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Abstract The closing lemma is proved for various classes of holomorphic self-maps on
C*. These classes include those consisting of biholomorphic maps, endomorphisms and
symplectomorphisms.

1. Introduction
Let f be an endomorphism of a smooth manifdifi Let d be a distance compatible
with the topology. A pointx is recurrent if

lim,, ., d(f"(x), x) = 0.

A remarkable result of PughP], see also Pugh and RobinsoRH], states that for
any diffeomorphismf of a compact manifold and ar§* neighborhoodv of f, there
is a diffeomorphismg € V such thatx is periodic forg.

The question, in this form, is open for ti#& topology fork > 2. A similar question
can be asked for symplectic diffeomorphisms, flows, etc. When the answer is affirmative
we will say that the closing lemma holds.

There are various ways of asking for a stronger result than simply that recurrent orbits
can be closed. Instead of considering recurrent points, one can consider non-wandering
points, i.e. pointsp so that for any neighborhootl of p there is arm > 1 such that
f™(U) intersectsU. Then one can ask if the orbit gf can be closed up. Another way
of strengthening the result is to require that if the orbit of the recurrent point lies in a
compact setk and U is some neighborhood af then the orbit of the approximating
periodic point can be required to be contained/in

In the case of non-compact manifolds one can demand that the approximating maps
are close on compacts or in the Whitney topology of better approximation at infinity. In
the holomorphic case, only the first topology makes sense.

Herman H1], see also the survey by Yocco¥]| has recently constructed a counter-
example to a closing lemma in tii% topology fork large enough. More precisely, he
has a symplectic forrm, on the 2 dimensional torug'?”, p > 2, and a HamiltoniarH,

& The first author was supported by an NSF grant.
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such that forH close enough td4, (in the C* topology, k large enough) and in an
open interval, the orbits of the Hamiltonian flow @f—(c) are dense. In particular,
there are no periodic points.

In the survey by YoccozY] the following question is asked: Is the closing lemma
true for biholomorphisms.

Following methods introduced inF51-3 we prove here that the closing lemma is
true for biholomorphisms of*, endomorphisms of* and symplectic biholomorphisms
of C?7. We also need approximation results from AnéerfA] and Forstneric and Rosay
[FR]. To prove the closing lemma for Hamiltonian vector fieldsGA we use a minor
modification of a technique developed iRG].

There are two opposite questions to consider: one is whether closed orbits can be
broken, the other is whether almost closed orbits can be closed. The previous papers
[FS1-3 and [FG] have been concerned with the question of breaking closed orbits and
showing that, generically, orbits in the holomorphic category are unbounded. This means
that the closing lemma in the holomorphic case can be reduced to showing that orbits can
be closed up near infinity. This leaves open the question whether orbits can be closed in
small neighborhoods of the given recurrent orbit. This is already unknown in the case
of quadratic polynomial maps i@.

2. Holomorphic symplectomorphisms
The simplest case to deal with is that of biholomorphic maps which preserve the
symplectic form. There, most orbits are unbounded according to previous work by
the authorsS3.

We first recall some definitions. 8% we consider the complex symplectic form

k
Q= Zde /\dwj,
=1

where (z,w),z = (z1,...,2), w = (w1,...,w) denote coordinates iC%*. A
holomorphic mapd : C% — C% is symplectic if®*(Q) = Q.

Letz; = poj_1 +ip2; andw; = g2j_1 — iq2j, Wwherep; andg; are real coordinates.
Then the real part of2, RQ = Zi" dp; A dqj =: wo. It follows that if we considerd
as a map orR* with the previous coordinates, theh is a symplectomorphism with
respect to the standard symplectic structuge

Let S denote the space of biholomorphic symplectomorphism&2f endowed with
the topology of convergence on compact sets. Thés a Baire space.

Given f € S, we define

Ky = {(z,w); (f"(z, w)) is boundedl

ThenK; is an F, set.
Solving a conjecture by Herman, the authors proved the following resuR$3]

THEOREM 2.1. There is aG;s dense sef’ C S such that forf € ', K, is an F,, set with
empty interior.
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Using the above result we are going to prove a strong form of the closing lemma for
the classsS.

THEOREM 2.2. Let f € S. Given anyx € C? and any neighborhood’ of f in S there
is ag € V such thatx is a periodic point forg.

The result is a consequence of the following lemma.

LEMMA 2.3. Let fp € S. Assumé p, ¢) are two points ir(CZk\{KfOUKfofl}. In any given
neighborhoodV of fy in S there is anf such thatp, ¢ belong to a periodic orbit off.

Proof. Let B(0, R) be the ball of radiu in C%*. Assume

V=AfifeS|f— fol <ein B, R)}.

ChooseR; such thatfo(B(0, R)) C B(0, R1). We can assumg; := foj(p) € B(0, 2Ry)
if —M < j < N and thatp_y, py ¢ B(0,2R1). Similarly, assumey; = foj(q) €
B(0,2R,) if —M' < j < N’ and thatg_,;, gy ¢ B(0, 2R).

The idea is to construat, o1, 07 € S satisfying the following conditions.

(i) s, o1, oo are close to the identity oR(0, 2R;).

(i) o1(pn) = pjy where all coordinates of), are strictly larger thar®, o1(p;) = p;,
—M < j < N, andoi(gn’) = q). Where all coordinates of), are strictly larger
thanR, o1(q;) = ¢q;, —-M' < j < N'.

(i) o2(¢”4) = q-mr, 02(p_,) = p—m Where all coordinates of’ ,,,, p_,, are very
large,o2(p;) = pj, —M < j < N, 02(q;) = g, —M' < j < N'. The coordinates
of py, gy, p_, andq’,, are all distinct.

(v) s(pj)=pj, —-M < j<N,s(qg)=¢q;, —M <j<N".

V) s(py) =4 4 s(@y) = ply-

The point(po, go) Will be on a periodic orbit of
§ 0010 fo O 09.

We now construck, o1, 0.
We introduce the following symplectomorphism, a so-called shear. \Arite(z, w).
Define
T(Z) = Z + h(Q(Z, §))8,

whereh is an entire function. It is easy to check thais a symplectomorphism. Observe
that t moves points along thé direction.

Chooset of norm 1 such thatQ (py, £)| > 2R, and assume all coordinatesohire
different from 0. Leth be an entire function vanishing at &l(p;, &), —-M < j < N,
and onQ(q;, &), —M' < j < N’ and small on the dis®(0, R,), andi(Q (pn, §)) very
large. Letz: be the corresponding symplectomorphism.

Choose another vectarsuch thatr, fixes p;, —M < j < N, andp), := ©:(py) and
gj, —M' < j < N’, but such that,(gx) =: g). has all coordinates very large.

Defineo1 = 1, o 7z. Similarly, we constructr,, satisfying the given condition.

Now define

si(z, w) = (21, wa, ..., % o (w), wi, ...)

si(z, w) = (21, w1, ..., Zi, Wi + Bi(zi)s .. ),
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wherea and 8 are entire functions. The symplectomorphismvill be a composition
of 2k shears of typey; or s/. For example,s; will fix all points in the construction,
will be close to the identity orB(0, Ry), and will be such that;(p},) andg’,, also
have the same; coordinate. We choose the other s; in order that thez; coordinate
(respectivelyw;) of the above points coincide.

Proof of the theoremLet fy € S. Let V be a neighborhood ofy. Given anyx we can

choosef in V such thatx ¢ {K; U K1} which is anF, of empty interior. The lemma
then implies thatx is in a periodic orbit for a symplectomorphisgne V. (|

Recall the following definition.

Definition 2.4If f is a self-map on a locally compact spatea pointp € Y is wandering
if there is a neighborhood/ (p) C Y such thatU(p) N f*(U(p)) = ¥ Yn # 0. The
non-wandering seR (f) consists of all points that are not wandering.

Remark 2.51t is an observation due to HermaHZ] that there are biholomorphic maps

on C? with a dense orbit. The above construction shows thatifaz S, whereS is a
denseG; set inS, generically the orbits of> are dense. Fiyp and a polydiscA. Let

Gpr:={D;PeS, peU,;0d (A}
Then by the lemmag » is a dense open subset f If (A;) is a basis for the topology
of C%*, thenG = NG,, is a denseG; set and it is easy to check that the set of points
whose orbit is dense fob € G is already a densé&; set. If @ belongs toG, then the
non-wandering set i€,
Remark 2.6.The lemma can be refined to give the following. Givépn € S, and
pt, ..., p', I points such that for ki </, pt,..., p' ¢ {K; U K1} then there is an
f € S arbitrarily close tofy such thatp?, ..., p’ belong to a periodic orbit forf.

PROPOSITION2.7. There is a dens&s set D C S such that for anyg € D, hyperbolic
periodic points are dense i6%.

LEMMA 2.8. Let p1, ..., p; be distinct points irC%*. Let¢ € C%* be a non-zero vector.
Then there exist two shears, 12, arbitrarily close to the identity, such thatf:= 7,01,
thent(p,) =p,,1<r =<, v(p,)=1d, 1 <r <l,andt’(p1)é = &, a > 1.

Proof of Lemma 2.8/Ve consider the set of n € C%* satisfying the following conditions:
(1) Q(p;, n) are all distinct for 1< j <1,

(2) Q& n #0.
It is clear thatd is open and dense ifi%*. We choose a vectdr € A. Leté, 1= £—&.

Wiggling & we can assumg, & € A. We defineri(z) 1= z+h(Q(z, £&1))&1 andta(z) =
z+k(R(z, ))&, whereh andk are one variable entire functions. We can choose them to
vanish atQ (p;, &), 1< j <l,s =12, (Q(p;, &) =K' (Q(p;. §)) =0,1<j <.
We only need to check the last condition in the lemma. Computing, we get
T(pE) = t(p)(r1(p1)é)
(P + 1 (Q(p1, £1))Q(E, 1))
= &+ (Qp1 E))QE, D&
+K (Q(p1, 2) Q[ + h'(Q2(p1, £1)QUE, §1E1], E2)62.
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Chooseh so thati = R'(Q(p1, £1))Q(E, &) is a small positive number. Then
Q([& + A&1, &2]) # 0 and we can choogeso thath = k' (Q(p1, £2))R2(E + A&y, &2).
Thent'(pp)é = (1+ 1)§. 0

Proof of Proposition 2.7Fix a polydiscA. DefineU, as the set ofb € S so that® has
a hyperbolic periodic orbit passing through Clearly U, is open. We show it is dense.
By Lemma 2.3, for anyfy € S andp € A we can findf in a given neighborhood ofy
such thatf has a periodic orbit through. Then we can inductively use Lemma 2.8 to
modify all eigenvalues of modulus 1 into hyperbolic eigenvalues.

If A, is a basis for the topology di%* then D := NA, satisfies the requirements!

3. Volume preserving automorphisms
We denote byV the set of volume preserving biholomorphic maps @h To avoid
trivial cases, we assume that> 2. Note that as opposed to the previous section, we
also consider odd complex dimensions. In the case of even dimension, notg that
contains all biholomorphic symplectomorphisms.

We prove a version of Theorem 2.1 for volume preserving biholomorphisms. For
f €V define as above

K; = {z; (f"(2)) is boundedl

THEOREM 3.1. There exists a densg; set); in V such that for everyf € V1, Ky is an
F, set with empty interior.

Proof. Define
K = {(z, ) e CkxV, sup|f™(2)| < oo}.

It suffices to show thak has empty interior irC* « V. Suppose not. Let/ = intK.
For everyC let

Uc = {(z, ) eU,suplf"(2)] < C}-

By a category argument we can assume that for som&c has a non-empty interior
U2.

The mapy : CkxV > C*+V, ¥ (z, f) = (f(2), f) mapsU? to itself. For each slice
with fixed f, the map is volume preserving on a bounded region. Hence each component
of a slice is periodic.

Fix (zo, fo) € Ug. The Jacobian determinant of the derivative fgfis a constant
of modulus one. Composing with an arbitrarily small rotation, we can assume that the
Jacobian determinant is a root of unity.

Let ¢ be a component of the slic@}O containingzo. Let Q be the cycle generated
by Qo, and letG be the closed subgroup generatedfgy It is a commutative compact
Lie group, hence it is isomorphic tB’ * A, whereA is a finite group and™ is the torus
of dimensionl. Moreover,! < k. For example, iff = 0 we have a periodic point and
we can change it into a saddle point by a small volume preserving perturbation (see the
proof of Theorem 4.1 infS3). That!/ < k is a consequence of the fact that orbits are
totally real manifolds.
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AssumeG = T'x A, 1 <[ < k. Let X, be the closure of the orbit ef underG. Let
Go:=T'x1d.

We want to show that there is @ in the slice of UQ over f, such thatX, is
polynomially convex. Recall that if is compact inC¥, the polynomially convex hull
F of F is defined by

= {z € C*; |P(z)] < sup|P(¢)| ¥ holomorphic polynomials”}.
teF

LEMMA 3.2.1f g1 € X, \ Xy, thenX,, € Xyo \ Xy

Proof. Supposey; € X,,\X,,. Theng; is not on the orbit,, of go. HenceX,,NX,, = .
We show thatX,, ¢ X,,. This follows sinceX,, is closed under the group action. It
remains to show thak,, N X, = .

Let A(X 4) be the closure in the sup norm of the holomorphic polynomlals A point
pE qu is a peak point if there is aln € A(qu) suchthat:(p) =1, |h| < 1 OanO\{p}
It is well known ([G, p. 60]) thatho is the hull of its peak points. By the group action,
all points inX,, are peak points foA()?qo). One uses Bishop’s/2 — 3/4 criterion (see
[G, p. 52]). Hence no point iX,, can be in the hull ofX,,. So f(ql NX, =9 as we
wanted to show. O

By Zorn’s lemma there is a poigtin X,, such thatX, = X,. It follows from a result
of Serre (seeHo, p. 67]) that dimX, < k — 1; this is due to the polynomial convexity
of the boundaryless manifold,. If dim X, = 0, ¢ is a periodic point and we can again
perturb fy to create a saddle point which contradicts the fact thi in the interior of
K. Hence we can assume that difp > 1.

Let X, be the complexification ok,,; it is a germ of a complex manifold of dimension
1 <r <k~ 1. The automorphisms i preserveX, and hence als&,. In fact, after
dividing out with the isotropy group aof, the resulting quotient group still preserv§§.

It follows that X, is foliated by orbits ofG which are all of the same dimension.

We are going to construct a volume preserving vector field on a neighborhoﬁg] of
pointing away fromX,. We can assume that acts onf(q without fixed point. Lets
be such thatf] is in the identity component of>. The mapf{ is in a one-parameter
subgroup(f;) in G with f§ = fi.

Let & be the vector fieldd/dt) f,|;—o; it is defined onU2 N C}’io and is tangential to
each orbit undegG.

Since the Jacobians of all iterates g are powers of a root of unity and since they
generateGy, it follows that all elements irGy have Jacobian 1.

LEMMA 3.3.Let = (hg,..., hy) be a holomorphic vector field with holomorphic
coefficients and leg, be the associated flow. Thepis volume preserving of Jacobidn
if and only if " 9h;/dz; = 0.

Proof. Define thecomplexdivergence ofp by

. k 8T]j
dive(n) = Z -
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Assumen; = u; +iv; and lets); be the vector field) = (uq, vy, ..., ur, v). Then the
(real) divergence is given by

. ~ k Bu,- 8v,~
divg (1)) = E E +—].
J

=1 9;

It is easy to check that
divg (7)) = divc(n) + dive(n).

So if n is complex divergence free then the flow associated to it is volume preserving.
Conversely, if the flow is of Jacobian 1, then computing to first order

dgi A -+ Adgf
we get thaty is complex divergence free. O

It follows from the lemma thaté is the generator of a germ of an automorphism of
Jacobian 1.

LEMMA 3.4. There is a Runge neighborhodd of X, such that the vectof (and hence
i€) is uniformly approximable on compact sets@fby C-divergence free polynomial
vector fields.

Proof. To the vector fieldt we associate thé — 1, 0)-form

k
£ = Z(—l)-f’l’g‘j dzg A~ Ndzj AN -+ Ndzg.
j=1

Since¢ is divergence free, thebé = 0.

We want to show that the cohomology classtdh a tubular neighborhoo® of X,
is zero. We consider here the de Rham cohomology spécé(W, C).

Using the fact thak, is a deformation retract d¥ it is enough to show that*é = 0
herej : X, — W is the canonical injection. When diky, < k —1 this is clear. Assume
dmX, =k — 1.

Let i be a locally defined holomorphic function vanishing Xp with dh # 0. Since
¢ is tangential toX,, (dh, £) = 0 and hencé A dh = 0.

Choose coordinates, ..., w; with w;, = h. Let

§=Z)\_,-dw1/\~~~/\d{uj/\~-~/\dwk.

Theniidwi A -+ Adwy = § Adh =0, hencej*§ = Adwi A - Adwg_1 = 0. This
proves our first claim since we can apply Serre’s redddi,[Theorem 2.7.10].

We can choose a Runge neighborhobdof X, where ¢ = 9v, wherev is a
holomorphic (k — 2, 0)-form. We then approximate by forms with polynomial
coefficients(vy). The vector fieldss, corresponding to the form8v, approximateg
and areC-divergence free. O
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Completion of the proof of Theorem 3llet! = (14, ..., ;) be a divergence free vector
field in C* with polynomial coefficients close enoughito on a neighborhoo&®; of the
component ofX, containingg and close to 0 on a neighborho6zb of the remaining
components. Se = Q3 U Q,. This/ can be written as a sum of complete divergence
free polynomial vector fields (see Andérs|[A]). Hence it is possible to approximate the
flow @, associated té on Q by a flow v, of volume preserving automorphisms @#.
Hence for: small enoughy; o fp is in the given neighborhood ofy. We extend the
flow to complex time. It is defined for| < 3.

So using the fact thatX,, ¥, o fo) C U2 we get by Schwarz's lemma

|(Yi 0 fo)" = fol = Clel.
This contradicts thafy, moves away from¥X, in a transverse direction. O

Remark 3.5A similar proof to that of Theorem 2.2 shows for arfye V, given any
x € C* and a neighborhool¥l of f in V) there isg € V such thatx is periodic forg. We
also have that hyperbolic periodic points are dens€lirfor a denseGs set of volume
preserving biholomorphic maps.

4. Closing lemma for holomorphic endomorphisms

Let f : C* — C* be a holomorphic endomorphism 6f. We do not assume that is
surjective. We put the topology of uniform convergence on compact sets on the&pace
of such endomorphisms.

THEOREM 4.1. The closing lemma holds f&.

Proof. Fix fo € £. Let p € C*. Assume first that f3), is not locally bounded negp.
We claim that given a neighborhodd of f, in £ there isf € V such thatp is periodic
for f. We assume that

V ={f:1f — fol <€onB(O,R)}.

By assumption, given any Q@ r <« 1 and anyR1, there is a pointy € B(p, r) whose
orbit is not contained inB(0, Ry). Assume fo(B(0, R)) C B(0, R;) with R; > R.
Translating coordinates we can assume that 0. We can assume that there is &n
such thatg, = fJ(0) € B(0,2R,) for 0 <n < N andgy = f3'(0) ¢ B(0,2R;). We
can assume also that; = (¢x,0, ..., 0).

Choose an entire functiol, small enough orB(0, R;). Define

s(z) = (z1+h(z1), 22, ..., Zk)-

If h is small enough onB(0, R) and h(qy) = —q¥, h(g,) = 0,0 < n < N, then
s o fo € V. Moreover, 0 is periodic fos o fp.

Now we consider the case whepeis recurrent forfo and (f}), is locally bounded
nearp. By the previous argument we can even assume that thererexi€tandC > 0
such that for everyf € V, (f"), is bounded omB(p, r) by C. We are going to show
that this is possible only ip is on an attracting periodic orbit fof.
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Define

Uc = {(g. ) f €V, (f"@)is bounded by
for all (4, f) in some neighborhood af, f)}.

We know thatB(p,r)*V C Uc. Let U({f be the slice oU¢, U({f =1{q;(q, ) € Uc}
and IetUg’O denote the connected componentuﬁ containingp. It is easy to verify
that U° := U~Cf’O is a Runge domain ift*. Clearly f mapsUg into itself.

Sincep is recurrent there is a smallest integer 1 such thatf}(U° c U° and there
is a subsequence; such thatfé""(p) — p. Let us denoteg = fé. We can assume
that theg” converge uniformly on compact sets &§ to a limit 4. Clearly h(p) = p.
Define X := h(U°).

The mapg commutes withz so the set of fixed points fok is invariant underg.
If rankiz = 0 thenp is a fixed point forg, indeed it is an attracting fixed point so the
closing lemma holds.

We assume now that rank> 1, for any such limitk. Chooseh; with maximal
possible rank. This rank is reached on a dense open déf.ilhet X, := h1(Up).

Sinceg commutes withz; we haveg(21) C X1. We haveg™+17" (g") = g"i+1, s0 if
g™ is a convergent subsequenceghf" with limit &y, thenhy(hy) = hy On h;l(Uo).
Henceh; is the identity onX; N Uy. Define

M = {q;q € Up, ha(q) = q}.

Then M is a closed complex subvariety @fy, hence a countable union of connected
components. Observe that singeommutes withi,, g(M) C M.

Let My be the connected component Mf through p. Sinceg™ (p) — p, it follows
that for somel’ > 1, g"'(Mg) C My. Forr small enoughfi1(B(p,r)) is a connected
subset ofUy containingp. Hencehi(B(p,r)) C Mgp. It follows that My contains an
irreducible branchV, through p and the dimension oy equals the maximal rank of
hi. Notice thatMy is a complex manifold at every point &fy and henceMy = No.
This uses a consideration of the rank/f— Id. It follows thatg! is an automorphism
of M.

The group AutMy) of holomorphic automorphisms dfly has the structure of a Lie
group [Na] since My is contained in a bounded domain. Sing& — Id on M° then
G = (g'"),=0 is a compact Lie subgroup of Aui°). If this group is finite therp is
periodic and with at least one eigenvalue of modulus 1. We make this eigenvalue larger
than 1 with a small perturbation ofy contradicting that we are in the interior ofc.
Consequently the closur®¥, of the orbit underg of any ¢ € My is a compact totally
real submanifold inMg.

Since the closure of the orbit gf under f is a compact subset, of the Runge
domainu/, it follows that X, c U/.

As in §3 we can assume that there ig & X, such thatX, = X,.

If X, is finite, theng is periodic for f. If ¢ is not attracting, then by an arbitrarily
small perturbation we can make it into a saddle point, contradicting(figtis locally
bounded in a neighborhood gffor all small perturbations ofp. SoX, is a totally real
polynomially convex set of dimension4 r < k. By the structure of the compact Lie
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group G, X, is a finite collection of tori.

Let T be one of these tori. There is an integer> 1 such thatf]'(T) = T. The
action of f{" on T is real analytic and conjugate to multiplication ky, ..., ') in
the standard torug” in C". We denote that map bR,. More precisely, there is a real
analytic mapyr such that

fé" oy =1 o Ry.
We extend the map)y to a holomorphic map, which we still denote hy, in a
neighborhood off " in C".

DefineZy = (9/9z1, ..., 9/dz,). The derivative off)" onT read in the chary is just
Ry. Let Z .= . Z,. The holomorphic vector field is defined in a small neighborhood
of T. We use the magf to transport it to the other tori ok,. The local flow ofZ;
pushes away fronT”. We want to construct a global vector field with the same effect.

Since X, is polynomially convex we can assume th#tis defined in a Runge
neighborhoodlU, of X,. By Oka’'s theorem we can approximafe uniformly on any
compact ofU, by holomorphic vector fields ift*. Let Z’ be such a vector field which
we assume close enough Zoon a neighborhood ok,,.

Let &, be the flow ofZ’ defined onB(0, R). If |¢| < &, provideds is small enough,
®,(B(0, R)) is convex and hence Runge. It is a result due to Arate@nd Lempert
[AL] that we can then approximate, by (v,), |t| < &, wherey, are biholomorphic
maps inC*. Since fors’ small enoughy, o f, are in V we should have, using the
holomorphic dependence erand Schwarz’s lemma, that

[(Yr 0 fo)" — fol < 2Cz].
There is a contradiction because digt, o fo)""(¢), T) > cn, for some constant > 0.

Remark 4.2.Indeed, we have shown that j is non-wandering forfy, then p is a
periodic point for a nearby .

5. The biholomorphic case
Let B denote the group of biholomorphic maps@h. We consider thaB is endowed
with the topology of uniform convergence on compact sets.

THEOREM 5.1. The closing lemma holds for biholomorphic maps.

Proof. As above, letK; = {z;z € Ck, (f"(z)) is boundedl. Let f, € B. |If
p ¢ KpUKpas then for any neighborhoo® of f; in B there isg € V such that
p is periodic forg. Indeed, the proof is the same as for Lemma 2.3, since the maps
s, 01, 02 We constructed were independent of the symplectic naturg.of

Suppose now thap is recurrent forfy. Let V. = {f; f € B,|f — folso.r) < €}.
Assume first thap < Kfo\Kfofl. If f is close enough tgy then the orbitf =" (p) leaves
the ball of radiusR1, R; > R. If under a small perturbation ofy the orbit of a point
near p goes out of a given ball, we will be in the previous case. So we can assume
that there isr > 0 such thatf”(B(p, r)) is uniformly bounded byC for all f in V.
In this case the proof of Theorem 4.1 applies since the mapsonstructed there are
biholomorphic.
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In the last case we assumes K;,NK 1. We can even assume that there exists 0
such that for everyf € V, f*(B(p,r)),n € Z, is uniformly bounded byC, in which
case we show as in Theorem 4.1 that this is possible onpyliElongs to an attracting
periodic orbit. We use again the fact that the mgpsconstructed in Theorem 4.1 are
biholomorphic. But thenf ", n > 0, cannot be bounded in a neighborhoodpof O

Remark 5.2.Indeed, we have shown that jf is non-wandering forfy, then p is a
periodic point for a nearby .

6. Generic density of periodic orbits in the non-wandering set
Let I'(f) denote the closure of the periodic points forand letQ(f) denote the non-
wandering set.

We show, following general arguments, s&&], that generically, periodic points are
dense in the non-wandering set for the maps we have considered so far.

THEOREM 6.1. Let D denote eitheiS, V, £ or B. Then there exists & dense seg in
D such that forf € G, T'(f) = Q(f).

Proof. Assume at first thaD is S or V. Then the result follows since we have shown
that there is a dens@; set inD for which periodic points are dense.

Assume next thaD is £ or B. Let {A,} be a basis for the topology di. For each
n, let D, be the open set i® of maps f which have a periodic saddle orbit containing
a pointinA,. Let D, := D\ dD,, and setG = ND,. We will show that if f € G then
C'(f) =Q(f). Supposef € G andp € A, NQ(f). We will show thatl'(f)NA, #0
which will imply that T'(f) = Q(f).

Necessarilyf € D,. If f € D, we are done. But by Remarks 4.2 or 5t2cannot
be inD\ D,, so we are done. O

7. Closing lemma for Hamiltonian vector fields @?
Let E be the space of entire functions i* endowed with the topology ofi.c.c.
It is a Frechet space. T#l € E, we associate the holomorphic vector fietq; =
(—0H/ow, dH/dz). Observe thatXy satisfies the relatio®2(Xy,.) = —dH, where
Q(z,w) =dz ANdw.

Fix H € E, non constant. Fofzg, wo) € C? the orbity(r) := (z(1), w(t)) for Xy
through (zg, wo) is defined for 0< ¢ < Ty, Tp being possibly infinite; we choosE, as
large as possible. We define

Ky = {(z0, wo); M, 7, [| 2 (1), w(0))|| < 00}
The following result is proved inASZ].

THEOREM 7.1.Let H € E, non constant. Then for almost &l K.«; has Lebesgue
measured in C2. In particular it has empty interior. Moreover, there is@; dense set
G C E such that forH € G, Ky has empty interior.

Here we consider the following problem. L&t € E and assume an orbjt(¢) for
Xpg is recurrent, i.e._lim, . ly(t) — y(0)]l = 0. LetV be a neighborhood off in E.
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Fix 0 < T < To. Does there existl; € V, such thatH; has a closed orbip; such that
y1(¢) lies within a given distance of (r) for ¢ € [0, T]. If the answer is affirmative, we
say that the closing lemma holds.

THEOREM 7.2. The closing lemma holds for holomorphic HamiltoniansCth

Remark 7.3The theorem is valid without the hypothesis thdt) is recurrent because
we prove that all orbits are approximable by recurrent ones.

The proof of the theorem is a minor modification of a technique introduced by Fornaess
and Grellier in FG].

Proof. We first prove that we can approximate an orbit, unbounded in positive and
negative time, by closed orbits of nearby Hamiltonians. Assgti¢ is an unbounded
orbit in H~1(0). Fix R > 0. We want to construcH; € E, where H, € V,

V = {F;|F — H|po,r) < €}, a given neighborhood off, and a periodic orbit,

of Xp,, 1 C Hfl(O), and y; is close toy on [0, T]. We can assume that(z) is
transverse t®B(0, Ry) at p,q, wherep = y(t1), 1 < 0, g = y(t2), to > T with

R1 > R such thaty ([0, T]) € B(0, R1/2). Suppose thap enters the ball at; and exits

at t, and thaty (t1, ) C B(0, R1). We want to connecp, ¢ with a curve in H~%(0)
which does not enter again B(0, R1). This is not always possible because the Riemann
surfaceH ~1(0) might have more than one end. So we slightly modifyand hence also

p andg. We can assume that is a polynomial of the fornH (z, w) = 7L, (w—a;(2)).
There existsR, > R; so that the{aj(z)}j:l are pairwise distinct whenevet| > R,.

We choose an entire function(z), such thath vanishes to first order only at somae,

|zol > R», andh is close to 1 onB(0, R,). We define

H =" (w — haj) + 8

for a suitable small constait Then (H’ = 0) is close to(H = 0) on B(0, R) and
VH’' #0on(H')~%(0). All local branches meet net, 0), So we can go from one end
to another by passing close tao, 0). Hence we are able to connegtq in (H' = 0)
with a curvey, staying outsideB(0, R1) and passing close to, 0). We denote again
H' by H. Let y be the orbit ofXy from p to ¢ inside B(0, R;). We can modifyy;

so thaty := y1 U y is a simple closed curve of clag, real analytic out ob B(0, Ry),
andy C (H = 0). We can even assume that has a real analytic continuation past the
endpoints.

We next want to show that using an arbitrarily small perturbatioH pfve can assume
that B(0, R1) U1 =: Y is polynomially convex. The hull ot is always contained in
B(0, R1) U (H = 0). Indeed, letM := maxgor, |H|. If z0 ¢ Y, H(z0) # 0O, then we
can choose a polynomia such that|P|go r,) < 1/M and|P(z0)| > 2/|H (z0)|. The
function P H shows that, in facty \ Y consists of the bounded connected components
W of (H =0)\ Y. There can be at most one of these sipce- oW.

If W is non-empty, leipg be a point inW, and letL be an affine complex function so
thatL £ 0 ony, L(po) = 0, and®L < 0 on B(0, R1). ReplaceH by (1 — e“L)H +§
for a suitable largeC and smalls. Then we obtain a new which is polynomially
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convex. Indeed((1—e““)H + 68 = 0) \ Y has no bounded component nga; we have
created an end instead.

We next want to construct a new Hamiltonidfy = H(1 + f) with f small on
B(0, R), so thatHp is in V and Xy, will have a closed orbit neag.

We consider first the vector field defined onB(0, R1) U1 as follows. Z = Xy
on B(0, R;) and Z is tangential toy; on y;. Sincey; is real analytic, we can assume
that Z is holomorphic on a neighborhodd of ¥; in (H = 0), andU touchesd B(0, Ry)
only at the pointsp, ¢ of y; by shrinkingU we can assume tha is C*, for a given
k, onU U B(0, R1). Moreover, we can suppose thidtcontains sectors around with
corners atp andgq.

Clearlyy is a closed orbit foiZ. We want to approximat& by Xp,, whereH, is a
Hamiltonian, such thak 4, still has a closed orbit near.

Let ¢ be the function such thaZ = X, where H' = H(1 + g). Observe that
H' is defined onB(0, R1) U U and holomorphic or/. Moreover,g = 0 on B(0, Ry).
Let & be aC?-function, & = 0 on B(0, R1), RE > 0 on U, an angle inU, and£ is
holomorphic onU. More precisely, ifz is a holomorphic coordinate centeredafor
q), £(z) = 22+ O@z% onU. We defineH, = ¢'% H(1+ g), whered is a real parameter
near 0. LetZ, be the corresponding vector field.

Let / be a transverse curve to inside (H = 0) at a point ofy of maximal norm.
Let ¥/ be the orbit ofZ, starting atp in backwards time. By continuity ifl, the curve
enters inU; and stays there # is small enough. This curve cutsat p;(9). Similarly,
definey, as the orbit starting ag in forward time. It cuts/ at g1(6). In terms of a
parametrization of the curve we define

h(0) = p1(6) — q1(0).

Thenh is a smooth function which vanishes to first ordeat 0 becauseié > O,
which forcesp;(0) andg1(6) to be on opposite sides ¢f whené # 0.

We now construct a holomorphic functighon B(0, R;) such that’(p) = £'(q) = 0,

JME" > 0 ony and vanishing iny to second order only gt, g. We will extend¢” as 0
onU.

We first consider a real analytic functiga on y satisfying the requirements, extend
it holomorphically to a neighborhood ¢fin (H = 0). In fact, since(H = 0) is an open
Riemann surface we can assume thais defined on all of H = 0). Since(H = 0) is
a smooth complex hypersurface there is a holomorphic retraction from a neighborhood
of (H = 0)in C?>to (H = 0). So we can consider that we have a holomorphic
function &; defined on a neighborhooW of (H = 0) and satisfying the requirements
in B(O, R1) N W. Let x be a smooth function with support W such thaty =1 in a
neighborhood of H = 0), the (0, 1) form « := (dx)&1/H is closed inC?. Letu satisfy
du = o, with u(p) = u(g) = 0 (see Ho, Chapter 4]); ther§’ := x& — Hu satisfies the
required conditions.

Let Z, be the vector field associated i), := ¢S H. Let!’ be a transverse curve
to y in (H = 0) at a point of minimal norm. As above we consider the orbjfsand
ver Starting respectively ap andg and entering inB(0, R1). For 6’ small enough we
definek(6’) = p1(0") — q1(8"), wherep1(6'), ¢q1(9") are parameters ofi corresponding
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to the points of intersections of the orbits with

The functionk(9’) also has a zero of order 1 @t= 0.

Observe thaty) Uy, is an orbit of the Hamiltonian vector field corresponding to
H(1+ g)e'?+9¢ . Similarly for y Uy,

The proof of the polynomial convexity of also shows thatB(0, Ry) U U; is
polynomially convex. Using Hormander® estimates in a standard way (for example,
as in Hormander and WermadpW] or in [FG, Lemma 2.2]) we can approximage &,
£’ by entire functions onB(0, R1) U U; in the Ct-norm. It is in order to approximate by
entire functions that polynomial convexity is needed. L&y = 595 H(1+ g1),
whereéy, &7, g1 are close enough t, ¢, g.

We thus obtain a Hamiltonian vector field, . Let h(9,6") = p(6,6") — q(6,0"),
where p(0, 0'), q(6, 0’) denote the parameters corresponding to the intersection of the
orbits with /. Similarly we definek(6,6") = p’(0,0") — 4'(6,6’).

The set(h(6,6") = 0) is a graphd = 6(0’), where6 (') is arbitrarily close to the
zero-function. The sgk (6, 6") = 0) is also a graphg’ = 6'(0), whered’(9) is arbitrarily
close to the zero-function. The two graphs intersect at a [§éind;) which corresponds
to a closed orbit.

Now let Hy be a Hamiltonian and assung(z) is an orbit for X p,. Fix

V={H;H e E,|H — Holpo.r <€}

Fix T > 1. Fix Ry > R such thaty(r) € B(0, R1/2) for ¢ € [0, T]. Using Theorem 7.1,

we can find aH in V and an orbity of Xy arbitrarily close toyy(¢) for ¢ € [0, T] and
such thaty is unbounded in positive and negative time. We now apply the first part of
the proof in order to approximate by a closed orbit of a Hamiltonian i#. O

8. The quasi-ergodic hypothesis for Hamiltonian vector field€n

Let H be a holomorphic function ifC2. Let Xy be the Hamiltonian vector field
associated td{. The quasi-ergodic hypothesis in this context means that for a generic
Hamiltonian H in C? and for a generic value, the vector fieldX ; has a dense orbit on

H ().

THEOREM 8.1. There is a dens& ;s set€ C E with the following property. For every
H < £ there is a dens& ;s setC ¢ C such that on every component Bf(c), ¢ € C,
there is a dense orbit.

Proof. Fix a countable dense sgt;};>o € C.

For any integem > 1 let W,, denote the set of non-constaiite E such thatvH # 0
for every point inB(0, m) at which H takes one of the values, ..., ¢,. Clearly, this
set is open and dense i for eachm.

The set€ := NW,, is then a dens&; in E and for everyH e € the setsH (c;)
are countable unions of pairwise disjoint Riemann surfaces each of which is a closed
submanifold ofC?, at most finitely many of which intersect any given compact set.

Fix an integerN. For eachH € £ and 1< j < N let {T/}}Y;" denote the
components oH*l(cj) which intersect the closed ba#l(0, N).
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Note that if H € &, then someEff’k might touch the balB(0, N) only at the boundary
and so if we perturtH a little the component might disappear. Similarly, two distinct
components ofEJf’k might be connected up if we perturd a little. In either case
the number of components is reduced. We say ftiais N-stable if the number of
componentse#, is locally minimal in&. Let £y consist of theN-stableH € £. Then
&y is a dense open set

Let Vy consist of thosed € £y so that everysz contains an integral curvyajfi of
the Hamiltonian vector field oH such that every point irEf’k N B(0, N) has distance
strictly less than AN from y /.

LEMMA 8.2. The setVy is open inéy.

Proof of Lemma 8.2 his is obvious: we just replacg;f{( by an integral curve m:f’k if
H' € Ey is close toH. O

LEMMA 8.3. The setVy is dense irfy.

Proof of Lemma 8.3Fix an Hy € £y and choose numbe® > N, ¢ > 0. We will prove
that there is anH; € Vy with |H; — Hg| < € on B(0, R). Pick finitely many points
{pfe } C =% so that each point i/ has distance at mosy2n from somep;™ .

We next perturbHp so that the forward and backward orbit of eapﬁ,f,l escape
B(0, R). This is possible by Theorem 7.1. However, we sketch the argument.

We proceed by induction op. Assume this is true for all pointpi’”,?!,, i < j. Then
this remains true for albi’f',f’l, i < j,if Hpis perturbed little enough.

Suppose some orbits of poinﬁ{’,‘jq, remain bounded in forward or backward time.
Then by the Schwartz3d version of the Poinc&-Bendixson theorem the limit curves
are closed orbits. So by the identity theorem all orbits in the level séfyadre closed.
But then replacingHy by

eigHo +c¢i — emcj

for arbitrarily smallé makes all these orbits escap€0, R). Next replace this function
by an arbitrarily close element ¢fy,. Hence we may assume that the orbits of all points
pf,g,, escapeB(0, R) both in forward and backward time.

Let /%, denote the maximal orbit through™® , contained inB(0, R), entering the
ball at Pﬁj{, and exiting ath,‘j,,. We can assume that the curves interseBtO, R)
transversally.

Next we construct a closed? loop inside ij',S containing all the piece&ﬂ?l by
adding curves outside the bal(0, R). So we wish to conneon,‘j,, to Pﬂ‘{lﬂ except

the last,Q |, which is connected to the firgt?,.

We have seen how to do this: approximate, inductivelyjorat the firstHy by a
polynomial of the form

M(w — a;(z)) +¢;
and then connect the ends by a function

M(w — ha;i(z)) + 8 + ¢;
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which we finally replace by an approximationdiy. So we connect in this way first the
points in =1 and then N, (much further out) etc.

After this, we may assume that there i€%closed curve irEf,S which is real analytic
except at the point®/?,, 0% .

There is however one problem, the curves might have finitely many self-crossings in
the exterior of B(0, R). Now to get rid of the crossings we are going to add handles.
Notice that all self-crossings iB;; can be made to happen in a small disc which we are
free to move where we wish oB; ;. We add handles inductively on Let (L; = 0) be
a surface of high genus with punctures at infinity, crossiflg = ¢;). We can assume
that L; is close to 1 on any given ball. We repla&f by (Hy — ¢;)L; + ¢; + 8.

Then we can connect the poin@ffg,, ij’,g, without self-crossings. Hence we obtain
curvesyj{i" - 2;1,? passing closer than/ to any point inEj’?',iJ N B(0, N). Moreover,
the curves are integral curves 8 inside B(0, R) and real analytic, except ont§? on
dB(0, R). In order to replace/jfff by a Hamiltonian vector field of a close-t¥y, we
do an approximation argument as in the proof of Theorem 7.2. O

The end of the proof of Theorem 8\We definef = NEy. Then& is a denseG; of
Hamiltonians.

Fix H € £. We will show that there is a densg;, Cy C C, such that ifc € Cy,
then H~(c) is a countable union of disjoint closed submanifoldsG3f and on each
such submanifold, there is a dense orbit. Lét}, c C be the dens&; of non-critical
values of H. By constructionfc;} C Cj.

ConsiderVy := {c € C}; on each componerE of H(c) which intersectB(0, N)
there exists an orbit of Xy such that every point o N B(0, N) is at distance< 1/N
from y}. ThenVy is open and we know thdty is dense. So for in a denseG; set

H~1(c) has dense orbits. O
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