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This paper compares several tests for linear and loglinear regression models where
both the dependent and independent variables are transfoltiseshown that the
Lagrange multiplier test proposed by Godfrey and Wick@r®81 Review of Eco-
nomic Studied8, 487-496 in the framework of the Box—Cox regression model has
the highest asymptotic power of the compared tddte extended projection test of
MacKinnon White, and Davidsor{1983 Journal of Econometricl, 53—-70, the

test of Bera and McAleef1983 paper presented to the SSRC Econometric Study
Group Conference on Model Specification and Testifdgrwick; 1989 Sankhya B

51, 212-224, and the test of Andrewd 971, Biometrika58, 249—-254 are shown to

have asymptotically equivalent powers and to have lower powers than the non-
nested test of Col961, Proceedings of the Fourth Berkeley Symposium on Math-
ematical Statistics and Probabilityvol. 1, 105-123 Berkeley University of
California Press1962 Journal of the Royal Statistical Society?8, 406—424.

1. INTRODUCTION

A basic problem in econometric modeling is whether the variables should be
expressed in logarithms or in levelBor examplein estimating the Cobb—
Douglas production functiqrthe logarithms of the variables are approprjate
whereas the levels of the variables may be more suitable for estimating the ag-
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gregate consumption functiomonstant elasticities are assumed in the former
case and constant slopes in the lafiérese alternative functional form hypoth-
eses can be tested against each other by the use of nonnesteslidstss those
of Cox (1961, 1962, which is based on the modified likelihood ratithe ex-
tended projectioPE) test of MacKinnonWhite, and Davidsor{1983, and the
test of Bera and McAledr1983 1989 (the B&M tesb, which are based on vari-
able addition(for a useful recent survey of tests for nonnested hypotheses
Gourieroux and Monfortl994). Kobayashi1994) compared the asymptotic lo-
cal powers of these nonnested tests when the logarithmic transformation is ap-
plied only to the dependent variable

Linear and loglinear models can also be tested using conventional likelihood-
based hypothesis tests using a more general madkér than the nonnested tests
considered in Kobayaski994). Godfrey and Wicken§l981) proposed the La-
grange multiplier(LM ) test for linear and loglinear modelsoting that both
models are special cases of the Box—Cox regression moetete the dependent
and explanatory variables are expressed in a parametric family of power trans-
formations Davidson and MacKinno(iL984 1985 proposed a variant of the LM
test whose size is more reliable in finite samplsse also Pesaran and Pesaran
1995. The purpose of the paper is to extend the analytical results of Kobayashi
(19949, so that the explanatory variables are also transformed in the loglinear
model and the dependent variabla addition the LM test and the Andrews test
both of which are based on the Box—Cox regression madelincluded in the
comparisonlt is shown that the LM test has the highest asymptotic power of
the compared testscluding the nonnested Cox testhich was found to have
the highest power in Kobayastl994). This finding is novel and interesting
because the LM test is not a nonnested fBs¢ PE B&M , and Andrews testsll
of which are based on variable additji@me shown to have asymptotically equiv-
alent powers and to have lower powers than the Cox test

2. MODEL SPECIFICATIONS

The two models to be tested are the loglinear model
logy; = a; + BlogX; + v,  v;~NID(0,02?)

and the linear model

Yo =y + 81 % + Uy, U ~ NID (0,w?),

wheret=1,2,...,n. To make the two models convergeis assumed that and
w converge to 0 as the sample sizéncreasesnamely o = O(n~Y?) andw =
0O(n~%2), and that the standard deviation of the original variaqleelative to its
mean which is assumed to be positivis small namely (X; — X)/X = O(o).
Denoting the new regressor as= (X; — X)/X, anda = a; + Blog X, § = 6, X,
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andy =y, + 8, X, the loglinear and linear models to be considered in this paper
are formally defined in Assumption 1

Assumption 1 The loglinear model is defined as
logy; = a + Ba; + v, (1)

wherev; ~ NID(0,02), SL1% = 0, g = log(1 + X,), % = O(o), ando =
O(n~%¥?), The linear model is defined as

Yo =y + 0% + U, @)
wherey > 0, u; ~ NID (0,w?), andw = O(n~%2),

It should be noted here thdtom the assumptiong > 0, x = O(o), andu =
Op(0), it follows thaty, > 0 whenn is sufficiently large and hence logis well
defined

The assumption of the small variation of the regressor varialaled the small
disturbance variances? andw? is necessary to derive well-defined asymptotic
power functionsunder this assumptigrihe loglinear model converges to the
linear model as the sample sizécreasedf this assumption is not satisfiethe
models are distinct and the powers of the tests converge tioelmodels are
clearly distinguished by the nonnormality of the errors if the variances are large
and by the nonlinear effect of if the variation ofx is large

The asymptotic analysis based upon Assumption 1 is called smeXpan-
sion As an example of its usage in a related contere Bickel and Doksum
(1981, who examined estimation issues associated with the Box—Cox rendel
flexible nonlinear family of power transformations

In considering the LM tests in the framework of the Box—Cox regression model
an additional assumption is necessary on the intercept t&mgletails are given
in Section 7

3. THREE VARIABLE ADDITION TESTS

The PEB&M, and Andrews tests are considered under the nomenclature of vari-
able addition testdn these procedurean artificial variable is attached to the
null mode] and then the significance of the additional variable is tested by using
an exact or asymptotietest If the additional variable is not significarthe null
model is acceptedror a heuristic derivation of these testee GodfreyMcAleer,
and McKenzig(1988.

The PE test for the loglinear model is defined by tiiatio for testingr = 0 in
the linear regression

logy = a + Blog(1+ X) + w(exp(2) — 3 — 6x) + v,
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wherea, ﬁ, %, andé are the ordinary least squar@LS) estimators ir{1) and(2)
andz =& + ,é log(1 + x) is the fitted value in(1). In this casethe PE test
coincides asymptotically with thitest for the inclusion ofj? in addition to a
constant andj, because a second-order expansion yields

exp(2) = exp(a + Blog(1 + X))
= exp(&@)[1+ Blog(1+ x) + B2{log(1+ x)}%/2] + Oy ®).

Thus the PE test statistic can be expressed as

PE= > Adogy: /(62 A3)Y2 ®3)
t=1

whered ? is the ML estimate o0& 2 w; = log(1+ %) — = log(1+ x,)/n, andA, =
wZ — w, Swd/ w2 — Swé/n, which is orthogonal to 1 ana.
The next proposition is obtained after some algebra given in the Appendix

PROPOSITION 1 Under Assumption 1, the distribution of the PE test statis-
tic under the alternative is asymptotic normal with variance 1 and mean

nY25(1— 8/y)HY?/(2w),

where

Moo = 2 XYM, M= 2XN, M= x7/n,
H = Moo= Mice = Mg/ My
The B&M test(Bera and McAleerl989 is thet-test form = 0 in
logy; = a + Blog(l+ x) + 7 + &,

whereeg, is a disturbance ang; is the OLS residual obtained by regressing
exp(2) on 1 andx,. The Andrews testAndrews 197J) is the exact-test for
7 =0In

logy, = a + Blog(1+ x,) + m(22 — BG?) + &.

The B&M and Andrews test statistics follow exaedistributions under the null
hypothesis of a loglinear model

Substituting, = & + Bq, in the preceding equations and expanding them using
a Taylor seriesit can easily be seen that these three test statistics are asymptot-
ically expressed ai8), which is thet-statistic for the presence of? in addition
to 1 and lod1 + x). It then follows that the power functions of these tests are
asymptotically identical with that of the test given in Proposition 1
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4. THE COX TEST

The Cox test is an extension of the log-likelihood ratio procedure to test non-
nested hypothesgBenoting the log-likelihood ratio by, the Cox test statistic is
defined agT/n— jin)/on, Where the expected value Bfnis denoted bywy, the

ML estimator ofuy by /iy, and the variance df/n — iy by o3, evaluated under

the null hypothesisThe log-likelihood ratio ofT for (1) and(2) is

T = (n/2)log(®?) — (n/2)log(¢2) — >, logy,

because the log-likelihood fdf) is

(—=n/2)log(2ma?) — X, (logy — @ — BW)%(20°%) — >} logy.

After some lengthy algebra given in the Appenditte expected value and
variance ofT, and hence the Cox test statistic fd) against(2), can be derived
in the following proposition

PROPOSITION 2 The Cox test statistic is defined @&/n — wyn)/on, where
pn = 3B2(1— B)°H/o? + Bmy, + 502,
of = [3B%(1— B)?H/a? + 2B2my + 302 ]/n,
and the ML estimators g8 and o ? are substituted inuy ando3.

This version of the Cox test statistic is different from the original form of the
Cox test statistic giverfor example in Pesaran and Pesaréi993. However
these two statistics coincide asymptotically when the null and alternative models
converge as given in Assumption,Iso that this form is sufficient to show the
local properties of the Cox test statistic

The distribution off under the alternative hypothesis and then the power of the
Cox test statistic are given as folloysith the algebraic details given in the
Appendix

PROPOSITION 3 Under the alternative hypothesis of the linear model, the
distribution of the Cox test statistic is asymptotic normal with mean

—NV2[£52(1— 8/y)?H/w? + 25°My/y? + 207/y? V2

and variancel.

5. THE LAGRANGE MULTIPLIER TEST

The LM tests for the linear and loglinear models suggested by Godfrey and Wick-
ens(198) are the tests af = 0 andA =1 in the Box—Cox regression model

Yi(A) = a + Bx(A) + v;. (4)
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The variabley () andx(A) are defined by

(y*=D/A (A#0)
logy (A=0)

which are continuous iy > 0 andx > 0, becausd y* — 1)/A and(x* — 1)/A
converge to loy and logx if y — 1 andx — 1 are sufficiently small

The definition of the linear and loglinear models used in this section is slightly
different and is defined in the next assumption

(x*=1/A (A#0)

y = { log x (A=0)

and x(A) = {

Assumption 2 The loglinear and linear models are defined by

logy = a + Blog(1+ x) + v, (5)
y=1+ ¢+ 6x+u, (6)

where the notation is the same as that employed)irand(2), except thatx =
O(n~Y2) and¢ = O(n~Y¥?).

The assumption regarding the intercept terms in Assumption 2 agrees with the
original specification of Box and Co{964) that the variables should be stan-
dardized so that the mean of the logarithms of the variables is Tais stan-
dardization ensures thatA) andx(A) converge to loy and log1 + x) rapidly as
Aconvergesto 0

The LM test statistic for this problem is the first-order derivative of the log-
likelihood evaluated under the null hypothesis- 0, namely

(1/n) 21{'09 yi — (logy; — & — gy [(logy,)? — B(log(1 + x,))21/(262)},

divided by its estimated standard deviatierhere the reference distribution is
the standardized normal distribution
After some algebra given in the Appendtke next proposition is obtained

PROPOSITION 4 Under the alternative hypothesthe LM test statistic fol-
lows the asymptotic normal distribution with mean

NY2[3w2 + 62(1 - 8)°H/(4w?) + 2(¢? — 57m,)]¥2

and variancel.

6. POWER COMPARISONS

An examination of Propositions &, and 4 enables a comparison of powers through
the meangor noncentrality parametersf the tests under the alternative hypoth-
esis The means of the test statistics under the alternative hypothesis are summa-
rized as follows
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(i) PE B&M, and Andrews tests
nY25(1— 8/y)H"?%/(2w)
(ii) Cox test
—nY2[Sw?y? + 82%(1— 8/y)*H/(4w?) + 28°m,, /y?]¥?
(iii) LM test
NY2[$w? + 8%2(1— d)2H/(4w?) + 2(p? + §2my,, )] Y2

It can be seen that the Cox test has higher power than thB&¥ , and Andrews
tests because

2w?y?+ 8%(1— 6/y)?H/(4w?) + 26°my, /y* 17>
=[6%2(1—8/y)?H/(4w?)]Y?
= [6(1—-68/y)IHYY(2w).

Under the assumptiopn=1+ ¢ =1+ O(n~Y2) in Assumption 2it follows that
the LM test has higher power than the Cox tés&tcause

20? + 82(1— 8)2H/(4w?) + 2(5°My + $?)
= 2302+ 5%(1— 8)°H/(4w?) + 26°m,,.

This leads to the main results of the paper

PROPOSITION 5 The PE test the B&M test and the Andrews test have
asymptotically equivalent power and have lower power than the Cox test. If
v =14 O(n~Y?), the LM test has the highest power of the compared tests.

Anintuitive explanation of why the Cox test is more powerful than the variable
addition tests is given in the next proposition

PROPOSITION 6 Assume thaty is expanded as
y = expla) + exp(a) Bx + expla)v — 3 expla) B(1— B)x? + Op(n~¥2)
under the nulland that
logy = logy + (8/y)wW + u/y + (8/y)(L— 8/y)w? + Op(n~%2)

under the alternative. Then the test statigfign — f10)/Go has the same power
function as that of the variable addition testghereT is defined byog(Ww?) —
log(62) and 1o and 3¢ are defined by the asymptotic mean and varianc& of
under the null.
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The last term on the right-hand side of the expansioy of Proposition 6
expresses the nonlinear effectxobny. On the right-hand side of the correct
expansion of/, namely

y = expla) + expla)Bx + expla)v — % exp(a)B(1— B)Xz
+ exp(a)Bxv + expla)v?/2 + O,(n~%2),

the fifth, sixth, and seventh terms correspond to heteroskedastimtynormal-
ity, and order of magnitude 2 respectivelyThese terms are excluded from the
expression foyin Proposition 5Similar terms are also excluded from the correct
expansion

logy = logy + (8/y)w + u/y + 3(8/y)(1— 8/y)w?
= (8/y?)xu— 3u%y? + Op(n~%2)

in Proposition 6Also note thafl differs fromT by the Jacobian term

This proposition means that the three variable addition tests have lower power
than the Cox test because the former tests use only the nonlinear €ffetatter
test makes use of heteroskedastigipnnormalitythe term ofO,(n~*?), and the
Jacobian of the transformatipin addition to the nonlinear effedn distinguish-
ing between the linear and loglinear modé&lke proof is almost the same as that
of Propositions 2 and 3 and hence is omitted

The result that the LM test has higher power than the Cox test might gpear
first glance to be somewhat unusuallote that the difference in the powers of
these tests depends upon the intercept paranggterhich can take arbitrary
values by changing the unit of measurement of the varialbles LM test seems
to detect the deviation dfy* — 1)/A from logy for small positiveA under the
alternative of the linear modgdbr fixed A, this deviation increases as the absolute
value of$ + éxincreasesbecause is expressed ag= 1 + ¢ + 6x + u, where
u= Op(n~Y?) andx = O(n~%2).

7. DISCUSSION

Several extensions of the main results are possthihe is the extension to time
series analysjgspecially to nonstationary time series procesBesrecent flour-
ishing of dynamic models in applied econometrics has made the choice of the
transformation of economic variables more impor{dot example the hetero-
skedasticity in the loglinear model may be mistaken as the effect of a random
walk processlin particular the choice between tests of unit roots conducted in
levels or logarithmgi.e., where the dependent variable is in level differences
or log differenceg cointegrating relations among variables estimated in levels or
logarithms and the associated error correction models expressed in levels or
logarithms has become an issue of considerable importance in the econometric
analysis of time series dat@iscussions of these issues can be found in Granger
and Hallman(1991) and Franses and McAleét998).
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APPENDIX: ALGEBRAIC DETAILS

For ease of computation and generalizatibe models are defined in a more general form
in Assumption A

Assumption A. The null hypothesis is defined as

F(y) = a+ Bw; + vy, (A1)
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wherev; ~ NID(0,02), W, = 0, w = O(0), o0 = O(n"¥?) asn — oo, andF(X) is a
continuously differentiable function with’(x) > 0 andF”(x) # 0 in the parameter space
of y. The alternative hypothesis is defined as

Ve =y + 0%+ U, (A.2)

whereu; ~ NID (0,w?), > X, =0,x=0(0), w = O(n"¥?) asn — co. It is also assumed that
w; = h(x;) — = h(x;)/n for some continuously differentiable functidiix) such thah(0)
andh’(0) = 1.

Under this assumptigthe inverse of( ) is well defined becausé'( ) is nonzerolt
can be assumed th&t'( ) > 0 without loss of generalifyjpecause the models remain
essentially unchanged by interchangkg) and—F( ).

The loglinear and linear models are defined by specifffg) = logy, y > 0, andw =
log(1+ x) — 2 log(1+ x)/nin (A.1) and(A.2).

Model(A.1) has several advantages over mgdgln that the results can be made quite
general(1) itincludes the case where the same regressor is used in both pindsdsting
x=win (A.1) and(A.2); (ii) it includes the nonnested case where the dependent variables
are identicali.e., F(y;) = y;) but the regressors are noe., w; # x;); (iii) the distribution
of the log-likelihood under the alternative can be easily obtained from the null distribution
by replacingF( ) with the inverse functiorF ~*( ) and interchanging the roles of the
models (iv) the case where the linear model is the null can be dealt with by trefatipg
as the original dependent variablg®). Although the linear model is the alternative in this
paperthe results also hold when the linear model is the null and the loglinear model is the
alternative

A.1. The Variable Addition Tests. The power of the PE test is derived as folloBy
using the expansion

F(y) = F(y + 8x+u) = F(y) + Fi(8x + U) + Fo(8x + U)%/2 + Oy(c?),
where the th derivative ofF( ) evaluated ay is denoted by (i = 1,2), it follows that
PE= Y A[Fi(8€ + u) + FoA(8X + W% 2]/(62 Y, A2)¥2 + Oy(a)

=nY2[F18 2 Aé/n+ F1 >, Au/n + 3F,82 3 Axn]/(Fw? X, A%/n)Y2 + Oy(a),

whereA; = w2 —w, S We/S W2 — S w2/n, € =x—w=—hyx2+ O(¢3), andh, = h"(0).
Note thats 2 converges ta 2FZ under the alternativeéhatF, 8 > A¢é/n andF,52 X Ax%/n
areO(o*), and that~; 3 Au/nis O,(o*), which is normally distributed with mean 0 and
VarianCd::I.zw2 3 A%/n? = r-rl'::l.zwz(rnwwww_ rnng_ m&vww/rnww), wherem,,,, = = w?/n,
Muww = > W3/N, andMywww = > W¥/n. Note that the difference betweem,yww— MZw —
M2 /My @NAH = My — M2, — M2, /M, is smaller that© (o #) and is negligible for the
analysis The expansions derived previously lead to the following proposition

PROPOSITION Al. The asymptotic distribution of tHeE test statistic under the al-
ternative is normal with mean

nY23H[6%(F,/Fy1) — 6hy]/(wHY?) (A.3)
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and variancel, where My, = = X¥/N, My, = = X3/N, My = = X2/, H = My — M2 —
M0/ M @nd by = h”(0).

Noting thath, = —1 andF,/F; = —1/y for the loglinear modelProposition 1 can be
easily obtained from Proposition A

In the case where= w, that is when the same regressor is used in each of the models
the mean of the test statistic under the alternative’i& F,/F;)8%HY?/(2w), which was
given in Kobayash{1994.

A.2. The Cox Test. The asymptotic mean and variance of the log-likelihood under the

null are obtained as follow&rom the orthogonality betwegn— ¥ — éx and(9 — yo) —
(6 — 8p)X, it follows that

2= (y—9 - 8)%n
:2(y_70_5ox)2/n_(’?_70)2_(3_30)22)(2/”, (A.4)

whereyo = G(a) andd, = G; 8, to which the ML estimator§ andé converge
Under the nullthe dependent variable is expanded as

y=G(a) + G e+ G,e%/2 + G;e%6+ .- +
= G(a) + G BXx — G1 B¢ + Gyv + G,%/2 + Gze%6 + O,(n~2) (A.5)
from (A.1) and(A.2), wheree= pw+ v =pBx — B¢ + v =0(0), X —wW = & = x?%/2 —

13 x¥n+ 0(c?) =0(0?),andG; = GV (a) (i = 1,2,3).
It follows from (A.5) that

=% =2YN— 7

=Gym, + GyMee/2 + Op(a?)

= Gy(M, + gaMee/2) + Oy(a®), (A.6)
5—80=xy/ > x%— 6

= (GyMyx — G1BMy¢ + Gy Myee/ 2)/Myy + Op(0?)

= Go(Myy — BMys + GoMyee/2)/My + Op(0?). (A7)
It also follows from(A.5) that
DY = vo— 80X)%n = GE[BZm,; — 2Bmg, + m,,

+ g% Meeed 4 — gZBmgee'i_ 02Mee, T 03 Myeee/3] + Op(05)5

(A.8)
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whereg, = G,/G; andgz = G3/G;. Then from (A.4) and(A.6)—(A.8), the estimator of the
variance of(A.2) is expressed as

®?=G¢m, — 2Bmg, + /32m§§
+ 08 Mecedd — U2 BMsee + G Meg, + U3 Myeee/3
= (M + gom, Mg+ gEMZ/4)
- (mgx + ,32m>%§ + g% m)%ee/4 - 2mvamx§ + 02 MyeeMyx — ngmxg Myee)/Myx]
= GE[(m,, — mF — m&/my,) — 2B(Mg, — BM,, My /My,
+ B2(Mge — M /My) + G5 Meced4 — 02 BMice + G2Mea, + Gz Myeeo/3
= (G2M, Mee+ GEMZ/4) — (G2 MyeeMux — G2 BMye Myee T G2 Miee/4)/ My, ]

(A.9)
The ML estimator of the variance @A.1) is expressed as
6-2 =m,, — mg - mz%w/mww: My, — mg - mz%x/mxx + O(US)- (Alo)

The last term in the log-likelihood ratio is expressed as

(1/n) X log(F'(y)) = —(1/n) X log(G' (F(y)))
= —[log Gy + gom, + 3(gs — g5) (BEMuw + My, )] + Op(n~%/2),
(A.11)
because
—log(G'(F(y)) = logF’(y)
and
logG'(y) = l0g Gy + Ga(BW + v) + gs(BW + v) 72 — 3g5(BW + v)? + Op(n~¥2).
Then from (A.9)—(A.11), it follows that
T/n = jlog(@%62) + X logF’(y)/n
= 3[=2B(mye — MMy /M) + B2(Mee — Mz /M)
+ 08 Meeed4 = G2 BMiee T GoMea, + 3 Myeee/3 — (G2 M, Mee + GEMEe/4)
— (G2 MyeeMux — G2 BMye Myee + G5 Miee/4)/My] /02
= g2m, — 3(gs — g5)Mee + Op(N~¥?). (A.12)
Equation(A.12) may be rewritten as

T/n=A+B+O,(c?),
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where the nonstochastic ternis
A = 3[B%(Mg — MZ/My) + 08 Meeed 4 — G2 BMce T U3 Myeee/3
— g5MEe/4 — (=02 BMye Myeet+ 05 Moo/ 4)/My ] /02 — 5(0z — G5) Mee
and the stochastic terBiis
B= %[_Zﬁ(mvf = My M,y /Myy)
+ G2Mea, = G2M, Mee — G2 MyeeMyx /My ]/07% — G2,
Substitution yields
Mee = BZMy, + 0% + O(0®),
Mea = B My + 2BMyyy + My, = BZMyy, + 2Bsy + My = Op(072),
Miee = BZMexx + 0 2M; = B2Myx + Op(c®),
Myee = BZMyww + 2BMyn, + My = BZMy + O(07?),
Mee= B Mo T Miww + 2BMyan = B My + 0 2My + Op(07®),
Myeee= B3Muxox T 3B My + 3BMypux + My = 3(B%0?M + 04) + Op(0®),
Meeee= B Mo+ 68°My0? + 3% + Op(a®).
It then follows that
A = [ B2(Mg — MZ:/Myy) + g3( B Myyx + 682My? + 307%) /4 — 02 B3Mes
+ 03(B20 My + o) — GE(BPMy + 02) %4
— (= 02BMye (B*My) + G3( B M0 7/4) /My ]/ ?
= 3(gs — g8 (B*myu + 0?)
= [502 B (Moo — Mx = Mo/ M) = 30283 (Mo — My My /My )
+ B2(Mg — M /my,) + BPo My (30s + 305 — 305 — 5(0s — 02))
+o*(g55 — 058 + 395~ 3(9:s — 99))/0?
=[g5B*H/8 — g.B°)/2 + B?K/2]/0? + g5 B My + 305077,
where
H = Moo= M= MiodMs I = Mg — Mye Mo/ My, K= Mg — mi/my,
and
B = 3[—28(Mys — MMy, /My) + o B2Myy, + 28My,, + My,
— G2M,(B2Mex + 0%) = G2 B2 Med M/ My /0 ? — G2, (A.13)
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Equation(A.13) can be expressed as
B = (1/n)g; >, (c10° + cv2 + cpv)/0?,
where
¢ =3, Cx = BX, Cs = B1/Q + 3B°n — 302,
N =X = M= XMoo/ My, 7= & = XM /M.
Noting that
>r=0 Dmx=0 >n=0 Dnx=0,
263/n = B*H/4 — B39, + B7K/GE + 07,
the variance oB is given by
var(B) = g5[30%/2 + 28%muo” + (B*H/4 — B23/g, + BZK/93) 0 ?]/(na?).

Substitution of) = —h,H/2 andK = h2H/4 leads to the following proposition

PROPOSITION A2. The asymptotic distribution of T/n is normally distributed with
meanuy and varianceo?, where

pn = §B%H(G28 + hy)%/a? + g3 B2me + 30802,
of = 2pun/n,
h, = h”"(0).

Then the Cox test statistic foA.1) against(A.2) is (T/n — un)/on, Where the ML esti
mators ofg ando? are substituted inuy ando3.

Proposition 2 for testing the linear and loglinear models is obtained upon substituting
g, =G"(a)/G'(a¢)=1 and h,=-1

The distribution ofT/n under the alternative hypothesis of the linear model can be
obtained easily from Proposition2 Substituting=(y) foryin (A.1) andy = G(F(y)) for
F(y)in (A.2), and interchanging the regressors and parameters of the two muoaielsly
(a, B, o, W, f,) by (v, 6, w, X, —f,), leads to the following proposition

PROPOSITION A3. The asymptotic distribution of/i under the alternative hypoth-
esis of the linear mod€/A.2) is normal with mean

pa = —gH82(1,6 — hy)Yw? + 125°my + § fPw?
and variancer? = 2ua/n, where § = F"(y)/F'(v).

The power of the test statist{i&/n — wn)/on is derived from Propositions.2 and A3,
by not[ng thatf, = F"(y)/F'(y) = —F'(y)G"(F(y))/G'(F(y)), wherea converges to
F(y), BtodF'(y) =6Fy, o2 to Ffw? and henc&" (&)/G' (&) to G”(F(y))/G'(F(y)) =
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—f,/F1, whereF; is denoted by '(y). Note that under the alternativeéhe estimatedgy
ando converge to—ua ando 2, respectivelyThus the test statistic follows the asymp-
totic normal distribution with mean 2 a/0a= —nY2(2.4)*? and variance IThe power
of the Cox test statistic is given in the following proposition

PROPOSITION A4. Under the alternative hypothesitie asymptotic distribution of
the Cox test statisti€T/n — wuy)/on is normal with mean

_n1/2[%52H(f28 _ hz)z/wz + 2f2252mxx+ gf22w2]1/2
and variancel.

The power of the Cox test for the loglinear model against the linear mgan in
Proposition 3is obtained by substituting’(y) = 1/v, f, = —1/y, andh, = —1.

A.3. The Lagrange Multiplier Test. The asymptotic distribution of the LM test sta-
tistic under the null hypothesis of the loglinear model is given as follds first-order
derivative of the likelihood evaluated at the ML estimators under the null hypothesis is

S= > logy/n— (1/n) > d[(logy)? — Bg?1/(262),

whereq = log(1 + x). Reexpressingb) as logy = p + Bw+v, p = a + 8> g/n, andw =
g— > g/n, the first term is expressed adog y/n = p + m,. Noting that the residual in the
second term is expanded &s- v — m, — wm,,,/myw and(logy)? = p2 + B2w2 + v2 +
2ppwW + 2w + 2pv, after some algebr@may be rewritten as

S=p(l—m,/0?) +m, —{B(1— B)Myw + My, + 2BMy,,
—m,[B(1— B)Myw+ m,]
- (mvw/rnww)ﬁ(l - ,B)rnwww}/(Z&Z) + Op(nis/z)-

Then the asymptotic distribution &under the null hypothesis is normal with mean 0
and variance

A/m[E302+ 1B%(1— B)?H/o? + 2(a? + BZmy)].

Under the alternative hypothesis of the linear mosi@e algebraic manipulation leads
to the expansion

S=¢(1—-my/0?)+m,
= [6(1 = &) Myuy + Myuy + 26Myyy
= My(8(1— 8)Me + w?) = (Meu/My) 8 (1 — 8) Ml /(200?)
+ 202+ 82(1— 8)%H/(4w?) + 2(¢p? + 52myy).

Noting that under the alternativeb? converges ter2, ﬁ to 8, anda to ¢, it follows that
the asymptotic distribution of the test statisg var(S))Y/? is normal with mean

NY2[3w? + 5%(1— 8)?H/(4w?) + 2($? + 67m,)] >

and variance lwhich is Proposition 4
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