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TESTING FOR A FRACTIONAL
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This paper shows how fractional unit root tests originally derived under stationar-
ity can be made robust to heteroskedasticity. This is done by using existing tests
nested in a regression framework and then implementing these tests using White’s
heteroskedasticity consistent standard errors (White, 1980). We show this approach
is effective both asymptotically and in finite samples. We also provide some
evidence on the asymptotic local power of different implementations of the tests,
under both homoskedasticity and heteroskedasticity.

1. INTRODUCTION

This paper considers testing for a unit root against a fractionally integrated
alternative in the presence of heteroskedasticity. Specifically we consider the para-
metric time series model

a(L)A%y, = ¢, 1)

fort =1,...,T, where ¢ is a zero mean serially uncorrelated disturbance and
a(L) is a stable lag polynomial of fixed order p and

S ; Ir(j—d
A=Y 7L, n,(d)z#. @)
o ‘ r(j+HI'(=d)
Presample values are assumed to be zero, and so this is a “Type 2” model of
fractional integration (Marinucci and Robinson, 1999). We aim to test

Hy:dp=1, Hy:dy < 1. 3
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In homoskedastic settings this problem has been extensively analyzed, first by
Robinson (1991, 1994), who suggested a Lagrange multiplier (LM) approach
that was further developed by Agiakloglou and Newbold (1994), Tanaka (1999),
Breitung and Hassler (2002), and Demetrescu, Kuzin, and Hassler (2008) (hence-
forth DKH). Lobato and Velasco (2007) (henceforth LV) recently introduced a
Wald-type test, and Dolado, Gonzalo, and Mayoral (2002) (henceforth DGM) and
Lobato and Velasco (2006) considered an alternative “fractional Dickey—Fuller”
approach based on an extension of an analogy to unit root testing.

It has recently been recognized that unconditional heteroskedasticity is a fea-
ture of many economic time series. For example, Watson (1999) found evidence
of variance shifts in U.S. long-term interest rates, and McConnell and Perez-
Quiros (2000) found similar behavior in U.S. gross domestic product (GDP),
as did van Dijk, Osborn, and Sensier (2002) in various G7 business cycle vari-
ables. The literature on testing for unit roots against 7 (0) alternatives has begun
to account for this issue; see, for example, Hamori and Tokihisa (1997), Kim,
Leybourne, and Newbold (2002), Cavaliere (2004), Cavaliere and Taylor (2007,
2008a, 2008b), and Beare (2007). However in the literature on fractional unit
root testing, only Robinson (1991) and DKH have allowed for conditional het-
eroskedasticity in &;, with the remainder of the literature assuming that &; is inde-
pendent and identically distributed (i.i.d.). Robinson (1991) and DKH proposed
LM tests that allow for conditional heteroskedasticity by using heteroskedasticity-
consistent variance estimators, as in White (1980). Whereas conditional hetero-
skedasticity means that the conditional variance E(s,zl]-',_l) is not constant, both
Robinson (1991) and DKH assumed that the unconditional variance E(etz) is con-
stant over time, so that unconditional heteroskedasticity is ruled out. We remove
this latter restriction in this paper.

The paper proceeds as follows. In Section 2 we provide a brief overview of ex-
isting fractional unit root tests by nesting them all within a regression framework
and showing that each test in the literature arises as a certain choice of weights
in defining a regressor in the testing equation. This overview is useful in under-
standing the relations between the various tests. Also in Section 2 we define a
class of fractional unit root tests within the regression framework making use of
the White (1980) heteroskedasticity-robust standard error. This class of tests in-
cludes the test of DKH as a special case and also provides heteroskedasticity-
robust versions of the Wald-type tests of DGM and LV. The main theoretical
contribution of the paper is in Section 3, where we show that these tests are
asymptotically valid in the presence of both conditional and unconditional het-
eroskedasticity, whereas tests based on ordinary least squares (OLS) standard
errors suffer from asymptotic size distortions. The asymptotic distributions of the
tests under local alternatives are also derived, and some implications for local
power are discussed. Section 4 provides Monte Carlo evidence to demonstrate
the effectiveness of the heteroskedasticity correction in this context. Section 5
concludes. Mathematical proofs are given in the Appendix of Kew and Harris
(2008).
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2. FRACTIONAL UNIT ROOT TESTS
A class of regression-based tests for (3) can be defined using the equation'

)4

Ayr = PZi—1 (dA) + 2 PjAyi—jt+er, @)
j=1
where
Z-1(d) = B(L; d) Ay, (5)
and
=1 )
B(L;d)="Y Bi(d)LI, (6)
=1

j=

for some potentially sample-dependent constants d and ﬁ 1 (3), cees ﬁr_l (d).2
Various existing tests in the literature correspond to differing choices of these
constants, which we explain subsequently.

The test statistic for (3) is the ¢-statistic constructed from <;A5, the OLS estimator
in equation (4). Because the alternative in (3) is lower tailed, the null hypothesis
is rejected for small values of the test statistic. The ¢-statistic can be constructed
using either OLS or White’s standard errors (White, 1980); that is,

oLs _ ¢ ¢
= ~OLS® = o’
é ¢

where &JgLS and @ } are, respectively, the OLS and White’s standard errors for (,3,

~OLS 4 R Y éE d)?
T T o on YT ST Gy
Sz d)? Yi—12-1(d)
and Z;_, (dA) are OLS residuals from a regression of Z,_| (c?) onAy,_1,...,Ayi—p,

whereas ¢; are the OLS residuals from (4) and 6% = T~! 2th1 étz. White’s results
were initially for exogenous regressors, but Nicholls and Pagan (1983) and more
recently Phillips and Xu (2006) have shown that the approach is valid for autore-
gressive (AR) models. Although (4) is not an autoregression, we now show that
this approach gives heteroskedasticity-robust inference for (3).

We focus on the hypotheses in (3) because these have been the subject of re-
cent research. However it is straightforward to adapt our analysis to an alternative
of the form Hl/ :do > 1 by rejecting the null hypothesis for large values of the
t-statistic in (4). A two-sided alternative H{' : do # 1 is similarly handled. Also
we could consider a null hypothesis of the form Hg : dy = 0 by replacing Ay, in
(4) and (5) by A%y;.
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To discuss various specifications of B(L; dA) it is convenient to define the lag
operator A(L; d) to be the truncated version of (1 — A9~ /(d —1)

—1
ML;d)= Y Zj(d)L’, ©)
Jj=1

where A1(d) =1 and 4;(d) = H,'Jzz(i —d)/ifor j =2,3,.... Note that 4;(1) =
j~1. We also define a lag polynomial &(L;d) for any d to be the estimated AR
lag polynomial from a regression of A%y, on A%y,_1,..., Adyt_,,.

Robinson (1991) initially provided an LM test of Hp : dyp = 1 against the two-
sided alternative H{' : dy # 1 where p = 0. This resulted in a choice of ﬂ} (d) =
jTl=1 ;(1), and his test can be seen to be asymptotically equivalent to the 7-test
obtained from (4) with the lagged differences of Ay, omitted. Although Robinson
assumed throughout that &, is strictly stationary and ergodic, he gave a version of
his test under the assumption of conditional homoskedasticity and another allow-
ing for conditional heteroskedasticity. Although his tests were not expressed as
regression-based tests, these two versions of the test are asymptotically equivalent
to using OLS and White’s standard errors (White, 1980), respectively, to compute
the z-statistic from (4). Robinson (1994) showed that short-run dynamics, not
necessarily of AR(p) form, can be allowed in his test.

Robinson’s LM test has been written as a regression-based test (nested in equa-
tion (4)) by Agiakloglou and Newbold (1994)3 and Breitung and Hassler (2002).*
In the AR(p) case, this amounts to choosing ﬁ(L; ci) =a(L;1)A(L;1).> DKH
proposed a one-step variation using ﬁ (L; c?) = A(L; 1). DKH assumed stationarity
of &; but allowed for conditional heteroskedasticity using White’s standard errors.
DKH also discussed the choice of p when the AR(p) model is an approximation
to a more general linear process.

LV suggested a Wald-type approach by choosing ﬁ(L; c;') =a(L; c?)/l(L; cf),
where d is some preliminary consistent estimator of dy. This is a Wald-type
approach in the sense that an unrestricted estimator d is used to define ﬁ (L; (2), as
opposed to the null value of d =1 used in the LM test. LV conjectured that using
d rather than 1 may provide superior finite-sample power. All results assume that
& is 1.i.d., and hence heteroskedasticity has not been considered.

DGM suggested the fractional Dickey—Fuller test, based on an ad hoc choice of
[? (L;dy) = AN~1L for some fixed d. They suggested a particular trimmed esti-
mator for d; that we denote as d 1. Lobato and Velasco (2006) further considered
the choice of d. For p = 0 they showed that the optimal choice of d; when testing
against local alternatives is d; = 0.69145. For the case of a fixed alternative they
suggested d; = —0.031 +0.719d, where d is a consistent estimator of do. Again
all results relating to the fractional Dickey—Fuller test assume that &; is i.i.d.

For convenience, Table 1 summarizes the differing choices of [? (L; c?) for the
various existing regression-based LM and Wald tests described earlier.

Various authors have derived asymptotic local power results for these tests. To
briefly summarize, asymptotic efficiency under normality has been proved for the
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TABLE 1. Comparison of different choices of ﬁ(L; d) in the regression-based

tests
B(L;d)
p=0 p=>1

Regression-based LM tests

Agiakloglou and Newbold (1994) and Breitung

and Hassler (2002) A(L; 1) a(L; DHA(L; 1)

Demetrescu, Kuzin, and Hassler (2008) A(L; 1) A(L; 1)
Regression-based Wald tests R N

Dolado, Gonzalo, and Mayoral (2002) AD-Ip AD-TL

Lobato and Velasco (2007) A(L; dA) o(L; c?)/l(L; t?)

LM test by Robinson (1994) and Tanaka (1999) and for the Wald test by LV. The
fractional Dickey—Fuller tests (for any choice of d;) and the DKH test are asymp-
totically inefficient. Unless there is compelling simulation evidence, we would
therefore prefer the LM or Wald approach in practice. We provide asymptotic
local power results subsequently that hold for all tests based on (4) under both
conditional and unconditional heteroskedasticity.

3. ASYMPTOTIC DISTRIBUTION THEORY

In this section we consider using the test equation (4) to test (3) in the model (1)
where now ¢; satisfies the following assumption.

Assumption E. Define 7; =0 (¢q, ..., &) and let & satisfy
(@) E(er|Fr-1) =0;
(b) E(e?) =02 where 0 < ¢ < 0; <& < 00;
(©) E(&7 — 07| Fi—s) 4 < crys where g — 0 and ¢; < ¢ < 00;
@ 0< E(gtzgfﬂ-) uniformly in ¢ and j;
(e) forany integer ¢,2 < g < 8, and for ¢ nonnegative integers s;, E(TT"_, &, )
= 0 when at least one s; is exactly one and Z?:l s; < 8;
() the fourth cumulant x (¢, +i,1 4 j,t +k) of (67 =07, 6], — 0,67, —
Oly s Efvx — Ofyy) satisties sup, 30  k(t, 1 40,1+ j,1+k) < oo
Assumption E relaxes the i.i.d. condition by using Assumption E(a) to replace
independence and allowing unconditional heteroskedasticity in Assumption E(b).
The unconditional variance process ‘7;2 allowed in (b) is essentially unrestricted,

except for ruling out explosive (by & < oo) and degenerate (by o > 0) cases.
As in Cavaliere (2004) and Xu and Phillips (2008), for example, we can allow
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a trend in the variance by allowing the variance to have an array structure of
the form 0 = w? + (w3 — ®?)(t/ T)". However the cost of the relaxation of the
i.i.d. assumption is the need to impose additional higher moment conditions E(c),
(d), (e) that are not required by, for example, DGM, LV, or Robinson (1991).
Assumption E(c) requires that 8[2 is an L4 mixingale, which limits the memory
allowed in the conditional variance, although we impose no condition on the rate
at which w; must disappear. Note that ¢ < oo implies that we are requiring that
&; have uniformly bounded eighth moment. Assumption E(d) is a nondegeneracy
requirement on gtzgtz e Assumption E(e) is from Condition A(vii) of Deo (2000,
p- 293) and extends up to eight moments the condition (11) of Robinson (1991),
which applies only to fourth moments. Assumption E(f) controls the extent of the
nonnormality in the joint distribution of 8,2 — atz and its lags. Most likely these
latter two conditions could be replaced with a mixing and moment condition,
a mixingale-type assumption like E(c) for higher moments, or a summability con-
dition on the eighth cumulants of &; (such as a version of Brillinger, 1981, As-
sump. 2.6.1), all at the cost of greater complication in the proofs. We use them as
simplifying assumptions to allow us to focus on the task of allowing for noncon-
stant second moments.

To state the asymptotic properties of 7, we require some structure to be placed

on the choice of A(L; c?) in (6). We impose the following assumption.

Assumption B. The choices of c?, dp, and ,63 (L; d) are such that

T

S (5@ - pidn)* 5 o, ®)

j=1

where

a5 a, O<§ﬂj(d1)2<oo. 9)
j=1

This is a high-level condition that can be shown to hold for the various practical
implementations of the test that have been considered in the literature; see, for
example, Lemma 1 in the Appendix of Kew and Harris (2008). Note that we use
dp in (8) instead of the true value d( so that we can allow for the use of inconsistent
choices of d in the fractional Dickey—Fuller test.

Theorem 1, which follows, establishes the asymptotic properties of 74 for the
data generating process (1) under the sequence of local alternatives Hy 7 : dy =
1 —oT~1/2 for some d > 0. To express the noncentrality parameter for Iy we
define the notation

u=a(L) e, (10)
where the stability of « (L) guarantees that a(L)~! is well defined, and

zr—1(dr) = B(L; dy)uy, an
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where f(L;dy) = Z;;% ﬂj(dl)Lj and f;(dy) is defined in (8). We then define
Upi—t = i—t,...str—p), Tr =T S EU, U}, ,_),andyr =T~ X[,
E(Up,i—121-1(d1)) and

gy d)=z1(d) - Uy, T yr. 12)

THEOREM 1. Let the data generating process be given by (1) under Hy r: dy
=1—0T"Y2 where ¢, satisfies Assumption E and ,5’ (L; d) satisfies Assumption B.
Then the OLS t-statistic satisfies

v 198 4 our 5 N, 1),
and the White (1980) t-statistic satisfies
ty+our 5 N, 1),

where

TS BO(L; Ve -2 (dh))

Hr = - 5

VTS B 2 d)?)
and
o TTELEE g @)?)

TV E(ef) - T71 X Bz (d)?)
satisfy 0 < ur <ocoand (0 < v% < oo uniformly in T.

In Theorem 1 we show that, under the null hypothesis (i.e., when 6 = 0), the

White (1980) 7-statistic #y —d> N(0, 1). Therefore, as expected, the use of the
White’s standard errors in 74 produces a test that is asymptotically robust to het-
eroskedasticity. Under local alternatives, ur is neither degenerate nor divergent
because Assumption E bounds the variances and fourth moments of ¢; above and
below, and the coefficients of f(L;d) are assumed nondegenerate and square
summable in (9).

The results of Theorem 1 can be used to show that the 7, test with p = 0 and
ﬁ i (c? ) = j~! is asymptotically equivalent to the robustified LM statistic for strong
serial correlation given in Robinson (1991, p. 74).

3.1. Asymptotic Size Distortion of the OLS Test

In Theorem 1 we give the asymptotic distribution of the OLS ¢-statistic. The ad-

ditional term v can be seen to arise from the relationship 75 = (c?)gLS /@ q;)tgLS;

that is, we can show @9

¢LS/0?)¢; - v;l 5 0.1n general vy does not converge to 1
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under heteroskedasticity so that the OLS ¢-statistic, when 6 = 0, does not have an
asymptotic null N (0, 1) distribution and hence will suffer from asymptotic size
distortions. To illustrate this we provide the following specific result under the
empirically relevant assumption that the variance of &, contains a single variance
shift.

COROLLARY 1. Under the conditions of Theorem 1, suppose that

(i) &; is independently distributed across all t,
(ii) p=0with f(L;d) = 1(L; 1),
(iii) at2 = w%for t < |tT] and 0,2 = a)%fort > |t T for some 7 € (0, 1).

Then

) 2 r+172(1—r)
o e

where n = a)% /a)% and hence under Hy (i.e., 0 = 0)

1915 5 N (O, v(z, n)).

The parameter # measures the magnitude or size of the variance shift. Note
that when # = 1, the error &, is homoskedastic and so the asymptotic variance
v(z,7)? = 1. This means that under Hy, tgLS N N(0,1), which is a well-
established result in the fractional unit root literature. Conversely, when 5 # 1
and for some 7 € (0,1), the error ¢ is heteroskedastic, and so v(z,n)> # 1.
Consequently, tgLS does not have an asymptotic null N (0, 1) distribution, and
thus critical values obtained from the N (0, 1) distribution will result in mislead-
ing statistical inferences. Note that v(z, #)> > 1 for % 1 and 7 € (0, 1) and thus
the tgLS test will tend to overreject the unit root null hypothesis, even asymptoti-

cally. For a fixed value of 7, the asymptotic variance v(z, #)? is strictly increasing
in # when 7 > 1 (an upward variance shift) and is strictly decreasing in # when
n < 1 (a downward variance shift), which implies that as the magnitude of the
variance shift increases, the variance v(z, 7)? will move further away from 1,
inducing greater size distortions. Also note that there is the symmetry property
v(z,7)? = v((1 = 1), 1/7)?, which implies that (for 7 < 0.5, say) an early up-
ward variance shift of magnitude # gives the same asymptotic size distortion as a
late downward shift of magnitude 1/#. To provide some indication of the possi-
ble severity of the asymptotic size distortions of the tgLS test, Figure 1 plots the
asymptotic size at the 5% significance level against 7 € (0, 1) for different values
of #. Without loss of generality we set a)% =1 and choose # =5, 9. These choices
of # are standard in the literature; see, for example, Cavaliere and Taylor (2007).
When # =9 and as ¢ moves from O to 1, the asymptotic size of the tgLS test

moves further away from 5% and achieves a maximum® at 7 =9/(94 1) = 0.9.
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FIGURE 1. Asymptotic size of the OLS ¢-statistic under a single variance shift model.

Therefore substantial size distortions are observed in Figure 1 when there is a
late upward shift in the variance. This phenomenon is also reflected in the Monte
Carlo simulation results reported in Table 2 of Section 4.

3.2. Asymptotic Inefficiency of the White Test

We can use the results of Theorem 1 to conclude that the 7, tests, although asymp-
totically robust to heteroskedasticity, are not asymptotically efficient. Under
heteroskedasticity, the asymptotically efficient (albeit infeasible) test is obtained
by computing 74 (or tgLS) using the time series y, weighted by its conditional
variance, and using f(L;d) = a(L; 1)A(L; 1). This follows immediately from the
optimality results of Robinson (1994) and LV. It also follows from their results
that the asymptotic distribution of this infeasible test statistic, denoted t;;, under
local alternatives would be

2

. d
i+ 5 NGO, (13)

That is, the noncentrality parameter of the efficient test is /7 2/6, and any test
with a different noncentrality parameter is not efficient. Straightforward but
tedious derivations show that x7 in Theorem 1 cannot equal /7 2/6 under het-
eroskedasticity, implying that a choice of f(L;d) cannot be made to achieve the
same effect as appropriately weighting the observations. For example, if ¢; is inde-
pendent but heteroskedastic and we use the LM test with f(L;d) = A(L; 1) and
p =0, then z_,(d) = A(L; )&, giving E(A(L; Ve, - z°_,(d)) = Y12} j 202

1=
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and E(e7 -2, (d)?) =X/Z} j 2020l ;. Thus

2/ 112( lztlgt)
\/Tl_lezzlat o))

This does not reduce to \/ZJ-Tz_ll j—2 (which converges tox/n2/6) unless 0,2 is

constant for all 7. The loss of asymptotic local power of 7, relative to t; will vary
depending on the pattern of heteroskedasticity. We next explore this for a specific
example.

In the heteroskedastic case, Theorem 1 shows that the asymptotic local power
of the f4 test is dependent not only on ¢ and the choice of f(L;d) (as in the
i.i.d. case) but is also dependent on the variances and the fourth moments of
&r, which makes interpretation difficult. To give some illustration of the possible
effect of unconditional heteroskedasticity on the asymptotic local power of the
test, we give the following result based on the same single variance shift model as
in Corollary 1.

COROLLARY 2. Under the conditions of Corollary 1,

2
ty 5 N —5,/%1)(1,;7)—1,1 . 14)

The effect of a variance shift on the asymptotic local power of the 74 test is
captured by v(z, ) ! in the mean of the limiting normal distribution. This v (z, 77)
term is the same term that appeared in Corollary 1 in the asymptotic variance of
the tg LS statistic. We can conclude from this that a variance shift that causes large

size distortions for the tgLS test will result in large power losses for the 7, test as
reflected in the Monte Carlo results reported in Table 2 of Section 4. In particular
we can see that asymptotic local power is nonnegligible (because v(z,7)~! > 0),
that heteroskedasticity causes power losses (because v(z,#)”! < 1), and that
the power losses become larger for larger variance shifts (because v(z, )" is
decreasing in |57 — 1]).

To quantify the possible power loss due to heteroskedasticity in a single practi-
cal situation, we note that the growth rate of U.S. real quarterly GDP has standard
deviation 1.179 over the period March 1947 to December 1984 and standard devi-
ation 0.489 for March 1985 to March 2007.7 This implies 7 =0.172, 7 = 0.631,
and hence v(z, 7)~' = 0.867. In Figure 2, the asymptotic local power curve of
the 7, test implied by these values of # and 7 is contrasted with the asymptotic
local power curve in the homoskedastic case # = 1. The power loss caused by
such a variance shift is not dramatic but can be as much as 10% in this case. Also
Figure 2 shows the asymptotic local power curve for r = 0.05 and # = 0.05, to
demonstrate how strongly a variance break can affect power. In general the worst
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FIGURE 2. Asymptotic local power curves in the presence of a single variance shift model.

power results from a pattern of variance that has a small fraction of the sample
exhibiting a very large variance relative to the remainder of the sample. The val-
ues 7 = 0.05 and # = 0.05 correspond to a)% = 2050% with a)% being sustained for
only 1/20th of the sample.

We can also interpret the power curves in Figure 2 as providing evidence on
the power loss of the asymptotically inefficient 74 test relative to the asymptot-
ically efficient but infeasible weighted t; test (see eqn. (13)). The asymptotic
local power curve for the t; test is the same as that shown in Figure 2 under
homoskedasticity (# = 1). This curve therefore defines the asymptotic local power
envelope, and hence the other two power curves (under heteroskedasticity) illus-
trate the power loss relative to this envelope.

We do not explore in this paper the possibility of estimating the variance func-
tion for the purpose of making the asymptotically efficient t; test feasible, though
this is an obvious topic for further research that is currently under consideration.
As kindly pointed out by a referee, the consideration of estimating the variance
function raises a number of interesting questions, such as the relative performance
of parametric versus nonparametric variance estimation and the effect of such
estimation on the properties (asymptotic and finite samples) of the resulting fea-
sible tests. For example, as proposed in general terms by Wooldridge (1991), one
could specify a parametric model for the variance (e.g., variance shift at unknown
time and/or a generalized autoregressive conditionally heteroskedastic model) and
estimate the parameters of this model jointly with the testing equation in (4) to
develop a feasible weighted efficient test. Alternatively the variance process could
be estimated nonparametrically by smoothing methods as Hansen (1995) and Xu
and Phillips (2008) suggested for regression models. All of these possibilities are
substantial topics that lie beyond the scope of the current paper.
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3.3. Local Power Properties of the DKH Test

If p =1 then we find a difference in asymptotic local power between the two-
step LM test, as initially implemented by Agiakloglou and Newbold (1994) and
Breitung and Hassler (2002), and the one-step variant recently proposed by DKH.
This latter one-step test is not the full LM test, and, as shown in the next corollary,
it is not asymptotically efficient, even under homoskedasticity.

COROLLARY 3. Under the conditions of Theorem 1, suppose &; ~ i.i.d.
0,62 and p=1witha(L)=1—aL, a #0, |a| < 1. Then

(i) for the two-step LM test with B(L;d) = a(L; 1)A(L; 1)

pr — M = \/—

(ii) for the one-step DKH test with B(L;d) = A(L; 1)

(ln(l —a))?;

22 4 Liz(a) + (In(1 —a))? (4 = )

a2

\/(1 —a?2)~! +2Liz(a) + (In(1 —))2(1 —a=2)) ’

,UT_>,U

where Liz(a) = 219’21 j2al is the dilogarithm function.

Because the two-step LM test is asymptotically efficient, it follows that X <
u™ for all «, and the extent of the resulting power loss is illustrated in Figure 3.

FIGURE 3. Asymptotic local power for DKH and LM tests with AR(1) dynamics and
o=2.
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The power loss is greatest for large positive values of a. This provides a strong
motivation to prefer the two-step LM test over its more convenient but suboptimal
one-step variant.

It should be noted that the results of Theorem 1 apply to the DKH test by
setting f(L;d) = A(L; 1), so that the DKH test with White’s standard errors
(White, 1980) is robust to unconditional heteroskedasticity. Moreover the expres-
sion given in that theorem for 7 could be used to derive the local power for the
test in the presence of any form of heteroskedasticity desired. The finite-sample
properties of the DKH test in the presence of a variance shift can be found in
Table 4 later in the paper. As predicted by the asymptotic theory, the DKH test
is effective in removing the observed size distortions, but it displays poor finite-
sample power properties compared to the two-step LM test when a is large
(a =0.8).

4. SIMULATION EVIDENCE

This section examines, via Monte Carlo simulations, the effect of heteroskedas-
ticity on the finite-sample properties of the regression-based tests outlined in
Section 2. When an estimated value of dj is required, we follow DGM’s sugges-
tion and use the parametric estimator of Mayoral (2007).8 Kew (2007) demon-
strated that Mayoral’s estimator remains ﬁ -consistent even when the errors are
heteroskedastic. Our simulation experiments thus reflect the feasible implemen-
tations of these tests in practice. The simulated data for y, are generated accord-
ing to (1), and we first consider (L) = 1 (no short-run dynamics) and then let
a(L) =1—aL to allow for the presence of first-order serial dependence. In each
specification of a(L), do is chosen from the interval [0.6, 1] in steps of 0.05,
T = 100,250, and 500, and the number of replications is 10,000. We report the
percentage of rejections at the 5% critical value of —1.645.

The heteroskedasticity-robust tests defined in Section 2 do not require a priori
specification of a parametric functional form for 012. Thus, in our simulations, we
consider two models for atz :

1. Single variance shift model: 02 = w?1(t < [¢T])+w31(t > [¢T]) with
7€ (0,1).

2. Autoregressive conditionally heteroskedastic (ARCH) model: ¢, = g;vy,
with g2 = po+ p1e2_, and where v, is i.i.d. N(0, 1).

Model 1 is taken from Kim et al. (2002) and Cavaliere and Taylor (2007). As
in Corollary 1, we let = w% /w% measure the size of the variance shift. It follows
that # > 1 implies an upward variance shift, and conversely. When # =1, y; is
homoskedastic. Without loss of generality we set w% = 1. We only report simula-
tion results for the case of an upward shift by setting # = 9, and this shift occurs
either early in the sample with ¢ = 0.2 or late in the sample with ¢ = 0.8. The
unconditional variance in Model 1 is not constant over time, but this is not true for
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Model 2. The latter model is taken from Engle (1982) and is only conditionally
heteroskedastic. We consider p; = 0.25,0.5,0.75 and pg = 1. The choices of
p1 =0.5,0.75 do not satisfy our moment existence conditions in Assumption E,
but these choices provide an interesting additional robustness check for the tests
with White’s standard error (White, 1980).

In Tables 2 and 3, we set p = 0 in (1) and (4). We computed five test statistics
with White’s standard errors (denoted f4) and OALS standard errors (denoted tg LS,
They were as follows: (a) DGM: A(L;d) = A~'L;%(b) LV: A(L; d) = /(L; d);
(¢) LM: A(L;d) = A(L; 1); (d) LV-a: B(L; d) = A~ L with d; = 0.69145; and
(e) LV-b: B(L;d) = A" =L with dj = —0.031 +0.719d. Tables 2 and 3 display
the empirical sizes (when dp = 1) of the tgLS and 7,4 tests and also the empirical
(raw) power of the 74 tests.

We first discuss the finite-sample properties of the tgLS tests. Whereas the
first panel of Table 2 assumes homoskedasticity (7 = 1), the second and third
panels assume the presence of an upward shift in the variance process (7 = 9).
Under homoskedasticity, the tq?LS tests have slightly better size properties than 7,
in all cases. In unreported simulations, it was found that the power loss result-
ing from the use of White’s correction when it is not required is negligible even
when 7 = 100. Although the tgLS tests have approximately correct size under
homoskedasticity, they tend to overreject the unit root null hypothesis under het-
eroskedasticity, and substantial size distortions are observed when there is a late
upward shift (z = 0.8) rather than an early upward shift (z = 0.2). These finite-
sample results follow from the asymptotic property of the tgLS tests established
in Corollary 1. In unreported simulations, we also considered the case of a down-
ward shift with # = 1/9, and, as expected from Corollary 1, we found substantial
size distortions when the shift happens early rather than late in the sample. Thus,
we can conclude that the presence of a small burst of a very large variance relative
to the rest of the sample can cause severe size distortions. In the ARCH model,
Table 3 shows that the degree of overrejection increases as pj approaches 1 and
hence suggests that the tq?LS tests are not robust to the presence of conditional
heteroskedasticity.

Looking at the 74 tests, Tables 2 and 3 show that, in all cases, the t;g tests can
effectively reduce the observed size distortions displayed by the tgL tests. For
example, Table 2 shows that when # =9 and 7 = 0.8, the White’s correction
reduces the empirical sizes of all the tests from about 15% to 6% for a 5% nominal
size when T = 500. Turning to the raw power, Tables 2 and 3 show that when the
t¢OLS tests suffer from substantial size distortions, the 74 tests suffer from large
power losses. This is expected from the asymptotic results given in Corollaries
1 and 2.

In Table 4, we allowed for the presence of first-order serial correlation by set-
ting a(L) =1 —alL in (1) with & = {0,0.3,0.8} and p = 1 in (4). We com-
puted the four test statistics listed in Table 1: (a) ADGM: B(L;d) = A4~'L;
(b) 2-LV: B(L;d) =a(L;d)A(L;d); (¢) LM-AN&BH: A(L;d) = a(L; 1)A(L; 1);
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TABLE 2. Single variance shift model: Empirical size of tgLS and 14 tests and

empirical power of 7, tests

do

1§ 1

T n T 1 1 095 090 0.85 0.80 0.75 0.70 0.65 0.60

1 100 DGM 581 6.37 1532 2935 47.69  65.56 80.48 90.80 96.21 98.40
LV 6.09 6.78 17.00 3443 58.12 7825 92.09 97.80 99.49 99.88
LM 599 6.64 1684 3408 5698  76.26 90.59 97.06 99.27 99.77
LV-a 562  6.07 1591 3210 5217 71.32 85.62 93.76 97.91 99.16
LV-b 6.05 6.56 16.88 3400 56.55 7591 90.47 96.78 99.20 99.67

250 DGM  5.19 548 21.72 48.87 7742 9312 98.63 99.78 99.98 100.00
LV 523 539 2627 6225 90.73  99.12 99.97 100.00 100.00 100.00
LM 522 555 2630 6191 90.18  98.87 99.97 100.00 100.00 100.00
LV-a 513 529 2494 5849 87.01 97.61 99.86 99.99 100.00 100.00
LV-b 5.01 538 2540 60.69 89.17  98.56 99.96 99.99 100.00 100.00

500 DGM 529 540 31.80 72.80 9506  99.65 99.99 100.00 100.00 100.00
LV 524 537 40.84 8882 99.52 100.00 100.00 100.00 100.00 100.00
LM 543 547 40.77 8852 99.47 100.00 100.00 100.00 100.00 100.00
LV-a 516 528 39.00 8567 99.16  99.98 100.00 100.00 100.00 100.00
LV-b 527 533 39.80 86.99 99.32 100.00 100.00 100.00 100.00 100.00

02 9 100 DGM 729 649 1483 2728 4388  59.56 75.26 87.04 93.58 97.12
LV 789  7.03 1592 3132 51.94 7147 87.46 95.53 98.78 99.55
LM 756 6.99 1597 3091 51.00  69.58 85.37 94.24 98.12 99.34
LV-a 7.14 630 1508 2859 46.92 @ 64.27 79.61 90.02 95.34 97.98
LV-b 7.67 697 1587 3098 50.98 = 69.99 85.39 94.39 98.10 99.18

250 DGM  6.84 569 20.15 4446 71.65  83.69 97.46 99.49 99.93 99.99
LV 697 575 2354 5590 8599  97.61 99.83 99.99 100.00 100.00
LM 7.11 574 2365 5551 8526 97.03 99.77 99.97 100.00  100.00
LV-a 6.80  5.60 2247 5239 8145 9473 99.38 99.85 100.00  100.00
LV-b 7.02 569 2320 5475 84.15  96.56 99.70 99.97 100.00  100.00

500 DGM  6.86 553 2880 67.32 9205 99.19 99.92 100.00 100.00 100.00
LV 7.13  5.64 36.60 83.05 9872  99.99 100.00 100.00 100.00 100.00
LM 712 550 36.60 8251 98.53  99.99 100.00 100.00 100.00 100.00
LV-a 6.99 533 3534 7945 97.67 99.93 100.00 100.00 100.00 100.00
LV-b 696 555 36.17 81.10 9824  99.98 100.00 100.00 100.00 100.00

08 9 100 DGM 1640 868 14.68 22.83 33.17 44.05 55.41 67.48 76.45 83.87
LV 15.61 8.58 1496 24.64 3798 4943 63.24 75.33 84.73 90.93
LM 1576 846 1491 2380 36.28  47.39 60.30 72.40 81.63 88.26
LV-a 1528 811 1392 2219 3286 43.56 54.40 66.44 75.18 82.84
LV-b  15.66  8.67 1487 2448 37.16 48.63 61.96 74.06 82.99 89.73

250 DGM 1580  7.15 1636 30.67 49.43  67.18 82.81 91.94 96.48 98.78
LV 15.64 693 19.11 36.80 59.15 79.46 91.89 97.63 99.24 99.83
LM 16.02  6.95 18.67 3625 5823 7822 90.85 96.87 99.02 99.82
LV-a 1534  6.81 17.28 3340 54.11 72.86 86.97 94.41 97.87 99.33
LV-b 1552 697 1850 3562 5786  77.87 90.81 96.88 98.90 99.76

500 DGM 1559 6.50 20.00 44.57 70.60  88.16 96.67 99.13 99.83 100.00
LV 1571 650 2487 5553 84.02  96.65 99.59 99.98 99.99 100.00
LM 1594  6.54 2466 5499 8338  96.16 99.52 99.95 99.99 100.00
LV-a 1549 640 23.00 5131 79.58  94.10 99.03 99.83 99.98 100.00
LV-b 1561 6.64 2448 54.11 8243 9582 99.53 99.92 99.99 100.00

Note: The tq?LS and 74 columns refer to the tests with OLS and White standard errors, respectively, € (0, 1)
determines the location of the shift, and # measures the size of the shift.
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TABLE 3. ARCH model: Empirical size and power of
empirical power of 7, tests

tgLS and 74 tests and

do
T¢0LS 173
P1 T 1 1 0.95 0.90 0.85 0.80 0.75 0.70 0.65 0.60
0.25 100 DGM 9.99  6.92 13.30 2445 38.85 53.93 68.87  79.63 88.91 94.12
LV 8.40  6.69 1592 29.75  47.65 67.98 8232  90.72 96.13 98.44
LM 8.66  6.61 15.04  28.61 45.81 64.53 78.82  88.03 94.71 97.48

LV-a 9.00 656 1371 2577 4143 5779 7196  82.05 90.37 94.84
LV-b 8.85  6.82 15.01 2843 4590 65.03 79.50  88.62 95.11 97.64

250  DGM 931  5.66 18.13  38.68 6253  81.55 9296  98.09 99.39 99.83
LV 798 588 2254 5248 79.60 94.02 98.84  99.79 99.87 99.99
LM 846 589 2243 50.82 7774 92.83 9832  99.65 99.83 99.99
LV-a 878 547 2045 46.19 71.69 88.86 96.74  99.16 99.70 99.91
LV-b 847 574 2146 4955 7633 9214  98.17  99.59 99.84 99.99

500 DGM 9.87 555 2434 5730 85.14 96.85  99.51 99.93 99.98 100.00
LV 825 564 3298 7646 9634 99.64 9997  99.98 100.00  100.00
LM 8.59 5.67 326l 75.41 95.86  99.54 9995  99.98 100.00 100.00
LV-a 886 558 30.16 70.13 9329  99.01 99.91 99.98 99.99 100.00
LV-b 8.65 553 3145 7298 9502 9939  99.96  99.98 100.00  100.00

0.5 100 DGM 1379 7.45 1250  21.29 33,58 4555 59.07  68.99 79.20 86.70
LV 1222 741 1524 2635 4213 57.80 7234  81.52 88.78 93.31
LM 1271 7.20 1445 2471 3950 53.65 67.69 77.09 85.23 90.71
LV-a 1268 698 1294 2225 3507 4732 60.52 69.78 79.27 86.07
LV-b 1255 7.34 1437 2496 3986 5485 6943 79.10 86.78 92.05

250 DGM 1542 6.28 1557 30.02 4933 67.10 81.60  90.14 94.80 97.54

LV 1280 674 1920 41.88  66.73 8333 92,12  96.49 98.06 99.00
LM 1339 656 1879 3998 6370 8039 90.27  95.18 97.34 98.60
LV-a 1399 636 1737 3512 5694 73.81 8599 9228 95.71 97.78

LV-b 13.56  6.62 1838 3920 6274 79.83  90.52  95.53 97.51 98.75

500 DGM 1588 576 1937 4252 6779 8508 93.52  97.67 98.98 99.45
LV 1331 578 2672 6089 8519 9454 97.84 99.11 99.61 99.69
LM 13.78 575 2612 58.62 83.09 9354 9727  98.89 99.46 99.60
LV-a 1450  5.68 23.19 5272 7772 90.78  95.81 98.25 99.22 99.42
LV-b 1402 562 2479 5679 8198 9328 97.29  98.99 99.54 99.68

0.75 100 DGM 18.47  8.08 13.47 20.82  29.66 39.67 50.74  61.15 68.89 77.02
LV 16.50  8.09 1526 2488 3691 50.51 6242 7258 79.67 85.26
LM 17.16 ~ 7.93 1438 2322 3399 4592 56.84  66.96 74.08 80.37
LV-a 17.06  7.49 13.21 20.90  30.04 40.06 50.59  59.60 66.61 73.70
LV-b 17.16  8.02 1473 2380 35.10 47.89 5935 70.10 77.44 83.28

250  DGM 2230 7.56 15.01 25.52 3933 5321 66.46  76.81 84.31 89.75
LV 19.67  7.31 18.08  33.67 5349 68.50 79.59  87.20 91.13 94.08
LM 2055  7.38  17.30  31.80 50.03 6430 7536 8341 88.31 91.86
LV-a 2098 7.16 1597  28.19 4368 57.13  69.00 77.81 84.28 89.02
LV-b 2044 7.28 17.18 3129 4994 6524 76.75 8499 90.04 93.39

500 DGM 2531 698 1655 31.63 49.15 66.68 79.06 86.24 91.72 94.66
LV 22770 7.10 2153 4474 6595 80.53  88.59  92.65 95.22 96.78
LM 2322 7.11 20.62 4247 6244 7736  86.11 90.61 93.76 95.69
LV-a 23.63 676  18.63 3721 5594 72.14 8193 8748 91.63 94.04
LV-b 2346 679  20.17 4170  62.09 7773 8699  91.63 94.53 96.39

Note: The 1955 and 1 columns refer to the tests with OLS and White standard errors, respectively, and p is the
coefficient of an ARCH(1) model.
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TABLE 4. Single variance shift (# = 9,7 = 0.8) model with AR(1) errors:

Empirical size and power of tgLS and 7, tests and empirical power of 74 tests
)
gt 1

a T 1 1 095 09 085 080 075 0.70 0.65 0.60
0 100 ADGM 16.39 9.18 13.33 20.08 26.20 33.83 42.57 51.35 60.25 67.34
2-LV 13.46 7.80 11.63 17.96 24.33 32.21 41.32 50.49 60.28 68.10
LM-AN&BH 17.68 9.79 13.54 19.59 26.52 32.44 41.12 48.50 57.40 64.56
LM-DKH 17.61 9.52 13.62 19.65 26.75 32.93 42.51 49.88 59.18 66.98
250 ADGM 15.87 7.62 14.45 23.21 36.19 50.65 64.37 76.95 86.31 92.60
2-LV 13.97 6.58 13.16 22.27 35.66 50.52 65.19 78.67 88.24 94.28
LM-AN&BH 16.56 7.55 14.50 24.32 35.88 50.40 64.48 7592 85.72 91.77
LM-DKH 16.48 7.40 14.40 24.56 36.40 51.33 65.98 77.65 87.32 93.27
500 ADGM 15.75 6.35 16.66 31.89 53.14 72.43 87.31 94.99 98.22 99.63
2-LV 1498 6.07 16.26 32.25 54.21 74.34 89.36 96.36 99.00 99.75
LM-AN&BH 16.67 7.15 16.69 32.66 53.72 74.03 88.47 95.63 98.71 99.75
LM-DKH 16.71 7.11 16.61 33.00 54.22 74.94 89.67 96.39 99.06 99.79
0.3 100 ADGM 16.50 9.11 11.92 1533 19.68 25.54 31.51 37.87 45.10 53.38
2-LV 12.09 7.87 10.66 14.31 19.22 24.44 30.64 37.71 45.00 53.74
LM-AN&BH 16.56 9.35 12.59 15.16 19.86 25.17 30.14 36.69 42.10 49.72
LM-DKH 17.16 9.46 12.24 15.25 19.64 25.05 29.95 36.61 42.56 50.57
250 ADGM 16.57 7.82 11.26 17.72 25.39 35.04 47.03 57.26 68.20 77.46
2-LV 12.34 6.53 9.71 16.17 23.72 33.17 46.20 58.06 69.83 79.86
LM-AN&BH 16.89 8.00 12.24 18.44 27.14 36.63 4592 56.68 68.37 76.90
LM-DKH 17.01 7.85 12.03 17.73 26.46 36.13 45.41 56.85 69.08 77.67
500 ADGM 17.10 7.07 13.48 23.64 37.92 52.08 66.65 80.83 89.42 94.71
2-LV 12.65 5.68 11.62 21.75 35.78 52.27 68.90 84.37 92.55 96.83
LM-AN&BH 17.06 7.09 13.80 24.35 38.49 53.54 69.09 81.69 90.60 95.93
LM-DKH 1691 6.93 13.46 23.55 37.57 52.78 68.57 81.58 90.79 96.27
0.8 100 ADGM 1599 892 785 737 651 638 6.66 672 7.64 896
2-LV 8.33 4.17 5.89 7.88 10.33 13.33 16.72 20.33 24.33 28.06
LM-AN&BH  9.78 571 6.70 7.26 8.11 8.72 9.52 1030 11.11 12.32
LM-DKH 15.58 8.86 796 7.65 693 681 7.16 7.17 810 9.24
250 ADGM 1649 740 6.11 528 492 455 4.62 531 630 8.18
2-LV 11.79 472 7.24 10.34 14.49 20.23 26.25 31.98 37.45 42.44
LM-AN&BH 11.71 5.14 7.04 8.95 10.82 12.59 13.74 14.46 15.33 15.94
LM-DKH 16.06 7.51 643 579 565 533 550 6.11 7.05 837
500 ADGM 16.70 6.74 526 440 391 380 3.87 472 6.60 10.15
2-LV 14.04 538 8.89 14.30 21.09 30.16 38.48 46.12 53.10 59.95
LM-AN&BH 13.03 5.06 8.06 12.13 15.35 18.56 19.87 20.35 21.03 22.18
LM-DKH 16.37 6.75 571 501 4.63 474 495 568 7.00 8.87

Note: The t9%5 and 14 columns refer to the tests with OLS and White standard errors, respectively, and  is the
coefficient of a first-order short-run dependence.
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and (d) LM-DKH: ﬁ (L; c?) = A(L; 1). The variance of ¢, is assumed to contain
a late upward shift (# =9 and 7 = 0.9). Table 4 shows again that the tgLS tests
are unreliable but the 7, tests have desirable size and power properties in finite
samples. When T = 100, the 14 tests are slightly oversized, but this problem
rapidly disappears as T increases. For each sample size, the empirical power
of the 74 tests increases as dyp moves away from 1 except when the errors dis-
play strong serial dependence. For example, when o = 0.8 the power becomes
nonmonotonic, and this is true even under homoskedasticity as reported in LV
(Table 3, p. 587).

We have also carried out Monte Carlo simulations for the following heteros-
kedastic models:'?

1. Two variance symmetric shifts model: 0,2 = w%l(l <[tT))+ w%l(u T| <
t<1—[tT])+o?l(1—[zT| <t <T) with z € (0,1).

2. Linear trending variance model: 0,2 = w% + (w% - w%)(t /T).

3. Stochastic volatility model: ¢, = exp(0.5g;)¢;, where g, =9 g;—1 +o,v; and
€; and v, are independent sequences of i.i.d. N(0, 1).

We briefly discuss here the finite-sample performance of the t9™5 tests. Just
like the preceding single variance shift model we find that, depending on the size
and the timing of the variance shifts, the two variance symmetric shifts model can
cause severe size distortions. When 2 follows a linear trend, we find that the size
distortions are less dramatic than those observed in Table 2 with empirical sizes
of about 7%. For the stochastic volatility model, the degree of overrejection is
quite small when ¥ < 1 but can be quite substantial when ¥ = 1 whereas o, is
held fixed.!! The 14 tests, by contrast, are found to deliver good size properties in
all of the heteroskedastic models considered.

5. CONCLUSION

In an LM-type framework, Robinson (1991) and DKH suggested test statistics
that are robust to the presence of conditional heteroskedasticity, while assuming
unconditional homoskedasticity. We extend their results by relaxing the latter as-
sumption. In addition we show that their proposed method can be used to provide
a robustified version of the Wald-type tests under both conditional and uncondi-
tional heteroskedasticity. Specifically, under heteroskedasticity, we demonstrate
that the limiting null distributions of all the existing regression-based LM and
Wald-type tests that use OLS standard errors suffer from asymptotic size distor-
tions, but it is not the case for tests that use the White’s standard errors. We also
analyze in detail the asymptotic local power of these tests under a specific form
of heteroskedasticity. Monte Carlo results show that White’s correction is very ef-
fective in removing the observed size distortions and delivers tests with desirable
size and power properties in finite samples.
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NOTES

1. Depending on the choice of Z;_| (L? ). ¢j and e; in this testing equation may match a; and &,
respectively.

2. The lag polynomial /)A’ (L;d) depends on ¢, and so more complete notation would be ﬁ, (L; d ).
We drop the subscript 7 so as not to overburden the notation.

3. Agiakloglou and Newbold (1994) truncate the sum in /;’ (L; 3) at some fixed value m instead of
r—1.

4. Tanaka (1999) also discussed the LM test for parametric autoregressive moving average short-
run dynamics but not explicitly in the regression framework.

5. The notation reflects the choice of d = 1, consistent with the LM principle.

6. For a fixed value of # (other than 1), the asymptotic variance of the tgLS test, v(z, 77), achieves
its maximum when 7 = /(5 + 1), and thus at this value of 7, the asymptotic size distortion is at its
peak.

7. This is the type of variance shift found by McConnell and Perez-Quiros (2000).

8. Mayoral suggested that the number of autocorrelations, k, used in the estimation framework is
chosen such that k = T1/4.

9. The parameter c in the trimming rule was set to 0.02; see page 1977 of DGM for details.

10. To save space, simulation results for these models are not reported but are available on request.
11. The choice of ¥ = 1 violates the moment existence condition imposed by Assumption E.
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