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This paper considers the problem of estimating expected values of functions
that are inversely weighted by an unknown density using the k-nearest neighbor
(k-NN) method. It establishes the /T -consistency and the asymptotic normality of
an estimator that allows for strictly stationary time-series data. The consistency of
the Bartlett estimator of the derived asymptotic variance is also established. The
proposed estimator is also shown to be asymptotically semiparametric efficient in
the independent random sampling scheme. Monte Carlo experiments show that the
proposed estimator performs well in finite sample applications.

1. INTRODUCTION

This paper addresses the problem of estimating definite integrals of conditional
expectations such as

0o = /EX E(W|X =x)dx =E [ffx)} , (1.1)

for some random variable W, where X C Supp(X) and Supp stands for support.
The last equality follows from rewriting ¥ = WI(X € X)), where I(-) is the in-
dicator function that equals one if its argument is true and zero otherwise. Here
f (+) represents the unknown marginal density of the continuous scalar random
variable X, and E[-] is the expectation taken with respect the joint distribution
of (¥, X). Consistent estimation of objects like (1.1) are important in economics
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because, as pointed out by Lewbel and Schennach (2007), numerous existing
semiparametric estimators make direct or indirect use of (1.1); see, e.g.,
Hérdle and Stoker (1989), Hausman and Newey (1995), Newey (1997),
McFadden (1999), Lewbel (1997, 1998, 2000, 2007), Honoré and Lewbel (2002),
Newey and Ruud (2005), Hong and White (2005), Hall and Yatchew (2005),
Khan and Lewbel (2007) and Lewbel, Linton, and McFadden (2011). Further-
more, its analysis with dependent data is also important because objects like
(1.1) often represent consumer surpluses that need to be calculated with
repeated observations of quantities demanded, and prices in time; see, e.g., Newey
and McFadden (1994, Sect. 8, p. 2195). In particular, if one has data {Y;, Xt}thl,
a natural estimator of (1.1) is

~ 1L vy
0=-y_—-"—| (1.2)
T;f(Xz)

where f(~) denotes a consistent nonparametric density estimator. Various authors
have established the +/7-consistency and asymptotic normality of (1.2) using
Rosenblatt’s (1956b) kernel estimator in place of f(-), for example; see, e.g.,
Lewbel (1997, 1998, 2000, 2007), Honoré and Lewbel, among others. However,
their results often require smoothness and support conditions on f(-); see, e.g.,
Khan and Lewbel and Jacho-Chavez (2010). Alternatively, this paper establishes
the weak convergence of a version of (1.2) under general moment conditions on
the joint distribution of (Y, X). Furthermore, this is achieved while relaxing the
independent and identically distributed (i.i.d.) assumption prevalent in this litera-
ture to allow for strictly stationary and ergodic data {Y;, X; }[T:l.

Specifically, this paper proposes the usage of the (uniform) k-nearest neighbor
(k-NN) density estimator of f (-) in (1.2) instead; i.e.,

~ k

Jr (X)) = TRy (X, 0 (1.3)
where R7 (X;, k) = the Euclidean distance (| - |) between X, and the kth nearest
neighbor of X; among all the X;’s for s # ¢, fors = 1,..., T. Estimator (1.3) cor-
responds to Mack and Rosenblatt’s (1979) version with uniform weights, as orig-
inally proposed by Loftsgaarden and Quesenberry (1965).! It then follows that
estimator (1.2) can be reformulated as

. 2

0= zZY,RT (X, k). (1.4)
1

The usage of the nonparametric k-NN estimator of f (-), in place of a kernel

estimator, for example, is particularly helpful in (1.2), because (1.4) is theoreti-

cally easier to handle than (1.2), since it does not involve the ratio of two ran-

dom quantities. Another important advantage of the k-NN approach is its local
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adaptation, a property that is not enjoyed by most kernel methods, for exam-
ple. For these reasons the k-NN approach has already been used in other semi-
parametric settings assuming i.i.d. sampling; see, e.g., Robinson (1987, 1995),
Newey (1990), Delgado (1992), Delgado and Stengos (1994), Liu and Lu (1997),
Heckman, Ichimura, and Todd (1998), Abadie and Imbens (2006, 2011), Pinkse
(2006), Li (2006), Jacho-Chavez (2008), and Jun and Pinkse (2009a, 2009b,
2009c). Although results are available for the nonparametric k-NN estimation
of densities and regression functions with time series (see, e.g., Yakowitz, 1987,
Boente and Fraiman, 1988, 1990; Tran, 1993; Tran and Yakowitz, 1993; and Lu
and Cheng, 1998, among many others), we have not seen any previous use of
the k-NN method in semiparametric problems involving the estimation of finite-
dimensional parameters with dependent data as in this paper.

An estimator of (1.1) closely related to ours is Lewbel and Schennach’s (2007)
“ordered data” estimator based on nearest-neighbor spacings defined as

_ 1 T—k
0= Yin(Xe+n —X0) (1.5)
1

=

where X(;) is the rth order statistic, and Y}, is the concomitant associated with
X(1). Lewbel and Schennach showed that if {Yt,X,}tT=1 is a sequence of i.i.d.

random variables and under other regularity conditions, ~/7’ = 6o) 4N 0,E
[var(Y|X)/f?(X)]) when k =o(InT) as k — co. They derived the semiparamet-
ric efficiency bound for regular estimators of 6 and proved that & achieves it.

Although similar in nature, estimators (1.4) and (1.5) are fundamentally differ-
ent. In particular, for the pair (Y[, X(;)), where X ;) is in the support of {Xt};T:p
its contribution to the sum in (1.5) is Y[} X | X 4x) — X(1)|, whereas, in (1.4), its
contribution can be written as Yj;; x min (|X () — X¢—) |, X (144 — X(»]). That
is, Lewbel and Schennach’s (2007) estimator can be understood as a functional
of “one-sided” Euclidean distances between the X,’s and their kth “right-hand
side” nearest neighbor, while the proposed estimator (1.4) is a functional of “two-
sided” Euclidean distances between the X,’s and their kth nearest neighbor (ei-
ther to their left or right).? These differences also make Lewbel and Schennach’s
limiting distribution theory not applicable to (1.4) for either fixed or increasing
k. Although (1.4) admittedly requires 7-times more operations than (1.5), the
asymptotic properties of (1.4) are established here under generally weaker mo-
ment conditions with dependent data. Furthermore, the two-sided nature of the
proposed estimator enables it to use more local information than the ordered-data
estimator. This in turn may partly explain the numerical “robustness” of (1.4) to
the choice of k shown in our Monte Carlo exercise below. Finally, one can also
verify that, in the i.i.d. case, (1.4) also achieves the semiparametric efficiency
bound.

The rest of the paper is organized as follows: Section 2 introduces some no-
tations used throughout. The +/7-consistency and the asymptotic normality of
(1.4) are then established using a set of mild moment conditions and the slowest
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possible rate of divergence for the bandwidth k7 under the strong-mixing de-
pendence conditions. The consistency of the Bartlett estimator of the asymptotic
variance of (1.4) is also proved under general conditions in Section 2.3. Section 3
provides some Monte Carlo evidence of the proposed estimator under various data
generating processes and compares it to the ordered-data estimator. Finally, Sec-
tion 4 concludes by pointing out directions for future research. All of the proofs
are gathered in the Appendixes.

2. MAIN RESULTS
2.1. Basic Notations

Let {Y;, X ,}thl be a strictly stationary and ergodic sequence of random variables
defined on a probability space, (Q, F,P), and valued in R?. The smoothing pa-
rameter k7 = k is a sequence of positive integers that depends on 7 such that
k/T —>0 as T —> oco. F(x) is the cumulative distribution function (CDF) of
X, and f(x) is the probability density function (PDF) of X. Throughout this
paper, we shall also assume that the support of f(-), Supp(f) ={x: f(x) >
1, for some # > 0}, could be the entire real line R.> F(y|x) is the CDF of ¥ con-
ditional on X = x; f(y|x) is the PDF of Y conditional on X = x; f(x, y) is the
bounded and continuous joint PDF of X and Y; Fr (x) is the empirical CDF of
{X,}[ 15 Fr(x, y) is the empirical joint CDF of {X;, YL i1 IAllp is the L,-norm
of A, {E[|A|”1}V/7; || Al| ,, 7 is the L ,-norm of A condmonal onZ, {E[|A|P|I]}1/P

I £1l,.¢ is the £,-norm of f, { [ |f(x)|1’dx}]/1’ = means weak convergence (or
distributional convergence) Q is the sample space; w is an element in Q; F; is
the Borel algebra generated by {(Xo, Yo), (X1, Y1),..., (X;,Y;)}; F' is the Borel
algebra generated by {(X;, Y;), (Xi+1, Yi+1), - }"x ¢ 1s the Borel algebra gen-
erated by {Xo, X1,..., X/}; Fy, is the Borel algebra generated by X;; and .7-"’ is
the Borel algebra generated by {X;, X;+1,...}.

To formulate our theory in Section 2.2, we shall make use of an assumption
of conditional independence, which has been employed in stochastic analysis
(see, e.g., Clauser and Horne, 1974), between the observables. In particular, let
a*(t) =: a(Fy,0, Fy|Fx,0, Fy) denote the conditional independence coefficient
of Y; where

a*(t) = sup sup |[P(FNG|KNH)—P(F|K)P(G|H)|.
KeFx 0, HeF} FeFy),GEF,

This coefficient essentially measures the degree of conditional independence be-
tween two flows of Borel algebras generated by the process Y; when sub-Borel
algebras generated by the process X, are given. In particular, suppose that
Assumption A1 below holds; then P(FNG|KNH)— P(F|K)P(G|H)=P(FnN
G|KNH)— P(FIKNH)P(G|K N H); thus, the conditional independence
coefficient a* () is a natural congruence of the conditional strong-mixing con-
cept, proposed by Rao (2009).
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2.2. Asymptotic Normality of the k-NN Estimator of
Inverse- Density-Weighted Expectations

We now introduce some assumptions before stating the main result of this section.
We shall note at the outset that henceforth generic constants, p, ¢, and ¢, are
mutually independent from one condition to another unless otherwise stated.

Assumption A1 (Data generating process). The regressand process Y; depends
on Fx,, via Xy; ie., E[Y;|Fx ] = g(Xy).

Assumption A2 (Moment conditions).
(@) lIg(Xo)ll, < oo.
< 00.

o (x)
o) |1 (585) ], |,

(© H“YOH% }'on ,p=1 < 00, where p and ¢ are some positive integers such

P
that 1/p+1/q <1, p> 1, and g > p. We shall note at this point that any
p > 1 can be used, depending on what is needed.

(d) 1Yo—g(Xo)lly < oo.
(e) ’ Yo—g(Xo)

fXo)

< OQ.
p

Assumption A3 (Strong mixing).

(a) Y; (conditioning on X,) is a strong-mixing sequence such that
max { 20 {a* (1)} P=D/P=1a 30 o1=C/P) (Fy, F') } < oo for some
integers, p and ¢, such that 0 < ijl -1~ 1, where a (-, -) is the stan-
dard strong mixing coefficient in Rosenblatt (1956a).

(b) X; is a strong mixing sequence such that ¥°°, 11g1=C/p) (Fx,0. FY)
< oo for some integers p > 2 and £ > 1.

Assumption A4 (Smoothing parameter). kr = O(T¢*+D/26) such that
limr , oo k7 /T =0 for some integer £ > 1.

Assumption A1 is used in the conditioning arguments in the proofs below. It is
satisfied, for example, in the nonlinear regression model, ¥; = g(X;) + ¢;, where
the disturbances, ¢, are serially dependent in such a way that they are uncorre-
lated with X, for all # € [1, T']. In this sense, one can allow for various degrees of
nonlinear dependence between Y; and X/ % as well as some forms of heteroskedas-
ticity in €, i.e., €, = 02(Xt_1){,, where o (X;) is a function of X, and {Ct}thl are
1.1.d. random variables with zero mean and finite variance.

In the same spirit as Robinson (1987) or Delgado (1992), the usage of the k-
NN estimator allows us to relax Lewbel and Schennach’s (2007) assumptions
to general moment conditions for certain functionals of {Xy, Yy} as described in
Assumption A2, while allowing for possibly unbounded support of f(x). For
example, consider the following data generating process (similar to the one in the
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Monte Carlo experiments below) where Y, = 2X; (1+¢;)¢ (X;), X; and e, are
independent of each other standard normal random variables, and ¢ (-) represents
the probability density function of a standard normal. Notice that the support of Y;
and X, is the entire real line. Furthermore, f (X;) = ¢ (X;), g (X;) =E[Y/|X,] =
2X:¢p(Xy), and Yy, — g (X;) = 2X,¢(X;) x ;. In this case, § = E[Yy/¢ (X0)]
= 0 and the integrability conditions in Assumption A2 are satisfied. On the other
hand, for some forms of f(x) the validity of Assumption A2 implicitly requires
bounded support conditions on X,. For example, if X, is again a standard normal
random variable but independent of Y; — g (X;), then Assumption A2e is only
satisfied if E [exp{pX(%}] x fpexp{(p— 1/2)x2}dx < oo. The latter is not satisfied
unless p < 1/2 or X, has bounded support.’

Notice that Lewbel and Schennach (2007, Conds. 3-4, p. 192) require f(x) and
g(x) to be uniformly Holder continuous. In contrast, Assumption A2b merely
requires the finite second moment of the derivative of the ratio g(x)/f (x) to be
finite. However, Conditions 3-4 in Lewbel and Schennach (p. 192) together with
their Condition 2 (bounded support) make Assumption A2b above automatically
hold.

Since the dependence structure in (1.4) is governed by both cross-sectional
and serial dependence, Assumption A3a to a certain extent serves as a summa-
bility condition on the maximum degree of mixing of the regressand process
Y; for every possible mixing pattern in X;. This assumption effectively implies
the strong mixing condition, ¥, a!=/P) (Fy, ') < oo, required for a central
limit theorem for stationary strong mixing sequences to be applied in the proof
of Theorem 1 below. Assumption A3b in essence imposes rather mild restric-
tions on the mixing coefficient of X;. This assumption is slightly stronger than
other mixing conditions often found in the time-series analysis; see, e.g., Phillips
(1987). Nevertheless, owing to this assumption, one could derive a slower rate
of divergence for k7, which is discussed below. This type of mixing is general
enough to include standard models in nonlinear time series analysis such as those
used in the Monte Carlo experiments below. Another example is the nonlinear
regression model Y; = g(X;) + ¢, as described above. If the regressor process
X; satisfies Assumption A3b and the disturbance ¢; is mixing in such a way that
> aép —D/p=1/q (t) < 0o, where a (t) is the conventional mixing coefficient of
€, then Assumption A3a is satisfied.

In addition, notice that the conditional strong mixing coefficient, a*(¢), relates
to the standard strong mixing coefficients, o (Fx o, F ;) and a(Fp, F") as follows:
First, recall the relation®

P(FNG|KNH)— P(F|K)P(G|H)
_ P(FNKNGNH)—P(FNK)P(GNH)

P(KNH)
P(K)P(H)— P (KNH)
+P(FNK)P(GNH) PEAH) PR P |
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It then follows that

a* (1) < Kirjl_f P(KNH) sup |P (AN B)— P(A)P(B)|

€J°X,0 AeFy
HeFy BeF'
KNH#{@}

P(FIK)P(G|H)

KE}—X’Q, HE]“% P(KmH) KEfX,O
Fefy’o, GE]'-)I/ HE?;‘(
KNH#{0)

= Cia (Fo, F') + Caat (Fx,0, Fy) -

-1

|P(KNH)—P(K)P(H)|

where C; =<inf gker,, P(KNH) <00

HeF}
KNH£{0}

P(F|K)P(G|H)

and Ca = SUPgcry  HerFl, P(KNH)

Fefy,o, GG]'-)[/
KNH#{0)
Applying the elementary inequality |x + y|'/" < |x|'/" 4 |y|'/" for some integer
r > 1, one can strengthen Assumption A3 to the following.

Assumption A3 (Strong mixing).

(a) (Y7, X;) is a strong mixing sequence of bivariate random variables such
that

max{ 3 al=C/P (Fo. F'), § o (P=1/p)=01/q) (]:0,]:1‘)} <00
1=1 =1

for some integers, p and ¢, such that p > 2 and 0 < I’T_l — % < 1.

(b) X; is a strong mixing sequence such that

00 o0
max { z o ((p=D/p)=(1/q) (-7:X,0»7:§() , Z =g 1=2/p) (}‘X’Oj}"&)} < 00,

=1 =1
where ¢ is some integer such that £ > 1.

The condition lim7 _, o k7 /T = 0 in Assumption A4 is standard in the point-
wise asymptotic theory for k-NN; see, e.g., Bhattacharya and Mack (1987). How-
ever, kr = O(T“*+D/20) implies that k7 diverges at a rate,’ T¢+T1D/20 which is
much slower than many rates in the current literature. For example, Bhattacharya
and Mack showed that the weak convergence of the k-NN density holds for k7 =
O(T*/3). The slow rate of divergence obtained in the present paper is due to
an application of Cox and Kim’s (1995) inequality in the proof of the following
theorem.
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THEOREM 1. Let Assumptions Al, A2, A3, and A4 hold. Then
JT (ékT - 90) MoN (o, avzv*) ,
where o, = E[WZ2] 4232 E[W W] with W, = 1i221)

f(Xy) -
A few remarks are in order.

Remark 1. In the i.i.d. case, we can easily establish that Asy. Var(v/T (§kT —
o)) = [var(Y|X)/f2(X)], which corresponds to the semiparametric efficiency
bound derived in Severini and Tripathi (2001, Sect. 7, p. 41) and Lewbel and
Schennach (2007, fn. 4, p. 193).

Remark 2. The asymptotic variance 0'%,* defined in Theorem 1 can be esti-

mated using either s2._ or s%_ _ as follows:
w*,1 W*,2
5 1 T ~ o 1 m T—1 PN
P * _ * *
Swer1 =T ZWI +2T 2 2 WiWi.,
=1

t=1 =1

where VT/t* = U’?%f’); 21 (x) =2 (x, Rr(x, h7)) is the hi-NN estimate of g(x)
T\At

defined in Lemma 6 in Appendix B below; fT (x) is the standard k-NN estimate of
the density function f(x); and m = mr is a lag-truncation parameter that grows
slowly with T'; see, e.g., White (2001, Ch. 6). However, s%* ' is not constrained

to be positive; i.e., when there are large negative sample serial covariances, s%* .

can take on negative values. Therefore, in view of Newey and West (1987), one
may also use the following Bartlett estimator instead:®

1

2 _
Sweo =

N

T ~ > m 1 T—1 PN
SW242Y wemy 7 Wwr . |, 2.1)
1

=1

where wy,, =1—1/(m+1).

2.3. Asymptotic Variance Estimation

The weak consistency of the long-run variance estimator, (2.1), is established
in this section. Toward that end, we now introduce further assumptions before
stating the main result of this section. First, let g¥ (1) = E[max(Y,0)|X = u],
g~ = E[min(Y,0)|X = ul, p; (u,0) = E[Y1 Yo 11| X1 = u, Xg41 = 0], 5 (,0) =
E[Y1Ye41]1X1 =u, Xepy =0, and 62 (u) = B[(Y — g(X))* X =u].

Assumption B1 (Moment conditions).

Yi—g(Xy)
(a) max{H rf(X,)

g’ ||Y||S} < 00, for some s > 2.
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® max{‘ H Yl.;(é;f(fgl) Hq,fxl 10’ ‘Yl;&(]);l) rFx, 10’ ‘Yl‘;(%((ﬁl)le’fxl 20’
‘ H Ylf_&(l)il) sz,fxl 20" H YIJT&(SI)HP%% 20” H Ylf_&(')gl) H”“’f"l 20} -

for some generic constants (> 1); ¢,r, p1, p2, p3, and ps4 such that 1 /g +
1/r <land 3}, 1/p; < 1.
(c) 62(x)=E [(Yt —g(X))?IX, = x} < 00, for every x € Supp(X).

Assumption B2 (Probability density functions).

(a) The density function f(x) of X; is continuous, positive, and bounded
everywhere.

(b) The joint density function f; (u,v) of (X;, X;+.) is uniformly bounded for
7> 1.
Assumption B3 (Regression functions).

(@) g*(x), g~ (x), p,(u,v), and o (x) are continuous functions.
(b) g(x) is Lipschitz, and lim¢_, g[g(x + €u) — g(x)] /e = r(x, u) such that
f_ll r (x,u)du < oo for every x € Supp(X).

Assumption B4 (Smoothing parameters).

(a) kr verifies k7T 2/3 = o(1).
(b) hr verifies hy /T = o(1) and limy _, cohrT™23 = 2ff (x) for some 0 <

f < oo.
(¢) mr verifies mlT+zq/T = 0(1), for some g € (1/2,0), and m7/min(kr,
hr) =o0(1).

Assumption BS (Strong mixing).

(a) The strong-mixing coefficient of X; satisfies lim, _, Oonzj?’in a(Fx.0,
Fp) = 0.
(b) The strong-mixing coefficient of (¥;, X;) satisfies

(i) lim, 5 0on Y22, {a(Fo, FO)}'7V® = 0 with w = 5/(s — 2), where
s satisfies Assumption Bla;

(i) 3, {a(Fo, FOPV =18 < oo for some r € (2,4] such that
r > 2+ 1/q, where g satisfies Assumption B4c.

(c) The conditional strong-mixing coefficient of Y; (on X,) verifies

() 2, {a* (@) I71Va=1N2 < oo,
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o —12 _ .
(ii) lim T_>ookT/ > w,mrﬁ >/ {e* (min(e,0—1,|6—1

_1|))}(1—2§‘=1 pi)/2 = 0, where g, r, p1, p2, p3, and py satisfy
Assumption B1b; and {k7,m7} satisfy Assumption B4.

Most conditions above are similar to those in Boente and Fraiman (1991, 1995)
and Hansen (1992). These are required to show the weak convergence of the
nearest-neighbor (NN) estimators f7(.) and gr(.), and the weak consistency of
the standard heteroskedasticity and autocovariance matrix (HAC) estimators, re-
spectively. Assumptions B1, the second part of B4c, and B5c are needed as well.
Assumption B1, loosely speaking, just imposes finite bounds on the higher-order

moments of th%x(,x)t)- These moments arise in the proof of the L,-convergence-

to-zero of the biases of the NN estimators employed.” The second part of As-
sumption B4c, m7 /min(kr, h7) = o(1), controls the growth of the lag truncation
parameter m7 with respect to the growth of the smoothing parameters, k7 and
hr,as T diverges to infinity. That is, m7 must diverge slower than min(kz, 7).
Condition B5c is closer in spirit to Assumption A3a above. It essentially imposes
a summability requirement of the conditional strong-mixing coefficient a*(.) as
kr and m7 diverge with T. This condition can be effectively strengthened to a
condition involving the summability of the standard strong-mixing coefficients
by using the inequality employed to derive Assumption A3’ above.

THEOREM 2. Let Assumptions Al and B1-BS hold. Then as T — oo, we

have that
2 P, 2
SVT/*,Z :>0W*'

Finally, notice that for i.i.d. data, the estimators s‘zx/* : and s%* ) simplify to

M

1l {Yt—gr(xt)r
fxy 1

S
w*,3

’ =

The strong consistency of s%/* 3 is established under substantially weaker condi-

tions in the following theorem.!”

THEOREM 3. Suppose that {Y;, Xt}thl is a sequence of i.i.d. data and that
gr () is a uniformly strong consistent estimator for g(-), i.e., SUP,cg |§T x)—
g(x)| = 04.5.(1). Under Assumption A2d, let kt increase with T in such a way
that limy _, lfﬁ =00 and limy _, kTT = 0. Then it follows that

s%}*’3 L5 60, =E[W}?2] (2:2)

where Wi = YO;(”;%O).
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3. MONTE CARLO EXPERIMENTS

In this section we provide Monte Carlo evidence of the small sample performance
of the proposed estimator in comparison with Lewbel and Schennach’s (2007)
estimator. Although the consistency of the latter was only proven under the i.i.d.
assumption, our numerical results below show it also seems to work for dependent
data.

We generate sequences of pseudo-random numbers {Y;, X t};T:p where Y; =
2X:(14¢)I(0 < X; < 1), and {X; ZT=] follows the following data generating pro-
cesses (DGPs), where {e,}tT=1 and {Zt}tT=1 denote independent sequences of i.i.d.
N(0,1) random variables:

DGP 1. Independent and Identically Distributed Data (IID), X; = Z;.
DGP 2. Threshold Autoregressive Model (TAR),

X, — O6Xi 1 +7Z0 5 X1 <,
T\ =-5Xa+Ze s X > L

DGP 3. Sign autoregressive model (SIGN), X, = sign(X;—1)+0.43Z,, where
sign(x) =1(x > 0) —=I(x <0).

DGP 4. Tem Map model (TEM MAP),
X, — Xi-1/a i 0< X <a,

Tla=X)/(l=a) 3 a<Xo <,
where o = .49999 and Y is generated from U [0, 1].

DGP 5. Markov Regime-Switching model (MARKOV RS),

X, — 60X 1+ 7, ;0 5 =0,
Tl =5Xa+Ze o S =1,

where S; is a latent state variable that follows a 2-state Markov chain with transi-
tion probabilities P(S; = 1|S;—1 =0) = P(S; =0|S8;—1 =1) =0.3.

DGP 6. Exponential AR(1) model (EXP-AR(1)), X; = .5X;—1 + 10X;—;
exp (—th_l) +Z;.

DGP 1 corresponds to Lewbel and Schennach’s (2007) original design, while
DGPs 2-6 are taken from Escanciano and Jacho-Chavez (2010). In each of 1,000
replications we generate sets of 7" = 100, 200, and 400 pseudo-random numbers
following these DGPs. Estimators (1.4) and (1.5) are calculated for different val-
ues of k =1,2,...,30. Figures 1 and 2 display the finite sample behavior of the
simulated {5 ) — 90};0:010 and {9©) — 90}5101() as functions of k respectively in the

https://doi.org/10.1017/5026646661100079X Published online by Cambridge University Press


https://doi.org/10.1017/S026646661100079X

o T=200 1D T=400
FYTTTTTYIIIIRANATTRRNITIIITICT x ¥ yrTTTT
-Illlll]Illlllliill{'l‘lllhltil TIEr11iLy
2[R T=100 TAR T=200 TAR T=400
1
5 ‘””'””"'"n,.“ FETTrRrTTTITTIITITI IR T gy, . TTTITLL
Ly shbidatibeetbittotiiiitettinn
7 m LTS ITII I itiaatittee i
-2
4| siGN T=100 SIGN T=200 SIGN T=400
2
o v”lyyIIYIYYIIY?Y""I'?"]"'IIY"?I’ Tf rTTTTTT G
[ SSseeeererrrerrrrrRR TRy | [ REFRHHH - | s
-2
10l TEMMaP T=100 TEM MAP T=200 TEM MAP T=400
0.5 :
0.0} L LTS £y 1y 7y -%%ﬁmm B e s
P T Yy sy v w vy y ww d 5
15[ maRKov RS T=100 MARKOV RS T=200 MARKOV RS T=400
' TETTINY
-0.5 ‘1111Illlllllllllllllljl'l1 e e e R e P
=10
4 ExP-AR(1) T=100 EXP-AR(1) T=200 EXP-AR(1) T-400
2
TrTTTERTTTIRRRNTITIINTITINRNTIIY P TYTYTITITYTITEREIRT
2 “““l“ """"" EE  E  FF YT T T [

135791 W 7T D 3B 26 20 13579 14 7 20 2B % 29 135781 W 7 2 28 % 20

FIGURE 1. Semiparametric ordered-data estimator. Note: Box plots of 1,000 simu-
lated differences between the ordered-data estimator and 6, where 6 = k1 Z]T_k Y1
(X(H—k) _X(t)) fork=1,...,30.

form of box plots for each design. These figures contrast the estimators’ different
bias and variance behaviors as k changes. Overall, the results are qualitatively
similar between both sets of estimators for most DGPs at large k and 7. How-
ever, the performance of the proposed estimator seems to be quite robust to the
choice of the smoothing parameter k; i.e., bias and the box plot’s “whiskers” are
somewhat invariant to the choice of k. This could be a consequence of the slow di-
vergence rate implied by Assumption A4, combined with the two-sided nature of
the proposed estimator. On the other hand, the ordered-data estimator’s simulated
bias and variance display the standard trade-off usually found in nonparametric
smoothers; see 7" = 100 in Figure 1. The simulated bias and variability of both
estimators decrease as sample size 7" increases.

Finally, Table 1 shows the performance in terms of Monte Carlo bias (Bias),
standard deviation (Std. Dev.), root mean squared error (RMSE), mean absolute
error (MAE), and the interquartile range (IQR) of each estimator at the value of k
that minimized the simulated RMSE. As displayed in Figures 1 and 2, the results
are qualitatively similar for both estimators, but the proposed estimator displays
less variation for DGPs 2 and 3. Furthermore, as predicted by our theory, both
estimators have numerically similar variances in DGP 1.
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FIGURE 2. Semiparametric k-nearest neighbor based estimator. Note: Box plots of 1,000
simulated differences between the k-nearest neighbor based estimator and 6, where 6 =
/X! Y Ry (X;,k) fork=1,...,30.

4. SUMMARY AND EXTENSIONS

In this paper we have established the asymptotic normality of the k-NN estima-
tors of inverse-density-weighted expectations involving strictly stationary, ergodic
data. This is achieved under weaker conditions than previously required by other
authors. In particular, no explicit restrictions on the support of the probability
density function f(X;) in the denominator are needed apart from mild and appar-
ently minimum moment conditions. A slow rate of divergence for the smoothing
parameter k7 is also obtained via a strong mixing condition, which is derived
from Cox and Kim’s (1995) inequality.

Since the Euclidean distance is immediately adaptable to vector-valued random
variables, extensions to the multivariate case, i.e., X; € R where d > 2, are pos-
sible. This would ultimately require conditions on the unconditional/conditional
cumulants of (Y}, X;), for example. Similarly, as in the current literature of semi-
parametric inference using the k-NN method, the question of how one chooses
the number of nearest neighbors, &, in a given application remains open. An au-
tomatic lag selection mechanism of m can potentially be developed by non-trivial
extensions of asymptotic arguments in Newey and West (1994). This is left for

https://doi.org/10.1017/5026646661100079X Published online by Cambridge University Press


https://doi.org/10.1017/S026646661100079X

782 BA CHU AND DAVID T. JACHO-CHAVEZ

TABLE 1. Monte Carlo performance at simulated optimal k

DGP T k Bias Std. Dev. RMSE MAE IQR
1ID 100 4 0.010 0.255 0.255 0.201 0.349
20 0.002 0.250 0.250 0.200 0.356

200 6 0.002 0.169 0.169 0.135 0.230

16 0.000 0.170 0.169 0.135 0.222

400 9 0.005 0.109 0.109 0.087 0.148

30 0.003 0.109 0.109 0.087 0.150

TAR 100 3 0.013 0.305 0.306 0.241 0.394
11 —0.010 0.301 0.301 0.238 0.399

200 3 —0.004 0.210 0.209 0.166 0.280

15 —0.010 0.210 0.210 0.167 0.286

400 5 —0.003 0.141 0.141 0.111 0.182

26 —0.004 0.140 0.140 0.110 0.180

SIGN 100 3 —0.064 0.452 0.490 0.341 0.449
10 —0.081 0.441 0.490 0.336 0.436

200 3 0.000 0.317 0.322 0.202 0.245

11 —0.035 0.313 0.325 0.201 0.225

400 4 0.011 0.173 0.173 0.114 0.175

10 0.000 0.174 0.175 0.113 0.165

TEM MAP 100 3 —0.039 0.120 0.125 0.101 0.162
7 0.041 0.142 0.148 0.119 0.196

200 5 —0.024 0.082 0.087 0.068 0.103

9 0.031 0.094 0.098 0.078 0.124

400 5 —0.011 0.059 0.061 0.048 0.078

9 0.015 0.065 0.067 0.053 0.086

MARKOV RS 100 5 0.011 0.254 0.254 0.199 0.322
15 0.004 0.253 0.253 0.198 0.327

200 8 0.014 0.169 0.170 0.135 0.220

24 0.010 0.171 0.172 0.136 0.223

400 9 —0.003 0.116 0.116 0.090 0.151

13 —0.002 0.119 0.119 0.093 0.157

EXP-AR(1) 100 3 —0.022 0.503 0.503 0.388 0.642
13 —0.086 0.469 0.476 0.379 0.610

200 6 0.007 0.308 0.308 0.239 0.379

13 —0.009 0.309 0.309 0.242 0.382

400 6 0.004 0.196 0.195 0.152 0.252

13 —0.002 0.199 0.199 0.155 0.256

Note: Simulated bias (Bias), standard deviation (Std. Dev.), root mean squared error (RMSE), mean absolute error
(MAE), and interquartile range (IQR) of 1,000 replications for £ minimizing the Monte Carlo RMSE.
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future research. Although our estimator is asymptotically semiparametric efficient
for i.i.d. data, the bound of semiparametric estimator of inverse-density-weighted
expectations is yet to be derived formally in the time-series case. Similarly, a self-
normalized (a.k.a. studentized) central limit theorem in cases where E[Wtz] =00,
W; = Z, —E[E[Y{|X;]1/f (X})], is also possible as in Khan and Tamer (2011) but
beyond the scope of this paper. Finally, relaxation of Assumption Al to allow
for a larger class of dependent processes is also worth exploring, especially for
possibly nonstationary processes.

NOTES

1. Although other weighting schemes can be chosen as suggested in Mack and Rosenblatt (1979),
the usage of (1.3) in (1.2) leads to various simplifications in the statistical theory.

2. However, notice that the contributions to the sums in (1.4) and (1.5) are the same for X y).

3. This allows for probability density functions such as the standard normal and Student’s t com-
monly found in practice.

4. However, they admittedly preclude popular models such as ARMAX, or general regression mod-
els with lagged regressors such as Y; = g(X;, X;_1) + €. Unfortunately, we have been unable to
extend our proofs to allow for this type of dependence.

5. We are indebted to an anonymous referee for pointing this out and providing this counter
example.

6. We thank an anonymous referee for pointing this out.

7. If € =2, then k = O(T3/%).

8. Other possibilities include Andrews (1991) and Smith (2005).

9. Note that the orders of these moments could potentially be lowered if the almost sure
convergence-to-zero is used instead.

10. The proof is available from the authors upon request.
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APPENDIX A: Main Proofs

In this section we use the notation k7 =k, hy = h, mgp = m, and ZlT = th=1 inter-
changeably throughout.

Proof of Theorem 1. The proof of this theorem follows four steps.
Step 1. First, notice that

- I
G =00 = X VRO k) = /R g(x)dx
=

lin 8(X) 2{2(Yt—g(xt))R(xt,kT)_lyt—g(xt)}
TS fXo 4 kr T f(Xp)

T
iy W—/Rg(x)dx

t=1 kT
=Lty +Lr2+L7.3,

where g(x) = E[Y|x]. Hence, the asymptotic behavior of QkT — 0y is derived from the
asymptotic behaviors of terms L7.1, L., and L7.3; these are analyzed in the remaining
steps.

Step 2. Let h(X,Y) = (Y — g(X))/f(X), thus mp,(X;) = E[h(X;, Ys)|X:] = 0. Since
h(x,y) is a measurable function of (x, y), it then follows that 2 (X;, Y;) is also strongly
mixing with the same mixing coefficient as (X;, Yy). In view of Assumptions A2e and
A3a, an application of the central limit theorem for strongly mixing stationary sequences
(see, e.g., Ibragimov and Linnik, 1971, Thm. 18.5.3, p. 346) yields

VTLr =5 N (0,08 ). A1)

Step 3. We now verify that /T L7.2 = op(l). First notice that

ol 2T R(X;, k) 1
2_T;[Yz—g(xt)]{ 2 B f(Xt)}

Assumption A1 implicitly implies that the law of iterated expectation yields E(VT. Lra]=
T=V23T_ EI2TR(X;,k)/k—1/f(X)}E[Y; — g(X/)|X:]] = 0, and we only need to
show that limy__ E[(IET;Z)Z] = 0. We proceed to write
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2 1 L 2 k L
E{(ﬁﬁT;z) } =;ZE[[YF6’(X’)]2{ TR(kX“ )_f(xt)} }
=1

| T 2T R(X;, k) 1
+? > E{[Y, —g(Xp)[¥s —g(Xs)]{ X B f(Xt)}

X{2TR(XS,I¢)_ 1 }]
k f(Xs)

=Ly + L7201
Then by the Cauchy-Schwarz inequality, we have

TR(X; k) 1 )2
Lroo.7=E|[Y;,—o(X 2{ _ }
T;2;1 |:[ t g( [)] . f(Xt)
2T R(X¢, k) 14
gl/2 ~ Pl
- [I;E)T k F(X1) [[l g(Xp)]

and by Assumption Al, the law of the iterated expectation, the Jensen inequality, and the
Cauchy-Schwarz inequality, we have

|ET-2-11\
i KZTR(X,,k)_ 1 )(ZTR(XS,k)_ 1 )
= k f(X0) k f(Xs)
ot
E[[Y; — g(X)I[Ys — g(Xs)]IXs, X,}}
T
leE[ wp 2TR(Xi k) 1 2TR(Xs.k) 1
T = li<e<T k F&Xo) l1<s<T k f(Xs)
o
x [E[[Y: — g(X:)1[Ys _g(XS)“Xs,Xl“}
2TR(X;,k) 1 x
- E[Y,YolX:, Xo] — g(X)g(X .
S e A ) z,ﬂ;” [Ye YolXe., Xo] = 8(X0)g (X

Assumptions A2c, A2d, A3, and Lemma 1 imply that E!/2 [[Yt — g(X;)]4] < oo and

2?021HE[YTYO|X1,XO]—g(Xr)g(XO)”p/(p_l) < 00. Thus, in order to prove that
Lr.2.1 =0(1) and Lr.2.77 = 0o(1), we need to show that

2T R(X1, k) 1*
E —_ = 1, d A.2
LE?ET K Foe| | = e (42
2TR(X;, k) 1%
LE?ET K X0 } o0 (A3
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In fact, (A.2) and (A.3) immediately follow from the dominated convergence theorem if
one can show that

XTR(X( k) 1
k f(Xr)

lim  sup =0 P-a.s. (A4)

T— 0 1<t<T

Hence, it is necessary to demonstrate that

lim
T— oo

‘2TR(X,,k) B N D (A5)

k f(Xr)
almost everywhere (pointwise) for every X; in the sample. First, we shall define a random

event, 4; = {we Q: |2TR(X;,k)/k—1/f(X;)| < €}, where € is some arbitrarily small
positive generic constant. Thus, in light of the Borel-Cantelli lemma, (A.5) follows if

T T
lim P(A;) =00, which is analogousto lim P(AS) < oo. A.6
T—>00[§'1 (Ar) 2 T—>00t§'1 (A7) (A.6)
In order to prove (A.6) we notice that Af can be rewritten as Af = Af.| UA7.,, where

A = {weQ: 2TR(X,K)/k=1/f(X) 2 €} and Af, = {0 €Q:2TR(X:,k)/
k—1/f(X;) < —e¢}. This implies that

PAS) < P (A )+ P (AL,). (A7)

Now in order to bound the probabilities P(Af.|) and P(Af.,) in (A.7), we notice that
Q2T R(X;, k)/ k= 1/f(X;) = €} = {R(X;,k) = k@T)™1 (1 +ef (X)) / f (X))} and for
some s # ¢ we define ¢,7 = P{||Xs — X;|| < d17}, where 617 =kQT) " [(ef(X;)+ 1)/
f(Xy)]. Lemma 2 implies

. arT _ . Tqr
T\ F&X)

In addition, after defining the Bernoulli random variable, Ky = I(|| Xy — X/|| > d17). It
immediately follows that P(AS,) = P{R(X;,k) > di7} < P(X]_| Ky > T—k}=P{3]_,
(Ks —E[K]) > T —k—TE[K]} = P{ZST:1 (Ks —E[K]) > Tq;r —k}. Equation (A.8)
implies that k/ T g, < €SUPyeCy, f(x)+1, where Cy, is an open ball with center, X,

such that the union Uthl Cx, covers R for T sufficiently large. Hence, after defining acr =
I+esupiecy, f(x), we then obtain

I k
P(Af,) <P {Sgl(m —E[Ks]) > Tqrr (1 - thr)}

T

2>

< P{ (Ky —BIK, ) > Tqp """ }
s=1

et

E [{ZITZI(KX —E[m)}zq
<

(T%Taet)%

> (A9)
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where the last inequality follows from Tchebyshev’s inequality with ¢ representing a posi-
tive integer. Now since K is the indicator function of X, one can show that Ky — E[K]
is also mixing with the same coefficient, a(s), as X by using the inequality in Truong
and Stone (1992, Lem. 1, p. 82), i.e., |E[UV]—E[U]E[V]| < 4B|Bya(t —s), where
U=u(Xs), V=0v(Xs), |U| < By, |V| < By, and a(-) is the usual mixing coefficient.
Therefore, Lemma 3 yields

. Tt Mtz’i,gz‘;?i"—lal—z/l’(i) Lops  p=sys
P(Af) = Ce 17 T N20 t 2o N
( CIIT) 2 1 ( q,r) 2
k €t k €t

s

14 1/pt
where M, ,r = [q,pT(l—CItT)+(1—CJtT)I’f] <1 and v = g5 - q7) +
(1 —q,7)%q; 7. Hence, we have

L & -1 _1-2/ z ; LT 20 < v
c it— - ; -5
ZP( lr) <C 720 2’ a (D) 2 +2k71’ 2 20
=1 P =1 ( Taqr ) a2[ =1 1 <Tlhr> a
k €l k €t
T+ [0 Mzﬂc (s vs
<Cpd —— il 2y | sup | —2— | Y — P qup | ——L_—
k2t ;‘ ' (Tw >2ia2i ;’1 k2 ' (Tq,r )2/‘12!
k €t k €t

(A.10)

Assumptions A3b, A4, and the fact that 2@ o/(Tair /¥ a2t — 1/(ef (X1 + 1) a2l
< 00 and vv/(Tq’T )2[ fﬁ 1/(ef (X1)+ 1)2€a6t < 00 as T—> oo then imply

M2

P (Af,) < oo. (A.11)

N
I
-

Using the exact same arguments, we can also prove that

21 P (A5,) < . (A.12)
1=

Hence, results (A.11) and (A.12) prove (A.6) in view of (A.7). It then follows that

VT|Lrnl=0p(1). (A.13)

Step 4. We conclude by proving that /T L71.3=0q.5.(1). First, we rewrite

G 2XDTRX LK) [8(X0)
ﬁm—?;{ il

Now using the variable transformation for integrals we obtain for finite 7', E[g(X;)/
N~ TV SO o) 60 =T 515 8(60) £ Gy) we obtainan

exact equality as T diverges to infinity, where F~ 1 (s) =inf{x: F(x) > s} and & is some
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real number in the interval [F~! (4).F -1 (%)), we further obtain

Lroan li{%’ (X)) TR (X@)-k) g () }
ToTq k féo)
_1 i {2g<xt)TR(Xt,k) _g(Xp) } L i s(X@)  slén)
4 k f& ) T fF(Xw)  f (o)
:LT;3a +£T;3b-

Note that it is straightforward to verify that the boundary term in this equation disappears
at the order 0p(1). In view of Assumption A2a and equation (A.5), we can immediately
prove that ﬁlﬁr;3a| = 0q.5.(1). However, the second term, L3, requires some extra
steps as follows.

An application of the stochastic mean value theorem yields

&0 g(x))
25450

1o (g
- T;{ax(f(x))

= ﬁT;3b;I£T;3b;II’

(X() _5(0)‘

2
(; (X —0) )

VT |Lr;3| = %

X=1()

2
X=N(r) }

where the above inequality follows from the Cauchy-Schwarz inequality; and 7(;) is a point
on a sample path of X; () such that #; € (min(X (), {(1)), max(X(y), <(r))) for each w € Q;
this point always exists in a large sample.

An application of the Birkhoff-Khintchine theorem together with Assumption A2b gives

2
5 0 (8kx)
£T;317;1HE1/2 {ax( ) } < 00.
x=X;
T

70

—1 x Lo — 2

Y [xo-Fem] =X [/ -Ftem)]
1 1

Moreover, note that

T
< s (F;l(u) —F! (u)‘ Z‘FT_I(t/T) —F7L@/7). (A19)
uel0, 1

Hence, the strong law of large numbers for L-statistics for stationary and ergodic
processes in Aaronson, Burton, Dehling, Gilat, Hill, and Weiss (1996, p. 2847),
ie., limyr_ |FT_1(u) —F~1 (u)| =0 P-a.s., for every u € [0, 1] implies that

lim  sup ‘FT_I(u)—F_l(u)‘ =0 P-a.s., and
T — 00yef0,1]

T
Z’FT_l(z/T)—F_l(t/T)‘<oo P-as.
1
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Then in view of equation (A.14), we have

I 2
tim 3 [X@-F~'@/D] =0 Pas (A.15)
1

T— oo

Considering the fact that |F =1 (u) = F~1(v)|—> 0 as [u —v| —> 0 and &;) € (F~1 (%),

F—l(@ 1+1

7)), putting u = = and v = %, equation (A.15) yields

lim L7.3p.77 =0 P-as., (A.16)
T— oo T

and it immediately follows that /T |£T; 3;,! = 04.5.(1). Thus we obtain

VT |L73| = 0a.s.(D). (A17)
Therefore, equations (A.1), (A.13), and (A.17) imply the main result of this theorem. H

Proof of Theorem 2. The proof of this result follows 3 steps.
Step 1. First, define

SFpen = 2W*2+22<1—m +1> gw A

The triangle inequality yields

2 2
)SVV\*J —Jw*

2 2 2 2
< ‘Sw*’z_o'w* +‘SVV\*,2_SW*’2‘
=Hr;+Hr.
By virtue of Lemma 7, Assumptions Bla, B4c, and B5b imply that
Hr.1 =o0p(1). (A.18)

Thus, it remains to show that H7.2 = 0p (1) in the next step.
Step 2. We rewrite the term Hy .o as

1 I =40 2 1 T—t ,
HT;2:f Z (Wl* - W )+2 Z ( m+1) T _ 21 (Wt*Wtir_Wt*Wt*+r)

t=1 T =

=Hr + 2172,

To show that H7.5.1 = 0p(1), using the inequality ||x|1’ — |y|‘1| < p2r—1 {|y|1’_1 lx —y|
+|x — y|1’} one can write this term as

1z Y,—§<x,)}2 {Y,—g(xo}z 1 {y,_g(x,)}z {Yf—gom}z
Hr.rq = — - — _ — - —
P> <{ Fxo Foxn )T Fx0) £

z g(Xt)_g(Xt} a (g(X,)—g(X,))(Y,—g(X,))
A e R

M~

TAL 72(x)
i F(X) = f(X0) ( g(X>> i FX)—f(X)) <Y,—g<xt))2
P F(X) (X)) = §70.8) f(X2)

=Hrota+Hr2 o +Hrc +Hroa
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<

HT;Z;I;a =

N 2
SUpj<<7 g(X})(X}:’(Xt)

. In light of Assumptions Bla, B2, B3, B4a, B4b, B5a, and B5b,

the conditioning device together with an apphcatlon of Lemmas 5 and 6 yield f (X ) N
1/28(Xt) —8(X1) = = (
f(X;) and hy “ Y = where & (f(X 3> f(X 5 ) (conditional on X;),

X1)
max (f(X) Uf(;((’))> < 00, ¥V x € Supp(X), by Assumptions Blc and B3b. In view of

Bradley (2007, Thm. 1.19), the asymptotic normality of a strictly stationary sequence of

1/2 (Xt) g(Xy)
(X

random variables, hy , implies that it is uniformly integrable (conditional

on X;). That is, it is also stochasucally uniformly integrable in the sense of Rao (1999).
Hence, an application of the stochastic dominated convergence theorem (see, e.g., Rao,

1999, p. 304) yields

E{ 1/2g(Xz) g(Xp)|P

A —
160

It thus follows that

‘xt} L5 E[27)X,] < .

X X
E[ 51280 —s(Xr) }:>E[Ep] <00, Viell,T]
f(Xr)
We then have that
g(Xpn—g(X —
w :0(hT1/2) for some p > 1. (A.19)
1<t<T f(Xr) p

Therefore, Hr.2.1.4 = 0p(1).
H7.2.1.p = 0p(1): Using Minkowski’s and Holder’s inequalities, we obtain

Y —g(Xy)
f(Xp)

g(Xy)—g(Xy)
F2(X0)

|2 <2 (m).;:le(x))

HHT;2;1;b :
41<t<T 4

gX)—g(X))
F2(x0)

O(h;l/z). This along with Assumptions Bla and B2a implies that Hr.2.1. = 0p(1).
H7.2:1;c = 0p(1): Since

!

in view Assumption Bla, one merely needs to show that sup|,p

4

Similar arguments used in the proof of the first term yield sup; <, <7

Y, —g(Xp) ||?

FX0) - f(Xp)
f(X0)

(X0

s

4

[Hr2:1:c
g1<t<T

FX)—F(X0)
7o)

4

o(1). Reminiscent of the argument used to prove the first term, an application of Lemma 5
yields

F(X)—f(X -

M =0 (kT 1/2) for some p > 1. (A.20)
1<t<T f(Xp) »
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Thus, equation (A.20) proves this result.
H7.2:1;4 = 0p(1): Since

2 2

f(le — f(X))
f(Xy)

Yy —g(Xy)
f(Xp)

[Hr:2:1:4]] < 4’

81<t<T 3

Assumption Bla and equation (A.20) yield the result. Hence, we obtain

Hr;1 =0p(1).

Step 3. Next, we shall show that H7.2.0 = 0p(1). Note that, since W,*

, this term can be written as

(Y,—,g(m) (f(x,)—ﬂx,)) + 8(X)=R(X)
1) f(X0) fX0)

mr ¢ = Y,—g<xf>> <Y,+z—g<xf+r>> FX) - F(X))
Horny = 1— b
f2 ;( mr+1> T—1 21 < (X0 FXito) TOX) F(X0)

mr B T 1 Tz Yier —8(Xi40) g(X,)—g’\(X;)
+2’l (1 m7-+1> T—1 z < fXit0) ) < f(Xt) )

t=1

793

(A.21)

Wi+

)

S 1 Y,—g(X,)) <Y1+r_g(Xt+t)>
+,=1 (1 mT""l)T—T,;{( F (X f(Xi40)

y (f'(xg - f(xt)> (f(xtﬁ)— f(Xiie)
F(X) F(Xri0)

+mT (1_ T ) 1 Tiz(Yt_g(Xt)> (Yr+r_g(xt+r)> S X)) = f(Xi40)
= mr+1)T—1 5 (X fXi40) FXito)

LS (1_ i ) Ly <Yt+f—g(x,+r>> (g(xf)—g(xf)> FXiie) = [ Kive)
SN mr+1)T—o S\ fXi) FXo) F(Xigo)
- T = Y,—g(X,)) (g(X;+z)—§(X,+T)>
1— =
+z:l< ’"T+1> T—z Z‘l ( F(X) F(Xito)
LS (1_ « ) 1 Tf(n—g(x,)> F(X) = f(X) <§(xt+r>—g(xf+r)>
SN mr+1) T—o S50 f(X0) FX0) F(Xiyo)
u : [ §<xr>—g<x,>><§(xt+z>—g(xm)>
1- = —
+r§‘l< m;——i—l) T—rz tgl ( f(Xy) f(Xes0)

=Kra+Kro+Kr3+Kra+Krs+Kre+Kr7+Krs.

We shall now show that IC7.; (Kr.3 follows similar arguments), 7.2 (K7.6 follows
similar arguments), 7.4, K7.5 (7,7 follows similar arguments), and /C7.g converge in

probability to zero.
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K7.1 =o0p(1): We first need to bound the moment

Kb, —E||—= Ti’(Yz—g(Xf)) (mf—g(xm)) Fx0-Fxo [
i VT—t S\ FX) f(Xite) FX)f(X0)
I (f(xn f(xt))z
T-t 5 AT HITS

LS

T =
1
5

E|ZiZsZi47 Zstr (f(Xt)_f(Xt)> (f(Xs)—f(XS)>

F(X0) f(Xy) F(X9) f(Xs)

t=
s
t

Z
* *
=ICT;];] +ICT;1;2’

where Z; = Y~ 7(X g ( ’ ) An application of Holder’s inequality yields

FX) = (X))
FX)f(X0)

2
’Y—g(xz) 4

K. < : :
flid Fxo - s

1<t<T

(A.22)

By virtue of Assumptions Bla, B2, B4a, and B5a, Lemma 5 asserts that (after conditioning

on X, F(X1) =2 £(X,), and thus, /& (%)zN (0 1/f2(X,)) Similar

arguments used to prove the first term in Step 2 yield that, foreveryt =1,..., T,

Hf(X’)_f(X’) -0 (k;l/z) for some p > 1. (A.23)

F(X0) f(Xp)

Assumption Bla and equation (A.23) imply
Kia=0(k7"?). (A24)

Moreover, using the law of iterated expectations together with Assumption A1l yields
CORNICONNRICORNICD
J(Xo) f(Xp) JF(Xs) f(Xs)

x E [ZtZsZt+r Zs+r|-7:X,max(s+r,t+r)}:| .

’CT;l;Z = T 2
—7 ~

t=1

s=1

t#£s

The Holder’s inequality and the conventional property of strictly stationary processes
leads to

F(X0)—f(X)

Kk <2
itz { FX0)f(X0)

1<t<T

} z |E[Z1Ze41ZeZes o | Fx max(e+1, €+r)]H3
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Since E[Z; |.7-'X,max(f+]’g+r)] =0fori=1,7+1,¢,{+ 7, Lemma 4 asserts that

f(Xt) - f(Xy) = 1=, 1/pi
Koo <609 sup [|[1222=12200 1z ot (2} TE
fil {lsst T |l H nnp 2 1)
where 24 i <l and t* = min(z,{ — 1,|€ — 7 — 1]). In view of equations (A.22) and

(A.25), an apphcatlon of the Minkowski’s inequality and the elementary inequality, |x +
V2 < 2 4 1y112, yields

IK Iy < % (1 T > 1 ’C*I/Z
rrie = & mr+1) JT—7 T3l

~ /2
‘Y—gm Fo - (.
& e | rsesT|] FXOFX0) “~ mr+1) JT—2
F(X0) = f(Xy) 12
+/60 J&) — J &)
e | 7 s (xo 35“” 1lp, 7, ‘12

g 2( mr ] >ﬁ 2 oty IE ),

Moreover, since T'"T —>0 < 1 as T—> oo, it follows that, as T— oo,

1
- <

m < JT7 Consequently, Z,=1 (1 - W) \/ﬁ < J/mT as T—> oo. There-

fore, equation (A.23) and Assumptions B1 and B5c imply that [|Kr.1llo = O (1 /',':—TT) =

o(1), which proves that 7.1 = 0, (1).
Kr.2 = 0p(1): As before, we start by bounding the moment:

*
]CT;2 <E

| T (m, —g(x[m) (g?(x,)—g(xt)) ’
VT—t S\ f(Xigo) F(Xp)

1 T_TE {thﬂ <§(le—g(xt))2

“Ti= f(Xp)

¢ §(xz>—g(xt)) (z?(xs)—g(xs))]
Fxn F(Xs)

Zt+r ZS+T (

An application of Holder’s inequality yields
§X) —g(Xn)|?
F(Xy) 4

Moreover, using the law of iterated expectations, Holder’s inequality, and the conventional
property of strict stationarity, one can derive

K%..1 < sup 1Z13. (A.25)

1<t<T
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g(Xy)—g(Xy)

2T—‘[
s E[Z1Z¢|Fx.ellla-
f(X0) ‘3} 2‘2 Itz Ze\ Pl

IC;;Z;Z < 2{ sup

1<t<T
Lemma 4 asserts that

g(Xy)—g(Xy)
(X0

1<t<T

2
K szo{ sup L} [z, || 12102 |

T—1
x 2 {a*(f)}l—l/q—]/r’
=2

where 1/q + 1/r < 1. In view of equations (A.25) and (A.26), an application of

Minkowski’s inequality yields

poral < { o

1<t<T

(X)) —g(X))|]?

1/2“Z | mz‘T‘ (1_ T )#
1100 4 141:1 mr+1) JT—1
§(Xt)—g(Xt)‘ }"f‘ !

3) =1

(X0
1/2T—T _ _
Z{a*(()}(l 1/q=1/r)/2
=2

1/2
1z, |,
2y 1/2
‘} 12114
4

1/2 ,
o 1z z ||

T 1
1<t<T < mT+1)vT—r

+@{ su

x[|1Z1lg 7,
8(X1) —g(X1)

< 2 < >$ { sup =
mT—|—1 VT -1 1<t<T f(X0)

‘ }H”Zl”q,}'xl
3

§(th— g(Xy)
f(X)

+J23{ su

1<t<T

=2

y i{a*(f)}(l—l/q—l/r)ﬂ}.

In light of (A.19) and Assumptions B1b and B5c, it is implied that HICT 2H2 =0 (1 [ s )

= 0(1), which proves the desired result.
KC1.4 = 0p(1): First, we need to bound the moment

N 47 (f(XQ —f(Xz)> (f(X’ﬁ)‘ f(X,+,)) ’
\/j, f(Xy) F(Xi4e)

1 [zz+ (f(xt)—f(x,)) (f(xt+f)—f(xz+r)>ﬂ
T—, P tLit+t =~ iy

K*T;4 =E |:

f(X1) J(Xiq)

f(XrJrr)

J(Xt)
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f(Xs+r) f(XH—T)
ZiZiy: ZsZsyr
( FXoro) ) ' +]

Iy 2
<zaid sup || LEN=SED

I<t<T f(Xf) 8
ool sup | LX)=IXD f[anln | S ey,
l<i<T F(X)) S o PiXillo &

where the last inequality is, as before, derived by applying Holder’s inequality and
Lemma 4. It then follows that, by Minkowski’s inequality,

f(xt)—f(xt)z"i(]_ ‘ ) |
gr=1 my+1 T—-1

|K7.all, <1Z11F sup H
1<t<T

(X0
FX) = (X)) 12
+@{12?£T —xy 5} l]:llHllzlllp,,fxl ‘20

T—1

2{0{ (r )}2(1 2, ll/pl)

* Z ( mT+1)

Reminiscent of (A.20), Assumptions B1lb, and B5c, the same arguments of the proof
K711z = 0(1) yield that ||K7.4]|, = O (@) = o(1). This proves Kr.4 = 0, (1) as
required.

Kr.5 =0p(1): As before, we shall bound the moment

2 (gA(xQ —g(xt)) (f(xttf)—ﬂxtﬂ)) ‘2

Kkt <=E
s = F(X0) F(Xito)

VT -1
The same arguments used before lead to the inequality

Fxn—rxo |
f(xp)

X —g(X))|?

Ki.5 <11Z11§ sup =
’ f(Xy)

1<t<T

'6 1<t<T

2
+20| sup ’ sup
I<t<T 5 1<t<T

T—1
x H 1Z1llg, 7y, I HIO H”Zl 7y, ||H10 fzz{a*(f)}l_l/q_l/r.

6

g(Xy) —g(Xy)
f(Xy)

FX) = f(X1)
F(Xp

J
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An application of Minkowski’s inequality yields

) 5y 172
g(Xy) —g(Xy)

f(Xp

F(X) = f(X0)

KCr. Z =
IK7:5/l, < 1Z1ll6{ sup A

1<t<T

61<t<T 6

g(Xy) —g(Xy)

mr T 1
AZ (1-557) 7 v (e [P0

( F(X0) = fF(X0)
X sup |[|——=—"—
1<t<T

FXx)
nr T 1 x 1
-t *(pn3=1/g=1/r)
Xz( mT+l) T—T€§2{a()}

=1

)

S 1/2 S 172
5 [nzug 2,1, 12102,

In view of equations (A.19) and (A.20), Assumptions B1 and B5c lead to HKT;5H2 =
o ( k'T”gT) = o(1). This proves that 7.5 = 0p(1).
K7.8 = 0p(1): An application of Minkowski’s inequality yields

)

In view of (A.19), we have that ||ICT;8||2 =0 (YZ—TT) = o(1), which proves that 7.3 =

op(1).
As aresult, the above itemized substeps imply that

g(Xy)—g(Xy)
(X0

1<t<T

ral, m{ wp

Hr,2,0 =0p(1). (A.27)

In light of equations (A.18), (A.21), and (A.27), the result follows. | |

APPENDIX B: Auxiliary Results

The following lemmas are used to prove Theorems 1 and 2.

LEMMA 1. Given integers, p > 1 and q > p, such that 1/p+1/q < 1, let
H”Y()”q,fxo ’2 o1 < 0o and zzl{a*(t)}(p—l)/p—l/q < 0o in Assumption A3. If
Ol2p/(p—
Assumption Al holds, then

o

2 |[E [YoYrIXo, Xc] —g(X0)g(Xo)| ,/(po1y <00, and (B.1)
=1

00 1/2

Y ||Erveixe, Fr-gxon|, - < 0. (B.2)
r=1 Y Ollp/(p—1)

Proof. We only prove (B.1) as the proof of (B.2) follows similar steps (see, e.g.,
McLeish, 1975). In order to establish (B.1), we follow the same strategy in Hall and
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Heyde (1980, p. 276) by first demonstrating that if | Y| < Cy and |Y;| < C5 for some finite
constants, C1 and Cp, then

[E[YoY:| X0, Xi1—8(X0)g(X1)| < 4C1 Caa™ (7). (B.3)
Assumption Al implies

[E[YoY:|Xo, X¢]1—8(X0)g(Xr)| = |E[YoE[Y:| X0, Yo, X111 X0, X:1 = E[Yo| XoIE[Y;| X/]|

< C1E [IELYi]Xo, Yo, Xi1—ELY,|X,1l | Xo, X

< C1|E [¢(ELY/ X0, Y, Xe1 = ELY:1X21) | Xo, Xt

5

B.4)

where ¢ = sgn (E[Y;|X(, Yo, X;] — E[Y;|X;]) is a Rademacher random variable measur-
able with respect to Fx o[ Fy,0( Fl i and

[EIE[Y; X0, Yo, X, 1= E[Y:|X,]| X0, X/]|
= [EISE[Y: X0, Yo, X¢11 X0, X1]1 = E[<| X0, X{ [E[Y;| X ]|
= [E[SY:|X0, Yo, X/] = E[] X0, X/ JE[Y; | X/]]
= |[E[Y{E[{1X0, X7, Y11 = E[S| X0, X¢ 1} X0, X¢]|
< GE[H{EIS X0, X1, Yi] —E[S| X0, X: 1} X0, X, ]|
= G2 [E[n¢] X0, X1 1 —E[n| X0, X IE[Z| X0, X1l (B.5)

where 7 = sgn (E[¢| X, X¢, Y:] —E[£]| X, X/]) is another Rademacher random variable
measurable with respect to Fx o[ F’ g( NF §/

Let us define the following random sets: A = {w: ¢ = 1|X( = xo, X; = x;} € Fy o and
B={w: n=1|Xg=x0,X: =x¢} € .7-'{, for some given observations, xg and x;. Then we
have

[E[#¢1Xo = x0, Xt = X1 —Eln|Xo = x0, X1 = x¢]E[¢| X = x0, X; = x¢]]
=|P(AB)+ P (A°B°) — P (A°B) — P (AB")
— (P(A) = P (4)) (P(B) = P (5))]
< |P(AB)— P(A)P(B)|+|P (A°B°) — P (A°) P (B°)|
+|P (A°B) — P (A°) P(B)|+ | P (AB¢) — P(A)P (B°) |
<4a*(1), (B.6)

where A€ is the complement of A.
Hence, (B.3) follows from (B.4), (B.5), and (B.6).
Next, we shall establish that, if Y; < C for a generic constant, C, and

1Yoll,. £ < 00, which is obvious in view of the first assumption and the in-
PEX0pr(p—1)
equality |Yl, 7 < IYllg,z if p < ¢, for some p > 1, then
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IELYo¥1 X0, X1 = ELYo| XJELY, | X, p -1y < 6C [[I¥ollp 7y [,y (@™ @} 7H/2.

B.7)

r/(p—

In the sequel, let us define truncated random variables, Yo y = YoI(|Yp| < N) and Y(; N=
Yo — Yo, v We then obtain

[E[YoY:|Xo, X;]—E[Yol XolE[Y:|X/]|
’
< |E[Yo,nYr| X0, X¢] = E[Yo, v | XoIE[Y: | X7 ]| + [E[Y( y 7| X0, X;]
’
—E[Y y|XolE[Yr|X:]|
<D1+Dy,,
where Dy < 4CNa*(t) from (B.3). Moreover, Holder’s inequality together with Tcheby-

shev’s inequality yield D) < 2CE[|Y(; N||X0] < 2CN1_”E[|Y0|”|X0] for a generic con-
stant C. Then by setting N = || Yoll ,, 7, 0{on"‘(t)}_l/p, we have

[ELYoY:1 X0, X;1— E[Yo| X0IELY/| X 1| < 6C|[Yoll 5, o fo* (1)} P~1/P.

Then (B.7) follows after taking L, (,,—1)-norm on both sides of the above equation.
Finally, we now prove that (B.1) is implied by (B.3) and (B.7) under the assump-
tions of the lemma: First, define the truncated random variables, Y, 3y = Y/I(|Y;| < M)

and Y, ,, = Y, — ¥,y where M = {a* (1)}~ 1/4 |[E[[ Y0141 Xo1||5/ PP with 1/p +
1/g < 1. Then we have

IE[YoY:| X0, X1 —E[Yol X0IELY: | X1l p/(p—1)
< IE[YoY: p1X0, X11 = E[YoI X0IELY; a1 X1l p(p—1) + IELY0Y; pr1X0. Xi]

—BI¥o | X0IELY, 3y 1X: 1l (1)

< 6M |10l 7y et @y

‘p/(p—

] [P A PP

where the last inequality follows from (B.7) and Holder’s inequality. Moreover, an appli-
cation of Tchebyshev’s inequality yields

’
H”YO”/’s]:X,O”YZ,MHP/(P—l)anI p/(p—l)

<2 H ol 7xo H217/(17—1) HE(p_l)/p“YOW |XO]H2[7/([7—1)
. M=
=210l 7], oy [EFOI Yol e )0~ D/P =0t
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Therefore, by applying the inequality ||Y || p.T <Yl 1 for p < g we obtain
IE[YoY:1X0, X¢ 1 —E[YolXoIE[Y: | X1l p/(p—1)

1 -1
SHIIYollpJ—‘x,OHZP/(p_l){6\|E[|y0|q|xo]||2/(q(p )+p)

+2||ElYol?| Xol|, }{a*(t)}(ﬁ—l)/[?—l/q

and from the assumptions of the lemma the right-hand side of the above inequality is finite
and (B.1) follows immediately.

LEMMA 2 (Wheeden and Zygmund, 1977). Let Sy j, denote a closed ball with center,
x, and diameter, h. If [| f(x)|dx < oo, then we have hmh—)()fsx L @)/ L(Sx p)ldu =
f(x), where L(-) is the Lebesgue measure on R.

Proof. See Wheeden and Zygmund (1977, p. 191). n

LEMMA 3 (Cox and Kim, 1995). Let & be strong—mixing processes. Let € be a positive
integer and assume that B[] = 0, and that for some p > 2, M,p = sup,{[|St |l pe} < 1. Sup-

pose further that there is a constant, v, not depending on t such that E[|§,k |1 < v, for some
2 < k < 2(. Finally, assume that the mixing coefficients satisfy Z;’i] if_lal_z/"(i) < Q.
Then, there exists a generic constant, Cy¢, depending on € but not on the probability distri-
bution of &, v, T, and P such that

T 20
<2§t> <C{T M2t’2ll’ 11— Z/p(l)+2TjP2€ Jj 1}
=1 i=P j=1

for any integers, T and P € (0,T).

Proof. See Cox and Kim (1995, Lem. 1, p. 155). n

LEMMA 4. Suppose that f;i =0 (fs,-,fs,--g-l,...,f,i), fori=1,...,m, are the Borel

o -algebras generated by a strong-mixing process, say Cr. Let &r; € .7-}[5, where s1 <11 <
59 <ty <--- <8y < ty. Under the following condition,

el 5], <0

where B represents a condlttomng Borel sub o -algebra, for some p; > 1 and q; > 1 such

that P =YY" i—1 p— < 1land Zz—l a7 wnh r > 1, respectively. Then
n m 1—p g
E [T 180 |~ [TE [ 1B0] | = 100n =1 {a* @} " T |ll¢e . -
i=1 i=1 r i=1 qi
where a*(t), with T = min{s,-_H —ti;Vi=1,....m— 1}, is the conditional strong-

mixing coefficient that was proposed by Rao (2009).

Proof. This inequality can be immediately derived by using the induction hypothesis (as
in the proof of Theorem 7.4 in Roussas and Ioannides, 1987) and the same conditioning
method as in the proof of Lemma 1 above, together with Holder’s inequality for mixed

i UjHr :Hle HUJH for —Zk =1 q, u

norms; i.e., ¥
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LEMMA 5 (Boente and Fraiman, 1991). Given a strictly stationary strong-mixing
vector-valued process, X;, the h-NN estimate of the probability density function f (x) is
defined as fr(x) = —p—L———, where kT is a fixed sequence of smoothing parameters

TRy (x,kr) V1l ’

and || V1 || represents the volume of a unit ball. Suppose that the following conditions hold:
(a) The strong-mixing coefficients satisfy n Zfin a(j)—0asn—>o0;

(b) kt verifies kp = o (Tz/(p+2)), where p is the dimension of X;;

(c) f(x) is locally Lipschitzian in the sense that | f(u) — f(x)| < c|u — x| for some
¢ > 0and all u in a é-neighbourhood of x;

(d) the joint density fr (u,v) of (Xt, Xt+7) is uniformly bounded in t.
Then we have that klr/2 (fT (x)— f(x)) :W> N(0, f2(x)).
Proof. See Boente and Fraiman (1991, Thm. 4, p. 201). u

LEMMA 6 (Boente and Fraiman, 1995). Given a strictly stationary strong-mixing
vector-valued process, (Y, Xt), the k-NN estimates of the conditional expectation g(x) =
E[Y|X = x] are defined as

T Xi—x
Y K (‘RT(’x,hT)) Y

sk (wiin)

where K (u) = mﬂ(u € V1) and h is a fixed sequence of smoothing parameters.

8(x, Ry (x,hy)) =

Suppose that the following conditions hold:

(a) ||Y|ls < oo forsomes > 2;

(b) The strong-mixing coefficients satisfy lim, —s scon Y32, {a(r)}l_l/w =0withw =
s/(s—2);

(c) The probability density function of X; is continuous and positive everywhere;

(d) The joint probability density function of (Xt, Xi+47) is uniformly bounded for
T>1;

(e) Let g*(u) = E[max(Y,0)|X = ul, g~ = E[min(Y,0)|X = ul, pe(u,v) =
ElY Yo 11Xy =u, X4y = 0], pr(u,0) =E[IY1 Y, 111X =u, X, 4| =], and
c2(u)=E [(Y—g(X))2 | X = u] Then

i) g+, 8, pr and o2 are continuous Sfunctions;
(i) g(x) is Lipschitzian and lim, _ o[g(x +eu) — g(x)]/e =r'(x,u);

(f) There exists 0 < B < oo such that limT%OOth/pT—Z/[P(P-‘r%] = A(IV1 I
FONYP, where p is the dimension of X;.

Then we have that th/2 (?(x,RT(x,hT))—g(x))=W>N(b,02(x)), where b =
bVl G2 with by = Y2V ITE [y, (e, w)de,

Proof. See Boente and Fraiman (1995, Thm. 2.1, p. 81). u
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LEMMA 7 (Hansen, 1992). The Bartlett estimate of the long-run variance, €, of an
underlying strictly stationary strong-mixing zero-mean process, Vi, is defined as

- 1 T ) mr T 1 T—1
Q==—N v 42 1— — ViViie,
r 2wl (- v B e

where mT denotes the lag-truncation parameter. Suppose that the following conditions
hold:
14+2¢q
(@) myp' ™ /T = O(1) for some q € (1/2,00);

(b) Z(TX):l {a(r)}z(l/’_l/p) < 0o for some r € (2,4] such that r > 2+ 1/q, and some
p>r;

() IVill, < oo.

Then we have that, as T —> oo, Q _p) Q.

Proof. See Hansen (1992, Thm. 1, p. 968) u
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