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NEAR SEASONAL INTEGRATION

PAULO M.M. RODRIGUES

University of Algarve

This paper presents asymptotic results for the seasonal unit root test proposed by
Hylleberg Engle Granger and Yo§199Q Journal of Econometricd4, 215-238

in a near integration contexthe findings are important in that they provide the
asymptotic power functions of the Hylleberg et siatistics when the character-

istic roots of a seasonal process are local to uffibese conclusions extend the
available asymptotic results for this test and serve as a framework for the poten-
tial development of more powerful test procedures

1. INTRODUCTION

The interest in unit root processes has recently been extended to cover a class
of processes that specifically deal with the presence of roots close to but not
equal to oneAs indicated by Perrofil989, this local to unity theory has been
useful in different contextéAmong othersit has been used by Evans and Savin
(1981 1984, Phillips and Perrori1988, and Nabeya and Tanak&990 in the
analysis of the power of unit root tests under local alternafi®sck (1991,
1994 in the derivation of confidence intervals for the largest root of an auto-
regressivé AR) processand Phillips(1987) for the calculation of the power of
unit root tests with a continuum of observations

However in contrast with the results available for conventional AR pro-
cessesgreater attention has yet to be directed to the analysis of seasonal near
integration There are a large number of seasonal unit root test procedures in
the literature(to name a fewseeg e.g., Breitung and Franse4998 Dickey,
Hasza and Fulley 1984 Hylleberg Engle Granger and Yoq 1990 Osborn
Chui, Smith, and Birchenhall 1988 Taylor, 1999, but very few results exist
for these procedures in a near nonstationary framework

Chan(1988 1989, Chan and We{1987), Perron(1992, and Tanakd1996
pp. 253—-264 offer results for a first-order near seasonally integrated autoregres-
sive (NSIAR) processEssentiallyChan(1988 and Chan and W&il987) pro-
vide the limiting distribution for &-ratio obtained from a NSIAR modeChan
(1989 derives the asymptotic distributions for sample moments of a NSIAR
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model Perron(1992 presents a closed-form expression for the limiting joint
moment generating function of the least squares estimator of the autoregressive
parameter from a NSIAR modehnd Tanakg1996 using the stochastic pro-
cess and Fredholme approach generalizes Chan’s and Perron’s results by con-
sidering NSIAR models with deterministic components

The objective of this paper is to extend the literature on near seasonally in-
tegrated processes by analyzing the approach of Hylleberg @980 in this
context This procedure is possibly one of the most frequently applied tests in
empirical work hence the understanding of its behavior in a local to unity
framework is of fundamental importance

This paper is organized as followSection 2 analyzes the asymptotic prop-
erties of seasonally near integrated procesSestion 3 derives the asymptotic
power functions for the Hylleberg et.al1990 test statisticsand Section 4
concludes the paperhe Appendix presents the proofs of the limiting results
put forward throughout the paper

2. NEAR SEASONALLY INTEGRATED AR PROCESSES

To extend the results available for conventional near integrate@ )ARro-
cesses to the seasonal contfexnsider the seasonal stochastic process

yt:yyt—s+8t9 t:1’~'-7T’ (21)

wheres is a positive integefT = sN, N is the total number of complete years
of observationsy 5., = --- = yg = 0, and g, ~ independent and identically
distributed(i.i.d.) (0,0-2). The notion of near nonstationarity can be introduced
into (2.1) by consideringy = €N = 1+ (¢/N) =1 + (sc/T), wherec is a
fixed constantclearly whenc = 0 theny = 1 and(2.1) is a seasonal random
walk).

Given the assumption that the disturbancegit) are independenthis data
generating proced®GP) can be seen as the result of circular mergsnigde-
pendent near integrated proces¢fes details on the seasonal integrated case
see Kunst1997 Osborn and Rodrigue4998. Therefore the near seasonally
integrated process if2.1) will correspond tcs near integrated processesch
associated with one season of the yénce the relevant partial sum process
for observatiort is that of seasok of yearn and is given by

[(t=1)/s] n
S.(,n: E ellt=1/s]-i)e/Ng sit 2 (n— J)C/N (2.2)

i=0 =1

wherek =1 + (t — 1)mods, n = [(t — 1)/s] + 1, [-] indicates the greatest
integer less or equal t@ — 1)/s, ande; is the disturbance occurring in sea-
sonk of yearj.
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From the continuous mapping theoreas N — oo the normalized partial
sum processess, ,, converge to independent Ornstein—Uhlenbeck processes
(see Phillips1987). That is

N 71/23<n = O-ch(r), (23)

where J(r), k = 1,...,s are independent standard Ornstein—Uhlenbeck
processes aneb represents weak convergenddote thatJ.(r) = Wc(r) +

cfy e W (s)dsandWi(r), k = 1,...,s are independent standard Brownian
motions Thus the following lemmawhich presents the asymptotic behavior
of several sample moments obtained from a process su€B.Bswith vy =
el®N) = 1 + (¢/N), can be advanced

LEMMA 1. Assuming that th®GP is the near seasonally integrated pro-
cess in(2.1), then from the continuous mapping theorem as>Teo it can be
established that

@ T Y2y = (0/V8)d(r), k=1...5,

(b) T792 2:—:1 Yii = (o/s 3/2)Ei:1fol~]kc(r)dr,

© T23L1y2 = (0¥s2) i 1 fo[de(N)]2dr,

d) TEZ1yie = (0%5)2poq fo (Lide(r)dW(r),

where J.(r) and W(r), k = 1,...,s are independent standard Ornstein—
Uhlenbeck processes and independent standard Brownian mptiesysec-
tively; i = 1,...,s, s defines the number of seasohsis a lag operator that
shifts the Ornstein—Uhlenbeck processes between seéisthgr) = J (),
with J_; o(r) = Js4x—j,c(r) for k —j = 0), and j indicates the rotation of the
Ornstein—Uhlenbeck processes between seasons imposed by y

The proof of this lemma follows along similar lines as LemmalAfbr sea-
sonally integrated processes in Osborn and Rodrigl@g3 and will therefore
be omitted

3. ASYMPTOTIC POWER FUNCTIONS FOR THE
HYLLEBERG ET AL. TEST

For the purpose of analyzing the test proposed by Hylleberg €¢1290, it is
important to specify the periodicity of the datag., quarterly or monthly be-
cause it is this that determines the transformations of the regressors required in
the test regressioriFor expositional conveniencenly the quarterly case will
be discussed heralthough extensions to processes of higher periodicity can
be considered

Thus if the near integrated version of the seasonal process givéhlpis
investigated withy = 1 + (c¢/N) ands = 4, that is

C
Yo = <1+ N) Yi-a T &, (3.2)
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it can be observed that the resulting characteristic equation can be factorized as

gl (D () e

Employing a Taylor expansion about one on each of the facto¢3.2f will in
turn allow these terms to be approximated as

[1— <1+ S O(N‘2)> L} [1+ <1+ Sy O(N‘2)> L}
4N 4N

c
X [1+ <1+ — + O(N2)> LZ]. (3.3)
2N
Hence the application of the Hylleberg et.al1990 approach to the near
nonstationary process i2.1) gives the test regression

AgYe = T1Ya), -1 T T2Y@ -1 T T3Y@)t—2 T TaYa) -1 T & (3.4)

wherey; = (L+ L+ L2+ L3y, Yo = —(1— L+ L% = L3y, Yz = —(1—
L?)y,, L is the usual lag operatoand 7, = ¢/T, 7, = ¢/T, 73 = 2¢/T, and
74 = 0. This can be confirmed by adequately expandi®@). (Note thatr, =
0 occurs directly from the assumption on the frequencies of the.joots

For the analysis of the distributions of the estimated coefficients and associ-
ated statistics 0f3.4) in this near seasonally integrated conjéixts important
to refer to the results provided by Jeganattiza@91). Jeganathan shows that
the asymptotic independence between unit roots at different frequeastab-
lished by Chan and Weil988 for a general integrated procesdso prevails
in the near integrated contexthus with respect to the Hylleberg et.dl1990
test in(3.4), the asymptotic orthogonality between the regressors prewdiish
allows an asymptotic examination of each component independently of the oth-
ers For this purposethe following models will be adopted

Ziye = G120y -1 T &ts (3.5)
Zot = — 222, 1-1 T &, (3.6)
Zay = PaZz -1~ P3Zi 2t 8 (3.7)

whereg; = €T = (1+¢/T),j =12, p3= €T = (1 + (2¢/T)), and¢, = 0.
Assuming that the initial values are equal to zenmdels(3.5)—(3.7) imply the

partial sums
t
— t—i T
Z) = 2, €Ty,
i=1
t—1

2= (D' (1) et Mg + g,
i-1
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and
n—1 ) )
(_1)n 2 (_l)le(n—l)(ZC/T)82i+1 + & tmod2=1
i=0
2(3“ - n—-1 ’
(D" (1)lem eI N, o+ g tmod2=0
i=0

wheren = [(t + 1)/2] — L.

3.1. Local to One Behavior of the Zero Frequency Root

For the purpose of deriving the distribution of the normalized least squares bias
1 T
T tzzlz(l),tflst
(=)= ———,
1 T
T2 2112(21“71

obtained from(3.5), we can see from the continuous mapping theorem and
Lemma 2 in the Appendix that

1T 1 T /t1 _ o2 (1
?g‘iz(l),t—lst: mt_El(iZOe(tll)(C/T)gi>gt:>7'fo Jiye(r)dWy)(r)
and
1t 402 (1
ﬁtzzlz(zl),t—lz’ﬁj; [J(l)c(r)]zdr-
Thus
1
fJ(l)c(r)dW1)(r)

N 0

T~ ) = —— , (38)

[Jayc(r)]?dr
0

and the limit distribution for the-statistic on(¢; — ¢,) is therefore

1
f Jye(r)dWy (1)
0
Y- = ; (3.9)

1 1/2
{ f [Ja)cu)]zar}
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whereJie(r) = W(r) + c(f5 " 9°W(s)ds), W(h) = Zi_; W,(h), Wi(h) (k =
1,...,4) are independent standard Wiener proces¥é¢g(h) = (1/2) S, %
W (h) and J3) o(r) = (1/2)Jq)c(r) (see Appendix for proof of the results
stated. Notice that the distributions i163.8) and (3.9) are equivalent to the
power functions of the well known Dickey—Fuller tegsee Phillips 1987).

3.2. Local to Minus One Behavior of the Biannual Root

With respect to the least squares biash, — ¢,), obtained from(3.6), it fol-
lows from Lemma 2see the Appendix that
1 T 0_2 1
? t:ElZ(z),tflst = _7 fo Ji2)c (N AWz (r)
and
1 J 402 (1
T2 t212(22),&1 =16 fo [Ji2c(r)]?dr,

respectivelyHence

1
J J2)c(N AWy (1)
~ 0
T2 = ¢2) = —— , (3.10)
f [J(z)c(r)]zdr
0
and consequentlyhe correspondingstatistic t.;,_,,), converges to
1
f Jio)c(r)dW3) ()
0
Y90 = ~ (3.11)

1 12’
{fo [J%e(r)] Zdr}

whereJic(r) = Wi (1) + c(fg e 9 Wy, (s)ds), Wiy (h) = Ziy(— 1) Wi(h),

W5 (h) = (1/2)Wz)(h), and J5)c(r) = (1/2)J)c(r). As expectedthe asymp-
totic distributions in(3.10) and (3.11) are mirror images of those i{8.8) and
(3.9). This mirror image property was established by Chan and {488

and Fuller(1996 in a conventional ARL) context(see also Tanakal 996

pp. 230-231.

3.3. Local to One Behavior of the Annual Root (Complex Roots)

Finally, with respect to the statisticE(ds — ¢3) andtg,_,,, resulting from
(3.7), it also follows from Lemma 2 that
2

1T 1 1
T t2412(3),t—2(‘3t = _%{J; Jize(r)dRz () +fo J(4)C(r)dR<4)(r)}
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and

1 T
22(3)t 2:" {f [3(3)c(r)]2dr+f [Jae(r)] dr}

where

Jire(r) = (W_o(r) —Wi(r)) + CUO eI W_,(s) — Wi(s)] dS},

Ri)(r) = Wi_p(r) — W(r),

andi = 3,4. Thus it can be verified thall (3 — ¢3) converges in distribution
to

1 1
2{f Jayc(r)dR(r) +f 3(4)C(r)dR<4)(r)}
. 0 0
T(ds— ¢3) = — (3.12)

{f [Jiz)c(r)]2dr +f [J(4)c(r)]2dr}
0 0

and the respectivestatistic

1 1
U J5)c(r)dR () +J J{Z)c(r)dR&)(r)}
0 0

Uga—pa) = ~ . - o (3.13)
[ o+ [ oo
0 0

whereJ; (1) = (1/N2)3;,(r), Ri,(r) = (1/N2)R;(r), andi = 3,4.

It should be noted that the results(i12) and(3.13) correspond to symmet-
ric versions of the distribution obtained for the Dickey et(@084) test when
applied on a near seasonally integrated process of periodicityde® Chan
1988 1989 Perron 1992 Tanaka 1996.

Furthermoreit can also be showrbased on Lemma, 2hat the least squares
bias of ¢, and respectiveé-statistic have limit distributions

1 T 1 1
2 Z3),1-1&t 2{f Jiaye(r)dR3 (1) _f J(s)c(r)dRm)(r)}
0 0
-

1 T 1 1
ﬁtzzlz(z&,tﬂ {fo [J<3)C(r)]2dr+J0 [‘](4)c(r)]2dr}

(3.14)
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and

1 1
{f Jaye(NdR () _f Jf’é)c(r)dR&)(f)}
0 0
g, =~ (3.15)

1 1 12
[ oo+ [ oo
0 0

respectivelyNote thatg, in (3.7) is zera

Hence based on the results presentéte following theorem collecting the
relevant limit distributions pertaining to the Hylleberg et @990 test statis-
tics can be stated

THEOREM 1 If {y;} is a near seasonally integrated time series generated
by (3.1), then as T— oo, the least-squares estimators #4) are asymptoti-
cally distributed as

1
f Jiye (N dW(r)
T(h — ) = — L i=12 (3.16)

f [Jire(r)] 2dr
0

z{f Jac(r)dR(r) +f J(4)C(r)dR(4)(r)}
0 0
T('ﬁ'3 - 773) = , (317)

1 1
[ aomiar [ e
0 0

1 1
2{f Jaye(r)dR3(r) _f J(3)C(r)dR(4)(r)}
0 0
T(fry—my) = , (3.18)

1 1
[ et + [ taaonear]
0 0

and the limiting distributions for the corresponding t-statistics are

1
f J(ﬁ)c(r)dW(T)(r)
0
t, = , i=12, (3.19)

1 1/2
{ fo [Jmc(r)]Zdr}

https://doi.org/10.1017/50266466601171033 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466601171033

78 PAULO M.M. RODRIGUES
1 1

{f J5)c(r)dR)(r) +f J(Z)c(r)dR(*@(r)}
0 0

1 1 1/2
[ et « [ toonear]
0 0
[ 0 0= [ gatoromeio |
0 0

1 1 1/2
U [35c(r)]%dr +f [J&>c(r)]2dr}
0 0

Note that the distributions if8.16) and(3.19) for i = 2, (3.17), (3.18), (3.20),

and(3.21) given the manner in which the Hylleberg et €990 test is set up

are symmetric versions ¢8.10), (3.11), (3.12), (3.14), (3.13), and(3.15), re-

spectively Furthermorethe distributions in(3.16), (3.19), (3.17), and (3.20)

are equivalent to the power functions of the least squares estimators and corre-

spondingt-statistics obtained from Dickey and Fullel979 and Dickey et al

(1984 type test regressiorgvith no deterministic componentgespectively
Moreover to emphasize the significance of the noncentrality parameter on

the distributions of the statistics of the Hylleberg et(@990 test (3.16) and

(3.17) can be rewritten as

(3.20)

3

=3,. (3.21)

T

fo Jiiye(r) AW ()

T’ﬁ'iﬂc+ ) i:1’27

f [Jiye(r)]%dr
0

1 1
Z{JO J(3>c(f)dR<3)(f)+fo J(4)C(r)dR(4)(r)}

1 1
] e« [ oo
0 0

and(3.19) and(3.20) as

Tag=cCc+

1

N Vo fo I (N AW (r)
t; = C{fo [J&)c(r)]zdr} +— o 3, i=12,
{ . [‘](’?)C(r)]Zdr}

(3.22)
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1 1 1/2
t,, = c{f [Jc(r)]2dr +f [J(i)c(r)]zdr}
0 0
1 1

{f J3)c(rdR(r) +f J(Z)C(r)dR*4)(r)}

0 0
J’_

1 1 1/2
[ oo+ [ oo
0 0

= 3, (3.23)

Hence from (3.22), (3.23), and Lemma 2 of Phillip$1987), the asymptotic
local behavior of these statistics can be establisBgacifically Phillips indi-
cates that as the noncentrality parameter tends to minus ipfiitys —oo)
then

(—Zc)fO [J.(r)]%2dr 21 and (—2c)1/2f0 J.(rdwW(r) = N(O,1).

Thus by acquiring these resultid can be observed that the asymptotic local
power oftﬁj,j = 1,2, and 3 tends to unity as— —oo, becauses; in (3.22) and
(3.23) diverges to—oo.

3.4. Asymptotic Distributions of Joint Tests

Joint tests also play a fundamental role in the analysis of seasonal unit roots
and their distributions are of equal importanégom the preceding analysis
these are now easily obtaindd other wordsgiven the asymptotic diagonality

of the appropriately normalized covariance matrix of the regressors of the Hylle-
berg et al (1990 test procedure in a local to unity framewothke F-statistics

on parameters of the Hylleberg et &dst regression can be represented as av-
erages of squaredratios (as shown by Ghyseléee and Noh 1994 for sea-
sonally integrated procesgeghus the asymptotic distributions of tHe statistics

that testr, = --- = w4, = 0 (seasonal integrationm, = 73 = 7, = 0 (unit
roots at seasonal frequendigand s = 7, = 0 (complex unit rootsare easily
derived from the results if8.19)—(3.21).

4. CONCLUSION

In this paperwe derived the asymptotic power functions for the well known
Hylleberg et al (1990 procedure based on a test regression with no determin-
istic componentsThe results arghowever easily extended to cover test regres-
sions with seasonal dummies only and with seasonal dummies and trend by
substituting the independent standard Ornstein—Uhlenbeck processes with ade-
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quately demeaned or detrended versjarspectively Of important signifi-
cance is the indication that in the derivation of the limit distributions consigered
the noncentrality parameteris the same at different frequencidsis, how-
ever is not restrictive given that the asymptotic independence of the test statis-
tics implies that regardless of whether the noncentrality parameters considered
are the samehis will have no impact on the limit distributions

The results presented are important for several reaJdrey are potentially
useful in the development of more powerful seasonal unit root test procedures
for instance locally best invarian{LBI) and unbiasedLBIU) tests and also
point optimal invariant(POI) tests as suggested by Tanak&996 pp. 355—
362). A further interesting application is the derivation of asymptotic confi-
dence intervals for the roots of a seasonal nonstationary process as in Rodrigues
and Osborn(1999. Finally, the limit distributions presented also extend the
asymptotic results in Osborn and Rodrig#898 and Smith and Taylo{1998.
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APPENDIX

Recall that the distributions of the Hylleberg et €990 test statistics under the null
hypothesis of a seasonal random walk are functions @idependent Brownian mo-
tions Thus to analyze the asymptotic behavior under local alternatisisilar func-
tional forms are exploredFor simplicity of notation throughout this Appendix it is
assumed thal,. = J(r) and W = Wi(r).

Consider thereforghe models of Section,3

() Zay = P12, 01+ & (A.1)
(i) 2oy = =221+ & (A.2)
(ii) Z@w = aZ@) i1~ P3Z@, 12+ &1 (A.3)

whereg; = €T = (1 + (¢/T)),j = 1,2, ¢p3=€>*/T = (1 + (2¢/T)), and¢, = 0, and
assume that the initial values are equal to zero Brd4N.

(i) From model(A.1), it can be observed that 85— oo (N — 00),

t—1
Zoye = 2 e
i—o
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can be approximated as

[ n 4 n-1
> e EMNg 4 3> e 17D+ 0, (1) tmod4=1
i=1 k=2i=1
2 n 4 n-1
> D e Mg 3 > e 1TDEMNg 4+ 0,(1)  tmod4=2
k=1i=1 k=3i=1
Z(l)t - 3 n n—1 ’
> D e EMNg 4 > et DEMNg 40, (1) tmod 4= 3
k=1i=1 i=1
4 n
> > e Mg, 4 0,(1) tmod4=0

,»
~
Il
[
Il
[

wheren = [(t — 1)/4] + 1 andey, k=1,...,4 refers to the disturbance occurring
in seasork of yeari. Thus from the functional central limit theoreCLT) it
follows that

1 o &
= Zn = = Jec |,
T2 (Dt 2 (kEl kc>

whereJ,., k = 1,2,3,4 are standard independent Ornstein—Uhlenbeck processes
Furthermore

1 T 40.2 1 4 2

— z5 —J J dr A.4
T21=21 ot = 16 O(gl kc) (A.4)
and

.
E Z(1)t-18t
t=1

=~

n—1

1 XN 4 )
= _N 2 {( E e(n—l—l)(C/N)Ski

k=1i=1

€1n

N———

n—1

e 4

M:

+ e(nli)(c/N)ski) Ean

e

1

Il
i

n
E e(nfi)(C/N)s
=1

+
M

HM::.

[
(
(2

-5 <2 ch) d(é""k) (A5)

(i) From model(A.2), it can be observed that

2 (nli)(c/N)ski) €3n

1

n—1
e HEMg . + 2 e(nli)(C/N>£4i>84n + Op(l)}
i=1

Ms

1

Zige = _:21(—¢2)i8t—i + & (A.6)
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Thus asT — oo (N — o), (A.6) can be approximated as

n n—1
rE e(n |)(c/N)8 + E( l)k+1 E e(n 1- |)((:/N)8 + 0 (1)
i=1 k=2 i=1
tmod4=1
2 n—1
2( 2 en=HE/MN)g -+ 2( 1)k E en=1=DHE/MN)g .+ 0 b(1)
k=1 i=1 i=1
tmod 4= 2
Zopn = n—1
2( l)k+l 2 e(n |)(c/N) 2 e(n 1— |)((:/N)8 + o (l)
i=1
tmod4=3
4 n
> (DR e IEMNg + g (1).
k=1 i=1
\ tmod 4=0

Using similar arguments as i) we can see that

o 4
EP 2( 1 1, tmod2=1
T2 Zon = o 4 )
> 2 (-1)*J. tmod2=0
1 T 40_2 1 2
T2 2 @ = 75 f [2( 1) ch] (A7)
and
1 T
T > Z(3)t-18t
t=1
1 N 4 n—1
—_E{<Z( 1) EG(n 1- l)(C/N>8k>8
AN 771 (\ k=1 -1
n 4 n—1
+ (2 e(n I)(C/N)8 + 2 ( 1)k+1 2 e(n 1— |)(c/N) )82n
i=1 i=1
2 n 4 n—1
+ (E (=1 2 - i)(C/N)eki + 2 (*Dk 2 e(nli)(c/N)Ski>83n
k=1 =1 k=3 i=1
3 n—1
+ (E ( )k+1 2 e(n |)(c/N) 2 e(n 1—- |)(c/N)84 )84n + Op(l)}
k=1 =1 -1
o2 ([ 4 4
ﬂ—jf [E(—l)kac}d[E(—l)"Wk}. (A.8)
0 | k=1 -
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(iii) Finally, for (A.3) we can verify that

n—1

(_l)n 2 (_1)ie(n7i)(26/-r)82i+1 + E¢ tmod2=1
i—o
Ziye = - , (A.9)
D)"Y (—1)iem NI, o+ & tmod 2= 0
i—o

wheren = [(t + 1)/2] — 1. Thus along similar arguments as (i) and(ii), it can
be observed thatA.9) can be approximated as

flin/2)+1 . [n/2] )
2 glV2+1=DeN)g . — E e2=De/MNg o 4 0,(1)
i=1 i=1
tmod4=1
[v/2)+1 _ /2] _
2 eV2+1=D(e/N)g . — 2 L 0,(1)
i=1 i=1
tmod4=2
Zai = [(v/2)+1 ' [v/2)+1 _ ’
— 2 el2+1-D(e/MN)g -+ 2 e[V2+1=D(e/N)g 4 0,(1)
i=1 i=1
tmod4=3
lv/2)+1 _ lv/2)+1 '
— 2 e[V2+1=D(e/N)g 4 2 e[V2+1=D(e/N)g - 4 0,(1)
i=1 i=1
\ tmod 4=0

(A.10)
ThereforeasT — oo (N — o0) it follows that
([ o
> (J1e — Jz0) tmod4=1
ag
1 5 (Joe — Jac) tmod 4= 2
TV2 Zgt = o ) (A.11)
-5 (I — Jze) tmod 4=3
g
=5 (Joe — Jac) tmod 4=0
1 T 0.2 1
5 3 2= T | 2 B0+ (G dler (12)
t=1
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1 [n/2] ) [n/2] )
P — 2 — 2 e(["/z]*')(c/’\‘)sli + 2 e([lr\/2]fl)(c/N)83i £1n

4N =1 i=1 i=1
/2] i /2] )
+ [ - E em2l=eN)g . + 2 em2l=eN)g e,
i=1 i=1

[(n/2)+1 n/2
+ ( 2 e(lm2lH1=D(e/MN)g - — 2 e([n/z]')(c/N)Ssi)Ssn
i=1 i=1

[(n/2)+1 _ [n/2] )
+ Z e([”/z]”")(c/'\')sm — z e([rw/Z]ﬂ)(C/N)s4i €an+ Op(l)
i=1 i=1

o? 1 1
= 4 [_ fo (Jie = Joc)dW4 _fo (Jac = Jac) AL
1 1
+ J; (J1c = Jac) AV, +J; (Jpe — J4C)dVV4]
o?| 1
-7 Uo (Jre = Jac) d(W; — W) +fo (Joc = Jac)d(W, — W4)] (A.13)

and

T 2 1 1
; Z3)t-16t = _% [fo (Joe — Jae)d (W — W5) _fo (J1e = Jze)d(W; — W4)}-

(A.14)

1
T

Hence based on the results i@.4), (A.5), (A.7), (A.8), (A.12), (A.13), and(A.14)
the following lemma can be put forward

LEMMA 2. If {y,}{_, is generated from a near seasonally integrated process such
as(3.1) then as T— oo,

17 17 17
J— 22 , = ZZ , = ZZ
5 2 s Dyt 2 3 7

{ f e, = f [z dr, = (f [Jacl?dr + f [Jael dr>}
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and

T

1 1
p— .I_. 212(3)1—281»

T
Z(1)t—15t» T Z Z(2)t—18ts
1 t=1

0_2 1 0.2 1

I o J(l)cdvv(l)’_T o J(z)cdw(z),

0.2 1 1
T <f JacdRy *f J<4>cdR<4>>’
0 (0]

—
=
7

=

1
-

.
2 Z(3)t—18t
t=1

0_2 1 1
7 <f JacdR) *f J<3>cd34>>}
0 0

whfre () = Wi (r) + cfole(’;s)cw(i)(s)ds i = 3.,2, J(|>kc(r) = Ry(r) +
cfo &TIR ) (5)ds | = 3,4, Wgy = Zicos W(r), W) = Z-a (= D*W(r), and R =

W _o(r) — Wi(r), j = 3,4
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