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Abstract

We consider the problem of sequential matching in a stochastic block model with sev-
eral classes of nodes and generic compatibility constraints. When the probabilities of
connections do not scale with the size of the graph, we show that under the NCOND

condition, a simple max-weight type policy allows us to attain an asymptotically perfect
matching while no sequential algorithm attains perfect matching otherwise. The proof
relies on a specific Markovian representation of the dynamics associated with Lyapunov
techniques.
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1. Introduction

A matching in a graph is a subset of edges where no two edges share a common vertex.
Finding algorithms to determine matchings of maximum cardinality is an important problem
in computer science and combinatorial optimization (see [17] and references therein).

Recently, online matching algorithms have gained significant attention because of their
wide range of applications in fields such as job markets, advertisements, dates, and transporta-
tion businesses. Unlike traditional matching algorithms, which operate on a fixed input graph,
online matching algorithms must handle sequentially arriving nodes and return a matching
on the fly at each step. This added complexity presents a significant challenge for algorithm
design, since the algorithm must make decisions with incomplete information and a limited
view of the overall problem.

In their seminal paper, Karp, Vazirani, and Vazirani [10] investigate randomized online
matching algorithms for certain classes of non-random graphs. Specifically, they focus on
graphs with one-sided bipartite vertex arrivals. The authors use the competitive ratio between
the worst online and best offline scenarios as the performance metric for evaluating a policy,
where an offline algorithm is one that can wait until all requests are received before determining
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its responses. They establish that a specific randomization strategy can achieve an asymptoti-
cally optimal value of order n(1 − e−1) for the number of online matchings in a bipartite graph
of size n.

More recently, an important line of research focused on online algorithms with, or without,
knowledge of the arrival parameters, and showed that structured policies are asymptotically
optimal by taking the system to the fluid scale; see, e.g., [6, 11, 15], and references therein. In
these references, (asymptotic) optimality is intended as the ability to maximize a given reward
or to minimize a cost where, along the various cases, the costs are put on the time elapsed
before finding a match (holding costs, in the settings of matching queues), and/or the rewards
can be put on the edges themselves, allowing, in some cases, heterogeneity in the rewards and
costs between the various classes of nodes and/or the various types of edges. In the model con-
sidered here, we measure the number of unmatched nodes over time, regardless of their classes,
so the costs can be considered as homogeneous in these settings. It is worth mentioning that
our techniques can be easily adapted to max-weight policies taking into account heterogeneous
rewards in the edges, of the type considered in [8].

On the other end of the spectrum, there has been an important research effort into charac-
terizing the so-called matching number (the cardinality of a maximum matching) of random
graphs. Matching numbers on sparse configuration models are studied in detail in [4], gen-
eralizing the well-known results of [2, 9]. Randomized online matching algorithms and their
properties in terms of competitive ratio have been studied in [7] for regular graphs, and more
recently for more general sparse graphs: see [1, 16] for configuration model graphs, and [18]
for geometric random graphs.

To the best of our knowledge, there are no results on multiclass matching on random graphs,
either from the perspective of matching number characterization or from characterizing the
performance of online algorithms, though it is of course a crucial model for applications.

In this study, we address an online matching problem within a stochastic block model con-
sisting of n nodes subject to per-class compatibility constraints. More precisely, a sequence of
random graphs is constructed on the fly in the sense that nodes arrive one by one, and their
adjacencies are determined upon arrival. This can be seen as an exploration of the large graph
of size n. A random class is assigned to every node according to a fixed distribution over a
(finite) set of classes, and each node of class i connects with a node of class j with probability
0 ≤ ρ(i, j) ≤ 1 (that do not depend on n). The matchings are online in the sense that at most
one edge can be added to the matching per time unit.

To tackle this problem, we introduce a family of matching policies based on simple mono-
tonic rules, which extend classical max-weight policies. We then use a joint construction of the
stochastic block model and the matching process to reach a Markovian representation of the
number of unmatched nodes. This representation, combined with the specification of matching
policies, allows us to use Lyapunov techniques by establishing a series of drift inequalities.
To achieve this, we build on the techniques introduced in [8]. This in turn allows us to prove
stability properties for the underlying Markov process.

This yields relevant results on the asymptotic optimality of online matching algorithms
under specific matching policies. We show that, when a certain condition (known as NCOND

in the literature [12]) on the probabilities ρ(i, j) is satisfied, the policies that we study are able
to achieve asymptotically optimal O(n) matchings. Conversely, we prove that no algorithm can
stabilize the process formed by unmatched nodes if the NCOND condition is not met, providing
in this way a characterization of the maximum stability region. These findings reveal a phase
transition in the difficulty of the matching problem in a multiclass setting, and offer valuable
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insights into the fundamental limits of online matching competitive ratios in such contexts.
While our study does not address the case of sparse random graphs, this remains an open
question for future research.

Section 2 is dedicated to presenting some necessary background information. In
Subsection 2.1 we present the construction of the online stochastic block model, together with
the online matching algorithm on that graph. In Subsection 2.2, we introduce the NCOND

condition, and state that we cannot expect to have an asymptotically optimal online matching
algorithm unless this condition holds. Finally, in Subsection 2.3 we present the max-weight
type policies that we consider in this work, and give the Markovian representation of the
process of unmatched nodes under the latter policies.

Section 3 is dedicated to presenting the main results of this paper. In Subsection 3.1,
Theorem 1 provides a necessary and a sufficient condition for the existence of a perfect match-
ing infinitely often almost surely, under max-weight type matching policies. In Subsection 3.2
we present a consequence of our main result regarding the ergodicity and asymptotic optimality
of the corresponding matching algorithm, while Subsection 3.3 discusses the long-run behav-
ior of the process. The proof of Theorem 1 is given in Section 4, while Section 5 is devoted to
the proof of our result of asymptotic optimality, Corollary 2.

2. Preliminaries

2.1. Online matching on the stochastic block model

Let N0 be the set of non-negative integers, and N the subset of positive integers. In the online
version of the stochastic block model, nodes arrive one by one, and the graph is constructed on
the fly, generating an increasing sequence of random graphs {Gt}t∈N0 = {(Vt,Et)}t∈N0 . Its con-
struction requires the following ingredients: a finite set of classes C, a probability ν defined on
C, and a symmetric matrix ρ = (ρ(i, j))i,j∈C ∈ [0, 1]C×C . Without loss of generality, we assume
that ν has full support C, i.e. ν(i)> 0 for every i ∈ C. If this were not the case, we could simply
restrict our study to the support of ν.

The sequence of graphs is defined inductively, together with a sequence of associated match-
ings on these graphs. Specifically, let G0 = (V0,E0) = (∅, ∅) and M0 = ∅. Also, for any i ∈ C,
we introduce the auxiliary elements Vi

0 = ∅ and Ui
0 = ∅. We interpret, at time t, the set Mt as

the matching in the graph Gt (Mt is a subset of Et containing only non-adjacent edges), the set
Vi

t as the set of all nodes of Vt having class i, and the set Ui
t as the subset of unmatched nodes

of class i. By unmatched node, we mean that the node is not the endpoint of any edge in the
matching. The class of a node v ∈ Vt will be denoted by c(v) ∈ C, so v ∈ Vc(v)

t . We will say in
this case that v is a c(v) -node. Also, for a class subset A⊂ C, we say that v is an A-node when
c(v) ∈A.

Suppose we have defined Gt−1 = (Vt−1,Et−1), Mt−1 ⊂ Et−1, {Vi
t−1}i∈C , and {Ui

t−1}i∈C .
Then the corresponding objects at time t are defined as follows:

(i) A node vt is added to the graph, and we set Vt = Vt−1 ∪ {vt}. We draw the class c(vt) ∈
C of node vt from the distribution ν on C, independently of everything else, and we
set Vc(vt)

t = Vc(vt)
t−1 ∪ {vt} and Vi

t = Vi
t−1 for i ∈ C \ {c(vt)}. Next, we associate with every

node v ∈ Vt−1 a Bernoulli random variable ψt,v of parameter ρ(c(vt), c(v)), i.e. P(ψt,v =
1) = 1 − P(ψt,v = 0) = ρ(c(vt), c(v)), independent of everything else, and we set Et =
Et−1 ∪ {{vt, v} : v ∈ Vt−1 such that ψt,v = 1}.
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(ii) The matching Mt is obtained from Mt−1 either by keeping it as it was, or by adding one
edge in such a way that the resulting family of edges is a matching of Gt. Beyond these
restrictions, the choice of Mt is absolutely arbitrary. For concreteness, the reader can
think that Mt depends on the current and past states of the system, and on an extra
independent source of randomness. More precisely, we may view Mt as a function
depending on {(Gs, {Vi

s}i∈C,Ms)}s∈{0,...,t−1}, on the class of the incoming node c(vt),
on the Bernoulli random variables {ψt,v}v∈Vt−1 , and possibly on an external – indepen-
dent of everything else – source of randomness. The latter function, and thereby the
criterion for choosing the edge to be added to the matching at t, if any, is called the
online matching policy. We have the following alternatives:

• If Mt = Mt−1, set Uc(vt)
t = Uc(vt)

t−1 ∪ {vt} and Ui
t = Ui

t−1 for i �= c(vt).

• If Mt \ Mt−1 has one element, say {v,w}, set Uc(vt)
t = (Uc(vt)

t−1 ∪ {vt}) \ {v,w} and
Ui

t = Ui
t−1 \ {v,w} for i �= c(vt).

In the second case, in which the edge {v,w} is added to the matching, we say that the
nodes v and w are matched. In addition to describing the disjoint set of edges, with some
abuse of terminology the word ‘matching’ will also be used to refer to a pair of nodes
that have been matched.

2.1.1. A note on the classical stochastic block model. The stochastic block model is a widely
used random graph model for studying clustering and community detection. It can be easily
defined as follows: a fixed, finite set of nodes V divided into r communities V1, . . . , Vr. For
each pair of distinct nodes, a link is created between them in a random fashion, independently
of everything else, with a probability that depends only on the communities to which the nodes
belong. In the construction of the online stochastic block model, conditioned to having com-
munities {Vi

t}i∈C at time t, the distribution of the set of nodes Et corresponds to that of the
stochastic block model with these communities, and the connection probabilities are given by
the matrix ρ.

2.2. The NCOND condition

The connection probabilities (ρ(i, j))i,j∈C define an adjacency matrix (Eρ(i, j))i,j∈C in the
following natural way: Eρ(i, j) = 1{ρ(i, j)> 0} for every i, j ∈ C. If two classes i, j ∈ C are such
that Eρ(i, j) = 1, we say that they are compatible. Call Gρ = (C, Eρ) the graph defined by this
adjacency matrix, a graph that we will refer to as the root graph. Observe that this graph is
undirected, in the sense that i is compatible with j if and only if j is compatible with i, and
that it admits self-loops, which refer to classes that are compatible with themselves. A class-
subset I ⊂ C is said to be a Gρ-independent set if i, j ∈ I implies Eρ(i, j) = 0. According to this
definition, the empty set is a Gρ-independent set. Observe also that if I is a Gρ-independent
set, then the classes lying in I cannot have self-loops. It is convenient to define the set

Iρ = {I ⊂ C : I is a non-empty Gρ-independent set}.

Also, for a class-subset A⊂ C we let Nρ(A) = {j ∈ C : Eρ(i, j) = 1 for some i ∈A} denote the
set of classes that are compatible with some class belonging to A. For i ∈ C, with some abuse
of notation, we write Nρ(i) instead of Nρ({i}). Let

η= η(Gρ, ν) = min{ν(Nρ(I)) − ν(I) : I ∈ Iρ}, (1)
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where we write ν(A) =∑
i∈A ν(i) for A⊂ C. The parameter η will be a key parameter to

characterize the stability of the system at hand. The following definition is reminiscent of
those given, for instance, in [3, 8].

Definition 1. We say that the pair (Gρ, ν) satisfies NCOND if η > 0 or, in other words, if ν(I)<
ν(Nρ(I)) for all I ∈ Iρ .

We emphasize that the definition of NCOND depends on ρ only through Gρ . In other words,
the only thing that matters in deciding whether NCOND is satisfied is not the precise values of
the entries of the matrix ρ, but only whether they are zero or not.

For t ∈N0, the vector Xt = (Xt(i))i∈C defined as Xt(i) = |Ui
t|, i ∈ C, encodes the number

of unmatched nodes in each class. The process X = {Xt}t∈N0 , which will be referred to as
the unmatched process, will be our main object of study. Note that X clearly depends on
the online matching policy. Without further assumption, it is a priori not a Markov chain.
The following proposition investigates the sequence of random variables {‖Xt‖}t∈N0 , where
‖x‖ = maxi∈C |x(i)| stands for the supremum norm of a vector x ∈R

C . More precisely, if
NCOND is not satisfied, the proposition establishes a criterion that implies that the sequence
is not tight, where by tight we mean that limκ→∞ lim supt∈N0

P[‖Xt‖> κ] = 0. This notion of

tightness coincides with the tightness of the sequence of distributions {μt}t∈N0 defined on N
C
0

as μt( · ) = P(Xt ∈ ·), according to which the sequence {μt}t∈N0 is said to be tight if, for every
ε > 0 there exists a finite set F = F(ε) ⊂N

C
0 such that the inequality μt(F ) ≥ 1 − ε holds for

every t ∈N0.

Proposition 1. For any online matching policy, if NCOND is not satisfied, then there exists
c = c(ν, ρ)> 0 such that

lim inf
t→∞ P[‖Xt‖ ≥ √

t] ≥ c. (2)

In particular, the sequence of random variables (‖Xt‖)t∈N0 is not tight. Moreover, if η < 0
then

lim inf
t→∞

‖Xt‖
t
> 0 almost surely (a.s.). (3)

Observe that the requirement η < 0 is stronger than the lack of NCOND. Equation (3) is to
be understood as follows: under this requirement, it is not possible to get an online matching
algorithm producing a matching of a size of the order of the size of the graph. We will see
later that under NCOND this is no longer the case. If η= 0, Proposition 1 does not make any
statement in this regard.

Proof of Proposition 1. We start by establishing a lower bound for the unmatched pro-
cess. For a fixed Gρ-independent set I, and for t ∈N0, let ξIt = 1{c(it) ∈ I} − 1{c(it) ∈Nρ(I)}.
Observe that {ξIt }t∈N is an independent and identically distributed sequence of random
variables with common distribution⎧⎪⎨

⎪⎩
P[ξIt = 1] = ν(I),

P[ξIt = −1] = ν(Nρ(I)),

P[ξIt = 0] = 1 − ν(I) − ν(Nρ(I)).
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If we define

SIt =
t∑

s=1

ξIs , t ∈N0, (4)

then {SIt }t∈N0 is a lazy random walk on Z. The key observation is that

|C|‖Xt‖ ≥
∑
i∈I

Xt(i) ≥ SIt for all t ∈N0, (5)

since the number of unmatched I-nodes at time t is equal to the number of I-node arrivals
minus the number of matchings involving I-nodes, and all these matchings necessarily involve
Nρ(I)-nodes. Assume now that NCOND does not hold, i.e. η≤ 0, and let I ∈ Iρ be such that
ν(Nρ(I)) − ν(I) = η. Since μ= −η and σ 2 = ν(I) + ν(Nρ(I))> 0 are respectively the mean
and the variance of ξIt , we get

P(‖Xt‖ ≥ √
t) ≥ P

(
SIt ≥ |C|√t

)
= P

(
SIt −μt√

tσ
≥ |C|√t −μt√

tσ

)

≥ P

(
SIt −μt√

tσ
≥ |C|
σ

)
−−−→
t→∞ 1 −


( |C|
σ

)

due to the central limit theorem, where
 represents the cumulative distribution function of the
standard Gaussian. Finally, take c = 1 −
(|C|/σ ) to get (2).

Assume now that η < 0, and take I ∈ Iρ achieving the minimum, that is, such that
ν(Nρ(I)) − ν(I) = η. The strong law of large numbers gives limt→∞ SIt /t = −η > 0 a.s., and
(3) follows by stochastic comparison. �

Remark 1. The previous proof can be reformulated in a slightly different, but insightful, way.
Suppose that η < 0, let I ∈ Iρ be a minimizer set, and let {SIt }t∈N0 be its associated lazy random
walk. Again by the strong law of large numbers,

1

t

[∑
i∈I

|Vi
t| −

∑
i∈Nρ (I)

|Vi
t|
]

= SIt
t

−−−→
t→∞ −η > 0 a.s.

In particular, there exists a (random) point in time after which the set
⋃

i∈I Vi
t always has

strictly more nodes than Wt =⋃
i∈Nρ (I) Vi

t. For all such t, the set
⋃

i∈I Vi
t is itself a Gt-

independent set, so the subgraph of Gt induced by the node-subset Vt \ Wt has more than∑
i∈I |Vi

t| odd connected components (every singleton that is a subset of an independent set
is an odd connected component). Summarizing, Wt is a node-subset such that the subgraph
in Gt induced by its complement has a number of odd connected components that exceeds its
cardinality. Hence, Wt does not satisfy Tutte’s condition [19], implying that Gt cannot have a
perfect matching.

2.3. Matching policies and Markov representation

2.3.1. φ-policies. We now define a particular family of online matching policies, with the
important feature that they will have an associated Markov representation. Since the policies in
this family are defined in terms of a function φ, we will refer to them as φ-policies. Fix t ∈N,
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suppose that Vt−1, {Vi
t−1}i∈C , Et−1, Mt−1, and {Ui

t−1}i∈C have been defined, and that a node
vt arrives (with class c(vt) drawn using ν). A class i∗t = φ(Xt−1, c(vt)) is chosen as a function
of the vector Xt−1 and the class c(vt), where φ : NC

0 × C → C is an arbitrary function. The next
step is to construct Et by adding edges to Et−1 of the form {vt, v} with v ∈ Vt−1 (through the
random variables {ψt,v}v∈Vt−1 ). We have the following alternatives:

• If any of these new edges has an endpoint in U
i∗t
t−1, i.e. if the edge-set

Ẽt = {e ∈ Et : e ∩ U
i∗t
t−1 �= ∅ and e ∩ {vt} �= ∅}

is non-empty, then we define Mt from Mt−1 by adding any one of the edges of Ẽt, no
matter which one. Observe that, in this case, we have Xt(i∗t ) = Xt−1(i∗t ) − 1.

• If, otherwise, Ẽt = ∅, then we set Mt = Mt−1.

In other words, i∗t is the class of the match of vt if the latter node is at all matched at time t.
We note that, in the second case, an edge is not added to the matching even in the presence of
other nodes available to be matched with vt, i.e. even if there existed a class i �= i∗t and a node
v ∈ Ui

t−1 with {vt, v} ∈ Et.
It is convenient to give an alternative, equivalent way of viewing φ-policies. As before,

suppose that the elements at time t − 1 have been defined, that a node vt has arrived, and

that the class i∗t has been chosen as a function of Xt−1 and c(vt). If U
i∗t
t−1 = ∅, then we set Mt =

Mt−1. Otherwise, consider an arbitrary enumeration U
i∗t
t−1 = {w1, . . . ,wL}. If {vt,w1} ∈ Et, i.e.

if ψt,w1 = 1, we set Mt = Mt−1 ∪ {{vt,w1}}. If, otherwise, {vt,w1} /∈ Et, we ‘try’ with w2; that
is, if ψt,w2 = 1 we set Mt = Mt−1 ∪ {{vt,w2}}. In case we also have that {vt,w2} /∈ Et, we try

with w3, and so on. If we do not succeed with any of the vertices in U
i∗t
t−1, i.e. if ψt,w1 = · · · =

ψt,wL = 0, then we set Mt = Mt−1, no matter if there were more edges in Et available to be
added to Mt−1. Note that, to define this algorithm, not all the information about Et was used
but only that regarding the Bernoulli’s random variables until the first success, i.e. until the
first index l ∈ {1, . . . , L} for which ψt,l = 1. This observation could result in an inexpensive
implementation of the algorithm.

Under this policy, the stochastic process {Xt}t∈N0 is a discrete-time Markov chain (DTMC)
on the state-space N

C
0 ; we will set out its transition probabilities below. For every i ∈ C, we set

1i ∈N
C
0 to be the canonical vector defined as 1i(j) = 1{i = j}. Suppose that, at step t − 1, the

state of the DTMC is x ∈N
C
0 , namely Xt−1 = x. A new node vt is added to the graph, whose

class i = c(vt) ∈ C is drawn from the distribution ν independently of everything else, and then
another class j = i∗t = φ(x, i) ∈ C is chosen. We stress that nothing forbids i and j being the
same class a priori. Next, a node ut ∈ Uj

t−1 is possibly matched with vt. The non-zero transition
probabilities of the DTMC determined by this dynamic are given by

P(x, x + 1i) = ν(i)(1 − ρ(i, φ(x, i)))x(φ(x,i)), x ∈N
C
0 , (6)

P(x, x − 1j) =
∑

i:φ(x,i)=j

ν(i)[1 − (1 − ρ(i, j))x(j)], x ∈N
C
0 : x − 1j ∈N

C
0 . (7)

The transition P(x, x + 1i) corresponds to the addition of one unmatched i-node. For this to
happen, there has to be an arrival of an i -node that is not matched with anyone. This lack of
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matching occurs when no φ(x, i)-node that was unmatched at time t − 1 became adjacent to
the arriving node in the construction of Et, an event with probability (1 − ρ(i, φ(x, i)))x(φ(x,i))

(when Uj
t−1 �= ∅, this corresponds to the event ψt,w1 = · · · =ψt,wL = 0 in the aforementioned

alternative construction). This explains the right-hand-side of (6). We note that this probability
is 1 even in the case in which ρ(i, φ(x, i)) = 1 and x(φ(x, i)) = 0, in concordance with the
convention 00 = 1. The transition P(x, x − 1j) corresponds to the departure of a j -node. For
this to occur, there are two necessary conditions. The first one is the arrival of a node whose
class i is such that the class chosen by the policy for its match is j (hence the sum on the
right-hand-side of (24)). The second is that the matching actually takes place, an event whose
complement has probability (1 − ρ(i, j))x(j).

2.3.2. Max-weight type policies. The kind of policies we will mainly focus on, which we
term max-weight policies, are defined as φ-policies with a particular choice of φ. Let h : C →
{1, . . . , |C|} be an arbitrary bijective function that establishes a hierarchy or priority between
classes, and let w : N0 × [0, 1] → [0,∞) denote an abstract weight-function. A max-weight
policy is defined as a φ-policy with the following particular choice of φ associated to w:

φw(x, i) = arg maxj∈C(w(x(j), ρ(i, j)), h(j)).

The argmax is defined in terms of the lexicographical order between ordered pairs. In other
words, φw(x, i) is the class j that maximizes the weight w(x(j), ρ(i, j)), where the hierarchy h is
used as a tie-breaker.

We now identify some properties over the weight-function w that will be used later as
hypotheses in our results.

Assumption 1. (Hypotheses over w.) The weight-function w : N0 × [0, 1] → [0,∞) is
assumed to satisfy the following conditions:

(i) w(n, r)> 0 if and only if n, r> 0.

(ii) w is coordinate-wise non-decreasing: w(n, r) ≤ w(n′, r) and w(n, r) ≤ w(n, r′) for every
n ≤ n′ and every r ≤ r′.

(iii) For every r ∈ (0, 1], the following minimum exists:

n∗(r) = min{m ∈N : w(n − 1, 1)<w(n, r) for all n ≥ m}. (8)

The first condition prevents the selection of a class with which there is no opportunity for a
matching to take place (unless all classes meet the same conditions). We will expand on this in
Remark 3. The second one is somehow natural: on the one hand, the more individuals there are
of a certain class, the more favorable it is to perform a match in order to prevent nodes from
accumulating. On the other hand, the larger r is, the higher the probability that the involved
matching attempts will actually take place.

Example 1. Two relevant examples are w1(n, r) = n1{r> 0} and w2(n, r) = n(1 − (1 − r)n).
The weight-function w1 defines a ‘match the longest’ type of policy, since it only considers
the number of stored nodes and not the connection probabilities. For the second one, the quan-
tity w2(x(j), ρ(i, j)) = x(j)(1 − (1 − ρ(i, j))x(j)) is nothing but the number of j-nodes times the
probability of performing a match with one of them, if the class j is chosen.

Remark 2. The – less transparent – third condition in Assumption 1 states that, when the
number of nodes of a certain class is large enough, all the relevance of the weight relies on
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the first coordinate and not on the second one (Lemma 3 sheds light on this direction). This
makes all such weights equivalent to w1 in saturated regimes. Nevertheless, we think that it is
valuable to consider general weight-functions depending also on the connection probabilities,
such as w2, since they may have better performance in practice.

Remark 3. Let us present an important feature of the family of max-weight policies associated
to a w satisfying Assumption 1. Suppose that we stand at Xt−1 = x, and let i be the class of the
incoming node. Let

Sx = {i ∈ C : x(i)> 0} (9)

be the support of x. Assume that Nρ(i) ∩ Sx �= ∅, or, in other words, that there are nodes present
in the systems that are likely to be connected to the incoming node. Then the class j = φ(x, i)
chosen by the policy lies in Nρ(i) ∩ Sx. This (desired) property follows from the first con-
dition over w, from which a class j is such that w(x(j), ρ(i, j))> 0 precisely if and only if
j ∈Nρ(i) ∩ Sx.

2.3.3 State-space. For simplicity, and without loss of generality in what follows, we assume
hereafter that the initial condition of our DTMC X is the empty state 0 ∈N

C
0 . We then define

the following set, gathering all states that are reachable from the initial condition:

X = {x ∈N
C
0 : P(Xt = x)> 0 for some t ∈N0}.

From now on we restrict the DTMC X to the state-space X. The following result provides a
sufficient condition for the irreducibility of the DTMC on the latter set.

Proposition 2. Let P be the transition matrix defined by (6) and (7) associated to a max-weight
policy whose weight-function w satisfies Assumption 1. Suppose that, for every i ∈ C there exists
j ∈ C such that ρ(i, j)> 0 or, in other words, that Nρ(i) �= ∅ for every i ∈ C. Then the transition
matrix (P(x, y))x,y∈X is irreducible.

Proof. By the very definition of X, for every x ∈ X there exists t ∈N0 such that Pt(0, x)> 0
(here Pt denotes the tth power of the matrix P). It remains to show that we can go from any
x ∈ X to 0, namely that there exists t ∈N0 such that Pt(x, 0)> 0. Of course, we can assume
x �= 0, and hence Sx �= ∅. The hypothesis of our proposition guarantees that Nρ(Sx) �= ∅, so the
class of the arriving node, say i, belongs to Nρ(Sx) with positive probability. Due to Remark
3, the chosen class j = φ(x, i) lies in Nρ(i) ∩ Sx, and two nodes are matched with positive
probability. Summarizing, for every x ∈ X \ {0}, there exists y ∈ X such that P(x, y)> 0 and∑

i∈C x(i) = 1 +∑
i∈C y(i). Proceeding in this way finitely many times, we can find t ∈N such

that Pt(x, 0)> 0. �

Corollary 1. If NCOND holds, then the transition matrix P defined by (6) and (7), and
associated to a max-weight policy whose weight-function satisfies Assumption 1, is irreducible.

Proof. For any node i ∈ S , the non-empty independent set {i} satisfies ν(i)< ν(Nρ(i)). Then
ν(Nρ(i))> 0, and hence Nρ(i) �= ∅. �

3. Main result, and consequences

3.1. Perfect matching infinitely often

From Corollary 1, under NCOND the DTMC X = {Xt}t∈N0 associated to a max-weight type
policy is irreducible, and we then say that it is stable if it admits a unique invariant distribution.
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Let τ0 = inf{t ∈N : Xt = 0} be the first positive visit to the empty state. Then it is standard that
stability is equivalent to the finiteness of the expectation of τ0, and to the tightness of the
sequence of distributions {μt}t∈N0 (defined in Subsection 2.2). This implies in particular that
P[τ0 <∞] = 1, and in turn, that

P[Xt = 0 infinitely often] = P

[
lim sup

t→∞
{Xt = 0}

]
= 1. (10)

Since the empty state 0 corresponds to a perfect matching, i.e. a matching containing all
the nodes, we can say equivalently that, almost surely, a perfect matching occurs infinitely
often (i.o.). Our main result, Theorem 1, proves that these good properties hold whenever the
condition NCOND is satisfied (i.e. η > 0), and establishes the opposite conclusion if η < 0.

Theorem 1. Let ρ ∈ [0, 1]C×C be a symmetric matrix, and ν a fully supported probability on
C. Assume that the pair (Gρ, ν) satisfies NCOND. Let w : N0 × [0, 1] → [0,∞) be a weight-
function satisfying Assumption 1, and consider the max-weight policy associated to w. Recall
the definition of η given in (1). Then the associated DTMC X is stable if and only if NCOND

holds, that is, η > 0. In particular, if η > 0, then almost surely the online matching is perfect
infinitely often. If η < 0, then the probability of having a perfect matching infinitely often is
zero.

Theorem 1 is proved in Section 4. In the statement of the theorem, the necessity of NCOND

for stability is simply an application of Proposition 1. In the latter result, the more general
concept of tightness can be understood as a measurement of stability even under the lack of
Markovianity. In this respect, Proposition 1 and Theorem 1 can be interpreted as meaning that
NCOND is the maximum stability region for general online matching policies: the absence of
NCOND precludes any stable (tight) policy, whereas its presence allows us to find a stable one.

On another hand, as previously stated, the ability of the online matching algorithm to per-
form a perfect matching i.o. is reminiscent of the stability of an underlying matching queue,
gathering the unmatched nodes. As stated in Theorem 1, this property is guaranteed if and only
if NCOND holds (up to the critical case η= 0), provided that the matching algorithm is induced
by a policy φw whose weight function w satisfies Assumption 1. This provides a simple exam-
ple of a class of matching policies that have a maximal stability region, or equivalently, of a
class of matching algorithms that achieve a perfect matching i.o. almost surely under the min-
imal condition NCOND. It also immediately follows from [8, Proposition 2] that there exists
a measure ν generating the stochastic block model and satisfying NCOND if and only if the
underlying graph Gρ is not a bipartite simple graph, which is equivalent to saying that the
resulting SBM is itself not a bipartite graph i.o.

Observe that the present model is a variant (without reneging) of the matching model with
impatience introduced in [8], in which the existence of edges between nodes of compatible
classes is random, instead of binary as in [8]. In the binary case, it is easy to construct unsta-
ble models, that is, models for which the conclusions of Theorem 1 fail, even though NCOND

holds. Specifically, in [12, Section 5], for a simple graph with four nodes, a priority-type policy
is introduced for which it is shown that NCOND is not sufficient for the stability of the corre-
sponding stochastic matching system, thereby implying in the present context that, a.s., there
does not exist a perfect matching i.o. The latter result is widely extended in [14, Theorem 3],
where it is shown that NCOND is in general not sufficient for the stability of the considered
system, and thereby, for the existence of a perfect matching almost surely i.o., for a wide class
of non-bipartite graphs, and for matching policies of the priority type and of the ‘random’ type.
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Then, extending these results to the present non-binary case is immediate, because performing
perfect matchings i.o. is even harder if the existence of edges between elements of respective
classes i and j such that Eρ(i, j) = 1 is random (as is the case in the present stochastic block
model), instead of certain (as in the case for the binary matching models addressed, e.g., in
[8, 12, 14]). It then follows that there exist (non-trivial) online algorithms (e.g. of the ‘priority’
type) that fail to produce perfect matchings i.o., despite the fact that NCOND holds. In other
words, satisfying NCOND is necessary for the existence of an efficient online algorithm in that
sense (whence the terminology NCOND, for ‘necessary condition’), but not sufficient in itself,
because online algorithms fail in general to produce perfect matchings i.o., despite the fact that
NCOND holds.

3.2. Ergodicity and asymptotic optimality

By using classical results in conjunction with the fundamental drift inequality stated in
Proposition 2, we can derive the following result.

Corollary 2. Under the assumptions of Theorem 1, assume that NCOND holds, and let π be
the unique invariant distribution associated to the DTMC X. Then

lim
t→∞

1

t

t∑
s=1

‖Xs‖ =
∫

‖x‖ π (dx)<∞ a.s. (11)

and, as a consequence,

lim
t→∞

‖Xt‖
t

= 0 a.s. (12)

The proof of Corollary 2 is provided in Subsection 5. The first assertion (11) is twofold:
on the one hand, it asserts the finiteness of the invariant mean

∫ ‖x‖ π (dx); on the other, it
establishes the convergence of the ergodic averages. A detailed bound for this invariant mean
is given in the proof of Corollary 2. Since ‖Xt‖ is a measure of the number of unmatched
nodes at time t (recall that ‖ · ‖ is the supremum norm), (12) can be interpreted as meaning
that, almost surely, the size of the matching is of the order of the size of the graph. In other
words, the matching algorithm is asymptotically optimal.

3.3. Long-run behavior

Assume that NCOND holds (and hence that X is irreducible, due to Corollary 1). Let π be
the unique invariant distribution on X, whose existence is guaranteed by Theorem 1. Since the
DTMC X is 2-periodic, we cannot expect to have a long-run convergence to π . Nevertheless, a
periodic version can be formulated. For l ∈ {0, 1}, let Xl =

{
x ∈ X :

∑
i∈C x(i) = l (mod 2)

}
be

the subspace containing the states whose total number of nodes is congruent with l modulo 2,
and let πl be defined as πl(x) = 2π (x)1{x ∈ Xl}, x ∈ X. For l ∈ {0, 1}, πl is in fact a probability
measure, due to the ergodic theorem (see, for instance, [5, Subsection 4.2.1]). The following
result is then simply a restatement of [5, Theorem 4.2.3].

Corollary 3. Under the assumptions of Corollary 2, the DTMC X satisfies

lim
t→∞

∑
x∈Xl

|P(X2t+l = x) − πl(x)| = 0, l ∈ {0, 1}.
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4. Proof of Theorem 1

In this section, we prove our main result. The strategy of the proof is that we first prove
our fundamental drift inequality, Proposition 2. Its consequences in terms of the stability and
existence of a perfect matching i.o. are given in Subsections 4.2 and 4.3.

4.1. Fundamental drift inequality

For a function f : X → [0,∞), we define its drift at x ∈ X as

df (x) = Pf (x) − f (x) =
∑
y∈X

P(x, y)f (y) − f (x), (13)

where P is the transition matrix defined by (6) and (7). After some necessary preliminaries, we
will establish an inequality that controls the drift of the quadratic function defined as q(x) =∑

i∈C x(i)2.

Definition 2. Let r∗ be the minimum positive connection probability defined as

r∗ = min{ρ(i, j) : ρ(i, j)> 0}.
For every r ∈ (0, 1], let n∗(r) ∈N be defined as

n∗(r) = min{m ∈N : w(n − 1, 1)<w(n, r) and w(n, 1)<w(n + 1, r) for all n ≥ m}.
If w satisfies Assumption 1, then the set on which this minimum is taken is non-empty (due
to the third condition), and hence the definition of n∗(r) is proper. Also let n∗ = n∗(r∗) and
K = maxn∈N0 n(1 − r∗)n.

For x ∈ X and A⊂ C, let ‖x‖A = maxi∈A x(i), and observe that ‖x‖C coincides with the
supremum norm ‖x‖. Finally, define the set of classes with and without self-loops respectively
as C+

ρ = {i ∈ C : ρ(i, i)> 0} and C0
ρ = {i ∈ C : ρ(i, i) = 0}. Then we have the following result.

Proposition 3. Let ρ ∈ [0, 1]C×C be a symmetric matrix, and ν be a fully supported probability
on C. Assume that the pair (Gρ, ν) satisfies NCOND. Let w : N0 × [0, 1] → [0,∞) be a weight-
function satisfying Assumption 1, and consider the max-weight policy associated to w. Then
the quadratic function q satisfies

dq(x) ≤ −2η‖x‖C0
ρ
−

∑
i∈C+

ρ : x(i)≥n∗
2x(i)ν(i) + 1 + 2n∗ + 4K

(
1 + ∣∣C+

ρ

∣∣) (14)

for any x ∈ X, and for η defined by (1).

The proof of Proposition 2 is given at the end of this subsection. To get to this, we need
to prepare the field through a series of previous results, the proofs of which are given in the
Appendix. One of these results, Proposition 8, is a result that was obtained in [8] for a more
general framework.

The first step is to compare the drift dq with the drift with respect to another DTMC with
homogeneous values of the connection probabilities. By doing so, we will also deal with
classes without too many nodes. Recall the definition of r∗, and let ρ̂ be the connection proba-
bility matrix defined by ρ̂(i, j) = r∗1{Eρ(i, j) = 1}, i, j ∈ C. Consider the transition probabilities
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associated to these connection probabilities. For i ∈ C,

P̂(x, x + 1i) = ν(i)
(
1 − ρ̂i,φ̂(x,i)

)x(φ̂(x,i)) if x ∈ X,

P̂(x, x − 1i) =
∑

j:φ̂(x,j)=i

ν(j)(1 − (1 − ρ̂(j, i))x(i)) if x − 1i ∈ X,

with φ̂(x, i) = arg maxj∈C(w(x(j), ρ̂(i, j)), h(j)). Let d̂q be the generator of q associated to these

transition probabilities, defined as in (13), by replacing P( · , · ) with P̂( · , · ).

Lemma 1. (Control of d̃q in terms of d̂q.) Let χ : X → X be the function that conserves only
the classes with more than n∗ nodes, that is, for all x ∈ X,

(χ (x))(i) = x(i)1{x(i) ≥ n∗}, i ∈ C. (15)

Then dq(x) ≤ d̂q(χ (x)) + 2n∗, x ∈ X.

Proof of Lemma 1. We first need to give an expression for the generator of q. First observe
that, for all i ∈ C,

q(x + 1i) − q(x) = 1 + 2x(i) for every x ∈ X,

q(x − 1i) − q(x) = 1 − 2x(i) for every x ∈ X such that x − 1i ∈ X.

Hence, for all x ∈ X such that x − 1i ∈ X,

dq(x) =
∑
y∈X

P(x, y)(q(y) − q(x))

=
∑
i∈C

(1 + 2x(i))P(x, x + 1i) +
∑
i∈Sx

(1 − 2x(i))P(x, x − 1i)

= 1 +
∑
i∈Sx

2x(i)P(x, x + 1i) −
∑
i∈Sx

2x(i)P(x, x − 1i), (16)

where the last identity follows because, after distributing, the factor accompanying the value
1 represents the total probability of all possible outcomes. Replacing by the values of the
transition probabilities (6) and (7), we get

dq(x) = 1 +
∑
i∈Sx

2x(i)ν(i)(1 − ρ(i, φ(x, i)))x(φ(x,i))

−
∑
i∈Sx

2x(i)
∑

i:φ(x,i)=j

ν(i)(1 − (1 − ρ(i, j))x(j)). (17)

We will make use of the following lemma as follows: if the class of the incoming node
has at least one neighbor class with more than n∗ nodes, then, for both policies φ and φ̂, it
will necessarily choose a class whose number of nodes is a maximum. This is the main raison
d’être for the third condition of Assumption 1. We have the following preliminary result.

Lemma 2. Let x ∈ X and, recalling (8), let i ∈ C be such that x(j) ≥ n∗ for some j ∈Nρ(i). Then
x(φ(x, i)) = x(φ̂(x, i)) = max{x(j) : j ∈Nρ(i)}.
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Proof of Lemma 2. If k ∈ C is such that x(k)< n∗, then k �= φ(x, i). To see why this is true,
take j ∈Nρ(i) such that x(j) ≥ n∗. Then, applying the various conditions of Assumption 1,

w(x(k), ρ(i, k)) ≤ w(n∗ − 1, ρ(i, k)) ≤ w(n∗ − 1, 1)<w(n∗, r∗)

≤ w(x(j), r∗)

≤ w(x(j), ρ(i, j)),

and so the maximum defining φ(x, i) cannot be attained at k. Hence x(φ(x, i)) ≥ n∗. Similarly,
k /∈Nρ(i) implies that k �= φ(x, i), and hence φ(x, i) ∈Nρ(i). If there existed j ∈Nρ(i) such that
x(j)> x(φ(x, i)), we would have

w(x(j), ρ(i, j)) ≥ w(x(j), r∗)>w(x(j) − 1, 1)

≥ w(x(φ(x, i)), 1)

≥ w(x(φ(x, i)), ρ(i, φ(x, i))),

contradicting the definition of φ(x, i). Hence, such a j does not exist, and so

x(φ(x, i)) = max{x(j) : j ∈Nρ(i)},
as desired. The proof for x(φ̂(x, i)) is analogous. �

We can now come back to the proof of Lemma 1. Fix x ∈ X and, recalling (15), let y = χ (x).
Bear in mind the following analogous expression of (16) for d̂ instead of d and y instead
of x:

d̂q(y) = 1 +
∑
i∈Sy

2y(i)P̂(y, y + 1i) −
∑
i∈Sy

2y(i)P̂(y, y − 1i). (18)

First of all, we compare the first sums in (16) and (18). For this, define the sets A= {i ∈
C : x(i) ≥ n∗} and

A1 =A∩Nρ(A) = {i ∈A : Eρ(i, j) = 1 for some j ∈A}, A2 =A \A1.

Then ∑
i∈Sx

2x(i)P(x, x + 1i) −
∑
i∈Sy

2y(i)P̂(y, y + 1i)

=
∑

i∈Sx\A
2x(i)P(x, x + 1i) +

∑
i∈A

2x(i)P(x, x + 1i) −
∑
i∈A

2x(i)P̂(y, y + 1i)

≤ 2n∗ +
∑
i∈A

2x(i)[P(x, x + 1i) − P̂(y, y + 1i)]

= 2n∗ +
∑
i∈A1

2x(i)ν(i){[1 − ρ(i, φ(x, i))]x(φ(x,i)) − (1 − r∗)y(φ(y,i))}

+
∑
i∈A2

2x(i)ν(i)
{
[1 − ρ(i, φ(x, i))]x(φ(x,i)) − 1

}≤ 2n∗,

where in the first identity we used that Sy =A, and that x and y coincide there. In the last
inequality, we used that x(φ(x, i)) = y(φ(y, i)) if i ∈A1, due to Lemma 2.
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We now control the difference between the second sums in (16) and (18). Write the set
{x(i) : i ∈A} (which readily coincides with {y(i) : i ∈A}) as {n1, . . . , nL}, where L is a positive
integer and nl < nl+1 for every l ∈ {1, . . . , L − 1}. Also let Hl = {i ∈A : x(i) = nl} for every
l ∈ {1, . . . , L}. The Hl are nothing but the level sets of x (or y) at levels greater than or equal
to n∗. Then we easily get that

−
∑
i∈Sx

2x(i)P(x, x − 1i) +
∑
i∈Sy

2y(i)P̂(y, y − 1i)

≤
∑
i∈A

2x(i)[ − P(x, x − 1i) + P̂(y, y − 1i)]

≤
L∑

l=1

2nl

∑
i∈Hl

[ − P(x, x − 1i) + P̂(y, y − 1i)]

=
L∑

l=1

2nl

[
−
∑
i∈Hl

∑
j:φ(x,j)=i

ν(j)(1 − (1 − ρ(i, j))nl) +
∑
i∈Hl

∑
j:φ̂(x,j)=i

ν(j)(1 − (1 − ρ̂(i, j))nl)

]

≤
L∑

l=1

2nl

[
−
∑
i∈Hl

∑
j:φ̂(x,j)=i

ν(j)(1 − (1 − ρ̂(j, i))nl) +
∑
i∈Hl

∑
j:φ̂(x,j)=i

ν(j)(1 − (1 − ρ̂(j, i))nl)

]

= 0,

where the last identity holds because each of the two sums in the square brackets, due again to
Lemma 2, are equal to (1 − (1 − r∗)nl)ν({j ∈Nρ(Hl) : maxk∈Nρ (j) x(k) = nl}). Indeed, for the
first sum, for instance, after switching the sums we get∑

i∈Hl

∑
j:φ(x,j)=i

ν(j)(1 − (1 − ρ̂(j, i))nl) =
∑

j:φ̂(x,j)∈Hl

ν(j)(1 − (1 − ρ̂(j, φ̂(x, j)))nl)

=
∑

j:φ̂(x,j)∈Hl

ν(j)(1 − (1 − r∗)nl )1{j ∈Nρ(Hl)}

= (1 − (1 − r∗)nl)
∑

j∈Nρ (Hl):φ̂(x,j)∈Hl

ν(j).

This concludes the proof. �

For a class-subset A⊂ C, let 1A be the configuration defined as (1A)(i) = 1{i ∈A}. For
x ∈ X, the configuration x1A ∈ X is defined as the coordinate-wise product, namely (x1A)(i) =
x(i)1{i ∈A} for any i ∈ C. Recall the definition in (9). The following result allows us to deal
with the nodes whose classes have self-loops.

Lemma 3. (Reduction to self-loop-free supports.) If x ∈ X is such that x(i) ≥ n∗ for every i ∈
Sx, then d̂q(x) ≤ d̂q

(
x1C0

ρ

)+ 4K|C+
ρ | −∑

i∈C+
ρ

2x(i)ν(i).

Proof of Lemma 3. For k ∈ C+
ρ , we will prove that d̂q(x) ≤ d̂q(x1C\{k}) + 4K − 2x(k)ν(k).

A simple iteration of this result then proves the required result. Similarly to (17), we have
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d̂q(x) = 1 +
∑
i∈Sx

2x(i)ν(i)[1 − ρ̂(i, φ̂(x, i))]x(φ̂(x,i))

−
∑
i∈Sx

2x(i)
∑

j:φ̂(x,j)=i

ν(j)(1 − (1 − ρ̂(j, i))x(i)). (19)

We start by controlling the first sum. If i = k, we have

2x(k)ν(k)(1 − ρ̂(k, φ̂(x, k)))x(φ̂(x,k)) ≤ 2x(k)ν(k)(1 − r∗)x(k) ≤ 2K,

where we have used that x(φ̂(x, k)) ≥ x(k) due to Lemma 3. For the same reason, if i �= k,

2x(i)ν(i)(1 − ρ̂(i, φ̂(x, i)))x(φ̂(x,i)) ≤ 2y(i)ν(i)(1 − ρ̂(i, φ̂(y, i)))y(φ̂(y,i)),

where we have defined y = x1C\{k}. This inequality is actually an identity if i is not an element
of Nρ(k). To control the second sum, we first observe that, after switching the sums, we have∑

i∈Sx

2x(i)
∑

j:φ̂(x,j)=i

ν(j)(1 − [1 − ρ̂(j, i)]x(i))

=
∑

j

2x(φ̂(x, j))ν(j)(1 − [1 − ρ̂(j, φ̂(x, j))]x(φ̂(x,j))).

For j = k, we have

2x(φ̂(x, k))ν(k)(1 − [1 − ρ̂(k, φ̂(x, k))]x(φ̂(x,k))) ≥ 2x(k)ν(k)(1 − (1 − r∗)x(k))

= 2x(k)ν(k) − 2x(k)ν(k)(1 − r∗)x(k)

≥ 2x(k)ν(k) − 2K.

If j �= k, we again deduce from Lemma 3 that

2x(φ̂(x, j))ν(j)(1 − (1 − ρ̂(j, φ̂(x, j)))x(φ̂(x,j)))

≥ 2y(φ̂(y, j))ν(j)(1 − (1 − ρ̂(j, φ̂(y, j)))y(φ̂(y,j))),

with equality if j /∈Nρ(k). Putting things together, we get

d̂q(x) = 1 +
∑
i∈Sx

2x(i)ν(i)(1 − ρ̂(i, φ̂(x, i)))x(φ̂(x,i))

−
∑

j

2x(φ̂(x, j))ν(j)(1 − (1 − ρ̂(j, φ̂(x, j)))x(φ̂(x,j)))

≤ 1 +
∑
i �=k

2y(i)ν(i)(1 − ρ̂(i, φ̂(y, i)))y(φ̂(y,i))

−
∑
j �=k

2y(φ̂(y, j))ν(j)(1 − (1 − ρ̂(j, φ̂(y, j)))x(φ̂(y,j))) + 4K − 2x(k)ν(k)

= d̂q(y) + 4K − 2x(k)ν(k),

as desired. �
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The next step reduces the case to configurations whose supports are Gρ-independent
sets.

Lemma 4. (Reduction to supports that are Gρ-independent sets.) Let x ∈ X be such that Sx ⊂
C0
ρ , and such that x(i) ≥ n∗ for every i ∈ Sx. Then there exists y ∈ X such that ‖x‖ = ‖y‖, Sy ⊂

C0
ρ , Sy is a Gρ-independent set, and d̂q(x) ≤ d̂q(y) + 2K.

We first state the following lemma.

Lemma 5. Let x ∈ X be such that Sx ⊂ C0
ρ and x(i) ≥ n∗ for every i ∈ Sx, and assume that

Sx is not a Gρ-independent set. Let A be a connected component of Sx with |A|> 1, and let
k = arg mini∈A(x(i), h(i)). Then dq(x) ≤ dq(x1C\{k}) + 2ν(k)K.

Proof. Let y = x1C\{k}. Recall the expression of the generator in (19). We first dominate the
first sum. If i = k, we have

2x(k)ν(k)(1 − ρ̂(k, φ̂(x, k)))x(φ̂(x,k)) ≤ 2ν(k)K.

If i ∈ Sx \ {k} is such that φ̂(x, i) �= k, then P̂(x, x + 1i) = P̂(y, y + 1i). Finally, if i ∈ Sx \ {k} is
such that φ̂(x, i) = k, then Nρ(i) ∩ Sx = {k} and hence

2x(i)ν(i)(1 − ρ̂(i, φ̂(x, i)))x(φ̂(x,i)) ≤ 2y(i)ν(i) = 2y(i)ν(i)(1 − ρ̂(i, φ̂(y, i)))y(φ̂(y,i)).

(The identity follows because y(φ̂(y, i)) = 0 due to the fact that Nρ̂(i) ∩ Sy =Nρ(i) ∩ Sy = ∅.)
Putting these together, we get∑

i∈Sx

2x(i)ν(i)(1 − ρ̂(i, φ̂(x, i)))x(φ̂(x,i)) ≤
∑
i∈Sy

2y(i)ν(i)(1 − ρ̂(i, φ̂(y, i)))y(φ̂(y,i)) + 2ν(k)K.

The control of the second sum is more delicate. Consider the sets

B1 = {i ∈Nρ(k) : φ̂(x, i) = k}, B2 = (Nρ(B1) ∩ Sx) \ {k}.
On the one hand, observe that if i ∈ Sx \ (B2 ∪ {k}) we have P̂(x, x − 1i) = P̂(y, y − 1i). On the
other hand, we get∑

i∈B2

2y(i)P̂(y, y − 1i) =
∑
i∈B2

2y(i)
∑

j:φ̂(y,j)=i

ν(j)(1 − (1 − ρ̂(j, i))y(i))

=
∑

j:φ̂(y,j)∈B2

2y(φ̂(y, j))ν(j)(1 − (1 − ρ̂(j, φ̂(y, j)))y(φ̂(y,j)))

=
∑

j∈Bc
1:φ̂(y,j)∈B2

2y(φ̂(y, j))ν(j)(1 − (1 − ρ̂(j, φ̂(y, j)))y(φ̂(y,j)))

+
∑
j∈B1

2y(φ̂(y, j))ν(j)(1 − (1 − ρ̂(j, φ̂(y, j)))y(φ̂(y,j)))

≤
∑

j:φ̂(x,j)∈B2

2x(φ̂(x, j))ν(j)(1 − (1 − ρ̂(j, φ̂(x, j)))x(φ̂(x,j)))

+
∑
j∈B1

2x(k)ν(j)(1 − (1 − ρ̂(j, k))x(k))

=
∑
i∈B2

2x(i)P̂(x, x − 1i) + 2x(k)P̂(x, x − 1k).
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The inequality holds because if j ∈B1 then φ̂(x, j) = k and hence y(φ̂(y, j)) ≤ x(k). All in all,
we get

−
∑
i∈Sx

2x(i)P̂(x, x − 1i)

= −
∑

i∈Sx\(B2∪{k})
2x(i)P̂(x, x − 1i) −

∑
i∈B2

2x(i)P̂(x, x − 1i) − 2x(k)P̂(x, x − 1k)

≤ −
∑

i∈Sy\B2

2y(i)P̂(y, y − 1i) −
∑
i∈B2

2y(i)P̂(y, y − 1i)

= −
∑
i∈Sy

2y(i)P̂(y, y − 1i),

which concludes the proof. �

Proof of Lemma 4. Iterating Lemma 6 readily completes the proof of Lemma 5. �

For i, j ∈ C, let ρ̃(i, j) = Eρ(i, j), and let d̃ be the associated generator. In this dynamic, if the
chosen class has nodes to match, the match is performed with probability 1. The next step is to
compare the generators d̂ and d̃.

Lemma 6. (Comparison between d̂ and d̃.) If x ∈ X is such that Sx ⊂ C0
ρ , x(i) ≥ n∗ for every

i ∈ Sx, and Sx is a Gρ-independent set, then d̂q(x) ≤ d̃q(x) + 2K.

Proof. Let x ∈ X be such that Sx ⊂ C0
ρ , x(i) ≥ n∗ for i ∈ Sx, and such that Sx is a Gρ-

independent set. Then

d̂q(x) = 1 +
∑
i∈Sx

2x(i)P̂(x, x + 1i) −
∑
i∈Sx

2x(i)P̂(x, x − 1i),

and the analogous expression for d̃q(x). On the one hand, since Sx is an independent set, we
have ∑

i∈Sx

2x(i)P̂(x, x + ηi) =
∑
i∈Sx

2x(i)P̃(x, x + ηi). (20)

On the other, for n ≥ n∗, Lemma 2 gives∑
i∈Sx:x(i)=n

2x(i)P̃(x, x − ηi) −
∑

i∈Sx:x(i)=n

2x(i)P̂(x, x − ηi)

=
∑

i∈Sx:x(i)=n

2n
∑

j:φ̃(x,j)=i

ν(j) −
∑

i∈Sx:x(i)=n

2n
∑

j:φ̂(x,j)=i

ν(j)(1 − (1 − ρ̂(j, i))n)

= 2n
∑

j:‖x‖Nρ (j)=n

ν(j) − 2n
∑

j:‖x‖Nρ (j)=n

ν(j)(1 − (1 − r∗)n)

= 2n(1 − r∗)nν{j : ‖x‖Nρ (j) = n} ≤ 2Kν{j : ‖x‖Nρ (j) = n}.
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Summing over n ≥ n∗, we get∑
i∈Sx

2x(i)P̃(x, x − ηi) −
∑
i∈Sx

2x(i)P̂(x, x − ηi) ≤ 2K. (21)

We conclude by gathering (20) and (21). �

The following result is the last one we need. Its proof was given in [8] in a more general
context. For the benefit of the reader, we present here a proof adapted to this case.

Lemma 7. (Control of d̃.) Assume that (Gρ, ν) satisfies NCOND. If x ∈ X is such that Sx ⊂ C0
ρ

and it is a Gρ-independent set, then d̃q(x) ≤ 1 − 2η‖x‖.

Proof. Let x ∈ X be such that Sx is a Gρ-independent set that is included in C0
ρ . In this case,

d̃q(x) can we written as

d̃q(x) = 1 +
∑
i∈Sx

2x(i)[ν(i) − P̃(x, x − 1i)].

Since the case where x = 0 leads to a trivial result, we proceed by assuming that x �= 0. Let
{a1, . . . , aL} be the image of the function{

Sx → N0,

i �→ x(i),

assuming al > al+1 for every l ∈ {1, . . . , L − 1}. For any l ∈ {1, . . . , L} we let Hl = {i ∈
Sx : x(i) = al}. We can then write

∑
i∈Sx

x(i)[ν(i) − P̃(x, x − 1i)] =
∑
i∈Sx

x(i)ri =
L∑

l=1

al

∑
i∈Hl

ri =
L∑

l=1

alRl,

where we have defined ri = ν(i) − P̃(x, x − 1i) and Rl =∑
i∈Hl

ri.
If Rl ≤ 0 for every l ∈ {1, . . . , L}, we are done since

L∑
l=1

alRl ≤ a1R1 = ‖x‖
[
ν(H1) −

∑
i∈H1

P̃(x, x − 1i)

]
= ‖x‖[ν(H1) − ν(Nρ(H1))] ≤ −‖x‖η.

If not, we define L1 = max{l ∈ {1, . . . , L} : Rl > 0}. Then

L∑
l=1

alRl ≤
L1∑

l=1

alRl ≤
L1−2∑
l=1

alRl + aL1−1(RL1−1 + RL1 ). (22)

If RL1−1 + RL1 ≤ 0, we control the last quantity by
∑L1−2

l=1 alRl and restart the procedure. If,
otherwise, RL1−1 + RL1 > 0, we control the right-hand side of (22) by

L1−3∑
l=1

alRl + aL1−2(RL1−2 + RL1−1 + RL1 ).
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We again separate the cases RL1−2 + RL1−1 + RL1 ≤ 0 and RL1−2 + RL1−1 + RL1 > 0, and
proceed as before. Finally, if we reach H1 with this procedure, we have

a1

L1∑
l=1

Rl = ‖x‖
[
ν(H1 ∪ · · · ∪HL1 ) −

∑
i∈H1∪···∪HL1

P̃(x, x − 1i)

]

= ‖x‖[ν(H1 ∪ · · · ∪HL1 ) − ν(Nρ(H1 ∪ · · · ∪HL1 ))] ≤ −η‖x‖,
which concludes the proof. �

We are now in a position to prove the fundamental drift inequality in a few lines.

Proof of Proposition 3. Fix x ∈ X. Applying Lemmas 1, 3, 4, 6, and 7, we get

dq(x) ≤ d̂q(χ (x)) + 2n∗ ≤ d̂q
(
χ (x)1C0

ρ

)+ 4K|C+
ρ | −

∑
i∈C+

ρ

2χ (x)(i)ν(i) + 2n∗

≤ d̂q(y) + 2K + 4K|C+
ρ | −

∑
i∈C+

ρ

2χ (x)(i)ν(i) + 2n∗

≤ d̃q(y) + 4K + 4K|C+
ρ | −

∑
i∈C+

ρ

2χ (x)(i)ν(i) + 2n∗

le1 − 2η‖y‖ + 4K + 4K|C+
ρ | −

∑
i∈C+

ρ

2χ (x)(i)ν(i) + 2n∗,

where y ∈ X is such that ‖y‖ = ‖χ (x)1C0
ρ
‖ = ‖x‖C0

ρ
and Sy ∈ Iρ . The proof is completed by

observing that the last expression coincides with the right-hand side of (14). �

4.2. Stability

As already mentioned, that NCOND is necessary for the stability of the DTMC follows
immediately from Proposition 1. We now prove that NCOND implies stability. We say that a
function f : X → [0,∞) is a Lyapunov function if there exist ε > 0 and a finite set F ⊂ X
such that

Pf (x) =
∑
y∈X

P(x, y)f (y)<∞ for every x ∈ F, (23)

df (x) ≤ −ε for every x ∈ X \ F. (24)

The Foster–Lyapunov theorem (see, e.g., [5, Theorem 7.1.1]) guarantees stability if a Lyapunov
function is found. In our case, stability will be obtained by proving, as a direct consequence of
Proposition 2, that the quadratic function q is Lyapunov. Since the set {y ∈ X : P(x, y) �= 0} is
finite for every x ∈ X, condition (23) is fulfilled automatically. The real challenge is condition
(24), which follows, for instance, by choosing ε= 1 and

F =
{

x ∈ X : ‖x‖C0
ρ
≤ 1 + n∗ + 2K(1 + |C+

ρ |)
η

, ‖x‖C+
ρ

≤ 2 + 2n∗ + 4K(1 + |C+
ρ |)

mini∈C+
ρ
ν(i)

}

(the minimum over an empty set being defined as +∞), and by using inequality (14).
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4.3. Perfect matching infinitely often

The fact that the online matching is perfect i.o. almost surely for η > 0 follows readily
from (10). Now assume that η < 0, and let I ∈ Iρ attain the minimum, which is equivalent to
saying that ν(I) − ν(Nρ(I)) = −η > 0. In this case, the associated lazy random walk {SIt }t∈N0

defined by (4) is transient to infinity, since its drift is precisely ν(I) − ν(Nρ(I)). On the other
hand, similarly to (5), it is clear that for all t, the number of unmatched I-nodes at time t is a.s.
lower-bounded by SIt . So the number of unmatched I-nodes also grows to infinity with t almost
surely, proving in turn that, almost surely, there is no perfect matching i.o. This concludes the
proof of Theorem 1.

5. Proof of Corollary 2

For any x ∈ X we have

η‖x‖C0
ρ
+

∑
i∈C+

ρ : x(i)≥n∗
x(i)ν(i) ≥ (‖x‖ − n∗)

(
η ∧ min

i∈C+
ρ

ν(i)

)
. (25)

To see why this it true, we separate the cases ‖x‖ = ‖x‖C0
ρ
, ‖x‖ = ‖x‖C+

ρ
≥ n∗, and ‖x‖ =

‖x‖C+
ρ
< n∗. Now we use inequality (25) in (14) to get that

dq(x) ≤ −2‖x‖
(
η ∧ min

i∈C+
ρ

ν(i)

)
+ 1 + 2n∗

[
1 +

(
η ∧ min

i∈C+
ρ

ν(i)

)]
+ 4K(1 + |C+

ρ |).

We can use [13, Theorem 14.3.7] to obtain

∫
‖x‖ π (dx) ≤

1 + 2n∗[1 + (η ∧ mini∈C+
ρ
ν(i))] + 4K(1 + |C+

ρ |)
2(η ∧ mini∈C+

ρ
ν(i))

.

Once the finiteness of the invariant expectation has been obtained, we can apply [5, Theorem
3.3.2] to obtain the convergence of the ergodic averages. Finally, (12) follows because

0 ≤ ‖Xt‖
t

= 1

t

t∑
s=1

‖Xs‖ − t − 1

t

1

t − 1

t−1∑
s=1

‖Xs‖ −−−→
t→∞ 0 a.s.
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