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Abstract

We use the Stein—Chen method to obtain compound Poisson approximations for the
distribution of the number of subgraphs in a generalised stochastic block model which
are isomorphic to some fixed graph. This model generalises the classical stochastic block
model to allow for the possibility of multiple edges between vertices. We treat the case
that the fixed graph is a simple graph and that it has multiple edges. The former results
apply when the fixed graph is a member of the class of strictly balanced graphs and
the latter results apply to a suitable generalisation of this class to graphs with multiple
edges. We also consider a further generalisation of the model to pseudo-graphs, which
may include self-loops as well as multiple edges, and establish a parameter regime in the
multiple edge stochastic block model in which Poisson approximations are valid. The
results are applied to obtain Poisson and compound Poisson approximations (in different
regimes) for subgraph counts in the Poisson stochastic block model and degree corrected
stochastic block model of Karrer and Newman (2011).
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1. Introduction

Small subgraph counts can be used as summary statistics for large random graphs; indeed in
some graph models they appear as sufficient statistics, see [16]. Furthermore, many networks
are conjectured to have characteristic over- or under-represented motifs (small subgraphs);
see, for example, [22]. Moreover, statistics based on small subgraph counts can be used
to compare networks, as shown in [29] and [32]. To determine which small subgraphs are
unusual, assessing the distribution of such motifs is key. The mean and variance of subgraph
counts for some common random graph models can be found in [26], whilst the focus of this
paper concerns distributional approximation of subgraph counts.

A powerful and popular tool for deriving distributional approximations for subgraph counts is
the Stein—Chen method; see [11] and [31]. The method was first used to derive approximations
for subgraph counts in [3] and a comprehensive account of Poisson approximation of subgraph
counts can be found in [10]. To date, distributional approximations for subgraph counts
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have mostly been derived for simple random graph models (simple graphs are graphs with
no self-loops or multiple edges). However, networks with multiple edges (often referred to
as multigraphs) arise naturally in many real-world networks and also in important synthetic
networks models, such as the configuration model. For example, in collaboration networks
as analysed in [17], vertices are authors, and two authors are linked by an edge if they have
co-authored at least one paper. One can argue that edges in collaboration networks simplify
relationships and that the number of joint papers contains important information. Another
example is the Molloy—Reed construction of realisations from the configuration model [23]
which allows self-loops as well as multiple edges. A collection of currently 90 networks with
multi-edges can be found in the KONECT data base; available at http://konect.uni-koblenz.de/.
In this paper we derive distributional approximations for subgraph counts in a generalised
stochastic block model, which includes the Poisson stochastic block model and the degree-
corrected stochastic block model of [19] as special cases.

The stochastic block model (SBM) was introduced originally for directed graphs by Holland
et al. [18] and generalised to other graphs by Nowicki and Snijders [24]. It is also called the
Erd6s—Rényi mixture model in [15] and in theoretical computer science it is known as the
planted partition model; see [12]. The SBM has a wide range of applications; see the survey
[21] and the references therein. In this paper we will use the following generalisation of
the classical SBM to one with multiple edges. Consider an undirected random graph on n
vertices, with no self-loops, in which the vertices are spread among Q hidden classes. Letting
f = (f1,..., fo) be a vector in [0, l]Q such that Zqul fq = 1, the class label of a vertex
is drawn from a multinomial distribution M (1, f), and class assignments are independent
of each other. The number of edges ¥; ; between vertices i and j (the tilde in the notation
distinguishes these random variables from the random variables Y, ; defined in (2.6)) are
independent conditionally on the class of the vertices, and the probability depends only on the
classes of the vertices: denoting by ¢, € {1, ..., Q} the class of vertex i,

P(Y;j=k|ci=a,cj=b)=mTaps k=0,1,2,..., (1.1)

and ) 22 7apk = 1 foralla and b. We will refer to this model as a stochastic block multigraph
model (SBMM) and denote it by SBMM(n, r, f). The model of [19] corresponds to the case
of Poisson probabilities 77,4 p x = e""“vbwla"b/k!. If 74k = Ofor k > 2 then the SBMM model
reduces to the classical SBM. Further, if

Tap,0 =1—p, Ta,b,1 = P, Tapk =0 forallk > 2,

the SBM reduces to the Erd6s—Rényi random graph model, which we denote by &(n, p).
In Section 5 we will also introduce a generalisation of the SBMM to pseudo-graphs (graphs
which allow for self-loops as well as multiple edges). In this paper we assume that 7 and f are
known, and that fi, ..., fo > O; for estimating these quantities for the classical SBM, see, for
example, [1], [20], [21], and [25].

In most of this paper we will focus on the case that vertices in the same class are stochastically
equivalent, that is, the probabilities are given by (1.1). However, as noted by Karrer and
Newman [19], such models may be a poor fit when modelling networks with hubs or highly
varying degrees within communities. Indeed, Karrer and Newman [19] introduced the degree-
corrected SBM in which the probabilities are given by 7, p.i jx = e %% (6;0;w4 p)*/ k!,
where 6; relates to an expected degree of vertex i. All our results and proofs generalise easily

https://doi.org/10.1017/apr.2018.35 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2018.35

Subgraph counts in stochastic block models 761

to such heterogeneous vertices, in which the right-hand side of (1.1) is of the form 7, p; j k;
see Corollary 3.1 and Example 3.3.

In [13], it was shown that the distribution of the number copies of a fixed graph G in the
SBM(n, 7, ) model is well approximated by an appropriate Poisson distribution if G is a
member of the class of strictly balanced graphs (defined in Section 2.1.1) as long as 7, 51 is
not too large for all a and b. Explicit bounds for the rate of convergence (in the total variation
distance) can also be found in [13]. The results of [13] generalise well-known results for the
®(n, p) model, such as [10, Theorem 5.B]. For normal approximations of subgraph counts
there are results available for the & (n, p) model as well as for the configuration model; see [6]
and the references therein.

In this paper we generalise the results of [13] to derive compound Poisson approximations
for subgraph counts in the SBMM(n, 7, ) model. We consider both the case that the fixed
graph G is a simple graph and that it is itself a multigraph. For simple graphs, a Poisson
approximation is valid when the fixed graph G is strictly balanced; see, for example, [10,
Theorem 5.B]. For the case of multigraphs we introduce a related notion which we call ‘strictly
pseudo-balanced’; see Definition 2.1. The existence of multiple edges can create clumps of
subgraph counts. In such a situation, a compound Poisson approximation is more appropriate
than a Poisson approximation; see also Remark 2.1 for why this is the case. The compound
Poisson approximations of the main results (Theorems 3.1 and 4.1) are valid when the fixed
graph G is strictly balanced (or strictly pseudo-balanced) and the edge probabilities w, ; i are
not too large for all a, b and k, and thus generalise [13, Theorem 2.1] in a natural manner.
In certain parameter regimes, which include the model of [19], not only a compound Poisson
approximation but also a Poisson approximation may hold; see Section 5. To the best of the
authors’ knowledge, this is the first paper to contain explicit bounds for a compound Poisson
approximation of subgraph counts in random multigraph models.

The rest of the paper is organised as follows. In Section 2 we introduce the setup we
use to prove our main results. Section 2.1 contains the notation and procedure we use to
count subgraph copies in the SBMM, while in Section 2.2 we recall the relevant theory from
the Stein—Chen method for compound Poisson approximation that will be used to derive the
approximations. Section 2.3 concerns the calculation of the parameter in the limiting compound
Poisson distribution. As an example, the parameter is calculated in the case that the fixed
graph G is the complete graph on v vertices. In Section 3 we use the Stein—Chen method
to derive a compound Poisson approximation for the number of subgraphs in the SBMM
which are isomorphic to some fixed simple graph from the class of strictly balanced graphs.
In Remark 2.1 we illustrate with an example that a Poisson approximation is, in general,
not applicable. We note in Example 3.2 that Theorem 3.1 is easily applicable to the model
of [19]. Also, in Corollary 3.1 and Example 3.3, we show how Theorem 3.1 generalises to
edge probabilities of the form 7, p ; j «, which includes the degree-corrected SBM of [19] as a
special case. Section 4 is devoted to a generalisation of this problem in which the fixed graph
can now itself have multiple edges. We again derive a compound Poisson approximation, for
which the strictly balanced graph condition is replaced by an appropriate generalisation for
multigraphs. Section 5 contains the generalisation of our results to the SBMM with self-loops.
We obtain some simple sufficient conditions for which a Poisson approximation of subgraph
counts holds in the SBMM; see Theorem 5.2 and Remark 5.2. Finally, in Corollary 5.1, we
present a Poisson approximation for subgraph counts in the Poisson SBM of [19].
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2. The setup
2.1. Subgraph counts in the SBMM

2.1.1. Simple graph G. We introduce some notation that will be useful for counting copies of
a fixed graph G in the SBMM(n, 7, f). For simplicity, we first consider the case that G is a
simple graph and then in Section 2.1.2 we generalise to the case that G is a multigraph. Let K,
be the complete graph with n vertices and (;) edges. Let G = (V(G), E(G)) C K, be a fixed
graph with v(G) vertices and e(G) edges; here V(G) denotes its vertex set and E(G) its edge
set. To avoid trivialities, we assume that ¢(G) > 1 and that G has no isolated vertices. We are
particularly interested in the case that G is a member of the class of strictly balanced graphs,
which is defined as follows; see, for example, [10]. Let

e(G)
v(G)

d(G) = 2.1

Then the graph G is said to be strictly balanced if d(H) < d(G) for all subgraphs H C G.
Let I be the set of all copies of G in K, that is, all subgraphs of K, that are isomorphic to G.

Note that |I'| = (v('z;)),o(G), where (v('z;)) is the number of ways of choosing v(G) vertices,

and
(6!
a6

where a(G) is the number of elements in the automorphism group of G.

In a multigraph, more than one isomorphic copy of G may be present for a given lab-
elled graph ¢ = (V(@), E()) € I'. To take this into account, for « € I'" with E(a) =
{(a1, 02, ..., aeG))}, let Ag = Ay (G) denote the set {(dg, - . - » Ao, () € {1,2,3, .. ey =
Ne(©) | We view the ag; as edge labels in the following sense. In the SBMM(n, 7, f) model,
the number of edges between vertices # and v is determined according to the classes of these
vertices and the measure 7. If k > 1 edges are selected via the measure 7, then these edges
are given edge labels 1, ..., k. In this way, if vertices u and v are from classes a and b, then
edge number 1 between u and v occurs with probability > po | 74k, edge number 2 between u
and v occurs with probability Y 2=, 74 5 k, and so forth.

Now, let & = ('V, &) be a random multigraph on n edges. For ¢ € " and a € Ay, let
X«.qa(G) be the indicator random variable for the occurrence of o € I which is isomorphic to
the fixed graph G, using edges a € A,. Here we use the shorthand ‘using edges a € Ay’ to
indicate that the occurrence is on edge labelled a,, of edge a1, on edge labelled a,, of edge a2,
and so on, until edge labelled Ao, of edge a.(G). Let W(G) = W denote the total number of
copies of G in the random graph &,

p(G)

2.2)

WG =W=>Y > Xua(G). (2.3)

aelaeAy

In the following, the dependence of W and X, ,(G) on G is usually suppressed to simplify
notation. Here, copies are counted as opposed to induced copies where not only all edges of
the graph have to appear, but also no edge which is not in the graph is allowed to appear in the
copy. For example, the complete graph K,,, n > 3, contains %(n — 1)! copies, but no induced
copy, of an n-cycle.

As an illustration of this notation, count the number of isomorphic copies of the path on three
vertices, denoted by G, in a graph & with vertex set {1, 2, 3}. Suppose that & has a single edge
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between vertices 1 and 2, three edges between vertices 2 and 3, and no edge between vertices 1
and 3. Then the set of possible copies of G in K3 is

I'={({1,2,3},{(1,2), (2,3)), ({1, 2,3}, {(1,3), (2, 3)D, ({1, 2,3}, {(1, 2), (1, I)}}

— 2V @ o™y,

In this example, X, (1,1) = X0, (1,20 = Xq, 1,3y = | and all other indicators are equal
to 0. Thus, there are three copies of G in & and, hence, W(G) = 3.

In the SBMM(n, 7, f), the conditional occurrence probability of an isomorphic copy of the
subgraph G on

a={i,....Iyoh{a, ..., €T

with edge multiplicities (agq,, - . ., aae(G)) € Ne(@), given the classes ¢;;, . .., Ciyc) of the vert-
ices iy, ..., iy) forming «, is
]P)(Xot,a =1 | Cijyeves Civ((;)) = 1_[ qcu’cvva(u.v)’

1<u<v=<v(G): (u,v)€E(x)

where qq p.x = Z?ik 74 b, 1s the probability of there being at least k edges between vertices
of classes a and b. Here a(,, ) denotes the edge label a(, ) between vertices u and v. The
occurrence probability of an isomorphic copy of G, using edges a € Ay, is

0
Haa(G) =EXy 4 = Z Jer fer oo fcv((;) 1_[ 9ey,cy,aq,v)»
€1,€2,...,cy(G)=1 1<u<v=<v(G): (u,v)€EE(x)

and the expected number of isomorphic copies of G at position « € I is, therefore,

WG = Y EXua 2.4)
aelhy
0
= Z Z JerJey - fcv(c) 1_[ Aey,co,au,v)
a€hy €1,62,...,Cy(G)=1 1<u<v=<v(G): (u,v)eE(x)
[ 00
- Z Jerfer o feuo l_[ < Z qCuqcmam.v))
€1,€2,...,Cy(G)=1 I<u<v=v(G): (u,v)€E(a) “aq,n=1
Y
= Y fafor oo I EYe, c,. 2.5)
€1,€2,..,Cy(G)=1 1<u<v=<v(G): (u,v)€E(x)

where the random variable Y, ; has probability mass function
P(Yap =k) =mapis k=0,1,2,.... (2.6)

We write 1 (G) (with no « subscript) in (2.4), since (1 (G) is constant over o € T, for a fixed I',
since all the graphs in I" are copies of the same graph. From (2.3) and (2.6), it follows that

n
EW = (U(G))p(G),u(G). 2.7
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2.1.2. Multigraph G. We now generalise the setup for simple fixed graphs G to fixed multi-
graphs G. Assume that the graph G has v(G) vertices and denote the maximum number of
edges between any two nodes by the finite number #(G). As before, the vertex and edge sets
are denoted by V(G) and E(G), respectively. Here E(G) differs from the simple graph case
since there may now be more than one edge between a pair of vertices. Multiple edges appear
in E(G) according to their multiplicities in G. Again, assume that there are no isolated vertices
and the total number of edges e(G) is greater or equal to 1. The notion of strictly balanced
graphs has the following natural generalisation to multigraphs.

Definition 2.1. Let f(G) be the number of pairs of vertices in G with at least one edge between
them and set

f(G)
9(G) = ——. 2.8
(G) 2(G) (2.8)
Then we say that G is a member of the class of strictly pseudo-balanced multigraphs if 9 (H) <
d(G) for all subgraphs H C G.

Note that condition (2.8) is equivalent to requiring the subgraph obtained by reducing the
multiplicity of all edges to 1 to be strictly balanced.

The procedure for counting copies of G is similar to the simple graph case, but with some
important generalisations. The quantity p(G) is defined as in (2.2). It is worth noting, for
example, that if G is a triangle then p(G1) = 1, whereas for the multigraph G, which is a
triangle with an additional edge added between a pair of vertices then p(G,) = 3. Note that
there is a discrepancy here even though the cardinality of the automorphism groups would be
equal if the multiplicity of the multi-edge in G, was setto 1. Now, I is the set of all isomorphic
copies of G in the complete f(G)-multigraph on n vertices, for which there are (G) edges
between all (2) vertex pairs. As before, |I'| = ,o(G)( 2(G) ) Note that for counting copies of G 1,
we have [I'| = ( ) but for counting copies of G, the set I has a larger cardinality: |I'| = 3( )

We are also required to suitably generalise the set A,. To explain the generalisation, first
suppose that G consists of only one edge with multiplicity k. Then « € I" consists of k edges
between a particular pair of vertices. If the observed countis j > k then we consider all possible
( ) possibilities to pick k edges out of the j edges. In this case, to reflect the choices for all

possible j > k, we set Ay = Ak ={(ay,...,ar) € N:l<a<ap<--< ai}, where the
superscript emphasises that the edge in G has multiplicity k. If G has e(G) multi-edges instead
of just one multi-edge, with edge multiplicities k1, .. ., ke(G), and if E(a) = {a1, ..., de)}s
then we let

e(G)

k k e ki
Ae=AS @AR ® - @ ALD = QAL

As an example, consider the multigraph § on three vertices in which there are two edges between
each vertex pair. Then there are eight copies of the triangle graph G, but twelve copies of the
multigraph G;. Since p(G3)=3, there are three isomorphic copies of G in I', which we denote
by a1, @z, a3. The indicator random variables are Xy, (Howeu,2) =1,i=1,2,3,j=1,2,
and k = 1, 2. The total number of copies of the multigraph G is then defined as in (2.3).
Recall that in Section 2.1.1 we defined the random variable Y, ; to have probability mass
functionP(Y, , = k) = mapk, k=0,1,2,.... Letig, ) > 1 be the number of edges between
vertices u and v in the fixed multigraph G. Then, by generalising the argument used to obtain
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(2.5), we have

WG =) EXoa

aclhy
0
= Z fC]sz"'va(G)

1,625, Cy(G)=1

— Agu,v) — 1
X 1_[ Z P(Ycuvcu = Ll(u,v)) :

i -1
1<u<v<v(G): U.V)EE(G) gy =iy \ Y

Here, to avoid double counting, we assume that the edges in the SBMM appear in some order,
so picking the a(, ) th as well as i(, ) — 1 smaller edges leads to the binomial coefficient in
the above sum. Now,

o (a1 2 fa—1) —
> <,~ _ 1>P<Yc,,,cv =) <,~ _ 1) Y PFepe, =0
a=i a=i l=a
oo ¢ a—1
= ZZ < )P(Ycuacu = e)
<~ \i—1
=i a=i
o0
14
= Z (.)P(Ycu,cv =1/
=i !
— ]E YCquu
i 9
and so
WG = ) EXua
aclhy
¢ Y,
Cy,Cy
= Z fmez"'fCu(G) 1_[ E[(l )] (2.9)
C1.C2 () =1 1<u<v=<v(G): (u,0)€E(G) @.v)

(Note that when G is a simple graph, we have i(,,,) = 1, and so (2.9) reduces to (2.5).)
The computation of EW is then as before, with (2.9) now replacing (2.5). Finally, we note that
in the case of one class (Q = 1) we can simplify (2.9). Suppose that G has ¢; (G) pairs of
vertices which have i edges between them, with ¢;6)(G) > O and ¢; (G) = O forall i > #(G).

Then
t(G)

Y\ T\ ©
o= fie{)"
T
Remark 2.1. In [13], a Poisson approximation was obtained for the distribution of the number
of isomorphic copies of a strictly balanced graph in the SBM. The possibility of multiple edges
in the SBMM model means that, in general, a Poisson approximation will not be valid. This can
be seen from the following simple example. Considerthe SBMM (n, f, ) with edge probability
distribution 7w, p0 = 1 — p, mgp2 = p foralla,b,and wy px = 0 fork =1 and k > 3 and
all a, b. This model can be seen as the classical Erd6s—Rényi random graph model with two
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edges occurring (rather than just one) between two vertices independently and uniformly with
probability p. Triangles (a member of class of strictly balanced graphs) occur in clumps of
eight in this model, and the distribution of the total number of triangles is well-approximated
by a 8 Po(v) distribution, where v = (g) p> is the expected number of triangles (this can be
easily deduced from [10, Theorem 5.B]). Clearly, 8 Po(v) is not Poisson distributed. Instead, it
is a special case of a compound Poisson distribution. A compound Poisson distribution is the
distribution of the random sum Zfl\’:l X;, where the ‘number of clumps’ N follows a Poisson
distribution and the ‘clump sizes’ X;, i = 1,2, ... are independent and identically distributed
(and can be constant, for example all equal to 8) and independent of N. Hence, in this paper
we focus on compound Poisson approximations.

2.2. The Stein—Chen method for compound Poisson approximation

In this paper we use the Stein—Chen method for compound Poisson approximation to assess
the distributional distance between £(W) and the compound Poisson CP(A) distribution when
the fixed graph G is a member of the class of strictly balanced graphs or strictly pseudo-
balanced graphs. In this section we consider the case that G is a simple graph or multigraph
in one framework. This distributional distance is measured using the total variation distance,
which for nonnegative, integer-valued random variables U and V is

drv(LWU), L(V)) = sup |P(U € A) —P(V € A)|.
ACZt

We begin by recalling the compound Poisson distribution, and then provide the relevant details
of the Stein—Chen method for compound Poisson approximation.

The compound Poisson distributions CP(X) is a family of distributions with an infinite-
dimensional parameter A = (A1, A2, ...) suchthatA; > Oforalli = 1,2, .... We suppose that
X :=>"72, ki < oo. Then arandom variable having the CP(X) distribution can be constructed
as follows. Let X1, X», ... be a sequence of independent and identically distributed random
variables with probability mass function P(X| = i) = A;/A. Also, let Z be a Poisson distributed
random variable independent of the {X ;} with mean EZ = A. With these definitions of {X;}
and Z, the random sum Z]Z:I X has the CP(X) distribution. The CP()) distribution can be
expressed in a second way. If Z; are independent Poisson variables with means EZ; = A;
then ) 2, iZ; is CP(A)-distributed. In general, the probability mass function of a compound
Poisson distribution is not available in closed form.

The Stein—Chen method for Poisson approximation was introduced by Chen [11], and was
extended to compound Poisson approximation by Roos [27], [28]. A comprehensive account of
the application of the Stein—Chen method for Poisson approximation in random graph theory
can be found in [10], and the method was used to derive compound Poisson approximation
of subgraph counts in Erd6s—Rényi random graphs in [30]. Here, we present the compound
Poisson framework given in [27], [28], and [30].

The random variable of interest is assumed to be of the form W =" .- > .. Ay Xa,a- The
set '\ {«} is partitioned into three index classes for each « € I'. These index classes are denoted
by 'S, T2 and ', so that I" \ {a} = ', UT2 UTY. The intuition behind this partitioning is
as follows. Think of W as a sum of random elements which are dependent, but the dependence
is fairly local, with only a weak long-range dependence, if any at all. In this situation, one
attempts to partition the index set such that the set I'}, roughly consists of indices 8 such that
the indicators {Xg : B € I'y} are strongly dependent on X, , (forany a € A, and b € Ap);
the set '} roughly consists of indices B such that the indicators {Xg,: B € 'y} are very
weakly dependent on X, 4; and the set Fg (boundary indices) roughly consists of indices 8
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such that the indicators {Xg,: B € Fg} are perhaps more than weakly dependent on X 4.
A natural choice for the sets I'},, I'y/, and Fg in our situation is

IS ={Bel\{a}: V(e) = V(B
Mb={Bel: [V@nVPle{l.2,....vG) — 1}},
Iy ={BeT: V)NV =0}

For example, suppose that G is the path on three vertices and we consider the complete graph
K on six vertices. Ignoring redundant copies, on K¢ we have the (g) x 3 = 60 copies
of G in Kg, such as {(1,2), (2,3)}, {(1,3),(2,3)}, and {(1,2), (1, 3)}. Suppose that @ =
{{1,2,3},{(1,2), (2,3)}}. Then with our definition, I"}, = {{(1, 3), (2, 3)}, {(1,2), (1, 3)}},
while Ty = {{(4,5), (4, 6)}, {(4,5), (5,6)}, {(4,6), (5,6)}},and [, = '\ (T UTY U {a}).

Theset {8 e I}, b € Ag: Xgp = 1} is the ‘clump’ about . The size of the clump at «
(which includes « itself) is denoted by Z, and given by

Zy = Z Xaa+ Z Z Xg.b-

achy Bel'y, beAg

With our choice of index sets, for multigraph counts {Xg 5: 8 € I'y} is independent of X, 4.
The parameter A = (A1, A2, ...) of the approximating compound Poisson distribution is

1 . o
hi= - >0 ElXea1(Zo = D). i=1,2,.... (2.10)

aellael,

(This is a slight variant of the expression given in [27] and [28], which takes into account the
presence of multiple edges.) The A; represent the expected number of ‘clumps’ of size i. They
were calculated explicitly for many examples in [27], although none of these formulas apply to
random graphs. Further details on the computation of the A; for subgraph counts in the SBMM
can be found in Section 2.3.

Before stating the Stein—Chen bound for compound Poisson approximation that will be used
in this paper, we introduce some further notation. Define

Na = Z Z XB.bs Vo = Z Z XB.b

Be\I'Y beAg ,sgrg beAg
&= Z Z {Exa,aEna +E[Xa,ava]}-
aelaeAy

Now we can state the Stein—Chen bound for Possion approximation (adapted from [28, Theo-
rem 2]) that will be used in this paper:

drv(L(W), CP(L)) < c(A)e. @2.11)

Here

c(d) = sup suplgaa(f+ 1) —gralil,
Aczt j=0

where ZT = {0, 1,2, ...} and g 4(j) is the unique bounded solution of the so-called Stein
equation

Y irig(j+i) = jg(j) =1(j € A)—P(Y € A) for Y ~ CP(}).

i=1
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It should be noted that our notation for 74, which involves summing over 8 € I' \ '} and, thus,
includes «, is different from the analogous notation in [28], but is convenient in the subgraph
counts applications considered in this paper.
There exist bounds in the literature for the constant ¢(A). Barbour et al. [9, Theorem 4]
showed that
c(A) < e min{1, Al_l} for all A (2.12)

with A = Z;’i { Ai < o0o. In general, the dependence on A in such a bound on ¢(A) cannot be
improved, and the bound (2.12) is most useful when A is small. However, in certain settings,
the bound (2.12) can be improved; see [4], [7]-[9], and [14].

Remark 2.2. Roos [28, Theorem 2] contains an additional term which depends on
¢a,a,i = E|E[Xa,a I(Zot = l) | (Xﬁ,b: /3 € FZ), be A/S)] - E[X(x,a I(Za = l)]|

By the independence of vertex-disjoint edges, and the fact that the edges in I'}, are vertex-disjoint
from those in I}y, we have Z,, is independent of the random variables {Xg ,: B € 'y, b € Ag}.
Therefore, ¢q 4,; = 0 for all values of @, a, and i. This means that this additional term vanishes
from the bound of [28, Theorem 2].

In summary, bounding the total variation distance between the distribution of the subgraph
counts in the SBMM and the CP(X) distribution reduces to bounding the quantity €. We will
derive our compound Poisson approximations for subgraph counts (Theorems 3.1 and 4.1)
using this approach.

2.3. Calculating the parameter of the limiting compound Poisson distribution

The majority of the approximation theorems derived in this paper will involve a compound
Poisson approximation distribution of the subgraph counts in the SBMM, with the exception
being the Poisson approximations of Section 5.2. In the case of Poisson approximation,
the parameter v := EW of the limiting Po(v) distribution is easily calculated using (2.7).
For example, in the Erd6s—Rényi & (n, p) model, which is a special case of the SBMM, if the
fixed graph G is a triangle then v(G) = 3, p(G) = 1, and u(G) = p3, and sov = (g)p3.
In Section 5.2, it should be understood that v = EW is calculated via (2.7).

When a compound Poisson approximation is sought, the parameter A = (A, A3, ...) is given
by (2.10). Given any fixed «* € I, by symmetry we can write (2.10) as

1 .
Ap = l_ Z Z EXa,aP(Za =i| Xoc,a =1
aellael,
1 .
==IT| Y EXoraP(Zor =i | Xora = 1) (2.13)
l
uEAa*
1 .
=~ Y P(Ze» =i, Xara = 1). (2.14)
! aeyx

In the simple graph case (7, ; = 0 fori > 2 and all a, b), a further slight simplification of
(2.13) is possible; see [30, Equation (20)].

For fixed graphs G in the SBMM, the conditional probability in (2.13) or the joint probability
in (2.14) can be calculated on a case-by-case basis with the formulation (2.13) more suitable
in a coupling context and (2.14) perhaps more suitable when local dependence is employed.
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The conditional probability in (2.13) was calculated by [7] in the & (n, p) setting for the Whisker
graph (the graph on four vertices comprised of a vertex that is connected by an edge to one
of the vertices of the complete graph on three vertices — it should be noted, though, that the
Whisker graph is not strictly balanced and [7] used a different choice for the sets I}, Fg,
and I'}.) However, as noted by [30], it is not always possible to calculate the conditional
probability exactly.

We now illustrate the computation of the A; via (2.14) for subgraphs in the SBMM. For the
purposes of exposition, we consider the SBMM(n, 7, f) model with one class, thatis, f1 =1
and f; = 0 for i > 2; the extension to multiple classes is not difficult, but involves more
notation. Let p; = 7y 1.

Example 2.1. We calculate A for the case that G is the complete graph on v vertices with ¢
edges between each vertex pair (a strictly pseudo-balanced graph). We have |I'| = (ﬁ), and for
a® € T", we have

= ... t(;)'
Aa*_{(111,1,(12’1,...,61,)1)@ ®(a1,(;),a2’(; ,...,at’(g))EN :
< “ e < ) “ e )
1 ap <azl < <a[,1,...,l al,(;) <a2,(;) < <at,(;)}.

For a* € I', we denote a € Ay+ by a = (a1.1, -~-vaz,(§))~ Also, TV, = @ and so Zy+ =
Y ae Ay Xara As G is a complete graph, clump sizes take the form of products of binomial
coefficients only with one binomial coefficient per multi-edge. The joint probability is now

P(Zy+ =1, Xogrg=1) = Z Pxy - px(g)

xl,...,x(g)EBa.u,r,i

foralla = (a1,1, ..., a1, e Ay () - ..,a,’(;)) € Ay, and is O otherwise. Here
Av,;,,‘ = {al,l,...,at’(;): 1< ap1 < - <agly---» 1< al’(;) << a,’(;)
(
age
and1<l_[< t’)f }
=1 !
G
B P = : >a xv>avandl_[xe =i
ai = XL XY DX Z A1 - X(0) Z Ay () )TN
=1

Substituting into (2.14) then yields

1/n .
A= ;(v> > Y. Pubry. izl (2.15)

A1,15005 utv(g)EAv.t,i X1 sm»x(%)EBzml,t,i
Note that in the case t = 1 and p; = 0 fori > 2, the SBMM reduces to the &(n, p;) model
and we have A = (Z) p,” and ; = 0 for i > 2. Thus, the limit distribution is simply the

Poisson distribution Po((';) P12 ), a result which is well known; see [10, Theorem 5.B].
For the edge graph (v = 2), (2.15) takes a particularly simple form, that is,

S L - BN

ap1,....a; 1 €A t I<aj1<az1<--<a;1<i
26(1)

and A; = O for all other k.
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Finally, we note that A for the edge graph but now with Q classes is easily seen to be A ()=
(;) ZCQI.L‘2=1 Jfei feaTe.en.is T > t, with Ap = O for all other k. Equation (2.15) generalises to Q

classes similarly.
3. Compound Poisson approximation in the SBMM: the case of simple fixed graphs

In this section we obtain a compound Poisson approximation for the number of subgraphs
in the SBMM which are isomorphic to a fixed graph from the class of strictly balanced graphs.
Before stating this result, we introduce some notation. Let

e(G) — e(H)

and, with (2.1),
v (G) = min{d(G)v(H) — e(H)} = min[v(H){d(G) — d(H)}], (3.2)

where the minima are taken over all nonempty proper subgraphs H C G. In interpreting the
following theorem (see, for example, Remark 3.1), it is useful to note that if y(G) > 0 or
«(G) > d(G) then the graph G is strictly balanced; see [10]. Finally, we denote

wi = maxEY, p, 3.3)
a,b

where Y, p is given in (2.6). With this notation, we can state our theorem.

Theorem 3.1. Suppose that G is a strictly balanced graph. Then, with the notation of (2.2),
(2.5), (2.10), and (3.1)—(3.3),

drv(L(W), CP1))

an,n,f(G)
_ C()\.)p(G)z v(G) /. *\e(G) U(G)z v(G)—1 *\e(G)
= o W T et ¢
v(G)—1 v(G)—i ¢, *\k(G,i)
v(G\nT )"
+ ; ( i ) W(G) —i)! } GD

where k(G,i) = max{e(G) — id(G) + y(G), (v(G) — i)a(G)}. A bound for c(L) is given
by (2.12).

Proof. We establish our bound by bounding ¢ = )", . ZaeAa (EXy.aEng + E[Xq.qVall
Combining (2.5) and (3.3) yields

0
Z ]EXa,a - Z fcl fcz e fCU(G) l_[ EYCM,CU
achy €1,€2,-..,Cy(G)=1 1<u<v<v(G): (u,v)€eE(x)

0

IA

Z fcl fCZ e fCU((;) (MT)L)(G)

C1,25000Cy(G)=1

= (9. (3.5)
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Next we bound Ene = 3 5cp\rw 2pen, EXp.p- Note that

IP\TY|=[{B eTl: V(@) NV (B = 1}
v(G)—1
v(G)\( v(G)
=r@ Z ( )(v(G)—k)

v(G)—1
- v(G) v(G) —1
< pGG) Y ( e )( )
= \n—v(G)—k k

n—v(G)) + (v(G) — 1))

= p(G)v(G)C "G -1

5p<G>v(G)( (G’; )

v(G)? LU(G)—1
p(G)——= (G)V ,

where we use the fact that (U(G”)_l) < n*@~1/y(G)!. Combining this bound on |I" \ ry| with
(3.5) yields

v(G)? L)
Ena= Y. Y EXpp<IP\TUIGDYD < p(G) -2 ol n" O whe @ 3.6
Bel\I'Y beAg

From (3.5) and (3.6),

> Y EXauEna _p<G)< (G)>(u1>e<‘” (629 011 3@

aelaeAy (G)'
2
p(G )2(U((G))')2 2O ()@, G-

Finally, we bound the quantity > wer ZaeAaE[Xa,a V,]. To do so, we partition Fg into sets
(T2} <i<u(G)—1, Where T2 = {B: |a N B| = i}. The cardinality of these sets can be bounded

above by
bi v(G) n v(G)\ nv©@
R [ P BT G Frrc =

We now bound the quantity ZaeA ZbeA E[X4qXp,p], Wwhere B € Fb iforl <i <v(G)—1.
It was shown in the proof of [13, Theorem 2.1] that for a strictly balanced graph G, isomorphic
copies « and S that share i vertices have at least e(G) +« (G, i) edges in the union graph o U 8.
Therefore, by following the steps used to obtain (2.5) and (3.5), we obtain

30 ElXaaXpsl < ) OED forperh. 3.9)
a€lhg beAg
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Combining (3.8) and (3.9) now yields

v(G)—1

DD EXaaVal=D_ Y. > > > ElXauXp.p]

aellaeAy acl’ =1 ﬂ;ng’i“EAa bieA;;,.

v(G)—1

G v(G)—i ‘
Sp(G)<U(nG)) > p(G)(U(i )>mw7)e<c)+x(az)

i=1

< p(G ()@

v(G) v(G)—1 G v(G)—i¢,,*\k(G,i)
n <v( ))% (3.10)

v(G)! = i W(G) — i)!

Applying (2.11) together with the bounds (3.7) and (3.10) then yields (3.4). U

Remark 3.1. The result of Theorem 3.1 is perhaps most interesting when the limiting CP(X)
distribution is nondegenerate in the limit n — oco. For this to be the case, we require the mean
EW to be nondegenerate, that is, EW does not tend to 0 or oo in the limitn — oo. Suppose that
there exist universal constants ¢ and C such that cn—1/4(®) < EY,p < Cn—1/4@) forall a, b.
Then using the inequality

mk (™) - mk L <k
w =)= ke
and (2.7), we obtain
p(G) e(G) e (G) G
_ <EW < Z=—Lc0),
WGr@ < =N =506

In this parameter regime,
o0 o
> x =) i =EW=0(Q).
i=1 i=1

Therefore, from (2.12), we have ¢(A) < K(G) for some K (G) > 0 which does not involve n.
Applying Theorem 3.1 then yields

K(G)p(G)? G)?
drv(L(W), CP(L)) < KGIDG) e [ UG e, -1 + min(A, B)}, (3.11)
v(G)! v(G)!
where
A = (1 + CHOWO)~11-a(G)/d(G) B = c¢@+G)(] 4 c—dG)y(G)=1,~y(G)/d(G)

Example 3.1. Here we use (3.11) to obtain compound Poisson approximations for the number
of copies of the following fixed graphs with v > 3 vertices in the SBMM(n, 7, f) model.

We consider the following strictly balanced graphs on v vertices each (the same choice as in
[13, Remark 2.3]):

e G, represents a tree on the v vertices with v — 1 edges;
e G» , represents the cycle graph on the v vertices (with v edges);

e G3, represents the complete graph on v vertices with one edge removed;

Gy, represents the complete graph on v vertices.

https://doi.org/10.1017/apr.2018.35 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2018.35

Subgraph counts in stochastic block models 773

TaBLE 1: Values of d(G), «(G), and y (G), with scaling and bounds on the rate of convergence.

G d(G) a(G) ¥ (G) Scaling of 11} drv(L(W), CP(L))
i v—1 1 1 Cn—v/=1) O (n=1/-D)
’ v v
—1
G 1 0 1 Cn~! o
v—2
@+Dw-2 v -v—-4 . /(o) (02 i
G3. > 3wz 3iv=3 Cn VD=2 omT/2) ifv =3
lifv>4 O(n~Y0=Dyify >4
Gap vl vl 1 Cn=2/0=D O(n=2/v=1)
' 2 2

To apply (3.11), we must compute the quantities d(G), «(G), and y (G) for each graph G.
These values were computed in [13, Remark 2.3] and are presented in Table 1. If, for a given
graph G, there exist universal constants ¢ and C such that cn~1/d(G) <EY,p < Cn~Vd(©G) for
all a, b (for which the limit distribution is nondegenerate), then a bound on dtv (L (W), CP(1))
now follows from (3.11). Table 1 also contains the appropriate scaling of u} = maxg,, EY,
(note that all the EY, ; are all of the same order) as well as a bound on the rate of convergence
in this parameter regime. For this rate of convergence, it is assumed that the proportion vector
f = f(n) remains constant as n — 00, and that G does not change with n. The conclusions
we draw from Table 1 are very similar to those drawn in [13, Remark 2.3]; for example, the
bound on the rate of convergence for the tree graph may be considerably larger than the bound
on the rate of convergence in the cycle graph.

We also note thatif EY,, , = O (n—Y forall a, b (so that uy = O (n~")) then this gives rise to
graphs with bounded average degree. With the scaling Cn~! for w7}, the number of isomorphic
copies of G2y, the cycle graph on v vertices, is seen to have an approximation nondegenerate
compound Poisson distribution. With the scaling Cn /=1 for w7}, the number of copies of the
tree graph G, also has an approximation nondegenerate compound Poisson distribution, and
the average degree is O (n~'/(®=1); however, the scalings required to ensure that the limiting
compound Poisson distribution for the number of copies of Gz, and G4, is nondegenerate
gives rises to graphs with unbounded average degree.

Example 3.2. The Poisson SBM from [19], for which the number of edges between vertices
of type a and b follows a Poisson distribution with parameter w, p, falls into the framework of
Theorem 3.1, with u} = max,  EY, , = max,, w,» = ©*. According to Remark 3.1, the
mean of the limiting compound distribution is nondegenerate if

en™ V4D < g,y <Cn~ V49 foralla, b.

In such a regime, bound (3.11) is applicable.
We can similarly apply Theorem 4.1 (below) to the Poisson SBM, although we omit the
details. However, in Corollary 5.1 we calculate a Poisson approximation in the Poisson SBM.

We conclude this section by considering the setting of Theorem 3.1, but with edge probabil-
ities (1.1) given by the more general

P(Y;,j=k|ci=a,c;j=b)=mapijk. k=012 .... (3.12)
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In this more general setting, the derivation of a bound on the total variation distance between
L (W) and the limiting CP(A) is almost unchanged. There is no change to the combinatorial
arguments and the sole change is that we bound the expected number of edges by the quantity
maxg pi, j BY, p.i, j, where the random variable Y, 5 ; ; has probability mass function

P(Yap,ij=k) =7ap,ijk k> 0.

In this way, we obtain the next corollary.

Corollary 3.1. With the same setting as Theorem 3.1, but with edge probabilities given by
(3.12) instead of (1.1), we have the bound

drv(£(W),CPL) < M}, (G, (3.13)

where M* 7 (G) is the bound (3.4) of Theorem 3.1 with the quantity 1} = max, Y, , replaced

n,m,

by the quantity max, p; j EY, i ;.

Here A is given by (2.10), but, in contrast to the setting of Theorem 3.1, we cannot compute A
using (2.14) because the edge probabilities (3.12) depend on the vertices at which the edge is
incident. The results derived in the remainder of the paper generalise to edge probabilities of
the form (3.12) similarly.

Example 3.3. Recall that the degree-corrected SBM of [19] has edge probabilities that follow
the Po(010;w, p) distribution. This model falls into the framework of Corollary 3.1 and we
can apply bound (3.13) with max, p; j EYy p i j < (6*)2w*, where 6* = max; 6; and w* =
maxy p Wg.b-

4. Compound Poisson approximation in the SBMM: extension to fixed multigraphs

In this section we generalise Theorem 3.1 to the case that the fixed graph G is a strictly pseudo-
balanced multigraph. We begin by introducing appropriate generalisations of the notation in
(3.1) and (3.2). With f(G) denoting the number of pairs of vertices with at least one edge
between them and 9 (G) defined as in (2.8), let

f(G) - f(H)

A (G) = min oo — 2 "2 4.1)
H v(G)— v(H)
Ym(G) = m{}n{a(G)v(H) —e(H)} = mI}n[v(H){S(G) —d(H)}], 4.2)

where the minima are taken over all nonempty proper subgraphs H C G such that f(H) <
f(G). In interpreting the following theorem, it is worth noting that the multigraph graph G is
strictly pseudo-balanced if y,,(G) > 0 or o, (G) > 9(G). Finally, let

Y
wi = max ]E[Yak’b] and pup* = rgesz[( 2b>i| (4.3)

We are now ready to state our theorem.

Theorem 4.1. Suppose that G is a strictly pseudo-balanced graph which has e;(G) pairs of
vertices each of which have i edges between them, with e;)(G) > 0 and ¢;(G) = 0 for
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alli > t(G). Then, with the notation (2.2), (2.9), (2.10), and (4.1)—(4.3),

drv(L(W), CPQ))

t(G)
< W (G)ZnU(G){ WO @1 [T sty )

~  u(G)! v(G)!
v(G)—1 —i i
(G) nU(G) l(w(G))e(GH‘Km(GJ)
+ Z ( ) (W(G) —i)! } @b

where
km(G, i) = max{e(G) — id(G) + ym(G), (v(G) — i)an(G)},

V(G) = max |23, gy, | max (i)},

Proof. The proof follows along the same lines as that of Theorem 3.1. Again, we bound ¢.
First, combining (2.9) and (4.3) yields

Q

Z ]EXot,a = Z fc1 fcz o fcv(c) 1_[ E[(chcv)}
a€hy €1,62,...,¢y(G)=1 1<u<v<v(G): (u,v)€E(G) L(u,v)
0 1(G)
< Y fetar fae | [
€1,€2,..Cp(G)=1 i=1
1(G)
= ]"[((u**)fl@) (4.5)

We bound En, in the same way as in the proof of Theorem 3.1 to obtain

5 1(G)

v ( Hk €
By < n"@70(G) = ] H(( ),

and, thus,

v(G)> ©
D) EXaoEn < p(GVW > O Ty @), (4.6)
aellaelA, i=1
Finally, we bound the quantlty > wer 2acn, ElXw.a Vol We can use bound (3.8) for the
cardinality of the sets F , 1 <i <v(G) — 1. However, we must adapt the argument given in
Theorem 3.1 in order to bound the quantity

3 > ElXaaXpp). 4.7)

a€lhy beAg

where 8 € Fg*i for 1 <i <v(G) — 1. Following the proof of Theorem 3.1, we note that for a
strictly pseudo-balanced graph G, isomorphic copies « and f that share i vertices have at least
e(G) + k,, (G, i) edges in the union graph & U 8. In bounding (4.7), we treat the following two
cases separately: edge positions in which at least one vertex from the union graph o U 8 is not
in V() N V(B), and edge positions that are in the intersection V () N V (B).
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We first consider the case that at least one vertex from the union graph o U § is not in
V(x)NV(B). Consider a pair of vertices («, v) in which u has class a and v has class b. Suppose
that at this edge position the number of edges in the multigraph G is j. Then by arguing as we
did in establishing (2.9) and (4.5), we can bound the expected number occurrences of j edges
at this edge position by u7*.

Next, we consider the edges inside of the intersection V(«) N V(B). So, if « has p > 0
edges at (u, v) and B has g > 0 edges at (u, v), then the expected number of edges is

(o Se o] k—l ._1
3 P(Y >kpvlq)=Zz<p_1)(;_l>P(szvj), 4.8)

ki <kp<--<kp,li<h<--<lq4 k=p j=q

where x V y = max{x, y} and we have set Y = Y, ;, for the remainder of this proof. The above
expression comes from considering the different ways in which we could choose the p edges
we include in the subgraph located at o and the g in 8. In this way we obtain a count for the
number of ways in which we can choose the motif from the edges present once we have picked
the location, as we may have more edges than necessary in one location leading to subgraphs
appearing in each location with multiplicity. Also, we note that in bounding (4.8), without loss
of generality, we can suppose that p > ¢. Using this argument, (4.8) can be bounded as

21h 1 ([ G LS R Wl oo ey

p

k=p " j=q Jj=k+1
00 oo j—1 .
)G (o) s
= Yzb+ ) > P(Y = j)
k=p<q p—1 IS\ \g -1
([ ST oY G (e A
o\ \p— Pt VAN A
o~ (k) (k—1 > N1 .
sZ( )( )P(sz>+ > ( )( )P(Yzj),
k=p p-1 j=p+1 P q-1

where we use the fact that Y j._, (fl) = (’Zill) Now we bound, fork > p > ¢,

(k)(k—1>+(k)(k—l>_<l+l) 1 k!'(k — 1)!
q)\p—1 p)\a—1) \q p/(p—Dl@g—-Dk—q)! k- p)!

< P +qkp+q—1
- plq! '

Therefore, (4.8) can be bounded above by

IA

P4 N pig
WZk P(Y = k)
1 k=0

= P_—i‘(]E[Yp_,_q]
plq!

oo
EELY ke te = b
p-q:

k=0

< 2E[Y7*]
< 2E[y*(D]

<213 G)
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where the penultimate inequality holds since EY < E[Y 2] <...< IE[YZ’ (G)], and we used the
fact that (p + ¢q)/p!q! < 2 forall p, g > 1. Therefore, for each edge within the intersection,
the expected number of edges is bounded above by 2/L2t(G)
Combining these results, we obtain, for § € Fb i
N o e(G)+«k(G,i)
Z Z ElXo,aXppl < (maX{Quz,(c), max  (u; )})
<t(G)

a€ly beAg

< (Y (G))A OG0, (4.9)

Combining (3.8) and (4.9) now yields

v(G)—1
DY EXaaVal=D> Y > Y > ElXauXp.s]
aellaelA, acl i=1 5i€r2~iaeAab,~eAﬁi
U(G) 1 G)—i
n v(G)\ n GV ik (Gi
sp<G)( ) (G)( )—.(1&(6))6( (@D
v(G) ; i (w(G) —1)!
pr(G) VOl G V(G =i (4 (G))e(C)+(Gi)
st ¥ (M) o)
v(G)! = i (w(G) —1)!
Applying (2.11) together with the bounds (4.6) and (4.10) then yields (4.4). U

Remark 4.1. The limiting CP(L) distribution is nondegenerate in the limit n — oo if there
exist universal constants ¢ and C such that cn~ /(G < E[Yk 1< Cn~ 19 for all a, b and
allk =1,2,...,2t(G). In this case, arguing as we did in Remark 3.1 leads to

p(G) e(G) <EW < p(G) Ce(G)
w(Gy©@° WG

where e(G) is the total number of edges in the multigraph G, and we also have c(A) = O(1).
There then exists a constant K (G), not involving n, such that

drv(L(W), CP(V)) < K(G) max{n~", min{n'~m(@/3(G) [5=rn(@/3G)y},

5. Further results

5.1. Extension to include self-loops

We consider the following generalisation of the SBMM(n, 7, f) which includes multi-
ple self-loops and thus allows for pseudo-graphs. The self-loop count random variables S;,
i =1,...,n, are assumed to be independent conditionally on the class of vertices, and the
probability only depends on the class of the vertex, that is,

PS; =k |ie€a)=04z, k>0.

In addition, we assume that Sy, ..., S, are mutually independent. We denote this model by
SBMM*(n, 7, 6, f), where the ‘x’ in the notation emphasises the generalisation of the SBMM
model to include self-loops. When6, o = 1forall1 < a < Q, the model reduces to the SBMM.

Let G be a fixed graph with possibly multiple edges and self-loops and v(G) < n vertices.
Denote by V (G) and E(G) its vertex and edge sets. The edge set will now include the additional
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detail as to whether there are edge(s) from node i to node i, that is, whether there are self-loop(s)
at vertex i. It is straightforward to generalise Theorems 3.1 and 4.1 to the SBMM™*(n, 7, 6, f),
since the inclusion of self-loops makes no difference to the combinatorial arguments of the
proofs. We will only focus on the generalisation of Theorem 4.1; the generalisation of
Theorem 3.1 follows from exactly the same argument.

The setup of Section 2.1.2 is mostly unchanged by the generalisation to self-loops, although
the expectation (2.9) generalises to

Y EXua

aely

n(G)

Q
Z fclfc‘z"'fcu(g)

C1,€2,-Cy(Gy=1

Y,
x{ | | Escw}{ | | E[(”)“ 5.1
1< . : L(u,v)
<w=<V(G): (w,w)eE(G) 1<u<v=<v(G): (u,v)€E(G)

where (w, w) denotes a self-loop at vertex w and the random variables S,, 1 < a < Q, have
probability mass function P(S, = k) = 6,4, k = 0,1,2,.... Using the convention that
the empty product is set to 1, we recover (2.9) from (5.1) under the case of no self-loops.
Definition (2.8) for strictly pseudo-balanced graphs is applicable to graphs G that have self-
loops, and is equivalent to the condition that the subgraph G’ formed by removing all self-loops
from G is itself a strictly pseudo-balanced graph. The same is true of the notation oy, (G),
vYm(G), and «,, (G, i) of Section 4. The analogue of (3.3) and (4.3) for self-loops is

¢* = maxES,. (5.2)
a

The proof of the following theorem is exactly the same as that of Theorem 4.1, except that the
expectations E[ X , X g ] are now altqrnated to take into account the self-loop probabilities, in
the same way as in (5.1). For 8 € Fg", we compute the upper bound

Yo D ElXaaXpsl < @97 D7 (1) 9@
a€lhy beAp

The rest of the proof is unchanged and we obtain the following bound.

Theorem 5.1. Suppose that G is a strictly pseudo-balanced graph, which has e; (G) pairs of
vertices each of which have i edges between them, with e;g)(G) > 0 and e; = 0 for all
i > t(G), and s(G) > 0 self-loops. Then, with the notation (2.2), (2.10), (4.1)—(4.3), (5.1),
and (5.2),

drv(L(W), CPQ))

2 2 t1(G)
- C();)(;;()?) nv(G){ ’;ig;'nu(c)—l((p*)h(m [T a2 ©)

i=1

s v(%l (v(G)) V(G —i (¢>¢<)23(G)—i(w(g))e(G)-i-Km(G,i) }
= i (w(G) —i)!
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5.2. Poisson approximation

Recalling Remark 2.1, in general a Poisson approximation for the distribution of the number
of isomorphic copies of a strictly balanced graph is not valid in the SBMM(n, , ) model.
However, as we show in this section, in a certain parameter regime a Poisson approximation
is valid. Of course, in the case of ;5 = Oforall 1 < a,b < Q, and k > 2, the model
reduces to the classical SBM and a Poisson approximation is valid in the small , 5,1 regime;
see [13]. In Theorem 5.2 we obtain a parameter regime in which multiple edges are possible
(that is, sufficient conditions on 77, 5 > 0 for some 1 < a,b < Q, and k > 2 such that a
Poisson approximation is valid). Before stating the theorem, we present the Stein—Chen bound
for Poisson approximation that we will use in the proof.

Fora €T, let

Ag={fel:|anp| =1},

sothat A, = T2 UT% U {a}. Also, let

Ua,a = Z Z Xﬂ,b - on,a~

BeAy beAyg

Then a simple corollary of [2, Theorem 1], or [10, Theorem 1.A], is that

dry(LW), Po)) v (1 —e™) Y Y {EXqaEng + ElXg,aUs.al}- (5.3)
aelaeAy
Here
n
v:=EW = (U(G))p(G)u(G), 5.4

where we use (2.7) to write the expectation.

It is worth comparing (5.3) with the bound dry (L(W), CP(X)) < c(A)e that we used for
compound Poisson approximation in Section 2.2. The term v~ (1—e~") is present since c(A) =
c((v,0,0,...)) <v (1 —e) for the Po(v) distribution; see [5, Lemma 4]. The quantity U,
becomes Uy, = Vy + Ty 4, where Ty, 4 = Zﬁel‘gu{a} ZbeA,g Xpg b — Xaa. Therefore, (2.11)
becomes

dry(LW),Po()) < v (1 —e™") Y Y {EXy.aEna + ElXoaVal)

aellaeAy

+v7 ' —e™) Y Y ElXaaTual- (5.5)

aelaeAy

We have already bounded the first term of (5.5) in Theorem 3.1, so to arrive at a Poisson
approximation we must also be able to bound the second term.

Theorem 5.2. Suppose that G is a strictly balanced graph. Then, with the notation (2.2), (2.5),
(3.1)—(3.3), and (5.4),

drv(L(W), Po(v))
- PG L6y et
< Munp(G)+v (1 —e " @) ()Gl g3
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2
1 0 PG Gy, ne(G)—1
— 1_
vTi(l—e )v(G)!n (1)
(G)—1

V(G L(G)=1, #e(G)+1 ( (G)>
X{U(G)‘ (1)) +a5 + ;

v(G)—i(MT)K(G,i)—i-l

w(G) —i)!

}, (5.6)

where My, . 1 (G) is the bound (3.4) of Theorem 3.1 and g5 = maXi<ap<Q Y pon Ta,b k-

Proof: We bound 3 3 sep, ElXaaTwal, Where Toa = 3 gersyfa ZbeA,g Xpb —
Xa,q- First, we note that [T} U {a}| = p(G). To bound E[X T, a] we require bounds

on ZaeA ZbeA E[Xa,aXp,p], where | N B| = v(G) and (o, a) # (B, b). For all such
o, B,a,b, the largest value that } ZbeAﬂ [Xa,aXp,p] takes is when o = B, since this
minimises the number of edge positions in the intersection graph N 8. There are e(G) possible
edge locations in the intersection graph, and since (o, a) # (o, b), it follows that there must be
at least two edges at one edge position and at least one edges at the remaining e(G) — 1 edges
positions. Hence, it follows that

30 ElXaaXps] < g3 (uh)@!

a€lhg beAg

for all &, B such that |@ N B| = v(G). Therefore,

DY ElXaaTual < p(G)gs (u) @71

aellaeAy

Using this inequality to bound the second term of (5.5) and using bound (3.4) of Theorem 3.1
to bound the first term yields (5.6), as required. ]

Remark 5.1. Intheclassic SBM(n, 7, f) model, there are no multiple edges (thatis, 7, x = 0
foralla, bif k > 2), and, thus, g5 = 0. Furthermore, 1} = maxi<q <@ Tap,1 =: 7*. Bound
(5.6) then can be seen to be exactly the same as the bound of [13, Theorem 2.1], as one would
expect.

Remark 5.2. In Remark 3.1, we showed that if there exist universal constants ¢ and C such
that cn—1/4(@) < EY,p» < Cn—1/4(G) for all x, then the limiting Po(v) distribution is non-
degenerate, and the bound M,  r(G) — 0 asn — oo. If we also have qi* < n~1d@G)
then dry (L(W), Po(v)) — 0asn — oo. Given that EY, , = O(n~1/4(G)), the condition
q; <L n~1/4G) is equivalent to

g5 = _max <Z7Tabl) < m%xQna b1 =0(m" 1/dG)y, 5.7

A simple and natural example in which condition (5.7) is met is that of geometric probabilities
Tapx = p*A = p), k > 0, forall 1 < a,b < Q. The condition is met if p < 1.
The model of [19], which has Poisson probabilities 7, = € ‘“aba) »/ k! k > 0, also
satisfies condition (5.7) if maxi<4,p<g wa,p <K 1. Indeed, we obtaln an expllclt bound for the
Poisson approximation of subgraph count distributions in this model in the following corollary.
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Corollary 5.1. Suppose we are in the setting of Theorem 5.2 and suppose that w, px =
e_“’”vha)ﬁ »/ k!, k> 0. Let * = maxi<q p< ®a,5. Then

drv(L(W), Po(v))

—1. _ p() V(G ()G — 1{U(G) v(G)—1 e(G)+1 2
V- E O w) O @O @)

v(G)—1 o :
(G) nv(G) l(a)*)K(G,l)-‘rl
- Z ( ) w(G) ! } ©-9

Suppose now that there exist universal constants ¢ and C such that cn1/46) < Wap <
Cn_l/d(G)for all a, b. Then

p(G) 6 < < p(G) Ce(G),
v(G)V(©) - T u(G)!
and so the limiting Po(v) distribution is nondegenerate as n — 0. Moreover, there then exists
a constant K (G), independent of n, such that

(5.9)

dry(L(W), Po(v)) < K(G) max{n~', n= /4 min{n' (@G p=v(@/dGH} - (5.10)

Proof. We use bound (5.6) of Theorem 5.2, so we are required to bound 7 and g;. Recall
from Example 3.2 that /ff = w*. Also,

|
qm—Ze Qb L — | — (14 wgp)e @ < 1= (1 +w)e® < 5@

where the inequalities may be proved by simple calculus. Therefore, g5 < %(a)*)z. Inserting
these bounds into (5.6) yields (5.8), as required.

We obtain (5.9) by applying exactly the same argument as the one used in Remark 3.1.
The bound (5.10) is also very similar to the total variation distance bound of Remark 3.1. Here
we have an additional term to consider:

PR p(G)? v(G)(, w\e(G)+1
(1—e )—v(G)!n (™) .

This term is of order n~/4(®  and so we obtain (5.10), which completes the proof. |
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