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Additive coefficient model (Xue and Yang, 2006a, 2006b) is a flexible regression
and autoregression tool that circumvents the “curse of dimensionality.” We propose
spline-backfitted kernel (SBK) and spline-backfitted local linear (SBLL) estimators
for the component functions in the additive coefficient model that are both (i) com-
putationally expedient so they are usable for analyzing high dimensional data, and
(ii) theoretically reliable so inference can be made on the component functions with
confidence. In addition, they are (iii) intuitively appealing and easy to use for prac-
titioners. The SBLL procedure is applied to a varying coefficient extension of the
Cobb-Douglas model for the U.S. GDP that allows nonneutral effects of the R&D
on capital and labor as well as in total factor productivity (TFP).

1. INTRODUCTION

Regression analysis has been widely used in econometrics studies, for instance, in
the estimation of production/cost function. Typical parametric regression models
presume that their regression functions follow a predetermined form with finitely
many unknown parameters. Nonparametric models, on the other hand, impose
less stringent assumptions on the regression functions, but for their flexibility pay
the price of the “curse of dimensionality.”A structured model offers a sensible
compromise between parametric simplicity and nonparametric flexibility; see for
example Sperlich, Tjgstheim, and Yang (2002) for additive interaction modeling
for the production function of Wisconsin farms and Rodriguez-P6o, Sperlich, and
Vieu (2003) for a general framework of separable models. Recently, Xue and
Yang (2006a, 2006b) have proposed an additive coefficient model that allows
a response variable Y to depend linearly on some regressors, with coefficients as
smooth additive functions of other predictors, called tuning variables. Specifically,
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di dy
EYX,T)=mX,T)=Y mX) T, m (X)=mo+ Y, ma(Xs),1<1<d,
=1 a=1

@

in which the predictor vector (X, T) consists of the tuning variables X =
(Xl, e XdZ)T € R® and linear predictors T = (Tl, ey le)T € R4 The func-
tional coefficient model of Chen and Tsay (1993b) corresponds to the case dy =1,
the varying coefficient model of Hastie and Tibshirani (1993) corresponds to the
case dp =dj and foreach [ = 1,...,d; only one single significant m,; with a =1.
Also included as special cases of model (1) are the additive model of Hastie
and Tibshirani (1990) and Chen and Tsay (1993a), and the multivariate linear
regression model (see Xue and Yang, 2006a, for detailed discussion). Model
(1)’s versatility for econometric applications is illustrated by the following ex-
ample: Consider the forecasting of the U.S. GDP annual growth rate, which is
modeled as the total factor productivity (TFP) growth rate plus a linear function
of the capital growth rate and the labor growth rate, according to the classic
Cobb-Douglas model (Cobb and Douglas, 1928). As pointed out in Li and Racine
(2007, p. 302), it is unrealistic to ignore the nonneutral effect of R&D spending on
the TFP growth rate and on the complementary slopes of capital and labor growth
rates. Thus, a smooth coefficient model should fit the production function better
than the parametric Cobb-Douglas model. Indeed, Figure 1 shows that a smooth
coefficient model has much smaller rolling forecast errors than the parametric
Cobb-Douglas model, based on data from 1959 to 2002. In addition, Figure 2
shows that the TFP growth rate is a function of R&D spending, not a constant.
Many methods exist for the estimation of functional/varying coefficient mod-
els; see Cai, Fan, and Yao (2000) and Yang, Park, Xue, and Hirdle (2006)
for kernel type estimators; see Huang, Wu, and Zhou (2002) and Huang and
Shen (2004) for spline estimators. These published works have partial success
in addressing the inaccuracy of estimating multivariate nonparametric functions,
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FIGURE 1. Errors of GDP forecasts: solid line = model (31); dotted line = model (30).
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FIGURE 2. Estimation of TFP growth rate function ¢j +msprr 41 (X/—3)-

commonly known as the “curse of dimensionality.” Typically, optimal conver-
gence rates of the coefficient function estimators are established, locally for
kernel estimators or globally for spline estimators.

Our view is that a satisfactory procedure for estimating the functions
{mal(xa)}f;’ﬁ ® —; and constants {moz}flzl in model (1) should meet three broad
criteria. Specifically, the procedure should be (i) computationally expedient; (ii)
theoretically reliable; and (iii) intuitively appealing. As model (1) is a natural
extension of the additive model, we extend the “spline-backfitted kernel smooth-
ing” of Wang and Yang (2007) to the additive coefficient model, combining the
best features of both kernel and spline methods. Kernel procedures for the ad-
ditive model, such as in Yang, Hirdle, and Nielsen (1999), Sperlich, Tj@stheim,
and Yang (2002), Yang, Sperlich, and Héardle (2003), Rodriguez-P6o, Sperlich,
and Vieu (2003), and Hengartner and Sperlich (2005), satisfy criterion (iii) and
partly (ii) as they are asymptotically normal at any given point, but do not satisfy
(1) since they are extremely computationally intensive when either the dimension
is high or sample size is large, as illustrated in the Monte Carlo results of Wang
and Yang (2007). Spline approaches of Stone (1985), Huang (1998a, 1998b),
and Huang and Yang (2004) to the additive model, on the other hand, do not
satisfy criterion (ii), as they lack limiting distribution but are fast to compute,
thus satisfying (i). In addition, none of the published works has established
“uniform convergence rate,” thus lacking in regard to (ii). The spline-backfitted
kernel (SBK) and spline-backfitted local linear (SBLL) estimators we propose are
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essentially as fast and accurate as univariate kernel and local linear smoothing,
thus completely satisfying all three criteria (i)—(iii). Other alternatives for esti-
mating model (1) that may satisfy criteria (i)—(iii) are possible extensions of the
smoothed backfitting of Mammen, Linton, and Nielsen (1999) and Nielsen and
Sperlich (2005), and the two-stage estimator of Horowitz and Mammen (2004).
It is important to note that although Horowitz and Mammen (2004) used B spline
in simulation, their theoretical proof was for what should be called “orthogonal
series-backfitted local linear” estimator in our parlance.

We extend the oracle smoothing idea of Linton (1997) and Wang and Yang
(2007) to model (1). If all the nonparametric functions of the last d» — 1
variables, {mal(xa)}f:ld, ® 5, and all the constants {moz};l; , were known by
“oracle”, one could define a new variable Y| = Zﬁl my(X)T;+o0 X, T)e =
Y — Zf;] {m(); +ZZ2=2 mal(Xa)} T, and estimate all functions {mll(xl)}f;] by
linear regression of Y ; on T1,..., Ty with kernel weights computed from vari-
able X ;. These would-be estimators do not suffer from the “curse of dimensional-
ity”” and are called “oracle smoothers.” We propose to pre-estimate the functions
{maq (xa)}fi’f{ > _, and constants {m()l}ld;l by linear spline, then use these estimates
as substitutes to obtain an approximation 1?,1 to the variable Y 1, and construct
“oracle” estimators based on f’,l. As in Wang and Yang (2007), the theoretical
contribution of this paper is proving that the error caused by this “cheating” is
negligible. Consequently, the SBK/SBLL estimators are uniformly (over the data
range) equivalent to univariate kernel/local linear “oracle smoothers,” automati-
cally inheriting all their oracle efficiency properties. Our proof relies on the same
principles of “reducing bias by undersmoothing in step one” and “averaging out
the variance in step two,” accomplished with the joint asymptotics of kernel and
spline functions. Compared to Wang and Yang (2007), a major theoretical com-
plication is the dependence structure of T on X, necessitating Assumption 2 on
the second moment matrix Q(x) = E(TTT X = X); see the detailed discussion on
Assumption 2 at the end of Section 2 and the extra step to estimate Q(x) in
Section 5. In contrast, for the additive model of Wang and Yang (2007), there
is no need for Assumption 2 and of estimating Q(x) = 1. Another innovation
in this paper is the 4/n-consistent oracle estimation of constants {moz}ﬂl under
conditions no more than second-order smoothness of {mal(xa)}fl:]d’ 2a=]' Xue

and Yang (2006a) have provided \/n-consistent estimation of constants {moz};il
only under higher order smoothness assumptions, and Xue and Yang (2006b)
failed to obtain /n-consistency for estimating {m()l}f;]. For the additive model
of Wang and Yang (2007), there is only one such unknown constant, and it is
/n-consistently estimated by the sample mean Y. Lastly, asymptotic theory for
the oracle smoothers is developed in Section 3 separately, whereas Wang and
Yang (2007) used existing theory from kernel smoothing literature.

The paper is organized as follows. In Section 2 we discuss the assumptions
of model (1). In Section 3, we introduce the oracle smoothers and discuss their
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asymptotic properties. In Section 4, we introduce the SBK and SBLL estimators,
their uniform consistency, and asymptotic normal distributions. The ideas behind
our proofs of the main theoretical results are given by decomposing the estima-
tor’s “cheating” error into a bias and a variance part. In Section 5, we discuss
the implementation of the estimators. In Section 6, we apply the methods to an

empirical example. All technical proofs are given in the Appendix.

2. ASSUMPTIONS ON THE MODEL

Let {(Y;, X;, T;)}?_, be a sequence of strictly stationary observations, with iden-
tical distribution as (Y, X, T) in model (1). Denote the unknown conditional mean
and variance functions as m(X, T) = E(Y|X, T),s%(X, T) = var(Y|X, T); then

one has
Yi=m(X;,T))+0 (X;,T))e; (2)

for some conditional white noises {¢;}?_, that satisfy E(¢;|X;, T;) =0, E(eiz|X,-,
T;) = 1. The variables (X;, T;) can consist of either exogenous variables or lagged
values of Y;. For the additive coefficient model, the regression function m takes

the form in (1), and satisfies the identification conditions that
E{ma (Xq)} =0,1<l<d;,1<a<d, 3)

ensuring the unique additive representations of m;(x) = mq; + Zzzzlmal(xa).
As in most works on nonparametric smoothing, estimation of the functions
{mal(xa)}fl:ld’ ® _; is conducted on compact sets. Without lose of generality, let
the compact set be y = [0, 11%.

Following Stone (1985, p. 693), the space of a-centered square integrable func-
tions on [0, 1] is

HY={g Elg (X)) =0.B{g*(Xa) } <+ }, 150 <

Next, define the model space M, a collection of functions on y x R, as

di dp
M= {g(X,t) =Y a®u; g®=gu+ Y, gal (Xa); gal 67'[2},

=1 a=1

in which {801};[]:1 are finite constants. The constraints that E{g,;(X,)} = 0,
1 < a < d, ensure unique additive representation of m; as expressed in (3), but
are not necessary for the definition of space M. In what follows, denote by
E, the empirical expectation, E,¢ = ¥! , ¢(X;, T;)/n. We introduce two inner
products on M. For functions gi, g2 € M, the theoretical and empirical inner
products are defined respectively as (g1, g2) = E{g1(X, T)g2(X, T)}, (g1,82)n =
E,{g1 (X, T)g2(X, T)}. The corresponding induced norms are || g ||% = Eglz(X, T),
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llg1 ||%’n =E, g]Z(X, T). The model space M is called theoretically (empirically)
identifiable, if for any g € M, || gll2 =0 (||gll2.» = 0) implies that g =0, a.s.

In this paper, for any compact interval [a,b], we denote the space of pth
order smooth function as CP)[a,b] = {g|g(”) e Cla, b]}, and the class of
Lipschitz continuous functions for constant C > 0 as Lip ([a, ], C) = { g‘ | gx)—
g (x')| < Clx—x'|,Vx,x" €[a,b]}. We mean by “~” both sides having the
same order as n — 0o. We denote by I, x4, the di x d; identity matrix, and 0y, x4,

the d; x dy zero matrix. For any vector x = (x 1, X2, , xdz), we denote the supre-
12
mum and Euclidean norms as |X| = maxj<q<g, |X«| and [|x|| = (252:1 x(%) .

We need the following assumptions on the data-generating process.

Assumption 1. The tuning variable X = (X1, ..., Xy4,) has a continuous proba-
bility density function f(x) that satisfies 0 < ¢y < minge, f(X) < maxxe, f(x) <
Cy < oo for some constants ¢y and Cy and f(x) =0,x ¢ y =[O0, 11%,

Assumption 2. There exist constants 0 < ¢Q < Cg < 400 and 0 < ¢5 <
Cs < 400 and some ¢ > 1/2, such that cqly xq, < Q(x) = {g (X)};jll,zl =
E(TTT X =x) < Colyyxa, and c; < E{(TITI/)2+5|X=X} < Csforallx € y
andl,l =1,...,d,.

Assumption 3. The vector process {¢;}70_ . ={(Y:, X;, T/)}2_ is strictly
stationary and geometrically strongly mixing, that is, its a-mixing coefficient
(k) <cp*, forconstantsc > 0,0 < p < 1, where a.(k) =SUP g (¢, 1<0), Beo (¢, ,1>k)
|P(A)P(B)— P(ANB)|.

Assumption 4. The coefficient components, my, € C ! [0, 1], m;l €
Lip([0,1], Cx),Vl <a <dy,1 <l <djwithmy € C2[0,1],V1 <l <d,.

Assumption 5. The conditional variance function o2 (x, t) is measurable and
bounded. The errors {e;}7_, satisfy E(g|F) = 0, E(e?F) = L,
E (|e,-|2+'7 |Fi) < Cy for some 5 € (1/2,1] and the sequence of o-fields
Fi=c{(X;,Tj),j<i;¢j,j<i—1}fori=1,...,n.

Assumption 6. The marginal density f; (x1) of X and the conditional second-

moment matrix function Qg (x;) defined in (4) both have continuous derivatives
on [0, 1].

Assumptions 1-5 are common in the literature; see, for instance, Huang
and Yang (2004), Huang and Shen (2004), and especially Xue and Yang
(2006b). Assumption 6 is needed only for the asymptotic theory of oracle “ker-
nel smoother,” but not for the oracle “local linear smoother.” Assumption 2
implies also that for all x, € [0,1],1 <a <dy and [,I' =1,...,d,

cQlayxar < Qu () ={ga (ca)}fh_y = E(TTT X, = x0) < Colyyxay )

e <E{ (1)) 1Xe =50} = Cs.
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Furthermore, Assumptions 2 and 5 imply that for some constant C > 0,

max E|Tj)*t" < C max E|TiT)|**° = C max E|Tj|*t% < CCs < +00. (5)
1<i<d; I<i<d; 1<i<d,

At one referee’s request, we provide here insight into the relationship allowed
between the vectors T and X under Assumption 2. It is instructive to first un-
derstand what T and X cannot be in the context of identifiability for functions
{mgy (xa)}f:f{ * _1- Suppose that the vector X is centered so that EX = 0. Then
model (1) is unidentifiable when (77, 75) = (X1, X») since —3X,71+3X 1> =0,
E(—3X») =E(3X;) =0, and the function m (x, t) in (1) is expressed as

dy dy dy
D {mOl + Y ma (Xa)}tz + {mm +ma () + Y, Mgl (xa)} h

=3 a=1 a=l,a#2

&)
+ {MO2+m12(x1)+ > mai (xa)} /)

a=2

dy d
= mor+ Y, mar (xq) ¢l

=3 a=1

dy
+ {mm +ma1 () =3x2+ Y, Mgl (xa)}tl

a=1l,a#2

dy
+ {MOz +mia(x1)4+3x1+ Y, ma (xa)}tz,
a=2

so one can use mj; (x2) = may (x2) — 3x2 and mi, (x1) = mi2(x1) + 3x1 to
replace mop (x2) and m1 (x1) without changing the data generating process (1).
In other words, the functions m>; (x3) and m; (x1) are unidentifiable. Xue and
Yang (2006a, p. 2523) gave a similar counterexample and discussed why an
unidentifiable model may perform better for prediction.

More generally, it is revealing to note that Assumption 2 not only rules out
the above anomaly, but it also does not allow the possibility that there exist two
T;’s (1 <1 < dj) almost surely equal to two Borel functions of X. To see this,
suppose that (77, T2) = {¢1 (X), g2 (X)}, a.s., for some Borel functions ¢ and ¢,.
Assumption 2 implies that

T? T\ T
CQIZXZ < E{ (TI]TZ ,;222>

leading to

XZX} < CQIQXQ,VX € X,

( P71 (x) 91 (%) p2(x)
cQlax2 <

< Colax2,a.s.,Vx€ yx,
91 (X)e2(x) 93 (x) >
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which cannot be true because, for any x € y, the 2 x 2 matrix in the above is singu-
lar and thus cannot be > cgl2x2. That Assumption 2 guarantees the identifiability
of model (1) has been established in Lemma 1 of Xue and Yang (2006b). It is
important to observe, however, that Assumption 2 does allow the case of exactly
one 77,1 <1 < d; almost surely equal to a Borel function of X.

3. THE ORACLE SMOOTHERS

We now introduce what is known as the oracle smoother in Wang and Yang
(2007) as a benchmark for evaluating the estimators. Denote for any vector
X = (x 1, X2, ... ,xdz) the deleted vector X | = (xz, e xdz) and for the random
vector X; = (X1, Xi2,..., Xia,) the deleted vector X; | = (Xi2,..., Xia,),
1 <i<n.Forany 1 <[ <d, write m_1;(X_1) = mq —{—Zzzzzmal (x¢)- Denote
the vector of pseudo-responses Y1 = (Y1,1,..., Y1) T in which

di d
Yii=Y; =Y {mo+m;(Xi1)} T =Y, muXi) T +0 Xi, Ti) e
=1 I=1

These would have been the responses had the unknown functions {m i
(X_1)}1<i<a, been given. In that case, one could estimate all the coefficient

functions in x1, the vector function my . (x1) = {m11 (x1),...,miq, (xl)}T by
solving a kernel weighted least squares problem

~ ~ ~ T .
mK,l,-(-xl)z{mK,ll(-xl)a"'amK,ldl (xl)} = argmin L(/'L,milai,xl),
2= 12124y

in which

n d] 2
L(A,mi,x)=Y Y=Y LTy | Kn(Xi—x1).
i=1 i

=1

Alternatively, one could rewrite the above kernel oracle smoother in matrix form
~ T -7 1 7 1 T
mK,l,. (xl) = (ClecK) CKW1Y1 = ;ClecK ;CleYl, (6)

in which

T
Ti:(Th’“'a]‘l'd]) :CK:{Tla"'aTYZ}Ta
Wi=diag{K (X11 —x1),..., Kp (Xu1 —x1)},

Kj (u) = K (u/h)/h for a kernel function K and bandwidth / that satisfy As-
sumption 7 below.

https://doi.org/10.1017/50266466609090604 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466609090604

SPLINE-BACKFITTED KERNEL SMOOTHING 37
Assumption 7. The function K is a symmetric probability density function

supported on [—1,1], and K € Lip([—1, 1], Cg) for some Cg > 0, while the
bandwidth 4 = hy, > 0,h ~n~1/3

Likewise, one can define the local linear oracle smoother of m . (x1) as

) 1 -1
mrL,. (1) = (L xd; » Oy xdy ) (nCEL,lwchL,l) ~Cip WiY1, @)

in which

R T, T, !
A2 AT X =x) ooy, Tu(Xpi—x1) [

In this paper, denote x> (K) = [u’K (u)du, |K||3 = [ K (u)*du, Qi (x1) as in
(4) and define the following bias and variance coefficients:

1
brpy(x1) = FH2 (KymY; (x1) fi 1) qur 1 (x1),
1 , 5
b1 (x1) = 5#2(1() {Zmu (x1) o {AGDqr )}

+m; (x1) fi (D) gy ()ﬂ)} )
2100 = IKIE A G0 E{TT 02 (X, D)X = 1§,

{ori) (X1)}ld,ll,=1 =Qi(x)7' T (x)Qi (x) 7 ®)

THEOREM 1. Under Assumptions 1-5 and 7, for any x| € [h,1—h], as
n — oo the oracle local linear smoother myy..1,. (x1) given in (7) satisfies

d
d
Nnh mLL,l,-(xl)_ml,~(xl)_{ZbLLJ,N,l(xl)} h*

=1 I'=1

- N (0, {or1 (xl)}il,/:J .

With Assumption 6 in addition, the oracle kernel smoother mi 1. (x1) in (6) sat-
isfies

d d
vnh |mg 1, (x1) —my,. (x1) — {sz,l,l’,l (xl)} h?

=1 =1

- N (0, {orr (xl)}il,/zl) .
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THEOREM 2. Under Assumptions 1-5 and 7, as n — oo, the oracle local
linear smoother myy1,. (x1) given in (7) satisfies

sup |n~1LL,1’. (x1) —my,. (x1)| = 0[, (logn/v l’l/’l) .
x1€lh,1-h]

With Assumption 6 in addition, the oracle kernel smoother iy 1,.(x1) in (6) sat-
isfies

sup |n~1]<,1,‘(x1)—m1,.(x1)| =0, (10gn/m>.

x1€lh,1=h]

Remark 1. The above theorems hold for miy 1 .. (x4) and Mk 4. (X,) similarly
constructed as
myp,1,. (x1)and mg 1, (x1), forany a =2,...,d>, i.e.,

3 1 !
ML, a,- (xa) = (Id1 xd] s 0d| xd] ) <nC17:L,aW0< CLL,(X) ;CEL,aWaYa P

- L1 g
mK,a,-(xa): ;CKW(XCK ;CKWaYaa

except that in Assumption 4 one has to replace “my; € C*[0, 1],V1 < < d;” with
“My € C? [0,1],V1 <1 < d;” and in Assumption 6, fi (x1) and Q (x1) have to
be replaced with f, (x,) and Qg (x4).

The proofs of Theorems 1 and 2 can be found in Liu and Yang (2008, Sect.
A.4). The same oracle idea applies to the constants as well. Define the would-be
estimators of constants (mol)1TS 1<q, s the following least squares solution:

2
n d]
o = ()| < <g, = argmin . {Yic -y mozTiz} , )

i=l1 I=1
in which the oracle responses are

dy dp

d
Yie=Yi = ¥ ma (Xia) T = Y, moaTi+0 Xi, Ti)e;. (10)
I=1la=1 =1

The following result provides the optimal convergence rate of miq to mg, which are
needed for removing the effects of m for estimating the functions {m; (xl)};i; I

PROPOSITION 1. Under Assumptions 1-5 and 8, as n — 00,
SUpi<;<q, Imor —moil = Op (”_1/2) :
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Although the oracle smoothers 111, q,. (X¢), MK,q,- (Xq) possess the desirable
theoretical properties in Theorems 1 and 2, they are not useful statistics, as they
are computed based on the knowledge of unavailable functions {m; (xa)};i ’ld 2(1 -

and constants {moz}fl;l. They do, however, motivate the spline-backfitted estima-
tors that we introduce in the next section.

4. SPLINE-BACKFITTED KERNEL ESTIMATORS

In this section we describe how the unknown functions {m,; (xa)};i’ld 20(:2 and

constants {mo,};’; | can be preestimated by linear spline, how the estimates are
used to construct the “oracle estimators.” To this end, we first introduce the space
of linear splines. Let 0 =&y < &) < -+- <&y < ¢nvy41 = 1 denote a sequence of
equally spaced points, called interior knots, on interval [0, 1]. Denote by H =
(N +1)~" the width of each subinterval [¢;,&;41],0 < J < N and denote the
degenerate knots £_1 = 0,¢y42 = 1. We assume that

Assumption 8. The number of interior knots N = N,, ~ n'/*1log n, and hence
H~n"Y*(logn)".

For J =0,..., N + 1, define the linear B spline basis as

(N+Dx—J+1, {-1<x<Ey
byx)y=0—=|x=¢yl/H), = J+1-=(N+Dx, & <x<&yq1,

0, otherwise

the space of a-empirically centered linear spline functions on [0, 1] as

N+1
G, = {ga  8u(x0) = 3 Asby (xa), En (80 (Xo)) =0},1 <a<d,
J=0

and the space of additive spline coefficient functions on y x R as

di dp
G) = {g &)= gt g & =80+ Y, 8u(Xa); g0 € R, ga € GS,a},
=1

a=1

which is equipped with the empirical inner product (-, -); ,.
The multivariate function m (x, t) is estimated by an additive spline coefficient
function

d| n

i (x,t) =Y iy (x) 1 = argmin Y {¥; — g (X;, Ti)}>. 1)
=1 geGY i=1

Since m (x, t) € Gg, one can write 1; (X) = my +2§2=1 My (x4); for me; € R and

Myl (X4) € Gg’a. Simple algebra shows that the following oracle estimators of
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the constants mq; are exactly equal to /¢y, in which the oracle pseudo-responses
Yie =Y — Z;il 222:1 Mqi (Xiq) T, which mimick the oracle responses Y;
in (10)

n R d1 2
my = (mOI)fglsdl =arg min Y {Yic -y iozTil} . (12)

(/101 ..... /10dl>i:1 =1

PROPOSITION 2. Under Assumptions 1-5 and 8, as n — 00, supj<;g4,
|rf101 —n~101| =0, (n_l/z), hence sup| g4, |m01 —m01| =0, (n_1/2),following
Proposition 1.

Define next the oracle pseudo-responses I?“ =Y - Zfllzl (n%oz +222:2 Mgl

N N ~ N\T
(Xia) ) Tirand ¥y = (P11, T ) with sy and s defined in (12) and (1),
respectively. The spline-backfitted kernel (SBK) and spline-backfitted local linear
(SBLL) estimators are

. -1 . 1 -1 ~
mSBK,l,‘(xl)=<C17<"W1CK) CTW1Y1=<nC£W1CK> ;CTW1Y1, 13)
. 1 s -1, .

msBLL.1,. (¥1) = (Lg; xd; » 0y xd; ) ;CLLJWICLL,I ECLL,1W1Y1- (14

The following theorem states that the asymptotic uniform magnitude of differ-
ence between sk, 1,. (x1) and ik 1. (x1) is of order o0, (n_2/5), which is dom-
inated by the asymptotic size of ik 1,. (x1) —m1,. (x1). As a result, sk 1.. (x1)
will have the same asymptotic distribution as sk .. (x1). The same is true for
msBLL.1,- (x1) and myp 1. (x1).

THEOREM 3. Under Assumptions 1-5, 7, and 8, as n — 00, the SBK estimator
msBK.1,- (x1) in (13) and the SBLL estimator mspLL1,. (x1) in (14) satisfy

sup |rispK,1,. (1) =k, 1 ()| + sup |ritsprL, 1, () = ()|
iel0.1] x1€l0,1]

=0, (n_2/5> .

Theorem 3 follows from Propositions 2, 3, and 4, and remains true if Assump-
tion 8 on the number of knots is of the more general form N ~ n'/*N’, where
N — oo, N’/n" — 0,Vr > 0 as n — oo. In other words, one slightly under-
smoothes in the first step of linear spline regression to reduce the bias. The larger
variance is reduced in the second step of kernel smoothing, where a bandwidth
h of optimal order is used, see Assumption 7. The following corollary provides
the asymptotic distributions of misprL,1,. (x1) and 7k 1. (x1). The proof of this
corollary is straightforward from Theorems 1 and 3.
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COROLLARY 1. Under Assumptions 1-5, 7, and 8, for any x| € [h, 1 —h],
as n — 00, the SBLL estimator msgLL,1,. (x1) in (14) satisfies

d
4 1
Vnh |mspLL,. (x1) —my,. (x1) = {Z brii (xl)} h*

1=1 /=1

— N (0, {orr (xl)}illle),

and with the additional Assumption 6, the SBK estimator msgx.1.. (x1) in (13)
satisfies

d
d;
~nh |mg 1, (x1) —mi. (x1) — {ZbK,l,l/,l (M)} h?

=1 I'=1

— N (0, {orr1 (Xl)}i'pzl) ,

where byy ;.1 (x1), bg .1 (x1), and vy 1 (x1) are defined as (8).

Remark 2. The above theorem and corollary hold for mspk,q.. (x,) and
MSBLL.«,. (X¢) similarly constructed for any o = 2,...,d; i.e.,

. 1 -1 .
MSBK,a, (Xo) = (nclﬁwa CK> ;C?;WaYa, (15)

A d R R
Where Yi(l = Yi _21;1 {m()[ +21§a’§d2,a/7éa My (X[(X)}

To understand the proof of Theorem 3, we study the difference between the
smoothed backfitted estimator riiggk_ 1 (x1) and the smoothed “oracle” estimator
mg 11 (x1). First, define the theoretical inner product of by and 1 with respect to
the ath marginal density f, (x4) as ¢j.q = (byj(Xs), 1) = [by (xa) fu (xo)dxq
and define the centered B spline basis b, (x,) and the standardized B spline
basis By, (x4) as

CJ’ bJ’ (x
“bj_1(x4), By (Xa)=a7a)

b =b -
J,o (xa) J(x(x) It ||bJ,0cH2

,(I<J<SN+1,
(16)

so that EBy , (X4) =0, EBia (X,) = 1.
For any n-dimensional vector I' ={Ty, ..., Fn}T. We define the additive spline
coefficient function constructed from the projection of I' on the inner product

d N d N
space (G, (++)2) as (D) (5,0 = 51 {0+ S Z)H Frai Bra i) 1,
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minimizes

. . P T
in which {7o,, yfsa’l}1§J§N+1,1§a§d2,1§l§d1

n di d N+l 2
NATi=Y v+ > Y vraiBraXia) p Tu| » 17
i=1

=1 a=1 J=1

S0 one can rewrite the linear spline estimator in (11) as m (x,t) = (P,Y) (x, t),
where we denote by Y = (Yi)qu- <, the response vector. The coefficients of the
linear regressors #;,1 <[ < d; are denoted as the multivariate additive spline

functions
dy N+1

(PT) (X)=7P00+ Y, Y, Fr01Bra(xa),l=1,....d1.
a=1J=1

Note that (P,;T) (x) = fou + 302, (P}

n,a,l

r) (Xa), where (P:,a,lr) (xq) =
Zva;rll 77,a,1BJ o (xq). We define the empirically centered additive components
(Pn,a,lr) (xoc), a=1,...,d>

(PraiaT) (o) = (P, yT) i) =" Y (P i T) (i) - (18)
i=1

Using these notations, spline estimators of m; (x) and m; (x,) are ny (x) =
(P,,JY) (x) and gy (xy) = (Pn,a,ZY) (x¢), while noiseless spline smoothers and
variance spline components are

my (x) = (Pn,lm) (X),Mq1 (Xg) = (Pn,a,lm) (xa)
& (x) = (Pn,lE) (%), &at (xq) = (Pn7a,lE) (*a) 19)

where m ={m (X,-,T,-)}IT<I-<H is the true function vector and E ={o (X;,
T,-)ei}lTSi <n the error Vec_to_r. Due to the linearity of operators P, , and P, .,
1<l<d;,1 <a<dand Y =m+ E due to (2), one has the following crucial
decomposition for proving Theorem 3:

g (X) = iy (X) 4 & (X)),
Mal (xq) =mgp (x0) +Eat (X4) I1<l<d,l <a<d. (20)

We define additionally an auxiliary entity

gr1 (Xq) = (P;’aJE) (Xa), 1<l<d,1<a<d. (21)
Definition (18) implies that &4 (x,) is simply the empirical centering of £, (x,);
ie.,
1 n
Eql (Xg) =& (xg) —n™ 2521 Xia)- (22)
i=1
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According to (6) and (13),
R B 1 7 I BN
mspK, 1, (X1) —mx 1, (x1) = ;CKWCK ;Cle (Y1 —Yl) )

Y, -Y,

.  A\T
<Y1,1,~--,Yn,1) —(Yl,l,--',Yn,l)T

d;
= lz {mor —mor+m_ 1 (Xi_1)
=1

g (Xi)} Til‘|

1<i<n

= Ck (mo — o) I<i<d,

+

d

N {mg (Xia) —mig (Xin) } Til‘| .
=1 1<i<n
where making use of the definition of r1(; and the signal noise decomposition

(20), the difference mx .. (x1) —mspk,1.. (x1) —mo,. +mo,. can be treated as the
sum of two terms

1 1
~Cfw,C ~Cf'w
(sekwicx) ek

dy "
> {mo (Xia) =g (X)) Til‘|
I=1 i=1

) -1
- <nC£W1CK> {95 )+ 9 () 1L, (23)

where

1 & !
Wy (x1)=—CxWi | X {m_iy (Xit) =g (Xit) } | ={Wsr (M)}f/l:] ,
n

=1 i=1
(24)
1 & !
Y, (x1) = ;CIEW] [Z g1 (Xia) T ]
=1 i=1
d &
={Yor D} 00 (Xia) = Y fu (Xia) (25)
a=2

12 di
Wpr (x1) = - N Kn(Xit—x) Tip Y, {m_iy (Xi1) =iy (X))} T, and
i=1 I=1

1o d; ~
Wy, (x1) = . N Ky (Xit—x) Ty D, &1 (Xit) T
i=1 =1
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The term W (x1) is induced by the bias term 7i_1; (Xi,_1) —m_1; (Xi,_1), and
¥, (x1) relates to the noise terms € _j ; (Xi,,1)~ Both of these have order 0, (n_2/5)
by Propositions 3 and 4 below.

PROPOSITION 3. Under Assumptions 1-4, 7, and 8, as n — 00,

sup sup W, (x1)| =0, (n—1/2+H2) —o, (n—Z/S).
1<l'<d; x1€[0,1]

PROPOSITION 4. Under Assumptions 1-5 and 7-8, as n — 00, supj <y <4,
sup,, cj0.17 | Wo.rr (x1)| = Op (N (logn)* /n+ H?) = 0, (n72/%) .

According to (22) and (25), we can write ¥, i (x1) = leE2z)' (x1) — ‘Plfll), (x1),
where

n d n

leglz)/ G =n""Y > Kn(Xi —x) TuTyp -n™" Y 8%, (Xi) and (26)
i=1/=1 i=l
n d]

va(zl)/ ) =n""Y Y K (Xin —x1) TuTire" ; (Xi1), 27)
i=1i=1

in which éfl,l (X,-,J) = Ziz s e (Xiq) and €7, (X;4) is given in (21). Further-
more, if one denotes
wy,o1r Xi,x1) =TTy Kn (Xit —x1) Broa (Xia),  tao,,,, (X1)

=Ewy g1 (X, x1), (28)
then by (27), (A.2), and (21), ‘I‘v [t (xl) can be rewritten as

n di N+1 do

‘Pv(zz)/(xl)=” >y ZaJale(xll/(Xl;xl) (29)

i=ll=1J=1la=

LEMMA 1. Under Assumptions 1-5 and 7-8, as n — oo, ‘PU I (xl) defined in
; 1
(26) satisfies SUp| < g, SUPy, [0.1] ‘l}gﬁ} (xl)) = 0, (N (logn)* /n).
LEMMA 2. Under Assumptions 1-5 and 7-8, as n — oo, ‘Plfz) (x1) defined in
. 2
(27) satisfies SUP| <y g, SUP,., (0,11 ‘l}gﬁ} (xl)) =0, (H?).

Proof of Proposition 3 is given in the Appendix; Proposition 4 follows from
Lemmas 1 and 2. Lemma 2 follows from Lemmas A.11 and A.12, both proved
in the Appendix, and the proof of Lemma 1 is given in the Appendix. A similar
result can be proved for riigpry, 1 (x1) by extending ¥y, (x1) and ¥, y/ (x1) to
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terms such as

1 n d|
; Z Ky (Xi1 —x1) <M> Tir D {m_1g (Xi1) =g (Xia) } T,

=1
—ZKh(Xll x1)< ) ,1/2811( i.1) Tt

which do not add much difficulty, as % < 1 whenever Kj, (X;1 —x1) #0.

5. IMPLEMENTATION

We implement our procedures with the following undersmoothing rule of thumb
for the number of interior knots in the first step of linear spline smoothing:

N=N,= min([nl/“logn} 1, [n/4dyd> — 1 /da] — 1) ,

which satisfies Assumption 8; i.e., N = N, ~ nl/4 logn, and ensures that the
number of parameters in the linear least squares problem (17) is no more than
n/4,ie.,di{l4+dr(N,+ 1)} <n/4.

By Corollary 1, the asymptotic distributions of the estimators MmsgLL.q.. (X¢)
depend not only on the functions by ;4 (Xs) and vy 4 (xg), but also cru-
cially on the choice of bandwidths h,. So we define for the second step of
kernel smoothing, the optimal bandwidth of h,, denoted by hy op, as the
minimizer of the total asymptotic mean integrated squared errors (AMISE) of
{nﬁal(xa),l =1,...,d; }, which is defined as

2
AMISE {71, } = / {Ebuu/a(xa)h }
=1

+ory g (xa)/(nha)‘| Jo (Xo) dxq.

By letting dAMISE {sii,,. } /dh, = 0, one gets the optimal bandwidth /1 op; as

1/5

n~! fZ;l/lzl VIl a (xa) fa (xa)dxa

ha,opt = >

2
4TS (S b G} (o)

2
where 4 [ 271,1:1 {Z;i VDL a (xa)} fu (x4)dx, is approximated by

2

n”! 2#2([() Z

I'=1

zm (Xta)fa (Xla)qll’ a (Xta)
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To implement this, we propose the following simple estimation methods for
terms m), (ic“)’ qir.a (X)), vpp.q (xq), and fg (x4). The resulting bandwidth is
denoted as A4, opt-

e The derivative function m],, (X;,) is estimated as 2,3{:2 k(k—1Dag X lka_ 24
n A N+3 . . . .
62,1{\];13 Ao 1k (Xl-l — ta’k_3), where {aa,l,k}k:—t) minimize the following
least squares

n d & (3 N+3 5 2
Y [ =D {2 a1k Xby + > agik (Xia —tak-3) }Til‘| ,
I=la=1

k=0 k=4

where min; Xj; =ty < --- < ty4+1 = max; Xj;.
N+3 A

. . 3 N 3
o qurq(xq) is estimated as ¥ _odg1,xk + 30070 datk (Yo —tak—3)" by
minimizing

2

n N+3 3

D {Tlezf - { Zaalkxm + Z aa ik (Xia —tak—3) }} .

i=1 = —

° E{TTTJ2 X, T)|X, = xa} is estimated as 2/%:0 &Ia"l’kxa + Z,?/:"f Qa1 k
(xq — ta,k_3)3 by minimizing

n N3 2
Z Ty T {Y; — m(X,,T)} —{ZaaZkX + Y gk (Xo —1;-3) H

k=0 k=4

e Density function f; (x,) is estimated by % it Kn, (Xia —x4) and

fo (xq) by — (nhé)_1 K’ (M) with the rule-of-the-thumb band-
width h.

6. EXAMPLE

We have applied the estimation procedure described in the previous section
to both simulated and real data. Simulation results provide strong evidence
in support of the asymptotic theory (for details, see Liu and Yang, 2008). In
Section 6, we illustrate how the additive coefficient model is used to extend the
Cobb-Douglas model for annual U.S. GDP growth. Denoted by Q; the U.S. GDP
at year ¢, K, the U.S. capital at year ¢, L, the U.S. labor at year ¢, and X; the
growth rate of the ratio of R&D expenditure to GDP at year 7. All data have been
downloaded from the Bureau of Economic Analysis (BEA) website for years
t =1959,...,2002 (n = 44). The standard Cobb-Douglas production function
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(Cobb and Douglas, 1928) is Q; = A, K/'L} ™', where A, is the total factor
productivity (TFP) of year ¢t and f; is a parameter determined by technology.
Define the following stationary time series variables:

Yi=logQ;—logQ;—1, Ti=logK,—logK,—y, To=logL;—logL;—.
Then the Cobb-Douglas equation implies the following simple regression model:
Yy = (log As —log Ar—1) + p1Ti: + (1 = 1) Ty

According to Solow (1957), the total factor productivity A; has an almost con-
stant rate of change, thus one might replace log A; —log A;—; with an unknown
constant and arrive at the following model:

Yi =Ty = po+p1 (T, — Ta). (30)

As technology growth is one of the biggest subsections of TFP, it is reasonable
to examine the dependence of both Sy and f; on technology rather than treating
them as fixed constants. We use exogenous variables X, (growth rate of ratio of
R&D expenditure to GDP at year ¢) to represent technology level and model Y; —
Ty = m1 (Xp) +m2 (X,) (Ti; = Tar), where my (Xp) = moy + 32 mat (Xi—a1),
[=1,2,X; = (Xt, ety X,_,12+1). Using the BIC of Xue and Yang (2006b) for the
additive coefficient model with dy =5, the following reduced model is considered
optimal:

Yy — T = c1 +myy (X;—3) +{c2 +ms2 (X;—4)} (Tlt - T2t) . (31)

The rolling forecast errors of GDP by SBLL fitting of model (31) and linear fitting
of (30) are shown in Figure 1. The averaged squared prediction error (ASPE) for
model (31) is

1 2002

5 Y, [Yi—To — & —risprr,ar (Xi-3)
1=1994

~ ~ 2
—{é+mspLL,52 (X1—4) } (T1; — Tor)|~ = 0.001818,

which is about 60% of the corresponding ASPE (0.003097) for model (30).
The in-sample averaged squared estimation error (ASE) for model (31) is
5.2399 x 107>, which is about 68% of the in-sample ASE (7.6959 x 10_5) for
model (30).

In model (31), ¢; +mspLL 41 (X;—3) estimates the TFP growth rate, which is
shown as a function of X;_3 in Figure 2. It is obvious that the effect of X;_3 is pos-
itive when X;_3 < 0.02, but negative when X;_3 > 0.02. On average, the higher
R&D investment spending causes faster GDP growth. However, overspending on
R&D often leads to high losses (Culpepper, 2004; Tokic, 2003).

We have also computed the average contribution of R&D to GDP growth for
1964-2001, which is about 40%. From the GDP and estimated TFP growth rates,
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8

GDP and Estimated TFP Growth Rates

T T T
1970 1980 1990 2000

Year

FIGURE 3. Estimation of function cj +mggr 41 (X;—3): dotted line = GDP growth rate;
solid line = ¢1 +mgpLL 41 (X[_3).

shown in Figure 3, it is obvious that TFP growth is highly correlated to GDP
growth. For more details, see Arnold (2005).
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APPENDIX

A. 1. Preliminaries. In the proofs that follow, we use U and u to denote sequences of
random variables that are uniformly O and o of certain order. In several places, we have
omitted details and referred to Liu and Yang (2008).

LEMMA A.1 (Bernstein’s inequality, Bosq, 1998, Thm. 1.4). Let {&;} be a zero mean
real valued process, Sy =¥, &. Suppose that there exists ¢ > 0 such that fori =1,--- ,n,
k> 3EI&F < F2KIBE? < +oo,my = max<j<y & |7 = 2. Then for each n > 1,
integer q € [1,n/2], each e > 0 and k > 3,

n q€2 n 2k /2k+1
P N >ne,» <ajexp| ———2 | +a ka({—}) R
> é n 1 €Xp 253+ 5con 2 (k) ]

i=1
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where

5 5 28/ Ch+1)
a1=2"+2<1+6”), az(k):11n<1+mk>.
q

25m% +5cep &n

LEMMA A.2 (Xue and Yang, 2006b, Lems. A.2 and A.S). There exists a constant cg> 0
such that for any sets of coefficients {ao],a‘]’a’[, 1<J<N+1,1<il<di,1<a< dz},

2

d| d2 N+1
Z (“01+ z 2 aJ,a,IBJ,a) ]

=1 a=1J=1

dy N+1
>COZ (“oﬂ‘ > X “Jal)

a=1J=1
and that as n — 0o, with probability approaching 1,

2

d dy N+1
Y (doz+ > > al,a,lBJ,a) 1

dy N+1
>COZ <“01+2 2 “Ja1>

2,n

LEMMA A.3. Under Assumptions 1 and 8, (i) there exist constants c¢,Cg,co(f)
and Cy(f) depending on the marginal densities fy (xq),1 < o < dp, such that cyH <
cja < CrH and ¢y (f)H < ! 2 < Co(f)H; and (ii) uniformly for J,J =1,...,
N+1,

1 J =1
E{Bjq(Xiq)By 4 (Xig)} ~4 —1/3 |J/=J|=1 and
/6 |1'—J|=2

H'Zk |y =] <2
0 |J/—J|>2"

k
E}BJ,a (Xia)BJ’,a (Xioc)| ~ {

LEMMA A.4. Under Assumption 2, for V defined in (A.8) and St = VEI,
cQevlaa,(N+1)+1} < VT<CQCVId (dy(N+1)+1}

cQCsla i (N+1)+1) < STSCQCsd; (dy (N+1)+1}-
Proof. See Liu and Yang (2008). |

LEMMA A.5 (de Boor, 2001, p. 149). There exists a constant Coo > 0 such that for
any m € C1{0, 1] with m’ e Lip ([0, 11, Coo), there is a function g € GO [0, 1] such that
llg—mlloo < Coo ||| oo H

Lemma A.5 and Assumption 3 ensure the existence of functions g,; € GO [0, 1] such
that

I8as —Matlloo < Coo |[mly || oo H2 ot =1,...oda,l = 1,....dy. (A.1)
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A. 2. Estimation of Constants. To closely examine terms &; (X) and &,; (x4 ), we denote
the following vector of coefficients:

a={ao1,a1,1,1,--»AN41,dy,1,802:01,1,2> -+ »AN41,d3,2> -+ »A0d »

~ - T
XA11,d)s - AN 1odosdy } (A2)
such that the noise term &; (x) in (19) is expressed as

dy N+1
P E) ) =8 &) =dy+ Y, Y, deiBraa). (A3)
a=1 J=I

—1
Equation (A.3) implies that & = (DTD) DTE , where

D={DX.Ty),....DX,, T} ={(T1®B(X)),.... T,®BXn)}", (A4)
T T
B(x)={1,B1,1 (x1).... Bny1,0, (Xay) } st={t1.....1q,} . (A.5)
Note that a given in (A.2) can be rewritten as
A B A T s
a=<7D D) <7D E) = (Vr+Vy) (fD E) (A.6)
n n n

where, by (A.4),

D'D=Y [(t1])e{BxoBX)"}].  D'E =3 [(TioB X))o (X1, T,)e]
i=1 i=1
(A.7)

and V% is the difference between empirical and theoretical inner product matrices; i.e.,

Vp=E KTTT) ® {B(X)B(X)TH —E [Q X)® {B(X)B(X)TH , (A8)
Vi = % g [(TiTiT) ®{B(Xl-)B(Xi)T}] —E [Q(X)@{B(X)B(X)T}] .

Now define & ={do1,a1,1,1>-->N,d>, 1,02, @1,1,25 > AN, d>,25 - -->A0d; > A1, 1,y -+ -5
an.dy,d, }T by replacing (VT—I—V%)_1 with Vo 1_ St in the above formula; that is,

a=vy' (n—‘DTE) — S (n—‘DTE) . (A9)

LEMMA A.6. Under Assumptions 1-3 and 5-8, as n — oo,
[al] = 0p (n="72N"10gn), (A.10)
Ja—a] =0, («"'N*1og?n), and (A.11)
i =o0, (n—1/2N1/2 logn). (A.12)
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-1

Proof. By definition, a’ D? Da=a’ DD (DTD) DTE =aD”E. Using (A.6), one
has
D&, =n~'a’ D Da=n""a" D'E < ] |»~'D"E . (A.13)
According to Lemma A.2,
2

~112
=||paf; .

2.n

wlilP =3 (a51+ s ) -
l Ja,l

(001 + ) aj,a,zBJ,a> 1
I

Ja,l

(A.14)
So Hﬁ” is bounded by ¢ ! Hn_lDTEH. Bernstein’s inequality and truncation entail that

Hn—‘DTEH2 =0, {(10gn)2 N/n}, 50 (A.10) follows from (A.13) and (A.14). According

to (A.6) and (A.9), one has V1 & = (Vp+V7) a, which implies that Via =V (a—a).
One obtains from (A.22) and (A.23) ||V (a—a)|| = | Vial| < 0p (n~/2H " logn)

Hﬁ”. By (A.10), one has HVT (ﬁ—&)” < OP{(logn)zn_1N3/2}. Thus, according to

Lemma A 4, one has ||[a—a| = 0, (n—1N3/2 log? n) which is (A.11). Then (A.12) fol-
lows (A.10) and (A.11). |

LEMMA A.7. Under Assumptions 1-3 and 5-8, as n — oo,
n d1 dz
sup Z T 3, Y EaTi| =

—1/2) (A.15)
I<'<d|™ =1 I=la=1 ( )

Proof. According to (19) and (A.3), one has

dy d n dy d» N+1

1 & -
p ST Y Y éulu= ZTZI/Z N S ajaiBraXig)Ti

i=1 I=1la=1 iz I=la=1J=1

= a/al szl/BJa(Xza)Tzl—Il’1+11/2+111’
Ja,l =1
where

IIZ/ = 2 (dJ,oc,a _&J,a,l) z Tzl’BJ a (Xl{X)Tlla
J,a,l niz1

Il’,l = Z a],a,l { Z Tzl’BJa (Xla)Tzl _ETl/BJa (Xa)Tl}
J,a,l i=1

1 n
- z TiI’BJ,a (Xia)Til _ETI’Bl,a (Xa) T
i=1

1 1|

IA

(N +1)dydy sup

>0,

=0p (n_lNlogzn) , and

. T y=1( ~1nT
Ira="Y, a1,aiETiBra(Xia) Tn = (ETy Bro (Xa)T1) ], V7' (n~'DTE).
J,a,l
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Direct computation (see Liu and Yang, 2008, for details) yields that var(le,z) =
o (n_l), and therefore, Iy » = O)p (n_l/z). So

1|+ 12| = 0, (n112). (A.16)

Next, by applying Bernstein’s inequality with truncation technique,

1 n
- Z Til/BJ,a (Xia) Ty _ETI/BJ,a (Xoc)Tl

& =0p (n_l/zlogn) .

sup
Ja,l

Thus sup; %2?:1 T;y By o (Xiq) i | is bounded by

1 n
= T Bra (Xia) T =BTy B o (X T+ [ETy By (Xa) Ti| = 0 (H'/2).

sup
Joa,l i=1
Then
A 1 & ol 1 n3/2 1002
[11y| < ||a—a| /(N +1)d;da sup - > TiwBj o (Xig)Tit| = Op (n~ N/*log™n).
i=l1
(A17)

Now (A.15) follows from (A.16) and (A.17). The lemma is proved. |

LEMMA A.8. Under Assumptions 1-5 and 8, as n — oo,

1 n d| dz 2 1
n7 Y Y Y Ui (Xi) = mar (Xia) T | =0 (7). (A18)

i=1|l=la=l1

Proof. According to (A.1), there exists g,; € G©1[0,1] such that Ngar —Mgilloe =
O(Hz) =0 (n_l/z). According to Theorem 1.7 of Bosq (1998, p. 36), n=1/2

pY (Tl%—Ele) - N(O,a2), where 02 = >X o Cov (TOZI,TI%) < oo by ap-

plying Davydov’s Inequality (Bosq, 1998, p. 21, eqn. (1.10)), then n_IZ;’:] Ti2 =
ET2+0p (n=12) = 0, (1). So

n
n=! 2

i=1

d 2
z Z (g (Xioc)_mocl(Xia)}Til:|

I=la=1

ln d1 dz 2 n dl d2
<n 'y [Z Y Mg —mall o Til:| <n 1Y [2 > 1gat —mailloo Tit

i=1 [I=la=1 i=1 [I=la=1

~o(x) (= £.17) =0 () n

i=1
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Proof of Propositions 1 and 2. According to (9), mg—mg= (CIECK)_l CIE (Ye—mqT)
= (hCf e hCho (X;, T) e We know that € Ce= (430, T,-,Tﬂ,)fll/:l. Then
according to Theorem 1.7 of Bosq (1998, p. 36), one has n~'/2 3" {7}, T;) —ET) Ty} =
N (O, 02), where o2 = oo Cov (T Toy, T; Typr) < oo. Therefore %CIT;CK:
ETTY)_| + 0p (n_l/z). Similarly, 1CLo (X;,T))ei=0, (n-l/Z), implying
SUp|</<g, lmor —moil = Op (n_l/z), which completes the proof of Proposition 1.

Next, according to (9) and (12),

g — g = (CEC)~ ek (i{c —Yc)

dy dy n
(S [2 S s (Xig) —mar (X,-a)}m}

a=la=1 i=1

dy d
=(ckep ek [Z S (i Xig) =1t (Xig)
I=1a=1

n

+igr (Xig) —mal (Xio) }Tll:|

L N[ & n
=(;CKCK> ~Ck N N T

I=la=1 i=1

i=1

+

d d "
{Z z (M1 (Xiq) —mg; (Xia)}Til}:| :| .

I=1la=1 i=1

One has

S| =

n d[ d2
> T [2 Y, (g (Xia) —mar (Xia)) Til:|
i=1

I=1a=1

1/2 4 d 2y 1/2
1 &, 1 & a2
= ( 2 T > - z |:2 z (Mg (Xig) —mai (Xia))Til:|
izl i | Mi=1 li=la=1
< 0,110, (n712) =0, (') (A.19)
by Lemma A.8. Then Proposition 2 follows from (A.15) and (A.19). u
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A. 3. Estimation of Function Components. Define

n
n~! Y Bjo(Xiq)

i=1

b

Ap,1 =sup <1aBJ,0c>2,n - <1aBJ,a>2) = ?,up

J,o a

Anp=sup  \(ByaTit, By aTir)s = (Bralit: By aTir)y|, and
J,J a,ll ’

An,3: sup <B],0cTil>BJ’,a/Til/>2n_<BJ,aTil=BJ’,a/Til/>2‘-
J,J jo#al 1l ’

LEMMA A.9. Under Assumptions 1-3 and 8, as n — 0o,

Ap1=0p (n_l/zlogn) ,
Ap2=0p (n_l/zH_l/zlogn) , and

Apz=0p (n_l/zlogn) .

Proof. See Liu and Yang (2008).

LEMMA A.10. Under Assumptions 1-3, 5, and 7-8, as n — 00,

12
sup  sup  sup  sup ‘lea“/ (xl)‘=0(H / )
x1€[0,1]11<J<N+12<a<d, 1<l,l'<d; o

sup sup sup sup
x1€[0,111<J<N+12<a<d> 1<l,l'<d,

n
Y {wj,a,l,l’ Xisx1) = ey, 0 (X1)} ‘

i=1

=0p (logn/«/i%) ,

where @ o 1 1 (Xi,x1) and pe, ., (x1) defined in (28), hence

n
—1
n Y g gy Xisxp)
i=1

sup sup sup sup

=0, (H'?).
x1€[0,1]1<J<N+12<a<dr 1<l,lI'<d,

Proof. See Liu and Yang (2008).

55

(A.20)

(A.21)

(A.22)

(A.23)

(A.24)

(A.25)

(A.26)

In the following, we define a noise term analogous to the formula for ‘{’521), (x1) in (29)

by replacing a in (A.2) with a in (A.9)
n dy N+1 d

52 -1 ~
‘Plfl)/ CD=n""33 > Y asai0ra00 Xi,x).
i=li=1J=10=2

https://doi.org/10.1017/50266466609090604 Published online by Cambridge University Press

(A.27)


https://doi.org/10.1017/S0266466609090604

56 R. LIU AND L. YANG

LEMMA A.11. Under Assumptions 1-3, 5, and 8, as n — oo,
2 52
SUP1 <1/ <d, SUPx, €[0,1] “P,EJ)/ (x1) —‘*’,EJ)/ (xl)‘ =0p (Hz) .

Proof. According to (27) and (A.27), one has

) ) dy N+1 dp
Wy () = ¥ ,/(xl))— N Y (- aJal) ijal(Xpm)T,l
I=1J=1a=2 iz

According to (A.26) and (A.11), Cauchy-Schwartz inequality implies that

sup sup |2 () =92 ()|
1<l'<d; x€[0,1]

2 2
<JN+10, (aog") ) 0, (H1/2) -0, ((logn) ) .

nH3/2 nH?3/2

Therefore, the lemma follows. n

LEMMA A.12. Under Assumptions 1-3, 5, and 8, as n — oo,

(2
sup  sup “I’lg l)/ (xl)‘
1<l’<d; x1€[0,1] ’

| & dy N+1 do 275
= sup sup |nT DN D ayai0)40r Xisx)|=0p (n_ / )
1<l’<d, x;€[0,1] i=ll=1J=1a=2
Proof. See Liu and Yang (2008). u
Proof of Proposition 3. (A.1) implies that
|Bng 1,0 (Xi1)| < |Eng 1,y (Xit) —Enm_i 1 (Xi 1) |+ [Enm_ 11 (Xi1)] (A.28)

<Cx(dy—1) sup Hm;[HOOH2+ Op (n_l/z) .
2<a<dy

By definition (24), supy, ¢[o, 1] ‘qu,l/ (x1)| < R| + Ry + R3 where

1 n
Ry = sup th(Xl_xl)Z{mll( —g10 (Xi 1)} TuT |,
x1el0,1]|7 =)
Ry = sup th(Xl_xl)Z{gll( 1)
x1el0,1]|7 /=)
~Eng1y (Xit) =m0 (Xi 1)} TuTip|, and
R3 = sup th(le_xl)zEngll (Xi, 1) TuTip |-
x1€[0,17|7 =1
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For Ry, using (A.1), one has

N R sz 3 7T

=1 l—l

=0, (1) {Z§E|THTH/|+ 0y (n_l/z)} =0, (H?). (A29)

To bound R», denote the empirically centered spline basis as Bj, o« Xia) =By o Xig) —
EnBj o (Xiq),1 <J <N+1,1<a <dp. Then one can write for some (Zz; ;a5 I)J ’
) , o

dy N+1
iy (X) —mo; — Z 8al (X)+ Z Engot (%) =ay ;+ Y, Y, 741874 (a).
a=1J=1
Thus,
1 dy d» N+1
Ry= sup |n th(le_Xl)z > Y @B KXi) TuTip
x1€[0,1] i=l I=la=2J=1
dy d» N+1
~ %
<22 X | sup
I=la=2J=1 1<J<N+1,1<l<d),2<a<d,
! 2 Kp (X1 xl)TilTll/BJa Xiq)
i=1
d| d2 N+1
~ %
=2 2 X |
I=la=2J=1
1 n
X sup nT Y Kp(Xiy—x1) Ty Tip {Bjo (Xia) —EnBj o (Xig)}
1<J<N+1, i=1

1<i<d),2<a<d;

Equation (A.24) in Lemma A.10 states that

n
nUY Kn (Xin —x1) Ti Ty By o (Xia)
i=1

sup sup
x1€0,1]1<J<N+1,1<l,l'<dy,2<a<dy

— 0, ('),

BJ,a (Xitx)|

= 0p (logn//n), and standard kernel argument shows that

n
nUY Ky (Xi —x1) Ty Ty
i=1

sup  sup
x1€[0,1]1<1,l’<d,;

=0,(1).
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Therefore, one has

4 dy Nt )2 1
Rzg{(N+l)d1(d2—1)Z > (57,(1,1) } {Op (H1/2)+0P((jf;)}

I=1la=2J=1

d] dz N+1

o, ({253 (a;,a,l)z}l/z

I=la=2J=1

& &
myp(X) —mo;— Y, 8al X)+ Y, Engar (X)
=1 a=1 a=1

o8

) =0n (i1,
? (A.30)

The last step follows from

dy dy
iy (X)—mo;— Y, 8a1 X)+ Y, Engar (X)
a=1 a=1 2
> d
< iy () =my Xl + {|my ) —mop = Y, gar ®)|| + || Y, Engar (X)
a=1 2 =1 2

& 2 12
<3Co0 Y, [Jmy1|loo H*+ O0p ('l_ / )

a=1

Thus R, = 0, (n—1/2 + Hz). Similarly,

12 dy
Ry= sup |— 3 Kp(X;j1—x1) Y Eng1y(Xi 1) TuTir
x1€[0,17|7 =] =1
d| 1 n
< Y |Engay (Xi )| p sup |= Y Kp(Xip—x) Ty Ty
I=1 x1€[0,17| 7 =1
a4 1< 12, 12
<S Y [Baga (Xia)|p sup |= D Kn(Xi1—x1)TyTip| = Op (n_ 2+ H )
=1 x1€[0,17|7 =1
(A.31)
by (A.28). Combining (A.29), (A.30), and (A.31), one establishes Proposition 3. n

Proof of Lemma 1. Based on formula (21), n=! 3/_ &% , (X; 1) is

| n dy N+1 dr N+1 | n
n- 2 2 z Z’J,oz,lBJ,oz (Xig) = 2 Z 51,0:,1 {n_ 2 BJ,a (Xia)}-
i=la=2J=1 a=2J=1 i=1

Lemma A.6 implies that

dy N+1 B Nl 1/2
Y N arai| <SW+Dd-1- Y, Y aj g1
a=2J=1 a=2 J=1

< {(N+ 1) (ds — 1)-5Tﬁ}1/2 =0, (Nn—1/2logn) .
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Clearly, (A.20) and (A.21) imply supj<j<y4i ’n_] Xt Bra(Xio)| < A1 =
Op (n_1/2 logn), hence
12 dy N+1 n N(logn)2
- 25*1 [( 1,,1 2 2 a],tx,l : SUP - Z Bj.a Xig)| = p\ ——————— |
iz a=2J=1 J.a, i=1 n

(A.32)

while standard kernel theory implies that sup,, (0,1 ‘n_l Z:?:l 2?;1 Kn (X1 —x1) Ty
Tl»l/} = Op (1). Thus the lemma follows immediately from (A.32) and (26). u
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