6

Lovasz Extensions

In this chapter, we introduce the theory of Lovdsz extensions as a powerful tool
for studying eigenvalue problems and, in particular, Cheeger-type inequalities.

As a fundamental tool in discrete mathematics, the Lovasz extension has
been deeply connected to submodular analysis [59, 189] and has been applied
in many areas such as combinatorial optimization, game theory, matroid theory,
stochastic processes, electrical networks, computer vision, and machine learn-
ing [101]. There are many generalizations, such as the disjoint-pair Lovasz
extension and the Lovasz extension on distributive lattices [101, 221]. Recent
developments include quasi-Lovasz extension on some algebraic structures and
fuzzy mathematics, applications of Lovasz extensions to graph cut problems
and computer science, as well as Lovasz-softmax loss in deep learning.

In this chapter, we mainly focus on the spectral theory regarding a pair of
Lovasz extensions, which offers a new perspective on the eigenvalue problems
for discrete structures. The contents are largely taken from [159] and [160],
which also provide convenient tools for Chapter 8 on Cheeger inequalities.
However, here we also provide new examples and different formulations.

For convenience, in this chapter, we shall use slightly different notations
than in the rest of the book. For instance, V will be used to denote a general
set, which is not necessarily the vertex set of a graph, and its elements will
be denoted by 1,...,N. Also, the notation for oriented hypergraphs will be
different.

6.1 Extensions and Eigenvalue Problems

Before embarking on that, however, let us describe the strategy in abstract
terms. We had obtained eigenvalues and eigenfunctions as critical values and
critical points of Rayleigh quotients, for instance, in Section 2.6.1,
(Au,u)
()~

(6.1.1)
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182 6 Lovdsz Extensions

where u is in some Hilbert space with a scalar product (-,-). In general, when
we seek critical values A and points x¢ of some quotient

F(x)
8 6.1.2
G (6.1.2)
then, when F and G are differentiable, we obtain the equation
VF(x0) — AVG(x) = 0, (6.1.3)
where
F(xo)
= 6.14
G(x0) (14

is the critical value. In the case of (6.1.1), this leads to the eigenvalue equation
Au() = /ll/t(). (615)

Now, in the Cheeger-type inequalities, we had compared these eigenvalues, that
is, the critical values of the Rayleigh quotient (6.1.1), with the extremal values
of other quotients f(S)/g(S) that were defined combinatorially, for S € P(V),
where V is the set of vertices of some geometric structure. The idea that we
shall pursue in this chapter is to extend f and g also to functions on some
Euclidean space and translate the combinatorial optimization problem into one
on that Euclidean space that we can approach with the tools of calculus. If V
has N elements vy,...,vy, we can identify S = {v;,,...,0;, } € P(V) with the
vector in R whose j-th component is 1 if j € {iy,...,ix} and O else, that is, a
vertex of the unit cube in R". Thus, the functions f and g are naturally defined
on those vertices of the unit cube, and we can then extend them to all of RV .
Of course, many extensions are possible, but we should take one that, on one
hand, translates qualitative properties of the discrete functions f, g into suitable
qualitative properties of their extensions and, on the other hand, is amenable to
continuous optimization tools. That will be achieved by the Lovasz extension.
It will extend f and g to certain piecewise linear functions. These functions in
general will not be smooth, but only Lipschitz, and so, optimization will require
some extension of the usual differentiable calculus; see, for instance, [88, 239].
The required concepts have already been introduced at the end of Section 2.6.2.
We equip RV with its Euclidean product {-,-). Recalling Definition 2.6.4, a
function F: RN — R U {+oo} is subdifferentiable at x if there exists some
affine linear

L(y) =y = x,x") + F(x) (6.1.6)
with L(z) < F(z) for all z, (6.1.7)
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6.2 Definitions and Basic Properties of Lovdsz Extensions 183

and the set of all x* with this property is called the subgradient, which will
be denoted by VF(x). Of course, when F is not subdifferentiable at x, this set
is empty. Thus, the subgradient of F at x, if it exists, consists of the slopes
of all affine linear functions that are not larger than F' and agree with F' at x.
As such, this is a global condition, as the inequality is required for all z €
RN, but one can also conceive a local version. For our purposes, however, the
global condition will suffice. In this setting, the eigenvalue equation (6.1.3) will
become

0 € VF(x9) — AVG(Xp). (6.1.8)
Later, we shall need the following easy result whose proof we omit.

Lemma 6.1.1. For a piecewise linear function F: RN — R with finite pieces,
if F is linear on a convex subset Q, then VF(x) C VF(y) for any relative
interior point X of Q and any relative boundary point 'y of Q.

6.2 Definitions and Basic Properties of Lovasz Extensions

In this section, we present the various definitions and important properties of
Lovasz extensions. We shall start by looking at the original Lovasz exten-
sion. For simplicity, we shall work throughout this chapter with a finite and
nonempty set V. = {1,...,N} and its power set P(V). We identify every
A € P(V) with its indicator vector 14 € {0,1}¥ < RM. These indicator
vectors can be identified with the vertices of the unit cube [0,1]V in RN. A
function f: P(V) — R with f(0) = 0 then can be considered as a function
on those indicator vectors, that is, on the vertices of the unit cube, and we can
then extend its domain to all of RV . Of course, some prescription is necessary
for having an extension that, on one hand, preserves qualitative properties of f
and, on the other hand, possesses a simple and convenient mathematical struc-
ture. In particular, we want to transfer optimization problems from the discrete
set P(V) to RN with its Euclidean structure where we can apply the tools of
calculus.

This is achieved by the Lovdsz extension, which extends the domain of f to
the whole Euclidean space! RY in a particular manner.

We shall assume

f@) =0, g®=0 (6.2.1)

' Some other versions in the literature only extend the domain to the cube [0, 1]V or the non-

negative orthant R‘:O‘ In fact, many works on Boolean lattices identify 7P(V') with the discrete
cube {0, 1}V.
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184 6 Lovdsz Extensions

for all functions f,g occurring in the sequel.

Definition 6.2.1. Forx = (x1,...,xy) € RN, leto: VU{0} - VU {0} bea
bijection such that x,(1) < x52) < ... £ xgv) and o(0) = 0, where x¢ == 0.
The Lovdsz extension of f is defined by

N-1

FE® =) Gon = Xo@) (V7O X)), (6.2.2)

i=0
where VO(x) = Vand VOO (x) = {j € V: x; > xo(;)}, fori=1,...,N - 1.

There are several equivalent expressions. We can write (6.2.2) in an integral

form as
I
fL(x):f”’ F(Vix)dt + f(V) min x; (6.2.3)
min x; 1<i<N
1<i<N

0 +o0
=f_ (f(V’(x))—f(V))dt+j0‘ FVI(x)dt, (6.2.4)

where VI(x) = {i € V: x; > t}. If we apply the Mobius transformation, this
becomes

o= D0 DT EB) A\ X, (6.2.5)

AcV BCA i€A

where /\A x; 1s the minimum over {x;: i € A}.
1€

Note that by these expressions, fL(14) = f(A) forany A c V. This is why
we call fI an “extension”, and moreover, f is actually a piecewise linear
extension of f.

We now discuss some simple examples. We take N = 2 and, as indicated
above, we identify @ with (0,0), {1} with (1,0), {2} with (0,1), and {1,2} with
(1,1) in R2.

1. We consider the function defined by f1(0,0) = 0, f1(1,0) =0, f1(0,1) =1,
and f1(1,1) = 0. For x = (x1,x2), we have

0 if x; > xp,
frx) = {

x2—x1  ifxpy > xg.

We observe that fI- is convex.
2. Let £2(0,0) = 0, f>(1,0) = 0, £(0,1) = 0, and fo(1,1) = 1. For x =
(x1,x2), we have

I Xy ifxy > xy,
fry(x) = .
x1  ifxp > xy.
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6.2 Definitions and Basic Properties of Lovdsz Extensions 185

We observe that sz is not convex, even though the function f> also pos-
sesses some convex extension. The reason is, as we shall see in a moment,
that f>, in contrast to f1, is not submodular.

Definition 6.2.2. A function f: P(V) — R is modular if
f(A)+ f(B) = f(AUB) + f(AN B),
and it is submodular if
f(A)+ f(B) = f(AUB) + f(ANB),
forall A,B € P(V).
Some further examples that are important for us:

3. Suppose that f is additive in the sense that f(ij,...,iy) =
2 f(0,...,i;,0,...,0),wherei; € {0,1} (and, as always, f(0,...,0) = 0),
and we have identified P (V) with {0,1}V. Then,

fLx) = Zf(o,. C0ij,0,...,0)x;.
J

To prove this, by symmetry it suffices to consider the case
0<x1 <X2<...<XN.
Then, the contribution of x; comes from

(o1 = ) F O 0 jar 1) + (5 = 22 f 001 1),

where 1 indicates the entry 1 in position k. By additivity, the contribution
of x; therefore is f(0,...,0,1;,0,...,0)x;. In particular, when f is defined
on P(V) for the vertex set V of a graph, and f(A) = vol A, then

FE(x) =) degixi, for f(A)=vol A. (6.2.6)

4. Another example that is relevant in our context is f(A) = |E(A,V \ A)|,
the number of edges between a subset A of the vertex set V of a graph and
its complement V \ A. We note that this f is symmetric in the sense that
f(A) = f(V\ A). In particular, f(V) = f(0) = 0. When x; < x;, then
when i ~ j, a contribution from that edge appears in V?(x) when ¢ > x; and
disappears when ¢ > x;. Therefore, from (6.2.4), we obtain

FE0 =D Ixp—xil, for £(A) = [E(AV\ A)]. (6.2.7)
i~
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186 6 Lovdsz Extensions

5. Given a constant function f = ¢, we use (6.2.3) to derive

max Xx;
L . 1<isN
f7(x) =c min x; + cdt =c max x;.
1<i<N min x; 1<i<N
1<i<N

6. As a reformulation of (6.2.2), we have
FE®) = () = 3@ f(VE ) + -
+ (Xzv-1) = Yo ) SN @) + xan f(V),
where o : V — V is a permutation such that xz(1) > ... > xz(n), and
v (x) = {j eEV:ix; > x;(k)} ,

fork =2,...,N.Now, given k € {1,...,N}, let f: P(V) — R be defined
as

—

, if|A| > k,
0, otherwise.

f(4) 1={

Then, by letting xz(x) indicate the k-th largest component of x, we have
F® = g = Xewa) fVEDE) + -
+ (-1 = X)) (VN (X)) + x50
= (Xz k) — XFk+1)) + -+ (XFv-1) — XF(N)) + XF(N)
= XF(k)-
7. Finally, we leave it for the reader to check (or to consult [50, 132]) that
fEx) = rtnelﬂg [x — 1|1, for f(A)=min(vol A,vol(V \ A)). (6.2.8)

We now list some fundamental properties of the Lovasz extension [189].

Proposition 6.2.1. (a) fL is positively one-homogeneous, PL (piecewise lin-
ear), and Lipschitz continuous.
(b) Forallt € R and for all x € RN,

frx+ily) = fE) +1f(V).

Thus, ¥ is linear along the direction 1y .

(c) fL is convex if and only if f: P(V) — R is submodular.

(d) A continuous function F: RN — R is the Lovdsz extension of some
f:P(V) = Rifand only if F(x +y) = F(X) + F(y) whenever x and
y are comonotonic, meaning that

(xi —x;)(yi —y;) 20,
foralli,jeV.
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6.2 Definitions and Basic Properties of Lovdsz Extensions 187

(e) A one-homogeneous function F: RN — R is the Lovdsz extension of some
submodular function if and only if

F(x+tly)=F(x)+tF(1y),
forallt € R and for allx € RN, and
Fx)+F(y) 2 FxVy)+F(xAY),

where the ith components of XV'y and X Ay are (XVy); = max{x;,y;} and
(X Ay); = min{x;, y;}, respectively.

A useful variant of the Lovasz extension is the disjoint-pair Lovdsz exten-
sion, which was introduced by Qi [231] and has been systematically inves-
tigated by Fujishige [101] and Murota [221] in the context of discrete convex
analysis (or submodular analysis). Specifically, with P(V x V) being the power
set of VXV, for a function f: P(VxV) — R, its disjoint-pair Lovéasz extension
is defined by the integral formulation

£ = fo - FVEX), V! (x))dt, (6.2.9)
where VI(x) = {i € V: +x; >}, forall 7 > 0. If we naturally assume
£(0,0) =0, (6.2.10)
we can write (6.2.9) as
fEx) = fo " F(VE(x), V! (x))dt. (6.2.11)

Equivalently,

N-1
FE® = D (o] = om DS V6 3,V (%), (6.2.12)
i=0

where o: V U {0} — V U {0} is a bijection such that [x, )| < [xs2)] < ... <
|xo-(vyl and o-(0) = 0, where xq = 0, and

Vv yX) ={jeV: £x; > [xo@l}), i=01,...,N-1L

o (i
Note that to define £, we only use the information on disjoint pairs (A, B) C
V X V, not a general subset S ¢ V X V. Thus, we shall focus on

P,(V) := {(A,B): A,BCV,ANB =0},

a subfamily of P(V x V). We regard P,(V) as {—1,0,1} by identifying the
disjoint pair (A, B) with the ternary (indicator) vector 14 — 1.
Analogously to (d) in Proposition 6.2.1, we have
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188 6 Lovdsz Extensions

Proposition 6.2.2. A continuous function F is the disjoint-pair Lovdsz exten-

sion of some function f: Pr(V) = R, ifand only if F(x) + F(y) = F(x +Y)

whenever x and y are absolutely comonotonic, that is, x;y; > 0 for all i, and
(Ixil = 1x; Dyl = 1yj1) = 0

foralli,j.

Proof From (6.2.12), we have that F is the disjoint-pair Lovasz extension of
some function f: P,(V) — R if and only if

AF(X)+ (1 = AD)F(y) = F(Ax+ (1 = 1)y),

for all absolutely comonotonic vectors x and y and for all A € [0, 1]. Therefore,
we only need to prove sufficiency.

Given x € RY, since sx and rx are absolutely comonotonic for 5,7 > 0, we
have that

F(sx) + F(1x) = F((s + )x),

which yields a Cauchy equation on the half-line. Thus, the continuity assump-
tion implies the linearity of F on the ray R*x, which implies the property
F(tx) = tF(x), for all > 0, and hence

AFX)+ (1 = V)F(y) = F(A4x+ (1 = d)y),

for any absolutely comonotonic vectors x and y, and for all 2 € [0,1]. O

6.3 Eigenvalue Problem for a Pair of Lovasz Extensions

As explained in Section 6.1, we now reformulate our eigenvalue problem.

Definition 6.3.1. 1 € R is called an eigenvalue, and x € RY \ {0} a
corresponding eigenvector, of the function pair (£, gl), if

0 e Vrii(x) - avgh(x).
We also call (4,x) an eigenpair.

Proposition 6.3.1. Given f,g: P(V) — R, for any eigenvalue A of (f-,g")
there exists A € P(V)\{0} such that A = f(A)/g(A) and 1,4 is a corresponding
eigenvector. In addition, given any two distinct real numbers a and b, every

eigenvalue has an eigenvector in {a,b}N . Moreover, we have that:

o Ifg(V) # 0, then A = f(V)/g(V) is the only possible eigenvalue of
(ff.¢");
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6.3 Eigenvalue Problem for a Pair of Lovdsz Extensions 189

o Ifg(V) = 0 and (fF,g") has at least one eigenvalue, then f(V) = 0, and,
in this case, (f*,g%) may have many distinct eigenvalues.

Proof Let (1,x) be an eigenpair of (f¥,g%). Since f* is one-homogeneous
and linear along the direction 1, without loss of generality we can assume that
x lies in the relative interior of the simplex A with vertices 1,4,,...,14,, where
Ay,. .., Ay are upper-level sets of x. By applying Lemma 6.1.1 to the piecewise
linear functions £ and g%, we infer that

0c Vrlx) - avgh(x) c VEi4,) — aVely,),

foranyi = 1,...,k, meaning that each 14, is an eigenvector of (fL,g%).
By definition of Lovész extension, we can also check that, for all v €

V),
D vi= W)

i€V
Therefore, for all x,
vt x) 1= f(V).

The same identity holds for g, that is, Vg©(x) - 1 = g(V). This implies that, for
any eigenpair (4,X),

V)= 2g(V) = (VfE(x) - Vg5 (x) - 1= 0.

Therefore A = f(V)/g(V) if g(V) #0,and f(V) =0if g(V) = 0.

For the case when f(V) = g(V) = 0, we may consider the following exam-
ple. Let V = {1,2} and consider two functions f,g: P(V) — R defined by
S =2} =2, f({2) = g({1}) = I, and f({1,2}) = f(0) = g({1,2}) =
g(0) = 0. Then, one can check that

fL(X) _ XX if x; < xo, andgL(x) _ 2(xp — x1), ifx; < xp,
20— x), ifxy 2 x, X1 — x2, if x; = x,.

Moreover, it can be verified that (2,1{1y — 1j2;) and (1/2,1(2y — 1{1)) are two
eigenpairs of (fL,g%). Hence, in this example, the function pair (f%,g%) has
at least two distinct eigenvalues: 1/2 and 2. O

The case where g(V) = 0 will be the interesting one for us. Recall the
quantity

(5) = [E(S,VAS)| AC))
) invol(S),vol(V\S)] ~ g(S)

from (4.3.12), for a given S C V. In this case, the pair (f%,g%) will have sev-
eral distinct eigenvalues. Since the quantity 77(.S) considers edges between pairs
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190 6 Lovdsz Extensions

of sets, namely S and V\ S, the eigenvectors of (f%,g%) directly correspond to
subsets of V, and therefore, the first nontrivial eigenvector of (£, gl) relates
to the subset S realizing the minimum of 7(-). In particular, we need to work
with disjoint pair extensions, and this is addressed in Theorem 6.3.1.

Lemma 6.3.1. Let C and Q be two convex cones in RN that satisfy
QN ((-C)u ) ={0}.

Let also

C"={xeR": (x,y) <0VyeC}
be the polar cone of C. Then, Q" N C* # {0} and Q* N (—-C*) # {0}.

Proof We have that Q* N C* = (QU C)* D> (Q + C)*, where Q + C is the
Minkowski summation of C and Q. If Q+C = R" , then for any —c¢ € (-C)\{0},
there exista € Q \ {0} and ¢’ € C \ {0} such that a + ¢ = —c¢. This implies that
a=—c¢' —c e —C)\ {0}, which contradicts the condition that Q N (-C) = {0}.
Therefore, the convex cone Q + C is not the whole space R", which implies
that (Q+C)* # {0}. Hence, Q" NC* # {0}, and similarly, Q*N(-C*) # {0}. O

Theorem 6.3.1. Given f,g: P»(V) — R, every eigenvalue of (f*,g") has an
eigenvector of the form 14 — 1. Moreover,

1. If, for any (A,B) € P,(V) \ {(0,0)} we have that
2f(A,B) = f(A,V\A)+f(V\B,B) and 2g(A, B) = g(A,V\A)+g(V\B,B),

then every eigenvalue of (f*,g") has an eigenvector of the form 1 4 — Iy\a.
2. If g is a constant function, then for any A C V, 14 —1y\ 4 is an eigenvector.

Proof The general result on the disjoint-pair Lovasz extension is similar to
Proposition 6.3.1, and thus, we omit the proof. We prove the other statements
in a sequence of steps.

1. We first prove that, in this case, for any A} C ... C Ag with (A}, Ag) #
(0,V), fE is linear on conv{la, — ly\a,: i =1,...,k}.
Proposition 6.2.2 implies that fL is linear on convily, —1p,:i=1,...,k}
whenever Ay C ... C Ag, B] C ... C By, and Ax N By = 0. Thus, for any
o,7:{1,...,k} - {1,...,k} with

ocl)y<...<o0(k) <t(k)<...<7(1),

f* is linear on conv{l,,,,, — Iy\a, i = 1,...,k}. Observe that

o (i)

convily, —1y\a,:i=1,...,k}
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6.3 Eigenvalue Problem for a Pair of Lovdsz Extensions 191

| Jeonvila, = T i = 1....k)

o,T

k

U U conv{lA(rm - 1V\Ar(i): i=1,...,k},
1=1 o(1)=1,0(k)=r(k)=1,7(1)=k

where in the second line, we can further assume that each
convila,,, —Iv\a,;:i=1,...,k}

is a (k — 1)-dimensional simplex, and there are exactly Z;‘zl (';:11) = 2k-1
simplexes of dimension (k — 1). Since, furthermore,

sz(lA(r(i) - Ina.) =2f(Ac),V \ Ar(i))
= f(Asi),V \ Ac(i) + f(Ari), V \ Ariy)
= fL (lAa(i) - IV\A(r(i)) + fL (1A1(i) - IV\AT(i))

and

IAU(i) - IV\AU(i) + 1A7(i) - 1V\Ar(i) = 2(1Au(i) - 1V\A7(i))’

T must be linear on the segment
conV{lAU(i) - 1V\AU(,~>, IAT“.) - 1V\AT(,~)}~
Therefore, one can check that fL is linear on the simplex
convily, —1y\a,:i=1,...,k}.

Now, given an eigenvalue A, let 14 — 1 be a corresponding eigenvector, for
some (A,B) € P(V) \ {(0,0)}. By the above argument, it can be verified
that both 14 — 1y 4 and 1y\p — 15 are eigenvectors for A.

2. We shall prove that, for any f: P(V) — [0,+c0) and for any A C V, the
vector 14 —1y\ 4 is an eigenvector of (f Ll lleo). In particular, by definition
of the eigenvalue problem on (f L o), We only need to prove that

L N N
VN ((_Rsign(x)) U RSig“(X)) #0

for any x € {—1,1}", where
Rggn(x) ={y e RY: y;x; > 0Vi} = cone(V||X||0).
We first assume that f is positive-definite, that is, f(A,B) > 0 whenever

(A,B) # (0,0), and we shall apply Lemma 6.3.1 to this case.
Assume by contradiction that, for some x € {—1,1}V,

VfL (X) N ((_Ré\i/gn(x)) U Ré\i]gn(X)) =0.
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192 6 Lovdsz Extensions

Then,
cone(V £ (%)) N ((~Rfign) U Rlgni) = (0}

and, by Lemma 6.3.1,

cone*(VFE(x)) N Ré\i’gn(x) = cone*(VfL(x)) N (—Rggn(x))* # {0}.

Now, fix a set S ¢ RN . The normal cone of S at x is
Ne(S) == {y e RV: (y,x’' —x) <0, Vx" € S}.
The tangent cone T(S) of S at x is the closure of the set

{zeRNzx+szeS, for some & > 0}.

Since f is positive-definite, if f is further assumed to be submodular,
from the fact that f* is convex and positive-definite, we have

cone(V (%)) = Nx(fy: f(y) < fE0).

It follows that

cone” (V1 (x)) € Tx(ly: f4(®) < fE ™)),
implying that

Tx(ly: f5 () < FF @) MR, # 10).

The above relation still holds if f is just positive-definite.

Now, since x € {—1,1}", we can write x = 14y — 1By, with Ay LBy =
V. Also, for any given permutation o: {1,...,N} — {l,...,N} =V =
AN U By, we define A; == Ay \ {oc(i +1),...,0(N)} and B; := By \
{c(i+1),-- ,0(N)},fori=1,...,N—1.

Now, fori =1,...,N, let

i 14, — 13,

¥ T (ALBY
Since f(A;,B;) > 0, we have fL(x’) = 1. Therefore,
T ({y: f2(y) < 1) = Tx(y: 2@y < fE®).

Hence, without loss of generality, we may assume that x = x™.

Now, the definition of £ implies that

conv(0,x',....xN) c {y: fE(y) < 1}.
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6.3 Eigenvalue Problem for a Pair of Lovdsz Extensions 193

We write A, = conv(0,x!,...,x"), since the construction of x!,... xV

depends on the permutation o-. For any

N
y:= tx e COl’lV(O,Xl,. .. ,XN) \ {x},
i=1

we have that

(Y = X)o(N)Xonv) = —(1 - ’N)xczruv) <0,

and thus, y — X ¢ Rggn(x). Hence,

Tx(Ag) N Rggn(x) ={0}.

Since

Tully: f20) < 1) = | Tu(a0),

it follows that
Tx(fy: fH(y) < 1) N R, ) = {0},

This is a contradiction. Therefore, we have proved that, for any positive-
definite function f on P,(V), every vector x € {—1,1}" is an eigenvector
of the pair (fL,]| - |le), that is, there exists u € V||x||lc and A € R such
that du € VL (x). Applying Euler’s identity on one-homogeneous convex
functions, we have that (u,x) = ||x||, and (1u,x) = £ (x), which implies
that

L

= >0
1Xlleo

We now consider the general case where f > 0. Fix a sequence { f;, },,>1 of
positive-definite functions on P, (V) such that f,, — f, as n tends to +oo. It
can then be verified that, for any v,, € V£ (x), all limit points of {v, },>1
belong to V £ (x). We know that there exist u,, € V/||x||o, and

_fr®

= >0
1Xlleo

n

such that 1,u, € VfL(x). This implies that, for any limit point u of
(W, }n>1, 1 € V|X|lo and du € VfE(x), where 1 := lim A,,. Therefore,
n—+oo

(4,x) is an eigenpair of (X, | - [leo)-
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194 6 Lovdsz Extensions

We now introduce the (f,g)—Cheeger constant corresponding to a given
pair (f,g) of functions f: P(V) » Rand g: P(V) -» R, as
: f(A)
Ch(f,g) = min - .
(f.8) AeP(V)\(0,v) min{g(A),g(V \ A)}
Theorem 6.3.2. If f: P(V) — R is symmetric, that is, f(A) = f(V \ A) for
all A, while g: P(V) — R, is submodular and nondecreasing, then
“ {f(A) f(B)}
(A)" g(B)

(6.3.1)

Ch(f.g) = (6.3.2)

min
(A,B)eP2(V)M(0,0)}
Proof From the symmetry of f, it follows that
fa {f(A) fVAA) }
min{g(A),g(V \ A)} g(A) g(V\ A)
and this yields
. fa) f (B)}
Ch(f,g) > min max
(-8 (A B)EP,(V)\{(0,0)) {g(A) g(B)
To see that (6.3.2) is equivalent to (6.3.1), we need to show that, for any A, B #
0 with AN B =10,
N {f(A) f(B)} - o { f(4) f(B) }
g(A)’ g(B) min{g(A),g(V \ A)} min{g(B),g(V \ B)}
To see this, assume the contrary, by contradiction. Then, g(A) > g(V \ A) and
g(B) > g(V \ B), implying that g(A) + g(B) > g(V \ A) + g(V \ B). Since
A c V\ B and g is nondecreasing, this implies that g(A) < g(V'\ B). Similarly,
g(B) < g(V \ A), which leads to a contradiction. This proves the claim. ]

For a simple graph G, by letting f(A) = |0A| and g(A) = vol (A), the
Cheeger constant 4(G) equals Ch(f,g).

Theorem 6.3.3. Let f,,g5: P2(V) — R be defined by f(A,B)
and g5(A,B) = g(A) + g(B). Then,

Ch(f g) - /lz(fv ’gv )

that is, the (f,g)—Cheeger constant equals the second eigenvalue of (fL,gl).

F(A)+f(B)

Proof Let g,,(A) := min{g(A),g(V \ A)}. Since g is nondecreasing, g(V’(x))
must be nonincreasing with respect to ¢ € R, that is, g(V'1 (x)) > g(V2(x)) if
t1 < t. Hence, the function 7 - g(V'(x)) — g(V \ V!(x)) is nonincreasing and
left-continuous on ¢ € R. Since

Jim (g(V(x) —g(VA V! (%)) = g(V) = g(0) 2 0
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6.3 Eigenvalue Problem for a Pair of Lovdsz Extensions 195

and
tﬁrpw(g(V’(X)) -g(V\V'(x) = g®) -g(V) <0,
there exists 79 € R such that
g(V'(x) 2 g(V\V'(x), Vi<,
and
g(VI(x) < g(VP(x) < g(V\V'(x), Vr=1.
Therefore, the Lovész extension gL of g, satisfies
maxXx
¢h0 = [ (Vs + minx g, (V)
minx

- f gV \ V! (x))dr + f g(V' () (as g(0) = 0)

inx to

0 max(x—#p1)
= f g(V\Vi(x—tyl))dt + f g(V'(x —tol))dt
m 0

in(x—7¢1)

0 [Ix=201 oo
=f g(V\V’(X—tol))dt+f g(V! (x = tol))dt
_ 0

lIx=z01 ]l

[Ix=2011lco
- fo (V! (x — 1o1)) + g(V\ V™' (x — tol))d

=gl(x-1o1)
— in ol(v —
=mingy(x - 1).

Since f is symmetric, this implies that fX(x) = fL(x) = fL(x).

Moreover, since g is positive, submodular, and nondecreasing, it follows
that g is bisubmodular. Therefore, g, (A, B) is submodular in A for any fixed
B, and it is submodular in B for any fixed A. Thus, as the Lovasz extension of
a submodular function, gf is a convex function. Therefore, we have

fE0 SR fulA)

min ————— = = min = Ch(f,2),
x11 ml]él gsL (X —1t1) xeRY : min x=0 gnL1 (X) A0,V gm(A) (f g)
14S
which is the second eigenvalue of the pair (f£,gl). O

If we remove the symmetry assumption of f in Theorem 6.3.2, we can then
express the (f,g)—Cheeger constant as

min min{f(A), f(V \ A)}
AeP(V)\{0,v) min{g(A),g(V \ A)} "

Ch(f.¢) =

From here on, we assume for simplicity that g: P(V) — R, is modular.
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196 6 Lovdsz Extensions

Theorem 6.3.4. Let g=(| - |) be the function defined by x — g (|x|), for all
x € RN, where |x| := (Ix1l,....,1x5]). If f(V) = 0, then

Ch(f.8) = L2(fX.g%(- ),

that is, the (f,g)—Cheeger constant equals the second eigenvalue of (fF,

g=(- 1)

Proof Since f > 0, f* is non-negative on RV . By Proposition 6.3.1 and The-
orem 6.3.1, we may take an eigenvector of the form 14 — 1p corresponding to
the second eigenvalue. Let now f(A,B) := f(AU B) and

8(A,B) =min{g(AU B),g(V\ (AU B))}.

Then, fE(x) = f(Ix]) and g-(x) = ming"([x| - 1), where [x| - 7| :=
te
(Ilx1] =¢l,...,llxn] —¢]) for x := (x1,...,xn). Therefore,
A
min ~ f(A)
AeP(V\{0,V) min{g(A),g(V \ A)}
= min —{(A’B)
(A,B)eP,(V),AUB20,V §(A,B)
_ . L)
= inf ~
xeRN : |x| nonconstant gL(X)
L
C e AL
xeRN : |x| nonconstant in gL (||x| —¢])
teR
_ : ffx)
= inf _
x€RY : x nonconstant MIN gL(|X i)
teR
L
= inf S (x)

xRN : x nonconstant Min g&(|x — 7])
teR

Ch(f.8) =

is the second eigenvalue of (fL,g%(| - |)), where we use the fact that fL is
translation invariant along 1. O

Remark 6.3.1. In Section 6.2, we have seen that, for a simple graph G, by
letting f(A) = |0A| and g(A) = vol (A), we have

Fre = fre = D Ixi = xjl,

ijeE

gh(x) = ) degi x;

ieV
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6.3 Eigenvalue Problem for a Pair of Lovdsz Extensions 197

and
gl () = gh(Ixl) = > degi |xil.
ieV
Both Theorems 6.3.3 and 6.3.4 say, in this case, that #(G) equals the second
eigenvalue of the function pair (}X;;eg |x; — X;1, X;ev degi |x;[). As we shall
see in Section 7.2, this is the second eigenvalue of the graph 1-Laplacian.

As a slight generalization of an oriented hypergraph, a chemical hypergraph
further allows for catalysts, that is, vertices that are both inputs and outputs of
a hyperedge. We shall now work on a chemical hypergraph satisfying e;,, #
0 # eour and #(e;, U eyyr) = 2 for all e € E, where e;,, denotes the set of all
the inputs of e, and e,,,; is the set of the outputs of e.

We introduce the Cheeger constant on a chemical hypergraph as

h = min #o4)
T Aer()\0.v) min{u(A), u(V \ A)}

(6.3.3)

where p(A) = Y;ca p(i) with u(i) > 0, and the boundary set is
0A={e€E:e;,NA+0D+ e,y \AoOre,,; CACV\eil. (6.3.4)

We note that the above boundary set is not necessarily symmetric, that is, dA #
d(V \ A) in general.

Let G = (V,E) be a simple graph, and let /(i) denote the set of neighbors
of i.

o Ifel = N(i), e}, = {i} and u(A) = #A, then the boundary set (6.3.4) has
the same cardinality as the external vertex boundary

OextA ={j e V\A|{j,i} € Eforsomeic A}

from Section 4.3. Moreover, the corresponding Cheeger constant (6.3.3)
equals

P max Xi— X;
. Ziev (je{i}u./\/'(i) / ’)
inf

(x,1)=0,x#0 min ||x — #1|;
teR

Lur = N(i), then the boundary set (6.3.4) has the same
cardinality as the internal vertex-boundary

o Ife! = {i}andé!

OntA={i € A|{i,j} € Eforsome jeV\A}

Lur = N(@0) for all i € V, then the boundary set (6.3.4) has the
same cardinality as the vertex-boundary

i i
oIfel.n—e

Over A = Oext AU OimeA = V(E(A,V \ A)) = V(DA).
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198 6 Lovdsz Extensions

6.4 Lovasz Extension and Cheeger Inequalities

In Theorem 6.3.4, we have seen that the (f, g)—Cheeger constant

g minl/(A). fF(V\ A)}
AeP(V)\(0,v} min{g(A),g(V \ A)}

Ch(f.g) =

equals the second eigenvalue A>(f%,g%(| - |)) of a pair of Lovész extensions.
We now want to consider pth powers and derive inequalities between the
Cheeger constant and the second eigenvalue. For p = 1, these will reduce to the
equalities derived above. For p > 1, we need to utilize Holder-type inequalities.

The cases of interest for us are covered by functions f and g of the form

FA) = Y wefe(A)  and  g(A) = ) g (A),

eeE eeE

where {w, }.cg is a family of positive real numbers, while
{fe : P(V) il RZO}eEE and {ge: P(V) - RZO}eeE
are two families of functions satisfying

fe@) = £o(V) = 0=g.(0) and g.(4) =) g(li}), YACV.

icA
We also let
Fp(x) = ) (fE®)” and Gp(x) = ) gl (xI”),
eeE eeE
where |x|P = (|x{|?,...,|xn|P). By Theorem 6.3.1, the second eigenvalue of

the function pair (F,,G)) is

L
A2(Fp.Gp) = inf Yeer(Je (X)”

: £ . (6.4.1)
X nonconstant ml]g ZeeE g (|x — c1|P)
CcE

If we assume that g({i}) = >.cg ge({i}) > 0 for any i € V, the following
Cheeger inequalities hold.

Theorem 6.4.1. In the above setting, we have
AR
(—) — <a<2rlcn, (6.4.2)
c pP

where = Ch(f,g), 4 = 12(Fp.Gp), C = max fe(A)~",
e,

ZeEE,- We
C =max ——

A - , and E; ={ecE:ASCV: fo(S\{i}) # fe(S)}.
iev g(l)
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6.4 Lovdsz Extension and Cheeger Inequalities 199

Proof Let A € P(V)\ {0,V} be such that
) f(A)
min{g(A),g(V \ A)}
By taking the nonconstant vector x = 14 in (6.4.1), we get

DiecE We (feL 1a))?

min Y, cp gL (114 — c1|P)’
ceR

A<

Since g, is modular and g = 3, cg ge, We have
D gk =1’y = 3 g@Ia) el
ecE iev

and

min " g(D)I(1a); - cl” = sWeVAY)
i (g(A)PT +g(V\ A)pT)r-1

Therefore,
Seer We(FL(14))P
2(A)g(V \ A)/(g(A) 7T +g(V \ A)7T)p-!

p
P p-1 1 p-1 1
2"V ( \/g<A)+ \/g(V\A))

1
min{g(A),g(V \ 4)}

A

IA

-1

IA

max fo (A~ ) we fe(4)277!

ecE
_ 2P-1CF(A)
~ min{g(A),g(V \ A)}
=2r71C . .

We shall now prove the lower bound for A in (6.4.2). For simplicity, we
identify a vector x € RY with the function x: V. — R. Given j € V, let
deg(j) = Xeek,; We- Then, for all j, we have that deg(j) < cg()).

Also, we rewrite the Lovdsz extension (6.2.2) as

N-1

FE® =) (xaeny = X)) f(V (), (6.4.3)

i=0

where x(y := 0 and Vp(x) := V, and equivalently, as

k-1
FE®) = (e = xi) (Vi (0)),
i=0

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 12 Nov 2026 at 19:48:55, subject to the
Cambridge Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/9781009641821.010


https://www.cambridge.org/core/terms
https://doi.org/10.1017/9781009641821.010
https://www.cambridge.org/core

200 6 Lovdsz Extensions

where
N-1

k= 1+ ) sign(1 £ (Vi (%) = f (Vi (0)D),
i=0
while {[1],...,[k]} C V satisfy:

* X0 =0,

o Xy < ... <Xk

Vioy(x) =V,

Vij(x) = {j € V: x; > xpp}, fori > 1,
FMia(x) # f(Vis11(x)), foralli = 0,...,k— 1.

We call the set {[1],...,[k]} a simple index set for f at x. For a fixed vector x,
we also let si(f) = {i: f(V;1(x)) # 0}. One can then check that

frx = Z (xpie1y = X)) f (Vi (%)) (6.4.4)
iesi(f)
Givenp > l andx € RI!O, by (6.4.4) and since f, is non-negative, we have
D weflx?) (6.4.5)
ecE

=D we > Gl = xh ) fe (Vi (7))
ecE  iesi(fe)
1
xP X\
1. .
Szwe Z Nﬂiﬂ]f}f[i]J(%) feMi, (X)) (6.4.6)
ecE iesi(fe)
1

P
p
<[ Dowe D FeVin (0)P (g, = ¥a,)”
eecE iesi(fe)

1

?
we Yo (b +x§]e)) 6.4.7)
ccE  iesif.)
, TERRY.
<— We Z Je (Vi (X)) (Xpi+13, = X1i1,.) Z deg(j)x}
270" \ee iesi(fe) jev
1 1
1 3 P
C ’ .
<(5)’ p(z we(feL(X))”) IGEA N (643)
ecE jev
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6.4 Lovdsz Extension and Cheeger Inequalities 201

where p’ is the Holder conjugate of p, that is,
is a simple index set for f, at x;

S+ = Billese . liles )

deg(j):= Z we, and E;:={e € E: j=[i], or j=[i + 1], for some i € si(f.)).
ecE;

The first above inequality (6.4.6) follows from the inequality in Lemma 3 in [5].

The second inequality (6.4.7) uses Holder’s inequality, and the last inequality
(6.4.8) follows from the fact that

Z cTEé(j)s Z deg(j) <c Z g(j), foranyreR.

JEV x>t JEV: xj=t JEV: xj=t
(6.4.9)
In fact, for any e € E;, we may assume that j = [i]., which implies that

feWin1. (X)) # fe(Vi, (X)).

Clearly, if j* # j and x[;3, < xj» < X[i+1],, then e ¢ Ejr, since j' # [i']e
for any i’. That is, e is counted exactly once in E;, for each j such that x; €
[x[i]. - X[i+1]. )- We now want to show that there exists j* such that

ec€ Ey and xp), < xj < X[it1), -
To see this, suppose the contrary. Then, for each j’ such that xp;;, < xp <
X[i+1],» we have that e ¢ E;». Consider
Uity =0 xp. £ x5 < xpivnet = V- \ Vi, -
Since e ¢ Ej, U...U Ej,, it follows that

Ji>
SMic. X)) = fMi—c. N GD = oo = FMic, ® N\ s - - 01
= f(Mi). (%)),

which is a contradiction. As a consequence, e is counted at least once in E;,
for all j such that x; € [x[;],,X[i+15,)- This proves the inequality in (6.4.9).

Therefore,
Ydun= [ Y, didse [ 3 eGu=cy e,
jev 0 jevixlzi O jevixl s Jjev

which implies (6.4.8).
We infer that, for x € ]R’ZVO \ {0},

S wefE(xP) S wefL(x?) LS we(FE®)P\”
ecE . ecE c 7| ecE

XI5 Zjevg(J)Xf 2 Zjevg(])xf
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202 6 Lovdsz Extensions

Similarly, for x € RQ’O\{O}, ifwe let [x| = (Jx1],...,|xn]|) and we take f;(S) =
fe(V\S), forall § c V, we have that

3 wefE(XIP) X wefE(=IxIP)
eckE — eckE
IIXIIZ = IxIIZ
3 e fE(=IxIP)
ecE
2jev 8()Ix;IP
S we(FE)P\T
Sp(g)p’ ecE
2 Yjev 8()Ix;IP

Now, forx € RV \ (R’ZVO U RI;JO), write X = X +X_, with (x;); = max{x;,0}
and (x_); = min{x;,0} for all i € V. We derive that

EEwe(feL(X))” EE Wwel & (x4) + f&(x)IP

Yo 8D ey €DIxe P + Xy 81X, 1P
5, we(FE)) 3 we(fE(x)”

ecE

> min

k]

X415 lIX-17,

> —
pl’

r P
vk [ E e D) S wefE )
( )p . eeE ecE
9
¢ 1% 111, X211,

(6.4.10)

/P [ f(A) F(A"
= mm{g(A+)’g(A_>}
, @t {f(fh)’f(A)}"’

pP g(Ay) g(Ad)

for some nonempty subset A. C supp(x. ), where

£(S) = min{£(S), F(V \ S)} = min{ £(5), £(S)}.

For any nonconstant vector X, since g is a counting measure function, there
exists ¢ € {X1,...,Xn} C R such that the vector x = X — c1 satisfies

1 1
g(supp(x,)) < 7g(V) and  g(supp(x-)) < 7g(V).
Therefore, since f.(V) = 0, we obtain that

fe®) = fr®) —cfe(V) = fR),
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6.4 Lovdsz Extension and Cheeger Inequalities 203

Therefore,
Seee welFER)Y_ Secp welFEG)? @l fay
min Yecpge(R—cllP) — Feepge(xP) —  pr g(AP”

for some nonempty subset A C supp(x4+) C supp(x) or A C supp(x-) C
supp(x). As a consequence, g(A) < % g(V), or equivalently, g(A) < g(V '\ A).
One can then check that

min T _ i MDA F(V A))
A#0,v min{g(A),g(V\ A)} A=z0,v min{g(A),g(V \ A)}
= min JAGY
A#0,v min{g(A),g(V \ A)}
= h.

Therefore,
p-1
PR Ll
pP
O

In order to relate Theorem 6.4.1 to our earlier estimates (4.3.15) and
(4.3.16), we need particular choices of the functions f, and g.. Given a simple
graph G = (V, E), consider the functions f.,g.: P(V) — R defined by

1, if e has one end point in A and the otherin V' \ A,

fe(A) = . (6.4.11)
0, otherwise,

and g.(A) = #(e N A). By the original Lovasz extension in Section 6.2, we

have fF(x) = |x; — x;| and g (x) = x; + x;, where {i, j} = e € E. Therefore,

DU = Y i =l

ecE {i,j}eE

and

DlekxPy = > (il + 117y = ) deg(i)lxil.
{i,jleE

ecE ievV

Hence, in this case, the eigenvalue problem of the function pair (£,,Gp) coin-
cides with the eigenvalue problem of the normalized p-Laplacian on a graph
(see Section 2.6.2 and Chapter 7).

Now, as in Section 6.3, we consider a chemical hypergraph satisfying e;,, #
0 # epyur and #(ejp Ueyyr) = 2, foralle € E. Let f.: P(V) — R be defined by
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204 6 Lovdsz Extensions

1, ifej, NA+0+ A cAcV\e,
Fo(A) = { mein €our \ AOT e5yy \ ein (6.4.12)

0, otherwise.

Then, the Lovasz extension of f, is

feL(X) =|max x; — min Xx;|.
l€ein J€€our
Moreover,
P
Rest [ v it
A2(Ap) = inf

X non-constant ml]él >iev deg(@)|x; —t|P
te
is the second eigenvalue of the pair

»

ecE

max x; — min Xx;
i€ein J€€our

P
,Zdeg(mxm’).

i€V

Let now u(i) = deg(i) in (6.3.3), for alli € V, and let /& denote the Cheeger
constant in (6.3.3). Then, we have

Theorem 6.4.2 (Cheeger inequality for chemical hypergraphs).
hP
27— < 25(Ap) < 2P R, (6.4.13)
pl’

In particular, for p = 1, we infer that 7 = 15(A), and this generalizes the
identity relating the second eigenvalue of the graph 1-Laplacian to the Cheeger
constant on a graph. If we consider, for example, the complete graph of order
4, then the Cheeger constant is 2 = 2/3, while the second eigenvalue of the
p-Laplacian is A2(A,) = 2P /3 for any p € [1,2]. Clearly,

e @322
pP 3 3
Hence, in this case, the upper bound 27~k for 1,(A,) is tight for any p €

[1,2]. Also, if we let p — 1, then the lower bound 2P~'hP /pP for A(Ap)
tends to 2/3, which coincides with lim, 1 42(A,) = A2(A1).
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