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Abstract. An oo-step nilsystem is an inverse limit of minimal nilsystems. In this article, it
is shown that a minimal distal system is an oco-step nilsystem if and only if it has no non-
trivial pairs with arbitrarily long finite IP-independence sets. Moreover, it is proved that
any minimal system without non-trivial pairs with arbitrarily long finite IP-independence
sets is an almost one-to-one extension of its maximal oco-step nilfactor, and each invariant
ergodic measure is isomorphic (in the measurable sense) to the Haar measure on some
oo-step nilsystem. The question if such a system is uniquely ergodic remains open. In
addition, the topological complexity of an co-step nilsystem is computed, showing that it
is polynomial for each non-trivial open cover.

1. Introduction

In this paper, we introduce the notion of an co-step nilsystem and study its relationship with
the concept of independence. We also study its topological complexity. In this section, first
we discuss the motivations for this subject and then we state the main results of the article.

1.1.  Motivations. By a topological dynamical system (TDS), we mean a pair (X, T),
where X is a compact metric space and 7 : X — X is a homeomorphism.

There are several motivations for studying this subject. The first one comes from
the so called local entropy theory, for a survey see [12]. Each TDS admits a maximal
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zero topological entropy factor, and this factor is induced by the smallest closed invariant
equivalence relation containing entropy pairs [5]. In [22], entropy pairs are characterized
as those pairs that admit an interpolating set of positive density. Later on, the notions
of sequence entropy pairs [20] and untame pairs (called scrambled pairs in [17]) were
introduced. In [24], the concept of independence was extensively studied and used to

unify the aforementioned notions. Let (X, T) be a TDS and A= (A1, ..., Ar) be a
tuple of subsets of X. We say that a subset F C Z is an independence set for A if
for any non-empty finite subset J C F and any s = (s(j): j € J) € {1, ..., k}’ we have

mjej T/ Ag(jy # 9. It is shown that a pair of points x, y in X is a sequence entropy pair
if and only if each A = (A, Aj), with A| and A; neighborhoods of x and y, respectively,
has arbitrarily long finite independence sets. Also, the pair is an untame pair if and only
if each A= (A1, Ay) as before has infinite independence sets. It is known that each
TDS admits a maximal zero sequence entropy factor, i.e., a null factor [20], which is
induced by the smallest closed invariant equivalence relation containing sequence entropy
pairs, and a maximal tame factor [24], which is induced by the smallest closed invariant
equivalence relation containing untame pairs. It was shown in [10, 20, 24] that a minimal
null (respectively tame) system is an almost 1-1 extension of an equicontinuous TDS and
is uniquely ergodic. For a similar study see [27]. Moreover, in the equicontinuous case the
uniquely ergodic measure is measure theoretically isomorphic to the Haar measure of the
underlying Abelian group.

To get a better understanding of the role of the notion of independence in a TDS,
in [18, 19] the authors systematically investigate the independence for a given collection
of subsets of Z,. For a finite subset {py, ..., py} of N, the finite IP-set generated by
{p1,..., pm}istheset {e;p1 + - -+ €upm:€ €{0, 1}, 1 <i <m}\{0}. The notion of
Indfip-pair is introduced and studied in [19]: a pair of points (x, y) in X is an Indfp-pair
if and only if each A = (A, Aj), with A| and A; neighborhoods of x and y, respectively,
has arbitrarily long finite IP-independence sets. Among other results, it is shown that the
Indfip-pair relation has the lifting property, i.e., if 7 : (X, T) —> (¥, S) is a factor map
between two TDSs, then 7w x 7 (Indgip (X, 7)) = Indgp (Y, S), where Indgp (X, T) is the set
of all Indfp-pairs of (X, T). Itis clear that

Tameness
Nullness Zero entropy
Indg, = Ay

So it is interesting to understand the dynamical properties of a minimal TDS without Indg,-
pairs.

A second motivation comes from the study of the dynamics of nilsystems. Let
(X, B, u, T) be an ergodic system.

In [15], to study the convergence of some non-conventional ergodic averages in this
system, the authors proved that the characteristic factors for such averages in L>(X, B, i)
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are d-step nilsystems for some integer d > 1 (see also [34]). Then, in the topological
setting, in [16] the authors defined the notion of a regionally proximal relation of order d
associated to a TDS (X, T), RP[d], and showed that if the system is minimal and distal,
then RP!9! is an equivalence relation and (X/RP4, T) is the maximal d-step nilfactor
of the system. In a recent preprint [29], this result was generalized to arbitrarily minimal
TDSs. When studying minimal distal systems carefully, one finds that if (x, y) € RP!“]
for some integer d, then each A = (A1, Aj), with A} and A, neighborhoods of x and vy,
respectively, has a finite [P-independence set of length n(d) such that limg_, o, n(d) = o0.
This means that if (x, y) € RP[®] = s RP!¥ then (x, y) € Indsip(X, T'). This is the
main reason leading us to define oo-step_ nilsystems and to study properties of minimal
TDSs without Indfp-pairs.

The third motivation comes from the theory of local complexity in topological dynamics.
In [4], the authors introduced the notion of topological complexity for a TDS using open
covers, and showed that a TDS is equicontinuous if and only if each non-trivial open cover
has a bounded complexity. For a further development, see [21]. An interesting, but more
difficult, question is to understand TDSs with polynomial complexity or extensions of
such systems. It appears (this is proved in §7) that inverse limits of nilsystems are special
systems with polynomial complexity.

1.2.  Main results of the paper. In this paper, we study oco-step nilsystems, which are
TDSs with trivial RP[*®], ie., RP>®] — ﬂzozl RP! — A, the diagonal. First, we prove
that a minimal system is an co-step nilsystem if and only if it is an inverse limit of minimal
nilsystems. Then we study the relation of co-step nilsystems and independence pairs. It is
proved that any minimal system without non-trivial Indgp-pairs is an almost one-to-one
extension of its maximal oco-step nilfactor. Moreover, a minimal distal system is an co-
step nilsystem if and only if it has no non-trivial Indgp-pairs. We observe that there are
plenty of minimal distal systems which are not co-step nilsystems, though it is not easy to
construct explicit examples.

In addition, we show for any minimal system without non-trivial Indgp-pairs that each
invariant ergodic measure is measure theoretically isomorphic to the Haar measure on some
oo-step nilsystem. We conjecture that such classes of systems are uniquely ergodic.

Finally, we prove that the topological complexity of an co-step nilsystem is polynomial
for each non-trivial open cover.

1.3.  Organization of the paper. We organize the paper as follows. In §2, we introduce
basic notions and facts we will meet in this paper. Then we define co-step nilsystems in §3.
In §4, we study the relationship between co-step nilsystems and independence pairs, and in
§5, we give some examples. In §6, we study the conjecture concerning unique ergodicity,
and state some further ideas and questions. Finally, in §7, we discuss the complexity of an
oo-step nilsystem. Moreover, we give proofs of some results stated in §3 in Appendix A.

2. Preliminaries
2.1. Topological dynamical systems. A transformation of a compact metric space X is
a homeomorphism of X to itself. A topological dynamical system (TDS) or just a system,
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is a pair (X, T), where X is a compact metric space and 7 : X — X is a transformation.
We use p(-, -) to denote the metric on X. In the following, and if there is no confusion, in
any TDS we will always use T to indicate the transformation.

We will also make use of a more general definition of a system, that is, instead of
just considering a single transformation 7', we will consider commuting homeomorphisms
Ti, ..., Ty of X. We recall some basic definitions and properties of systems in the classical
setting of one transformation. Extensions to the general case are straightforward.

A system (X, T) is transitive if there exists x € X whose orbit orb(x, T) = {T"x :n €
Z} is dense in X and such a point is called a transitive point. The system is minimal if the
orbit of any point is dense in X. This property is equivalent to saying that X and the empty
set are the unique closed invariant subsets of X.

Let (X, T) be a system and M(X) be the set of Borel probability measures in X.
A measure u € M(X) is T-invariant if for any Borel set B of X, w(T~'B) = u(B).
Denote by M (X, T) the set of invariant probability measures. A measure u € M(X, T)
is ergodic if for any Borel set B of X satisfying w(T~'BAB) =0, we have u(B) =0
or u(B) =1. Denote by M*(X, T) the set of ergodic measures. The system (X, T) is
uniquely ergodic if M€(X, T) consists of only one element.

A homomorphism between the TDS (X, T) and (Y, T) is a continuous onto map
7 : X — Y which intertwines the actions; one says that (Y, T) is a factor of (X, T) and
that (X, T) is an extension of (Y, T). One also refers to & as a factor map or an extension,
and one uses the notation 7 : (X, T) — (¥, T). The systems are said to be conjugate
if 7 is a bijection. An extension 7 is determined by the corresponding closed invariant
equivalence relation R; = {(x1, x2) : w(x1) =7 (x2)} = (7w X 1) 1Ay € X x X, where
Ay is the diagonal on Y. An extension 7w : (X, T) — (Y, T) is almost one-to-one if the G
set Xo={xe X: 7 Y r(x)) = {x}} is dense.

2.2. Distality and proximality. Let (X, T) be a TDS. A pair (x,y) e X x X is a
proximal pair if

inf p(T"x, T"y) =0,

nez

and is a distal pair if it is not proximal. Denote by P (X, T) or Px the set of proximal
pairs of (X, T). The TDS (X, T) is distal if (x, y) is a distal pair whenever x, y € X are
distinct.

An extension 7 : (X, T) — (Y, §) is proximal if R, C P(X, T) and is distal if R; N
P(X, T) = Ax. Observe that when Y is trivial (reduced to one point), the map 7 is distal
if and only if (X, T) is distal.

2.3. Independence. The notion of independence was first introduced and studied in [24,
Definition 2.1]. It corresponds to a modification of the notion of interpolating studied
in [11, 22] and was considerably discussed in [18, 19].

Definition 2.1. Let (X, T) be aTDS. Given a tuple A = (A, ..., Ay) of subsets of X, we
say that a subset F' C Z. is an independence set for A if for any non-empty finite subset
JCFandanys=(s(j):jeJ)e{l,.. ., k}’, we have

ﬂ TﬁjAS(j) #+ 0.

jeJ
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We will denote the collection of all independence sets for A by Ind(Ay, ..., Ag) or
IndA.

A finite subset F' of Z; is called a finite IP-set if there exists a finite subset
{p1, p2, ..., pm} of N such that

F=FS{p}it)={pi+ - +py:1<it<---<ix<m}
Now we define Indgp-pairs.

Definition 2.2. Let (X, T) be a TDS. A pair (x1, x2) € X x X is called an Indgp-pair if
for any neighborhoods Uy, U, of x| and x3, respectively, Ind(U;, U;) contains arbitrarily
long finite IP-sets. Denote by Indg, (X, T) the set of all Indgp-pairs of (X, T).

2.4. Parallelepipeds. Let X be aset,d > 1 be an integer, and write [d] = {1, 2, ..., d}.
We view {0, l}d in one of two ways, either as a sequence € =€ ...€q:= (€1, ..., €7)
of zeros and ones, or as a subset of [d]. A subset € corresponds to the sequence
(€1, ...,€q) €{0, l}d such that i € € if and only if ¢; =1 for i € [d]. For example,
0=(0,0,...,0) {0, l}d is the same as @ C [d].

Ifn=(ni,...,ng) €Zand e € {0, 1}9, we define

d
n-€= E n;€;.
i=1

If we consider € as € C [d], thenn-e =), n;.
d . . . .
We denote X>* by X1, A point x € X[9] can be written in one of two equivalent ways,

depending on the context:
X = (xc 1€ € {0, 1) = (xc : € C [d]).
Hence x¢ = xy is the first coordinate of x. As examples, points in X?! are written

(x00, X10, X01, X11) = (X, X1}, X{(2}, X{1,2})>

and points in X3! look like

(X000, X100, X010, X110, X001> X101, X011, X111)

= (Xg, X{1}, X{2}, X{1,2}> X{3}> X{1,3}> X{2,3}> X{1,2,3})-

For x € X, we write x4 = (x,x,...,x)€ x!4! The diagonal of Xl jg Ald] = {x[d] :
x € X}. Usually, when d = 1, we denote the diagonal by Ax or A instead of Alll.

A point x € X!“I can be decomposed as x = (x', x”) with X', x” € X!~ where
X = (xe0:€€{0,1}97 1) and X" = (x¢1 : € €{0, 1}471). We can also isolate the first
coordinate, writing X Ld] — x2'-1 and then writing a point x € X 4] a5 x = (xg, X4), where
X, = (Xc:€ £0) € XLd].

Identifying {0, l}d with the set of vertices of the Euclidean unit cube, a Euclidean
isometry of the unit cube permutes the vertices of the cube and thus the coordinates of
a point x € X4, These permutations are the Euclidean permutations of X4,
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2.5. Dynamical parallelepipeds. We follow definitions from [16].

Let (X, T) be a TDS and d > 1 be an integer.

We define the set of (dynamical) parallelepipeds of dimension d, Q“}(X) (or just QI41),
as the closure in X9 of elements of the form

(T™ex = TMat iy e = (1, ..., e4) € {0, 1}Y),

wheren= (n1, ...,ng) € Z%and x € X. Itis important to note that Q[d] is invariant under
the Euclidean permutations of X141,
As examples, Q'?! is the closure in X2l = X* of the set

(G, T"x, T"x, T""x) :x € X, m, n € 7}
and QP is the closure in X3! = X?® of the set
{(x, T"x, T"x, T"™"x, TPx, T" Px, T" Px, T" " Px)y:x € X, m, n, p € Z}.

Leto: (X, T) — (Y, T) be a factor map. Define ¢[d] - xldl s yld] by (<f>[d]x)€ = ¢x¢
for every x € X4 and every € C [d]. The diagonal transformation of X'“! is the map
T4, We define face transformations inductively as follows. Let T = T, Tl[l] =id x T.

If {Tj[dfl]}‘;;% is already defined, then set

T}‘” = TJ.[d_l] x Tj[d_”, jefl,2,...,d—1},

T(}‘” — id[d—l] x T[d_l].

It is easy to see that for j € [d], the face transformation Tj.[d] s X 5 x14] can be
defined, for every x € X ] and € [d], by

d .
T.[d]x — (Tjidix)f =Txe, jE€e,
J (T,"X)e=xc, jge.

The face group of dimension d is the group F1¢!(X) of transformations of X! spanned
by the face transformations. The parallelepiped group of dimension d is the group G141 (X)
spanned by the diagonal transformation and the face transformations. We often write 191
and G9! instead of F19(X) and G (X), respectively. For Gl and F19 we use similar
notations to that used for X[, namely, an element of either of these groups is written as
S = (S : € €{0, 1}%). In particular, F191 = {§ e Gl : §; = id}.

For convenience, we denote the orbit closure of x € X4 under F14) by m(x) instead
of orb(x, Fldly,

It is easy to verify that Q4] is the closure in X4 of

(Sxl. s e Al x e x}.

If (X, T) is a transitive system and x a transitive point, then Q4! is the closed orbit of x!¢]
under the group G!41. Moreover, it is easy to obtain

QN = {(T™x) o0 :meN, x € X}
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2.6. Nilmanifolds and nilsystems. Let G be a group. For g, h € G and A, B C G, we
write [g, h] = ghg~'h~! for the commutator of g and 4 and [A, B] for the subgroup
spanned by {[a, b]:a € A, b € B}. The commutator subgroups G;, j > 1 are defined
inductively by setting G| =G and G| =[G}, G]. Let d > 1 be an integer. We say
that G is d-step nilpotent if G 441 is the trivial subgroup.

Let G be a d-step nilpotent Lie group and I' be a discrete cocompact subgroup of G.
The compact manifold X = G/T is called a d-step nilmanifold. The group G acts on
X by left translations and we write this action as (g, x) — gx. The Haar measure u of
X is the unique probability measure on X invariant under this action. Let 1 € G and T
be the transformation x — tx of X. Then (X, u, T) is called a d-step nilsystem. In the
topological setting we omit the measure and just say that (X, T) is a d-step nilsystem.

We will need to use inverse limits of nilsystems, so we recall the definition of a
sequential inverse limit of systems. If (X;, 7;);en are systems with diam(X;) < 1
and 7m; : X;4+1 — X; are factor maps, the inverse limit of the systems is defined to
be the compact subset of ]_[ieN X; given by {(x;)jeN: 7 (xj4+1) = x;}, and we denote
it by 1(i£1(X i» Ti)ien. It is a compact metric space endowed with the distance
P((x)ieN, idieN) =D ieN 1/2! p; (xi, yi), where p; is the metric in X;. We note that
the maps 7; induce naturally a transformation 7 on the inverse limit.

The following structure theorem characterizes inverse limits of nilsystems using
dynamical parallelepipeds.

THEOREM 2.3. (Host—Kra—Maass) [16, Theorem 1.2] Assume that (X, T) is a transitive
topological dynamical system and let d > 2 be an integer. The following properties are

equivalent.
(1) Ifx, y € Q9 have 2¢ — 1 coordinates in common, then x =y.
(2) Ifx,ye X aresuchthat (x,y,...,y) € Q¥ thenx =y.

(3) X is an inverse limit of (d — 1)-step minimal nilsystems.

A transitive system satisfying one of the equivalent properties above is called a system
of order (d — 1).

3. oo-step nilsystems

3.1.  Regionally proximal relation of order d. First we recall a fundamental relation
introduced in [16] allowing us to characterize maximal nilfactors in [16] (for minimal
distal systems) and in [29] (for general minimal systems).

Definition 3.1. Let (X, T) be a system and let d € N. The points x, y € X are said to
be regionally proximal of order d if for any § > 0, there exist x’, y' € X and a vector
n=(ny,...,ng) €Z%suchthat p(x, x’) <8, p(y, y) <8, and

o(T™x’, T™€y') < § for any non-empty € C [d].

In other words, there exists S € F14! such that 0(Sex’, Sey") < 8 for every € # (). The set
of regionally proximal pairs of order d is denoted by RP“! (or by RP“I(X, T) in case of
ambiguity), and is called the regionally proximal relation of order d.
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It is easy to see that RP!?! is a closed and invariant relation. Observe that
P(X,T)C--- CRPUH Cc RPU C ... c RPI? c RPM = RP(X, T).

The following theorems, proved in [16] (for minimal distal systems) and in [29] (for
general minimal systems), tell us conditions under which (x, y) belongs to RP!“! and the
relation between RP!? and d-step nilsystems.

THEOREM 3.2. Let (X, T) be a minimal system and let d € N. Then:
(1) (x,y) eRPY ifand only if (x, v, ..., y) € QYW ifand only if (x,y,...,y) €

Fld+11(xld+11y

(2)  RP'Y!is an equivalence relation; and
(3) (X, T) is a system of order d if and only if RP1] = A.

5

3.2. oo-step nilsystems. The regionally proximal relation of order d allows us to
construct the maximal d-step nilfactor of a system, that is, any factor of order d (inverse
limit of d-step minimal nilsystems) factorizes through this system.

THEOREM 3.3. [29] Let v : (X, T) — (Y, T) be a factor map between minimal systems
and let d € N. Then:

(1) 7 x 7(RP¥Y(X, T)) =RPUNY, T); and

(2) (Y, T) is a system of order d if and only ifRP[d] (X, T)CR;,.

In particular, the quotient of (X, T) under RPI9(X, T) is the maximal d-step nilfactor of
X (i.e., the maximal factor of order d).

It follows that for any minimal system (X, T'),

RP>! = (1] RP!
d>1

is a closed invariant equivalence relation (we write RP™(X, T) in case of ambiguity).
Now we formulate the definition of co-step nilsystems or systems of order co.

Definition 3.4. A minimal system (X, T') is an co-step nilsystem or a system of order oo,
if the equivalence relation RP[] is trivial, i.e., coincides with the diagonal.

Remark 3.5. Similar to Theorem 3.3, one can show that the quotient of a minimal system
(X, T) under RP!*! is the maximal oo-step nilfactor of (X, T).

Let (X, T) be a minimal system. It is easy to see that if (X, 7T') is an inverse limit
of minimal nilsystems, then (X, T) is an oo-step nilsystem. Conversely, if (X, T) is a
minimal oo-step nilsystem, then RPI®! = Ay. For any integer d > 1, let (X4, T) be
the quotient of (X, 7) under RP!!. Then (X, T) = im(Xq, T)aen as Ax = RP!>™] =
My~1 RPYL In fact, we can show more as the following theorem shows.

THEOREM 3.6. A minimal system is an oo-step nilsystem if and only if it is an inverse
limit of minimal nilsystems.

Proof. It remains to prove that if (X, 7) is a minimal oo-step nilsystem, then it is an
inverse limit of minimal nilsystems. First we may assume that (X, T) = 1<ir_n(Xd, T)4en,
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where X4 = X/RP!“! for any d > 1. By Theorem 2.3, for any d > 1, (X4, T) is an inverse
limit of minimal d-step nilsystems.
We need the following claim.

CLAIM. Let (Y, S) be a minimal system, and let (Y;, S) be factors of (Y, S) which are
ki-step nilsystems, where 1 <i <n and max{k; : 1 <i <n}=k. Then there exists a
k-step nilsystem (Z, S) which is a factor of (Y, S) and an extension of (Y;, S) for 1 <i <n.

Proof of claim. Let m; be the factor map between (Y, S) and (Y¥;, S) and assume
(Y;, S) has the form of (H;/T;, h;), where h; € H; and S is the left translation by
hionY;. Set G=H; x---xH,, '=T1x---xT, and g=(hy,..., h,). Then
G is a k-step nilpotent Lie group and I' is a discrete uniform subgroup of G. Let
S:G/T — G/T be the transformation x — gx. Choose any point y € ¥ and let Z =
{g"(m(y),...,m(y)) :neZ} C G/T be the orbit closure of (1(y), ..., m,(y)) under
S. Since nilsystems are distal, (Z, S) is minimal. Moreover, it is a k-step nilsystem [25],
and, of course, (Z, §) is a factor of (Y, §) and it is an extension of (Y¥;, S) for 1 <i <n.

Now we show that (X, T) is an inverse limit of minimal nilsystems using the previous
claim. As (X1, T) is a system of order 1, it is an inverse limit of some 1-step nilsystems
((X1)i, T)ien by Theorem 2.3. Similarly, as (X», T) is a system of order 2, it is
an inverse limit of some 2-step nilsystems ((X»);, T);en. Note that all ((X1);, T)ieN
and ((X2)i, T)ien are factors of X,. By the above claim, we may reconstruct 2-
step nilsystems ((X»2);, T)ien such that for all i € N, ((X32);+1, T) is an extension of
(XD1, T), (X1)2, T), -« o, (XDig1, T) and (X2)1, T), . . ., (X2)i, T).

Similarly and inductively, for any given k € N, (X, T) can be written as the inverse
limit of some k-step nilsystems ((Xx);, T);eN satisfying that for alli € N, ((Xx+1)i, T) is
an extension of ((Xg);, T).

Since (X, T) is the inverse limit of (X, T)ren, Ugeny C(Xk) is dense in C(X), and as
(Xk, T) is the inverse limit of ((Xx);, T);en, we have that |, oy U; ey € ((Xk);) is dense
in C(X). So we may choose a sequence of (ky, i)nen C N x Nwithk, < k41, i <int1
such that |,y C((Xk,)i,) is dense in C(X). Thus (X, T) is the inverse limit of
((Xk,)i,» T)nens, thatis, (X, T) is an inverse limit of minimal nilsystems. This completes
the proof of the theorem. a

Since minimal nilsystems are uniquely ergodic, it is easy to see that minimal co-step
nilsystems are also uniquely ergodic.

3.3. About RPI®I =RP¥! Observe that if QI+ =Q x Q9] then RPI~1 =
RP“! Indeed, if (x,y,....¥), (v,....y)€Q¥ then (x,y,....y,y,....y)€
QU4+, Moreover, the system is weakly mixing and thus RP[4l = X x X foranyd > 1, as
the following proposition shows.

PROPOSITION 3.7. Let (X, T) be a minimal system. IfQ[d'H] = Q41 x QldI for some
d €N, then X is weakly mixing and hence Q) = X' for any d € N.

Proof. Let x, y, a € X. By minimality, (x, y,x, y,...,Xx,Yy) € Q[d], and by hypothesis,
the point X = (x, y, X, ¥, ..., X, y,a, ...,a) € QT Ifd =1, (x, y, a, a) € Q¥ and
then (x, y) € RP!!l. For any integer d > 1, applying Euclidean permutations, we get
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thaty=(x,y,...,x, y,a,...,a,%X,y...,x, ¥4, ...,a) € Q! too. Considering
the first half of y and iterating the process, we finish in the case d = 1. We conclude
RP!! = X x X and the result follows. O

Now, if RPY~11 = RPI! for some d, the following theorem states that all regionally
proximal relations of higher order coincide and thus RP®! = RPI¢~1 This result is
natural but its proof is somewhat involved, so we leave it for Appendix A. For the definition
of Z;, see §7.

THEOREM 3.8.

(1) Let (X, T) be a minimal system. If RPI4 = RPY“+! for some d € N, then RP™ =
Rpl! foralln >d.

(2) Let (X, B, u, T) be an ergodic measure-preserving system. If Zy = Z 411 for some
deN, then Z, = Z4 for eachn > d.

(3) Let (X, T) be a minimal system and | be an ergodic Borel probability measure
on X. If Z, is isomorphic (with respect to the corresponding invariant measure)
to X, = X/RP™ for some n €N, then Zy is isomorphic to X = X /RPX! for all
k <n.

4. The structure of minimal systems without non-trivial Indgp-pairs

In this section, we discuss the structure of minimal systems without non-trivial Indg,-pairs.
We will show that such systems are almost one-to-one extensions of their maximal co-step
nilfactors.

4.1. A criterion to be an Indgp-pair.  First we characterize Indfp-pairs using dynamical
parallelepipeds.

Let (X, T) be a transitive system. It is easy to check that x = (x. : € C [d]) €
Q“l'if and only if for any neighborhood U, of x., respectively, there exist positive
integers n = (ny, na, ..., ng) € N4 such that mecldl T~ ™€U¢ # (. Moreover, the point
in (ecq) T~ Ue can be chosen to be in the orbit of a transitive point.

LEMMA 4.1. Let (X, T) be a transitive TDS and (x1, x2) € X x X with x1 # x2. Then,
{x1, xz}[d] C Q[d] for all integers d > 1 if and only if (x1, x2) is an Indgp-pair.

Proof. Let (x1, x2) € X x X with x| # xp. First, we assume {xi, xz}[d] C Q[d] for all
integer d > 1.

Let U;, U, be neighborhoods of x| and x», respectively, and fix d € N. We show there
exist positive integers {p1, p2, ..., pq} such that

F=FSUp}_p=1{pi+ - +pi:1<ii<---<ip<d}

belongs to Ind(Uy, U»).

Since {x1, x2}!4 has 22 elements, we write it as {x; : n C [291}. Now, for any € C
[d] and n C [24], let Xen = (Xp)e and construct the point X = (x¢; 1€ C [d], n C [Zd]) €
{x1, xz}[zd”]. Clearly, if we choose an identification of coordinates, we can write
x=(x,:p C[2¢ +d]). Forany p C [2¢ +d], let U, = U; if x, = x;, i = 1, 2. Then the

product set Q) pci2¢+d) Up 1s a neighborhood of x. Since, by hypothesis, x € Q[2d +d1 then
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there exist x € X, poe Nand p={pi, ..., pre;y} C N such that for any p C 24 + d],
TPOtPPy Up.
We show that the finite IP set F' generated by {p1, p2, ..., pqa} belongs to Ind(Uq, Us).

For any s € {1, 2)%' = {1, 2}9, since {Xs(e) : € C [d]} € {x1, x2}1], there exists n C [2]
such that x, = {x,() : € C [d]}, i.e., for any € C [d], xep = X5(e). Let y = TPotLien Pitd y
Then, for any € C [d], T Xicc Piy = TPOHP Dy ¢ U, = Ug(ey. So

ﬂ T Lice Pi US(E) 7é @,
eCld]

and F belongs to Ind(U7, U»).
Now assume that (x1, x2) is an Indgp-pair, that is, for any neighborhood U; x U, of

(x1, x2), any d € N and any s € {1, 2}[‘”, there are positive integers pi, . .., pg such that
m T~ Lice Pi Usey # 9.
eCld]
Let
X € ﬂ T Yice i US(E).
eCld]
Then T Zice Pix € Us(e) for any € C [d]. This implies that {x1, xo < Qlel, O

The following lemma is a useful application of the previous lemma.

LEMMA 4.2. Let (X, T) be a transitive system, x1 € X be a transitive point and d > 1 be
an integer. Suppose that (x2, x1, ..., X1) € Q[d] for some xo € X and that my : A — X is

semi-open, where A = orb((x1, x2), T x T) and 1 is the projection to the first coordinate.
Then {x1, x2}[41 c Ql9].

Proof. If X is finite, then the lemma holds. Thus we assume that X is infinite. We first
prove the following claim.

CLAIM. Ifx = (x1, ay) € {x1, x2}¥ N QY then (x», a,) € Q1.

Let U; and U; be neighborhoods of x; and x;, respectively. Since | is semi-open and
X is infinite, then V| = int(;r1 (U1 x Uy N A)) # @ and infinite. Set V, = Us.
Let s = (s(€) : € C [d]) € {1, 2}!%] such that x = (X5(¢) : € C [d]). From the hypothesis,

X = (x1, ay) € {x1, xz}[d] N Q[d], then there exist positive integers ng, 1, . .., g such
that 70 ™€x; € Vi) for each e C[d], ie., ﬂec[d] T™™Vse)# 9, where n=
(ni, ..., ng).

Let W) = meC[d] T—me Vx(e) cVy and Wy =V, =U,. Since Wiy x Wo N A #
@, there exists a positive integer M such that (T x T )M (x1, x2) € Wi x Wy, and,
since (x2, x1, ..., x1) € QW there exist positive integers mg, mj, ..., mg such that
Tmx; € T"MW, = T~MU,, and T"™0 ™ 1x; € T-MW, for all 5 C [d]\{#}, where m =
(mi1, ..., mg). It follows that T="0" MUy N, gy T 0" M™1Wy # 0, that is,

U0 () T () TV £ 0.

nCld\{#} ecCld]

https://doi.org/10.1017/50143385711000861 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385711000861

Infinite-step nilsystems, independence and complexity 129

Thus
Urn () T7™ () T™™Ue #9.
nCld]\{%} eCld]
Set pi =n; +m; for1 <i <d,andp=(p1, ..., pa). Then we have

Uan () TPy #0.
nCld\{@)

and so we get that (x2, a,) € Q'“!. The proof of the claim is complete.

For any x € {x1, x2}1%], let /(x) be the number of x»s appearing in x. We prove this
lemma by induction on /(x).

If I(x) = 0, then obviously x = x%d] € Q[‘”. Suppose the lemma holds when /(x) < k,
ie., xe QU if [(x) <k. Now, for I[(x) =k + 1, without loss of generality, we write
x = (x2, a4). Since [((x1, a,)) =k, we have, by hypothesis, that (x, a,) € Q[‘”. Thus,
from the claim, we get that X = (x, a,) € QI4l. The proof of this lemma is complete. O

The following corollary extends Corollaries 4.2 and 4.3 from [16], and the comment
right after, which were only proved in the distal case.

COROLLARY 4.3. Let (X, T) be a minimal TDS, x1,x; € X, and d > 1 an integer.
If (x1, x2) € RPY and (x1, x2) isa T x T-minimal point, then {xy, xp}l4+11 c Ql4+11,

Proof. Let A =orb((x1, x2), T x T). Since (A, T x T) and (X, T) are minimal, the
projection 7y : A — X is semi-open. By Theorem 3.2, (x2, x1, ..., x1) € QUt! 5o
{x1, 22}l ¢ Q¥+l by Lemma 4.2.

By the above discussion, we get the following criterion to be a Indg,-pair.

COROLLARY 4.4. Let (X, T) be a minimal system and (xi,x2) € RPI®N\Ay =
mdzl RPIYN\Ax. If (x1, x2) is T x T-minimal or the projection

myorb((x1, x2), T xT)—> X
is semi-open, then (x1, x2) is an Indgp-pair.

Proof. If (x1, x2) is T x T-minimal, by Corollary 4.3, we have {x;, x2}l4] c Q!4 for
every integer d > 1. Now, if the projection w1 : orb((x1, x3), T x T) — X is semi-open,

then, since (x1, x2) € RPI®!, we have (x7, x1, ..., x]) € Q[d] for every d > 1. Hence, by
Lemma 4.2, we also have {x, xz}[d] C Q[d] for every integer d > 1.
By Lemma 4.1, the proof is complete. o

4.2.  The structure of minimal systems without non-trivial Indgy-pairs.  The following is
the main result of this section.

THEOREM 4.5. Let (X, T) be a minimal system. If X does not contain any non-trivial
Indfip-pair, then it is an almost one-to-one extension of its maximal oo-step nilfactor.

To prove this theorem, we need some preparation. Every extension of minimal systems
can be lifted to an open extension by almost one-to-one modifications. To be precise, for
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every extension 7 : (X, T) — (Y, T) between minimal systems, there exists a canonically
defined commutative diagram of extensions (called the shadow diagram)

X*L>X

v — sy

with the following properties.
(1) o and t are almost one-to-one extensions.
(2) m* is an open extension, i.e., for any open set U C X*, 7#*(U) is an open set of Y*.
(3) X* is the unique minimal set in R;; ={(x,y) e X x Y*:w(x) =1(y)} and o
and 7* are the restrictions to X* of the projections of X x Y* onto X and Y*,
respectively.
We refer to [1, 8, 30, 31] for the details of this construction.
In [8], it was shown that a metric minimal system (X, 7) with the property that
n-proximal tuples are dense in X" for every n > 2 is weakly mixing. This was extended
by van der Woude [33] as follows (see also [9]).

THEOREM 4.6. Let w: (X, T) — (Y, T) be a factor map between the metric minimal
systems (X, T) and (Y, T). Suppose that w is an open proximal extension, then 1w is a
weakly mixing extension, i.e., (R, T x T) is transitive.

Now we give the proof of Theorem 4.5.

Proof of Theorem 4.5. Let (X, T) be a minimal system without Ind,-pairs. We denote by
(Y, T) the quotient system of (X, T') determined by the equivalence relation RP!>°] (X, T)
and let 7w : (X, T) — (Y, T) be the canonical projection map.

We first prove that 7 is a proximal extension. Remark that if (x, y) € R, = RPI*®
is a T x T minimal point, according to Corollary 4.4, we have that (x, y) is an Indgp-
pair and thus we must have x =y. Now consider any (x, y) € Ry and u € E(X, T) a
minimal idempotent. Since (ux, uy) isa T x T minimal point, we have from the previous
observation that ux = uy, which implies (x, y) is a proximal pair.

As the shadow diagram shows, there exists a canonically defined commutative diagram
of extensions

x*—2 > x

y¥— sy
verifying properties (1)—(3) above.

Since 7 is proximal and o is almost one-to-one, we have that 7 o o is proximal. For
any (x, x') € Ryx, t oo (x) =7 oo (x'), so (x, x’) is a proximal pair, which implies 7*
is proximal too. By Theorem 4.6, 7* is a weakly mixing extension, and hence there
exists (x1, x2) € Ry» such that R;» = orb((x1, x2), T x T). Let m be the projection of
R+ to the first coordinate. It is easy to get that for any open sets U, V C X*, w1 (R N
(U x V) =UnN@*) ' (x*(V)) is an open set. So we get that 71 is an open map too.
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Since (x1, x2) is a proximal pair, we have that (x1, x2) is an Indg,-pair by Corollary 4.4.
Hence (o (x1), 0(x2)) is an Indgp-pair too. Then we must have o (x1) = o (x2), and thus
Ry« C Rs.

Since 7 is almost one-to-one, we can choose y € ¥ such that ~!(y) contains only
one point. Suppose x1, xo € 7~ (y), then there exist x}, x5 € X* such that o (x]) = x)
and o (x7)=x2. As ton*(x{)=moo(x])=y=moo(x))=1onm*(x]), we have
T*(x)), T (x3) € 7~ 1(y) and so T*(x{) =" (x3), ie., (x{, x)) € Rzx C R;. Hence
x1 = Xxo, which implies that 7 ~!(y) contains only one point, too. We conclude that 7
is almost one-to-one. O

PROPOSITION 4.7. Let (X, T) be a minimal distal system. Then there are no non-trivial
Indgip-pairs if and only if (X, T) is an 0o-step nilsystem.

Proof. 1t is a direct consequence of Theorem 4.5. O

4.3. The assumption of semi-openness in Lemma 4.2 cannot be removed. In this
subsection, we give an example to show that the condition of semi-openness in Lemma 4.2
cannot be removed. First, we recall some notions.

Let (X, T) be a TDS. For any open cover U, let N (U{) denote the smallest possible
cardinality among finite subcovers of /. Given an increasing sequence A = {f1, f, . . .} in
7.+, the sequence entropy of (X, T') or just T with respect to .4 and the cover I is

1 n
hA(T, U) = lim sup — log N(\/ T"’U)
n—oo N i=1

and the sequence entropy of 7" with respect to A is h o(T') = supy, h (T, U), where the
supremum is taken over all finite open covers U/ of X. The system (X, T) is a null system
if for any sequence A C Z4, h4(T) =0.

Similar to Indg,-pair, we can define IN-pairs. Let (X, T') be a TDS and (x1, x2) €
X x X. Then, (x1, x2) is a IN-pair if for any neighborhoods U1, U, of x1, x7, respectively,
Ind(Uy, U,) contains arbitrarily long finite independence sets. In [24], it is shown that
(X, T) is a null system if and only if it contains no non-trivial IN-pairs. It is obvious that
a null system contains no non-trivial Indgp,-pairs as Indgp,-pairs are IN-pairs.

The following example is classical.

Example 4.8. Sturmian system.

Let o be an irrational number in the interval (0, 1) and R, be the irrational rotation on
the (complex) unit circle T generated by ¢>"/®. Set

Ag=1{e"9:0<0<(1—a)} and A;={"?:1-a)<6 <1}

Consider z € T and define x € {0, 1}% as follows: for all n € Z, x,, =i if and only if
R} (z) € A;. Let X C {0, 1}% be the orbit closure of x under the shift map o on {0, 1}2,
ie., for any y € {0, 1}%, (6 (¥))n = yny1. This system is called a Sturmian system. It is
well known that (X, o) is a minimal almost one-to-one extension of (T, R,). Moreover,
it is an asymptotic extension. Also, it is not hard to prove that it is a null system.
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Let w : X — T be the former extension and consider (x{, x2) € R;\Ax. Then (x1, x»)
is an asymptotic pair and thus (x;, x2) € RPI“! for any integer d > 1. In particular,
(x2, X1, ...,Xx1) € Q[d'H] for any integer d > 1. Now, if {x1, xg}[d'H] C Q[d'H] for
any integer d > 1, then, by Lemma 4.1, (xq, x2) is a non-trivial Indgp-pair, and so
an IN-pair, which contradicts the fact that (X, 7) is a null system. Therefore, there
exists an integer d > 1 such that {xi, xp 1] ;(_ Q!9 which implies that the condition
myrorb((x, y), T x T) — X is semi-open in Lemma 4.2 cannot be removed.

5. Minimal distal systems which are not co-step nilsystems

In the previous section, we showed that a minimal distal system is an oco-step nilsystem
if and only if it has no non-trivial Indgp-pairs. In this section, we will give examples
of minimal distal systems which are not co-step nilsystems. We remark that if (X, T")
is minimal distal and 7 : (X, T) — (X4, T) is the maximal equicontinuous factor of
(X, T), then each pair in R\ Ay is an untame pair (see [17, 20, 27]). In fact, the result in
the previous section shows that if 7o, : (X, T) —> (Zso, T) is the factor map from X to
its maximal co-step nilfactor, then each pair in R\ Ay is an Indgp-pair. We do not know
how to combine the results.

5.1.  The existence. To show the existence of minimal distal systems which are not
oo-step nilsystems, we use some abstract results from [26]. We freely use the notations
therein.

PROPOSITION 5.1. [26, Theorem 4.4] Every ergodic measurable distal system
(X, B, u, T) can be represented as a minimal topologically distal system equipped with a
Borel measure of full support.

LEMMA 5.2. [26, Claim 5.5] Suppose (Y, D, v, T) is an isometric extension of the
ergodic rotation (T, B, ., Ry) by a finite group that is not a Kronecker system. Then
(Y, D, v, T) does not have a uniquely ergodic distal model.

The following result produces as many examples as we want.

THEOREM 5.3. Suppose (Y, D, v, T) is an isometric extension of the ergodic rotation
(T, B, A, Ry) by a finite group, that is, not a Kronecker system. Then any minimal distal
topological model of (Y, D, v, T) is not an co-step nilsystem.

Proof. By Proposition 5.1, (Y, D, v, T) has a minimal topologically distal system (X, T)
model equipped with a Borel measure of full support. By Lemma 5.2, (X, T') cannot be
uniquely ergodic. It is clear that a minimal co-step nilsystem is uniquely ergodic, so (X, T')
is not an co-step nilsystem. m|

5.2.  An explicit example. A way to produce an explicit example is to use the following
Furstenberg result. It appeared first in [6]. We recall that a topological dynamical system
is strictly ergodic if it is minimal and uniquely ergodic.

THEOREM 5.4. [6, Theorem 3.1] Let (R0, To) be a strictly ergodic system and
wo its unique ergodic measure. Let Q2= Q0 x T and let T :Q — Q be defined
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by T (wy, s) = (To(wo), g(wo)s), where g : Q2 — T is a continuous function. Then, if the
equation
g“(@0) = R(To(wp))/ R(ep) .1

has a solution R : Qo — T which is measurable but not equal almost everywhere to a
continuous function, then limy_, oo (1/N) Zflv:_ol f o T"™(w) cannot exist for all continuous
functions f and all o € Q.

Now we recall some elements of the example from [6] satisfying the criterion of the
previous theorem. The first step (which we omit here) is the construction of a sequence of
integers (ny)rez and an irrational number « such that

1 . .
h) = Z 7(627”"’{“ _ 1)627”"1(9
170 Il

and g(e?71%) = 271 \where A is as yet undetermined, are C* functions of [0, 1) and

T, respectively. Clearly, h(6) = H(@ + @) — H(6), where

1 .
HO) =) e,

Thus H(-) is in L2(0, 1) and in particular defines a measurable function. However, H (-)
cannot correspond to a continuous function since Zk;éo(l /|k|) = oo and hence the series
is not Cesaro summable at & =0 [35]. Therefore, for some A, e2TIMH®) cannot be a
continuous function either. Considering R(e?7%) = > *H©®) we get

R(e*™%5)/R(s) = g(s)

with R : T — T measurable but not continuous.
By Theorem 5.4, the transformation 7 of T x T given by

T(s1, $2) = (€751, g(51)52)

will not possess all its ergodic averages, i.e., there are a continuous function f and
w € T x T such that limy _ oo (1/N) 25:_01 o T"(w) does not exist.

Let Q =orb(w, T) C T x T. It is easy to get that (T x T, T) is distal, and so (€2, T)
is minimal distal. If (€2, T') is an oco-step nilsystem, then it is an inverse limit of minimal
nilsystems, and of course (€2, T') is strictly ergodic. Let h = f|q and h be apparently
continuous on €2, so limy_, oo (1/N) Zf:]:_ol g o T"(w) exists, contradicting the choice of
f and w. Therefore, (€2, T') is minimal distal but not an co-step nilsystem.

6. Discussion of unique ergodicity
In this section, we aim to investigate the question whether a minimal system without
Indfp-pairs is uniquely ergodic. First, we observe that when (X, T') is minimal, then
(Xoo = X/RPI®! T is uniquely ergodic since it is an inverse limit of uniquely ergodic
systems.

Assume that (X, 7') is a minimal system and let u be an ergodic measure for (X, 7).
Then (X, B, i, T) is an ergodic measure-preserving system, where B is the o-algebra
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of Borel sets of X (we omit B in what follows). In [15], to prove the convergence in
L2(X , B, n) of some non-conventional ergodic averages, the authors introduced measures
wldl e M (x4, 7141y for any integer d > 1 and used them to produce the maximal measure
theoretical factor of order d of (X, u, T) (in the measurable context this means that the
system is an inverse limit, with measurable factor maps, of d-step nilsystems), denoted by
(Za, Za, na, T).

In the topological setting, (Xq = X/RP T) is the maximal factor of order d of
(X, T) and is uniquely ergodic. In [16], it was observed that (X,, T') is also a system
of order d in the measurable sense for its unique invariant measure. This implies that X4
is a factor of Z; in the measurable sense.

Let u = f 7, Mz dpg(z) be the disintegration of @ over wg. Pairs in the support of the
measure

Ad =/ My X g dpng(2)
Zq

are called F) -pairs, where 7/} = supp(A4). To study F/;, we will need the following
lemma from [15].

LEMMA 6.1. [15, Propostion 4.7, Theorem 13.1] Let d > 1 be an integer and V; =
{0, 1},
(1) For fe, € € Vy, bounded measurable functions on X,

d
[, ® feant= [ @ Elzin aull,
x1d] ecVy 24 ecVy

where (Z[[ldjl, MEJd—]l) is the joining of 2¢ copies of (Zg—1, jtd—1).
(2) For fe, € € V, bounded measurable functions on X, the average

d
1 .
E—Ni_M' l_[feoT“Edu

! ne[My,Ny)x-x[Mq,Ng) fx €cVy

/ [] fexe) du'x
xld]

eeVy

as Ni — M; — oo forall 1 <i <d.

converges to

We get the following theorem about F’ 5 .

THEOREM 6.2. Let (X, T) be a minimal system and (. an ergodic measure on X.
(1) Letd =1 be an integer; then .775 c Rpl91,
() Naen Fy CIndsp(X, T).

Proof. Let (xg, x1) € F 5 . Then, for any neighborhood Uy x Uj of (xg, x1),

Aq(Up x Uy) =/ E(lyy | Za)E(1y |1 Zq) dpa > 0.
Zd
Let {U¢ : € € Vg41} C {Up, U1} be open sets. We claim that
[ TT tuteodid* e > .
xld+1]

€€Vat1
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Proof of the claim. Since fZ,/ E(ly, | Za)E(y,|Z4)duq > 0, there exists B € Z4 with
pa(B) > 0 such that for any z € B, E(1y,1Z4)(2)E(1y,|24)(z) > 0. Also, since U, = Uy
or U, = U for € € V41, we have for any z € BI4+1 that HeeVd+1 E(1y,|Z4)(ze) > 0.
Now, by the previous lemma, we obtain

/xtdm l_[ 1Ug(x€)duld+1l(x)=/2y+” l_[ ]E(lUglzd)(Ze)du'dd“'(z)

€€Vt €€Vt

[d+1]
= [ T EwizoGodnt e = o

€€Vt
: P : : [d+11, pld+1]
This completes the proof of the claim since it was shown in [15] that ;" (B ) >

na(8*"" > 0.
Again, by Lemma 6.1,

1
N+ 2 / [T toormeat tnanc gy

0<ny,.ngr1<N VX eeVyy

converges to

/[d+1] 1_[ er(xe)d;,L[d+1](X)>0
X

6€V1[+1

as N — oo. Hence there exists a Borel set B with w(B) > 0and ny, ..., ng+1 € Z4 such
that, for each x € B,
1_[ 1. o TMEIHHnasi€ari (x) 5
€ 9

€€Vaq1

that is, for each x € B, T™€1 T Ha+i€+1(x) € U, or

ﬂ TMe T TR [ oL (),

€€Vt

First, we prove statement (1). Let (xp, x1) € ]—"5. For § >0, let Uy x Uy be a
neighborhood of (xg, x;) where the diameters of Uy and U; are less than 8. Set

Uq,...00 =Uo, Uq,...0,1y) = U1 and Uc = Uy for any other € € V1. By the previous
discussion, there exist x € X and ny, . .., ngy1 € Z, such that TH€+Fa+1€+1 (x) e,
for any e € Vy41. Let yo=x= Tx € Uo,...0 =Uo, y1 =T"+'x €U, 0,1 =Ul.
Then, for any €€ V,\{(0,...,0)}, we have TMeéT -+ (yoyeUspn="Uy and

Triertnaéi(yy e U,y = Uy.  Since the diameters of Uy and U; are less than
8, we get that d(xg, yo) <6, d(x1,y1) <98, and for any €€ Vg\{(O,...,0)},
d(Tmevttnaca (y) pmet4naca(y,)) < 8. Therefore, 7y C RPUL.

To show (2), by Lemma 4.1, it remains to prove that if (xq, x1) €[ deN ]—"ff , then
{x0, x1 )14 c Q9] for any integer d > 1. Let d > 1 be an integer and take X = (x¢)eey, €
{x0, xl}[d]. Given a neighborhood V of x, there exists a neighborhood Uy x U; of
(x0, x1) such that if we set U = U; depending on x, = xg or x. = x1, then ®€€Vd Us C

V. From the conclusion of part (1), there exist x € X and ny, ..., ng € Zy such that
Tmert+nici(xy e U, for any € € V4. Let n= (ny, ..., ng). We have (T™¢x)cey, €V,
and thus x € Q1. The proof is complete. O
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Remark 6.3. We have shown that .7:5 c RPI, However, the converse is not true in
general. For example, let (Z, S) be a non-trivial d-step nilsystem and v an ergodic measure
on Z. In [32], it was shown that there exists a weakly mixing minimal uniquely ergodic
system (X, T') with the uniquely ergodic measure p satisfying that for all x, y € X with
y &€ {T"x}ne7, the orbit {(T"x, T"y)},ez isdense in X x X, and (Z, v, §) and (X, u, T)
are isomorphic. Then (X, ) coincides with (Z;(X), 1g), and so ]-"Z = Ay. Since (X, T)
is weakly mixing, we get that RPI“! = X x X, which implies that fl‘f ; RP!,

A direct application of the above theorem is the following.

THEOREM 6.4. Let (X, T) be a minimal system with Indgp(X, T) = Ax. Then for each
ergodic measure u, (X, u, T) is measure theoretically isomorphic to an co-step nilsystem.

Proof. Applying Theorem 6.2, we get that [),;cy .7-‘:; C Indfip(X, T) = Ax. The result
follows, since it is easy to check that (1), F!' = Fh, where FL, is the support of
Aoo = ono Uz X odihoo(z) With (Zso, o) the inverse limit of (Zy, wg). O

To show the unique ergodicity of a minimal system with Indg, (X, T) = Ay, the
following question is crucial.

Question 6.5. Let (X, T) be an E-system (i.e., it is transitive and admits an invariant
measure with full support), let x be a transitive point and p be a fixed point of (X, T).
Is it true that (p, x, ..., x) € Q[d] for any integer d > 1?

If this question has a positive answer, then, by Lemma 4.2, we have {x, p}[d] C Q[d] for
any integer d > 1 (since orb((x, p), T x T) = X x {p}), and thus (x, p) is an Indgp-pair
by Lemma 4.1.

CONIJECTURE 6.6. Let (X, T') be a minimal system with Indgp(X, T) = Ax. Then (X, T)
is uniquely ergodic.

If Question 6.5 has a positive answer, then, using the proof of [20, Theorem 4.4] and
the lifting property of Indg,-pairs [19], we may conclude that the conjecture holds.

7. Topological complexity of co-step nilsystems

The big development in the study of non-conventional ergodic averages during the last
decade has provided evidence, among other facts, of the crucial role of nilsystems when
studying ‘polynomial’ phenomena in dynamical systems theory. The objective of this
section is to prove that oo-step nilsystems have polynomial topological complexity. It is
well known that bounded complexity characterizes minimal rotations on compact Abelian
groups (see [4]). Some basic symbolic examples (substitution systems, for example) show
that polynomial complexity cannot characterize co-step nilsystems, so the characterization
of polynomial complexity seems to be a deep problem far from being solved.

In order to study the quantitative distribution of polynomial orbits in nilmanifolds,
Green and Tao introduced in [13] a metric induced by the Mal’cev basis on a nilmanifold
and they studied its behavior under left multiplication. We obtain as an application a
polynomial bound for the topological complexity of nilsystems and consequently of co-
step nilsystems. We use freely the notations and results from [13] and [2].
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7.1.  Polynomial behavior of orbits. In this subsection, we assume G is a connected and
simply connected Lie group and I' C G is a cocompact subgroup. We will denote by G;
the ith subgroup of the associated lower central series. Under these assumptions, Mal’cev
proved the following theorem.

THEOREM 7.1. (Mal’cev basis) Let G be an m-dimensional nilpotent Lie group and

I' C G a cocompact subgroup. There exists a basis X ={X1, ..., X;;} of the associated
Lie algebra g such that:
(1) for each j€{0, ..., m— 1}, the subspace t; =Span(X 1, ..., Xim) is an ideal

in g and exp(h ;) is a normal subgroup in G;
(2) G; =exp(hm—m;), where m; = dim(G;);
(3) each ge G can be written uniquely as exp(t1X1) - - -exp(tnXm), where t =

(t1, ..., ty) € R™; and
4 T ={exp(mXy) --expnpXy):n=my,...,ny) €Zm}.
We say that X ={X1, ..., X;u} is a Mal’cev basis for G/ adapted to the lower

central series (G;);>0.

Let g =exp(t1X1) - -exp(tyX;m) € G and denote V¥ (g) = (t1,...,tn) € R". Let
[V (g)] = [ (g)lleo- Fix a Mal’cev basis X. In [13], the authors introduced the following
metricon G and G/ T.

Definition 7.2. Let x, y € G and define

n—1

d(x,y) = inf{z min(h[f(xi_lxi_l)L |1/,(x,-xl:11)|) :neN,
i=0
xo,...,anG,xO=X,xn=)’},

which is right invariant, i.e., d(x, y) = d(xg, yg) forall g € G and d(x, y) < | (xy~ D).
This metric induces a metric on G/ T that we also call d(-, -) by setting

d(xT, yI') =infld(x’, y') : x e xT, y e yT'}
= inf{d(xy1, yy2) 1 v1, 2 €T =infld(x, yy) 1y € T},
where the last equality follows from the right-invariance of the metric.

In the following, we use some results obtained in [13] and we rephrase some others in
a convenient way. The Mal’cev basis X is fixed.

LEMMA 7.3. (Multiplication and inversion) Let x, y € G, t = ¥ (x), u = ¥ (y). Then:

D) Yy = (1 +ur, o+ur+ Pt un), oottt + Py (01,2t U,
.y Um—1)), where for eachi € {1, ..., m — 1}, P; is a real polynomial; and
Q) Yy H=(1, -+ 01(t), ..., —tm+ Om_i1(t1, ..., tm_1)), where for each
iell,...,m}, Q;isa real polynomial.
We get easily that w(xy_l) =(R(t,u), Ro(t,u), ..., Ry, (t, u)), where R; is a real
polynomial foreachi € {1, . .., m}. In order to simplify notations in what follows, we will

write P to refer to any generic real polynomial with positive coefficients, not necessarily
the same. This will be clear from the context.
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LEMMA 7.4. (Coordinates polynomial bound) Let x, y € G. Then,

d(x, y) = P(max([y ()|, [ (DI (x) = ()]

Proof. Let ¥ (x) =t and ¥ (y) = u. From the definition of the distance and Lemma 7.3,
we have

d(x,y) <Yy DI =1(Ri(t, u), Ra(t, w), ..., Ru(t, w)].
Write R;(t, u) = Z&,E Cé’)ﬁt&uﬂ. Since R; (¢, t) = 0, one deduces

Ri(t,u)=Ri(t,u) — Ri(t.1) =Y Cg)ﬁt&(uﬁ — 1.
a@.f
Expanding (uE — t’g) = Z;'l:] (u; — li)Wg,,’(l, u), where Wﬁ,i are polynomials, we get

dx,y) < W) =YY Y IC I W, (1 w)
agi=t

= [ (x) = ¥y OIPmax(|y (), [¥ (D). 0

LEMMA 7.5. Let g, x,y € G, then
d(gx, gy) < P(1Y (@I, [v (O, [y d(x, y).

Proof. Let g, z € G. From Lemma 7.3, we see that ¥/ (gzg~!) is a polynomial function of
¥ (z) and ¥ (g) that vanishes when ¢ (z) = 0. This polynomial function can be written as

Y (2)P(¥(g), ¥(2)). Then

(828~ DI < W @IP(¥ @), ¥ (). (7.1)
By Lemma 7.4, d(x, y) < P(|[Y(x)], |¥(y)|), and then for computing the distance
between x and y we can restrict to paths x = xq, ..., x, = y satisfying k(x;, xj4+1) <

P(|y (0], [¥ (), where k(x;, xi 1) = min(|y (xix; DI [ (xi 417 )]). Let us observe
(using Lemma 7.3) that this property implies that

max (| (xix DI ¥ (igax DD < Py @)1, [y (3)D).
Consider such a path x = xg, ..., x, =y, and the path gx = gxo, gx1, ..., §x, = gy.
From (7.1),

k(gxi, gxien) < 1Y (gxix; ;' g7l
< [y Cax ! DIP(Y (ix DL 1w (D
< [ ax ! DIPAY @)L )1 1w (@)D.

In the same way,

[ (gxir1x, DI < 1Y (i DIPAY L [ D)1 ¥ ()
and then
k(gxi, gxit1) < PUY L 1O, 1Y @Dk, xis)l-
‘We conclude that

d(gx, gy) < k(gxo, gx1) +-- -+ k(gxu—1, gxn)
< PUY L v 1Y (@D Kk(xo, x1) + - - - + k(xp—1, X1))

and the lemma follows, taking the infimum. O
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LEMMA 7.6. Let g € G and n € N; then | (g")| < P(n), where P is a polynomial with
coefficients depending on | (g)|.

Proof. By the multiplication formula, we observe that (¥ (g")); =ny¥ (g)1, i.e., the first
coordinate is controlled polynomially. Suppose now that the ith coordinate is controlled
polynomially, then the same happens with the (i + 1)th coordinate. In fact, we see
inductively that

("™ = v(g" )it
=yY(Eit1 TV (Qiv1 + P, .., (@i, V(1. ..., Y ()0

and then [ (¢"™); 1] — [¥(g")it1] < P(n), and we conclude that [ (g"™)it1| < (n +
1)P(n + 1). (Here all polynomials P are not necessarily the same.) a

LEMMA 7.7. (Factorization) Each g € G can be written in a unique way as g = {g}[g]
with ¥ ({g}) € [0, 1)™ and [g] € G.

Therefore, when writing xI", we can assume x is such that [ (x)| < 1.

LEMMA 7.8. Letx,y € G. Then

d(xT, yI) = inf d(x, yy) =  inf  d(x. yy).
Y= = o< T Y

where C is a constant depending only on | (x)| and | ().

Combining the last two lemmas, we see that

d(xT, yI') = d(x, yy),

inf
yelly(n)I=C

where C is a constant.
We obtain

d(¢"xT, ¢"yI) < inf d(g"x, g"yy).
(g g"y )_yerw(ynsc (&"x, g"yy)

Using Lemmas 7.5, 7.6 and 7.8, we get the following.
COROLLARY 7.9. Letx, y, g € G with |y (x)| <1 and | (y)| < 1. Then,

d(g"xT, g"yI') < inf — P(ly(g")D d(x, yy) < P(n)d(xT, yI"). (7.2)
velly(n)I=C

7.2. Complexity computation. Let (X, T) be a TDS. We say that a subset F C X is
(n, €)-shadowing if for all x € X, there exists y € F such that d(T'x, Tiy) <€ for all

ief{0,...,n}. Writer(n, ) =min{|F| : F C X, F is (n, €)-shadowing}. Given an open
cover Y = {Ujy, ..., Uy}, the topological complexity function of I/ is the sequence on 7 :
cU,n)y=min{M >1:3Vy, ..., Vy e\, T—U, such that Uf‘il V; = X}. One has
that

cU,n) < r<n, g),

where § > 0 is the Lebesgue number of U.
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To compute the topological complexity of a nilsystem in the general case (i.e., when G
is not necessarily a connected and simply connected Lie group), we will use an argument
given by Leibman in [25]. For this, we require an extra definition and one lemma from [25].

Let X = G/ T be a nilmanifold and T : X — X the transformation given by x — gx
with a fixed g € G.

Definition 7.10. We say that a closed subset ¥ C X is a submanifold of X if ¥ = Hx,
where H is a closed subgroup of G and x € X.

LEMMA 7.11. There exists a connected, simply connected nilpotent Lie group G and
rc G a cocompact subgroup such that X with the acnon of G is isomorphic to a
submanifold X of X=G / T representing the action of G in G.

This is the main result of the section.

THEOREM 7.12. Let X = G/ T be a nilmanifold and T : X — X the transformation given
by x — gx with a fixed g € G. Let U be an open cover of X. Then, for alln € N,

cU,n)=Pn),
where P is a polynomial.

Proof. First, assume that G is a connected, simply connected nilpotent Lie group. For
€ > 0, let N(¢) be the smallest number of balls of ratio € needed to cover X. The upper
Minkowski dimension or box dimension (see [28]) is defined by

This dimension coincides with the usual dimension of the manifold X and hence there
exists a constant K such that
1 dim()+1
N(e) <K <—> .
€
Using the bound in (7.2), we observe that if x, y € X and d(x, y) <§/2P(n), then

d(T'x, Tiy) < (P()/P@n))(6/2) <4/2if i <n since P has positive coefficients. Let §
be the Lebesgue number of ¢/. We get

dim(X)+1
c(U,n)fN( ) >< (2P (n))

2P(n) Sdim(X)+1
and the polynomial bound of the complexity is obtained. O
Now consider the general case. Denote by 7w : X — X the 1somorph1sm given by

Lemma 7.11. We see that (X T) is conjugate to (X T) where T : X — X is defined
by T(’? = (g)x. Hence (X T) is a subsystem of (X T)

IfU = (U], ..., Uy) is an open cover of X, n(UU) = (w(Uy), ..., w(Uy)) is an open
cover of X and c(Z/{ n) _c(yr(Z/l) n) < C(U n), where T(U) = (Vl, eooy Vip, X€) is an
open cover of X with n(U;) = Xn Vi foralli € {1, ..., m}. Thus, we get a polynomial

bound of the complexity in the general case.
Finally, we consider the complexity of an oo-step nilsystem. For this, we need the
following easy lemma.
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LEMMA 7.13. Suppose X is an inverse limit of the systems (Xi, T)ieN, where (X;, T)
has a polynomial complexity for each i € N. Then X has polynomial complexity.

Proof. We will show that the product system has polynomial complexity and therefore
the inverse limit has the same property. Let ¢ >0 and choose N € N such that § =
€—2"N> 0. Then rx(e,n) < ]_[l-<N rx;(8, n) and, by assumption, the right side is
polynomially bounded. - O

We conclude the following.
THEOREM 7.14. If X is an co-step nilsystem, then it has a polynomial complexity.

Proof. By the above discussion, a d-step nilsystem has polynomial complexity. By
Theorem [16], the factors (X4, T) defined by the relation RP!“! are inverse limits of
d-step nilsystems and therefore they have polynomial complexity. Again, using the inverse
limit argument, we conclude the polynomial bound for the complexity of (X, T). O
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A. Appendix. The proof of Theorem 3.8

In this appendix, we give the proof of Theorem 3.8. First, we discuss Theorem 3.8(2). The
idea to prove this fact was inspired by personal communications with Kra [23]; here we
give details of the proof.

LEMMA A.1. [14] Let (X, u, T) be an ergodic d-step nilsystem with X =G/ T, pu be
its Haar probability measure and T be the translation by the element t € G. Moreover,
assume that the group G can be spanned by the connected component of the identity
and the element t (it is always possible to reduce to this case, see [3]). Let d > 1 be
an integer. If Zy is the maximal factor of order d of (X, u, T) with k < d, then Zj has the
form G /(Gy41T') endowed with the translation by the projection of t on G/Gyy1, where
G1=G,G2=[G,G1], G3=[G, Gal, ..., Ggy1 = {e}.

Now we prove Theorem 3.8(2).

Proof of Theorem 3.8(2). Let n > d be any integer; we will show Z,, = Z;. In [15], it was
shown that Z, is an inverse limit of n-step nilsystems (Z, ;);en. For any Z, ;, assume
it has the form G/ TI', where the group G is spanned by the connected component of the
identity and the translation element 7.

Let G° be the identity component of G. As shown in [3], G, =[G, G] =[G?, G]
is connected, and, inductively, for any integer k > 2, Gy is connected. By Lemma A.1,
the d-step maximal nilfactor and (d + 1)-step maximal nilfactor of G/T" are G/(G4+11")
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and G/(Gg421"), respectively. We have that G/(G442D") is also a (d + 1)-step nilfactor of
X, soitis afactor of Z;41 = Z4, which implies that G/(G4421) is also a d-step nilsystem.
Now, by the maximality of G/(G44+11"), we have that G/(G442I") and G/(G441T)
coincide. Then G 441" = G442T, and, of course, the nilpotent Lie groups G441 and G442
have the same dimension, since I' is discrete.

For any positive integer k, let gi be the associated Lie algebra of Gy. Then g441 and
g4+2 have the same dimension, which implies that g441 and gs42 coincide since g2
is a subalgebra of gg4+1. Since Gy and Gg44o are connected, Ggy41 = exp(gg+1) =
exp(g4+2) = Ga42, and then we have that

Gi13 =[G, Gg121=1[G, Ga411=Ga42 = Ga41.

Inductively, we have G411 = G441 for all d < k < n, which implies that G441 = {e}, G is
d-step nilpotent and Z,, ; = G/ T is a d-step nilsystem. So the inverse limit Z, is a d-step
nilsystem. By the maximality of Z,, we conclude Z, = Z;. The proof is complete. a

To show the next lemma, we need some results from [16].

PROPOSITION A.2. Let (X, T) be a minimal system. If (X, T) is an inverse limit of some
d-step nilsystems, then each measurable factor is a topological factor.

Proof. 1t is a combination of [16, Proposition 5.2] and [16, Lemma 6.1]. O

LEMMA A.3. Let (X, T) be a minimal system of order n; then the maximal measurable

and topological factors of order d coincide, where d < n.

Proof. Let u be the unique invariant probability measure of X, and Z; the maximal
measurable factor of order d of (X, u, T). It is clear that Z; is a topological factor of
order d of (X, u, T) by Proposition A.2. Endow the maximal topological factor X, of
order d of X with its unique invariant probability measure. Clearly, it is a measurable
factor of order d of (X, u, T) and so is a measurable factor of Z;. By Proposition A.2
again, X is a topological factor of Z4, and so Z; = X is the maximal topological factor
of order d. m|

Now we can finish the proof of Theorem 3.8.

Proof of Theorem 3.8. (1) For any k> 1, recall X; = X/RP! and let u; be its
unique invariant probability measure. Let n > d be an integer. By the Lemma A.3,
and since X, is a minimal system of order n, then the maximal measurable and
topological factors of order £ of X, coincide and Xn/RP[k](Xn) =Xy =27, k<n.
As (Zg, g, T) = (Z4+1, La+1, T), by Theorem 3.8(2), we have for any d <k <n,
(Zk, px, T) =(Zgq, g, T). Therefore, (Z,, un, T) and (Z4, pg, T) coincide in the
measurable sense, and by Proposition A.2, they coincide in the topological sense too,
ie., X, = Z, = Zq = X4, which implies that RPI"(X) = RPl4(X).

(3) If Z,, is measure theoretically isomorphic with X, = X/ RP[”](X ) for some n € N,
by the Lemma A.3, for any positive integer k < n, the measurable and topological maximal
factors of order k coincide, which implies Z; is measure theoretically isomorphic with
X = X/RPW(X). The proof of the theorem is complete. a
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