
Ergod. Th. & Dynam. Sys.(1997),17, 821–837
Printed in the United Kingdom c© 1997 Cambridge University Press

The closing lemma for holomorphic maps

JOHN ERIK FORNÆSS†§ and NESSIM SIBONY‡
† Mathematics Department, The University of Michigan, Ann Arbor, MI 48104, USA

‡ Universite Paris Sud, Bat 425. Mathematiques, 91405 Orsay, France

(Received25 May 1995and revised30 November1995)

Abstract. The closing lemma is proved for various classes of holomorphic self-maps on
C
k. These classes include those consisting of biholomorphic maps, endomorphisms and

symplectomorphisms.

1. Introduction
Let f be an endomorphism of a smooth manifoldM. Let d be a distance compatible
with the topology. A pointx is recurrent if

limn7→∞ d(f
n(x), x) = 0.

A remarkable result of Pugh [P], see also Pugh and Robinson [PR], states that for
any diffeomorphismf of a compact manifold and anyC1 neighborhoodV of f , there
is a diffeomorphismg ∈ V such thatx is periodic forg.

The question, in this form, is open for theCk topology fork ≥ 2. A similar question
can be asked for symplectic diffeomorphisms, flows, etc. When the answer is affirmative
we will say that the closing lemma holds.

There are various ways of asking for a stronger result than simply that recurrent orbits
can be closed. Instead of considering recurrent points, one can consider non-wandering
points, i.e. pointsp so that for any neighborhoodU of p there is ann ≥ 1 such that
f n(U) intersectsU . Then one can ask if the orbit ofp can be closed up. Another way
of strengthening the result is to require that if the orbit of the recurrent point lies in a
compact setK andU is some neighborhood ofK then the orbit of the approximating
periodic point can be required to be contained inU .

In the case of non-compact manifolds one can demand that the approximating maps
are close on compacts or in the Whitney topology of better approximation at infinity. In
the holomorphic case, only the first topology makes sense.

Herman [H1], see also the survey by Yoccoz [Y], has recently constructed a counter-
example to a closing lemma in theCk topology fork large enough. More precisely, he
has a symplectic formωA on the 2p dimensional torusT 2p, p ≥ 2, and a HamiltonianH0
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822 J. E. Fornæss and N. Sibony

such that forH close enough toH0 (in the Ck topology, k large enough) andc in an
open interval, the orbits of the Hamiltonian flow onH−1(c) are dense. In particular,
there are no periodic points.

In the survey by Yoccoz [Y] the following question is asked: Is the closing lemma
true for biholomorphisms.

Following methods introduced in [FS1–3] we prove here that the closing lemma is
true for biholomorphisms ofCk, endomorphisms ofCk and symplectic biholomorphisms
of C

2p. We also need approximation results from Andersén [A] and Forstneric and Rosay
[FR]. To prove the closing lemma for Hamiltonian vector fields inC

2 we use a minor
modification of a technique developed in [FG].

There are two opposite questions to consider: one is whether closed orbits can be
broken, the other is whether almost closed orbits can be closed. The previous papers
[FS1–3] and [FG] have been concerned with the question of breaking closed orbits and
showing that, generically, orbits in the holomorphic category are unbounded. This means
that the closing lemma in the holomorphic case can be reduced to showing that orbits can
be closed up near infinity. This leaves open the question whether orbits can be closed in
small neighborhoods of the given recurrent orbit. This is already unknown in the case
of quadratic polynomial maps inC.

2. Holomorphic symplectomorphisms
The simplest case to deal with is that of biholomorphic maps which preserve the
symplectic form. There, most orbits are unbounded according to previous work by
the authors [FS3].

We first recall some definitions. InC2k we consider the complex symplectic form

� :=
k∑

j=1

dzj ∧ dwj ,

where (z, w), z = (z1, . . . , zk), w = (w1, . . . , wk) denote coordinates inC2k. A
holomorphic map8 : C

2k 7→ C
2k is symplectic if8∗(�) = �.

Let zj = p2j−1 + ip2j andwj = q2j−1 − iq2j , wherepj andqj are real coordinates.
Then the real part of�, <� = ∑2k

1 dpj ∧ dqj =: ω0. It follows that if we consider8
as a map onR4k with the previous coordinates, then8 is a symplectomorphism with
respect to the standard symplectic structureω0.

Let S denote the space of biholomorphic symplectomorphisms ofC
2k, endowed with

the topology of convergence on compact sets. ThenS is a Baire space.
Given f ∈ S, we define

Kf := {(z, w); (f n(z, w)) is bounded}.

ThenKf is anFσ set.
Solving a conjecture by Herman, the authors proved the following result in [FS3].

THEOREM 2.1. There is aGδ dense setS ′ ⊂ S such that forf ∈ S ′, Kf is anFσ set with
empty interior.
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Using the above result we are going to prove a strong form of the closing lemma for
the classS.

THEOREM 2.2. Let f ∈ S. Given anyx ∈ C
2p and any neighborhoodV of f in S there

is a g ∈ V such thatx is a periodic point forg.

The result is a consequence of the following lemma.

LEMMA 2.3. Letf0 ∈ S. Assume(p, q) are two points inC2k \{Kf0 ∪Kf −1
0

}. In any given
neighborhoodV of f0 in S there is anf such thatp, q belong to a periodic orbit off .

Proof. Let B(0, R) be the ball of radiusR in C
2k. Assume

V = {f ; f ∈ S, |f − f0| < ε in B(0, R)}.
ChooseR1 such thatf0(B(0, R)) ⊂ B(0, R1). We can assumepj := f

j

0 (p) ∈ B(0,2R1)

if −M < j < N and thatp−M , pN /∈ B(0,2R1). Similarly, assumeqj := f
j

0 (q) ∈
B(0,2R1) if −M ′ < j < N ′ and thatq−M ′ , qN ′ /∈ B(0,2R1).

The idea is to constructs, σ1, σ2 ∈ S satisfying the following conditions.
(i) s, σ1, σ2 are close to the identity onB(0,2R1).
(ii) σ1(pN) = p′

N where all coordinates ofp′
N are strictly larger thanR, σ1(pj ) = pj ,

−M ≤ j < N , andσ1(qN ′) = q ′
N ′ where all coordinates ofq ′

N ′ are strictly larger
thanR, σ1(qj ) = qj , −M ′ ≤ j < N ′.

(iii) σ2(q
′
−M ′) = q−M ′ , σ2(p

′
−M) = p−M where all coordinates ofq ′

−M ′ , p′
−M are very

large,σ2(pj ) = pj , −M < j ≤ N , σ2(qj ) = qj , −M ′ < j ≤ N ′. The coordinates
of p′

N , q ′
N , p′

−M andq ′
−M ′ are all distinct.

(iv) s(pj ) = pj , −M ≤ j ≤ N , s(qj ) = qj , −M ′ ≤ j ≤ N ′.
(v) s(p′

N) = q ′
−M ′ , s(q ′

N ′) = p′
−M .

The point(p0, q0) will be on a periodic orbit of

s ◦ σ1 ◦ f0 ◦ σ2.

We now constructs, σ1, σ2.
We introduce the following symplectomorphism, a so-called shear. WriteZ = (z, w).

Define
τ(Z) = Z + h(�(Z, ξ))ξ,

whereh is an entire function. It is easy to check thatτ is a symplectomorphism. Observe
that τ moves points along theξ direction.

Chooseξ of norm 1 such that|�(pN, ξ)| > 2R1, and assume all coordinates ofξ are
different from 0. Leth be an entire function vanishing at all�(pj , ξ),−M ≤ j < N ,
and on�(qj , ξ), −M ′ ≤ j ≤ N ′ and small on the discD(0, R1), andh(�(pN, ξ)) very
large. Letτξ be the corresponding symplectomorphism.

Choose another vectorη such thatτη fixespj , −M ≤ j ≤ N , andp′
N := τξ (pN) and

qj , −M ′ ≤ j < N ′, but such thatτη(qN ′) =: q ′
N ′ has all coordinates very large.

Defineσ1 = τη ◦ τξ . Similarly, we constructσ2, satisfying the given condition.
Now define

si(z, w) = (z1, w1, . . . , zi + αi(wi), wi, . . .)

s ′i (z, w) = (z1, w1, . . . , zi, wi + βi(zi), . . .),
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whereα andβ are entire functions. The symplectomorphisms will be a composition
of 2k shears of typesi or s ′i . For example,s1 will fix all points in the construction,
will be close to the identity onB(0, R1), and will be such thats1(p′

N) and q ′
−M ′ also

have the samez1 coordinate. We choose the othersi , s ′i in order that thezi coordinate
(respectivelywi) of the above points coincide.

Proof of the theorem.Let f0 ∈ S. Let V be a neighborhood off0. Given anyx we can
choosef in V such thatx /∈ {Kf ∪Kf −1} which is anFσ of empty interior. The lemma
then implies thatx is in a periodic orbit for a symplectomorphismg ∈ V . �

Recall the following definition.

Definition 2.4.If f is a self-map on a locally compact spaceY , a pointp ∈ Y is wandering
if there is a neighborhoodU(p) ⊂ Y such thatU(p) ∩ f n(U(p)) = ∅ ∀n 6= 0. The
non-wandering set�(f ) consists of all points that are not wandering.

Remark 2.5.It is an observation due to Herman [H2] that there are biholomorphic maps
on C

2 with a dense orbit. The above construction shows that for8 ∈ S, whereS is a
denseGδ set inS, generically the orbits of8 are dense. Fixp and a polydisc1. Let

G1 := {8;8 ∈ S, p ∈ ∪n≥08
−n(1)}.

Then by the lemma,G1 is a dense open subset ofS. If (1l) is a basis for the topology
of C

2k, thenG = ∩G1l is a denseGδ set and it is easy to check that the set of points
whose orbit is dense for8 ∈ G is already a denseGδ set. If8 belongs toG, then the
non-wandering set isC2k.

Remark 2.6.The lemma can be refined to give the following. Givenf0 ∈ S, and
p1, . . . , pl , l points such that for 1≤ i ≤ l, p1, . . . , pl /∈ {Kf0 ∪Kf −1

0
} then there is an

f ∈ S arbitrarily close tof0 such thatp1, . . . , pl belong to a periodic orbit forf .

PROPOSITION2.7. There is a denseGδ setD ⊂ S such that for anyg ∈ D, hyperbolic
periodic points are dense inC2k.

LEMMA 2.8. Let p1, . . . , pl be distinct points inC2k. Let ξ ∈ C
2k be a non-zero vector.

Then there exist two shears,τ1, τ2, arbitrarily close to the identity, such that ifτ := τ2◦τ1,
thenτ(pr) = pr , 1 ≤ r ≤ l, τ ′(pr) = Id, 1< r ≤ l, andτ ′(p1)ξ = αξ , α > 1.

Proof of Lemma 2.8.We consider the setA of η ∈ C
2k satisfying the following conditions:

(1) �(pj , η) are all distinct for 1≤ j ≤ l;
(2) �(ξ, η) 6= 0.

It is clear thatA is open and dense inC2k. We choose a vectorξ1 ∈ A. Let ξ2 := ξ−ξ1.
Wiggling ξ1 we can assumeξ1, ξ2 ∈ A. We defineτ1(z) := z+h(�(z, ξ1))ξ1 andτ2(z) :=
z+k(�(z, ξ2))ξ2, whereh andk are one variable entire functions. We can choose them to
vanish at�(pj , ξs), 1 ≤ j ≤ l, s = 1,2, h′(�(pj , ξ1)) = k′(�(pj , ξ2)) = 0, 1< j ≤ l.

We only need to check the last condition in the lemma. Computing, we get

τ ′(p1)(ξ) = τ ′
2(p1)(τ

′
1(p1)ξ)

= τ ′
2(p1)(ξ + h′(�(p1, ξ1))�(ξ, ξ1)ξ1)

= ξ + h′(�(p1, ξ1))�(ξ, ξ1)ξ1

+k′(�(p1, ξ2))�([ξ + h′(�(p1, ξ1))�(ξ, ξ1)ξ1], ξ2)ξ2.
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Chooseh so thatλ := h′(�(p1, ξ1))�(ξ, ξ1) is a small positive number. Then
�([ξ + λξ1, ξ2]) 6= 0 and we can choosek so thatλ = k′(�(p1, ξ2))�(ξ + λξ1, ξ2).

Thenτ ′(p1)ξ = (1 + λ)ξ . �

Proof of Proposition 2.7.Fix a polydisc1. DefineU1 as the set of8 ∈ S so that8 has
a hyperbolic periodic orbit passing through1. ClearlyU1 is open. We show it is dense.
By Lemma 2.3, for anyf0 ∈ S andp ∈ 1 we can findf in a given neighborhood off0

such thatf has a periodic orbit throughp. Then we can inductively use Lemma 2.8 to
modify all eigenvalues of modulus 1 into hyperbolic eigenvalues.

If 1n is a basis for the topology ofC2k thenD := ∩1n satisfies the requirements.�

3. Volume preserving automorphisms
We denote byV the set of volume preserving biholomorphic maps onC

k. To avoid
trivial cases, we assume thatk ≥ 2. Note that as opposed to the previous section, we
also consider odd complex dimensions. In the case of even dimension, note thatV
contains all biholomorphic symplectomorphisms.

We prove a version of Theorem 2.1 for volume preserving biholomorphisms. For
f ∈ V define as above

Kf := {z; (f n(z)) is bounded}.

THEOREM 3.1. There exists a denseGδ setV1 in V such that for everyf ∈ V1, Kf is an
Fσ set with empty interior.

Proof. Define

K =
{
(z, f ) ∈ C

k ∗ V, sup
m

|f m(z)| < ∞
}
.

It suffices to show thatK has empty interior inCk ∗ V. Suppose not. LetU = intK.
For everyC let

UC :=
{
(z, f ) ∈ U, sup

m

|f m(z)| ≤ C

}
.

By a category argument we can assume that for someC, UC has a non-empty interior
U0
C .
The mapψ : C

k ∗V 7→ C
k ∗V, ψ(z, f ) = (f (z), f ) mapsU0

C to itself. For each slice
with fixedf , the map is volume preserving on a bounded region. Hence each component
of a slice is periodic.

Fix (z0, f0) ∈ U0
C . The Jacobian determinant of the derivative off0 is a constant

of modulus one. Composing with an arbitrarily small rotation, we can assume that the
Jacobian determinant is a root of unity.

Let �0 be a component of the sliceCkf0
containingz0. Let � be the cycle generated

by �0, and letG be the closed subgroup generated byf0. It is a commutative compact
Lie group, hence it is isomorphic toT l ∗A, whereA is a finite group andT l is the torus
of dimensionl. Moreover,l ≤ k. For example, ifl = 0 we have a periodic point and
we can change it into a saddle point by a small volume preserving perturbation (see the
proof of Theorem 4.1 in [FS3]). That l ≤ k is a consequence of the fact that orbits are
totally real manifolds.
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AssumeG = T l ∗A, 1 ≤ l ≤ k. LetXq be the closure of the orbit ofq underG. Let
G0 := T l ∗ Id.

We want to show that there is aq in the slice ofU0
C over f0 such thatXq is

polynomially convex. Recall that ifF is compact inC
k, the polynomially convex hull

F̂ of F is defined by

F̂ := {z ∈ C
k; |P(z)| ≤ sup

ζ∈F
|P(ζ )| ∀ holomorphic polynomialsP }.

LEMMA 3.2. If q1 ∈ X̂q0 \Xq0, thenX̂q1 ⊂ X̂q0 \Xq0.

Proof.Supposeq1 ∈ X̂q0\Xq0. Thenq1 is not on the orbitXq0 of q0. HenceXq1∩Xq0 = ∅.
We show thatXq1 ⊂ X̂q0. This follows sinceX̂q0 is closed under the group action. It
remains to show that̂Xq1 ∩Xq0 = ∅.

Let A(X̂q0) be the closure in the sup norm of the holomorphic polynomials. A point
p ∈ X̂q0 is a peak point if there is anh ∈ A(X̂q0) such thath(p) = 1, |h| < 1 onX̂q0 \{p}.
It is well known ([G, p. 60]) thatX̂q0 is the hull of its peak points. By the group action,
all points inXq0 are peak points forA(X̂q0). One uses Bishop’s 1/4− 3/4 criterion (see
[G, p. 52]). Hence no point inXq0 can be in the hull ofXq1. So X̂q1 ∩ Xq0 = ∅ as we
wanted to show. �

By Zorn’s lemma there is a pointq in X̂q0 such thatX̂q = Xq . It follows from a result
of Serre (see [Ho, p. 67]) that dimXq ≤ k − 1; this is due to the polynomial convexity
of the boundaryless manifoldXq . If dimXq = 0, q is a periodic point and we can again
perturbf0 to create a saddle point which contradicts the fact thatq is in the interior of
K. Hence we can assume that dimXq ≥ 1.

Let X̃q be the complexification ofXq ; it is a germ of a complex manifold of dimension
1 ≤ r ≤ k − 1. The automorphisms inG preserveXq and hence alsõXq . In fact, after
dividing out with the isotropy group ofq, the resulting quotient group still preservesX̃q .
It follows that X̃q is foliated by orbits ofG which are all of the same dimension.

We are going to construct a volume preserving vector field on a neighborhood ofX̃q

pointing away fromXq . We can assume thatG acts onX̃q without fixed point. Lets
be such thatf s0 is in the identity component ofG. The mapf s0 is in a one-parameter
subgroup(ft ) in G with f s0 = f1.

Let ξ be the vector field(d/dt)ft |t=0; it is defined onU0
C ∩ Ckf0

and is tangential to
each orbit underG.

Since the Jacobians of all iterates off s0 are powers of a root of unity and since they
generateG0, it follows that all elements inG0 have Jacobian 1.

LEMMA 3.3. Let η = (h1, . . . , hk) be a holomorphic vector field with holomorphic
coefficients and letgt be the associated flow. Thengt is volume preserving of Jacobian1
if and only if

∑
∂hj/∂zj = 0.

Proof. Define thecomplexdivergence ofη by

divC(η) :=
k∑

j=1

∂ηj

∂zj
.
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Assumeηj = uj + ivj and let η̃j be the vector field̃η = (u1, v1, . . . , uk, vk). Then the
(real) divergence is given by

divR(η̃) =
k∑

j=1

(
∂uj

∂xj
+ ∂vj

∂yj

)
.

It is easy to check that

divR(η̃) = divC(η)+ divC(η).

So if η is complex divergence free then the flow associated to it is volume preserving.
Conversely, if the flow is of Jacobian 1, then computing to first order

dg1
t ∧ · · · ∧ dgkt

we get thatη is complex divergence free. �

It follows from the lemma thatiξ is the generator of a germ of an automorphism of
Jacobian 1.

LEMMA 3.4. There is a Runge neighborhoodU of Xq such that the vectorξ (and hence
iξ ) is uniformly approximable on compact sets ofU by C-divergence free polynomial
vector fields.

Proof. To the vector fieldξ we associate the(k − 1,0)-form

ξ̃ :=
k∑

j=1

(−1)j−1ξj dz1 ∧ · · · ∧ ˆdzj ∧ · · · ∧ dzk.

Sinceξ is divergence free, then∂ξ̃ = 0.
We want to show that the cohomology class ofξ̃ in a tubular neighborhoodW of Xq

is zero. We consider here the de Rham cohomology spaceHn−1(W,C).
Using the fact thatXq is a deformation retract ofW it is enough to show thatj∗ξ̃ = 0;

herej : Xq 7→ W is the canonical injection. When dimXq < k−1 this is clear. Assume
dimXq = k − 1.

Let h be a locally defined holomorphic function vanishing onXq with dh 6= 0. Since
ξ is tangential toXq , 〈dh, ξ〉 = 0 and hencẽξ ∧ dh = 0.

Choose coordinatesw1, . . . , wk with wk = h. Let

ξ̃ =
∑

λj dw1 ∧ · · · ∧ ˆdwj ∧ · · · ∧ dwk.

Thenλk dw1 ∧ · · · ∧ dwk = ξ̃ ∧ dh = 0, hencej ∗ξ̃ = λk dw1 ∧ · · · ∧ dwk−1 = 0. This
proves our first claim since we can apply Serre’s result [Ho, Theorem 2.7.10].

We can choose a Runge neighborhoodU of Xq where ξ̃ = ∂v, where v is a
holomorphic (k − 2,0)-form. We then approximatev by forms with polynomial
coefficients(vk). The vector fieldsξr corresponding to the forms∂vr approximateξ
and areC-divergence free. �
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Completion of the proof of Theorem 3.1.Let l = (l1, . . . , lk) be a divergence free vector
field in C

k with polynomial coefficients close enough toiξ on a neighborhood�1 of the
component ofXq containingq and close to 0 on a neighborhood�2 of the remaining
components. Set� = �1 ∪�2. This l can be written as a sum of complete divergence
free polynomial vector fields (see Andersén [A]). Hence it is possible to approximate the
flow 8t associated tol on� by a flowψt of volume preserving automorphisms inC

k.
Hence fort small enoughψt ◦ f0 is in the given neighborhood off0. We extend the
flow to complex time. It is defined for|t | < δ.

So using the fact that(Xq, ψt ◦ f0) ⊂ U0
C we get by Schwarz’s lemma

|(ψt ◦ f0)
n − f n0 | ≤ C|t |.

This contradicts thatψt moves away fromXq in a transverse direction. �

Remark 3.5.A similar proof to that of Theorem 2.2 shows for anyf ∈ V, given any
x ∈ C

k and a neighborhoodV of f in V there isg ∈ V such thatx is periodic forg. We
also have that hyperbolic periodic points are dense inC

k for a denseGδ set of volume
preserving biholomorphic maps.

4. Closing lemma for holomorphic endomorphisms
Let f : C

k 7→ C
k be a holomorphic endomorphism ofC

k. We do not assume thatf is
surjective. We put the topology of uniform convergence on compact sets on the spaceE
of such endomorphisms.

THEOREM 4.1. The closing lemma holds forE .

Proof. Fix f0 ∈ E . Let p ∈ C
k. Assume first that(f n0 )n is not locally bounded nearp.

We claim that given a neighborhoodV of f0 in E there isf ∈ V such thatp is periodic
for f . We assume that

V = {f ; |f − f0| < ε on B(0, R)}.
By assumption, given any 0< r � 1 and anyR1, there is a pointq ∈ B(p, r) whose

orbit is not contained inB(0, R1). Assumef0(B(0, R)) ⊂ B(0, R1) with R1 � R.
Translating coordinates we can assume thatq = 0. We can assume that there is anN
such thatqn = f n0 (0) ∈ B(0,2R1) for 0 ≤ n < N and qN = f N0 (0) /∈ B(0,2R1). We
can assume also thatqN = (q1

N,0, . . . ,0).
Choose an entire functionh, small enough onB(0, R1). Define

s(z) = (z1 + h(z1), z2, . . . , zk).

If h is small enough onB(0, R) and h(q1
N) = −q1

N , h(qn) = 0,0 ≤ n < N , then
s ◦ f0 ∈ V . Moreover, 0 is periodic fors ◦ f0.

Now we consider the case wherep is recurrent forf0 and (f n0 )n is locally bounded
nearp. By the previous argument we can even assume that there existr > 0 andC > 0
such that for everyf ∈ V , (f n)n is bounded onB(p, r) by C. We are going to show
that this is possible only ifp is on an attracting periodic orbit forf0.
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Define

UC := {(q, f ); f ∈ V, (f̃ n(q̃)) is bounded byC

for all (q̃, f̃ ) in some neighborhood of(q, f )}.
We know thatB(p, r)∗V ⊂ UC . LetUf

C be the slice ofUC , Uf

C := {q; (q, f ) ∈ UC}
and letUf,0

C denote the connected component ofU
f

C containingp. It is easy to verify
thatU0 := U

f,0
C is a Runge domain inCk. Clearlyf mapsUf

C into itself.
Sincep is recurrent there is a smallest integerl ≥ 1 such thatf l0(U

0) ⊂ U0 and there
is a subsequenceni such thatf ni l0 (p) 7→ p. Let us denoteg := f l0. We can assume
that thegni converge uniformly on compact sets ofU0 to a limit h. Clearlyh(p) = p.
Define6 := h(U0).

The mapg commutes withh so the set of fixed points forh is invariant underg.
If rankh = 0 thenp is a fixed point forg, indeed it is an attracting fixed point so the
closing lemma holds.

We assume now that rankh ≥ 1, for any such limith. Chooseh1 with maximal
possible rank. This rank is reached on a dense open set inU0. Let 61 := h1(U0).

Sinceg commutes withh1 we haveg(61) ⊂ 61. We havegni+1−ni (gni ) = gni+1, so if
gmi is a convergent subsequence ofgni+1−ni with limit h2, thenh2(h1) = h1 on h−1

1 (U0).
Henceh2 is the identity on61 ∩ U0. Define

M := {q; q ∈ U0, h2(q) = q}.
ThenM is a closed complex subvariety ofU0, hence a countable union of connected
components. Observe that sinceg commutes withh2, g(M) ⊂ M.

Let M0 be the connected component ofM throughp. Sincegmi (p) 7→ p, it follows
that for somel′ ≥ 1, gl

′
(M0) ⊂ M0. For r small enough,h1(B(p, r)) is a connected

subset ofU0 containingp. Henceh1(B(p, r)) ⊂ M0. It follows thatM0 contains an
irreducible branchN0 throughp and the dimension ofN0 equals the maximal rank of
h1. Notice thatM0 is a complex manifold at every point ofN0 and henceM0 = N0.
This uses a consideration of the rank ofh2 − Id. It follows thatgl

′
is an automorphism

of M0.
The group Aut(M0) of holomorphic automorphisms ofM0 has the structure of a Lie

group [Na] sinceM0 is contained in a bounded domain. Sincegmi 7→ Id on M0 then
G := (gl

′n)n≥0 is a compact Lie subgroup of Aut(M0). If this group is finite thenp is
periodic and with at least one eigenvalue of modulus 1. We make this eigenvalue larger
than 1 with a small perturbation off0 contradicting that we are in the interior ofUC .
Consequently the closureXq of the orbit underg of any q ∈ M0 is a compact totally
real submanifold inM0.

Since the closure of the orbit ofp underf is a compact subsetXp of the Runge
domainUf

C , it follows that X̂p ⊂ U
f

C .
As in §3 we can assume that there is aq ∈ X̂p such thatX̂q = Xq .
If Xq is finite, thenq is periodic forf0. If q is not attracting, then by an arbitrarily

small perturbation we can make it into a saddle point, contradicting that(f n) is locally
bounded in a neighborhood ofq for all small perturbations off0. SoXq is a totally real
polynomially convex set of dimension 1≤ r ≤ k. By the structure of the compact Lie
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groupG, Xq is a finite collection of tori.
Let T be one of these tori. There is an integerm ≥ 1 such thatf m0 (T ) = T . The

action off m0 on T is real analytic and conjugate to multiplication by(eiθ1, . . . , eiθr ) in
the standard torusT r in C

r . We denote that map byRθ . More precisely, there is a real
analytic mapψ such that

f m0 ◦ ψ = ψ ◦ Rθ .
We extend the mapψ to a holomorphic map, which we still denote byψ , in a
neighborhood ofT r in C

r .
DefineZ1 = (∂/∂z1, . . . , ∂/∂zr). The derivative off m0 onT read in the chartψ is just

Rθ . Let Z := ψ∗Z1. The holomorphic vector fieldZ is defined in a small neighborhood
of T . We use the mapf0 to transport it to the other tori ofXq . The local flow ofZ1

pushes away fromT r . We want to construct a global vector field with the same effect.
Since Xq is polynomially convex we can assume thatZ is defined in a Runge

neighborhoodUq of Xq . By Oka’s theorem we can approximateZ uniformly on any
compact ofUq by holomorphic vector fields inCk. Let Z′ be such a vector field which
we assume close enough toZ on a neighborhood ofXq .

Let 8t be the flow ofZ′ defined onB(0, R). If |t | < δ, providedδ is small enough,
8t(B(0, R)) is convex and hence Runge. It is a result due to Andersén and Lempert
[AL ] that we can then approximate8t by (ψt ), |t | < δ, whereψt are biholomorphic
maps inC

k. Since for δ′ small enoughψt ◦ f0 are in V we should have, using the
holomorphic dependence ont and Schwarz’s lemma, that

|(ψt ◦ f0)
n − f n0 | ≤ 2C|t |.

There is a contradiction because dist((ψt ◦f0)
mn(q), T ) > cn, for some constantc > 0. �

Remark 4.2.Indeed, we have shown that ifp is non-wandering forf0, then p is a
periodic point for a nearbyf .

5. The biholomorphic case
Let B denote the group of biholomorphic maps inC

k. We consider thatB is endowed
with the topology of uniform convergence on compact sets.

THEOREM 5.1. The closing lemma holds for biholomorphic maps.

Proof. As above, letKf = {z; z ∈ C
k, (f n(z)) is bounded}. Let f0 ∈ B. If

p /∈ Kf0 ∪ Kf −1
0

then for any neighborhoodV of f0 in B there isg ∈ V such that
p is periodic forg. Indeed, the proof is the same as for Lemma 2.3, since the maps
s, σ1, σ2 we constructed were independent of the symplectic nature off0.

Suppose now thatp is recurrent forf0. Let V = {f ; f ∈ B, |f − f0|B(0,R) < ε}.
Assume first thatp ∈ Kf0 \Kf −1

0
. If f is close enough tof0 then the orbitf −n(p) leaves

the ball of radiusR1, R1 � R. If under a small perturbation off0 the orbit of a point
nearp goes out of a given ball, we will be in the previous case. So we can assume
that there isr > 0 such thatf n(B(p, r)) is uniformly bounded byC for all f in V .
In this case the proof of Theorem 4.1 applies since the mapsψt constructed there are
biholomorphic.

https://doi.org/10.1017/S0143385797086227 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385797086227


The closing lemma for holomorphic maps 831

In the last case we assumep ∈ Kf0 ∩Kf −1
0

. We can even assume that there existsr > 0
such that for everyf ∈ V , f n(B(p, r)), n ∈ Z, is uniformly bounded byC, in which
case we show as in Theorem 4.1 that this is possible only ifp belongs to an attracting
periodic orbit. We use again the fact that the mapsψt constructed in Theorem 4.1 are
biholomorphic. But thenf −n, n > 0, cannot be bounded in a neighborhood ofp. �

Remark 5.2.Indeed, we have shown that ifp is non-wandering forf0, then p is a
periodic point for a nearbyf .

6. Generic density of periodic orbits in the non-wandering set
Let 0(f ) denote the closure of the periodic points forf and let�(f ) denote the non-
wandering set.

We show, following general arguments, see [PR], that generically, periodic points are
dense in the non-wandering set for the maps we have considered so far.

THEOREM 6.1. Let D denote eitherS, V, E or B. Then there exists aGδ dense setG in
D such that forf ∈ G, 0(f ) = �(f ).

Proof. Assume at first thatD is S or V. Then the result follows since we have shown
that there is a denseGδ set inD for which periodic points are dense.

Assume next thatD is E or B. Let {1n} be a basis for the topology onCk. For each
n, letDn be the open set inD of mapsf which have a periodic saddle orbit containing
a point in1n. Let D̃n := D \ ∂Dn, and setG = ∩D̃n. We will show that iff ∈ G then
0(f ) = �(f ). Supposef ∈ G andp ∈ 1n ∩�(f ). We will show that0(f )∩1n 6= ∅
which will imply that 0(f ) = �(f ).

Necessarilyf ∈ D̃n. If f ∈ Dn we are done. But by Remarks 4.2 or 5.2f cannot
be inD \Dn, so we are done. �

7. Closing lemma for Hamiltonian vector fields inC2

Let E be the space of entire functions inC2 endowed with the topology ofu.c.c.
It is a Frechet space. ToH ∈ E, we associate the holomorphic vector fieldXH =
(−∂H/∂w, ∂H/∂z). Observe thatXH satisfies the relation�(XH , .) = −dH , where
�(z,w) = dz ∧ dw.

Fix H ∈ E, non constant. For(z0, w0) ∈ C
2 the orbit γ (t) := (z(t), w(t)) for XH

through(z0, w0) is defined for 0≤ t < T0, T0 being possibly infinite; we chooseT0 as
large as possible. We define

KH = {(z0, w0); limt 7→T0‖(z(t), w(t))‖ < ∞}.
The following result is proved in [FS2].

THEOREM 7.1. Let H ∈ E, non constant. Then for almost allθ , KeiθH has Lebesgue
measure0 in C

2. In particular it has empty interior. Moreover, there is aGδ dense set
G ⊂ E such that forH ∈ G, KH has empty interior.

Here we consider the following problem. LetH ∈ E and assume an orbitγ (t) for
XH is recurrent, i.e. limt 7→T0

‖γ (t) − γ (0)‖ = 0. Let V be a neighborhood ofH in E.
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Fix 0< T < T0. Does there existH1 ∈ V , such thatH1 has a closed orbitγ1 such that
γ1(t) lies within a given distance ofγ (t) for t ∈ [0, T ]. If the answer is affirmative, we
say that the closing lemma holds.

THEOREM 7.2. The closing lemma holds for holomorphic Hamiltonians inC
2.

Remark 7.3.The theorem is valid without the hypothesis thatγ (t) is recurrent because
we prove that all orbits are approximable by recurrent ones.

The proof of the theorem is a minor modification of a technique introduced by Fornæss
and Grellier in [FG].

Proof. We first prove that we can approximate an orbit, unbounded in positive and
negative time, by closed orbits of nearby Hamiltonians. Assumeγ (t) is an unbounded
orbit in H−1(0). Fix R > 0. We want to constructH1 ∈ E, whereH1 ∈ V ,
V := {F ; |F − H |B(0,R) < ε}, a given neighborhood ofH , and a periodic orbitγ1

of XH1, γ1 ⊂ H−1
1 (0), and γ1 is close toγ on [0, T ]. We can assume thatγ (t) is

transverse to∂B(0, R1) at p, q, wherep = γ (t1), t1 < 0, q = γ (t2), t2 > T with
R1 � R such thatγ ([0, T ]) ⊂ B(0, R1/2). Suppose thatγ enters the ball att1 and exits
at t2 and thatγ (t1, t2) ⊂ B(0, R1). We want to connectp, q with a curve inH−1(0)
which does not enter again inB(0, R1). This is not always possible because the Riemann
surfaceH−1(0) might have more than one end. So we slightly modifyH and hence also
p andq. We can assume thatH is a polynomial of the formH(z,w) = 5m

j=1(w−aj (z)).
There existsR2 > R1 so that the{aj (z)}mj=1 are pairwise distinct whenever|z| ≥ R2.
We choose an entire functionh(z), such thath vanishes to first order only at somez0,
|z0| > R2, andh is close to 1 onB(0, R2). We define

H ′ := 5m
j=1(w − haj )+ δ

for a suitable small constantδ. Then (H ′ = 0) is close to(H = 0) on B(0, R) and
∇H ′ 6= 0 on (H ′)−1(0). All local branches meet near(z0,0), so we can go from one end
to another by passing close to(z0,0). Hence we are able to connectp, q in (H ′ = 0)
with a curveγ1 staying outsideB(0, R1) and passing close to(z0,0). We denote again
H ′ by H . Let γ be the orbit ofXH from p to q insideB(0, R1). We can modifyγ1

so thatγ := γ1 ∪ γ is a simple closed curve of classCk, real analytic out of∂B(0, R1),
andγ ⊂ (H = 0). We can even assume thatγ1 has a real analytic continuation past the
endpoints.

We next want to show that using an arbitrarily small perturbation ofH , we can assume
thatB(0, R1) ∪ γ1 =: Y is polynomially convex. The hull ofY is always contained in
B(0, R1) ∪ (H = 0). Indeed, letM := maxB(0,R1) |H |. If z0 /∈ Y , H(z0) 6= 0, then we
can choose a polynomialP such that|P |B(0,R1) ≤ 1/M and |P(z0)| > 2/|H(z0)|. The
functionPH shows that, in fact,̂Y \ Y consists of the bounded connected components
W of (H = 0) \ Y . There can be at most one of these sinceγ1 ⊂ ∂W .

If W is non-empty, letp0 be a point inW , and letL be an affine complex function so
thatL 6= 0 on γ̄ , L(p0) = 0, and<L < 0 on B̄(0, R1). ReplaceH by (1 − eCL)H + δ

for a suitable largeC and smallδ. Then we obtain a newY which is polynomially
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convex. Indeed,((1− eCL)H + δ = 0) \Y has no bounded component nearp0, we have
created an end instead.

We next want to construct a new HamiltonianH0 = H(1 + f ) with f small on
B(0, R), so thatH0 is in V andXH0 will have a closed orbit nearγ .

We consider first the vector fieldZ defined onB(0, R1) ∪ γ1 as follows. Z = XH

on B(0, R1) andZ is tangential toγ1 on γ1. Sinceγ1 is real analytic, we can assume
thatZ is holomorphic on a neighborhoodU of γ1 in (H = 0), andU touches∂B(0, R1)

only at the pointsp, q of γ ; by shrinkingU we can assume thatZ is Ck, for a given
k, onU ∪ B(0, R1). Moreover, we can suppose thatU contains sectors aroundγ1 with
corners atp andq.

Clearly γ is a closed orbit forZ. We want to approximateZ by XH1, whereH1 is a
Hamiltonian, such thatXH1 still has a closed orbit nearγ .

Let g be the function such thatZ = XH ′ , whereH ′ = H(1 + g). Observe that
H ′ is defined onB(0, R1) ∪ U and holomorphic onU . Moreover,g ≡ 0 onB(0, R1).
Let ξ be aC2-function, ξ = 0 on B(0, R1), <ξ > 0 on U1, an angle inU , and ξ is
holomorphic onU . More precisely, ifz is a holomorphic coordinate centered atp (or
q), ξ(z) = z3 +O(z4) onU . We defineHθ = eiθξH(1+ g), whereθ is a real parameter
near 0. LetZθ be the corresponding vector field.

Let l be a transverse curve tōγ inside (H = 0) at a point ofγ̄ of maximal norm.
Let γ pθ be the orbit ofZθ starting atp in backwards time. By continuity inθ , the curve
enters inU1 and stays there ifθ is small enough. This curve cutsl at p1(θ). Similarly,
defineγ qθ as the orbit starting atq in forward time. It cutsl at q1(θ). In terms of a
parametrization of the curvel, we define

h(θ) := p1(θ)− q1(θ).

Then h is a smooth function which vanishes to first order atθ = 0 because<ξ > 0,
which forcesp1(θ) andq1(θ) to be on opposite sides ofγ1 whenθ 6= 0.

We now construct a holomorphic functionξ ′ onB(0, R1) such thatξ ′(p) = ξ ′(q) = 0,
<ξ ′ > 0 on γ and vanishing inγ to second order only atp, q. We will extendξ ′ as 0
on Ū .

We first consider a real analytic functionξ1 on γ satisfying the requirements, extend
it holomorphically to a neighborhood ofγ in (H = 0). In fact, since(H = 0) is an open
Riemann surface we can assume thatξ1 is defined on all of(H = 0). Since(H = 0) is
a smooth complex hypersurface there is a holomorphic retraction from a neighborhood
of (H = 0) in C

2 to (H = 0). So we can consider that we have a holomorphic
function ξ1 defined on a neighborhoodW of (H = 0) and satisfying the requirements
in B(0, R1) ∩W . Let χ be a smooth function with support inW such thatχ = 1 in a
neighborhood of(H = 0), the (0,1) form α := (∂̄χ)ξ1/H is closed inC

2. Let u satisfy
∂̄u = α, with u(p) = u(q) = 0 (see [Ho, Chapter 4]); thenξ ′ := χξ1 −Hu satisfies the
required conditions.

Let Zθ ′ be the vector field associated toH ′
θ ′ := eiθ

′ξ ′
H . Let l′ be a transverse curve

to γ in (H = 0) at a point of minimal norm. As above we consider the orbitsγ
p

θ ′ and
γ
q

θ ′ starting respectively atp and q and entering inB(0, R1). For θ ′ small enough we
definek(θ ′) = p′

1(θ
′)− q ′

1(θ
′), wherep1(θ

′), q1(θ
′) are parameters onl′ corresponding
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to the points of intersections of the orbits withl′.
The functionk(θ ′) also has a zero of order 1 atθ ′ = 0.
Observe thatγ pθ ′ ∪ γ pθ is an orbit of the Hamiltonian vector field corresponding to

H(1 + g)eiθξ+iθ
′ξ ′

. Similarly for γ qθ ′ ∪ γ qθ .
The proof of the polynomial convexity ofY also shows thatB(0, R1) ∪ Ū1 is

polynomially convex. Using Hormander’s̄∂ estimates in a standard way (for example,
as in Hormander and Wermer [HoW] or in [FG, Lemma 2.2]) we can approximateg, ξ ,
ξ ′ by entire functions onB(0, R1)∪ Ū1 in theC1-norm. It is in order to approximate by
entire functions that polynomial convexity is needed. LetHθ,θ ′ := eiθξ1+iθ ′ξ ′

1H(1 + g1),
whereξ1, ξ

′
1, g1 are close enough toξ, ξ ′, g.

We thus obtain a Hamiltonian vector fieldZθ,θ ′ . Let h(θ, θ ′) = p(θ, θ ′) − q(θ, θ ′),
wherep(θ, θ ′), q(θ, θ ′) denote the parameters corresponding to the intersection of the
orbits with l. Similarly we definek(θ, θ ′) = p′(θ, θ ′)− q ′(θ, θ ′).

The set(h(θ, θ ′) = 0) is a graphθ = θ(θ ′), whereθ(θ ′) is arbitrarily close to the
zero-function. The set(k(θ, θ ′) = 0) is also a graph,θ ′ = θ ′(θ), whereθ ′(θ) is arbitrarily
close to the zero-function. The two graphs intersect at a point(θ0, θ

′
0) which corresponds

to a closed orbit.
Now letH0 be a Hamiltonian and assumeγ0(t) is an orbit forXH0. Fix

V = {H ;H ∈ E, |H −H0|B(0,R) < ε}.
Fix T � 1. FixR1 � R such thatγ0(t) ∈ B(0, R1/2) for t ∈ [0, T ]. Using Theorem 7.1,
we can find aH in V and an orbitγ of XH arbitrarily close toγ0(t) for t ∈ [0, T ] and
such thatγ is unbounded in positive and negative time. We now apply the first part of
the proof in order to approximateγ by a closed orbit of a Hamiltonian inV . �

8. The quasi-ergodic hypothesis for Hamiltonian vector fields inC
2

Let H be a holomorphic function inC2. Let XH be the Hamiltonian vector field
associated toH . The quasi-ergodic hypothesis in this context means that for a generic
HamiltonianH in C

2 and for a generic valuec, the vector fieldXH has a dense orbit on
H−1(c).

THEOREM 8.1. There is a denseGδ setE ⊂ E with the following property. For every
H ∈ E there is a denseGδ setC ⊂ C such that on every component ofH−1(c), c ∈ C,
there is a dense orbit.

Proof. Fix a countable dense set{cj }j≥0 ∈ C.
For any integerm ≥ 1 letWm denote the set of non-constantH ∈ E such that∇H 6= 0

for every point inB(0, m) at whichH takes one of the valuesc1, . . . , cm. Clearly, this
set is open and dense inE for eachm.

The setẼ := ∩Wm is then a denseGδ in E and for everyH ∈ Ẽ the setsH−1(cj )

are countable unions of pairwise disjoint Riemann surfaces each of which is a closed
submanifold ofC2, at most finitely many of which intersect any given compact set.

Fix an integerN . For eachH ∈ Ẽ and 1 ≤ j ≤ N let {6H
j,k}n(j,H)k=1 denote the

components ofH−1(cj ) which intersect the closed ballB(0, N).
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Note that ifH ∈ Ẽ , then some6H
j,k might touch the ballB(0, N) only at the boundary

and so if we perturbH a little the component might disappear. Similarly, two distinct
components of6H

j,k might be connected up if we perturbH a little. In either case
the number of components is reduced. We say thatH is N -stable if the number of
components6H

j,k is locally minimal in Ẽ . Let ẼN consist of theN -stableH ∈ Ẽ . Then

ẼN is a dense open set iñE .
Let VN consist of thoseH ∈ ẼN so that every6H

j,k contains an integral curveγ Hj,k of

the Hamiltonian vector field ofH such that every point in6H
j,k ∩ B(0, N) has distance

strictly less than 1/N from γ Hj,k.

LEMMA 8.2. The setVN is open inẼN .

Proof of Lemma 8.2This is obvious: we just replaceγ Hj,k by an integral curve in6H ′
j,k if

H ′ ∈ ẼN is close toH . �

LEMMA 8.3. The setVN is dense inẼN .

Proof of Lemma 8.3.Fix anH0 ∈ ẼN and choose numbersR > N , ε > 0. We will prove
that there is anH1 ∈ VN with |H1 − H0| < ε on B(0, R). Pick finitely many points
{pH0
j,k,l}l ⊂ 6

H0
j,k so that each point in6H0

j,k has distance at most 1/2N from somepH0
j,k,l .

We next perturbH0 so that the forward and backward orbit of eachpH0
j,k,l escape

B(0, R). This is possible by Theorem 7.1. However, we sketch the argument.
We proceed by induction onj . Assume this is true for all pointspH0

i,k,l , i < j . Then

this remains true for allpH0
i,k,l , i < j , if H0 is perturbed little enough.

Suppose some orbits of pointspH0
j,k,l remain bounded in forward or backward time.

Then by the Schwartz [Sc] version of the Poincaré–Bendixson theorem the limit curves
are closed orbits. So by the identity theorem all orbits in the level set ofH0 are closed.
But then replacingH0 by

eiθH0 + cj − eiθ cj

for arbitrarily smallθ makes all these orbits escapeB(0, R). Next replace this function
by an arbitrarily close element of̃EN . Hence we may assume that the orbits of all points
p
H0
j,k,l escapeB(0, R) both in forward and backward time.

Let γ H0
j,k,l denote the maximal orbit throughpH0

j,k,l contained inB(0, R), entering the

ball at PH0
j,k,l and exiting atQH0

j,k,l . We can assume that the curves intersect∂B(0, R)
transversally.

Next we construct a closedC2 loop inside6H0
j,k containing all the piecesγ H0

j,k,l by

adding curves outside the ballB(0, R). So we wish to connectQH0
j,k,l to PH0

j,k,l+1 except

the last,QH0
j,k,l , which is connected to the firstPH0

j,k,l .
We have seen how to do this: approximate, inductively onj , at the firstH0 by a

polynomial of the form
5(w − ai(z))+ cj

and then connect the ends by a function

5(w − hai(z))+ δ + cj
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which we finally replace by an approximation iñEN . So we connect in this way first the
points in6H0

1,k and then in6H0
2,k (much further out) etc.

After this, we may assume that there is aC2 closed curve in6H0
j,k which is real analytic

except at the pointsPH0
j,k,l , Q

H0
j,k,l .

There is however one problem, the curves might have finitely many self-crossings in
the exterior ofB(0, R). Now to get rid of the crossings we are going to add handles.
Notice that all self-crossings in6j,k can be made to happen in a small disc which we are
free to move where we wish on6j,k. We add handles inductively onj . Let (Lj = 0) be
a surface of high genus with punctures at infinity, crossing(H0 = cj ). We can assume
thatLj is close to 1 on any given ball. We replaceH0 by (H0 − cj )Lj + cj + δ.

Then we can connect the pointsPH0
j,k,l , Q

H0
j,k,l without self-crossings. Hence we obtain

curvesγ H0
j,k ⊂ 6

H0
j,k passing closer than 1/N to any point in6H0

j,k ∩ B(0, N). Moreover,

the curves are integral curves ofH0 insideB(0, R) and real analytic, except onlyC2 on
∂B(0, R). In order to replaceγ H0

j,k by a Hamiltonian vector field of a close-byH0, we
do an approximation argument as in the proof of Theorem 7.2. �
The end of the proof of Theorem 8.1.We defineE := ∩ẼN . ThenE is a denseGδ of
Hamiltonians.

Fix H ∈ E . We will show that there is a denseGδ, CH ⊂ C, such that ifc ∈ CH ,
thenH−1(c) is a countable union of disjoint closed submanifolds ofC

2, and on each
such submanifold6, there is a dense orbit. LetC1

H ⊂ C be the denseGδ of non-critical
values ofH . By construction,{cj } ⊂ C1

H .
ConsiderVN := {c ∈ C1

H ; on each component6 of H−1(c) which intersectB(0, N)
there exists an orbitγ of XH such that every point of6 ∩B(0, N) is at distance< 1/N
from γ }. ThenVN is open and we know thatVN is dense. So forc in a denseGδ set
H−1(c) has dense orbits. �

REFERENCES
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