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Abstract The Generalised Baker—-Schmidt Problem (1970) concerns the Hausdorff measure of the set
of y-approximable points on a non-degenerate manifold. Beresnevich-Dickinson-Velani (in 2006, for the
homogeneous setting) and Badziahin-Beresnevich-Velani (in 2013, for the inhomogeneous setting) proved
the divergence part of this problem for dual approximation on arbitrary non-degenerate manifolds. The
divergence part has also been resolved for the p-adic setting by Datta-Ghosh in 2022, for the inhomo-
geneous setting. The corresponding convergence counterpart represents a challenging open question. In
this paper, we prove the homogeneous p-adic convergence result for hypersurfaces of dimension at least
three with some mild regularity condition, as well as for some other classes of manifolds satisfying certain
conditions. We provide similar, slightly weaker results for the inhomogeneous setting. We do not restrict
to monotonic approximation functions.
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1. Introduction

The investigation of Diophantine approximation on manifolds, initiated by Mahler in
1932, is an active area of research that studies how well points on some curve or
manifold can be approximated by some rational affine subspace. In this article we con-
sider the dual approximation setting where the manifold is approximated by rational
hyperplanes. Initiated by the breakthrough work of Kleinbock and Margulis [23], the
approximation of real manifolds by rational hyperplanes has been extensively studied
over the past two decades. See [1-5, 7, 8, 10, 11, 13, 17, 18-22, 33] and references
within for just a sample of the many results. In this article, we will contribute to the
theory of Diophantine approximation on manifolds in p-adic space. To begin we recall
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Dual p-adic Diophantine approximation on manifolds 749

the setup for dual p-adic Diophantine approximation, before giving the state of the art
of Diophantine approximation on p-adic manifolds. We then state our new results and
associated corollaries.

Fix a prime p and let | - |, denote the p-adic norm, Q,, the p-adic numbers and Z, the
ring of p-adic integers, that is, Z, := {x € Q, : |z|, < 1}. Throughout, let n > 1 be a
fixed integer and a := (ag, , a1, ...,a,) € Z" 1. Let ¥ : Z"*t! — [0, 00) be a multivariable
approzimating function, that is, ¥ has the property that

U(a) — Oas ||a]| := max(|ag|, |a1],.-.,|an]) = oo.

Fix some 6 € Z,, and define the set of p-adic dually (¥, #)-approximable points as

larzy + -+ + apzy + ag + 0|, < ¥(a)
Dz,p(\y) = {X = (171, .. .,:En) c QZ : p .

for infinitely many a = (ag, ..., a,) € Z"*!

For the homogeneous setting write DY (V) := D,, ,(¥), and for ¥ a univariable approx-
imation function of the form ¥(r) = ¢(||rl]), that is ¥ : N — [0,00), we write
D8 (W) = D8, (1).

Note that, unlike classical Diophantine approximation in R, the function ¥ depends
on the n + 1 integers (ao,. .., a,), including ag. This is because Z is dense in Z, and so
if ag is unbounded from above, one could obtain increasingly precise approximations of
x for (ay,...,a,) fixed, at least if x € Zj.

The concept of Hausdorff dimension and more generally Hausdorff f-measure for any
dimension function f : Ry — Ry can be defined over Q by coverings of balls with
respect to the p-adic metric derived from || - ||, = max|-|,. We refer to [30] for properties
of the Hausdorfl measure and dimension in general metric space. Thus it makes sense
to ask questions about the ‘size’ of D?(¥) with respect to the f-dimensional Hausdorff
measure H/ for some dimension function f. When f(r) = r™ this reduces to the size
of DY(¥) in terms of the n-dimensional p-adic Haar measure p,, up to some fixed
constant.

In the homogeneous setting Mahler, see for example [26], proved for ¥(a) = ¢ (||al|) =
|al|~™+V) that D, ,(¥) = Qp, providing a p-adic equivalent of Dirichlet’s Theorem. By
an application of the Borel Cantelli lemma, we can deduce that the set of p-adic very
well approzimable points (points in D,, ,(¥) for ¥(a) = [la]|~("+1+2) for some ¢ > 0)
is a nullset, where the measure here is the n-dimensional p-adic Haar measure fip .
Lutz proved the p-adic analogue of the well-known Khintchine’s Theorem in the real
setting [25], and the p-adic version of the classical Jarnik’s Theorem in Diophantine
approximation can be found in [8, Theorem 16].

2. p-adic Diophantine approximation on manifolds and our main result

2.1. p-adic metric Diophantine approximation: Introduction and brief
history

For p-adic approximation on manifolds, the following results are known. We keep the
statements of the known results brief and refer the reader to the relevant paper for more

https://doi.org/10.1017/50013091525101284 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091525101284

750 M. Hussain, J. Schleischitz and B. Ward

details. A key additional condition often required in the p-adic setting, in comparison the
the analogous results in the real setting, is the analyticity of the curve or manifold. Let
M C Qp be a p-adic manifold with dimension d defined by analytic map g: U C (@g —
Qp~* via parametrization (x,g(x)). Hereby analytic is defined as follows.

Definition 2.1. A function h : U C Q) — Qp for U open is analytic if every
coordinate function can be written as a power series

hj(arl,...,xm):Zaj,tartll-~-xfg’, 1<j<n,
t

converging in some p-adic ball B(y,r), r =r(y) > 0 around everyy contained in U.

Note that any analytic function h € C*°(U). Compared to the real setting where
g € C? was sufficient, for technical reasons we require the stronger condition of analytic
manifolds in the p-adic setting. By the Implicit Function Theorem (the p-adic version
of this following from g being analytic and the p-adic inverse function theorem, see
Theorem 3.1) we may write

M= {(xl,...,xd7gl(x),...7gn,d(x)):x:(m1,...,xd) EUCQZ},

for analytic functions g; : U C @g — Qp, 1 < i < n—d. For ease of notation write

g= (91, 9n—a)-
We split the known results into three categories:

e Extremality: This refers to results associated with Mahler’s (and subsequently
Sprindzhuk’s [33]) 1932 conjecture in real approximation. Specifically the size, in
terms of the induced p-adic Haar measure, of the set of very well approximable
points contained in some manifold is a nullset. Alongside the statement in the
real setting, Sprindzhuk proved the p-adic equivalent of Mahler’s conjecture in
the p-adic setting [33]. Kleinbock and Tomanov [24] used similar ideas to those
in [23] (in which the real case was proven) to prove extremality for all C? non-
degenerate p-adic manifolds. See [24] for the precise definition of a C? function
in the p-adic setting. The inhomogeneous theory for the Veronese curve preceded
that of Kleinbock and Tomanov and was proven by Bernik, Dickinson, and Yuan
[12].

o Ambient measure: These results refer to analogues of Lutz’s Theorem [25] in the
setting of Diophantine approximation on dependent quantities, that is the induced
p-adic Haar measure of DY (¥) N M. The complete theory for the Veronese curve
was proven by Beresnevich, Bernik and Kovalevskaya [6]. Prior to this, in [9],
Beresnevich and Kovalevskaya proved the complete result for p-adic normal' pla-
nar curves. In the inhomogeneous setting the convergence case was proven for the
Veronese curve by Ustinov [34]. The convergence case for analytic non-degenerate

L see [26] for Mahler’s definition of a p-adic normal function.
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manifolds was proven by Mohammadi and Salehi-Golsefidy [27] with the com-
plementary divergence statement appearing soon after [28]. The inhomogeneous
convergence statement was proven in [16].

o Hausdorff theory: These results refer to the Hausdorff measure and dimension
of Dfl’p(\ll) N M. In the special case of Veronese curves, the metric theory is
rather complete by results of Bernik and Morotskaya [14, 29]. For a general class
of analytic manifolds, the divergence statement in both the homogeneous and
inhomogeneous setting has recently been proven by Datta and Ghosh [16], see § 2.4
for their result. In this paper, we contribute to the inhomogeneous convergence
case.

In full generality, a complete Hausdorff measure treatment for manifolds M represents
a deep open problem referred to as the Generalised Baker—Schmidt Problem (GBSP)
inspired by the pioneering work of Baker and Schmidt [3]. See for example [22] for the
conjectured statement in R™. For completeness, we state the p-adic version of the GBSP
here.

Problem 2.2. (Generalised Baker—Schmidt Problem for p-adics.) Let M =
{(x,9(x)):x € Qg} be a manifold of dimension d defined by analytic map g : U C Qg —
Q;L—d. Let f be a dimension function such that r=¢f(r) — oo as v — 0. Assume that
r— r=2f(r) is decreasing and v — r'=4f(r) is increasing. Let 6 € Z, and V : Z"1 —
Ry be a multivariable approximation function. Then it is conjectured that

0 if Y W@) U Df(U(a) < oo,

’Hf(Dn’p(\If) N M) _ aczZ»t1\{0}
oo if S W(a)~ @D f(¥(a) = co.

aczZn+t1\{0}

Note for dimension function f(r) = r® the assumed restrictions of the GBSP ask for
d-1<s<d.

2.2. Main results

The conditions below, while restrictive, contain some interesting classes of manifolds
and dimension functions. We will discuss these in more detail in § 2.3 and 6.

(Ip) Let f be a dimension function satisfying
flzy) < 2®f(y)for ally < 1 < x, (1)
for some s < 2(d —1).
(IIp) For each 1 <i<mn-—d,let g; : i — Q, be analytic on some open set U C Qg and

suppose that for any z = (21,...,2n-4) € Z;*d with ||z||, = 1, the d x d matrix
with p-adic entries
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“k &Elaxj ’
1<i,j<d

has non-zero determinant for all x € U \ Spq, with some

Sam = {x €U : M,(x) is singular for some z = z(x) € Z;“d \ {0}}
whose p-adic closure S has f-measure 0.

Note while for fixed z the accordingly defined set Saq(z) is closed, this seems not
necessarily true for Sy. Hence for technical reasons we take the closure in (IIp).

Theorem 2.3 Let [ be a dimension function satisfying (Ip) and M = {(x, g(x)) :
x € U} be a manifold of dimension d defined by analytic g : U C (@g — QZ’d satisfying
(Ilp). Let W : Z"*1 — R, be a multi-variable approxvimation function satisfying

TU(a) < ||al|”!, and p¥(pa) < ¥(a) VaeczZ'1\{0}. (2)

Then HY (D, (V) N M) =0 if
> () Y f(U(a)) < oo
aczZnt1\{0}

Remark 2.4. Note that (2) is clearly satisfied for the standard power functions
U(a) = ||lal|7""!, 7 > n. The limitation ¥(a) < ||al|~! is mild. Indeed, if ¥(a) > ||a]|~! >
|al| 7"~ for all sufficiently large ||a||, then by Dirichlet’s Theorem D, ,(¥) = Qj.
Assuming this, the right condition of (2) additionally holds more generally for example
if —log ¥(a)/||a|| is non-decreasing.

Note that Theorem 2.3 only treats the homogeneous case. We want to further establish
related results on inhomogeneous approximation. To this end, we introduce the following
set

a1xy + -+ ap®, +ag +0), < ¥(a
Dz,p(\IjaZ) = {X:(fﬂl,...,xn)E(@Z; | 1 0 |P ( ) }

for infinitely many (ag, a1,...,a,) € Z
for a subset Z C Z™*1. In particular we will consider the subsets of Z™t! defined by

Z(1) ={a=(ao,...,an) € Zx (Z"\{0}) : ged(ai,a;,p) =1, 0<i<j<n},
Z(2) ={a=(aog,...,an) € Z x (Z"\{0}) : gcd(ag,...,an,p) =1}.

That is, the sets where p divides at most one a; and not all a;, respectively. Notice that
Z(1) C Z(2) CZ x (Z™\{0}).

For Z = Z"*'\{0} we obviously have D (¥,Z) = Df (V).
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Theorem 2.5 Let f be a dimension function satisfying (Ip) and M = {(x, g(x)) :
X € Qg} be a manifold of dimension d defined by analytic g: U C Qg — Qg_d satisfying
(IIp). Let 6 € Z, and ¥ : 7t — Ry be a multivariable approzimation function with
VU(a) < ||al|~t. Then

(i) HI(DY (¥, Z(1)) N M) =0 if

S W(a) V() < o

acZ(1)

(i) HI (DS (¥, Z(2)) N M) =0 if 0], # 1 and

S w(a) D f(U(a) < oo

acZ(2)

According to (i), restricting the integer vectors to the smallest set Z(1), we have the
convergence claim as predicted by Problem 2.2. In the classical homogeneous setting, the
same is true when summing over Z(2), by (ii). The additional condition on 6 in (ii) is an
artifact of our method, we do not have a satisfactory explanation for its occurrence.

2.3. Remarks on Conditions (Ip)-(IIp)

Condition (Ip): By writing rq = y,71/ro = «, condition (Ip) is checked to be equivalent
to f(ro)/ry > f(r1)/rs for any 0 < ro < r; with the same uniform implied constant, in
particular if < is strengthened by < in (Ip), then the map r — f(r)r~* is non-increasing.
Examples of dimension functions f satisfying (Ip) are f(r) = r® for some 0 < s < 2(d—1).
Note that s > d is not of interest as the entire manifold M has H*(M) = 0. Condition
(Ip) is always true when d > 3 and r~9f(r) is decreasing (a general assumption in
Problem 2.2), see [22, Section 1.2] for hypersurfaces, which can readily be generalised as
remarked in [20].

Condition (IIp): This condition is a little more technical. It has the most natural
interpretation when M is a hypersurface. Then (Ilp) is equivalent to asking for the
Hessian of g =g : U C Qg’l — Q,, denoted by V2g, to be singular only on a set of H/
measure zero. That is,

H ({x € U : V?g(x)is singular}) = 0. (3)

Combining with what was noticed above for the (Ip) statement, we have that (Ip) and
(IIp) are satisfied for any hypersurface of dimension at least three (thus ambient space has
a dimension at least four) satisfying (3). For M not a hypersurface, a detailed discussion
on condition (IIp), in the real case, is provided in [20]. In short, in [20] some more
classes of manifolds of codimension exceeding one are provided (the concrete examples
found have codimension two or three), on the other hand, this condition induces some
rigid restrictions on the dimension pairs (n, d). For the p-adic case certain aspects remain
valid, however there are some notable differences to the real case, we provide more details
in § 6.
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2.4. Corollaries to Theorem 2.3 combined with results of Datta and Ghosh

The following result is a special case of a more general results from [16], for
s-dimensional Hausdorff measure.

Theorem 2.6 (Datta and Ghosh 2022) Suppose that g : U C Qg — Qp and
satisfies

(1) g is an analytic map and can be extended to the boundary of U C Qg an open ball,
(II) Assume that 1,x1,...,24,91(X),...,gn—d(X) are linearly independent functions
over Q, on any open subset of U > x,
(III) Assume that ||g(x)|l, < 1 and [Vg(x)|l, <1 for any x € U, and that the second
order difference quotient® is bounded from above by % for any multi-index and any
triplets y1,y2,y¥3 € U.

Let
®(a) = ¢(|la]), Vaez"*!

for ¢ : N — R, a positive non-increasing function, and assume that s > d — 1. Then

H*(Dyp(®) N M) = HI (M) if > d(a)t =,
aezZn+t1\{0}

Remark 2.7. Note that in [16] the set
Wo=1{xel:(x.gx)) €Dy ,(®)}

is considered. Since Vg is bounded on U there exists a bi-Lipschitz map between the two
sets Wg , and be,p(q)) N M (or rather their complements) and so full measure results
are equivalent. See the start of § 5 for further details of such equivalence.

Remark 2.8. In [16], the divergence case in the inhomogeneous setting is rather
general. In particular, they prove the result for some general analytic function ® : U — Z,
satisfying certain conditions, see [16, Condition (I5)] for more details. In Theorem 2.6
and our application below, since we relate to Theorem 2.3, we consider the homogeneous
setting ©(x) = 0.

Combining our convergence result Theorem 2.3 with Theorem 2.6, we have the
following conclusion on the homogeneous case and s-dimensional Hausdorff measure.

2- See [16, Section 5] or [24] for the definition of second order difference quotients.
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Theorem 2.9 Let M be as in Theorem 2.5 and f(r) = r® be a dimension function
with

d—1<s<2(d—1).
Letg:U C (@g — Qp be an analytic map satisfying (1Ip), (1), (1I), and (I1I). Let

¢(l1all)

Il

U(a) = ; (4)

for a monotonic decreasing function v : N — Ry tending to zero. Then

0 if > ¥(fal)rt e < oo,
H* (D p(¥) N M) = . . aczn+1\{0} "
HAH(M) i > ¥(al) = oo,
acZ+1\{0}

Proof. The lower bound on s is due to Theorem 2.6, and the upper bound is due to
Theorem 2.3. The conditions on g are a combination of requirements from both theorems.
We identify ¢(||lal|) = ¥(]|a||)/||all so that ®(a) = ¥(a), noting that ¢ is clearly decreasing
as well. Thus on the one hand we may apply Theorem 2.6, on the other hand, we may
deduce that

0l _ v(lal) _ v(lptal)
V@) = Tlal = plp-tal = plpTal

=p 'U(pta),

and so Theorem 2.3 is applicable. g

Since H*(M) = 0 for s > d, if d > 2 the theorem covers the whole interesting range
(d —1,d] for s, apart from the endpoint s = d = 2 when d = 2.

Remark 2.10. By the above remarks on (Ip), (IIp) in § 2, the above result gives us
a zero-full dichotomy for homogeneous dual approximation on sufficiently curved hyper-
surfaces of n-dimensional p-adic space with n > 3. Note that individually each result (the
convergence and divergence case) extends beyond the above theorem. For example, [16,
Theorem 1.1] allows for the inhomogeneous setting, but does not allow for multivariable
approximation. Additionally, we have restricted the range of admissible approximation
functions to be those of the form (4). Note that such a form of approximation function
is permissible in applying Theorems 2.3.

Denoting by dimy the Hausdorff dimension, we deduce the following immediate
corollary.
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Corollary 2.11. Let g be as in Theorem 2.9 and d > 2. Suppose that
U(a) = [laf 77T,
for some T > n. Then

n+1
1+7

dimpy (D, (T) N M) =d — 1+

Proof. We first check that all the requirements of Theorem 2.9 are satisfied. Note that
s=d—1+ Zﬂ < 2(d — 1) whenever 7 > 2+l — 1 and that n > 2L — 1 for all d > 2,
hence our assumption 7 > n implies s < 2(d —1). The remaining condltlons are obvious.

So it remains to find when the critical sum converges/diverges. Note that

Z ||a||7(1+7 Y(s+1-d) _ Z Z p— (47 (s+1-d) VZT (1+7)(s+1—d)

agznt1 r=1aezZnt1:||a||=r r=1
and the summation on the right hand side converges for s > d — 1 + ”“ and diverges
Whens<d—1—|—7fjrri O

Remark 2.12. Note trivially for 7 < n we have that D, ,(¥V) = Q} by the p-adic
version of Dirichlet’s Theorem, and so dimy (D, ,(¥) N M) = dimy M = d.

Remark 2.13. Note that in contrast to [22] where d > 3 is required, we get a claim
for d = 2 here. The reason is that we assume strict inequality 7 > n, so that the
parameter range for s satisfying (Ip) can be improved. Any such improvement leads to
the implementation of the case d = 2.

3. Preliminaries and the main lemma

3.1. Preliminaries

We first note that for self-mappings (that is m = n) of analytic functions as in the
Definition 2.1, the inverse function theorem holds [32, Section 9 p. 113]. The claim is
formulated more generally for any ultrametric space. We notice that as explained in [32]
the notion of analyticity implies infinite differentiability in a strong sense. Hereby we
call a function ¢ : U C Q' — Qp strong differentiable at a if there is a linear function
L:Qp — Qp such that

[¢(a+h)—¢(a) — Lh,
|, —0,h70 ],

—0. (5)

In the case m = n = 1, this is equivalent to the existence of the limit

9(2) ~ $(w)ly

(@y)—(aa) ety |T—ylp
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Such a derivative is uniquely determined (if it exists) and we denote it La = D¢(a). Notice
that in the p-adic setting this is indeed stronger than the typical notion of differentiability
where La is involved instead of Lh in the numerator of (5), and one has to be careful
about transferring real/complex analysis claims to the p-adic world. See [31, Example
26.6] for a famous example of a function f : Z, — Q, with “ordinary” derivative Df =1
which is not injective in any neighborhood of 0. However, with the above notion of strong
differentiability most common real analysis facts can be conserved. If we assume our
function to be analytic then the inverse function theorem extends to the p-adic settings
as claimed in Serre’s book [32].

Theorem 3.1 (p-adic Inverse Function Theorem) Assume the function ¢ : U C
Qp — Qp for 0 € U open is analytic. Then if D¢(0) induces a linear isomorphism, then
¢ is a local isomorphism.

We remark that when n = 1, in fact, the function ¢/¢'(0) is a local isometry, i.e.
lo(z) — o(W)|p/|z — ylp = |D¢(a)|, is constant for z,y, © # y, close enough to a, see
[31, Proposition 27.3]. We further point out that Theorem 3.1 is the only reason why we
require our parametrising function g to be analytic, for all other arguments C? would
suffice.

From the inverse function theorem it can be shown that some mean value estimate
similar to the real case holds.

Theorem 3.2 (p-adic Mean Value Theorem) For ¢ as in Theorem 3.1 and small
enough r we have

P(B(x,7)) € B(¢(x), [[Do()]|p - )-

In other words a ball of radius r (with respect to |[.[[,-norm) around x € Qp is
mapped into a ball of radius < r. In fact, the mean value estimate only requires strong
differentiability.

3.2. The main lemma

First assume Sy is empty. We prove that we can restrict to the case where | det M, (x)|,
is globally bounded away from 0, meaning a uniform bound for all pairs (x,z) € U X
{z € 237" : ||z|l, = 1} exists. For any compact subset K C U we have that that
K x Zn=% is a compact subset of Q7. Hence by continuity of |det M,(x)|, as a map
K xZp=* C QI — [0,00), its image is a compact real interval which by (IIp) is bounded
away from 0. If ¢/ is compact, such as any ball in Zg as they are the clopen (closed
and open), then we are done. Otherwise we may write U as a countable union of open
balls Uy, C U. To see this, since U is open we can first write &/ as a union of open balls
Ux over x € U. Then for any Uy we can find a subball Vi = V;, with rational center
c € Q¢ and radius r € Q containing x. Now the Vi form a countable open cover of U,
which henceforth we identify with the U). Since balls are clopen, the U are compact,
so we can find a strictly positive bound for |det M,(x)|, in each Uy. Now if the claim
of the theorem holds for each of these open balls Uy, then by sigma-additivity (taking
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the union of countably many Hausdorff f-measure 0 exceptional sets from each Uy) the
claim holds for U as well. This proves the claim when Sj is empty. Otherwise, if Sy is
non-empty, then by condition (IIp) the closed set S is of f-measure 0. Applying the
above argument to the open set U \ Sy and adding the exceptional set S in the final
step (sigma-additivity argument) leads to the same conclusion.

Furthermore we may assume that & C Zg and 0 € Y.

For any a = (ag, a1, ...,a,) € Z" ' consider the set

S(a):={xel:|arr1+...aq2q + ag+191(X) + - + angn—a(x) + ao + 0|, < T(a)}.

We prove the following key lemma.

Lemma 3.3. For any a = (ag,a1,...,a,) € Z x (Z"\{0}), g : U — Q} satisfying
(Ilp), and dimension function f satisfying (Ip) for some d —1 < s < 2(d — 1), we have
that

M (S(a)) < [|(a1, .-, an) {70 (a) "V f (W(a)),

with the implied constant independent of a.

The lower bound d — 1 < s is just for completeness, clearly if (Ip) holds for some s,
then also for all larger values of s.

4. Proof of Lemma 3.3

By the argument in § 3.2, we may restrict to a compact subset K (a clopen ball) of U
and assume Sy = (). For a € Z"*+! write

d —d
a:(ao,a1,ag):(ao,al,...,ad,adﬂ...,an)EZXZ x 7" R
and let

~ 1 ifaQ:O,

laz|l, otherwise.
Define h,, : Qg — Q, by
ha(x) = aza; - x + asas - g(x) + az(ap + 0),
where
aza; - X = A2a1%1 + - -+ + 20474,
and similarly for azas - g(x). We may write

S(a) = {x €K : |ha(x)], < @—1\1/(51)} .
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Note that
[ Oha(x) Oha(x)
Vha(x) - ( 83&1 [ 63),1 ’
L g e
= | aza1 + Z a20d+k P y oeey Q204 + Z a20d+k ) )
k=1 T1 k=1 Ld
= aza; + azaz - (Vg(x)),
for

e = (5. ) (Gl i)

a matrix with n — d rows and d columns and

(Z a2ad+k 8<x]> ) 1<i,j<d ' o

Note that if ag # 0 then

@22z, = |a2lp - llazll, = | lazlly |5 - lazll, = lazll; " - azll, = 1, (7)
where we employed the identity | |y, [, = [yl, ! for any y € Q, that is readily checked.
So identifying zp = asaqix for k = 1,2,. — d, by our assumption (IIp) and the

comments in § 3.2, V2h,(x) has a non-zero determinant (with p-norm strictly bounded
away from 0) on {z € Zr=: ||z, = 1}. We next bound V?h, uniformly from above.

Lemma 4.1. For a € Z"t! and h, defined as above

(a) If ag = 0 then
I9ha(lly = lall, Vx € K.
(b) Ifas # 0 and [lai[|, > supyeg [laz - Vg(w)||, then
IVha()lp =< lazll; asll, ¥x € K.
(c) If there exists v € K with Vha(v) =0 then
I9haGoly = lx = vll, Vx € K.

(d) If no such v € K exists, and ||a1||p, < supyex ||az - Vg(w)|p then

0 < [[Vha(x)[lp < suz;(llvg(w)\lp = [Vha(x)[| <1 VxeK.
we
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In all of the above cases ||V2ha(x)||, < 1 for allx € K.
Proof of Lemma 4.1: Note that if ap = 0 immediately we have that
IVha(x)llp = [la1llp

for all x € K, giving (a).

If ||a2ai||p > supwex ||G2as - Vg(w)]|,,, which follows by the assumption

Iy
Jally > sup [las - Ve(w)l,
weK
then by the strong triangle inequality
19 ha ()l = ma { ||z, lazaz - Ve, b = aza

Henceforth assume [|azai ||, < supyeg [lazasz - Vg(w),,.

Since g is analytic, and thus so is each g; for 1 < i < n—d, each partial derivative gg? is
J

analytic and so the function asas-Vg: K C Qg — Qg is analytic. Furthermore asas-Vg is
strongly differentiable with the linear function Lx = V2h,(x) and non-zero determinant
(thus invertible) on some small ball By C K. Hence V?ha(x) is a linear isomorphism
and so azas - Vg is a local isomorphism by Theorem 3.1. Hence by Theorem 3.2 for any
y € Bx

[Vha(x) = Vha(y)llp = llazas - Vg(x) — azas - Vg(y)ll, < [[x = ylp- (8)

The above implied constant depends continuously on asas, as clearly Fy : r - r- A
for fixed A € Q,(fhd)Xd induces a continuous map Q;‘_d — (@g, which we apply with
A = Vg(x) — Vg(y). However, by (7) the numbers azas € {z € Z"~ % : |z|, = 1} C
{z € 227 : ||z||, = 1} C Zp~* are contained in the compact set Z2~?. So viewing (8)
over Zy,, uniform bounds for the implied constants exist, which are strictly positive. This
settles (b).

Assume as in (c) there exists some v € K such that Vha(v) = 0 (or ||Vha(V)|, <
[Vha(x)|, for all x € K\{v})*. Then we can apply (8) identifying v =y to get in a
neighborhood By, of v that

[Vha(x)[lp = [|[Vha(x) = Vha(v)|[p < [[x = V][,  x€ By.
So the claim holds within By. In the complement of the sets B, within K (in fact we

may assume Vv is unique in K), the analogous argument and estimates as in case (d)
carried out below will apply. So we can assume now (d) applies, we have Vh,(x) # 0 for

3: Observe that this case is not possible. To see this note that Vha is continuous, and so if Vha(v) # 0
there exists a neighbourhood V' of v such that ||Vha(v)||p = ||[Vha(x)||p for all x € V. See [24, Section
4.2)
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all x € K, and so ||Vha(x)|, > 1 uniformly by compactness of K and the continuity of
Vha,. By the strong triangle inequality, we have that

[Vha(x)[lp < max {||azai|p, [[azaz - Vg(x)llp} - (9)
By our assumption

0g(x)

<1
83?1‘

p

0 < [[Garlp < sup s - Va(x)[lp < sup max
xEK xeK 1<i<d

and so by (9) we have that

[Vha(x)[p < 1.
Combined with ||Vha(x)||, > 1 we have

[Vha(x)[[p = 1.

The final claim follows from the compactness of K and the continuity of V2h, = V?g.
We prove the following key lemma which is a p-adic analogue of [22, Lemma 2.4].

Lemma 4.2. Let ¢ : U C Qg — Qp be an analytic function, and fix o > 0, 0 > 0,
and x € U such that By(x,a) C U. Assume V2¢ does not vanish identically, i.e. ¢ is
not affine. Then there exists a constant C > 0 depending only on d such that if

[Vo(x)|p, = Ca sup. V2 (W), (10)
then

5(,6) = {y € Ba(x,a) : |¢(y)lp < [[Ve(x)[[,5}
can be covered by < (a/8)?! balls in Qg of radius 9.

The assumption of non-vanishing V?¢ is just for convenience in the proof, as affine ¢
will not occur in our setting. Our proof will slightly deviate from the real case in [22],
but we employ the same idea.

Proposition 4.3. Let d € N. The invertible matrices form an open subset of ng‘i.

Proof. As in the real case it is readily checked that A is invertible iff det A # 0. So
the set of invertible matrices is the preimage of the open set Q, \ {0} under A — det A
viewed as a continuous map ng‘i — Qp, therefore they form an open set. a

Proposition 4.4. Let d € N. If ¢ : Qg — (@g is a Lipschitz map with Lipschitz
constant L, and U C Qg can be covered by k balls of radius r > 0, then ®(U) can be
covered by <q 1, k balls of the same radius r.
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Proof. Let By(x,r) be one of the k balls that cover U. For any y € By(x,r) since ®
is Lipschitz we have

[2(x) = 2(¥)llp < Lllx = yllp < Lr,

and so ®(B4(x,7)) C By(®(x), Lr) and so ®(U) can be covered by k balls of radius Lr.
We now show the following claim:

For any x € Qg and any p, K > 0 the p-adic ball By(y, Kp) can be covered by <
max{1, K} balls of radius p > 0.

Using this we can deduce that ®(U) can be covered by < L%k balls as required. To
prove the statement recall by the properties of the ultrametric norm that any two balls
are either disjoint or one contains the other, that is, the intersection is either empty or
full. If 1 > K > 0 then trivially By(y,r) is a cover of B4(y, Kp) so the number of balls is
< 1. So assume K > 1. Let {B;} be a collection of balls of radius p that cover By(y, Kp).
We can assume this collection is disjoint and finite by the properties of the ultrametric
norm and since By(y, Kp) is bounded. Furthermore we can assume

aly. Kp) = U B;.
Now by properties of the p-adic d-dimensional Haar measure p, 4 we have that

(Kp)* = pp.a (Baly, Kp)) Zup, B;) =Y pt

Hence the cardinality of the set of balls {B;} is < K. O

Proof of Lemma 4.2 We proceed as in the proof of [22, Lemma 2.4]. By translation,
without loss of generality, we may assume x = 0. For simplicity let x := ||V¢(0)||,. We
can assume x > 0 as otherwise by (10) the function V2¢ vanishes on the entire open set
U, which is prohibited in the lemma. Denote by e, the d-th canonical base vector in Qg.
We may assume V¢ (0) = key, we comment on it shortly below. Now consider the map

d: % :=By0,a) > Qﬁ
defined by the formula

O(y) = (Ky1,- - - KYd—2, KYd—1, O(¥)),

fory = (y1,...,94) € Qg. If the condition V¢(0) = key fails, we accordingly alter ®
via a linear transformation (base change) which preserves the conclusion of the theorem
upon altering the implied constant, we omit details. We have
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V(I)(O) = KZId
with I; the d x d identity matrix. On the other hand

Vo),
i — o (e < IVEO 5
sup [[V2R(w)l, = sup [[V20(w)l, < g B =

Denote Bg 4(kl4,x/(Ca)) the d x d matrices with distance at most x£/(Ca) from kg,
in terms of the maximum norm on Qng (maximum norm |.|, of entries). Since % has
diameter 2, it follows from the Mean Value Inequality (Theorem 3.2) applied to the
gradient V@ that V®(w) € By 4(klyg,2a - £/(Ca)) = Bga(kly,2r/C) for all w € Z.
Thus by the Mean Value Inequality applied to ®, and the strong triangle inequality, for
ally,w € #

[@(w) = @(y)ll, < max{||slallp, 26/ C}H|wW = yllp = max{x, 2k/C}|w = y]|p.

The invertible d x d matrices form an open subset of Qng by Proposition 4.3 and
k > 0, so we see from the p-adic Inverse Function Theorem 3.1 that if C' > 2 is sufficiently
large, then By 4(kl4,2k/C) consists of invertible matrices. Hence @ is bi-Lipschitz with
a uniform bi-Lipschitz constant. Note

S(¢,0) = @' (By-1(0, k) x B1(0,6k)),

and it is clear (via a very special case of Proposition 4.4 for linear maps induced by scalar
multiplication) that the latter set By_1(0, k) X B1(0,0k) can be covered by

= w1(8/a) ") = (0 /5)"~!

balls of radius §. Since k is fixed the proof is finished via Proposition 4.4, when we allow
the implied constant to depend only on the bi-Lipschitz constant. O

We now use Lemma 4.2 in each of the possible cases outlined by Lemma 4.1 in order
to finish the proof of Lemma 3.3.

Case (a)

In this case observe that S(a) is a p-adic ¥(a)-thickened hyperplane (of Qf) so can be
covered by = W(a)~(4=1 balls of radius ¥(a). Hence by s > d — 1 we infer

HI(S(a)) < (@) TV f(U(@)< [[(ar, . an) [0 () T ().
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Case (b)

By the assumption and conclusion of the case (b) we have

IVha(x)ll, > [lazll; *|al,

> sup [lazay - Vg(w)l|p
weK

>>a 1

> sup ||V ha(w)|lp-
weK

The final inequality is due to the observation from Lemma 4.1 that |[V2ha(x)||, < 1 for
all x € K, and the constant in the penultimate inequality is dependent on

aras € {z € /A lz||, =1} C {z € Zg_d : 2], = 1},

by (7). Since the supremum is taken over a precompact set of azas and the continuous
dependence of implied factors above, via viewing the above over the compact set Z,,
we can choose a uniform lower bound. Note that this constant is strictly positive since
azay - Vg(w) = 0 for all w € K implies V?h,(W) = 0, which we have removed. Thus, for
suitably chosen ¢ > 0 dependent on the implied constants in the inequalities above and
C > 0 appearing in Lemma 4.2, let

Y(a) Y(a)
a=¢€ 0=—= = )
a2[|Vha(x)llp — llallp

¢ = ha.

Hereby for the equivalence in ¢ we used that ||Vha(x)||, < 1 uniformly as well since Vh,
is continuous on the compact set K. Then by Lemma 4.2 and as we can consider ¢ fixed
now

S(a) N B(x,¢),
can be covered by
= 00 0D () D g 0D ()0

balls of radius =< ¥(a)lla;||,*. Thus

H/ (S(a)) < [lar [~V @ (@)~ (‘1’@‘))

2l
condition (Ip)
<

ay [|{ D W (@)D £ (W(a)) (since [lay[|,* > 1).
Since

lazl, Hllaill, > sup [|azaz - Ve(w)|l, > 1
weK
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with the implied constant independent of a as noticed above, we have |jaif, >

max{||ai||p, [|az|l,} = [|(a1,a2)||, and as the reverse inequality |ai]|, < [|(ai,a2)|, is
trivial, we have that ||a;i||, =< ||(a1,az2)||,. So

H(S(a)) < |l(ar, a2) |l (a) U f (U(a)).
Case (c)
Let v be as in Lemma 4.1, (c¢). Fix k € Z and consider the p-adic annulus
Ay = KﬁBd(v7p_k)\Bd(Vap_(k+1)>‘

Note that { Ay }rez partitions Qg\{v} and since K is bounded there exists some ko € Z
such that

U 4e 2 K\{v}. (11)

k>ko
Observe that ||[Vha(x)|, < [|x — v||, < p~F for all x € Aj. Note that by Lemma 4.1
[V2ha(x)lp, < 1, x € Ay
Choose suitable € > 0 such that

IVha(x)ll, > Clep™) Sup. IV ha (W)l

where C' > 0 comes from Lemma 4.2. Letting

_ U(a)
a = € k, (5 = = ~
P @[ VhaX)], @

then noticing that V2¢ = V2h, is not constant 0 by condition (IIp) as noticed below (6),
we may apply Lemma 4.2, which yields

S(ha,d) = S(a) N By(x,ep*)
can be covered by

d—1
- (%) - 6d—1a~2d—1p—2k(d—1)\I](a)—(d—l)x a~2d—lp—2k(d—1)\l,<a>—(d—l)’

balls of radius = pk%j). Observe that By(v,p~*) D A;, can be covered by p? disjoint

balls of radius p~ ¥+, To see this, first take v € Q% to be the rational vector obtained
from cutting off in any component the Hensel digits from position k& + 1 onwards (which
is of the form v = N/p® for some N € Z% a € Ny, with p* = |v||, thus ¢ = 0 and
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veZzZtifve Zg). Then consider the p? balls of radius p~**1) with centres v + tp**!

for t € {0,1,...,p — 1}%. We remark that one of these balls is B(v,p~**1) as |v —
v+t <p ~ (k1) for some ¢t € {0,1,...,p — 1}? and in p-adic space if 2 € B(y,r) then
B(y,r) = B(z,7). So in fact we only require p? — 1 balls to cover A;. Thus

ag

Hf(S(a) N Ak) < (pd _ 1)p—2k(d—1)a~2(d—1)\I,(a)—(d—l)f (pk\p(ji)> )

So, by (11),

k>ko @2
condition (Ip) _ ; 4v__ _
< ag(d 1) 5\11( ) (d— 1)f Zp 2k(d—1)+ks
k>ko
5<2(d—1)

< @ V() s (U(a)) .
Note that in order for such v € K appearing in case (c) to exist we have that
Vha(v) =0 = aza; = azas - Vg(v).
By the strong triangle inequality, we can deduce that
lawllp = llaz - Ve(v)lly < llazlly - VeVl < [lazllp,
~ def
and so az = |las||p, < ||(ai,az)||p. Hence
M (S(a)) < [[(ar,a2) |5V W(a) "V f (U (a)) .
Case (d)
Since [|[Vha(x)]|, < 1 we have that, for suitably chosen C, e > 0,
IVha()llp = Ce sup IV ha(w) -
we

Applying Lemma 4.2 with

_ V(a) _ Y(a)
T @[Vha(X)|, T a2’

a =,

we have that S(a) can be covered by

— G(d—l)dé(dfl)\lj(a)—(d—l)x d“g(dfl)\lf(a)—(d—l)v
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balls of radius < %j) Thus

1/ (S(a)) < @z VW (a)~ @D (W)

a2
condition (Ip)

< @) T f((a)).
Note that in this case we have that

def ~
a1, < sup |laz - Vg(w)ll, < [lazll, = @2
weK

and so az < ||(a1,az)||,. Thus
H(S(a)) < [l(ar, a2) [\~ ¥(a) =V f(T(a)).

Combining the outcomes of the above four cases, we have that for any a =
(ao,al, .. .,an) = (ao,al,ag) €7 x (Zn\{O}),

H(S(@)) < ll(ar, az) |~ ¥(a) =V (¥ (a)).

The proof of Lemma 3.3 is complete.

5. Completing the proof of Theorems 2.3 and 2.5

Note that for any subset of integers Z C Z"*1\{0} we have

E=E(Z)={xecK:(x,g(x)) €D

n,p

(U, Z)} = limsup S(a).
ac”z

The map G : x — (%, g(x)) is bi-Lipschitz since K is bounded, and so
H(G(E)) = H (D, ,(¥,2) N {(x,8(x)) : x € K}) < H/(E).
Now, by the Hausdorff-Cantelli Lemma, we have that

H(E)=0 if Y H/(S(a)) < oo,

ac”z

and so

HI(DY (U, Z2)nM)=0 if Y H/(S(a)) < oo

acz
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By Lemma 3.3 the above summation can be written as

> (s, a2) |5~ w(a) =V (¥ (a))

ac{Z:(a1,a2)#0}

+ > V()" f(U(a)). (12)
ac{Z:(ai,a2)=0}

Since

D (@) V(U (a) < oo

ac”z

by assumption (in whichever case of Z is chosen) the second summation is convergent,
S0 it remains to prove convergence of the first sum. This summation can be rewritten as

YooY P EDIe(a) Y f(0(a),

k€N acZ(p,k)
where
Z(p,k) = {(ag, ... a,) € Z:p*la; V1 <i<n & I1<j<np" fa;}.
Note that the index 0 is excluded from the divisibility conditions, so in other words
Z(p, k) = {(ao, ..., an) € Z : ||(ar,a2)[l, = p~"}.

We will see that we can restrict ourselves to finite partial sums in all three cases. In the
following arguments we will frequently implicitly use the well-known fact that

la + bl = max{lalp, |b],}, if |alp # [b]p-
Now let us consider the three cases for the set Z occurring in our theorems one by one:
(i) Z = Z(1) (pairwise coprime) and inhomogeneous: Then ||(a;,az)||, = 1, and so (12)
becomes the usual summation as in (i), which is convergent by assumption.
(ii) Z = Z(2) (coprime): If p|ag then there exists some 1 < ¢ < n such that p fa;, and so

(a1, az2)||, = 1. Thus convergence of the summation is immediate by assumption.
Henceforth assume |ag|, = 1. We may assume there exists ¢ € Ny such that

I, g8, <p° VxeEK, (13)

since this is true for any compact subset of K and by sigma-additivity of measures.
First assume 6 = 0. The strong triangle inequality, and the fact that ¥(a) < 1 for
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sufficiently large ||a||, implies that for S(a) to be non-empty we at least require
a1 - x +ay - g(x)]p = |aol, = 1.
If (a1, a2), < p~*~! then this cannot be true for any x € K since
a1 - x + 2z - g(x)|, < [|(ar, a2)|l, - | (x, g(x))[l, <p~' <1

so we must have that (a1, az2)||, > p~¢~1, hence |(a1,az2)||, > p~*. Thus, in the
cover of E we only need to consider S(a) with ||(a1,az)||, = p~* for k =0,...,¢.
That is, we only need to show convergence of the summation

£
SY Dy (a) @D f(w(a). (14)

k=0aeZ(p,k)

Note that for each k = 0,...,¢ the inner sum is convergent (by assumption), so
since the outer sum is finite we indeed have convergence.

Now assume 6 # 0 and ||, # 1. Let p¥ := |0, for an integer y < 0 (note we
assume 0 € Q,. We can assume (13) so that if ||(a1,a2)|[, < p~*~! we have

(a1, a2) - (x,8(x)) + ao + 0|, < max{||(ar, az)l, - [[(x, &(x))llp: [aolp, [0]p}  (15)

and there is in fact equality. To see this observe that

0 _ 1

I(as, @2) l, - |, G, < p~ 7" =p7" <1,

moreover p¥ < 1 as we noticed y < 0, and |ag|, = 1. Hence
[(a1,a2) - (x,8(x)) + ao + 0|, = max{1,p?} =1,

is absolutely bounded from below uniformly on K. Since ¥ — 0 there are only
finitely many solutions (if any) a to ||(a;,as2) - (x,8(x)) + ap + 0|, < ¥(a). This
argument again shows we may restrict to ||(ai,as)||, > p~* leading to a finite sum

i Yo P ()T £ (),

k=0aeZ(p,k)

which converges for similar reasons as the sum for # = 0. Theorem 2.5 is proved.

(iii) Z =Z"T1\{0}, 6 = 0, and ¥ satisfies p¥(pa) < ¥(a): Again, we may assume that
there exists ¢ € N such that (13) holds. Suppose that 0 # ||(a;,aq)|, < p~¢ 1.
We claim that in order for S(a) to be non-empty we need p|ag. From this we will
deduce that S(p~ta) D S(a).
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By (13) we have

a1 - x + ay - g(x) + aolp < max{|a; - x + a3 - g(x)[p, [aolp}
< max{||(a1,a2)|/ - [|(x,9(x))llp, laolp}
< max{p~*~'p", |ag|,}

< max{pil, laglp}-

There is equality in the above inequalities (apart from possibly the third) if |ag|, =
1 > p~!, leading us in any case to conclude that |a; - x+as - g(x) +agl, = 1 < ¥(a)
which cannot be true for sufficiently large ||a||. Thus |ag|, < 1 and so p|ag. Hence
p~ta = (a},a},a)) € Z"\{0} and if x € S(a) then

) x + a5 - g(x) +apl, < p¥(a) < U(p~'a)

thus x € S(p~'a), and so S(a) C S(p~'a). Since D,, ,(¥) is defined as the limsup
set of S(a) over integer vectors a, this argument implies that we only need to con-
sider integer points a with ||(a1,az2)||, > p~¢. This again leads us to the convergent
sum (14).

Lastly, if (a;,a2) = 0 then for S(a) to be non-empty we have that

laolp < ¥(a) < lao| ™",

which cannot be true, so in this case S(a) = (). Theorem 2.3 is proved as well.

6. Final remarks on condition (IIp)

Obstruction 2 of [20, Section 2.2] still holds by an analogous proof (any row of My, (x)
is annihilated on a non-trivial subspace of z in Qg’d), which stated that we require
n > 2(n —d) or d > n/2 for (Ilp) to hold for some manifold. On the other hand, the
argument for Obstruction 1, which stated d must be even, does not work for the p-adic
case. However other algebraic restrictions occur. In particular, some of the examples for
(IIp) from [20, Section 3] do not work in the p-adic case. The reason is roughly speaking
that, in contrast to the real case, for a multi-variate polynomial to vanish over Q, only
at the origin, it is insufficient to write it as a sum of squares. Indeed the problems get a
more algebraic flavor rather than analytic flavor about zeros of forms in several variables,
for d = 2 (quadratic forms) this is related to isotropic vectors in Q, (and F,). We do not
intend to go in as much detail as in [20], but only provide examples of a p-adic manifold
satisfying (IIp) for the special case n —d = 2 with n > 4,d > 2 even. First assume
d=2,n=4. Let

2 2
x7 + px
g(r1,22) = (12“ ) $1$2) )
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so that

My(x) =M, =" ).
zZ2 Pz

Then det M, = pz7 — z35. We claim this is non-zero for any (z1, 22) € Q2\ {(0,0)}. Firstly
if p2? = 22 then [p2?|, = |23|,. Recall p-norms only take the discrete values p*, k € Z,
and 0. Now if z; # 0 then [pzf|, = [pl, - |z1]2 = p*~! for some ¢ € Z. Similarly if z5 # 0
then |23], = |22|2 = p** for some ¢ € Z. Consequently the identity |pzf|, = |23|, can only
hold if z; = 25 = 0. So condition (IIp) applies. An extension of this example analogously
to [20, Example 3.2] (see also [20, Proposition 2.2 (ii)]) to manifolds for general pairs
n = d + 2 with even d > 2 works similarly by taking

xg—‘,— 72 ZL‘27 —|—pl‘2
g(x17,.,7md): (12])2+...+d12d7$1x2+..._~_1~d11~d>.

Then again M, consists of 2 x 2 diagonal blocks as above so det M, = (pz} — 23)%/? # 0.

Remark 6.1. It is well-known that any quadratic forms over Q,, see [15] in at least
5 variables represents 0 non-trivially, see Cassels’ book [15]. Since det M, (x) is a form of
degree d in n —d variables z1, ..., z,_4 at any point x, this means that whend =2,n > 7
we cannot find a manifold satisfying (IIp). However, this is already covered by Obstruction
2 recalled above, which does not permit even n > 5 when d = 2. For larger d similar
restrictions are expected.
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