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NONPARAMETRIC ESTIMATION OF
ADDITIVE NONLINEAR ARX TIME
SERIES: LOCAL LINEAR FITTING

AND PROJECTIONS
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We consider the estimation and identification of the compon@midogenous and
exogenous of additive nonlinear ARX time series modelM/e employ a local
polynomial fitting scheme coupled with projectiole establish the weak con-
sistency(with rateg and the asymptotic normality of the projection estimates of
the additive component&xpressions for the asymptotic bias and variance are
given

1. INTRODUCTION

Let {X;,Y,}}2_.. be jointly stationary discrete-time process&mong the non-
linear time series models popular in the econometrics literature is the bivariate

ARX modet
YI = gl(YI—q"-"YI—1)+GZ(XI—D""’XI)+q’ (11)
X = 0s(Xi—_ps..os Xi—1) + &, 1.2)

where{g} and{e} are independent series each consisting of zero mean indepen-
dent and identically distributed.i.d.) variables with finite variances:? and
a2, respectively Sufficient conditions fogX,,Y;} defined in(1.1) and(1.2) to
be stationary are given in Lemmal3dn Masry and Tjgstheinil997). The vari-
ables{X,} and{Y;} are called exogenous and endogenoespectivelyand the
estimation of the relationship betwe@X, } and{Y,} is of importance in econo-
metric modeling

Because of the “curse of dimensionafityeliable estimates of;(-), .(-),
andgs(-), using a moderate sample siggare difficult to obtain nonparametri-
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466 ZONGWU CAI AND ELIAS MASRY

cally even for relatively small values ¢f and g. Following Masry and Tjgs-
theim (1997, we may considerthereforg an ARX model with only a few
significant lagsLet0=i; < --- <igyand 0=, < --- <j, be integers with
jp =lig+1 and assume

Yidigrs = G os Yiwig) + 0o (XKigjpoee s Xivj) + @4, (1.3)
Xisj, = gs(x|+jl,---,x|+jp,1) ey, (1.4)

Hereiq, andj, may be largebut p andq can be smallThe values ofy,... i1
andj,,...,j, are assumed to be knowthe procedures for selecting these lags
were discussed in Tjgstheim and Auesta€94b in the univariate case
Estimates of the-functions given in(1.3) and(1.4) can be used to obtain
nonparametric forecastse., estimate of the regression function(-),

M(Xg, e Xp3 Yao-ees Yg) = BV L IX, = Xap o s X)) = Xp3 Vi, = Yoy, Vi, = Vol
(1.5)

The interest in nonlinear ARX time series and regression models has been in-
creasing in econometrics and also in related fieBisth parametric and non-
parametric modeling have been consideid@ refer to Chen and Ts&at993
for nonparametric additive modelingriedman(1991) and Lewis and Stevens
(1999 for MARS modeling and Granger and Terasvir(a993 for parametric
modeling Whereas extensive and rigorous theory has been estab(sbedg.,
Potscher and Pruchd991a 1991b in the parametric casdess has been
achieved for the nonparametric methoHsr additive modelsrigorous results
are mainly restricted to the case of independent components through the basic
paper of Ston€1985; additional referenceausing the projection methodre
given subsequently

Because the functiogs(-) can be estimated straightforwardly by kernel-type
estimation and was treated by Masry and Tjgsthglif95, we put the empha-
sis on the estimation af,(-) andg,(-) here Our approach to the additive mod-
eling in general and to the additive nonlinear ARX model in particular will be
through local linear fitting coupled with the projection methdde note that
the regression functiom(-) defined in(1.5) can only identify the sum

M(Xg, .oy Xp3 Yoo s Yg) = O1(Y1s-es Yg) + G2(Xgs ety Xp)

of the functionsg,(-) and g»(-) in the ARX system Define the projection as
follows:

PY(yl"--7yq) = E{m(lev--’xjp; yl7--~9yq)}

= 91()’1, LR Yq) +J<;\p g2(xl7 LR} Xp) dF(Xl’ LR} Xp)’ (16)
whereF(-) is the joint distribution function oX-l,...,ij. We are able to iden-

tify g.(-) up to an additive constanthe functiong,(-) can be retrieved like-
wise by projecting on th&-variables
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Projections were introduced in Auestad and Tjgsth@if91), and they were
more systematically explored in Tjgstheim and AuegtE@b43, in both cases
for a univariate additive model with the purpose of identifying the functional
structure of the componentshe projection idea has been formulated indepen-
dently by Linton and Nielseri1995 under the name “marginal integratitn
For application of the projection method to additive regression models in an
i.i.d. setting see Linton and Nielsgd995, Linton and Héardle(1996, Fan
Hardlg and Mammer(1998, and Linton(1997). Masry and Tjgsthein(1997)
considered the estimation of the additive componegnts andg,(-) using the
Nadaraya—Watson approach for estimatimg;, ..., Xp; Y1, .., Yq) and the pro-
jection method for estimating the componegi§) andg,(-). They established
weak consistency and asymptotic normality for the projection estimates under
a precise set of regularity conditians

The goal of this paper is to extend the work of Masry and Tjgsth@i®97)
by using local linear fitting plus the projection method to estimate the additive
componentg;(-) andg,(-) of the regression functiom(xy,..., Xp; Yi,..., Yg)-

Local linear regression estimatioand more generally local polynomial fit-
ting, was introduced originally by Stor{@977) and studied by Cleveland 979,
Fan(1992 1993, Ruppert and Wan{1994), Masry (1996a 1996h, Masry and
Fan(1997), and many othersSee the book of Fan and Gijbel$996 for ad-
ditional referencesLocal polynomial fitting has significant advantages over
Nadaraya—Watson regression estimaleszduces the biasFan 1992, and it
adapts automatically to the boundary of design poisee Fan and Gijbels
1996. Using a minimax argumenFan (1993 showed that within the class of
linear estimators that includes kernel and spline estim#tedocal linear esti-
mators achieve the best possible constant and rates of convergence

Our formulation is not actually limited to the ARX modgl.3) and(1.4) but
deals with the general additive regression motlé¢ proceed as followd et
{X;,Yi} be jointly stationary processeBor integers 0= i; < --- < iq4q and
0=j; < --- <], define the regression function

m(xl;---’xp; yl’---’yq)
= E{¢(qu+1)|le = Xl,...,ij = Xp; Yil = yl;-“’Yiq = yq}v (17)

whered(-) is an arbitrary measurable function on the real line and it is assumed
thatE|¢>(Yiq+1)| < oo. The introduction of¢(-) allows us to estimate condi-
tional distributions(¢(Y) = I (Y = u)) and conditional momentgp(Y) = Y").

We assume that the regression functiofx,, ..., Xy; yi,..., Yq) has the additive
decomposition

m(xly---’ Xp; yl""’yq) = gl(yl"'-’yq) + gZ(Xl’-“a xp)- (18)

Such a decomposition holdfor example for the ARX model(1.1) and (1.2).
Using local linear fitting coupled with the projection methoge establish weak
consistencywith rateg and asymptotic normality for the projection estimates
of gi(-) andg,(-). Explicit asymptotic expressions for the bias and variance of
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the projection estimates are givehhe results hold under a set of regularity
conditions on the processé€x, Y, }. In particular it is assumed th&tx,,Y,} are
strongly mixing with appropriate algebraic decay for their mixing coefficient
The results can be appligith particular to the ARX model(1.3) and(1.4). We
would like to emphasize thatinder the usual set of regularity conditionise
ARX model (1.3) and (1.4) is Markovian in nature and thus one can exploit
this property in any direct analysis of the ARX syst¢ir8) and(1.4). On the
other handthe general additive nonlinear regression madéel) and(1.8), with
which we are concernedoes not assume any Markovian struciueading to
a considerably more complex analysis

The organization of the paper is as follaws Section 2 we define the pro-
jection estimatesPreliminary results are given in SectionThe weak consis-
tency with rates is presented in Sectionahd the asymptotic normality is
established in Section. Bection 6 provides a discussion of the results of the
paper The derivations of the propositions and theorems stated in Sectjehs 3
and 5 are presented in SectionThe Appendix contains the proofs of certain
crucial lemmas needed in Section 4

2. ESTIMATION PROCEDURE

Let

X = (X|+j1,---,X|+jp)§ Y = (Yl+i1’---7YI+iq); Z = (X,Y)

and

X=Xy Xp); Y= (Yo Ye); 2= (XY).

Then the regression functidid.7) can be written as

m(x,y) = E{d (Vi )X = XY = yh (2.1)

We assume throughout the paper that the second order partial derivatives of
m(s) exist and are continuous at the pomiWe can approximate(s) locally
by a multivariate polynomial at poirtas follows

m(s) ~ Bo + (s = 2)B1, (2.2)

whereB, = m(2), B{ = am(s)/9s|s—,, andB{ denotes the transpose pf (B,

is a column vector Note thatB™ = (8o, 87) depends orz. Let K(u) be a
kernel function orti® with d = p + q andh = h, be a bandwidth parameter
Given the observationsX,, Y, }/_,, we consider the multivariate weighted least
squares

lgo{d’(YHqu) —Bo— (Z) = 2)B1I?Kn(Z, — 2), (2.3)
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wheren; = n — 1 — i, assumed to be positiyand Kn(z) = K(z/h)/h9
Minimizing (2.3) with respect tg3, and3;, one obtains estimates gf andgu,
respectivelyThe minimization of(2.3) leads to

N _ Bo(2) e
B(2) = <§1(_Z)> = QS (2)tn(2), (2.4)

where

| $0(2) $11(2)
—d hat,...,h;t = o ,
Q |ag{1, ot ,hy }, Sn Sn(;) <§n,l(;) Sn,2(;)>,

and

v~ (1)

with

tuol(2) = 1+12¢< Vi Kn(Z 2, @25)
@ = = 3 (B o, oKz -2, 26)
0@ = 1 3 K22, @.7)
s =~ 3 (22 k2 -2 9
and

sn,z(z)=nlilé)<z';‘z)T<z'h >Kh(Z| 2). (2.9)

Therefore our local linear estimator afn(z) is

M(z) = Bo(2) = e B(2) = e] QS (D1, (2), (2.10)

wheree; = (1,0,...,0).

We now employ the projection technique to estimggey), essentially up to
a constant factofsee(1.6)). To this end let D; be a compact subset 8f° and
D, be a compact subset 9% and letD = D, X D,. Define the weighting
functionw(-,-) to be continuous ofit? such thatw(x, y) =1 and
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1 for(x,y) € Dy

Wy = [0 for (x,y) & D,

whereDy = Dy X Dy, andD; o is a subset oD; such that voluméD;) —
volume(D; g) < & for somee > 0 fori = 1,2. The purpose of introducing a
weighting scheme here is to make estimates efficient and to screen out extreme
observationgseeg e.g., Tjgstheim and Auestad 9943 Masry and Tjgstheim
1997). Define the projection

Pyw(y) = E{m(Xo, Y)W(Xo, ¥)}. (2.11)
We have
Pyw(y) = 0.(Y) E{w(Xo, )} + E{gx(Xo)W(Xo, Y)}-

Because

fy,(U) du + f w(y, y)fx,(u) du,

D;—D1o

E (WX y)) = |
Dio
the first term on the right-hand side approaches one,;gsbecomes largeand
the second term is small for small Thus we can identifyg,(y) for y € D, up
to a multiplicative and additive constargnd the multiplicative constant will
be close to 1 when the suppddtof w(-,-) is taken to be large enough
We now estimatéy ,(y) by

nz

7 2 M, YW(X;, y), (2.12)
2 1=0

IﬁY,W(Y) =

wheren, = n — 1 — j, andm(x,y) is given by(2.10). Similarly, we take the
projection of the functiorg,(x) as

Py w(X) = E{M(X, Yo)W(X,Yo)} = Go(X) E{W(X, Yo)} + E{9:1(Yo)W(X, Yo)},

and we estimat®y ,,(x) by

N3

> mix,Y)w(x,Y,),
3+ 15

FA)X,W(X) =

vyhere ng = n—1—iq In the sequel we focuAs our attention &g ,,(-) and
Py.w(+); similar arguments apply t®x w(-) and Py (-). Henceforth we drop
the subscriptv from Py () and Py, (+).

3. PRELIMINARIES

Our goal in this section is to obtain a centered expression for the estimation
error Py(y) — Py(y) and an expression for the bias terfhis requires an ap-
propriate Taylor series expansion and also uniform convergence in probability
of S,(x,y). Details are given in Section. Here we only state the conditions
and the result
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Let F(x) be the distribution function oK, and F(x) be the corresponding
empirical distribution functiorF(x) = (n, + 1)"32,1(X, = x). We center
the vectort,(z) of (2.4) by

ny

tho(2) = n + 1 IZEO& Kn(Z, —2) (3.1)
and

. 1 o (Z—z\T B
thi(2) = n+1 %( h > 8 Kn(Z, — 2), (3.2)
where

8 = d(Mivi,,,) —M(Z)). (3.3)

The following conditions are needed in the proof of Proposition 1

Condition 1

(i) The kernelK(-) is symmetric withfy«K(u) du = 1, is bounded with compact
support(say K(u) = 0 for |u| > 1), and is factorabl&K(u) = K;(u")Ks(u"),
u € NP U’ € Na,
(i) E{|¢(Yo)|}” < oo for somev > 2.
(iii) The probability densitied(u,v) and fy (u) are continuous orD and Dy,
respectively
(iv) The conditional density

(X0, Yo, X0 Y0 (Vi1 ) = Aa < 0

forall | = 1.
(v) The conditional density

.I:(l(o,)fo)\\(.q+1 = A4 < oo.
(vi) The processe$X;,Y;} are strongly mixing with> 2, 12{a(1)}* %" < oo for
somer > 2 anda > 1 — 2/v.

Remark 1 We remark thak, and X, may overlap wheh = j, — j;. The sit-
uation is similar forY, andY; whenl = iy — i;. In Condition 1(iv) the joint den-
sity is meant to be that of the distinct random variables in th€ g, X, Y,).

Condition 2 Let D be the compact support of the weight functwx, y).
Then

inf f(x,y)=A,>0
(x,y)ED -

andm(x, y) has continuous second-order partial derivativefon

Condition 3 The kernelK,(-) has an integrable Fourier transfarm
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PROPOSITION 1 Under Conditionsl-3 and nhf*™% — oo and nhgP — oo,
we hae

|5y(y) — Py(y) = BIAS(y) = Ji(y) + 0,((nh$)¥2) + 0,(h2) + O,(n~Y2),

(3.4)
where
w(xy) |
Ji(y) = - tro(X, y) dF (X), (3.5)
se F(X,y)
h2
BIAS(y) = ?nf w(u, Y)tr(M 1,V (y,y)) dF(u), (3.6)
B NP B B
the moment matri is given by
1 o7
= 1 QT
M = = , (3.7)
0 f u'uK(u) du 0 My,
nd

andV = V(2) = (0°m(2)/9z"02)4xq is the Hessian matrix of fz).

It is conjectured that the additional assumption on the bandwitif — o)
made in Proposition 1 is not necessary but we were not able to dispense with it
(see Remark A in the Appendix

We remark that by3.6) the bias termrepresented by BIASy), is of order
h2 and is proportional to the integralwith respect tax) of the second-order
partial derivativesV(x,y) of the regression functiom(x, y). Also note that
the first term on the right-hand side (8.6) is centered vid;; o(X, y).

4. WEAK CONSISTENCY AND RATES

In this section we obtain the second-order properties of the fg(m) on the
right-hand side of3.4) that lead to establishing the weak consistencify).
We first decomposé, (y) as the sum of two integrals

(xy) (%)
1(y) =L L 0F0 + [ Ly 0fF (0 — Flo)

e F(X,y) ase F(X,y)
= ‘]l,l(y) + 31,2(}/)- (4.1)
Define
w(X,Y)
HO0Y) = 15 el @2)
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and assume that
K(u) = Ky (u)Ky(u”), u eNRP,  u" et

so thatKn(u) = Ky n(U) Kz n(U") with Ky h(U') = Kq(u'/h)/hP andK; h(U”) =
Kz(u"/h)/h% Then substitutingt; (2) into J; ;(y), we obtain

Jia(y) = n+1 IZEO‘SI Kon(Yi —y) {J;ip H(X, Y)Kyn(X — X) dX}-
Let
Hy(uy) = Lp H(X, y)Ky n(U — X) dx. (4.3)
Then
Jia(y) = n+1 Z%)& H(X, YKo n(Y —y)
+ no+1 2})5|{H:()_(|,Y) —H(X, YKo n (Y —y)

= Gy(y) + Gi(y). (4.4)
Hence
Ji(y) = Gp(y) + Gi(y) + Jp2(y). (4.5)

We show that the contribution dB;,(y) and J.»(y) is negligible relative to
Gn(y). The proofs of the following two lemmas are quite involved and are rel-
egated to the Appendix

LEMMA 1. Under Conditionsl and 2, and nh*% — oo,
Gn(y) = 0,((nhd)~/2).
LEMMA 2. Under Conditionsl-3and nhf™% — oo and nhgP — oo,

J2(y) = op((nh)~+2)

at continuity points of the functior?é, y) defined in(4.11) (subsequentlyas
a function ofv.

By (3.4), (4.5), and Lemmas 1 and, 2ve have the following proposition
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PROPOSITION 2 Under Conditionsl-3and nh*9 — oo and nigP — oo,
Py(y) — Py(y) — BIAS(y) = G,(y) + 05(h3) + 0,((nh)~+/2). (4.6)

We now proceed to obtain the asymptotic varianc&gfy). By (4.4),

1 M
N DL (4.7)
with
T = o (Y) = 6 HX, YKo n(Y —y). (4.8)
Then
(n, +1)Var(G,(y)) = Var(m, o) + 2 21 <l — >Cov(77-n 0:Tni).  (4.9)
2 : “~ n +1 0> ¥,
Define
o?(u,v) = Var{e(Y,_ )| Xo=u, Yo =0}, (4.10)
a’(v,y) = f H?(u, y)o?(u,0) f(u,v) du, (4.11)
NP B
and
Itz = | kw2 o @12

THEOREM 1 Under Conditionsl and 2 and ntfl — oo, we hae
@
hVar(m, ) — | Kzl\éaz(y, y)

at continuity points of &(v, y) as a function ofy.
(b)
Ny

hg > |Cov(mo,7,)| = 0(1), asn— co.
=1

(©)
nhiVar(G,(y)) — [K,l3a%(y, y)
at continuity points of &(v, y) as a function ofv.

The proof of Theorem 1 is givgn in Section e now state the weak con-
sistency of the projection estimalg(y) in the following theoremits proof is
given in Section 7
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THEOREM 2 Under Conditions1-3 and the bandwidth h satisfying
nhP*9 — oo, Nh2? — oo, Nh3"* = O(logn), we hae

(@

n

nha \V2 i
<Iogn> (Py(y) — Py(y) — BIAS(y)) — 0, asn-—oo.

(b) If, in addition nhd** = o(log n), then

nhd \V2 . .

<Iogn> (Py(y) = Py(y)) — 0, asn— co.
Remark 2 Note that the rate of the convergence in Theorem 2 is the ex-

pected one given that € N The requirement thath?™9 — oo arises from

the nature of the projection methodhich utilizes the regression estimate of

m(x, ¥). This condition was also required in Masry and Tjasth€l®97) where

a Nadaraya—Watson regression estimator was empldayrea requirement that

nh2? — oo was already discussed following the statement of Proposition 1

5. ASYMPTOTIC NORMALITY

In this sectionwe establish the asymptotic normality of the projection estimate
Py(y). We need the following condition on the mixing coefficiantl ).

Condition 4 Leth, — 0 such thahh? — co asn — co. Assume that there is
a sequencév,,} of positive integers satisfying, — o andv,, = o( nh,?) such
that (n/h9)Y2a(v,) — 0.

Before we proceed with the statement of the asymptotic normality result
(Theorem 3which follows), we discuss a technical continuity requirement that
is needed in its prooflt is due to the presence of the arbitrary transformation
¢(-), which requires a truncation argument to be employ@&pgecifically for
anyL > 0, let

m(y) = yl(ly[=L), (5.1)
wherelL is a fixed truncation pointPut

m (X, y) = E{r.(¢(Yi  NIXo=X Yo=Y}, (5.2)
a?(x,y) = Var[r (¢(Y,, )Xo =X, Yo=YI, (5.3)
G2 (%, y) = Var[o (Y, JH[S(Y, ) > LHXo =X Yo=YI, (5.4)
at(v,y) = f%p H2(u, y)o?(u,v) f(u,0) du, (5.5)

https://doi.org/10.1017/50266466600164011 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466600164011

476 ZONGWU CAI AND ELIAS MASRY

and

af(v,y) = Lp H?(u, y)5¢(u,0) f(u,v) du. (5.6)

As in Theorem 1where the quadratic-mean convergence holds at the continu-
ity point v = y of the functiona®(v, y) (as a result of Bochner’s lemmahe
quadratic-mean convergence of the corresponding truncated variables requires
that the functionsa?(v, y) and &2 (v, y) be continuous at the point = y for
everyL > 0. We state this technical continuity requirement as Condition 5 sub-
sequently Note that in view of the relationship®.5) and (5.6), a sufficient
condition is that the functions (u,v), o2(u,v), andé2(u,v), are continuous
onD,(y) =D, X {y} for everyL > 0 (see Lemma A in the Appendix for detgils

Condition 5 For everylL > 0, the functionsa?(v, y) anda? (v, y) are contin-
uous at the point = y.

Condition 6 The bandwidth parametedr, satisfiesh, — 0, nhP*9 — oo,
nhd*4 = O(1), nh?? — oo, asn — oo.

THEOREM 3 Under Conditionsl-6 we hae, as n— oo,

(Nh)2(Py(y) — Py(y) — BIAS(y)) - N(O,[K,[3a%(y, y))

at continuity pointg = y of a*(y, y), where the asymptoticariance &(y, y) is
given in(4.11).

Remark 3 We provide a sufficient condition for the mixing coefficiemt! )
to satisfy Conditions (vi) and 4 Suppose that, = An"?(0 < § < 1/g, A> 0),
v, = (nhd/logn)¥2 anda(l) = O(I ) for somec > 0. Then Condition 1vi)
is satisfied forc > 2(1 — 1/v)/(1 — 2/v) and Condition 4 is satisfied i€ >
(1+ 6g)/(1 — 6g). Hence both conditions are satisfied if

a)=0(1-°), c> max{ 1+069 2(1_1/”)}

1-69 1-2/v
Note that this is a trade-off between the ordeof the moment ofp(Y,) and

the rate of decay of the mixing coefficierthe larger the order, the weaker is
the decay rate o (l).

Remark 4 Theorem 3 shows that the projection estimatey) has the fol-
lowing asymptotic expressions for its bias and variafockthe asymptotic
distribution

2

. h2
biag(Py(y)) ~ > fq\pW(u, Yr(My;V(u,y)fy (u) du=hiT(y)
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and

Var(Py(y)) ~ (nhd) " [Kl3a2(y, y)
with

2 — Wz(g,y) 2 2
as(y,y) —fmp fLy) fy, (U)o (U, y) du.

The asymptotically optimal bandwidth is then given by

B QHKzHéaZ(y,y) 1/(q+4) 1
W\ Ty ) e

so that the corresponding rate of the “mean-square convergence” is
O(n~#(@*) Note however that Condition 6 imposes certain constraints on
the bandwidth parametér,: in particular the optimal bandwidth satisfies Con-
dition 6 only if p < min(4,(q + 4)/2).

The issue of selecting the bandwidth in a data-driven fashion for our projec-
tion estimates remains op&ie note that for local linear regression estimation
with i.i.d. datg data-driven bandwidth selection was recently considered by Fan
and Gijbels(1995 and RuppertSheatherand Wand(1995. In the context of
this paperwhere the underlying processe§, Y} are strongly mixingthe prob-
lem is quite complex analytically

6. DISCUSSION

We have employed local linear fitting along with the projection method to ob-
tain the estimates of the components of additive nonlinear regression models of
the form(1.8). The main results of the paper are TheoremvBich establishes
rates of convergencén probability) for the projection estimatesand Theo-
rem 3 which establishes the asymptotic normality of the projection estimates
Asymptotic expressions for the bias and variafokthe asymptotic distribu-
tion) are also given

The results of the paper can be applied to the ARX mddsl) and (1.4).
We first note that in general the ARX modgdl3) and(1.4) need not be station-
ary without constraints on the growth of the functian$y) andg,(x) at infin-
ity (Tjostheim 1990. Under Assumption 3 in Masry and Tjgstheint1997)
(reproduced in the Appendix as Condition,At is shown in Lemma 3 of
Masry and Tjgstheini1997) that the ARX model1.3) and (1.4) is stationary
and strongly mixing with geometric decay(l) = e @, a > 0. It then follows
that the assumptions imposed efl ) in Conditions 1vi) and 4 are automati-
cally satisfied for the ARX syster(il.3) and (1.4) under Condition AAssum-
ing that the other technical conditions of this paper are satistieel weak
consistency Theorem 2 and the asymptotic normalityTheorem 3 results for
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the general additive nonlinear regression mgdef) and(1.8) hold, in partic-
ular, for the ARX model(1.3) and(1.4).

As was mentioned in the introductipthe key ideas of this paper are similar
to those used in Masry and Tjgsthe{i®97), except that we employ local lin-
ear fitting instead of local constant fittindf is of interest to compare the two
procedures for estimating the additive components although it is well known
that the local linear fitting reduces the bias in the standard nonparametric re-
gression contextsee Fan and Gijbel4996 p. 16). In view of Theorem 3 and
Corollary 42 in Masry and Tjgstheini1997), it follows immediately that both
procedures have the same asymptotic variance for the additive comporents
see the gain for the bias using local linear fittimge first derive the asymptotic
bias for the Nadaraya—Watson estimator under Conditidwlrich follows),
which is stated here as the following lemnita proof is given in the Appendix
Note that the “random bias” for the Nadaraya—Watson estimgiegen in Cor-
ollary 4.2 of Masry and Tjgstheini1997), takes the form

Any) = LpW(x, Y)Ca(X, y) dF (x), (6.1)

where

E{t,o(2)} —m(2)f(2) — m(2)[E{s,0(2)} — f(2)]
E{s,o(2)} '

Condition 7 f(x,y) has continuous second-order partial derivativeon

Cn(Z) =

(6.2)

LEMMA 3. Under Condition7, the “random bia$ A,(y) of (6.1) has the
following asymptotic expression

, .I:r X, M ’ X, T
An(_y>=B|AS<_y)+h§j W YT Mt OODE oo o),

9P f(x,y)
6.3)

whereBIAS(y) is given in(3.6) and f’(z) and ni(z) are vectors representing
the partial dervatives of f(z) and m(z), respectiely.

Note that the first term BIA8y) on the right-hand side d6.3) is the asymp-
totic bias of the local linear estimator in the additive modéisollows from
Lemma 3 that the Nadaraya—\Watson estimator suffers from largefaietscu-
larly in regions where the derivatives of the regression functigz) or the
underlying density functiofi(z) are large as a result of the second term on the
right-hand side 0f6.3). It can have a large bias even when the true regression
functionm(z) is linear The bias can also be large whétiz)/f(z) is large

In this paper we assumed that the bandwidth paramgtés identical in
all directions i.e., Ky(u) = h™9K(u/h). It may be desirable to have distinct
smoothing in different directionsThis can be accomplished by replacing the
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kernel K,(u) = h™9K(u/h) by |H|*K(H *u) whereH is a symmetric posi-
tive definite bandwidth matrix anfH| is its determinant as was done in Rob-
inson (1983 and Ruppert and Wan@d. 994). In particular H can be diagonal
H = diag{hy,...,hy}. The analysis will go through with the obvious modifi-
cations such as|H| — oo replacingnh® — co.

This paper established the weak consistency and asymptotic normality of the
components of additive nonparametric regression models of the(fo&n We
have not addressed the issue of establishing almost sure uniform convergence
rates because of space limitatiomfowever in view of the results of Masry
(1996h for local polynomial regressigrwe expect that under appropriate set
of regularity conditionswe have

A Inn\v2
sup|Py(y) — Py(y) = BIAS(y)| = O | — almost surely
YEDz - - nhd

and of course sypp,|BIAS(y)| = O(h?). This issue will be pursued
elsewhere

As was noted in Remark,4he problem of selecting the bandwidth in
date-driven fashion is quite complex under the general setting of this paper and
remains open

7. DERIVATIONS

In this sectionwe present the derivations of Proposition 1 and Theoren2s 1
and 3
We first note that by(2.10)—(2.12),

Py(y) = L_pW(x,y)_IE(x,y) dF (x)
and
Py(y) = LpW(x, y)el B(x,y) dF(x),

so that

Py(y) — Py(y) =fpW(x,y)_eI{E(z(,y)—[:’(z(,y)}dlf(z()

N

+ f w(x, y)m(x, y) d{F(x) — F(x)}
NP
=1, +1,

The following lemma shows thas is relatively negligible
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LEMMA 4. Let the processegX|, Y} be strongly mixing with mixing coeffi
cienta(l) satisfying> 2, a(l) < co. Then I, = Oy(n~Y?).

Proof See Lemma & in Masry and Tjgstheini1997). It follows that
Py(y) —Py(y) = pr(x, yel{B(x.y) = B(x, Y} dF(x) + Op(n"Y?). (7.1)

To establish the convergence properties of the first term on the right-hand side
of (7.1), we center the vectdr(z) in (2.4) as in(3.1) and(3.2):

Ny

tho(2) = 1 E 6 Ky(Z, -2 (7.2)
1 I1=0
and
N 1 Z(Z—z\T B
thi(2) = n 1 2;)( h > 6 Kn(Z, — 2). (7.3)
Therefore
tn,o(Z) - trT,O(Z) = P IE% m(Z,)Kn(Z, — 2) (7.4)
1 =
and
§ 1 Z —z\"
112 —t5.(2) = ——y .20< h ) m(Z,)Ky(Z, - 2). (7.5)
1 =

Expandingm(Z,) in a Taylor series arounfiZz, — z| = h, becausen(z) has
continuous second-order partial derivativeg have

m(Z) =Bo+ (Z —2B1+ 3(Z — 2V(D)(Z, — 2)7 + 0,(hd), (7.6)

whereV = V(2) = (2m(2)/02792)4xq. We rewrite the quadratic term as fol-
lows: BecauseV is symmetri¢ let vechV) be the(d/2)(d + 1) column vector
representing the stacked up columngd/othat are on and below the diagonal of
V. Thena"™Va = vech’(2v — diag(V))vech(aa) for any vectora. Substitut-
ing (7.6) in (7.2)—(7.5), we have

tho(2) = ti0(2) = Bo(2)Sho(2) + hysi1(2)B1(2)

h'% T H h2
Y by 1 (2)vech2v — diag(V)) + oy(hy?)
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and
1,1(2) —171(2) = Bo(2)$,1(2) + N, S, 2(2)B1(2)
2
+ h—zf' B,,2(z)vech2V — diag(V)) + o,(h?),

where

1 o Z—z\"(Z -z B
by1(2) = n1+1|20vech{<—h ) ( . )} Kn(Z —2)
and

1 o (Z—z\ Z—z\"(Z ~z B
Bn2(2) = n+1 2}( h ) VeChT{< h ) ( h )} Kn(Z — 2).
Therefore

2
1.(2) = 17(2) = S,(2Q7'B(2) + % Bn(z)vech2V — diag(V)) + o,(h3),

where
([ bai(2)
Bn(2) = <Bn’2@>. (7.7)

By (2.4), we have
2

R h; )
1:(2) = S,(2Q *(B(2) — B(2) — > B,(z)vech2V — diag(V)) + o,(h?),

so that
2

R hs .
B(2) — B(2) = QS (D)t (2) + > QS:1(2)B,(z)vech2V — diag(V))
+QS,t0,(h3). (7.8)

Equation(7.8) isAcruciaI to the analysis because it gives an expression for the
estimation erro3(z) — B(2) in terms of a centeretj;(z) and a “bias” term
Substituting(7.8) into (7.1), we obtain

Py(y) — Py(y)

- prw(l‘, y)el QS (%, y)ti(x, y) dF(x)

2

h2 .
S w(x, y)el QS (X, y)B,(x, y)vech2V — diag(V)) dF(x)
MP - - -

+ 0,(h3) LPWQ(, y)el QS (%, y) dF (x) + O, (n~Y/2). (7.9)
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We now state the quadratic-mean convergence ofdhiel) X (d + 1) stochas-
tic matrix S,(z) and of the(d + 1) X (d/2)(d + 1) stochastic matri>B,(z).

LEMMA 5. Under Conditionl and nh?*% — oo, we hae
sup  [Sp(x,y) — (Mf(X,y)| = 0,(1)

(x,y)ERPTa

and
sup  [Bn(x,y) — (Bf(x,y)| = 0,(1),

(x,y)enRP

where

Ml_

(7.10)

kwa [ ukwa
fmd 9 :<mo,o mlO)

m M
f u"K (u) du f uTuK(u) du ST
nd grd

vechT<f uTuK(u) dl_J)
i

B= . (7.11)
f u'vech"(uTu)K(u) du
9d

and

Proof See Proposition 1 and Theorem 1 in Ma§t@96h.
Proof of Proposition 1 Observe that
S;t=S11+(5-S,S.],

whereS= M;f(x,y). ByLemma5S—S, 20 uniformly in(x,y) € RY By
Lemma 5 and Condition, 5, * = M11/f(x, y) uniformly in (x,y) € D pro-
vided M 1! exists It then follows that

Sat(xy) = STHx, y)(1+ 0,(D)), (7.12)
whereo,(1) is uniform in(x, y) € D. Now substitutg7.12) into (7.9) to obtain
Py(y) = Py(y)

= L‘pw(x, Y)er QS 1(x, )t (X, y) dF (x)

2

+ h; w(x, y)el QS (%, y)B(x, y) f(x, y)vech2V — diag(V)) dF(x)
NP B B B -

#0) | wixyIETQS Hx y) F (0 + O, ) + Ay, (749
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where the error term

A(y) =JpW(x,y)_eIQ[Sﬁl(z(,y)—S‘l(x,y)]_t:(x,y) dF (x)

N
h?
S pr(x, Y)el Q[S (X, Y)Bn(X, y) — STHX, y)B(x, Y] f(X,y)
x vech(2V — diag(V)) dF (x)
+ op(hﬁ)fq‘pW(x, Y)elQ[S, M (%, y) — STH(x, y)] dF (x). (7.14)

By assumptiorM, = M and

elM™t el
f(x,y) f(xy)

e QS (x,y) =
Thus
Py(y) = Py(y) = Ji(y) + Jo(y) + A(y) + 0,(h2) + O,(n"Y2), (7.15)

whereJ,(y) is given in(3.5) and

2

L(y) = h—znj w(x, y)vech (M 1 ;)vech2V — diag(V)) dF(x). (7.16)
%P s

We consider the contribution aof,. We note that vechM ,;)vech2V —
diag(V)) = tr(M ;1 V(x,y)). ThenJ, becomes

h2 1 2
= > ) E)W(Z(h}/)tr(M 11V (X, ¥). (7.17)

Because the summands (i@.17) are bounded random variableken as in
Lemma 4 we have

3, .1
=5 WYt (M V(W) dF(). (7.18)

To complete the proof of the propositipit suffices to show that\(y) =

0,(h3) + 0,((nhd)~%2). By (7.12), it is seen that the third term on the right-
hand side 0{7.14) is clearlyop(hﬁ); for the second tergrobserve that

sup |S, (%, Y)Ba(X,y) = STH(x, Y)B(X, y)| = 0,(1)
(x,y)ED
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component-wise and that the integrand is bounded on the compact domain of
integration Hence this term is alsop(hﬁ). It follows that

A(y) = 0p(1) pr(x, Ytro(x Y| dF(x) + 0,(h7)

= 0,(1)A4(y) + 0,(h3). (7.19)

Under the assumptions in Propositionitlis shown in the Appendixollowing
the line of the analysis of the terd(y) in Section 4 that

A4(y) = Op((nh3)2). (7.20)
This completes the proof of the proposition u

Proof of Theorem 1 Note thatE(7,, ;) = 0. By (4.8), conditioning on(Xo, Y5),
we have

h3Var(m,,) = hIE{H?(X,, y) KZn(Yo — Y)UZ(XO,YO)}

1 vy
= | =k =—2)a2 .
J.:“q hr[i] 2( hn >a (Q,Y) dl_}

By Bochner’s lemmahgVar(m,o) — [K|3a2(y,y) at continuity points of
a?(v,y) as a function ofy provideda?(v,y) € L,(dv) which we proceed to
show It suffices to show thaE {H2(Xo, ) 02(Xo, Yo)} < cc. By (4.2) and Con-
ditions 1(iii) and 2 B

sup H(x,y) = Ag < oo, (7.21)

xXENRP

andE{o?(Xo,Yo)} < oo becaus€E{p?(Yo)} < co. For part(b), we decompose
the sum into three terms as follows

ny m Cn Ny
=1 I=1 I=m+1 I=c,+1

wherem = max{iq — iy, jp — j1} andc, — oo such thatc,hy — 0 asn — oo.
Clearly, there is an overlap of componentsdnbut not inJg or Jo. For J;, let p
be the number of common elements(X,, X;) and g be the number of com-
mon elements MYy, V), 1=1 = m. Then for 1= | = m, we have

CoV(7n 0, 1) = E[808 H(Xo, Y) Ko n(Yo — Y)H(X), Y) Kz n(Y — Y)I.

Note thatH(u,y) = 0 for u & D;. Also K, has compact supporBecause
m(u,v) is continuous it follows that m(u,v) is bounded oveu € D; and
{v:lv —yl =1} Let

A; = sup  [m(y,)l. (7.23)

ueD,, {v:v—yl[=1}
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Conditioning on(Y;_, ,, Y+, ,) and using Condition (iv), we obtain

13,1 = constE[{ (Y, )| + A (Vi )| + A)]

<[ HE @ YK )
g124-p-0 - -

>< Kz’h(l_)”,l_}”,) dl_.], dg!! dg!!/ dl_}, dl_}” dl_),”.
Hereu’ andu’” have dimensionp — p andu” has dimensiong; v’ andv”’

have dimensiong —  andv” has dimensiong. Therefore

37| = consth™E{|¢(Yo)| + As}? Kao(v',0")Ka(v",0") do’ dv” dv™
;2a-a

X f H(u,u", y)H(u",u"”,y) du’ du” du".
gR2e-p - -

The integral over th&-functions is finite by Condition @) and the integral
overH-functions is finite because of the compact suppow 6%, y) and(7.21).
Therefore

J7 = O(h;q).
Hence
hdJ, = O(h3~9) = o(1). (7.24)

Next, we considetdg of (7.22). Here there are no overlaps betwegpandZ,.
By conditioning on(Y; ,Y.; ) and using Condition (iv) and(7.23),

|Cov(my0, 1)
=E[([¢(Y, )+ A (dNi,, )+ A7)
X H(Xo, ) Ko n(Yo = Y)H(X,, YKo (Y — y)]
= constE[(|¢ (Y. ) + A ([¢ (M, + A7

X f H(u, y) Ko (0)H(U, y)K,(v") du dv du’ do’
m2p+2q - -

N

= constE{|¢(Yy)| + A7}2{f H(u,y) dy}2 =0().

Thus

Js=0(c,—m) and h%J;=0((c,— mhd) =o0(1) (7.25)
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asn — oo by the choice ofc,. Finally, for Jo, it follows from Davydov’s in-
equality (see e.g., Hall and Heyde 198Q Corollary A.2) that

|Cov(y0, )| = 8 [a(D)]*~#{E| 0]},

wherel = | + min{iy,j.} — max{ jp,iq+1}. Now, conditioning onY_ ., and
using Condition 1v) and(7.23), we have

Elmnol” = ALE{|d(Yo)| + A7}”fw H"(u,y) dqu Kin(v —y)dv

= constf K (v —y)dv
Rd B

by Condition X¥ii) and the compact support ¢i(u, y) with respect tou.
Therefore

N2/ const
(E|7Tn,0| ) = hgq(lfl/,,)-

Thus

const i const iad
hildol = w2 (a2 = —m—— > 1Pla()]*?”
T e hie=2m 6

and withc, = h,9@—2/)/a
hiJy— 0 asn— o 726

by Condition Xvi). By (7.22) and(7.24)—(7.26), we have

ny

hi > [Cov(my0,7,1)| = 0(1),
=0

which proves partb). Part(c) follows from parts(a) and(b). |

Proof of Theorem 2By Theorem 1

nhd \¥2 o
logn Gn(y) >0, asn-— oo.

Part (a) follows from (4.6). Part (b) follows from part(a) and the fact that
BIAS(x,y) = O(h?) by (3.6). |

Proof of Theorem 3By (4.6) and Condition 6

(Nh)2(Py(y) — Py(y) — BIAS(y)) = (nh$)Y2G,(y) + 0,(1),
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so it suffices to show that
(nhd)¥2G,(y) 5 N(O,[Kl3a%(y, y)).
Let
An,| - hg/ZWnJ, (727)

whererr,, | is defined in(4.8) and
n—1
U, = IZOAM. (7.28)

Then

1
Ui ..

Hence it suffices to show that

1/2 n_\"
q =
(nhd)V2G,(y) (nl n 1)

1 L 242
T U, = N(O,[Kz[3a%(y, y)). (7.29)

By Theorem 1we have
n—1

Var(A,o) = [Kzl3a%(y,y), and ) Cov(A,o,A,;) = 0(1). (7.30)
=1

Partition the sef0,1,...,n — 1} into 2k, + 1 subsets with large blocks of size
u = u, and small blocks of size = v,, where

n
k=k,= : 7.31
-l o
Define the random variables
j(u+v)+u—1
n= > Ay, 0=sj=sk-1 (7.32)
i=j(u+v)
(j+1)(utov)—1
&= X Ay, 0sjsk-1 (7.33)
i=j(u+v)—u
and
n—1
L= 2 A (7.34)
k=k(u+v)
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Write

k-1 k-1
U= m+ 2 &+ &=Up + Uy + U (7.35)
j=0 j=0

We show thatasn — oo,

1 1
ﬁ EU/)? =0, ﬁ EU/)? =0, (7.36)
k—1
Elexp(itU,)] — [] E[exp(itn;)]| — O, (7.37)
j=0
1 k—1
i=0
and
1 k—1
- 2 Efnfl(In| > elKzlaly, yvm} — 0 (7.39)
j=0

for everye > 0. Equation(7.36) implies thatU,’ andU;” are asymptotically
negligible in probability (7.37) shows that the summands;} in U, are as-
ymptotically independentand (7.38) and (7.39) are the standard Lindeberg—
Feller conditions for asymptotic normality &f; for the independent setup

We now prove(7.36)—(7.39). We first consider the choice of the large block
sizeu,. Condition 4 implies that there exist integeys — oo such that

ynvn = 0(¥nhd) and y,(n/h$)¥2a(v,) — 0. (7.40)

Now define the large block size, by u, = [(nh$)¥?/y,|. Using (7.40) and
simple algebra show that the following properties holthas oo,

vy/U, = 0, u,/n — 0, u,(nh9)~%2 -0, (7.41)
(n/u,) a(v,) — 0. (7.42)
We now establish7.36).

k—1
E(U,/")2 = E)Var(gj) +2 > Cov(¢,é)=Fy+F, (7.43)
=

O=i<j=k-1
By stationarity and7.30)
v—1 i
Var(é;) = v, Var(A, o) + 2v, > <1 - —) Cov(Ano,Ani)
i=1 Un

= v{[K;l52%(y, y) + o(1)}. (7.44)
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Thus
Fi = koo {lKzl32%(y, y) + 0(1)} = o(n). (7.45)

Next consider the terrf, in (7.43). Write r; = j(u + v) + u; we have

v—1v—1

F,= 2 E 2 COV(An,ri+|l,An,rj+I2)’ (746)

O=i#j=k—11,=01,=0

but because # j, [r; —r; + 1; — || = u so that

n—u—-1 n-1

IFl=2 > > |Cov(Ap, A,

1,=0 l,=l,+u

By stationarity (7.30), andu,, — oo,

n—1

|F,l=2n>) |Cov(A,,A, )| =0(n). (7.47)

I=u

Hence by(7.43), (7.45), and(7.47), we have
1
- EU./)? = o(1).

Using a similar argumentve find together with(7.30) and(7.41),

1 n—k(u+v) n-1
- EU.)? = — Var(Ano) + 2 >, |Cov(Apo,An,)| = 0(1). (7.48)
I=1

To establish(7.37), we make use of the following lemma due to Volkonskii
and Rozanoy1959.

LEMMA 6. Let \4,...,V; be randonwariables measurable with respect to
the o-algebrasF,',..., /7, respectvely, with 1 = u; < p; < pp < -+ <

PI=N, uj1— pj=w,and|Vj[ =1forj=1,...,J. Then

=16(J - Da(w).

E[zvj}—new,»]
j=1

=1

We note that by(4.8), (7.27), and(7.32) »; is a function of the random vari-
ables{xj(u+v)+j1’---,Xj(u+v)+u+jp—1; Yj(u+u)+ila--~’Yj(u+v)+u+iq+1_1}- Hence we
have

k—1
‘E[exp(itur{)] -11 E [exp(itn; )]‘ = 16k,a(?,) = const uﬂ a(vy,)
j=0

n

with &, = v, + 1 min(iq, j1) — max(j,,iq+1) and the right-hand side tends to
zero by(7.42).
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Next we establisti7.38). By stationarity and7.44), with u, replaced by,
we have

Var(n;) = Var(no) = up{|Ksl3a%(y,y) + o(1)},
so that

I(n Un
n

1 k—1

- > E(m)?= {IKI2a2(y,y) + o(D)} — [K,|3a2(y, y) (7.49)
i=0

because,/u, — O.

It remains to establisti7.39). We employ a truncation argument becadse)
is not necessarily a bounded functidtut

ALy = hY2[r(d (Vi) — MU(ZDTH(X, YKo n(Y — ) (7.50)
and
n—1 n—1
UnL = 2 Alr_w,ly 'JnL = 2 (An,l - AIF\,I)- (7-51)
=0 =0

Using the fact thaH (u, y) is bounded(cf. (7.21)) andKx(-) is boundedwe
have

const
Anil = o7
hy

This implies by(7.30) that

constu
nY2 max |nf| = :

1=j=k—1 \/nhg

by (7.41). Thereforethe set{|n-| > &|K;[.a.(y, y)vh} becomes an empty set
whenn is sufficiently large and7.39) holds fornjL. Consequentlywe have
established the following asymptotic normality

1
U 55 N(O,[K,l3a2(y, y) (7.52)

at continuity pointe =y of a?(v, y). To complete the proghamely to estab-
lish (7.39) in the general casét suffices to show that

1 -
- Var(Ur) =0 (7.53)

https://doi.org/10.1017/50266466600164011 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466600164011

LOCAL PROJECTION ESTIMATION OF ARX MODELS 491

as firstn — oo and thenL — co. Observe that
|Eexp(itn~2U,,) — exp(—[K,[3aZ(y, y)t%2)|
= |Eexplitn V2(UL + O)) — expl—[K;13a2(y, y)t?/2)]
+ lexp(—[Kl3a2(y, y)t%/2) — exp(—[K;[3a%(y, y)t%2)|
= [Eexp(itn "2U,) — exp(—[K;|3a?(y, y)t%2)| + E|exp(itn~*20,) — 1|
+ |exp(—[Kzl3a2(y, y)t%2) — exp(—[K,l3a%(y, y)t%/2)|.

As n — oo, the first term goes to zero b§7.52) for eachL > 0; the second
term converges to zero by7.53), as firstn — oo and thenL — co; and the
third term also goes to 0 ds — oo by dominated convergenc&herefore it
remains to prové7.53). Note thatU\! has the same structure dg except that
¢ (Yi4i,.,) is replaced byp (Y, )1{#¢(Y.,,) > L}. Hence as in the proof
of Theorem 1 using Condition 5we have

1 JL 2 42
n Var(Uy) — [Ka[38E(y, y)

asn — oo, where&?(v,y) is given in(5.6). It is clear thatg*(u,v) of (5.4)
tends to zero ak — oo for each(u,v). Thus

I.(uy) = H?(u,y)6(u, y)f(u,y) = 0

asL — oo. Now

IL(u,y) = H?2(U y)E[¢2(Y,,. )Xo =, Yo=y]f(u,y),
and by(7.21),

IL(u,y) = AZE[H2(Y, . I Xo=U, Yo=yIf(u,y)

and the right-hand side is integrable with respeat tnd the integral is equal
to

AZE [¢2(Yiq+1)|_Yo = ylfy,(y),

which is finite ae.(y). Hence by dominated convergenpaf(y, y) = 0 as
L — oo. [ |
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APPENDIX

In this sectionwe first present the proofs of Lemmas2 and 3 and7.20). Also, we
state a set of sufficient conditions for the nonlinear ARX modeB) and (1.4) to be
stationary Finally, we provide a sufficient condition for Condition 5

Proof of Lemma 1. Let
A= AL (y) =h¥28 {Ha (X, y) — H(X;, Y)IKo n (Y — ) (A1)

thenE(A), ;) = 0 and

Ny
h¥2G(y) = A
n n(Y) n1+1I§0 n,l
so that

(ni+ DhgVar(G)(y)) = Var(Ah, o) + 2 > (1 — 1) Cov(A} g, Ay ). (A.2)
=1

n, +
By (A.2), (4.3), and Jensen’s inequaljty

Var (4, o) = hE[88{Hy (Xo, ) = H(Xo, Y)}?KZ n(Yo — Y]
= hﬁ.‘fq.p E[83{H(Xo = haU',y) = H(Xo, Y)}?KZ 1(Yo = y)] X Ky(u') dur.

Note thatH(u,y) = 0 for u & D; andKy(-) andKx(-) have compact supporBecause
m(y,v) is continuous it follows that m(u,v) is bounded oveD; X Dj with D} =
{furu—u €Dy U] =1} UDyandD; = {v: v — y| = 1}. Let

Ao = sup|m(u,v)|. (A.3)
ueD;
vED;
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Conditioning onY_,, and using Condition (V) and(A.3), we obtain

Var(A o) = AhJE{|¢(Yo)| + Alo}zf {H(u—h,v’, }’) —H(uy, }/)}ZKzz,h(}/ —v)
gzera
X Ky(u") dudu’ dy

=const [ {H(u—hyu,y) — H(u,y)}?K,(u’) du du’
N2P - -

= constf J Ky(u){H(u— h,u’,y) — H(u, y)}? du du".
Ju'l=1YD7 - B

By Condition Iiii), H(u, y) is continuous inu € D; for any fixedy. Then by (7.21)
and dominated convergenacge have

Var(A}, o) = o(1). (A.4)
We decompose the sum on the right-hand side2o®) into three terms

n

=

1

HM;

2 2 = 2t 13, (A.5)

| l=m+1

wherem = max{iq — i1, jp — j1} @andc, — oo such thatc,hy — 0 asn — co. Clearly,
there is an overlap of components lihbut not inl} and 4. For I, by the Cauchy-
Schwartz inequality an@A.4), we have

|Cov(Ay 0, A )| = Var (4}, o) = o(1),

so that

1] = 0(1). (A.6)
Forlj,

| CoV(A, 0, A1)

= hg f B0 )1+ Im(Zo)HI6 (Y, )] + Im(Z))

XAH(Xo = U, y) + H(Xo, YYHH (X, —u", y) + H(X, )}
X Ko n(Yo = YKo n (Y — y)]
X Kl,h(LJ')Kl,h(Ll”) du’ du”.

Conditioning on(Y; qee? ) and using Condition (v) and(A.3), we obtain

+|q+1
GOS0, 80| = ASPEES06)] + Aol [ | (= 1)+ H(us. )

X {H(Us = Up, Y) + H(Ug, Y)HK; n(v1 — YKo n(v2 — Y)Ky n(U) Ky h(Up)
X du, du, dus du, dv, dv, = consthg. (A.7)
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Therefore
I5=0(c,hd) - 0 (A.8)
by the choice ot,. For I3, we use Davydov’s inequality to obtain
|CoV(A}, 0, A )| = 8[a(r)]1_2/V(E|A’n,o‘y)z/v,
wherel = | + min{iq, j.} — max{ jp, iq+1}. By the C; inequality
E[ A% ol
= 2 2E[{l o (Y, )|+ IM(Zo)[}KS (Yo = YH(HA (X0, ¥)” + H” (Xo, Y1

By Jensen’s inequality

HY (X, W} = f pH”(>_<o* hau', y)K,(u") du’.

N

Then

€1l = 2202 [ EL60Y, ) + IM(Zo) 1K 0% - y)

N
X {H"(Xo = hau', y) + H” (X0, YKy (u') du’.
Using the same bounding as (A.7), we have
E|A} 0" = O(h3—/2),

Now we follow the same bounding in the proof @£.26) to obtain

[ee]
[15] = consth, 902" ¢ 2 3 12 [a(1)]* 27,
I=c,

and withc, = h,91-2/»/a

I3=0(1). (A.9)
By (A.5), (A.6), (A.8), and(A.9),

Ny

> [Cov(ay o, &, )| = 0(D),

=1

which, in conjunction with(A.2) and(A.4), implies that

nhiVar(G,(y)) = o(1).

This completes the proof of the lemma u

Proof of Lemma 2. Substituting

W = [ e a

https://doi.org/10.1017/50266466600164011 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466600164011

496 ZONGWU CAI AND ELIAS MASRY

into ty (X, y) of (2.1), we obtain

1 . -
0o ) = [ (g d) o R, () o (10
B NP - n
where
Ny
l12(y, A) = > 8 e XK, (Y, — y).

n+1>

Substituting(A.10) into J, »(y) of (4.1), we have
3o = [ 1y Dy R, (a11)

where

Wy 1
) = [T e diw) - ),

Writing e~ %"4/f = cog( X, - A/h,) — i sin(X;-A/hy), the real and imaginary parts can be
treated separatelirhe expressiom;a(y, A) can be analyzed step by step in the manner
of the proof of part(c) of Theorem 1 to obtain

sup E{[IZ(y. )]} = O((nhy)™). (A.12)

By (6.61) in Masry and Tjgsthein§1997),

sup E{[13(y, )]} = O((nhZP)~). (A.13)

AERP

By the Cauchy—Schwartz inequalityA.11)—(A.13), and Condition 3

B9 = sup[E(IAMLADENEY D [ | [Kiwla
= O((n2hge ) 42) = () ). (n14)

This completes the proof of the lemma u

Remark A. It is seen that under the conditioth?® — co, we have thatl; , can be
neglected compared B, Wherea@p((nhﬁ)*l/z) is the best rate attainable f@,, it
is not at all clear that the rat®,((n*h3**9)~/2) obtained in(A.14) is the best rate
attainable and, ,. Intuitively, if we look at the expressions f@, andJ, ; in (4.4) and
(4.1), it seems obvious thal , should always be of lower order th&, and that its rate
should beO,((n?h,P*9)~%2), and we conjecture that this rate is attainable

Proof of Lemma 3. First, we compute the expectatioBs, o(z)} andE{t, o(2)}. To
this end expandind (s) in a Taylor series arounfs — z| = h, by Condition 7 we have

f(s)=f(2+(s—2)f'(2) +3(s—2f"(2)(s— 2T + o(h?),
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wheref ”(z) is the Hessian matrix df(z), o(h?) is uniform in|s — z| = h,, andz €
D1(y). Then we have uniformly in z € Da(y),

2
El510(2} = 1(2)+ 2 (M1 £7(2)} + o(h?) (15)
and

ha
Eltao(2)} = ¢(2) + 5 tr{M1197(2)} + o(h?), (A.16)

wherey(z) = m(z)f(z) andy"’(z) is the Hessian matrix of(z). Substituting(A.15)
and(A.16) into (6.2) gives uniformly in z € Dl(y),

h3
E{too(2} —m(2)f(2) — m(2)[E{s,0(2)} — f(2)] = 2> f(2)C(2) + o(h?)
and
h2
Cn(2) = 3 C(z) + o(h?), (A.17)

where

2
C(2) =tr{M,V(2)} + @ f'(2M Ll{m’(_z)}T-

Then substituting(A.17) into (6.1), we obtain
2

h? R
Ay = > w(x, y)C(x,y) dF(x) + 0,(h3). (A.18)

Dy

Becausew(z)C(z) is bounded irD4(y), we have as in Lemma 4

fD w(x, y)C(x,y) dF(x) = fD wW(x, Y)C(x, y)f(x) dx + 0,(2), (A.19)

1

which, in conjunction with(A.18), implies that

2

h3
Ay = Y LkPW(x,y)C(x, y) f(x) dx + 0,(h?)

) f’ Dy 1 ' AR T
— BIAS(y) + hnzf w(x, YT (X, )M {m' (%, y)}

NP f(x,y) f(x) dx + Op(hg)- (A.20)

This concludes the proof of the lemma n
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Proof of (7.20). We only present the outline of the basic steps for the pro¢7&0)
because the proof is similar to that of the tedy) in Section 4 We rewriteA;(y) as

Ay(y) = ﬁ iDW(x, Y)C(X, YItio(X, y) dF (), (A.21)

wherecy(x,y) = sgn(ts o(X, y)) so that|c,(x,y)| = 1. Similar to (4.1), we decompose
A4(y) into two parts as follows

Ay(y) = Ay(y) + As(y),

where

Ap(y) = LpW(x, Y)C (X Ytho(X, y) dF(X)

and
Ap(y) = LPW(x, Y)Ca(X, Vtao(X, y) d[F(X) = F(x)].

Then substitutingt, 5(2) into A11(y), we obtain

Ny

All(}’) = m |205| Ko n(Y *Y)Hﬁ(l(|,Y),
1 =

where$; is defined in(3.3), and withH,(x, y) = w(X, y)cn(x, y),

Hi(uy) = Lp Ha (X, Y)Ky n(u — ) dx.

Then
sup [Hy(x,y)[=1 and sup|H;(x,y)=1 (A.22)
(%, y)ED B (x, y)ED B

Similar to (4.4),

Ny

n+1 |§)5| Ko n(Yi = Y HA(X,y)

All(}/) =

ny

n, +1 |§06| KZ,h(_YI - Y){H:(l(l9y) - Hn(l(lry)}

+

= Al(y) + AT (y).

Proceeding as in the proof of Theorem 1 by bounding the second momaft(gf and
using(A.22), we find

A(y) = Op((nhg)™2).
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Now using the facts thalfl,(u, y) = 0 if u & D; andKy(-) andK;(-) have compact
support and following the same steps as in the proof of Lemyweelobtain

A71(y) = Op((nh®)~1/2),
Therefore we have
An(y) = Op((nhq)il/2)~

Finally, for A;5(y), we follow the same arguments used in the proof of Lemmas2
in (A.11),

Agp(y) = ﬁ (Y, M1a(y, VR (4) da,
where
* T 1 iA-u/h )
192(y,A) = o H.(u,y) pet nd{F(u) — F(w}

By (6.61) in Masry and Tjgstheini1997),

sup E{[13(y, )[?} = O((nhP) ™),

AEN

which, in conjunction with(A.12) and the Cauchy—Schwartz inequalityiplies that

B8 = sup[ECIA(L D BENEY D [ Ry

= O((n?h7P*9)72) = o((nhf)™/2).

The proof is complete u

Condition A. The nonlinear ARX mode(1.3) and(1.4) satisfies the following

(i) The functionsgs(-), g-(-), andgs(-) are nonperiodic and bounded on compact
sets andg,(x) = O(] x[”*) as| x| — oo for some realy.
(ii) The ii.d. random variablege,} ad{e} have probability density functions that
are positive ot and such thaE(| g, |™®171%72)) < oo for somey, > 0.
(iii) There exist column vectors € 9 andc € NP1 (each of which may be the
zero vectoysuch that

0:(y) =ya+0(lyl) and gs(x) =xc+ o(|x[)
as|ly| and|x| — co. Moreover leta; .;, ., =a;,r =1,...,q, andaj = 0 other-

wisg and similarlyc/ _;, ., = ¢, r=1,...,p—1 andg/ = 0 otherwise Then the
(ig+1 — 11) square matrbA defined by 0 ifa = 0, and by
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0 aj

1 a5
A=(0 1 as

0 0 .. 1 &, .

otherwise and the( j, — j1)-dimensional square matri defined by

0 0 ... 0 ¢

1 0 ... 0 ¢
c=|0 1 ... 0 ¢

0 0 .. 1 cj’p,j1

satisfyp(A) < 1 andp(C) < 1, wherep denotes the spectral radius

Next, we provide a sufficient condition for Condition Stated as the following lemma
and its justification is also included

LEMMA A . For any fixed point L> 0, assume that the functiors?(u,v), o/?(u,v),
and m_ (u,v) are continuous on By) and suppose Conditiok(iii ) holds Then &(v, Y),
a?(v, y), and (v, y), as functions ob, are continuous at the point = y.

Proof. Becauser?(u,v) is continuous o, (y), then it is continuous o®; X N(y),
whereN(y) is a neighborhood oy. Therefore o2(u,v) is bounded orD; X N(y). Let

B,= sup o?(uu). (A.23)

UueD;,vEN(Y)
For any small, Condition i) and(A.23) imply that

sup{o?(u,y + 8 f(uy+8)} =B, <co.

ueDbD;

By the boundedness &f(u, y) and dominated convergence we obtain

a’(y+34,y) =f H2(u,y)o?(u,y+8)f(u,y+n)du—a?(y,y) (A.24)

Dy

as|8| — 0, which implies thata?(v, y), as a function ok, is continuous at the point
v =Y. Analogously it can be shown thamE(z_;,y) is continuous at the point = y be-
causeo?(u,v) is continuous orD;(y). Some algebraic computations yield

2(xy) = o?(x,y) — of(x,y) + 2m (X, y)(M(X, y) — m (X, Y)),
which implies that

al(v,y) = a(v,y) — ak(v,y) + 21* (v, y), (A.25)

https://doi.org/10.1017/50266466600164011 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466600164011

LOCAL PROJECTION ESTIMATION OF ARX MODELS 501

where

(v, y) = ﬁ o H2(u, y)m, (u,0){m(u,v) — m_(u,0)}f (u,v) du. (A.26)

Next, we wish to show tha&?(v, y) is continuous at the point = y. By (A.25) it suf-
fices to show that*(, y) is continuous at = y. Equation(A.26) is equal to

(v, y) = fD H?(u, y)m, (u,0){m(u,v) — m_(u,0)}f (u,v) du.

1

Becausemn(u,v) andm(u,v) are continuous o(y), the result follows in the manner
of the proof of(A.24). ]
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