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In this paper, we prove that, for any prime p, a Bol loop of order 2p or of order p?is
necessarily a group, and we show that there exist exactly six non-associative Bol loops
of order 8.

The author is indebted to his colleague, Stuart Plunkett, for checking, with a com-
puter, that the sets of permutations obtained in Theorem 6 actually satisfy the con-
ditions of Theorem 1.

For the definition of a loop, the reader should consult Bruck(4). In (1), Albert
defines a right multiplication R, as a permutation of a loop (L, .),

R,:xz—>zx.a.

We will call the set {R,|a € L} the right regular representation of (L, .) or briefly, the
representation of L. When discussing loops of order 5 and 6 in (2), Albert uses the
properties of a representation which we will name

ProrosiTioN 1. A4 set, I1, of permutations on a set L is the representation of a loop
(L, .) if and only if (a) 1€11, (b) I is transitive on L, (c) if a, feIl, and af~! fixes one
element of L, then a = .

A loop (L, .) has a unique representation I1. However, a collection of permutations
I1, satisfying the conditions of Proposition 1, is generally the representation of more
than one loop, since Il does not determine the operation on L uniquely. In fact, if IT is
given, exactly one operation on L is implied by each choice of identity in L. If a,be L,
then II is the right regular representation of (L, . ) if the operation . is defined by

a.b=akR,,

where R, is the unique element of II mapping the identity in L to b.
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For any predetermined a, b € L, a principal isotope (L, x ) of aloop (L, . ) is defined by

xxy=X.Y, where X.a=2 and b.Y =y.
Now if R is a right multiplication of (L, x ),

R} = R;'Ry.
This leads to

ProrosrtioN 2. If {R,|x € L} is the representation of (L, .), then the representation of
any principal isotope of (L, .) is {R;'R |z e L} for some given ac L.

For a finite loop L of order n, there may be #2 non-isomorphic principal isotopes.
These n? loops have at most » distinet representations as the identity in the loop is not
determined by the representation.

Clearly, a loop is a group if and only if its representation is closed under composition
of permutations. An immediate consequence of Proposition 2, which was pointed out
by Albert in (1), is that if one principal isotope of a loop (L, .) is a group then the loop
(L, .) is an isomorphic group.

Definition. A loop (L, .) is called a Bol loop if
[(@.b).c].b =a.[(b.c).b] forall a,b,ceL.

As an immediate consequence of the definition we have

THEOREM 1. If II is the representation of a loop L, then L is a Bol loop if and only if
a, eIl implies afaeIl.

THEOREM 2. If I1 is the representation of a Bol loop and a €11, then an €Il for ne Z.

Proof. From Theorem 1, x.1.« =a?cll, and a.a.a = a®cIl, so by induction
am e I1 for all positive n. Now if I1 is the representation of a Bolloop (L, . ) with identity
e,andifa = R, L contains a unique element ¢’ such thata.a’ = e. Now,eR, R, R, = a,
so, from Theorem 1, R, R, R, = R,, and so R, = R;'. Thus II contains the inverse of
each of its elements, and the proof is complete.

The property that a representation contains the inverses of each of its elements
characterizes the representations of loops with the right inverse property, and this
leads to a proof of the familiar characterization of Bol loops as those loops for which
every principal isotope is a loop with the right inverse property ((7), theorem 3-1). For
if a, e Il, then, by Proposition 2, «~1f belongs to the representation of a principal
isotope. But, if this representation contains all its inverses, (x=1f)~! = a~1y for some
veIl, and so af~a = v, and if this holds for all principal isotopes II is the representa-
tion of a Bol loop. Conversely if II is the representation of a Bol loop, then a, 8, y eIl
implies fa—lya-1fe Il and so the representation of the principal isotope containing
a~1f and a~'y also contains (x~1f) (1y) (2~'f) and so is the representation of a Bol
loop.

TaEOREM 3. If II is a representation of a finite Bol loop and a.€ 11, then a is a product
of disjoint cycles of equal length.
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Proof. If the shortest cycle in « is of length m, then o™ fixes at least m symbols. But
by Theorem 2 and Proposition 1, ™ = 1, So a consists wholly of m-cycles.

It is plain now that both the order of each element of II and the number of disjoint
cycles of which each element consists divide the order of the original loop.

CoROLLARY 1. The order of an element of a finite Bol loop divides the order of the loop.
(This is a strengthened form of theorem V-1-2 in (4).)

CoRrROLLARY 2. 4 Bol loop of prime order is a cyclic group.

Before tackling our main theorems, we establish a lemma.

Levmma. If R, and R, are right multiplications of a Bol loop and R: = RE = 1, then
B, R, = R, R, if and only if aR, = bR,,.

Proof. Let 1 =R, If R,R, = R, R,, then aR, =aR,R R, =eR,R, =bR,. If
aR, = bR,, then aR, = eR, R, = aR, R, R,, and so, by Theorem 1 and Propos1t10n 1,
R,=R,R,R, and so R, R, = R, R,,.

Since the statement of this lemma does not involve the identity in the loop, it implies
that if « and £ are two commuting elements of order 2 in the representation of a Bol
loop, and & = (pgq) (7$) ..., then either g = (pr)(¢s)...or f = (ps) (¢gr) ..., but,if x and g
do not commute, then nelther of these two poss1b1ht1es for g can occur.

TREOREM 4. If p is a prime number, then a Bol loop of order 2p is a group.

Proof. Since any loop of order 4 is a group, we will only consider odd primes p. We
will consider a Bol loop L with representation II. If « € I, from Theorem 3, the order
of xis 1,2,p or 2p.

Case (i). II contains an element of order 2p. From Theorem 2, II is the representation
of a cyclic group of order 2p.

Case (ii). I1 contains an element of order p, but no element of order 2p, If a is an element
of order p in I1, then so are a2, &8, ..., P~ Each of these permutations consists of two
p-cycles and the group generated by a has two orbits each of length p. If £ is another
element of order p in II, then, since p > 3, each of the p-cycles which constitute g
contains at least two symbols from the same orbit of {a). Thus, for some integer £,
akp-1 fixes a symbol, and so, from Proposition 1, «¥8-1 is the identity. This proves that
IT contains exactly p — 1 elements of order p.

The p elements of I1\(a) have order 2. Let v be one such element. By Theorem 1,
ayaell. If ayax e{a), then y = a* for some integer k. Therefore avya € I1\{a), and so is
of order 2. Thus (aye)! = aya, and so y = a?ya?. Clearly y = a2*ya?®, but « is of odd
order, so ¥ = aya, and so y = a™ya® for all integers n. The p — 1 distinct equations
here determine y uniquely from one of its transpositions, and since a™y = ya—" the
representation that we obtain is that of the dihedral group D,,.

Case (iii). II contains no element of order p. Here I consists of the identity and 2p —1
elements of order 2. If « and /8 are elements of II distinct from 1, then each consists of
an odd number p of transpositions. If « and § are distinct, they may not commute, for
if they did, by the lemma, they would have to have a transposition in common and
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this would contradict Proposition 1.Since af = «~14,it belongs to a representation of a
principally isotopic Bol loop by Proposition 2, and is therefore of order 1, 2, p or 2p.
The product af may not have order 1 if « and g are distinct. The product ¢ may not
have order 2 if « and £ do not commute. So the product «f has order p or 2p, but, in
these cases, the loop L has a cyclic or dihedral group of order 2p as a principal isotope
by cases (i) and (ii), and L itself is an isomorphic group.

THEOREM 5. If p is a prime number, then a Bol loop of order p? is a group.

Proof. Any loop of order 4 is a group, so we need only establish the theorem for odd
primes p.

Let L be a Bol loop of order 2 and let Il be its representation. From Theorem 3,
every element of Il other than the identity is either a single cycle of length p? or else
consists of p eycles of length p. If IT contains an element of order p?, I1 is a cyclic group
by Theorem 2 and so L is a cyclic group.

If IT does not contain an element of order p2, I consists of the identity and p?— 1
elements of order p. In this case, by Theorem 1 and a theorem of Glauberman (theorem
15in (e)), Il generates a p-group (I1) which has non-trivial centre. Let v be an element
of order p in the centre of this group, and let a e Il. If x = xy, then o = xyx = zay,
so that, if y fixes one element of L, ¥ = 1, since II is transitive on L. Thus vy consists of
p disjoint cycles of length p.

We now show that either a( + 1) and y have the same orbits, or else the intersection
of each orbit of ¢ with an orbit of y is a singleton.

If G is an orbit of y and its p elements are not distributed with one each in each orbit
of a, then at least two elements z and y (say) of @ belong to the same orbit of a. Thus
zy* = y and za! = y for some 7,5. In this case, 2(y'a~7) = z, so 2(y’a~7)* = z for all
integers n, and xy™ = xa’*. Thus y and & have an orbit in common. Now the p elements
of any other orbit of y are contained in p — 1 orbits of @ and so the same argument may
be applied again. Thus the orbits of v and the orbits of a are identical. The argument
proves more, because we can choose # so that jn = 1 (mod p) and then zy™ = z« and
so each cycle of a is a power of a cycle of y. By Proposition 1, there are at most p — 1
elements of Il with this property, so that, for p2—p elements of II, the orbits have
singleton intersection with the orbits of y.

Let o be an element of IT with the same orbits as y and let fe I1\{a). We may label
the elements of L and arrange the cycles of y so that

Y =(a1bicy...m)(agbycy...my) ... (@, b,¢,...m,),

and B =(a,a5a;5...a,)(by...)(c...) ... (my...).
Then bifx = by 1fry = a, fFy = ay Y = by
and ¢, B = ¢,y 2By = a, f*Y? = a1 ¥? = Crins

etc., with addition modulo . So
B =(a,850a5...0,) (b1 byb;...0,) (¢ cac5...C) ... (Mymymy ... m,).

Now o = (@ by ... my)*r (@b, ... my)%e ... (@, by, ... my)%p

https://doi.org/10.1017/50305004100055213 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004100055213

Finate Bol loops 381

for some integers k;, with 0 < k; < p. We now relabel the elements of L using the set
Z,x Z, as follows:

a;— (i, 0),
b;—> (i, 1),
m;—> (1, p—1).
Then B @, y)>(x+1,y),
and a:(z,y) > (z,y +k,),
50 Brospr: (@,y) > (@ + 2,y + sk,.,),

and, since these p? permutations are distinct, they exhaust I1. Now
afo: (@, y)> @+ 2, y+k,+k,p0),
and by Theorems 1 and 2, af2x = fra®f" for some 7, s, and then
(+2,y+k,+k, ) =(x+2r,y+sk,,,) and r=1

Forsomes, k,+k,, , = sk, for all z. We may treat this as a recurrence relation for a
sequence of integers with the condition k, = k., (mod p).

The auxiliary equation for this relation is m2—sm+1 = 0. This has equal roots
ifand only if 82 = 4. If s = — 2, m = — 1 and then k, = (Az+B) (—1)* for all . But
this contradicts k, = k,,, since pisodd,sos + —2.If s = 2, m = 1 and then

k,=Ax+B.

Now 4 = 0, since, if not, k_g;, (with —B/A evaluated mod p) is zero and thisis inad-
missible. If 4 = 0, k_ is constant. If the auxiliary equation has distinct roots, m,, m,,
then k, = A(m,)* + B(m,)*. But m? = m (modp)andsok,,, , =k, =k,,,, and again
k, is constant. In any case, the conditions imply that k_ is a constant function of z and
this in turn makes « a power of y. Therefore the group generated by « and £ is precisely
the group generated by y and S, namely the elementary abelian group of order p2.
This completes the proof of Theorem 5.

Theorems 4 and 5 together with the previously known fact that Bol loops of prime
order are cyclic groups establish that the smallest orders for which a non-associative
Bol loop may occur are 8 and 12. Two non-associative Bol loops of order 8 have already
appeared in the literature. Bol’s paper (3) contains one due to Zassenhaus. Robinson(7)
mentions Zassenhaus’ loop and lists another. The theorem which follows incorporates
an exhaustive search for Bol loops of order 8 and establishes that in addition to the
groups there are exactly six non-isomorphic right Bol loops. In Theorem 6, II; is the
representation of Zassenhaus’ loop and Il is the representation of Robinson’s loop. At
least one non-associative Bol loop of order 12 exists, the smallest Moufang loop (5).
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THEOREM 6. A Bol loop of order 8 which is not a group has one of the siz following

representations:

R. P. Burw

o,

(1)

(1234) (5678)
(13) (24) (57) (68)
(1432) (5876)
(15637) (2648)
(1638) (2547)
(1735) (2846)
(1836) (2745)

11,

(1)

(1234)( 5678)
(13) (24) (57) (68)
(1432) (5876)
(1537) (2846)
(16) (25) (38) (47)
(1735) (2648)
(18) (27) (36) (45)

Iy

(1)

(1234) (5678)
(13) (24) (57) (68)
(1432) (5876)
(15) (26) (37) (48)
(16) (25) (38) (47)
(17) (28) (35) (46)
(18) (27) (36) (45)

11,

(1)

(1234) (5678)
(13) (24) (57) (68)
(1432) (5876)
(1537) (2648)
(16) (25) (38) (47)
(1735) (2846)
(18) (27) (36) (45)

I,

(1)

(1234) (5678)
(13) (24) (57) (68)
(1432) (5876)
(15) (26) (37) (48)
(16) (27) (38) (45)
(17) (28) (35) (46)
(18) (25) (36) (47)

I,

(1)

(12) (34) (56) (78)
(13) (25) (47) (68)
(14) (23) (58) (67)
(15) (26) (37) (48)
(16) (24) (38) (57)
(17) (28) (35) (46)
(18) (27) (36) (45)

Proof. If 11 is the representation of a Bol loop of order 8, then, by Theorem 3, the
elements of I have order 1, 2, 4, or 8.

Case (i). II contains an element of order 8. By Theorem 2, II is the representation of
the cyclic group Cs.

For the rest of the proof we will presume that II is the representation of a Bol loop
{1,2,3,4,5,6,7, 8} containing no element of order 8. We denote the right multiplica-
tion mapping 1 to z by R,. By Theorem 2, elements of order 4 occur in pairsin II.

Case (ii). II contains six elements of order 4. Let the six elements of order 4 be «, a3,
B, B3, v, 2. Since the square of any such element is of order 2, a? = 2 = y2 since II
contains 8 elements in all. Without loss of generality takea = B, = (1234) (5678), then
R, =a® and R, = a3 If R, = (15ab){...), R =a® so a =3 and b = 7. Moreover
R, = (1537) (2p4q), where {p,q} ={6,8}. Now R, = R} = (1735)(2¢94p). The same
argument also shows that Ry = (1638) (224y) and Ry = R3 = (1836) (2y4x), where
{z,y} = {5, 7}. The conditions on p, ¢, x and y may be met in four ways:

Ifp =8,9 =6, = 5,y = 7, [1is the regular representation of the quaternion group.

Ifp=6,¢g=8z=5y="71IisIl,.

If x = 7 and y = 5, two further cases arise which are isomorphic to II, under re-
peated conjugation by (13) (265) (487).
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Case (iii). II contains four elements of order 4. Without loss of generality take
R, = (1234)(5678), then R;=R: and R, =R}

Again, without loss of generality, suppose R; is of order 4, Ry = (15ab)(...). Since
R, Rz hasno fixed symbols forx = 1,2,30r4,a = 2,3 or 4. Thus R = R forz = 2,3
or 4 and in fact B2 = R,, so R; = (1537) (2p4q), where {p, ¢} = {6, 8}. Also R, = R} and
this is again of order 4. So R, and R, have order 2. To avoid 3R, R;! = 3 for = 4 6, we
must have 3R, = 8 and similarly 3R, = 6. So

Rq = (16)(38) (22) (4y) and R, = (18) (36) (2y) (42).

The conditions {p, ¢} = {6, 8} and {x, y} = {5, 7} give just four cases.
Ifp =6,9g =8,2 = 7,y = 5, Il is the representation of the group C; x C,.
Ifp=6,g=8,2=5y="17,then IlisII,.
Ifp=8,¢=6,x=5y="17 then ITisII,.
If p=8,¢=6, x="17, y=>5, then Il is isomorphic to Il under conjugation by
(15823764).
The representations I1, and I1, are not isomorphic, as the elements of order 4 in I,
commute with each other, while, in 1, B, R, + R, R,.

Case (iv). Il contains two elements of order 4. Without loss of generality take
R, = (1234)(5678), then R;= R: and R,= R}

Since R; is of order 2, let By = (15) (2a) (3b) (4c). Now 5B, R, R, = b,and b = 6, 7 or 8.
So R, R; Ry = Ryandb = 7. Thus B; = (15) (2a) (37) (4¢), and a similar argument shows
that B, = (17) (2f) (35) (49), so {a,c} = {f,g} = {6, 8}, and again that

Ry = (16)(22) (38) (4y) and RBq = (18)(2y) (36) (42).

The conditions {a, c} = {6, 8} and {x, y} = {5, 7} give just four cases.
Ifa=8,c=6,2 =5,y =17, then Il is the representation of the dihedral group D,.
Ifa=6,c=8,z="174y=25,then MisII,.
Ifa=6,c=8,2z=5,y=17,then Ilis I,
Ifa=8¢=6, =17, y=2>5, then Il is isomorphic to II; under conjugation by
(15263748).
The sets I1, and I1; are not isomorphic as all five elements of order 2 in I, commute
with the elements of order 4, while only three of the elements of order 2 in Il do this.

Case (v). TI contains seven elements of order 2. If there are two elements in IT, distinct
from each other and the identity, which commute with all elements of I1, let these be
R, and R,. Taking R, = (12) (34) (56) (78), from the lemma R; = (13) (24) (5a) (6b) and
without loss of generality we may takea = 7and b = 8. Now B, commutes with B, and
R,, so by the lemma R, = (14) (23) (58) (67). Repeated use of the lemma gives R;, R,
R, and B, uniquely, so IT must be the regular representation of the group C, x C, x C,,
since this group is abelian and the representation has been completely determined by
the supposition of commutativity.

We therefore know that, in any other Bol loop of this type, there cannot be more
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than one element, distinct from the identity, which commutes with all the others. We
now suppose therefore that R, By + Ry R,. Then if B, = (12) (34) (56) (78),

By = (13) (22) (4y) (pq)

by the lemma. Since {5, 6} + {p, ¢} + {7, 8}, we may, without loss of generality, take
Ry = (13)(25) (47) (68). Then

B, Ry R, = (16) (24)(38)(57) = R; and R;R,R; = (17)(28)(35)(46) = R,.

If we now suppose that R, R, = B, R,, then R, = (14)(23)(58)(67) using the
lemma and considering the images of 5 under B, and Ry. Now

By R, Ry = (15)(26)(37) (48) = R,

and the only transpositions remaining for B, are (18)(27) (36) (45). Here II is Ilg.

If on the other hand R, R, + R, R,, then R, = (14) (2z) (3y) (cd) by the lemma. By
considering Ry, R, and R,, neither 2 or y may be 5 or 8, so (cd) = (58). If z = 7 and
y = 6, R, R, R,(Ry B, R;)~" fixes 1 and moves 2, which contradicts Proposition 1. Thus
we must have x = 6 and y = 7, and now R, R, R, = (15)(23) (48) (67) = R; and the
only transpositions remaining for R are (18) (27) (36) (45). In this case, I is isomorphic
to Il under conjugation by (132) (45) (678).

THEOREM 7. If a representation of a loop is closed under conjugation by its own ele-
ments, then the loops derived from the representation by distinct choices of the identity are
1somorphic.

Proof. Let the loop (L, .) with identity e have representation I1 = {R_|xe L}, and
the loop (L, x ) withidentity f have the same representation Il = {S_|z € L}. Under the

conditions of the theorem,
JR7R By =z.f =[S,

implies that R7R R, =8, ;.
Now R; is an isomorphism of (L, .) onto (L, x ) since
Ryx.y—>(x.y).f
= e.Rz .Ry Rf
= /R7*R, R R7'R, R,
= sz.f Su.f
= (@.f)xy-f).

COROLLARY. For each of the sets I1,, i = 1,2, 3,4,5, 6, listed in Theorem 6, the eight
right Bol loops for which I1; is the regular representation are isomorphic.

Proof. When R, is of order 2, the condition for a Bol loop in Theorem 1 is equivalent
to the condition for isomorphic loops in Theorem 7. This establishes the corollary for
.
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It remains to establish the result when R, is of order 4. In I1;, 2 = 1,2,3,4, 5, the
square of each element of order 4 is R, so

R/'R_R; = Rf®R,R . R, = RyR,R R, = By R,

for some y.

If R, is the identity, Ry R, = R;.

If R, is of order 4, then B3 R, = (R,)3, and by Theorem 2 this completes the proof in
the case of I1,.

If R, is of order 2, particular cases need to be checked.

In I, and Il,;, we have Ry By = Rgand B, By = R,

InIl,and I1;, we have Ry Ry = R,, R; Ry = Ry, By R, = R, and R, Ry = Ry. The proof
is complete.

It is interesting to note that the loops with representations II,, II; and II, in
Theorem 6 are pairwise principal isotopes, as are the loops with representations
I1,, II; and II,.
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