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This paper compares several tests for linear and loglinear regression models where
both the dependent and independent variables are transformed+ It is shown that the
Lagrange multiplier test proposed by Godfrey and Wickens~1981, Review of Eco-
nomic Studies48, 487–496! in the framework of the Box–Cox regression model has
the highest asymptotic power of the compared tests+ The extended projection test of
MacKinnon,White, and Davidson~1983, Journal of Econometrics11, 53–70!, the
test of Bera and McAleer~1983, paper presented to the SSRC Econometric Study
Group Conference on Model Specification and Testing,Warwick; 1989, Sankhya B
51, 212–224!, and the test ofAndrews~1971,Biometrika58, 249–254! are shown to
have asymptotically equivalent powers and to have lower powers than the non-
nested test of Cox~1961, Proceedings of the Fourth Berkeley Symposium on Math-
ematical Statistics and Probability, Vol+ 1, 105–123, Berkeley: University of
California Press; 1962, Journal of the Royal Statistical Society B24, 406–424!+

1. INTRODUCTION

A basic problem in econometric modeling is whether the variables should be
expressed in logarithms or in levels+ For example, in estimating the Cobb–
Douglas production function, the logarithms of the variables are appropriate,
whereas the levels of the variables may be more suitable for estimating the ag-
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gregate consumption function: constant elasticities are assumed in the former
case and constant slopes in the latter+ These alternative functional form hypoth-
eses can be tested against each other by the use of nonnested tests, such as those
of Cox ~1961, 1962!, which is based on the modified likelihood ratio, the ex-
tended projection~PE! test of MacKinnon,White, and Davidson~1983!, and the
test of Bera and McAleer~1983, 1989! ~the B&M test!, which are based on vari-
able addition~for a useful recent survey of tests for nonnested hypotheses, see
Gourieroux and Monfort, 1994!+ Kobayashi~1994! compared the asymptotic lo-
cal powers of these nonnested tests when the logarithmic transformation is ap-
plied only to the dependent variable+

Linear and loglinear models can also be tested using conventional likelihood-
based hypothesis tests using a more general model, rather than the nonnested tests
considered in Kobayashi~1994!+ Godfrey and Wickens~1981! proposed the La-
grange multiplier~LM ! test for linear and loglinear models, noting that both
models are special cases of the Box–Cox regression model, where the dependent
and explanatory variables are expressed in a parametric family of power trans-
formations+Davidson and MacKinnon~1984, 1985! proposed a variant of the LM
test, whose size is more reliable in finite samples~see also Pesaran and Pesaran,
1995!+ The purpose of the paper is to extend the analytical results of Kobayashi
~1994!, so that the explanatory variables are also transformed in the loglinear
model, and the dependent variable+ In addition, the LM test and the Andrews test,
both of which are based on the Box–Cox regression model, are included in the
comparison+ It is shown that the LM test has the highest asymptotic power of
the compared tests, including the nonnested Cox test, which was found to have
the highest power in Kobayashi~1994!+ This finding is novel and interesting,
because the LM test is not a nonnested test+ The PE, B&M , and Andrews tests, all
of which are based on variable addition, are shown to have asymptotically equiv-
alent powers and to have lower powers than the Cox test+

2. MODEL SPECIFICATIONS

The two models to be tested are the loglinear model

log yt 5 a1 1 b log Xt 1 vt , vt ; NID ~0,s2 !

and the linear model

yt 5 g1 1 d1 Xt 1 ut , ut ; NID ~0,v2 !,

wheret 51,2, + + + ,n+ To make the two models converge, it is assumed thats and
v converge to 0 as the sample sizen increases, namely, s 5 O~n2102! andv 5
O~n2102!, and that the standard deviation of the original variableXt relative to its
mean, which is assumed to be positive, is small, namely, ~Xt 2 PX !0 PX 5 O~s!+
Denoting the new regressor asxt 5 ~Xt 2 PX !0 PX, anda 5 a1 1 b log PX, d 5 d1 PX,
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andg 5 g1 1 d1 PX, the loglinear and linear models to be considered in this paper
are formally defined in Assumption 1+

Assumption 1+ The loglinear model is defined as

log yt 5 a 1 bqt 1 vt , (1)

wherevt ; NID ~0,s2!, (t51
n xt 5 0, qt 5 log~1 1 xt !, xt 5 O~s!, and s 5

O~n2102!+ The linear model is defined as

yt 5 g 1 dxt 1 ut , (2)

whereg . 0, ut ; NID ~0,v2!, andv 5 O~n2102!+

It should be noted here that, from the assumptionsg . 0, x 5 O~s!, andu 5
Op~s!, it follows thatyt . 0 whenn is sufficiently large and hence logyt is well
defined+

The assumption of the small variation of the regressor variablext and the small
disturbance variancess2 andv2 is necessary to derive well-defined asymptotic
power functions; under this assumption, the loglinear model converges to the
linear model as the sample sizen increases+ If this assumption is not satisfied, the
models are distinct and the powers of the tests converge to 1; the models are
clearly distinguished by the nonnormality of the errors if the variances are large
and by the nonlinear effect ofxt if the variation ofxt is large+

The asymptotic analysis based upon Assumption 1 is called small-s expan-
sion+ As an example of its usage in a related context, see Bickel and Doksum
~1981!, who examined estimation issues associated with the Box–Cox model, a
flexible nonlinear family of power transformations+

In considering the LM tests in the framework of the Box–Cox regression model,
an additional assumption is necessary on the intercept terms+The details are given
in Section 7+

3. THREE VARIABLE ADDITION TESTS

The PE, B&M , and Andrews tests are considered under the nomenclature of vari-
able addition tests+ In these procedures, an artificial variable is attached to the
null model, and then the significance of the additional variable is tested by using
an exact or asymptotict-test+ If the additional variable is not significant, the null
model is accepted+ For a heuristic derivation of these tests, see Godfrey,McAleer,
and McKenzie~1988!+

The PE test for the loglinear model is defined by thet-ratio for testingp 5 0 in
the linear regression

log y 5 a 1 b log~11 x! 1 p~exp~ [z! 2 [g 2 Zdx! 1 v,
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where [ [a, Zb, [g, and Zd are the ordinary least squares~OLS! estimators in~1! and~2!
and [z 5 [a 1 Zb log~1 1 x! is the fitted value in~1!+ In this case, the PE test
coincides asymptotically with thet-test for the inclusion ofq2 in addition to a
constant andq, because a second-order expansion yields

exp~ [z! 5 exp~ [a 1 Zb log~11 x!!

5 exp~ [a!@11 Zb log~11 x! 1 Zb2$log~11 x!%202# 1 Op~s3 !+

Thus, the PE test statistic can be expressed as

PE5 (
t51

n

lt log yt 0~ [s2 ( lt
2!102, (3)

where [s2 is the ML estimate ofs2, wt 5 log~11 xt ! 2 ( log~11 xt !0n, andlt 5
wt

2 2 wt (wt
30(wt

2 2 (wt
20n, which is orthogonal to 1 andw+

The next proposition is obtained after some algebra given in the Appendix+

PROPOSITION 1+ Under Assumption 1, the distribution of the PE test statis-
tic under the alternative is asymptotic normal with variance 1 and mean

n102d~12 d0g!H 1020~2v!,

where

mxxxx 5 ( x40n, mxxx5 ( x30n, mxx 5 ( x20n,

H 5 mxxxx2 mxx
2 2 mxxx

2 0mxx+

The B&M test~Bera and McAleer, 1989! is thet-test forp 5 0 in

log yt 5 a 1 b log~11 xt ! 1 p [ht 1 «t ,

where«t is a disturbance and[ht is the OLS residual obtained by regressing
exp~ [z! on 1 andxt + The Andrews test~Andrews, 1971! is the exactt-test for
p 5 0 in

log yt 5 a 1 b log~11 xt ! 1 p~ [zt
2 2 Zbqt

2! 1 «t +

The B&M and Andrews test statistics follow exactt-distributions under the null
hypothesis of a loglinear model+

Substituting [zt 5 [a1 Zbqt in the preceding equations and expanding them using
a Taylor series, it can easily be seen that these three test statistics are asymptot-
ically expressed as~3!, which is thet-statistic for the presence ofw2 in addition
to 1 and log~1 1 x!+ It then follows that the power functions of these tests are
asymptotically identical with that of the test given in Proposition 1+
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4. THE COX TEST

The Cox test is an extension of the log-likelihood ratio procedure to test non-
nested hypotheses+Denoting the log-likelihood ratio byT, the Cox test statistic is
defined as~T0n2 [mN!0sN,where the expected value ofT0n is denoted bymN, the
ML estimator ofmN by [mN, and the variance ofT0n2 [mN by sN

2, evaluated under
the null hypothesis+ The log-likelihood ratio ofT for ~1! and~2! is

T 5 ~n02! log~ [v2 ! 2 ~n02! log~ [s2 ! 2 ( log y,

because the log-likelihood for~1! is

~2n02! log~2ps2 ! 2 (~ log y 2 a 2 bw!20~2s2 ! 2 ( log y+

After some lengthy algebra given in the Appendix, the expected value and
variance ofT, and hence the Cox test statistic for~1! against~2!, can be derived
in the following proposition+

PROPOSITION 2+ The Cox test statistic is defined as~T0n 2 mN!0sN, where

mN 5 8
12b2~12 b!2H0s2 1 b2mxx 1 4

32s2,

sN
2 5 @4

12b2~12 b!2H0s2 1 2b2mxx 1 2
32s2 #0n,

and the ML estimators ofb ands2 are substituted inmN andsN
2+

This version of the Cox test statistic is different from the original form of the
Cox test statistic given, for example, in Pesaran and Pesaran~1993!+ However,
these two statistics coincide asymptotically when the null and alternative models
converge, as given in Assumption 1, so that this form is sufficient to show the
local properties of the Cox test statistic+

The distribution ofTunder the alternative hypothesis and then the power of the
Cox test statistic are given as follows, with the algebraic details given in the
Appendix+

PROPOSITION 3+ Under the alternative hypothesis of the linear model, the
distribution of the Cox test statistic is asymptotic normal with mean

2n102 @4
12d2~12 d0g!2H0v2 1 2d2mxx0g2 1 2

32v20g2 #102

and variance1+

5. THE LAGRANGE MULTIPLIER TEST

The LM tests for the linear and loglinear models suggested by Godfrey and Wick-
ens~1981! are the tests ofl 5 0 andl 5 1 in the Box–Cox regression model

yt ~l! 5 a 1 bxt ~l! 1 vt + (4)
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The variablesy~l! andx~l! are defined by

y~l! 5 H~ yl 2 1!0l ~l Þ 0!

log y ~l 5 0!
and x~l! 5 H~xl 2 1!0l ~l Þ 0!

log x ~l 5 0!
,

which are continuous iny . 0 andx . 0, because~ yl 2 1!0l and~xl 2 1!0l
converge to logy and logx if y 2 1 andx 2 1 are sufficiently small+

The definition of the linear and loglinear models used in this section is slightly
different and is defined in the next assumption+

Assumption 2+ The loglinear and linear models are defined by

log y 5 a 1 b log~11 x! 1 v, (5)

y 5 11 f 1 dx 1 u, (6)

where the notation is the same as that employed in~1! and~2!, except thata 5
O~n2102! andf 5 O~n2102!+

The assumption regarding the intercept terms in Assumption 2 agrees with the
original specification of Box and Cox~1964! that the variables should be stan-
dardized so that the mean of the logarithms of the variables is zero+ This stan-
dardization ensures thaty~l! andx~l! converge to logy and log~11 x! rapidly as
l converges to 0+

The LM test statistic for this problem is the first-order derivative of the log-
likelihood evaluated under the null hypothesisl 5 0, namely,

~10n! (
t51

n

$log yt 2 ~log yt 2 [a 2 Zbqt !@~ log yt !
2 2 Zb~ log~11 xt !!

2 #0~2 [s2 !%,

divided by its estimated standard deviation, where the reference distribution is
the standardized normal distribution+

After some algebra given in the Appendix, the next proposition is obtained+

PROPOSITION 4+ Under the alternative hypothesis, theLM test statistic fol-
lows the asymptotic normal distribution with mean

n102 @2
32v2 1 d2~12 d!2H0~4v2 ! 1 2~f2 2 d2mxx!#

102

and variance1+

6. POWER COMPARISONS

An examination of Propositions 1,3,and 4 enables a comparison of powers through
the means~or noncentrality parameters! of the tests under the alternative hypoth-
esis+ The means of the test statistics under the alternative hypothesis are summa-
rized as follows:
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~i! PE, B&M , and Andrews tests:

n102d~12 d0g!H 1020~2v!

~ii ! Cox test:

2n102 @2
32v20g2 1 d2~12 d0g!2H0~4v2 ! 1 2d2mxx0g2 #102

~iii ! LM test:

n102@ 2
32v2 1 d2~12 d!2H0~4v2 ! 1 2~f2 1 d2mxx!#

102+

It can be seen that the Cox test has higher power than the PE, B&M , and Andrews
tests, because

@2
32v20g2 1 d2~12 d0g!2H0~4v2 ! 1 2d2mxx0g2 #102

# @d2~12 d0g!2H0~4v2 !#102

5 6d~12 d0g! 6H 1020~2v!+

Under the assumptiong 511 f 511 O~n2102! in Assumption 2, it follows that
the LM test has higher power than the Cox test, because

2
32v2 1 d2~12 d!2H0~4v2 ! 1 2~d2mxx 1 f2 !

# 2
32v2 1 d2~12 d!2H0~4v2 ! 1 2d2mxx+

This leads to the main results of the paper+

PROPOSITION 5+ The PE test, the B&M test, and the Andrews test have
asymptotically equivalent power and have lower power than the Cox test. If
g 5 1 1 O~n2102!, the LM test has the highest power of the compared tests.

An intuitive explanation of why the Cox test is more powerful than the variable
addition tests is given in the next proposition+

PROPOSITION 6+ Assume that y is expanded as

y 5 exp~a! 1 exp~a!bx 1 exp~a!v2 2
12 exp~a!b~12 b!x2 1 Op~n2302 !

under the null, and that

log y 5 log g 1 ~d0g!w 1 u0g 1 2
12~d0g!~12 d0g!w2 1 Op~n2302 !

under the alternative. Then the test statistic~ ET0n 2 Im0!0 Is0 has the same power
function as that of the variable addition tests, where ET is defined bylog~ [w2! 2
log~ [s2! and Im0 and Is0

2 are defined by the asymptotic mean and variance ofET
under the null.
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The last term on the right-hand side of the expansion ofy in Proposition 6
expresses the nonlinear effect ofx on y+ On the right-hand side of the correct
expansion ofy, namely,

y 5 exp~a! 1 exp~a!bx 1 exp~a!v2 2
12 exp~a!b~12 b!x2

1 exp~a!bxv1 exp~a!v202 1 Op~n2302 !,

the fifth, sixth, and seventh terms correspond to heteroskedasticity, nonnormal-
ity, and order of magnituden2302, respectively+These terms are excluded from the
expression fory in Proposition 5+Similar terms are also excluded from the correct
expansion

log y 5 log g 1 ~d0g!w 1 u0g 1 2
12~d0g!~12 d0g!w2

2 ~d0g2 !xu2 2
12u20g2 1 Op~n2302 !

in Proposition 6+ Also note that ET differs fromT by the Jacobian term+
This proposition means that the three variable addition tests have lower power

than the Cox test because the former tests use only the nonlinear effect+ The latter
test makes use of heteroskedasticity, nonnormality, the term ofOp~n2302!, and the
Jacobian of the transformation, in addition to the nonlinear effect, in distinguish-
ing between the linear and loglinear models+ The proof is almost the same as that
of Propositions 2 and 3 and hence is omitted+

The result that the LM test has higher power than the Cox test might appear, at
first glance, to be somewhat unusual+ Note that the difference in the powers of
these tests depends upon the intercept parameterf, which can take arbitrary
values by changing the unit of measurement of the variables+ The LM test seems
to detect the deviation of~ yl 2 1!0l from logy for small positivel under the
alternative of the linear model; for fixedl, this deviation increases as the absolute
value off 1 dx increases, becausey is expressed asy 5 1 1 f 1 dx 1 u, where
u 5 Op~n2102! andx 5 O~n2102!+

7. DISCUSSION

Several extensions of the main results are possible+ One is the extension to time
series analysis, especially to nonstationary time series processes+The recent flour-
ishing of dynamic models in applied econometrics has made the choice of the
transformation of economic variables more important; for example, the hetero-
skedasticity in the loglinear model may be mistaken as the effect of a random
walk process+ In particular, the choice between tests of unit roots conducted in
levels or logarithms~i+e+, where the dependent variable is in level differences
or log differences!, cointegrating relations among variables estimated in levels or
logarithms, and the associated error correction models expressed in levels or
logarithms has become an issue of considerable importance in the econometric
analysis of time series data+ Discussions of these issues can be found in Granger
and Hallman~1991! and Franses and McAleer~1998!+
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APPENDIX: ALGEBRAIC DETAILS

For ease of computation and generalization, the models are defined in a more general form
in Assumption A+

Assumption A. The null hypothesis is defined as

F~ yt ! 5 a 1 bwt 1 vt , (A.1)
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wherevt ; NID ~0,s2!, ( wt 5 0, w 5 O~s!, s 5 O~n2102! asn r `, andF~x! is a
continuously differentiable function withF '~x! . 0 andF ''~x! Þ 0 in the parameter space
of g+ The alternative hypothesis is defined as

yt 5 g 1 dxt 1 ut , (A.2)

whereut ;NID ~0,v2!,( xt 50, x5O~s!,v5O~n2102! asnr`+ It is also assumed that
wt 5 h~xt ! 2 ( h~xt !0n for some continuously differentiable functionh~x! such thath~0!
andh'~0! 5 1+

Under this assumption, the inverse ofF~ ! is well defined, becauseF '~ ! is nonzero+ It
can be assumed thatF '~ ! . 0 without loss of generality, because the models remain
essentially unchanged by interchangingF~ ! and2F~ !+

The loglinear and linear models are defined by specifyingF~ y! 5 log y, g . 0, andw5
log~11 x! 2 ( log~11 x!0n in ~A+1! and~A+2!+

Model~A+1! has several advantages over model~1! in that the results can be made quite
general: ~1! it includes the case where the same regressor is used in both models, by setting
x5 w in ~A+1! and~A+2!; ~ii ! it includes the nonnested case where the dependent variables
are identical~i+e+, F~ yt ! 5 yt ! but the regressors are not~i+e+, wt Þ xt !; ~iii ! the distribution
of the log-likelihood under the alternative can be easily obtained from the null distribution
by replacingF~ ! with the inverse functionF21~ ! and interchanging the roles of the
models; ~iv! the case where the linear model is the null can be dealt with by treatingF~ y!
as the original dependent variable in~2!+Although the linear model is the alternative in this
paper, the results also hold when the linear model is the null and the loglinear model is the
alternative+

A.1. The Variable Addition Tests. The power of the PE test is derived as follows+ By
using the expansion

F~ y! 5 F~g 1 dx 1 u! 5 F~g! 1 F1~dx 1 u! 1 F2~dx 1 u!202 1 Op~s3 !,

where thei th derivative ofF~ ! evaluated atg is denoted byFi ~i 5 1,2!, it follows that

PE5 ( l@F1~dj 1 u! 1 F2l~dx 1 u!202#0~ [s2 ( l2 !102 1 Op~s!

5 n102 @F1d ( lj0n 1 F1 ( lu0n 1 2
12F2d2 ( lx20n#0~F1

2v2 ( l20n!102 1 Op~s!,

wherelt 5 wt
2 2 wt ( wt

30( wt
2 2 ( wt

20n, j 5 x2 w5 2h2x2 1 O~s3!, andh25 h''~0!+
Note that [s2 converges tov2F1

2 under the alternative, thatF1d ( lj0n andF2d2 ( lx20n
areO~s4!, and thatF1 ( lu0n is Op~s4!, which is normally distributed with mean 0 and
varianceF1

2v2 ( l20n2 5 n21F1
2v2~mwwww2 mww

2 2 mwww
2 0mww!, wheremww5 ( w20n,

mwww5 ( w30n, andmwwww5 ( w40n+ Note that the difference betweenmwwww2 mww
2 2

mwww
2 0mwwandH5mxxxx2mxx

2 2mxxx
2 0mxx is smaller thanO~s4! and is negligible for the

analysis+ The expansions derived previously lead to the following proposition+

PROPOSITION A+1+ The asymptotic distribution of thePE test statistic under the al-
ternative is normal with mean

n102
2
12H @d2~F20F1! 2 dh2#0~vH 102 ! (A.3)

108 MASAHITO KOBAYASHI AND MICHAEL MCALEER

https://doi.org/10.1017/S0266466699151053 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466699151053


and variance1, where mxxxx5 ( x40n, mxxx 5 ( x30n, mxx 5 ( x20n, H 5 mxxxx2 mxx
2 2

mxxx
2 0mxx, and h2 5 h''~0!+

Noting thath2 5 21 andF20F1 5 210g for the loglinear model, Proposition 1 can be
easily obtained from Proposition A+1+

In the case wherex5 w, that is, when the same regressor is used in each of the models,
the mean of the test statistic under the alternative isn102~F20F1!d2H 1020~2v!, which was
given in Kobayashi~1994!+

A.2. The Cox Test. The asymptotic mean and variance of the log-likelihood under the
null are obtained as follows+ From the orthogonality betweeny 2 [g 2 Zdx and~ [g 2 g0! 2
~ Zd 2 d0!x, it follows that

[v2 5 (~ y 2 [g 2 Zdx!20n

5 (~ y 2 g0 2 d0 x!20n 2 ~ [g 2 g0!2 2 ~ Zd 2 d0!2 ( x20n, (A.4)

whereg0 5 G~a! andd0 5 G1b, to which the ML estimators[g and Zd converge+
Under the null, the dependent variable is expanded as

y 5 G~a! 1 G1e1 G2e202 1 G3e306 1 {{{ 1

5 G~a! 1 G1bx 2 G1bj 1 G1v1 G2e202 1 G3e306 1 Op~n22 ! (A.5)

from ~A+1! and~A+2!, wheree5 bw 1 v5 bx 2 bj 1 v5 O~s!, x 2 w 5 j 5 x202 2
1
2
_ ( x20n 1 O~s3! 5 O~s2!, andGi 5 G~i !~a! ~i 5 1,2,3!+

It follows from ~A+5! that

[g 2 g0 5 ( y0n 2 g0

5 G1mv1 G2mee02 1 Op~s3 !

5 G1~mv1 g2mee02! 1 Op~s3 !, (A.6)

Zd 2 d0 5 ( xyY( x2 2 d0

5 ~G1mvx 2 G1bmxj 1 G2mxee02!0mxx 1 Op~s3 !

5 G1~mvx 2 bmxj 1 g2mxee02!0mxx 1 Op~s2 !+ (A.7)

It also follows from~A+5! that

(~ y 2 g0 2 d0 x!20n 5 G1
2@b2mjj 2 2bmjv1 mvv

1 g2
2meeee04 2 g2 bmjee1 g2meev1 g3mveee03# 1 Op~s5 !,

(A.8)
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whereg25G20G1 andg35G30G1+Then, from ~A+4! and~A+6!–~A+8!, the estimator of the
variance of~A+2! is expressed as

[v2 5 G1
2@mvv2 2bmjv1 b2mjj

1 g2
2meeee04 2 g2 bmjee1 g2meev1 g3mveee03

2 ~mv
2 1 g2mvmee1 g2

2mee
2 04!

2 ~mvx
2 1 b2mxj

2 1 g2
2mxee

2 04 2 2mvx bmxj 1 g2mxeemvx 2 g2 bmxj mxee!0mxx#

5 G1
2@~mvv2 mv

2 2 mvx
2 0mxx! 2 2b~mjv2 bmvx mxj 0mxx!

1 b2~mjj 2 mxj
2 0mxx! 1 g2

2meeee04 2 g2 bmjee1 g2meev1 g3mveee03

2 ~g2mvmee1 g2
2mee

2 04! 2 ~g2mxeemvx 2 g2 bmxj mxee1 g2
2mxee

2 04!0mxx# +

(A.9)

The ML estimator of the variance of~A+1! is expressed as

[s2 5 mvv2 mv
2 2 mvw

2 0mww 5 mvv2 mv
2 2 mvx

2 0mxx 1 O~s5 !+ (A.10)

The last term in the log-likelihood ratio is expressed as

~10n! ( log~F '~ y!! 5 2~10n! ( log~G'~F~ y!!!

5 2@log G1 1 g2mv1 2
12~g3 2 g2

2!~b2
2mww 1 mvv!# 1 Op~n2302 !,

(A.11)

because

2log~G'~F~ y!! 5 log F '~ y!

and

log G'~ y! 5 log G1 1 g2~bw 1 v! 1 g3~bw 1 v!202 2 2
12g2

2~bw 1 v!2 1 Op~n2302 !+

Then, from ~A+9!–~A+11!, it follows that

T0n 5 2
12log~ [v20 [s2 ! 1 ( log F '~ y!0n

5 2
12@22b~mvj 2 mxj mvx0mxx! 1 b2~mjj 2 mxj

2 0mxx!

1 g2
2meeee04 2 g2 bmjee1 g2meev1 g3mveee03 2 ~g2mvmee1 g2

2mee
2 04!

2 ~g2mxeemvx 2 g2 bmxj mxee1 g2
2mxee

2 04!0mxx#0s2

2 g2mv2 2
12~g3 2 g2

2!mee1 Op~n2302 !+ (A.12)

Equation~A+12! may be rewritten as

T0n 5 A 1 B 1 Op~s3 !,
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where the nonstochastic termA is

A 5 2
12@b2~mjj 2 mxj

2 0mxx! 1 g2
2meeee04 2 g2 bmjee1 g3mveee03

2 g2
2mee

2 04 2 ~2g2 bmxj mxee1 g2
2mxee

2 04!0mxx#0s2 2 2
12~g3 2 g2

2!mee

and the stochastic termB is

B 5 2
12@22b~mvj 2 mxj mvx0mxx!

1 g2meev2 g2mvmee2 g2mxeemvx0mxx#0s2 2 g2mv+

Substitution yields

mee5 b2mxx 1 s2 1 O~s3 !,

meev 5 b2mwwv1 2bmwvv1 mvvv5 b2mxxv1 2bxvv1 mvvv5 Op~s3 !,

mjee5 b2mjxx 1 s2mj 5 b2mjxx 1 Op~s5 !,

mxee5 b2mxww1 2bmxwv1 mxvv5 b2mxxx1 O~s4 !,

mxxee5 b2mxxww1 mxxvv1 2bmxxwv5 b2mxxxx1 s2mxx 1 Op~s5 !,

mveee5 b3mvxxx1 3b2mvvxx 1 3bmvvvx 1 mvvvv5 3~b2s2mxx 1 s4 ! 1 Op~s5 !,

meeee5 b4mxxxx1 6b2mxxs2 1 3s4 1 Op~s5 !+

It then follows that

A 5 2
12@b2~mjj 2 mxj

2 0mxx! 1 g2
2~b4mxxxx1 6b2mxxs2 1 3s4 !04 2 g2 b3mjxx

1 g3~b2s2mxx 1 s4 ! 2 g2
2~b2mxx 1 s2 !204

2 ~2g2 bmxj~b2mxxx! 1 g2
2~b2mxxx!

204!0mxx#0s2

2 2
12~g3 2 g2

2!~b2mxx 1 s2 !

5 @8
12g2

2 b4~mxxxx2 mxx
2 2 mxxx

2 0mxx! 2 2
12g2 b3~mjxx 2 mxj mxxx0mxx!

1 b2~mjj 2 mxj
2 0mxx! 1 b2s2mxx~2

12g3 1 4
32g2

2 2 4
12g2

2 2 2
12~g3 2 g2

2!!

1 s4~g2
2

8
32 2 g2

2
8
12 1 2

12g3 2 2
12~g3 2 g2

2!!#0s2

5 @g2
2 b4H08 2 g2 b3J02 1 b2K02#0s2 1 g2

2 b2mxx 1 4
32g2

2s2,

where

H 5 mxxxx2 mxx
2 2 mxxx

2 0mxx, J 5 mjxx 2 mxj mxxx0mxx, K 5 mjj 2 mxj
2 0mxx

and

B 5 2
12@22b~mvj 2 mxjmvx0mxx! 1 g2~b2mxxv1 2bmxvv1 mvvv!

2 g2mv~b2mxx 1 s2! 2 g2b2mxxxmvx0mxx#0s2 2 g2mv+ (A.13)
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Equation~A+13! can be expressed as

B 5 ~10n!g2(~c1v3 1 c2v2 1 c3v!0s2,

where

c1 5 1
2
_ , c2 5 bx, c3 5 bt0g2 1 1

2
_b2h 2 3

2
_s2,

h 5 x2 2 mxx 2 xmxxx0mxx, t 5 j 2 xmxj0mxx+

Noting that

(t 5 0, (tx 5 0, (h 5 0, (hx 5 0,

( c3
20n 5 b4H04 2 b3J0g2 1 b2K0g2

2 1 9
4
_ s2,

the variance ofB is given by

var~B! 5 g2
2@3s602 1 2b2mxxs

4 1 ~b4H04 2 b3J0g2 1 b2K0g2
2!s2#0~ns4!+

Substitution ofJ 5 2h2H02 andK 5 h2
2H04 leads to the following proposition+

PROPOSITION A+2+ The asymptotic distribution of T/n is normally distributed with
meanmN and variancesN

2, where

mN 5 8
12b2H~g2 b 1 h2!20s2 1 g2

2 b2mxx 1 4
32g2

2s2,

sN
2 5 2mN 0n,

h2 5 h''~0!+

Then the Cox test statistic for~A+1! against~A+2! is ~T0n 2 mN!0sN, where the ML esti-
mators ofb ands2 are substituted inmN andsN

2+

Proposition 2 for testing the linear and loglinear models is obtained upon substituting

g2 5 G''~a!0G'~a! 5 1 and h2 5 21+

The distribution ofT0n under the alternative hypothesis of the linear model can be
obtained easily from Proposition A+2+SubstitutingF~ y! for y in ~A+1! andy5G~F~ y!! for
F~ y! in ~A+2!, and interchanging the regressors and parameters of the two models, namely,
~a, b, s, w, f2! by ~g, d, v, x, 2f2!, leads to the following proposition+

PROPOSITION A+3+ The asymptotic distribution of T0n under the alternative hypoth-
esis of the linear model~A+2! is normal with mean

mA 5 28
12Hd2~ f2d 2 h2!20v2 1 f2

2d2mxx 1 4
32 f2

2v2

and variancesA
2 5 2mA0n, where f2 5 F ''~g!0F '~g!+

The power of the test statistic~T0n2 mN!0sN is derived from Propositions A+2 and A+3,
by noting thatf2 5 F ''~g!0F '~g! 5 2F '~g!G''~F~g!!0G'~F~g!!, where [a converges to
F~g!, Zb to dF '~g! 5 dF1, s2 to F1

2v2, and henceG''~ [a!0G'~ [a! to G''~F~g!!0G'~F~g!! 5
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2f20F1, whereF1 is denoted byF '~g!+ Note that, under the alternative, the estimatedmN

andsN
2 converge to2mA andsA

2, respectively+ Thus, the test statistic follows the asymp-
totic normal distribution with mean22mA0sA52n102~2mA!102 and variance 1+The power
of the Cox test statistic is given in the following proposition+

PROPOSITION A+4+ Under the alternative hypothesis, the asymptotic distribution of
the Cox test statistic~T0n 2 mN!0sN is normal with mean

2n102 @4
12d2H~ f2d 2 h2!20v2 1 2 f2

2d2mxx 1 2
32 f2

2v2 #102

and variance1+

The power of the Cox test for the loglinear model against the linear model, given in
Proposition 3, is obtained by substitutingF '~g! 5 10g, f2 5 210g, andh2 5 21+

A.3. The Lagrange Multiplier Test. The asymptotic distribution of the LM test sta-
tistic under the null hypothesis of the loglinear model is given as follows+ The first-order
derivative of the likelihood evaluated at the ML estimators under the null hypothesis is

S5 ( log y0n 2 ~10n! ( [v@~ log y!2 2 Zbq2 #0~2 [s2 !,

whereq5 log~11 x!+ Reexpressing~5! as logy5 r 1 bw1 v, r 5 a 1 b ( q0n, andw5
q2 ( q0n, the first term is expressed as( log y0n5 r 1 mv+Noting that the residual in the
second term is expanded as[v5 v2 mv2 wmvw0mww and~log y!2 5 r2 1 b2w2 1 v2 1
2rbw 1 2bwv1 2rv, after some algebraSmay be rewritten as

S5 r~12 mvv 0s2 ! 1 mv2 $b~12 b!mvww 1 mvvv1 2bmwvv

2 mv @b~12 b!mww 1 mvv#

2 ~mvw0mww!b~12 b!mwww%0~2 [s2 ! 1 Op~n2302 !+

Then the asymptotic distribution ofSunder the null hypothesis is normal with mean 0
and variance

~10n!@2
32s2 1 4

12b2~12 b!2H0s2 1 2~a2 1 b2mxx!# +

Under the alternative hypothesis of the linear model, some algebraic manipulation leads
to the expansion

S5 f~12 muu0v2 ! 1 mu,

2 @d~12 d!mxuu1 muuu1 2dmxuu

2 mu~d~12 d!mxx 1 v2 ! 2 ~mxu0mxx!d~12 d!mxxx#0~2v2 !

1 2
32v2 1 d2~12 d!2H0~4v2 ! 1 2~f2 1 d2mxx!+

Noting that, under the alternative, [v 2 converges tos2, Zb to d, and [a to f, it follows that
the asymptotic distribution of the test statisticS0~var~S!!102 is normal with mean

n102 @2
32v2 1 d2~12 d!2H0~4v2 ! 1 2~f2 1 d2mxx!#

102

and variance 1, which is Proposition 4+
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