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Abstract

In this paper we study the Robbins—Monro procedure X, .1 = X, — an~'¥, with some
fixed number a > 0 and establish the moderate deviation principle of the process {X,}.
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1. Introduction

We study the stochastic approximation method of Robbins and Monro [13]. For any
real x, suppose that we can perform an experiment with a response y, having distribution F.
The expected response is then

M(x) = / ydF,(y).

In many applications, for example to process control or bioassay, a real number « is chosen
and the aim is to estimate an unknown 6 satisfying

M®) = a.

The Robbins—Monro procedure is used to estimate 6. Let X be an arbitrary initial estimate
of & which is updated by the recursion

Xpg1 = Xn — an¥p.

Here {a,} is a suitable positive sequence of real numbers and Y, has distribution Fy,. If a, =
n—L, {Y,} are bounded random variables, and M (x) satisfies one of the following two condi-
tions:

e forsomed >0, M(x) <a —6forx <O and M(x) > a + 6§ forx > 6;
e M) =a, M'(9) > 0, and M(x) is nondecreasing.

Robbins and Monro [13] proved that X, converges in the second meanto 6, i.e. E| X, —6 |2 — 0,
which implies that X,, converges to 6 in probability.
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Assume that the function M (x) satisfies the following conditions:

(@ M) =c+dlx|, ¢,d = 0;

(b) axz = f_oooo(y — M(x))?dF,(y) < oo for every x € R;

(c) M(x) <aforx <6and M(x) > a forx > 6,

(d) infg,<|x—g|<5, M (x) — ct| > O for every pair of numbers (1, §2) C (0, 00),

and if the sequence of real numbers {a,,} satisfies

o0 o0
E a, =00 and E a,2l < 00,
n=1 n=1

then X,, — 0 almost surely (a.s.); see Blum [2].
Chung [4] showed that if @, = An™" for A > 0 and % <y <l,orA> @2M®)" " and

y =1, then
n'2(Xug1 — 60) > N0, 02(y, A)),
where
A%z 1
9 5 <y <l
o2y, Ay = | MO
Azaa2 {
2AMG) -1 VT

002 is defined as in (b) above, and ‘2 denotes convergence in distribution. Hodges and
Lehmann [9] improved some of Chung’s results. Derman [6] used Chung’s methods to obtain
results for the Kiefer—Wolfowitz procedure and Burkholder [3] extended Chung’s methods to
obtain further results on the asymptotic distribution of the Kiefer—Wolfowitz procedure.

For other limit behaviors of the Robbins—Monro procedure, Gaposkin and Krasulina [8]
studied the law of the iterated logarithm for the procedure. Woodroofe [16] derived results
concerning the rate of approximation to the normal distribution of \/n(X, — @), and also
established bounds for the large deviation probabilities P(| X, — 6| > ¢) for ¢ positive and n
large.

In this paper we are interested in the following regression problem. In order to estimate the
zero 6 of an unknown regression function M: R — R whose function value M (X,) at X,
can be observed only with some error V,, by ¥,, = M(X,,) + V,, we use the Robbins—Monro
procedure

a
Xn+l :Xn_;Yn (11)

with some fixed number a > 0. Sacks [14] proved the asymptotic normality of \/n(X,, — 0)
using the method of characteristic functions. Following this, Walk [15] showed the asymptotic
normality of the Robbins—Monro process in a Hilbert space by representing X, as a weighted
sum of the observation errors and a remainder term of order o(n ~!/?) with respect to convergence
in probability. This representation can be considered as a weak first-order approximation
of the Robbins—Monro process. A strong first-order approximation with respect to almost
sure convergence was derived by Kersting [11]. Dippon [7] obtained (weak) higher-order
representations which involved sums of linear, quadratic, and cubic forms of the observation
errors. Dahmani and Ait Saidi [5] studied the consistency of the Robbins—Monro algorithm
within a mixing framework. Arab and Dahmani [1] presented the complete convergence of the
Robbins—Monro algorithm under quasi-associated random noise.
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Our main aim in this paper is to establish the moderate deviations principle for the Robbins—
Monro algorithm. To the best of the authors’ knowledge, this is the first study on the large and
moderate deviations for the Robbins—Monro algorithm. Moderate deviation estimations, as well
as large deviation estimations, arise from the requirements of statistics. The large deviation
offers a precise estimation associated to the law of large numbers, and the moderate deviation
is often used to provide further estimations related to the central limit theorem and the law of
the iterated logarithm. In order to provide a more explicit explanation, we assume that {X,}
is a sequence of independent and identically distributed random variables. Set 4 = EX; and
X, =n"" > %—1 X«. For many purposes in statistics, one needs to study the limit behavior of

]P)()_(n — K € Ap), (1.2)

where A, is a Borel subset of R and represents the deviation of X, from w. If A, = Aforalln,
(1.2) is the well-known large deviation. If A, = n~!/2A, the central limit theorem yields the
limit behavior of (1.2). If A, = (b, /+/n)A, where b,, satisfies b, — oo and b, /+/n — 0, (1.2)
becomes the so-called moderate deviation. Hence, the moderate deviation is an intermediate
estimation between the central limit theorem and the large deviation. In the following section we
first state some useful assumptions and notation, and then establish a key exponential inequality
of the Robbins—Monro algorithm. Finally, we present the moderate deviation principle.

2. Main results

2.1. Assumptions and notation

Assumption 2.1. The error sequence {V,} is uniformly bounded and independent and identi-
cally distributed, i.e. there exists a positive constant L such that |V,,| < L a.s. and EV,, = 0
for all n. Furthermore, let X1 be independent in {V,,} and | X1| < L a.s.

Assumption 2.2. The function M (-) is a Borel measurable function with M(0) = « and, for
all x # 90,
x—0)(M(x) —a) > 0. 2.1

Assumption 2.3. For some positive constants K| and K3, and for all x,
Kilx = 0] = [M(x) —af < Kalx — 6. (2.2)

Assumption 2.4. Let oy = M'(0) and assume that there exists a positive constant My such
that, for all x € R,
IM" (x)| < M.

Assumption 2.5. Let b, be a sequence of real numbers satisfying the following conditions:
by — o0 and b, = 0m'?I)) for some y > 0.

Remark 2.1. In [4], Assumptions 2.2-2.4 are the sufficient conditions needed for the asymp-
totic normal of the sequence {X,,} to hold.

Let a > 0 and denote

n
1_[ (1 —aj_l), 0<m<n,
Bmn(a) := j=m+1

1, m=n.
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Lemma 2.1. The array {Bnn(a), | < m < n, n > 1} has the following elementary proper-

ties.

(i) Foranyn>1, 2a—1)Vv 1 <m < n, we have

n

C(a)exp(— 3 ‘;’) Sﬁmn(a)iexp<— 3 ‘—f), 23)

Jj=m+1 j=m+1 J

where

a2
C(a) = CXP(—m) .

n -1/2
tn = (Z m—zﬂ,%m(a)> :

m=1

(ii) Fora > 3, let

Then we have
l2
n

lim —2—— =1. 2.4)
n—oo 2a — 1)n

Proof. (1) From the inequalities

2
l—x<e™ and 1—x>e " fora110<x<%,

we have

" a " 42 " a
eXp(— Yoo .—2> < Bmn(a) = eXp<— > —.>-

i R N jmm1
The left-hand side of (2.3) can be obtained by using the elementary inequality

° a? a’
2. 7= Qa—1Hv1
j=m+1 J

(ii) For k > 2, using the inequalities

In(n— 1) —Ink <

"1
-~ <lInn—Ink—1), (2.5)
l

i=k

we have, foranyn > 1, 2a— 1) V1 <m <n,

a l a
C(a)(%) < Bunl@) < (%) . 26)

From (2.6), it is easy to check that, for any ¢ > 0, there exists a positive constant Ny such that

l—e<Qa—1n Z m~2g% (a) <1+e. 2.7

m=Ny

Furthermore, using (2.6) again, for any (2a — 1) vV 1 <m < Ny, we have

n,B,%m(a) — 0 asn — o0. 2.8)
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Forthe 1 <m < (2a — 1) Vv 1 case, noting that

Qa—1v1

wwo= 1 (1-4) 11 (1-9)

k=m k=Qa—-1)v1+1

we see that the limit (2.8) also holds. Hence, from (2.7) and (2.8), claim (2.4) can be proved.
This completes the proof. (]

Remark 2.2. From the limit (2.8), it is easy to see that, fora > % and for any m > 0, we have
tWBmn(a) - 0 asn — oo. 2.9)

Throughout the following sections, we can assume that ¢« = 6 = 0 without loss of generality
and let C be a positive constant which might not be the same in each of its appearances.

2.2. Exponential inequality

In this subsection we state an exponential inequality for the process { X}, which plays an
important role in order to prove the moderate deviation principle of the sequence {X;,}.

Proposition 2.1. Suppose that Assumptions 2.1-2.3 hold. Then, for any ¢ > 0, there exists a
constant § > 0 such that, for all large enough n, we have

2 2 -1
P(X,| > ¢) < Zexp(— C;‘i‘i;“) <1 n (1 - exp(— lcf 5)) ) (2.10)

Here § can be chosen to satisfy

( 2(T+8)>
§ <expl ———— ).

akKe
where T = T (a, K1, L) is a positive constant.

Remark 2.3. From the proof of Proposition 2.1 (immediately following Lemma 2.4), if the
assumption of the identical distribution in Assumption 2.1 is removed then (2.10) still holds.

Lemma 2.2. For any ¢ > 0 and T > 0, there exists a positive constant & such that, for all
large enough n,

n—1

V.
27

i=k+1

n—1

228>+ > P(a

k=[én]

n—1
Vi
>

P(Xu| > ¢) < P(d
k=[sn]

£
> Z) +P(| Xsnyl > 1),

where [5n] denotes the integral part of Sn.

Proof. We state the proof only for the form P(X,, > ¢) since the other form P(X,, < —¢) is
similar. For any ¢ > 0, T > 0, we can choose

2T
§=6(,T,L) < exp(—ﬂ>
aKe
so small such that, for all large enough 7,
n—1
Kie/2
T — —_— < - .
a Z —= <=, 2.11)
i=[én]

https://doi.org/10.1017/jpr.2018.35 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2018.35

564 Y. MIAO AND M. DONG

and define the events
B(e) = {Xiom = 36, ..., Xno1 = 38, Xy > €},

A () = Age) = {X1 = L&, Xy =

AP (&) = Ar(e) = { Xk < Yo, X1 = Lo Xy

nZE}»

1
785 Xn 2 8},

8’

| —
IV <

where k = 1,2, ...,n — 1. Hence, it is easy to see that
P(Xy > €) < P(Xjsn) < T, B()) +P(Xy > &, (B(£))) + P(Xysn) > T).
From (2.1) and (2.2), we see that
Kix <M(x) < Kyx ifx >0, Kyx <M(x) <Kix ifx <O.

Hence, by (2.11), we have

n—1
aYy e e
P(Xn) =T, B(e)) = P(8 < Xpgm— Y — T > Xpgy = 7o Kn1 2 —)

k=[én] 2
n—1
Kie/2 +V,
< P(S < T —a Z M)
k
k=[én]
n—1 n—1
Vi Kieg/2
<Pla —k§T—£—aZ 18/
k k
k=[dn] k=[6n]
n—1
Vi
< P(a 7]( < —28)
k=[dn]
Next, we note that
aM(Xy) aL alL aKr) Xy
Xk+1§Xk—T+7§Xk+7+maX 0, - p .

Then, for any ¢ > 0, there exists a positive constant K¢ such that, for all k > K, we have
{Xk < %8} C {Xk+1 < %8}
Hence, for all large enough n, we have

P(X, > &, (B(¢)))
n—1

< > P(Ae)

k=[sn]

n—1
=ZIP’X<£X1>£ X1>£X>5

k 27 k+ _27~"9 n— _27 n —_
k=[5n]
n—1 n—1
& e & MX;)+ Vi

= P X - X1 ==, Xpo1 = =, Xpa1 — —— >c¢

T (k<2 R N D =
k=[5n] i=k+1
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n—1 n—1 n—1
Vi K18/2 €
< P(az Tl<Xk+l_a E 8,Xk<§>

]

k=[sn] i=k+1 i=k+1
n—1
S el Yet)
k=[6n] i=k+1
From the above discussions, Lemma 2.2 can be obtained. O

Lemma 2.3. The recursion X, is bounded, i.e. there exists a positive constant C such that
X < CO X0 + D).

Proof. From (2.6), we have

n—1 n—1
X, = ’X1H< aM(Xk)>+ZaVz ( aM(Xk)>’
1

i=1 k=i+
akK —! ol akK
=R T -
=1 k=i+1
<C|X |n_aK' + Cn—Ki i i+ l)aKl
= 1 - i
i=1
<CMx | +1). 0

Lemma 2.4. (Hoeffding’sinequality; see [10, Theorem 2].) If X1, X2, ..., X, areindependent
anda; < X; <b; (i =1,2,...,n), then, fort > 0,

P(l - t) -5 ( 2n2s2 )
— €X —_= 1.
n =l) = Y (b —ai)?

Proof of Proposition 2.1. From Lemma 2.3, we can choose T = T (a, K1, L) > 0 so that
|X,| < T for all n. By using the inequalities in (2.5), for any ¢ > 0, we can choose § =
8(e, T, L) so small such that, for all large enough n,

> (X —EXy)

k=1

n—1

T —a Z K18/2 - —s.

i=[én]

Then, from Lemmas 2.2-2.4, for all large enough n, we have
n—1

>28) ZIP’( > U

k=[5n] i=k+1

n—1

>3

k=[5n]

v

P(Xnl > ¢) < P(d

)

) n—1 2
2¢e Z e
SZeXp< a’l? 1 k2> 2 eXp( 324212 1 '2)
Zk (s 1/ k=[sn] i k+1 /i

n—1

Ce’n Ce?
526xp _8_1 — 1) +2 Z exp(—m)

k=[5n]
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Ce? Ce’k
526xp< 5T n)+22exp< )

k=[én]
C828n> 2exp(—Ce?8n/(1 — §8))
1 —exp(—Ce2/(1 —§))

25 2 —1
§Zexp<—i8 ;><1+<1—exp(—lcg(s>> ) |

2.3. Moderate deviation principle

In this subsection we state the moderate deviation principle of the recursion {X,}.

Theorem 2.1. Under Assumptions 2.1-2.5, let acc; > 1. Then, for any r > 0, we have

r2

. 1
nlizlgo b_’% 1OgIP)(hn|Xn-|-1| >rby) = _pa
where 6% = var(Vy) and hy, = (a® Y " _, m2 B2, (ac;))~ /2.

Remark 2.4. In general, the exponential integrable condition of the errors {V,} is enough to
guarantee that the moderate deviation principle of some partial sums holds. However, one key
point is to prove that the term I» , (see (2.13)) can be neglected in the sense of the moderate
deviation principle, and to this end, we need to use the exponential inequality (2.10) for {X,}.
The method to obtain (2.10) is based on the boundedness of the errors {V,,}, so the boundedness
for the errors in Theorem 2.1 cannot be weakened to the exponential integrable condition.

Proof. From (1.1), we have

a
Xn+1 = Xn - ;(M(Xn) + Vn)

_ a / 1 ” 2
- Xn - ; M (G)Xn + EM (nn)Xn + Vn

aa

a ., , a
=Xy \1l—— | ——M"(m)X; — —Va, (2.12)
n 2n n

where |n,| < |X,| a.s. for every n. Iteration of (2.12) yields

n

Xn+1=1_[(1 aal)xl——Zk "T1 (1 l—l)M”( X2

k=1 i=k+1
_ ao
_ 2 _ o
o I (14w
i=k+1
= ]l,n + IZ,n + I3,n~ (2.13)

First, from (2.9), we have
hn|11,n| = hyPon(acr)| X1| < hpPon(ac)L — 0.

Then it follows that, for any r > 0,

1
lim = log P(hy| 11 | > rb,) = —o00. (2.14)
n—00 bn
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Now we choose an array of positive real numbers {py,, 1 <k <n, n =1,2,...} satisfying

> pin = 1. (2.15)

For example, we can take
Din = dy bl-H/kaal -2 1/2—aa1 1<k<n,
where {d,} is a bounded real sequence, to guarantee that (2.15) holds. For any r > 0,

n
a _
P(hpl | > rby) < P(hnMOEE k! Bn(ac) X7 > rbn)
k=1

n
a
< ];P<hnMo§k—1ﬂkn(am)X,% > rbnpkn>
" c kb
_ Zp(x,z > —Pk) 2.16)
k=1 IBkn (aal)hn

where ¢, := (Mpa/ 2r)’] . On the one hand, it is not difficult to check that, for any fixed &,

2
Crkby pin H bn+y

m = m
n—00 ,Bkn(aal)hn n—oo k

= 0. (2.17)

On the other hand, by Proposition 2.1, there exists a positive constant N large enough such
that

n
Z IP(X Crkbnpkn > <C Z exp(—Ck Crkbnpkn )
©7 Bulaah, ) 7 o Bin(aai)hy
< Cnexp(—Ch2T7). (2.18)

From (2.16)—(2.18), for any r > 0, we have
1
lim = log P(hyp|l n| > rb,) = —o00. (2.19)
n—00 bn

Next, we consider the term /3 ,,. Letting

W = ak ™! Bra(aay),
it is easy to see that (using (2.6))

2 n 3 4

o~ 3. 4@ e
Z @kn ™ Qg — n’ D n Gaa; — 2)n’ Z Pkn ™ daay — 3ynd

k=1

Furthermore, from claims (2.14) and (2.19), it is necessary to prove that, for any r > 0,

1 2
hm b—log]P’(h nll3.n| > rby) = 11m —10g]P’< V| > rb ) 557 (2.20)
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In order to obtain claim (2.20), by the Gértner—Ellis theorem, we need to prove that the following
Créamer functional holds: for any A € R,

2202
nll)ngob—log]E<exp<Xh by I;wlm Vk>> -

It is not difficult to see that

MVh2EVE &
2 10gE<exp<kh b, Za)ank>> ”TIZw,%n
k=1

k=1

= Z IIOgE(eXP(M bnwin Vi) — [E(exp(Ahybpwin Vi) — 1]

_l’_ _
>

=: A1+ As.

21,212 2
W h2b2w?l EV;
2

Vi) — 11—

From Lemma 2.1, Assumption 2.1, and a1 > 1, for all large enough #, there exists a positive
constant C such that, for 1 < k <n,

[E(exp(Mhbueora Vi)l = E(exp(Mhuby max op|Vel)) < €
<k=n

Hence, by the Taylor formula and Cauchy—Schwarz inequality, we have
n

1
Ar Z:ZE: Eg

k=1

Ah2biw? EV}E

Vi) — 11 - 7

< 6,?% ;Eu(xh nbn@in Vi)® expMhnbu| @i Vi) )
n

1
< 5 2 (lnbuein) EIViI*) 2 E(exp@iinbulonn Vi) 2
n k=1

n
< Cbyhy Y o},
k=1

— 0 asn— oc.

Next, we consider the term Aj. First, again by the Taylor formula and Cauchy—Schwarz
inequality, we have

max [E(exp(Anbpwin Vi) — 11

1<k=<n
(‘(Ahnbna%nv%)z
max E R —

IA

100, ) exp(khnbna%nv%)

X (khnbna%n)2
2

1<k<n

)

(EVHV2E(| exp@rhnbywin Vi) />

IA
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Kaei—1p 2
n
<C max | ———~

I<k<n\ neo1—1/2
— 0 asn — 0.

So, for all large enough n, we have

max |E(exp(rnbnwpn Vi) = 1] < 3.
1<k=<n

Using the elementary inequality
[log(1+x) —x| <2x*,  |x| <73,

for all large enough n, we have

n
1
A1 =) o5 1 10gEExp(hinbnain Vi) — [E(EXp(hnbuein Vi) — 11]
k=11

n
2
< Z 5 EXpuhabreors Vi) = 11

n

2 (Mhnb, w,m) .
< Z ——— ([EV)E( exp2Aih,bpwin Vi 1))

< Chyh, Zwin
k=1
— 0 asn — oo.

From the limit (2.4), we have

n
im Wy, = ——
n—00 2 kn 2 7
k=1
which, together with the above discussion, implies the desired results. (|
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