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We are interested in a function f{p) that represents the probability that a random subset of
edges of a A-regular graph G contains half the edges of some cycle of G. f(p) is also the
probability that a codeword is corrupted beyond recognition when words of the cycle code
of G are submitted to the binary symmetric channel. We derive a precise upper bound on the
largest p for which f{p) can vanish when the number of edges of G goes to infinity. To this
end, we introduce the notion of fractional percolation on trees, and calculate the related
critical probabilities.

1. Introduction

1.1 Cycle codes of graphs
Let F = {0, 1} denote the field on two elements. For any set S denote by 25 the set of subsets
of S. If x,ye2®, x+y will denote the symmetric difference of x and y. 2% is in a natural
correspondence with F*, the vector space of binary s-tuples, where s = #S. We shall
frequently abuse notation by identifying subsets of .S with their characteristic vectors in [F*.
Let G be a finite graph. Denote by V(G) and E(G) the set of vertices and the set of edges
of G, respectively, or simply " and E when no confusion can arise. Let v = # V and n =
# E denote the cardinalities of V" and E. Graphs will be undirected, without loops and
multiple edges: i.e. an edge is an element of 2" containing exactly two vertices. For any edge
e€ E, define its boundary dee2” as the union of its endpoints. 0 is naturally extended to a
mapping of 2% to 2V, where,

0: x> de.

eEX

A cycle is a set of edges with zero boundary. We shall denote the subspace of F” of cycles
of G by 4(G) and refer to it as the cycle code of G. If the graph G is connected, which we
shall always suppose in what follows, ¢(G) has dimension k = dim%(G) = n—v+1. We
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shall say that a graph is A-regular if every vertex has exactly A neighbours. In this case,
k =dim%(G) = n(1—2/A)+ 1. For background on cycle codes of graphs, see [1]. The size
of the smallest cycle in G is called the girth of G by graph-theorists, and is the minimum
distance of €(G) for coding theorists: we shall denote it by d(G), or simply d.

In the present work, we wish to judge the quality of cycle codes of graphs from the coding
theory viewpoint. Even though one of the first things to be uncovered about cycle codes of
graphs is that they have poor minimum distance properties for growing n (for instance,
because, for a given rate k/n, d(G) cannot grow faster than a logarithm of #), their simple
structural appeal has attracted extensive study in the early days of coding theory (e.g. see
[3]). Today, one of the remaining open questions about cycle codes of graphs that we wish
to address is: ‘For a given information rate R = k/n, what is the highest channel error
probability that these codes can sustain, while achieving vanishing (with block length n)
residual error probability after decoding?’ Let us make this question more precise.

1.2 Error-probabilities and threshold behaviour
We are interested in the function f,(p) defined as

[0,1]—[0,1]
pfe(p) = Y p"O(—p) ™

xeW
where w(x) denotes the weight of x, and where
W= {xe2f|3ceb(G),c + 0,w(x Nc) = w()/2},

i.e. W is the set of subsets of edges that contain at least half the edges of some non-zero
cycle. In other words, f,(p) is the probability that a random set of edges x contains half the
edges of some cycle, when x is obtained by choosing every edge independently with
probability p.

From the coding point of view, we are submitting a codeword ¢” of ¥(G) to the binary
symmetric channel with error-probability p. This means that each coordinate of ¢’ is
transformed into the complementary binary symbol independently with probability p.
Equivalently, the received vector is ¢’ +x, where x is some random error vector. The
received vector is decoded by choosing the codeword closest to it for the Hamming
distance. Whenever decoding produces a vector different from ¢’ or a choice between two
(or more) closest codewords, we shall say that a decoding (or residual) error occurs. One
readily sees that the probability that a decoding error occurs is the probability that the error
vector x contains half the coordinates of some parasite nonzero codeword ¢, in other words,
it is exactly f,(p) (actually, there is a small technical difference between f,(p), and what is
classically named ‘maximum likelihood decoding’, but the difference will easily be seen to
be insignificant asymptotically).

Let us define the parameter 6(G) associated with G as the real number such that
Jo(0) =1/2. We call 6 the threshold probability of G. Such a definition is motivated by a
theorem of Margulis, which proves that f,( p) tends to always display a threshold behaviour,
i.e. jumps suddenly from almost zero to almost one; more precisely, we have the
following interpretation of Margulis’ theorem [5, 8].
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Theorem 1. For any ¢,a > 0, there exists § > 0 such that whenever the girth d(G) of G satisfies
d > 0, then

Adp.e <folp) <1—e}) <a,

where A(X) denotes the Lebesgue measure of X.

Let us define the threshold probability associated to a sequence of graphs 4 = (G,,) as
0(%9) = limsup,, .. 0(G,,).

For any family of graphs ¢ = (G,,) with fixed rate and girth d(G,,) going to infinity with
m (however slowly), the parameter (%) is a good measure of the error-correcting
capabilities of the cycle codes of the graphs G,, for large m. It gives the maximum channel
error probability p that members of G,, can sustain while maintaining vanishing residual
error probability after decoding. @ is really, in an information-theoretic sense, a capacity
notion, designed for codes rather than channels. Since the term °‘capacity’ is rather
overemployed, we shall not use it, however.

In this paper, we strive to determine the largest possible threshold probability 6 for cycle
codes of A-regular graphs when m goes to infinity.

1.3 Trees

A basic remark is that as the girths of our graphs increase, locally they look like trees. We
make this more formal by considering the following object. For a graph G and a vertex r,
let us call the covering tree of G rooted at r, I (G) (or simply, I',), the infinite tree whose
vertices are labelled by the paths of G starting at r. I',(G) has root r and the successors of
a vertex xe V(I',) that corresponds to a path of length / in G correspond to those paths
of length /41 that have x as a prefix. I', comes together with a natural projection 7,:
V(I',) = V(G) which associates to x € V(I",) the endpoint of the path x represents in G. If G is
a A-regular graph, then I (G) is simply an infinite A-regular tree independently of the choice
of r. Our basic idea consists of upperbounding the parameter ¢ of any family of A-regular
graphs by the critical probability for fractional percolation on the infinite A-regular tree.

1.4 Fractional percolation
Let ' be an infinite tree together with a privileged vertex r. Classical percolation is
concerned with the function f1(p) defined as the probability that there survives an infinite
path rooted at r when we destroy every edge in I with probability 1 —p independently of
each other. The associated critical probability is pX(I') = inf{p|f+(p) > 0}. For any real
number o, 0 < a < 1, let us define the fractional percolation probability f%(p) as follows. It
is the probability that, having independently destroyed every edge in I' with probability
1 —p, there exists an infinite path IT = [r, x;, x,, ... ] rooted at r in I" such that, for every
/> 0, the segment of IT of length /, [r, x,, ..., x,], contains at least o/ surviving edges. This
definition is explained in more detail in Section 2. The associated critical probability is
defined as pX(I") = inf{p|f%(p) > 0}.
We shall show that, when ¥ = (G,,) is a family of A-regular graphs, then 6(%) must be
upperbounded by pY*(T,) where T, is the infinite A-regular tree. We shall study fractional
percolation to make this upperbound explicit: we obtain
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Theorem 2. For any A-regular tree T',,

s _l - 1
o =5(1- o)

2. Fractional percolation and critical probabilities

The results of this section hold for all locally finite infinite trees. By a locally finite infinite
tree I’ — simply a tree from now on — we mean a countable connected graph with no cycles,
such that each vertex has finitely many neighbours, together with a privileged vertex r called
the root. We borrow some definitions from Lyons [4]. For any xe€ V(I'), denote by |x| the
depth of x, i.e. the distance between x and r. Write x < y to mean that vertex x is on the
unique path from r to y. Denote by x A y the join of x and y, i.e. the vertex of maximum
depth that is both on the path from r to x and on that from r to y. A cutset K of a tree I'
is a subset of vertices of I', such that the connected component of r in I'\ X is finite, and
such that K is minimal with this property. For any cutset K, denote |K| = min,_,|k|. A
particular cutset is the sphere of radius n, S, = {xel,|x| = n}. The branching number br I
of I is defined as

brl' = inf{/\ > 0,inf ) AT = 0}
K keK
where K runs over all cutsets. This concept was introduced in [4], where, among other
things, it is proved that for any tree, p}(I') = 1/brT.

It is not difficult to check that when I is a A-regular tree, brI' = A—1.

Let Q ={0,1}*™. For any we(, denote by E(w) the corresponding subset of edges
of E(I'). For any p,0 <p <1, let 4, be the measure on {0,1} defined by ux,({1}) = p,
#,({0}) = 1—p = q. Define the product probability on I', P, = u&*®.

Let IT =[xy, xy, ..., x,,] be a finite path in T, i.e. x,€ V(I), {x,, x,,,} € E(I'), x,., # x,_,. For
weQ, we shall say that Il is a-adapted if each of its segments [x,, ..., x,),/=1...m has at
least a/ of its edges in E(w). We shall say that a vertex x is a-reachable if the path from r
to x is a-adapted. Denote by R () (or simply R(w)) the set of a-reachable vertices. We are
studying the function

fi(p) = P,(lweQ, R (w) is infinite}),
and its critical probability

pu") = inf{p|fH(p) > 0}.

1—
_‘D We shall prove:

For a, pe]0, 1[, denote D(x||p) = aln§+(l ~a) =L,

Theorem 3. For any tree I',

1
ﬁwﬁww&<mmmm<mgg. 1)
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In particular,

2

(=J )
! |

1/2 — _ _ -
PYHT) (1 o

Note that we may always suppose 0 < p < «, since it is straightforward to prove that for
any tree, f%(p) > 0 when p > « (consider a single infinite path).
We shall prove Theorem 3 in two steps. First we prove the lower bound:

Proposition 1.

* = < a, .
(D) > sup{p 2. D(a||p) < lnbrl"}

Proof. Fix a,0 < a < 1.
Let K be any cutset of I' and define Z, as the number of vertices of K reachable from
the root, i.e.

Z(w) = Z lR(m) (k). 3)

keK
We have

E,[Z] =Y P,(ke Rw))

keK
<z 5 (Mo
keKi>alkl\ !

Using Stirling’s approximation of binomial coefficients,

(o) < o= @)
An 2mnA(1—X)

where H(A) = —AInA—(1—A)In(1 —A) denotes the entropy function, we obtain

EJZJ< Y Y exp(|k|(H(%)+élnp+(l—l—li|>ln(1—p))+0(|k|)>

keK i>alk|

< £ ¥ (D117 )+ otk

keK i> alk|

< 2 exp (k] (D(a]| p) +o(1))). Q)

keK

Now then, by the very definition of br I', we know that if e ?“/? > brT, then there exists
a sequence K, of cutsets such that |K,| - oo and the right-hand side of (5) tends to 0 as n
goes to+ oo. Then, applying Fatou’s lemma, this induces that

liminfZ, (0) =0 a.s.

n-—> o0
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This in turn means that for almost every w, there exists an index after which R(w) is empty,
i.e. R(w) is almost surely finite. O

To prove the upper bound, we shall actually prove a slightly stronger result. To introduce
it we need some more definitions. Let ()7, be a non-decreasing sequence of positive
integers with lim, . u, =+ oco. Let us impose, furthermore, that u, tends to infinity
sufficiently slowly, in the sense that u, , < (}/_, u;)"* for i > 1. Let (U,)72, be the associated
sequence defined by U, =0,U, = Y !_ u,. Let «(n) = sup{i, U, < n}. For weQ, let us say
that a finite path [x,, x,, X,, ..., X,,] i («, u)-adapted if all the subsegments

[Xgs--s xb.]], [x,/,l, e, xUZ], X e xv/(m)], [x Xy,

U/(m)—l’ U/(rm’ o

are a-adapted. For weQ, let us say that a vertex x is (e, u)-reachable if the path from r to
x is («, u)-adapted. Let R, ,(w) (or simply R, (w)) denote the set of (o, u)-reachable vertices.
We shall now study the probability

t(p) =P, (we, R, ,(v)is infinite).

It will turn out that f%*“(p) and f%(p) have the same critical probabilities. We shall prove:

1
Proposition 2. Whenever p > sup { p<aD|lp)<In brl"}’ then f+"(p) > 0.

Since, obviously, f"“(p) < f#(p), this last proposition will prove Theorem 3.

Proof of Proposition 2. Let II () be the probability that a path [x,,x,,...,x,] be
a-adapted, with the convention that IT,(0) = 1. Define

(n)

s = (111,007 1,00 U0

In other words, 1/f(n) is the probability that a vertex of depth n is (e, u)-reachable from r.
Next, let ¢ be a unit flow on I, i.e. a non-negative function on the vertices of I such that

d(r) =1 and ¢(x) = Zym.\y\:\xm () for all xe V(I).
Finally, define the random variable

X?z = Z P(s) fls]) lRu(m)(s)'

seSUn
Let 7, be the o-algebra of subsets of Q generated by the family of events {4}, ., where
A, ={weQ,xe R, (w)}. The proof of the proposition consists of:
(i) showing that X? is adapted to #, and forms a martingale, i.e.

Ep[X?Hl | JOTn] = X¢ ;

no

. . 1 . .
(i1) showing that whenever p > sup{ p<o,D||lp) <In brl"}’ then there exists a choice

of ¢ such that sup, ., E [(X%)*] < co.
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(iii) arguing that

—since {X?} is non-negative, it converges a.s. to some X?.

—whenever sup,.,E [(X%)’] < co, then E[X?]=E[X%]=1 (martingale theory,
see [6, Prop. IV.2.7] or [2, p. 24]). Hence, X? & 0 on a set of non-zero probability,
so that, on a set of non-zero probability, X% %0 for all n, ie. P, (R, (w) is
infinite) > 0.

Let us prove point (i).

E[Xi,1Z]= Y ¢@MADE,[1,, ., ()|Z]

xesl;”ﬂ
= Z $(x) fIxDE, |:11e,u(’.)) (XU,) 1_[ lliu(m) ) ‘ %L:|
],'GSL~"+1 xl‘vn<y<x

where x,, denotes the vertex of depth U, on the path from r to x,

Y ¢(x>f(|x|)1R,,(,,]>(xl,n>Ep[ I lﬂu<,,,)(y>}

1'€SL‘n+1 xUn <y<a:

= Z ¢(x)f(|x|) Hp(un+l) lleu(ru) ('xl}n)
xes[“‘rﬁrl

= 2 Dl X ¢
yeSU” x>y, |x|=U,

= X?.

It remains now to prove point (ii). We have

E[X)T= Y ¢(x)pAU)P(x.yeR, ().

x, yESUn
Write
(@ Ayl n 2
Pp(x’y € Ru,(w)) < ( l_[ Hp(”i)) Hp(uz,(x/\yI)Jrl)( l_[ Hp(uz))
i=1 i=u(lx Ay)+2
to obtain

E[X)1< X () dWMAU 0 0p001)

x,YyeSy
n

< Z f(Ut(Iz\)+1) MZ/::Z ¢(X)¢()/)

lel < Un x,ye‘SU
n

< Z f(U:,(|z\>+1) Z d(x) p(y)

2] < Urz r,yeSU"
Z=<x, 2=y

and since ¢ is a flow, we have

E[XD)T< X @@ fU,gp0)- (6)

kl<u,
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Note that, because u is chosen such that ,,, ,, < v/ U,,, < v/n, {U,,,) is upperbounded
by f(lz] ++/|z]). The right-hand side of (6) therefore converges when n goes to infinity if

2 p@flzl+ V2D

2l < Un
converges. Furthermore, we have

m

1
Hp(m) 2 ( >pocm q(l—oc) m'
m

om
(To check this, use the following combinatorial trick: let [x,, x, ..., X, = X,] be a cycle
with m edges. Notice that any subset of at least am of its edges must be such that some path
(X Xists oo s Xpo Xy -5 X, 0 <i<m—1, is a-adapted. Hence, when picking each edge
with independent probability p, the probability that the resulting subset contains at least
am edges is not more than mlII (m).)

Hence, using Stirling’s approximation of binomial coefficients, as in the proof of

Proposition 1,
¢
I1,(m) > 55 exp (mD(a || p))

for some constant ¢. Hence,
(n)+1

fim)y < [ ' uiexp(—u, D(«|p))

i=1
(n)+1

<ep( (v Dl p)+ . G- no).
i-1

Now since u,—~+ o0 as i—~ + oo we must have

™ Inu,
L»O asi— + o
mou

=1

We deduce from this that, whenever e "1 is smaller than the radius of convergence p(¢)
of the series

2 p)*AT,

xeV ()

the sum (6) is bounded independently of n. It is proved in [4] (see Corollary 4.4) that

brI" = sup p(¢)

b

where the supremum is taken over all unit flows of I'. Hence, whenever e ?“1?) < br T, there
exists some unit flow ¢ such that (6) is bounded independently of #.

Remark. When I is a A-regular tree, one may simply choose the unit flow, ¢(x) = (A—1)7",
to obtain the result. O
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3. Threshold probabilities of cycle codes of graphs

The main result of this section is:

Theorem 4. Let G = (G,,) be a sequence of A-regular graphs such that lim,, _ d(G,,) = + 0.
We have

0(%) < p.*(T')

where T is the A-regular tree.

Proof. Fix p > pY/*(T',). We shall prove the theorem by finding a uniform non-zero lower
bound on f;, (p) for an infinite number of subscripts m.

Without loss of generality, (throw away some G,,) suppose that d(G,,) is an increasing
sequence. Let (,)7°, be a non-decreasing sequence of positive integers. As in the proof of
Proposition 2, let us use the notation U, =0, U, = }.!_, u,, «(n) = sup{i, U, < n}.

Let us now impose that the sequence u satisfies

ul(‘l}(Gm)) < \/d(Gm) (7)

where v(G,,) denotes the number of vertices in G,,. Equation (7) means that, if we imagine
a path [x,, ..., x,] of length equal to the number of vertices in G, and if we partition the path
into segments of non-decreasing lengths u,, then the largest segment must have a length
smaller than the square root of the girth d(G) of G (the choice of the square root is arbitrary,
we may replace v/n by any function which is o(n)). Some thought shows that it is always
possible to choose such a sequence u. Let G,, = G be some graph of the sequence ¥: to
lighten notation we omit the subscript m, recalling it only when needed.

Fix some vertex r of G. Consider I, the covering tree of G rooted at r. It is a A-regular
tree with associated root r. The strategy is to compare f,(p) with fF?(p). Actually, what we
will precisely show is that for any ¢ > 0, there exists m, such that for all m > m,,

fa,(p) = f*"(p). ®)

Proposition 2 and Theorem 1 imply that if (8) holds, then 8(%) < p2**«(T") holds. That (8)
holds for all ¢ implies the theorem.
Let us therefore prove (8). Let « = 1/2+¢ be such that

p > pil,) > p/A(T ). )

Set Q. = {0, 1}, Q. ={0,1}*D. Define the probabilities on G and T, respectively, as
PS¢ = uS" and P, =u&*". For w,eQ, (v,€Qp), denote by E(w,) (by E(w,)) the
corresponding subset of edges of E(G) (of E(I')). Let us denote by R(w,) (by R(w,)) the set
of vertices ‘reachable’ from r in G (in I'). By this we mean the set of vertices xe G (xeI),
such that there exists a path from r to x in G (in I') which is («, u)-adapted for v, (for w,).
Finally, to w,€Q, and o, eQ, let us associate two subgraphs G(v,) and G(v,) of G. G(v,)
is defined as the subgraph of G induced by R(w,) (the subgraph of G induced by R = V(G)
is the graph with vertex set R and those edges of E(G) with endpoints in R). G(w,) is defined
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Figure 1 Dots represent a set ’(;f reachable vertices that form a cycle. Either there exist two neighbouring
vertices x and y with an («,u)-adapted path [r,x] from r to x and an («,u)-adapted path from r to y that
differs from the concatenation of [r,x] and y, (left picture): or there exists (x,y) such that the («,u)-adapted
path from r to y is as drawn on the right picture.

as the subgraph of G induced by 7(R(w,)), where 7 is the natural projection from V(I')
to V(G).
Consider now the two events in Q and Q , respectively:
A, ={w,eQ,, G(v,) contains no cycle}

Ar = {w,€Qr, G(,) contains no cycle}.

We claim that

e Claim 1. P§(A,) =P (Ap).

e Claim 2. For m big enough, f, (p) >1-Pjn(4, ).

Clearly, if G(w,) has no cycle, then R(w,) must be finite: in other words,

PL(4p) < 1=7¢"(p).

Therefore, Claims 1 and 2 imply (8).
To prove Claim 1, denote G, for R = V(G), the subgraph of G induced by R. Define the
events of Q, and Qp, respectively,

ALR) = {w,€Q., R(w,) = R}
Ar(R) = {0, €Qr, R(w,) = R}.

Observe that 4, and A can be partitioned as
A, = LRJAG(R) and Ap= LRJAF(R),
where unions run over all R < V(G) such that G,, contains no cycle, so that
P(4,) = ;Pﬁi(AG(R)) and Pj(4p) = %PE(Ar(R))
Because G, contains no cycle, there is a unique connected subgraph I',, of I" such that
rel,and#n(V(I',)) = R. G, and I, are isomorphic finite trees. Furthermore, since G, has no

cycles, the number 7¢ of edges of G that have exactly one endpoint in R equals the number
IY, of edges of ' that have exactly one endpoint in V(I',). Since the probabilities
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'R

Figure 2

P%(A,(R)) and PI(A.(R)) are entirely determined by G, and I and I', and by I},
respectively, we deduce that

PJ(44(R)) = P)(4K(R))

whenever G, contains no cycle. Hence Claim 1.
To prove Claim 2, consider w, ¢ 4, so that G(w,) contains a cycle. By moving along this
cycle one must either

e find a vertex x which is at distance 1 from a vertex y lying on an («, u)-adapted path
from r to x,

o find two adjacent vertices x and y together with an («, u)-adapted path from r to x not
passing through y and an («,u)-adapted path from r to y not passing through x (see
Figure 1).

In both cases, we find a cycle of length / > d(G) in G(w,) that, by (7), must have at least
al—2+/l edges in E(w,). Because « is chosen to satisfy (9), this is more than //2 when the
girth d(G) is big enough. O

4. Concluding remarks

Since the asymptotic rate of large A-regular graphs is R = 1—2/A, Theorem 4 gives an
asymptotic upper bound g(R) on the maximum channel probability p for which cycle codes
of graphs can achieve vanishing decoding error probability. Figure 2 compares g(R) to
Shannon’s upper bound S(R) for codes in general:

11— 2
s =3

S(R) = H;'(1—R)

1 . . .
where H,(x) = EH(X) = —xlog,x—(1 —x)log,(1 —x) is the binary entropy function.

The class of cycle codes of A-regular graphs actually achieves the bound g(R).
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J.-P. Tillich has found this to be true for some classes of Ramanujan graphs. This is the
object of a forthcoming paper [7].
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