
− εB)n

y

)
|T(n − 1, m − y)|.

We now use the bound on |T(n − x, m − y)| from (2.6) for x = 1 and y to obtain

|B1(n, m)| � 23q log n · max
εA

m
n
�y�70 m

n

(
( 1

2
− εB)n

y

)
·
( 1

4
n2 − 1

2
n

m − y

)
· 2n · 2ξ(n,m)+ 1700

log b
m
n .

We bound the binomial coefficients:(
( 1

2
− εB)n

y

)( 1
4
n2 − 1

2
n

m − y

)
�

( 1
4
n2 − εBn

m

)
�

(
1
4
n2

m

)
· e−εBn· 4m

n2 =

(
1
4
n2

m

)
· e−4εB

m
n .

Using the definitions (2.1) we easily deduce that (2.8) is an upper bound for |B1(n, m)|.

The set B2(n, m). All graphs in B2(n, m) can be constructed as follows. First choose the

set Q (less than 2n ways). Let eq denote the number of edges inside Q and let er denote the
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number of edges connecting Q with Γ(Q). As the degree of every vertex in Q is between

εA
m
n

and 70m
n

, we know that er � q · (εA
m
n

− q) � 1
2
εAq m

n
and eq + er � 70q m

n
. For all

possible values choose a triangle-free graph with m − eq − er edges on the remaining

vertices (|T(n − q, m − eq − er)| ways). Next choose the set Γ(Q) (less than 2n ways) and

the edges inside the set Q (less than
( 1

2 q
2

eq

)
� 2q

2

ways).

In order to choose the edges between Q and Γ(Q) we distinguish between the two

properties in the definition of the set B2(n, m).

If property (i) is satisfied then there are clearly only(
q · ( 1

2
− εB)n

er

)
� e

−εBqn
er

1
2
qn ·

( 1
2
qn

er

)
= e−2εBer ·

( 1
2
qn

er

)
� e−εAεBq

m
n ·

( 1
2
qn

er

)
� e−εAεBq

m
n ·

( 1
2
qn

eq + er

)
· 22eq log n � e−εAεBq

m
n · 2q

2 log n ·
( 1

2
qn

eq + er

)
ways to choose the edges between Q and Γ(Q).

If property (ii) is satisfied we argue as follows. First we choose the set X (2n ways).

Observe that there are at most( q∑
i=0

(
|X|
i

))|Q|

� 2q|Q| log n = 2q
2 log n

ways to connect Q to X. By the definition of B1(n, m) we know that |Γ(Q)| � ( 1
2

+ εB)n.

Hence, the number of ways to connect Q to Γ(Q) \ X can be bounded by

er∑
i=er−q2

(
|Q| · |Γ(Q) \ X|

i

)
�

(
|Q| · |Γ(Q) \ X|

er

)
· 2q

2 log(qn) �
( 1

2
qn − εBqn

er

)
· 22q2 log n

� e−2εBer · 22q2 log n ·
( 1

2
qn

er

)
� e−2εBer · 23q2 log n ·

( 1
2
qn

eq + er

)
.

Summarizing, we conclude that if property (ii) is satisfied the number of ways to choose

the edges between Q and Γ(Q) is bounded by

2n+4q2 log n · e−2εBer ·
( 1

2
qn

eq + er

)
� 2n+4q2 log n · e−2εBer ·

( 1
2
qn

eq + er

)
� 2n+4q2 log n · e−εAεBq

m
n ·

( 1
2
qn

eq + er

)
.

(Here we used (2.1) and the fact that er � 1
2
εAq m

n
.)

Together we obtain

|B2(n, m)| � 22n+q2 ·
∑

1
2 εAq m

n
�eq+er�70q m

n

2 · 2n+4q2 log n · e−εAεBq
m
n ·( 1

2
qn

eq + er

)
|T(n − q, m − eq − er)|

� 220q2 log n · max
1
2 εAq m

n
�eq+er�70q m

n

e−εAεBq
m
n ·

( 1
2
qn

eq + er

)
|T(n − q, m − eq − er)|.
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(Note that m �
√
bn3/2

√
log n and the definition of q imply that q2 log n � 1

4
n.) We again

use the bound on |T(n − x, m − y)| from (2.6), this time for x = q and y = eq + er to

obtain (note that y � 1
2
m follows immediately from the definition of b and q the fact that,

trivially, m � n2)

|B2(n, m)| � 220x2 log n · max
1
2 εAx m

n
�y�70x m

n

e−εAεBx
m
n ·

( 1
2
xn

y

)( 1
4
n2 − 1

2
nx

m − y

)
· 2n · 2ξ(n,m)+ 1700

log b x
m
n

� 2
10√
b
x m

n · e−εAεBx
m
n ·

( 1
4
n2

m

)
· 2n · 2ξ(n,m)+ 1700

log b x
m
n .

Using the definitions from (2.1) we again easily check that (2.8) is an upper bound for

|B2(n, m)|.

The set C(n, m). All graphs in C(n, m) can be constructed as follows. First choose the

set Q′ (less than nq ways). Let eq denote the number of edges inside Q′ and let er
denote the number of edges between Q′ and Γ(Q′). Note that we may assume that

er � q · (εA
m
n

− q) � 1
2
εAq m

n
and eq + er � 70q m

n
. For all possible values choose a triangle-

free graph with m − eq − er edges on the remaining vertices (|T(n − q, m − eq − er)| ways).

Next choose an appropriate vertex v and an appropriate set Q ⊆ Γ(v) of size q (less than

n · nq = nq+1 ways).

The number of ways to choose the edges inside the set Q′ is bounded by 2q
2

. In order

to bound the number of ways to connect Q′ to Γ(Q′) we first choose the set Γ(Q′) (in

at most 2n ways). Note that by the definition of B1(n, m) and B2(n, m) we only have to

consider sets Γ(Q′) such that

|Γ(Q′)| �
(

1

2
+ εB

)
n and |Γ(Q) \ Γ(Q′)| � 2εBn.

For every vertex w ∈ Q′ we first choose the degree dw and the set Qw (in at most nq+1

ways) such that |Γ(Qw) ∩ Γ(Q)| � εCn and hence |Γ(Q′) \ Γ(Qw)| � ( 1
2

− εC + 3εB)n. Next

we connect w to Γ(Q′). Note that w may not be connected to a vertex in Γ(Qw). Hence,

the number of choices is bounded by(
|Γ(Q′) \ Γ(Qw)|

dw

)
�

(
( 1

2
− εC + 3εB)n

dw

)
.

Hence, the number of ways to connect Q′ to Γ(Q′) is bounded by

∏
w∈Q′

nq+1

(
( 1

2
− εC + 3εB)n

dw

)
� nq(q+1) ·

(
( 1

2
− εC + 3εB)qn

er

)

� nq(q+1) · e−2(εC−3εB)er ·
( 1

2
qn

er

)
� nq(q+1) · e−εA(εC−3εB)q m

n · 2q
2 log n

(
1
2
qn

eq + er

)
,
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as eq � 1
2
q2. That is, we obtain

|C(n, m)| �
∑

1
2 εAq m

n
�eq+er�70q m

n

nq
2+3q+1 · 2q

2+n+q2 log n · e−εA(εC−3εB)q m
n ·( 1

2
qn

eq + er

)
· |T(n − q, m − eq − er)|

� max
1
2 εAq m

n
�eq+er�70q m

n

·28q2 log n · e−εA(εC−3εB)q m
n ·( 1

2
qn

eq + er

)
· |T(n − q, m − eq − er)|.

(Here we again used that q2 log n � 1
4
n for m �

√
bn3/2

√
log n.)

We again use the bound on |T(n − x, m − y)|, this time for x = q and y = eq + er , to

obtain

|C(n, m)| � 28x2 log n · max
1
2 εAx m

n
�y<70x m

n

e−εA(εC−3εB)x m
n ·

( 1
2
xn

y

)( 1
4
n2 − 1

2
nx

m − y

)
· 2n · 2ξ(n,m)+ 1700x

log b
m
n

� 2
4√
b
x m

n · max
1
2 εAx m

n
�y<70x m

n

e−εA(εC−3εB)x m
n ·

( 1
4
n2

m

)
· 2n · 2ξ(n,m)+ 1700x

log b
m
n .

Using the definitions (2.1) we again easily observe that (2.8) is an upper bound for |C(n, m)|.

The set D(n, m). All graphs in D(n, m) can be constructed as follows. First we choose

an appropriate bipartition V = V1 ∪ V2 (less than 2n ways). Let ev denote the number of

edges inside the sets Vi. For the moment we will consider ev as fixed. At the end we will

sum over all possible values 1 � ev � nq. There are at most((|V1|
2

)
+

(|V2|
2

)
ev

)
�

( 1
2
n2

ev

)
� e2ev ln n

ways to choose these edges. For further use we also note that we may assume without

loss of generality that at least 1
2
ev of these edges are contained inside the set V1.

We now have to choose a bipartite graph with m − ev vertices on the vertex set V1 ∪ V2,

in such a way that no triangle is generated.

In order to do that we first consider a random bipartite graph on V1 ∪ V2 with edge

probability p = (m − ev)/(|V1||V2|). Note that the assumptions on the size of ev and |Vi|
imply that 1

5
m
n2 � p � 1

3
m
n2 . For every combination of an edge {u, v} inside V1 and a vertex

w ∈ V2 (i.e., for every possible triangle with an edge inside V1) we construct an indicator

random variable Iα, α = { {u, w}, {v, w} }, which indicates whether the triangle is present.

Let S denote the set of all such events. Note that

E[Iα] = P[Iα = 1] = p2 for all α ∈ S

and that

E[IαIα′ ] = P[Iα = 1 ∩ Iα′ = 1] = p3 for all α �= α′ ∈ S s.t. α ∩ α′ �= ∅.
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We intend to bound the probability that X =
∑

α Iα is equal to zero. Using the large

deviation result from Janson, �Luczak and Ruciński [2] we obtain

P[X = 0] �
{
e− 1

2 µ, if µ � ∆

e−µ2/(2∆), if µ � ∆
� e− min{ 1

2 µ,
µ2

2∆ }

where

µ = E[X] and ∆ =
∑
α�=α′

α∩α′ �=∅

E[IαIα′ ].

We now bound µ and ∆:

µ = E[X] = |S| · p2 � 1

2
ev ·

(
1

2
− 1

100

)
n · p2 � 1

200
ev · m

2

n3

and

∆ =
∑
α�=α′

α∩α′ �=∅

E[IαIα′ ] �
∑
v∈V1

(
degV1

(v)

2

)
· |V2| · p3

� 1

2
min{e2

v , evq} · n · p3 � 1

50
ev min{ev, q} · m

3

n5
.

(Note that we used here that the degree degV1
(v) of every vertex v ∈ V1 inside the set V1

is at most q and that
∑

v∈V1
degV1

(v) � ev .) Hence we have that

1

2
µ � 1

400
ev
m2

n3
� 1

800
ev
m2

n3
+

1

800

m2

n3
� 11ev ln n +

1

800

m2

n3

(recall that m �
√
bn3/2

√
log n), and that

µ2

2∆
� 1

1600

ev

min{ev, q}
m

n
� 2

√
b

3200
ev log n +

1

3200

m

n
� 11ev ln n +

1

800

m2

n3

(recall that q = 1

2
√
b

m
n log n

and m � n2/4). Hence we obtain

P[X = 0] � e
− 1

800
m2

n3 −11ev ln n
.

The probability that such a random bipartite graph G has exactly m − ev edges is

certainly at least 1/n2. That is, we have

P[X = 0 | E(G) = m − ev] � P[X = 0]

P[E(G) = m − ev]
� e

− 1
800

m2

n3 −9ev ln n
.

Together, we obtain

|D(n, m)| � 2n ·
∑

1�ev�nq

e2ev ln n · e− 1
800

m2

n3 −9ev ln n ·
( 1

4
n2

m − ev

)

� 2n · n2 · max
1�ev�nq

e
− 1

800
m2

n3 −7ev ln n ·
( 1

4
n2

m

)
· e2ev ln n

� max
1�ev�nq

e
−ev ln n− 1

800
m2

n3 · |S(n, m)| = e
− ln n− 1

800
m2

n3 · |S(n, m)|,
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which easily implies that (2.7) is an upper bound for |D(n, m)|.
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