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Abstract. We extend the renormalization operator introduced in [A. de Carvalho,
M. Martens and M. Lyubich. Renormalization in the Hénon family, I: universality but
non-rigidity. J. Stat. Phys. 121(5/6) (2005), 611-669] from period-doubling Hénon-
like maps to Hénon-like maps with arbitrary stationary combinatorics. We show that
the renormalization picture also holds in this case if the maps are taken to be strongly
dissipative. We study infinitely renormalizable maps F and show that they have an
invariant Cantor set O on which F acts like a p-adic adding machine for some p > 1. We
then show, as for the period-doubling case in the work of de Carvalho, Martens and Lyubich
[Renormalization in the Hénon family, I: universality but non-rigidity. J. Stat. Phys.
121(5/6) (2005), 611-669], that the sequence of renormalizations has a universal form,
but that the invariant Cantor set O is non-rigid. We also show that O cannot possess a
continuous invariant line field.

1. Introduction

1.1.  Hénon renormalization. In [3], de Carvalho et al constructed a period-doubling
renormalization operator for Hénon-like mappings of the form

F(x,y)=(f(x) —e(x, y), x). (1.1)
Here f is a unimodal map and ¢ is a real-valued map from the square to the positive real
numbers of small size (we shall be more explicit about the maps under consideration in §§2
and 3). They showed that for |¢| sufficiently small the unimodal renormalization picture
carries over to this case. Namely, there exists a unique renormalization fixed point (which
actually coincides with the unimodal period-doubling renormalization fixed point) which is
hyperbolic with codimension-one stable manifold, consisting of infinitely renormalizable
period-doubling maps, and dimension-one local unstable manifold. They later called this
regime strongly dissipative.
In the same paper they then studied the dynamics of infinitely renormalizable Hénon-
like maps F. They showed that such a map has an invariant Cantor set, O, upon which
the map acts like an adding machine. This allowed them to define the average Jacobian
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given by
b= exp/ log |Jac, F| du(z) (1.2)
@]

where Jac, F' = det D, F is the Jacobian determinant and p denotes the unique F-invariant
measure on O induced by the adding machine. This quantity played an important role
in their study of the local behaviour of such maps around the Cantor set. They took a
distinguished point t of the Cantor set O called the fip. They examined the dynamics and
geometry of the Cantor set asymptotically around t. Their two main results can then be
stated as follows.

THEOREM 1.1. (Universality at the tip) There exists a universal constant 0 < p < 1 and
a universal real analytic real-valued function a(x) such that the following holds: let F be
a strongly dissipative, period-doubling, infinitely renormalizable Hénon-like map. Then

R'F(x,y) = (fa(x) = b* a(x)y(1 + O(p™), x) (1.3)

where b denotes the average Jacobian of F and f, are unimodal maps converging
exponentially to the unimodal period-doubling renormalization fixed point.

THEOREM 1.2. (Non-rigidity around the tip) Let F and F be two strongly dissipative,
period-doubling, infinitely renormalizable Hénon-like maps. Let their average Jacobians
be b and b and their Cantor sets be O and O, respectively. Then for any conjugacy
7w : O — O between F and F the Holder exponent a satisfies

1 log b

ag-(1+ g~). (1.4)

2 log b
In particular, if the average Jacobians b and b differ then there cannot exist a C'-smooth
conjugacy between F and F.

For a long time it was assumed that the properties satisfied by the one-dimensional
unimodal renormalization theory would also be satisfied by any renormalization theory
in any dimension. In particular, the equivalence of the universal (real and complex a
priori bounds) and rigid (pullback argument) properties in this setting made it natural to
think that such a relation would hold more generally. That is, if universality controls the
geometry of an attractor and we have a topological conjugacy between two attractors it was
expected that such a conjugacy could be promoted to a smooth map, since the geometry
of infinitesimally close pairs of orbits cannot differ too much. The above shows that this
intuitive reasoning is incorrect.

Let us now outline the structure of the present work. After recalling preliminary
results in §2, in §3 we generalize this renormalization operator to other combinatorial
types. We show that in this case the renormalization picture also holds if ¢ is sufficiently
small. Namely, for any stationary combinatorics there exists a unique renormalization fixed
point, again coinciding with the unimodal renormalization fixed point, which is hyperbolic
with codimension-one stable manifold, consisting of infinitely renormalizable maps, and
dimension-one local unstable manifold.

We then study the dynamics of infinitely renormalizable maps of stationary
combinatorial type and show that such maps have an F-invariant Cantor set O on
which F acts as an adding machine. We note that the strategy to show that the limit set is a
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Cantor set in the period-doubling case does not carry over to maps with general stationary
combinatorics. In both cases the construction of the Cantor set is via ‘scope maps’, defined
in §§2 and 3, which we approximate using the so-called ‘presentation function’ of the
renormalization fixed point. In the period-doubling case this is known to be contracting as
the renormalization fixed point is convex (see the result of Davie [2]) and the unique fixed
point lying in the interior of the interval is expanding (see the theorem of Singer [S, Ch. 3]).
In the case of general combinatorics this is unlikely to be true. The work of Eckmann and
Wittwer [6] suggests the convexity of fixed points for sufficiently large combinatorial types
does not hold. The problem of contraction of branches of the presentation function was
also raised in [8].

Once this is done we can define the average Jacobian and the tip of an infinitely
renormalizable Hénon-like map in a way analogous to the period-doubling case. This then
allows us, in §6, to generalize the universality and non-rigidity results stated above to the
case of arbitrary combinatorics. We also generalize another result from [3], namely that
the Cantor set of an infinitely renormalizable Hénon-like map cannot support a continuous
invariant line field. Our proof, however, is significantly different. This is because in
the period-doubling case they observed a ‘flipping’ phenomenon where orientations were
changed purely because of combinatorics. Their argument clearly breaks down in the more
general case where there is no control over such things.

1.2.  Notation and conventions. Given a function F we denote by Dom(F) its domain
of definition. Typically this will be a subset of R” or C*. For i >0 we denote its ith
iterate by F° whenever it is defined. For § ¢ Dom(F) we denote its ith preimage by
Fe~i: Foi(S) — § C R" whenever this is defined.

We now restrict our attention to the one- and two-dimensional cases, both real and
complex. Let my, my :R? — R denote the projections onto the x- and y- coordinates,
respectively. We will identify these with their extensions to C2. (In fact we identify all real
functions with their complex extensions whenever they exist.)

Given a, b € R, denote the closed interval between them by [a, b] = [b, a]. Denote the
interval [0, 1] by J. For any interval T C R denote its boundary by a7, its left endpoint
by 8~ T and its right endpoint by 37 T. Given two intervals Ty, T; C J, denote an affine
bijection from T to T by t7,—7,. Typically it will be clear from the situation whether we
are using the unique orientation-preserving or orientation-reversing bijection.

Let us denote the square [0, 1] x [0, 1] = J? by B. We call S C B arectangle if it is the
Cartesian product of two intervals. Given two rectangles By, By C B, we will denote an
affine bijection from By to B preserving horizontal and vertical lines by Ip,_ g,. Again
the orientations of its components will be clear from the situation.

Let Q, € Qy CC be simply connected domains compactly containing J and let
Q= Q, x Qy denote the resulting polydisk containing B.

If F : R? — R? is differentiable at a point z € R? we will denote the derivative of F at z
by D, F. The Jacobian of F at z is given by

Jac,F =detD,F. (1.5)
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Given a bounded region S C R?, we will define the distortion of F on S by
Jac, F
Jacs F

Dis(F; §) = sup log

z,2€8

: (1.6)

2. Unimodal maps

Let us now briefly review some parts of one-dimensional unimodal renormalization
theory—in particular, the presentation function theory associated with it developed by
Rand [11], Feigenbaum [7], Sullivan [12] and Birkhoff et al [1].

2.1.  The space of unimodal maps. Let B > 0 be a constant, which we will think of as
being small. Let g, g denote the space of maps f € C®(J, J) satisfying the following
properties:

(i)  There is a unique critical point co = co(f), which lies in (0, 1 — B].

(i)  f is orientation-preserving to the left of cp and orientation-reversing to the right of ¢o.

(i) f@TJ)=f@ J)=0andc; = f(co) > co.

(iv) There is a unique fixed point « = «o(f) lying in int(J). Both fixed points are
expanding.

(v)  f admits a holomorphic extension to the domain €2, upon which it can be factored
as ¥ o Q, where Q : C— C is given by Q(z) =4z(1 —z) and ¢ : Q(2y) = C is
an orientation-preserving univalent mapping which fixes the real axis.

Such maps will be called unimodal maps. Given any interval T C R, we will say that

amap g:T — T is unimodal on T if there exists an affine bijection i :J — T such

that A 'ogohe Ug, 5. We will identify all unimodal maps with their holomorphic
extensions.
We make following observations: first, the holomorphic extension will be R-symmetric

(e. f(z2) = m for all z € 2,); and secondly, there are two fixed points, one with positive

multiplier lying in dJ and the other lying in the interior with negative multiplier.

2.2.  The renormalization operator.

Definition 2.1. Let p > 1 be an integer and let W = W, denote the set {0, 1, ..., p — 1}.
A permutation v of W is said to be unimodal of length p if there exists an order-preserving
embeddingi: W — J and aunimodal map f : J — J such that f(i(k — 1)) =i(k mod p)
forallk e W.

Definition 2.2. Let p > 1 be an integer. A map f € Uq, g has a renormalization interval
of period p if:

(i)  there is a closed subinterval J ¢ J such that f°P(J%) c JO;

(i) there exists an affine bijection h: J — J 0 such that

Ruf=h"tofPoh:J—1J 2.1)
is an element of g,  g. Note that there are exactly two such affine bijections, but
there will only be one such that Ry, f € Ug, .

The interval JO is called a renormalization interval of period p for f. The collection
{J"}pew is called the renormalization cycle.
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FIGURE 1. The graph of a renormalizable period-three unimodal map f with renormalization interval J 0 and
renormalization cycle {J'};—¢, 1 2. Note that for p = 3 there is only one admissible combinatorial type.

Definition 2.3. Let p > 1 be an integer and let v be a unimodal permutation of length p.

A map f €Ugq, g is renormalizable of combinatorial type v if:

(i)  f has arenormalization interval of period p which contains the critical point cp;

(i) letting J¥ denote the connected component of f°P~%(J 0y containing f°%(J 0y, the
interiors of the subintervals J%, w € W, are pairwise disjoint;

(iii) f acts on the set {J o gt ... p_l}, embedded in the line with the standard
orientation, as v acts on the symbols in W. More precisely, if J', J” € {J¥}yew
are the ith and jth subintervals from the left endpoint of J respectively, then f(J')
lies to the left of f(J”) if and only if v(i) < v(}).

In this case the map Ry, f is called the renormalization of f and the operator Ry, the

renormalization operator of combinatorial type v.

Figure 1 shows, for example, a renormalizable map of combinatorial-type v, where v
denotes the unique permutation of length three.

Definition 2.4. Let v be a unimodal permutation of length p > 1. Given a renormalizable
f €Ugq, p of combinatorial type v the renormalization interval J 0is called the central
interval. Given J¥, w € W, the maximal extension of J¥ is the largest open interval J'*
containing J* such that f°?~%|J'" is a diffeomorphism onto its image.

Remark 2.5. The assumption that Ry, f* lies in Ug, g implies that the boundary of J 0
consists of a p-periodic point and one of its preimages. Moreover, in J© there is no other
preimage of this point and there is at most one periodic point of period p”".

Let Uq, p,v denote the subspace consisting of unimodal maps f € Ug, g which are
renormalizable of combinatorial type v. If f € Uq, g o is infinitely renormalizable there
is a nested sequence J = {J%}ycw+ of subintervals such that:

i) fUIY)=J"TYforallwe W*;
(i) intJ¥ Nint J¥ = ¢ for all w # w € W* of the same length;
(i) Uyew J¥ C J for each w e W,
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where W* denotes the totality of all finite words w = wy - - - w, over W and 1 4+ w denotes
the adding machine map,

(I +wowiwz ---wy, wo#p—1

Ok(1+wk)wk+1~-- wo, ..., Wk—1=p— 1, wg#p—1.
(2.2)

We will denote by W” C W* the subset of words of length n > 0 and by W the set of all

infinite words over W. (Note that W* corresponds to the space of all cylinder sets of W.)

We will call this indexing of J the spatial indexing.

There is a second indexing of J given as follows: any J’ € J is the mth preimage of
JY" for some m, n >0 satisfying 0 <m < p". We will call this the dynamical indexing
and the quantity n the depth of J¥. We note that this indexing is used in [5, Ch. VI.3].

For each depth n >0 the correspondence is given by the map q:W" —
{0,1,..., p" — 1} where if w=wy---w, thenf q(w)=>_;-, P'(p —w;). More

1+w0---wn={

explicitly, if w=wq - - - w,, then J¥ = f°r(w)(10n) where r(w) = ZOEI.S" p'w; and so,
as the first return time of J is p", we find that the transfer time of J¥ to J 0" is
p" —r(w) =q(w).

Notation 2.6. If f € Ug, g is an infinitely renormalizable unimodal map let f, = R}, f.
Then all objects associated to f;, will also be given this subscript. For example, we will
denote by J,, = {J,}wew~ the nested collection of intervals constructed for f, in the same
way that J was constructed for f.

The following plays a crucial role in the renormalization theory of unimodal maps.
(See [5] for the proof and more details.)

THEOREM 2.7. (Real C'-a priori bounds) Let f € Uq, .p,v be an infinitely renormalizable
unimodal map. Then there exist constants L(f), K(f) > 1 and 0 < ko(f) <ki(f) <1,
such that for all we W*, w, w e W and each i =0,1..., p" — q(w) the following
properties hold:
(i) (@ Dis(f*; ™) <L(f);
(b)  the previous bound is beau: there exists a constant L > 1 such that for each f
as above L(R}, f) < L~ for n sufficiently large;
(i) @ KO <INV < K(f);
(b)  the previous bound is beau: there exists a constant K > 1 such that for each f
as above K (Ry, ) < K for n sufficiently large;
(i) @  ko(f) <[IV|/IIV] <ki(f);
(b)  the previous bound is beau: there exist constants 0 < ko < k1 < 1 such that for
each f as above ko < ko(Ry, f) < ki(Ry, f) < k1 for n sufficiently large.

The term beau for such a property was coined by Sullivan—being an acronym
for ‘bounded eventually and universally’. We now show some properties of the
renormalization operator and renormalizable maps. The proposition below follows
directly by observing that the renormalization cycle of a renormalizable unimodal map
is determined by a hyperbolic periodic orbit and a collection of its preimages. The proof
of injectivity can be found in [S, Ch. VI].

1 This is because J¥ are indexed by images but ¢¥ is constructed from the preimage of J to J%.
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PROPOSITION 2.8. Let p > 1 be an integer. Let 0 <y < 1. Let v be a unimodal
permutation of length p. If f €Uq, g has renormalization interval J O of type p and
satisfies the following conditions:

° fop(]()) g_ JO;

° f is renormalizable with combinatorics v,

then there exists a neighbourhood N' C Uq, g of f such that for any f €N the following
properties hold:

@) f is renormalizable with combinatorics v;

(i1) there exists a constant C > 0, depending upon f only, such that

Ruf —Rufla, <CIf — flag (2.3)

(iii) the operator Ry is injective.

2.3.  The fixed point and hyperbolicity. As was noted in the introduction, real a priori
bounds were an important component in Sullivan’s proof of the following part of the
renormalization conjecture. For the proof we refer the reader to [5, Ch. VI]. This also
contains substantial background material and references.

THEOREM 2.9. (Existence of fixed point) Given any unimodal permutation v and any
domain Q2 C C containing J, if B > 0 is sufficiently small there exists an f. = fi o €
Uq,.p,v such that

Ru fs = fs- (2.4)

Notation 2.10. Henceforth we assume that the unimodal permutation v and the positive
real number B8 > 0 are fixed, with 8 small enough to ensure that g, g, contains the
renormalization fixed point. We therefore drop 8 from our notation.

Sullivan’s result was then strengthened by McMullen. See [10].

THEOREM 2.11. (Weak convergence) Given any unimodal permutation v and any
domain Q2 C C containing J, there exist:

(i) adomain Q) € Qy containing J;

(i) aninteger N > 0;

both dependent upon v and K2, such that for any n> N if f elq, ., is n-times
renormalizable then

IRy f — Fila, < 51 — filay- (2.5)

Proof of the full renormalization conjecture was then completed by Lyubich in [9].

THEOREM 2.12. (Exponential convergence) Given any unimodal permutation v and any
domain Q,; C C containing J, there exist:

(i) adomain Q) € Qy, containing J;

(ii) an Ry-invariant subspace; Uydap: C UQ;!U,'

(iii) a metric, dagapt, On Uadapt Which is Lipschitz-equivalent to the sup-norm on Z/{Q;,U,'
(iv) aconstant0 < p < 1;

such that, for all f € Uadapt,

dadapt (Rt f, fv) = pdadapt(f, f)- (2.6)
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FIGURE 2. The collection of scope maps v, for an infinitely renormalizable period-tripling unimodal map. Here
Jfn denotes the nth renormalization of f.

THEOREM 2.13. (Codimension-one stable manifold) For any unimodal permutation v
and any domain Qy C C containing J, the renormalization operator Ry : Ugq, » — Ug,
has a codimension-one stable manifold VV,, at the renormalization fixed point f ..

COROLLARY 2.14. Let v be a unimodal permutation on W. Let f € Ug_ ., be an infinitely
renormalizable unimodal map. Then the cycle, {J"}wew, of the central interval of f,
converges exponentially, in the Hausdorff topology, to the corresponding cycle, {J'}ew,
of the renormalization fixed point f.

2.4. Scope maps and presentation functions. We now rephrase the renormalization of
unimodal maps in terms of convergence of their scope maps defined below. Again the
statements here are well known and we make no claim to the originality of their proofs.
We merely collect them here for completeness.

Scope maps were studied initially by Rand [11], then by Sullivan [12], Feigenbaum [7]
and Birkhoff et al [1]. Mostly this was in the case of the so-called presentation function,
which is the scope map of the renormalization fixed point (so called because they permute
the presentation of the invariant Cantor set). See also the paper of Jiang et al [8].

Let f € Ug, ., have cycle {J"},,ew. Consider the functions

h61:10—>1, w =0,

2.7
holo for—w:jgv—J, w=1,...,p—1, @7)

where hy is the affine map satisfying Ry f = h Yo f°P o hy. The inverses of these maps
are called the scope maps of f, which we denote by W}” :J — J". For each w e W we
call % : J — J¥ the w-scope map. We denote the multi-valued function they form by
Yr:d —> Uwpew J%. Similarly, given an n-times renormalizable f € U, ., let ¢’ = wfu;
denote the wth scope function of f, and the multi-valued function they form by v,
(for an example in the case of period-tripling combinatorics see Figure 2). The multi-
valued function ¥, = ¥, associated to the renormalization fixed point f is called the
presentation function.

If f € Ug, v 1s infinitely renormalizable we can extend this construction by considering,
for each w=wp - - - w, € W*, the function ¥} = Yo oo, J — JV and we set

ﬁ = {w.;y}weW’“
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PROPOSITION 2.15. Let f, denote the unimodal fixed point of renormalization with
presentation function ¥ . Let m, n > 0 be integers. Then, for each w € W™, the following
properties hold:

M v =" o, e

() Y Uwewn 12 C Uwewnin I3

Proof. We show the first item inductively. Trivially, it is true for m = 0. Assume that it
holds for w € W™ some m > 0, and consider ww € W™*!. Since Ru f« = f+ implies that
fou, 0=t 00 fi we find that

=Y o v

_ po—(p—w) o—q(W)
= fy otjﬁjgof* oLy, yom

o—(p—w o—pq(W
— f* (p )O f* Pa( )OLJ_)JO oLy som

= foAW 2.8)

L J—s Jom+1 .
This proves the first statement. The second statement then follows from the first since,
giveP we W" and w € W, the image of J¥ under v} can be expressed as a preimage of
Jf under f. O

COROLLARY 2.16. Let f, denote the unimodal fixed point of renormalization with pre-
sentation function ¥ .. Let O, denote the invariant Cantor set for f. Let J, = {J) }wew=
denote the collection of all central cycles of all depths. Then, for eachw € W, the following
properties hold:

0 YrU)C I

(i) yY¥(O,) C O,

Proof. Simply take limits in the previous proposition. O

LEMMA 2.17. Let f, denote the unimodal fixed point of renormalization with presentation

Sfunction ¥ .. Then, for each w € W, the following properties hold:

(1) ¥ has a unique attracting fixed point o;

) if [w}:’"] denotes the orientation-preserving dffine rescaling of w,’:’n to J then
uy = limnﬁoo[tﬁ}ﬁ”"] exists, and the convergence is exponential in the sup-norm on
some complex domain containing J.

Proof. Itis clear that there exists a fixed point «, as ¥}’ maps J into itself. It is also unique,
. . n+1 n . . .

since by construction J. = Y (JY), and all images of J must contain all fixed points.

However, Theorem 2.7 implies that |J;"n | = 0 asn — o0, and hence there can be only one

fixed point.
. . . n+1 n
Now let us show that « is attracting. Theorem 2.7 tells us, since J” e J, that
|J>;"n+l |/ |J;""| < k1 < 1. By the mean value theorem this implies that there are points

ay € JP" such that
n+1 n
(W) (@) =11 /192 < ki
Also, since o € J:’n for all n > 0 and |J;”n| — 0asn — oo, we have o, — a. As ¢ is

analytic we must have |(¥”) («)| < k1. Hence if o has multiplier o, then |oy,| < 1 and
SO « is attracting.
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For the second item, let u)Y =1 Ju" g © w;‘)n :J — J. First we claim that there is a
domain U C C containing J on which u;; has a univalent extension. This follows as o
is an attracting fixed point and ” is real analytic on J, so there exists a domain V C C
containing o on which ¥} is univalent and ¥}’ (V) C V. By Theorem 2.7 there exists
an integer N > 0 such that ()" (J) C V for all n > N. Therefore take any domain U
containing J such that ()" (U) is bounded away from the set of the first p" critical
values of f for all n < N. Then u,’ will be univalent on U.

Observe that, letting v} = Z ;. ¥’ where Z7 denotes the zoom operator on the interval
T, we can write '

u;zuszon-ovéu. 2.9)

n

Also observe that the argument above gives a domain W containing J on which each of
these composants has a univalent extension. Therefore

luy —upqlw =1y 0---ovy —vy yov o---ovylw
= |id — U,lf}+1|u;lv(w). (2.10)

Theorem 2.7 implies that |J;”"| — 0 exponentially as n — co. Analyticity of ¥}’ then
implies that Dis(y/); J;”n) — 0 exponentially as well. Moreover, also by analyticity, this
holds on a subdomain W" of W containing J:)". Hence, by the mean value theorem,

n
A

|J;<Un+l |

Wy -0 (2.11)
Ju"
exponentially, and this will also hold on W" if n > 0 is sufficiently large. Integrating then
gives us
[id — vy |uw (w) — 0 (2.12)

exponentially, and hence |u,” — u,, ;|w — 0 exponentially. This implies that the limit u}’
exists and is univalent on W. a

Remark 2.18. In the period-doubling case more precise information was given by Birkhoff
et al [1]. Since f is convex in this case (see [2]), we know that f>,<|J>,<1 is expanding and
hence 1/;,1 is contracting. This simplified the construction of the renormalization Cantor set
for a strongly dissipative non-degenerate Hénon-like map given by de Carvalho et al [3].

Remark 2.19. For (ii) of the above it is clear this can be extended from words w to words
w = wow; - - - which are eventually periodic. For arbitrary words a different strategy must
be used; see [1].

PROPOSITION 2.20. Let v be a unimodal permutation and let v(n) be the unimodal
permutation satisfying Ry, ., = R v(n)- Given an n-times renormalizable f € Ug, v, let

foi=Ry,f and  fom =Ruomf (2.13)
foralli=0,1,...,n. Let¥,; denote the presentation function for f,; with respect
10 Ry,v and let ¥,y denote the presentation function for fin)y with respect to Ry y(n)-
Then

Vom = W00 0V o, w,ew- (2.14)
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Proof. This follows from the fact that Ry, fu,i = fuv,i+1 implies that f 5 ;oL 0=

Ljsg0° fu,i+1 and the fact that the central interval of f under Ry ,(n) is equal to J " o

Since the renormalization interval JO of f is determined by a p-periodic point and its
preimage and the scope maps ¥ are compositions of preimages of f, and all of these vary
continuously with f, we get the following proposition.

PROPOSITION 2.21. Let v be a unimodal permutation. There exists a constant C > (0
such that for any fo, fi € Ugq, v, and any w € W,

W —y¥le, < Clfo— fila,- (2.15)
The following corollary follows directly from the above Proposition 2.21 and
convergence of renormalization (Theorem 2.12).

COROLLARY 2.22. There exist constants C > 0 and 0 < p < 1 such that the following
holds: given any infinitely renormalizable f € Uadapt,

Wy — v la, < Cp". (2.16)

2.5. A reinterpretation of the operator. Let us now consider Hq(0), defined to be
the space of maps F € C*(B, B) of the form F = (f o my, my) where f € Ug, . Let us
also consider the subspace Hg ,,(0) of maps F = (f o my, my) where f € Ug, .. These
will be called the space of degenerate Hénon-like maps and the space of renormalizable
degenerate Hénon-like maps of type v, respectively. The reasons for this will become
apparent in §3 when we introduce non-degenerate Hénon-like maps. Observe that there
is an embedding i:Uq, — Hgq(0), given by i(f) = (f o my, m,), which restricts to an
embedding i:Ug, o, — Hq,,(0). We will construct an operator R, defined on Hgq(0),
such that the following diagram commutes.

Ru
Z/{Q); ,U uQx

il J{i (2.17)

Ha2,0(0) —— H2(0)

Let f € Uq, v, let {J¥},ew be its renormalization cycle and let {J"},,ew be the set of
corresponding maximal extensions. Let F =i( f) be the corresponding degenerate Hénon-
like map, let

BY = gwtl x gw, B =jgwtl x gw (2.18)
and let
Bl =J" X J",  Bipy=J" xJ", (2.19)

where w € W is taken modulo p. Observe that B is invariant under F°? for each w € W.

Consider the map H : B — B defined by H = (f°P~!, my). Since H preserves
horizontal lines, if it is not injective Rolles’ theorem implies that between any two points
with the same image there exists a solution to (f°?~!)’ =0. By the inverse function
theorem this will be locally invertible on any connected open set bounded away from the
set of points for which D H is singular. This set coincides with the critical locus CP~! =
{(x, y) : (f°P~1Y(x) = 0}. Hence H is a diffeomorphism onto its image on any connected
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open set bounded away from C”~!. In particular, since the box B is bounded away
from CP~! whenever the maximal extensions are proper extensions, the map H will be a
diffeomorphism there. We call B? the central box. We call the map H the horizontal diffeo-
morphism. Observe that B = H(B). Define H : B — B to be the inverse of H

diag diag
restricted to Bgi ag’ For a diagram in the case of period-tripling combinatorics see Figure 3.

Remark 2.23. More generally, given any map 7 which we do not iterate but which is
related to the dynamics of a map F : B — B, if it is invertible we denote its inverse by 7.
We use this unconventional notation for the following reason: later we consider maps of the
form F =(¢,n,): B— B and we define ¢V :B — J by F°"(x,y)=(¢"(x, ),
¢! (x, y)) for all w> 0 and for w < 0 whenever they exist. Plain superscripts index
objects related to the number of iterates of F and plain subscripts index objects related to
the number of renormalizations performed. However, we define H = (¢1”1, my), whose
inverse is related to the (p — 1)th preimage of F', not the first preimage.

Since H is well defined on Bgiag, the map
G=HoF°oH:Bg, — Bl (2.20)

is also well defined. We call this map the pre-renormalization of F around B°. Let I

denote the affine bijection from B((:l)iag onto B such that the map

RF=I0Gol:B— B (2.21)

is again a degenerate Hénon-like map where I denotes the inverse of I. Then RF
is called the Hénon renormalization of F around B° and the operator R is called the
renormalization operator on Hg_ ,,(0). Observe that RF = (R f o mx, mx).

Remark 2.24. By the same argument as above, H will be a diffeomorphism onto its image
when restricted to any BY. Since Bg{ag = H(BY) and BY is invariant under F°” by
construction, the maps
G"=HoF°oH:B,, — B, (2.22)

are well defined. We call G¥ the wth pre-renormalization. There are affine bijections 1%
from Bé‘i’ag to B such that

RoF=1I"oG"oI":B— B (2.23)
is again a degenerate Hénon-like map (where, as above, I denotes the inverse of I¥).
Then the map R, F is called the Hénon renormalization of F around BY and the
operator R, is called the wth renormalization operator on Hg, ,,(0). Observe that
RuwF = Ry wf omy, my), where Ry, ,, denotes the renormalization around J ™.

Remark 2.25. The affine bijections /" in the remark above map squares to squares. Hence

the linear part of /™ has the form
[w] 0
o
i( 0 :I:o[“’]> (2.24)

for some (! > 0. Here the sign depends upon the combinatorial type of v only. We call
the quantity o the wth scaling ratio of F.
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1 —— .
i Bt R —— = U}um
Iu[ BY, g B I

J21 - 2

——— Im(F) or Im(RF)
-—— Im(G)

FIGURE 3. A period-three renormalizable unimodal map considered as a degenerate Hénon-like map. In this case
the period is three. Observe that the image of the pre-renormalization lies on the smooth curve ( f 3 (x), x).

Remark 2.26. Since i is an embedding preserving the actions of Ry, and R it is clear that
‘R also has a fixed point F,. It must have the form F, = (fx o 7y, 7my) Where f; is the fixed
point of Rys. Then Fj also has a codimension-one stable manifold and dimension-one
local unstable manifold in Hg_(0).

Given F =i(f) € H.»(0), let W =H ol : B — B® and ¥¥ = F*¥ o W : B — BY,
Then WY is called the wth scope map of F. The reason for this terminology is given by
the following proposition.

PROPOSITION 2.27. Let F =i(f) € Hq,,(0). Then
W,y w=p-1
VR, ) =1 @), vFe) O<w<p-1 (2.25)
W), 90 w=0,
where ¥ denotes the wth scope function for f.

Proof. Observe that H (x, y) = (f°~?*!(x), y) and

(fo), £ ) w>0
F°vY = 2.2
(x, ) {(x,y) w =0, (2.26)
which implies that
5 (foPttl(x), foPt(x)) w>0
F°" o H = 2.27
A= {feriiy ) w=0, 227
where appropriate branches of f°~7+%+! and f°~P+¥ are chosen. Also observe that
I(x,y)= (ty_ jo(x), t;_, j0(y)). Composing these gives us the result. O

Remark 2.28. Only the zeroth scope map W = WY is a diffeomorphism onto its image.
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Now assume that F' € Hgq , is n-times renormalizable and denote its nth renorma-
lization R"F by F,. For each F,, we can construct the wth scope map W} = V¥ (F,) :
Dom(F;,+1) = Dom(F;), where Dom(F,) =B denotes the domain of F,. For
w=uwg - - w, € W* the function

WY =W 0. 0W : Dom(F,1) — Dom(Fp) (2.28)

is called the w-scope map. Let W = {UV} denote the collection of all scope maps. The
following corollary is an immediate consequence of the above proposition.

COROLLARY 2.29. Let F =i(f) € Hq,,(0) be an n-times renormalizable degenerate
Hénon-like map. Then given a word w = wq - - - w,—1 € W",

w+1" w

, 0
WY, y) = Wy v ws (2.29)

WY@ YY) w=0,

where w}v denotes the wth scope map for f.
In particular, we may do this for F, the renormalization fixed point. This gives

WL ), Y2 (x) w>0
v (x,y)= * * 2.30
H 6 {(w;“l(x),w;“(y)) w=0, (230

where " are the branches of the presentation function. We will denote the family of scope
maps for F, by ¥, = {V¥}yew+ where WY : B — BY is constructed as above.

3. Hénon-like maps

In this section we construct a space of Hénon-like maps and a renormalization operator
acting on it which coincides with the renormalization operator on degenerate maps. We
show that the standard unimodal renormalization picture can be extended to the space
of such maps if the Hénon-like maps are sufficiently dissipative. We then examine the
dynamics of infinitely renormalizable maps in more detail.

3.1. The space of Hénon-like maps. Let € > 0. Let 7q(g) denote the space of maps
& € C”(B, R), which satisfy:
(i) e(x,00=0forallx e J;
(i) &(x, y) > O0forall (x, y) € B;
(iii)) & admits a holomorphic extension to £2;
(iv) lelq <é&, where |-|q denotes the sup-norm on £2.
Such maps will be called thickenings or &-thickenings. Let B’ = J' x J' C R? for some
closed interval J' C R. Given ¢’ € C®?(B’, R), let E'(x, y) = (x, &/(x, y)). If there is an
affine bijection / : B’ — B such that E(x, y) =1 o E' o I(x, y) = (x, (x, y)) where ¢ is
a thickening, then we say that &’ is a thickening on B’.

Let f € Ug, be a unimodal map and let £ > 0 be a constant. Let

Ho(f, &) ={F € Emb®(B, R?) : F(x, =& +ekx,y),x),e€Tq@}) (3.1)
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and
Hzg(f, &) ={F € Emb®(B, Rz) F(x,y)=((f(x) —e(x,y),x), e eTa@E)}). (3.2

Note that such maps do not necessarily leave B invariant. Typically we take extensions
of these F to some rectangular domain B’ C © containing B on which F is invariant.
Also note that H, (f, €) consists of orientation-reversing maps and Hg (f, &) consists of
orientation-preserving maps.

Given these spaces, let

Ho@ = |J Hs(f.0) (33)
fEZ/[QX
and
He = HG®). (34
£>0

and finally set Hgo = HE U H,. Observe that the condition &(x, 0) = 0 ensures that each
Hénon-like map F has a unique representation as either F = (f — e, ) or F = (f +
e, my). We will call this representation the parametrization of F. We will write
F = (¢, m,) when the parametrization is not explicit. Observe that the degenerate Hénon-
like maps considered in §2 lie in a subset of the boundary of Hgq(¢) for all € > 0. Given
a square B’ C R%, a map F € Emb®(B’, B') is Hénon-like on B’ if there exists an affine
bijection / : B’ — B suchthat [ o F o I : B— B is a Hénon-like map.

Given a Hénon-like map F = (¢, my) : B — F(B), its inverse will have the form
Fo~l= (my, ¢~ 1): F(B) - B where ¢! : F(B) — J satisfies

Ty=¢ @, ), m=¢(ry, 7). (3.5)

More generally, given an integer w > 0, let us denote the wth iterate of F' by F°* : B — B,
and the wth preimage by F°~% : F°¥(B) — B. Observe that they have the respective
forms F°¥ = (¢¥, ¢*~!) and F°~% = (¢~ %+, %) for some functions ¢¥ : B — J
and ¢~ % : F°(B) — J. We then define the wth critical curve or critical locus to be
the set C¥ = C¥(F) = {0,¢" (x, y) =0}

3.2. The renormalization operator. ~Let us consider the operators Ry and R from §2.5.
Observe that Ry is constructed as some iterate under an affine coordinate change whereas
‘R uses non-affine coordinate changes. That they are equivalent is a coincidence that we
now exploit.

Our starting point is that non-trivial iterates of non-degenerate F' € Hg will most likely
not have the form (f om, £ ¢, m,) after affine rescaling. Therefore, unlike the one-
dimensional case, we will need to perform a ‘straightening’ via a non-affine change of
coordinates.

Definition 3.1. Let p > 1 be an integer. A map F € Hg, is pre-renormalizable with period
p if there exists a closed topological disk B® ¢ B with F°P(B") ¢ BY. The domain B is
called the central box. The topological disks B¥ = F°*(B®), w € W, will be called the
boxes and the collection B = {B"},,cw will be called the cycle.
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Definition 3.2. Let p > 1 be an integer. A map F € H, is renormalizable with period p if
the following properties hold:

(i)  F is pre-renormalizable with period p;

(ii) there exists a diffeomorphism onto its image H : BY — Bc(l)iag’
is a square symmetric about the diagonal,

where BY is the pre-
renormalization domain of F and Bgiag
such that

G=HoFoH:By, — Bf, (3.6)
is Hénon-like on B((i)iag'
The map G is called the pre-renormalization of F with respect to H. By definition, there

exists an affine map I : B(El)iag — B such that

RF=I0Gol:B— B 3.7

is an element of Hg, where G denotes the pre-renormalization of F'. The map R F is called
the Hénon renormalization of F. We denote the space of all renormalizable maps by Hq p.
The operator R : Hg , — Hg is called the Hénon renormalization operator or simply the
renormalization operator on Hg. See Figure 4 in the case of period-tripling combinatorics
(compare also with Figure 3). The absolute value of the eigenvalues of the linear part of 1
(which coincide as it maps a square box to a square box) is called the scaling ratio of F.

Remark 3.3. We denote the subspace of Hgq , consisting of renormalizable maps
expressible as F' = (f £ ¢, my), where |g|q < €, by Hq ,(f, €) and let

Ha,@ = | Ha,(fd

felq,
denote their union.

There are, a priori, many coordinate changes H satisfying these properties. However,
we now choose one canonically which has sufficient dynamical meaning. By analogy with
the degenerate case, consider the map H = (¢7~!, my). As H preserves horizontal lines
between two preimages of the same point there lies a solution to d,¢”~! = 0. The inverse
function theorem then tells us this is a local diffeomorphism away from the critical locus
CP~1 ={(x, y) € B:9,¢P ! (x, y) = 0}. Also, since it maps horizontal lines to horizontal
lines, it must be a diffeomorphism onto its image. Hence, in a slight abuse of terminology,
we will call this map the horizontal diffeomorphism associated to F.

Also consider the map V =F°?~'o H:H(B%) — BP~!. Since F°P~! is a
diffeomorphism onto its image everywhere and H is a diffeomorphism onto its image
when restricted to B we find that V is also a diffeomorphism onto its image. We will call
V the vertical diffeomorphism. The reason for considering the maps H and V is given by
the following proposition.

PROPOSITION 3.4. Let F = (¢, ny) € Hq. Assume that, for some integer p > 1, the

following properties hold:

(i) B C B is a subdomain on which F°P is invariant;

(ii)  the horizontal diffeomorphism H = (¢P - my) is a diffeomorphism onto its image
when restricted to BP.
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Then H o F°P o H : H(B®) — H(B°) has the form
HoF°PoH(x,y)=(¢" o V(x,y), x) (3.8)

where V is the vertical diffeomorphism described above. —Moreover, the vertical
diffeomorphism has the form V(x, y) = (x, v(x, y)) for some v € C*(B, J).

Proof. Observe that H has the form H = (¢”~!, mry) for some ¢”~!: H(B?) — R.
Equating F°P~! o F with F°P implies that ¢?~!(¢, m) = ¢”. Equating H o H and
H o H with the identity implies that

me=¢P (@ ) =P (9P ). 3.9
Hence, by definition of H and V,
HoF=(@" (¢, 7). m0) = (¢, m0) (3.10)
and

V=Fr ol =" @"" 1)), ¢P 2@ 1)) = (e, PP 7).
(3.1D)
Therefore, if we set v(x, y) = ¢P~2(¢P 1, my) the result is shown. O

We now show that maps satisfying the hypotheses of the above proposition exist, are
numerous and in fact renormalizable in the sense described above. More precisely, we
show that R is defined on a tubular neighbourhood of Hg, ,(0) in the closure of Hg. This
is essentially a perturbative result. To do this we need the following.

PROPOSITION 3.5. (Variational formula of the first order) Let F € Hgq be expressible as
F = (¢, my) where ¢p(x, y) = f(x) + e(x, y). Then, forallw e W,

¢ (x, y) = V() + LY (x) + £(x, y)(f7") (x) + OE?) (3.12)
where
LY (x) = e(fo7 (), fOU72@) 4+ (20, U ) ()
+oe(f(x), x) ﬁ F e @), (3.13)
Proof. We proceed by induction. Assume that this holds for all integers 0 < i < w and let
LY (x) be as above. Then

PV (x, y) = @V (x, ¥), 9V 2 (x, ¥))
= f(@" 7 x, ) +e@ " (x, y), 0¥ 2 (x, ¥) (3.14)
but observe that, by Taylors’ theorem,
F@ e, y) = £ ) + L) + e, MUY () + O(ED)

= U + £ EILY T ) + elx, ) () (x) + OED)
(3.15)
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— Im(F) or Im(RF) The strip S

- Im(G) The renormalisation cycle

FIGURE 4. A renormalizable Hénon-like map which is a small perturbation of a degenerate Hénon-like map. In
this case the combinatorial type is period-tripling. Here the lightly shaded region is the preimage of the vertical

strip through B((i)i 20~ The dashed lines represent the image of the square B under the pre-renormalization G.
(If the order of the critical points of f °2 are all equal then G extends to B.)

and

e@" 7 (x, ), V72 (x, ¥) = e((fOUT (), £OUT3(x)) + OE))
= e(f¥ 7 (x), fOU72(x)) + O(E), (3.16)

where, since ¢ is analytic, we have used the fact that all derivatives of ¢ are of the order €.
Combining these gives us the result. g

PROPOSITION 3.6. Let p>1 be an integer. Let F € Hg, let B®C B be a pre-
renormalization domain of period p and let G be its pre-renormalization. Assume that:

o WG(Bg,) G mx(Bg,):

° G is Hénon-like on Bgiag.
Then there exists a neighbourhood N' C Hg, of F such that F € N implies that:
()  F has a pre-renormalization domain with the same properties;

(ii)  there exists a constant C > 0, depending upon f only, such that

distHaus(Bgiag, Bf}iag) <C|F = Flg; (3.17)
and
disthaus (Qgr Liag) < CIF — Fla. (3.18)

Proof. Given F = (¢, my) satisfying our hypotheses, let H denote its horizontal
diffeomorphism and V its vertical diffeomorphism. Let G = (¢, m,) denote its pre-
renormalization. Let B((i)iag =J0x JO. Let g+(x) =o(x, 3% 79) be the two bounding
curves of the image of G.

Similarly, given F = (¢, ) € Haq, let H denote its horizontal diffeomorphism and 1%
its vertical diffeomorphism. Let G= (¢, my) denote its pre-renormalization. These all

vary continuously with F.
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Observe that G has a fixed point («, o) € 8B<(1)iag' Observe also that o € 3J° is a fixed
point for g_ which we can assume is expanding. Let 8 € 3J° be the other boundary
component. Then S is a preimage of o under g_ and we may assume has non-zero
derivative. The image of the horizontal line through (¢, «) intersects the diagonal {x = y}
transversely at («, «). These properties are all open conditions. Hence there exists a
neighbourhood Ny C Hg of F such that F € N implies that F also has these properties
once we set g_(x) = @(x, a). If we let JO =&, B] then it is clear that g— is unimodal
on JO.

Now let By, = J x JO and g1 (x) = @(x, B). Since (G (Bf,y)) & 7x(Bf,,). the
critical value of g lies in int(J). Since the critical value of g, and 3.J° depend continuo-
usly on F, there exists a neighbourhood A} € N such that F € A/} implies that the critical

value of g, lies in int(J°). Hence B((:l)iag is G-invariant and 7, (G(B‘giag)) C 7y (égiag)'

For the second statement observe that the horizontal diffeomorphisms H and H will
map diffeomorphically onto Bgiag and Bgiag. Hence the Hausdorff distance will only
depend on the distance between B° and B and on the distance between H and H.
Both of these in turn depend on |F — F|q. Finally, the existence of the affine bijection
1 :Bgiag—> B is clear. O
PROPOSITION 3.7. Let p>1 be an integer. Let F € Hq , be renormalizable of
combinatorial type p. Let B C B be the pre-renormalization domain of period p and

let G be its pre-renormalization. Assume that:
o mG(Biyy) G mx(Bgy,):

diag diag
. P . 0
° G is Hénon-like on Bdiag'

Then there exists a neighbourhood N C Hgq of F and a constant C > 0, depending upon
F only, such that F € N implies that:

(i) Fis p-renormalizable with the same properties;
(i1) there exists a constant C > 0, depending upon f only, such that

IRF — RF|q < C|F — Flg. (3.19)

Proof. Given F € Hg ), let BY denote its pre-renormalization domain and H denote
its horizontal diffeomorphism. For each w € W let BY = FO“’(BO). Let Ny denote
the neighbourhood of F from Proposition 3.6. Given F € N, let B® denote its pre-
renormalization domain, let H denote the horizontal diffeomorphism and for each w € W
let BY = ﬁow(l:l(éo)). Let CP~! denote its critical curve.

For the first assertion observe that the set C?~! and the domain B° vary continuously
with F. As CP~! and the domain Bgiag are separated by some distance y, there is a
neighbourhood N} C N of F such that F € A/} implies that C?~! and BY

diag AT€ separated
by a distance of y /2 or greater.

0

For the second assertion observe that H and B vary continuously with . Hence B diag®

and therefore I, will also vary continuously with F. As BY is bounded away from cr-!
for & > O sufficiently small the result follows. O

https://doi.org/10.1017/50143385710000398 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385710000398

1410 P E. Hazard

The previous two results are quite general, in that they deal with perturbations of any
renormalizable Hénon-like map, not just perturbations of the degenerate maps. However,
we now turn our attention to this particular case.

COROLLARY 3.8. Let v be a unimodal permutation of length p > 1. Let F =i(f) €
Hq, v (0). Then there exist constants C, & > 0 and a domain Q' C C2 such that for any
0<eé<ey, FeHalf, ) implies that:
(i) FeHo,p(f o)
(i) RF e Hg(CeP).
Notation 3.9. Given a unimodal permutation v of length p > 1, let

Haov= |J Ha,p(f &p. (3.20)

feuﬂx.v

When restricting to £-thickenings we will use the notation Hgq ,, (€).

Proof. The first property follows from Proposition 3.7. We now show the second property.
Let F € Hq,,(0) be as above and let F € Hgq ,, denote the thickening of F by ¢ € T (&).
Let H and H denote their respective horizontal diffeomorphisms. Let

Gx,y)=(g(x) £8(x,y),x), G(x,y) = (@) £8(x, y), x) (3.21)

denote their respective pre-renormalizations. To simplify notation we only consider the
orientation-preserving case. The orientation-reversing case is the same. Observe that

JacFop(g(x’y))H

9,6(x, y) =Jac G =Jacg,, F°P 3.22
y8(x, ¥) (x,y) H(x,y) Jacﬁ(x,y)H ( )
and -
Jac. = H
S0r. v) = 5 . forFeriw
0y8(x, y) =Jacx )G = Jacﬁ(x’y)F Too - 0 (3.23)
H(x,y)

Now observe that

Jacj ., F’lo=0 and |Jac; FPlg < le|b.

(x,)

Next recall that Jac(, yy H = 9, ¢” “I(x, y), s0 by the variational formula in Proposition 3.5
there is a constant Cy > 0 such that, for |¢|q sufficiently small,

Jacpon ey H I35 P

Jacg(x’y)H Jacﬁ(x’y)H

< Colelq- (3.24)

Since f is renormalizable, f°P~! is a diffeomorphism on J!. Therefore

Jacpop H
— | < exp(Dis(H: Bg)) <expDis(f ) (3.29)

Jacg o H
is bounded and we find that there exists a constant C1 > 0 such that, for |¢|q sufficiently
small, ~
Jac. = H
'% <c. (3.26)
ey
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Hence |8y(§ (x, )| < Cq |S|g. By construction the renormalization, Fi, of F has
parametrization ( f~1, &1) which is an affine rescaling of (g, §). There exists a constant
C> > 0 such that the affine rescaling has scaling ratio o + Cz|¢|q, where o is the scaling
ratio for F'. This implies that there exists a constant C3 > 0 such that |3, |g < C3|8|g.
Moreover, &; satisfies £;(x, 0) =0 by construction. Therefore |&|q < C3|f9|[§72 and the
result is shown. O

THEOREM 3.10. Let v be a unimodal permutation of length p > 1. Then there are
constants C, gy >0 and a domain Q' C C, depending upon v and , such that the
following holds: for any 0 < & < &g there is a subspace Hq ,(€) C Hq(g) containing
Ha,»(0) and a dynamically defined continuous operator,

R :Hav(8) = Hg(CEP), (3.27)
which extends continuously to R on Hgq ,(0). Moreover, €y > 0 can be chosen so that
R :Hau(E) = Hg(8). (3.28)

Proof. By Corollary 3.8, for each f € Uq , there existan &y > 0anda Cy > O such that R
has an extension R : Hqo(f, £7) — HQ(C(fE?). By compactness of Ug ,, these constants
can be chosen uniformly, so, setting

Hoo@ = |J Half ép), (3.29)

feuﬂ,v
we find that R : Hgq () - Ha(CeP). Choosing &y > 0 sufficiently small so that & <
Ce? forall 0 < & < gg gives the final claim. O

3.3. The fixed point and hyperbolicity. We now consider Hénon-like maps that are
infinitely renormalizable. Throughout the rest of this section we fix a unimodal
permutation v of length p. Denote by Zq ,,(¢) the subspace of Hq(g) consisting of
infinitely renormalizable Hénon-like maps, where each renormalization has the same
combinatorial type v. We call Zg ,,(€) the space of infinitely renormalizable Hénon-like
maps with stationary combinatorics v. Given any F € Iq ., (¢), we write F,, = R"F. We
will use subscripts to denote quantities associated with the nth Hénon renormalization.
(For example, ¢,, = ¢ (F},) will denote the function satisfying F,, = (¢, 7x).)

THEOREM 3.11. Let v be a unimodal permutation of length p > 1. Let Q = Q, x Qy €
C? be a polydisk containing B. Let f; € Uq, v denote the unimodal renormalization fixed
point of type v, and let Fy, = (f o 7y, 7y) denote the associated degenerate Hénon-like
map. Then Fy is a hyperbolic fixed point of R :Hgq,» — Heq, with codimension-one
stable manifold and dimension-one unstable manifold.

Proof. As was noted in Remark 2.26, we can canonically embed Ug, ., into Hg, ,(0).
By definition, R restricted to Hg, ,(0) is given by R(f oy, my) = (Ry f o mx, my).
Therefore it is clear that the fixed point of Rys induces a fixed point of R. That is, if
[+ denotes the fixed point of Ry, then the point F, = (fi o my, my) in Hg, ,,(0) is a fixed
point of R. It is also clear that, when restricted to Hq(0), the fixed point is unique and
hyperbolic, with codimension-one stable manifold and dimension-one unstable manifold.
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Next observe that, by Theorem 3.10, R :Hgq, o N B:(Fy) = Hq, (CeP) is super-
exponentially contracting in the e-direction if € = £(€2y, v) > 0 is sufficiently small. This
implies that Dg, 'R is hyperbolic in the e-direction, and moreover has zero spectrum.

Combining the conclusions of each of the two preceding paragraphs, we find that F is
hyperbolic, with a unique expanding direction. Therefore the stable manifold theorem
in [4] implies that there exist a codimension-one stable manifold and dimension-one
unstable manifold. (The stable manifold theorem in [4] is stated for diffeomorphisms but
the argument holds for endomorphisms as well.) a

3.4. Scope maps and the renormalization Cantor set. We now recast the renormal-
ization theory we have just developed for Hénon-like maps in terms of scope maps and
presentation functions (defined below) in a way analogous to that in §2.4. We show using
these that, similar to the unimodal case, infinitely renormalizable Hénon-like maps also
possess an invariant Cantor set on which the Hénon-like map acts as the adding machine.

Throughout this section, v will be a fixed unimodal permutation of length p > 1, &9 > 0
will be a constant and £ C C? will be a complex polydisk containing the square B in its
interior such that Zg ,,(€) is invariant under renormalization for all 0 < € < &p.

If F € Hq (&) let {B¥},ew denote its cycle. Let H : BY — Bgiag denote its horizontal
diffeomorphism and G : B((i)iag — Bgiag its pre-renormalization. Let [ : Bgiag
the affine rescaling such that RF =1 oG o l. Then we call the coordinate change
W =W(F):B— B given by W = H o I, the scope map of F. More generally, for
w € W we will call the map W% = F°" o W : B — BY the w-scope map of F.

If F is n-times renormalizable we denote the nth renormalization R" F by F,. For
weWlet¥) =wv"(F,): Dom(F,+1) — Dom(F,) be the w-scope map for F,. Then, if
w=uwq- - w, € W* the function

WY =W o .. 0 WP : Dom(Fy1) — Dom(Fp) (3.30)

— B denote

is called the w-scope map for F. Let ¥ = {WUW}ycwn denote the collection of scope maps
for F.

Similarly, if F €Zq (&), let W ={¥"},cw+ denote the family of scope maps
associated to F. See Figure 5 for the case of period-tripling combinatorics (compare also
with Figure 2). Let W, = {W¥}wew+ denote the family of scope maps associated with F},.
For any n > 0, let B)Y = WY (B). These are closed simply-connected domains which we
call the pieces for F),. Finally, let BYY = WY (B).

PROPOSITION 3.12. Let f, € Uq, . be a sequence of renormalizable unimodal maps and
let ¥, = (V¥ Ywew denote the presentation function of f,. Assume that:
(i)  the central cycle {J'}y,ew has uniformly bounded geometry for all n > 0;
(i) Dis(y,"; z) is uniformly bounded;
(iil) there exists an integer N > 0 such that the Schwarzian derivative Syw > 0 for all
integersn > N and w € W.
Then
o= U v (3.31)
n>0 weWwn

is a Cantor set.
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0
3

FIGURE 5. The sequence of scope maps for a period-three infinitely renormalizable Hénon-like map. In this case
the maps have stationary combinatorics of period-tripling type. Here the dashed line represents the bounding arcs
of the image of the square B under consecutive renormalizations Fy,.

Proof. Given closed intervals J C T, with J properly contained in 7', consider their cross-

ratio
_JNIT

~ILIIR]
where L and R are the left and right connected components of 7'\ J, respectively. We recall
the following properties:

D(J, T) (3.32)

(i) maps with positive Schwarzian derivative contract the cross-ratio;
(ii) for all K >0 there exists a 0 < K’ <1 such that D(J, T) < K implies that
I/ITI < K.

The first assumption implies that there is some K > 0 such that D(J,”, J) < K, for all
w € W and n € N. The third assumption implies that the intervals J;V”N'"w” = wﬁN 0-+-0
¥ " (J) are images of JY under positive Schwarzian maps for all n > N . Hence the first
property of the cross-ratio implies that D(Jy" ™", JV ") < K foralln > N. By the
second property of the cross-ratio this implies that [Jy~ """ |/|Jy" ™" ~'| < K’ < 1. The
same argument applies to the images of the gaps between the J;". Therefore

ov=) U v (3.33)

n>N weWn

is a Cantor set. By the second assumption v, "' has bounded distortion for all
wo - - wy—1 € WN. The image of a Cantor set under a map with bounded distortion
is still a Cantor set. Hence

o= U v (3.34)

n>0 weWwn

is a Cantor set and the result is shown. O

We rephrase the above proposition in terms of scope maps for degenerate Hénon-like
maps in the following.

COROLLARY 3.13. Let F,, =i(fn) € Ha.v be a sequence of renormalizable degenerate
Hénon-like maps, let ¥,, = {V' },ew denote the scope map of F,, and let ¥, = {Y }wew
denote the scope function for f,. Assume that:

(1)  the central cycle { B} },,cw has uniformly bounded geometry;

(i) Dis(W,’; z) is uniformly bounded;

(iil) there exists an integer N > 0 such that Syw > 0, foralln > N and w € W.
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Then
o= U vW» (3.35)

n>0 weWn

is a Cantor set.

We now present the main result of this section. It states that, under suitable conditions,
a perturbation of a family of scope maps whose limit set is a Cantor set will also have a
limit set which is a Cantor set.

PROPOSITION 3.14. Let F,, € Hq . be a sequence of renormalizable Hénon-like maps

and let W,, = (W' },,cw denote the presentation function of F,. Assume that:

@)  theset O ={,>0 Uyewn YV (B) is a Cantor set;

(i) for w=wow o e W* the cylinder sets W0 ""n(B) ‘nest down exponentially’,
that is, there exists a constant 0 <68 <1 such that diam(W%0 %2 (B)) <
8 diam(W™o¥n=1(B)) for all n > 0;

(iii) |ID, VY| < K forallze 2, we W andn > 0.

Then there exists an & > 0 such that for any sequence F, € Ha.v of renormalizable Hénon-

like maps with presentation functions W,, = {V'},,cw satisfying |F, — Fle < C&""| the

set

@:ﬂ U UY(B) (3.36)

n>0 weWwn

is also a Cantor set.

Proof. 1tis clear that O is closed and non-empty, hence we are just required to show that it
is totally disconnected and contains no isolated points. Let us first introduce some notation.
Define functions E, by Fn = F, + E,. By hypothesis, |E,|q < Coép". This implies
that we can write W% = WY + A" where |A”|q < C18P" for some constant C; > 0. For
W=uwq---w, € W*let

W = oo g, B = oo B, (3.37)

Then define A¥0"¥n to be the function satisfying W¥0¥n = Qwown 4 AW0¥n  From
Proposition B.2 we find for each z € B, if we set z; = W™"i" " (z) and UY = id, that

AP (Z) =Y D WL (A (241)) + O(IDAY|A™I ], [AY]?). (3.38)

i>1

Now fix w = wow; - - - € W and let z, 7’ € B be any distinct fixed pair of points. Observe
that for any 0 < m < n,

D0 () — PO ()] < sup [Dg OB (2) — e (). (3.39)
£eB

Since the derivatives of W’ are uniformly bounded and |I:"n — F,|q decreases super-
exponentially, there is a constant & > 0 such that || D¢ W’ || < 2K for all £ € B. Hence

m—1

Db o < T I1Dg | < QK)™. (3.40)
0
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Now we consider the splitting

|\ijwm-"wn (z) — Wi+ Wn (Z/)|
< W (g) — W ()| 4 AT (2) — AV (). (3.41)

By hypothesis, |[W¥m Wn(z) — yWmWn(z")| < §"™  while Proposition B.2 in the
appendix implies that there exists a constant C > 0 such that

AT () — AP () < CK) T (342)
Therefore
|G (g) — P ()] < QKM + CQREYTME). (3.43)

By Proposition A.4 this can be made arbitrarily small by taking m, n/m > 0 sufficiently
large.

Next we show that O does not have any isolated points. Assume that there is a word
w = wow; - - - € W for which the associated cylinder set BY is isolated. Then for any
other word W € W we must have dist(B", B‘i’) > p for some p > 0 which we may assume
satisfies p < 1. We know that for any O < p < 1 there is an integer N > 0 such that for
all n > N, diam(B"0"'"n) < p. In particular, dist(B¥oWn®n+1 BYowa®y < 5 for any
w € W, which is a contradiction. Hence O does not have any isolated points. O

Using these last two results, we can now prove the following proposition.

PROPOSITION 3.15. Let v be a unimodal permutation of length p > 1. There exists
a constant g9 > 0, depending upon v, for which the following holds: given any F €
Zq v (8p), let W = (W} ew= denote its family of scope maps. Then the set

ozﬂ U UV (B) (3.44)

n=0 weWp

has the following properties:

(i) it is an F-invariant Cantor set;

(i1)  F acts as the adding machine upon O, that is, there exists a map h : Wp — O such
that the following diagram commutes;

w 14+w —

W, ——W,
hi lh (3.45)

0O——F—0

(iii) there is a unique F-invariant measure, |1, with support on O.

The set O will be called the renormalization Cantor set for F, or simply the Cantor set
for F when there is no risk of confusion.

Proof. The only thing that needs to be shown is that the limit set is actually a Cantor set.
The rest follows by standard arguments.
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Let F € Iq ,, and let F, denote its nth renormalization. Then for n > O sufficiently large
the unimodal part f, of F,, will be renormalizable and they will converge exponentially
to fi. Therefore the corresponding degenerate maps i( f,) will satisfy the conditions of
Corollary 3.13 and hence the limit set of their scope maps will be a Cantor set that nests
down exponentially. Applying the proposition above shows the limit set of the scope maps
for the F,, is also a Cantor set. O

Remark 3.16. Let us denote the cylinder sets of O under the action of F by OV. That is,
OY = O N WY(B). Then the collection O = {OV}ywew+ has the following structure:

(i) F(O%) =0 forallwe W*;

(i) O™ and OV are disjoint for all w # W of the same length;

(iii) the disjoint union of the OYY is equal to O%, forallw € W*, w € W;

(i) O=Uyewn OV foreachn > 1.

This will play an important role in studying the geometry of the Cantor set O.

Remark 3.17. For any integer n > 0 we can construct the functions WY = W (F,) and the
sets OF = OV (F,) in the same way as above. Let ¥, = {WV}yew= and O, = {O) }wewr.

The number 7 is called the height of WY and O} and the length of w is called the depth.
We use the terms ‘height’ and ‘depth’ to reflect a kind of duality in our construction. We
will also use these adjectives for all associated objects.

COROLLARY 3.18. Let v be a unimodal permutation of length p > 1. There exist
constants C >0 and 0 < p < 1 such that the following holds. Let F € Lg ,(€) and let
w € W be an arbitrary infinite word. Then the points O and OY satisfy

|OY — OF| < Cp". (3.46)

Definition 3.19. Let F € Zg,(¢) be an infinitely renormalizable Hénon-like map with
renormalization Cantor set O with F-invariant measure w. Then the average Jacobian
of F is defined by

br = exp/ log |Jac, F| du(z). (3.47)
(@]

The remainder of this work can be considered as a study of this quantity. The following
result was given in [3] for period doubling, but the proof is valid for any v. We state it here
without proof.

LEMMA 3.20. (Distortion Lemma) Let v be a unimodal permutation of length p > 1.
Then there exist constants C >0 and 0 < p <1 such that the following holds. Let
F €Zg (¢) and let BY denote the piece associated to the word w € W*. Then for any
BY, where w € W", and any zg, z1 € BY,

Jac,, Fo"

W < Cpn (348)

forallm=1,p,..., p"

COROLLARY 3.21. Let v be a unimodal permutation of length p > 1. Then there
exists a universal constant 0 < p < 1 such that the following holds. Given 0 < & < &,
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let F € Iq (8). Then for any integer n > 0, any w € W", and any z € BY,
Jac, F°P" = b2 (1 + O(p")). (3.49)
Remark 3.22. The constant p may be taken as the universal constant from Theorem 3.11.

Proof. Observe that, as i has support on O,

/ log [Tac, F°¥" | dju(z) = f log [Jac. F°¥" | dju(z)
BY ow

= [ tog ac.Fl ducz)
O

= log br. (3.50)
Therefore, there is a & € BY such that
n logbr
log |Jacs F°P" | = =p"logbr (3.51)
¢ W(BY)
so the result follows from the Lemma 3.20. O

PROPOSITION 3.23. (Monotonicity) Let v be a unimodal permutation of length p > 1.
Let F; € I ,(&0) be a one-parameter family of infinitely renormalizable Hénon-like maps
such that the average Jacobian b, = b(Fy) depends strictly monotonically on t. Let
I:} ="RF; and let 1;, = b(ﬁ}). Then l;, is also strictly monotone in t.

Proof. Let F; = RF,, O, = O(F,) and ji; = u(F;). Recall that, by definition,
log b, = f log [Jac, F;| du;(z), logh, = / _log [Jac, Fy| dji (2). (3.52)
O, O,

Then by construction F; = W, ' F” W, and O, = ¥,(0?), where O° = O, N BY. Since 1,
and fi; are determined by the adding machine actions on O; and O; respectively, we also
have fi; = pu; o W;. Therefore

f@ log [Jac, F| dji(z)

op,| Jac; ¥y
=p | log| PJacw, o) F;y " || =—————| | d(r 0 V1) (2) (3.53)
o) Jacﬁt(z)\ll,
hencef
- o Jacg \¥;
/~ log [Jac, Fy| dji(z) = p/ log(lJaczF, Pl ﬁ ) dp(z)
O, oY aCg, P (z) =t

p—1
=p / . XO: log |Jac oi ) Frl dpus (2)
t 1=

Jacy W
+ p/ log<%> dpe(2). (3.54)
oY JaC\thw(Z)\I/t

+ Here we use the integral substitution formula, namely if (X, B), (X !, B') are measurable spaces, [ is a measure
on X,and T : X — Y is surjective, then for all i o T~ !-measurable ¢onY,

/ ¢on;L=/ dd(uoT 1.
X Y
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Now observe that, by definition of u;,

p—1
fo . Zlog Jac poi ) Frl dpae (2) = / log [Jac. Fy| d () (3.55)
0

t = t

and
/OO log acg por ) Wil du(z) = /(;O log [Jacg, ;) Wl d s (2). (3.56)
t t

Together these imply that

log by = /~ log |Jaczﬁ[| dii(z) = p[ log |Jac, F;| dpus = p log by (3.57)
O;

t

which depends monotonically on ¢ if log b, depends monotonically. Since the logarithm
function is monotone the proof is complete. a

4.  Asymptotics of scope functions

We study affine rescalings of scope functions and their compositions. We only consider
the case where w; = 0 for all i > 0 as this is the simplest to deal with and the most relevant
in the next sections. However, we believe that a large portion of the results below can
be extended to the more general case. As before, unless otherwise stated, throughout this
section v will be a fixed unimodal permutation of length p > 1, &y > 0 will be a constant
and Q € C? will be a complex polydisk containing the square B in its interior such that
ZIg (&) is invariant under renormalization for all 0 < € < &.

PROPOSITION 4.1. Let v be a unimodal permutation of length p > 1. Then there exists a
constant €y > 0 such that the following holds. Given 0 < & < &, for any F € Iq () let
W, : B — B denote its nth scope map. Explicitly, for any (x, y) € B, let

Fu(x, ) = ($n (), 0)s W, 3) = (W (5, 1), ¥y (5, ). (4.1)
Then there is a constant C > 0, depending upon F only, such that
0 Yy (. I < C. 8,0, (x, y)| < CEP" (4.2)

forany (x, y) € B and any integers i, j > 1.

Proof. By Theorem 3.11 we know there exist a constant Cy > 0 and, for each integer n > 0,
a degenerate I:}, € Hgq v(0) such that | F,, — I:"n o < Coépn and I:"n converges exponentially
to Fy. Let \Il,, denote the scope map for 1:",1. Then this implies that there exists a constant
C1 > 0 such that |V, — ‘i’nlg <C 151’" and \T!,, converges exponentially to W,. Since W,
is analytic there exists a constant C» > 0 such that |9, wﬂ < C, and, as F, is degenerate,
dyiyi ¥y =0 for j > 0. Hence the result follows. 0

The next lemma is a simple application of Taylor’s theorem.

LEMMA 4.2. Forany F € 1g (¢) let ¥V : B — B denote its scope map. Explicitly, for
(x,y) € B let

Fx,y) =@, y),x), ¥ ="y, v ). (4.3)
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Then, for zo € B and 71 € R? satisfying zo + z1 € B, ¥ can be expressed as
W(zo0 +21) = W(z0) + Dz ¥ o (id +R;, W) (z21) “4.4)

where D, W denotes the derivative of W at zo and R, W is a nonlinear remainder term.
The maps D, W and R, W take the form

D,¥ =0 (S(f;’) t(?)), R, W(z1) = (“ZO())(Z”) @5)

for some functions r(20)(z1), s(z0) and t(zo). Here o denotes the scaling ratio of V.

Remark 4.3. There are two related quantities that will henceforth play an important role.
The first is the scaling ratio of F, defined to be the unique eigenvalue, of multiplicity two,
of the affine factor of W, = \112 . The second is the derivative of \112 at the tip 7, of F.
By Lemma 2.17 the derivative of wi at its fixed point is also this scaling ratio (up to sign,
which depends on the combinatorics), but the fixed point of ¥! is the critical value, which
is the projection onto the x-axis of 7,. Hence these two quantities coincide and shall be
denoted by o.

Definition 4.4. The functions s(z) and #(z) given by Lemma 4.2 above are called the
squeeze and the tilt of W at z, respectively.

PROPOSITION 4.5. Let F € Hq.(8) and F € Hq ., (0) satisfy |F — F|q <&. Let W =
Wt %) and V= (P!, ¥0) denote their respective scope maps. Assume that there is a
constant C > 1 such that, for all i > 0,

iyl

-1 1
C < || and ooy

<C. (4.6)
Q

Then there is a constant K > 0 such that, if R(z0)(z1) = R, W (21) is defined as above,
[0xr(z0) (2D, [0xx7(20)(z1)] < K(1 + |F — Fy| + &) 4.7)

and

10y (z0) (201, [0xyr (z0) (21, [9yyr(z0)(z1)| < K& (4.8)
for any zo € B and z1 € R? satisfying zo + z1 € B.

Proof. Let z; = (x;, y;) for i =0, 1. Expanding ¥ as a power series around zp and
equating it with the above representation gives

SRR WS
ro)G)= Y (ﬁﬁxiyfﬂ (4.9)

1
i,j=05i+j=2 0xY (20)
and we get a similar expression for 7(z0)(z1) and r«(z9)(z1). We may write

r(z0)(z1) = Ao(x1) + y1A1(x1) + yZ A2 (x1, y1)
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where
Ao(x)) = izgj:zoxi%, (4.10)
Al(x) = iz%; (i Jlr 1)x§%, (4.11)
Ax(xr. 1) = izgjjzz (i J )xiy{ % (4.12)

Define Ag(x1), Aj(x1) and Ax(xi, y1) for 7(z0)(z1) and Auo(x1), Ax1(x1) and
A, 2(x1, y1) for ry(zo)(z1) similarly. We claim there exists a constant Ko > 0 such that

|x1 ]2

|AG ()], [AG (x| < Ko (14 |F = Filg +|F — Flg). (4.13)

1 — fxq]

First, as F; is fixed we may assume, without loss of generality, that the constant C > 0
satisfies |, /8, ¥)}| < C. Also observe that C~! < |3, !| implies that [3,!|~! <
C(1 + k&) for some « > 0. Therefore, by Lemma A.5,

8)‘”?1 _ v < C(1 4 «&) max(1, C) max(|d.: ¥ — 3.y} |q). (4.14)
uPl Vi lg P e
The same argument, this time using the assumption that |3, ! /3, ¥!| < C, also implies
that
3xi1,pl 3xi1ﬂ1 B - .
— — <Cl+ 1,C 0y — 0, , 4.15
ARl R (I + k&) max(1, €) max (|99 — 3.9 o) (4.15)
so analyticity of F, F and F, implies that there is a constant Cp > 0 such that
vl ALyl ~
xi” —x—w’l“ < ColF — Filg (4.16)
axl/fl axw* Q
and - 1
0, 0,i ~
- 1& - = I//] < Co|F — Flq. (4.17)
3x1ﬂ1 3x1/f Q

Hence, by the summation formula for a geometric progression,
3 oy | 00 ity o)
= aPl(xo)  Ox¥l(x0)

Colx1|?
< olx1]
1 — |xq]

|Ag(x1) — A o(x1)]

IA

|F — Filo (4.18)

and similarly

Colx1? -
<Ol g pe @19
1 —|x1]

0yi Izl(xo) _ 0yi W: (x0)
3x1;1 (x0) x ‘/fi (x0)

|Ag(x1) — Aoxn)l < ) Ixi [

i>2
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Secondly, observe that analyticity and degeneracy of F, imply that there exists a constant
C1 > 0 such that |[A, o(x1)| < C1]x1 |2/(1 — |x1]). Therefore there exists a Ko > 0 such

that
[Ao(x1)| < [Awo(x)| + 1Ao(x1) — Awo(xD)| + Ao (x1) — Ag(x1)]
Kolx1|? ~ ~
< 1—|x|<1+|F—F*|Q+|F—F|Q> (4.20)
- 1

and, by analyticity of Ao, this implies the bound on its derivatives. Next we claim that
there are constants C», C3 > 0 such that

A1 DI, 1A @D TAT @D < CaElzi] 4.21)
and
[0x A2(z1)|, 18y A2(z1)], 10xx A2(z1)], [0xyA2(z1)], [9yy A2(z1)| < C38lz1]. (4.22)

This can be seen by observing that all the coefficients of A{(z;) and Az(z;1) are of the
form 8,y Y ~1(z0)/8x¥ P~ (z0), but from the variational formula there exists a constant

C4 > 0 such that
Crl <10y < Cay 18,0 < Cat, (4.23)

hence all coefficients are bounded by Cfé in absolute value. Therefore, assuming that
|z1] < y < 1, the above estimates must hold by setting C3 = Cf/(l —¥).

Now differentiating » (V; zp) and applying the above estimates, we find that there exists
a C > O such that, for 71| <y < 1,

|0xr (W5 20) @D < [AGGD] + Iy llA (D] + 11710 A2 (xr, y1)|

=CA+If = fil +9), (4.24)
9yr (W; 20)(zD| < [A1(eD)] + 201l A2(er, YOI + 1y1 1719y A2 (xr, y)l

< Ce, 4.25)
|0k (U3 20)(21)] < [AGGD] + V1A GO + [y11718x A2 (x1, y1)

=CA+1f = fil+8), (4.26)
|03y (W3 20) (D] < [AL ()] + 2011105 A2 (xr, Y| + 9112 0xy A2 (x1, Y1)

< Cg, 4.27)
|9yyr (W3 20) (21| < 21A2(x1, y2)| + 4131118y A2 Cxr, YOI + |17 1dyy A2 (x1, y1)]

< Ce, (4.28)

and hence the result is proved. O

5. Asymptotics around the tip

As before, unless otherwise stated, throughout this section v will be a fixed unimodal
permutation of length p > 1, & > 0 will be a constant and  C C? will be a complex
polydisk containing the square B in its interior such that Zg ,,(¢) is invariant under
renormalization for all 0 < & < &.
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For a given F € Zq ,,(¢) we now wish to study the Cantor set O, and the behaviour of
F around it, in more detail. We will do this locally around a pre-assigned point. Let

r=1(F)=()B". (5.1)
n>0

We call this point the tip. The study of the orbit of this point is analogous to studying the
critical orbit for a unimodal map. The remainder of our work can be viewed as the study
of the behaviour of F around 7.

For F € Zg (€), as usual, let F,, denote the nth renormalization and let ¥, : B — B,?
denote the scope map for F;. Explicitly,

Fu(x, ) = (¢u(x, y), x) and  W,(x, y) = (¥ (x, ¥), ¥2(x, y)).
Now let W, , =W, 0 - - - o W,,. Then

Wy (X, ¥) = (Y (2, ), Y0 (2, )

from height n + 1 to height m. By this convention we let ¥, , = W,. Observe that w,(,)m
is affine and depends upon y only. Let us define points 7, inductively by 7o =t and
Tl = ‘~IJ,1_l (7). We will call t, the tip at height n. We wish to use the decompositions

W, (Tig1 +2) = Yu(tugr) + Dt,,ﬂ\pm,n o (id +an+1lpn)(z)
=1+ Dr,lH\I,n o (id +Rr,,+1 W) (2) (5.2)

and
lI"m,n("/—n—ﬁ—l +2z) = \pm,n(tn—H) + Dr,,+] \pm,n o (id +an+| \I"m,n)(zl)
=Ty + Dfn+1\Ijm,Vl o (id +an+1qjm,n)(zl), (5.3)

whenever 1,41 + z is in Dom(W¥,) or Dom(¥,, ,) respectively. For notational simplicity
let us denote the derivatives Dq, Wy, Dy, Wy, and remainder terms Ry, Wy,
Rz, 1 Wiy BY Dy Dy and Ry, Ry, respectively.

It will turn out to be fruitful to change to coordinates in which the tips are situated at

Tn+1

the origin. Therefore let T,,(z) = z — t,, and consider the maps \i/n =T,oV¥, 0 T;J]rl and
their composites
U= o- 0, =T T, !, (5.4)
From Proposition B.1 we know, since T, is a translation, that R, \il,, =R, 2 v,
n+1
Therefore, using the same decomposition as above, we find that
U, (2) = U, (0 +2)
= 0, (0) + Do, (id +Ro¥,) (2)
= D¢, ¥V, (d +Rq, Vi) (2), (5.5
and similarly,
Wi n(2) = Upn (0 +2)
= \i"m,n(o) + DO®m,n (ld +R0li/m,n)(z)
= Dr,,H \Ijm,n(id +Rr,l+1 \ym,n)(z)- (5.6)
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For notational 51mp11c1ty let us denote the quantities DO\I/,,, DO\IJ,,, > RO\II and RQ\IJm 1
by Dn, Dm s R and Rm » respectively. Observe that, because our coordinate changes
were translations, these quantities are equal to D,, D, »,, R, and R,, , respectively. The
next lemma follows directly from Lemma 4.2.

LEMMA 5.1. For any F € Iq ,(&o) let the linear map D, and the function R,(z) be as
above. Then D,, and R, (z) have the respective forms

_ Sn In _ r(2)
Dn—0n<0 1)’ Rn(Z)—( 0 ) (5.7)

Definition 5.2. The quantities s, and #, from the preceding lemma will respectively be
called the squeeze and tilt of V), at 1.

PROPOSITION 5.3. For F € Iq 4, (€), let B) denote the box of height n with word w € W*.
Then:

(1) for each w e W¥, distyaus(B)Y, BY) — 0 exponentially;

(2) foreachwe W, distaus (O}, OF) — 0 exponentially.

PROPOSITION 5.4. There exist constants C > 1 and 0 < p < 1 such that the following
holds: given 0 < & < &, let F € Iq (&), and for each integer n > 0 let oy, sy, t, be the
constants and ry,(z) the function defined above. Then for any z € B,

o(l —Cp™") <oy <o(l+Cp™h), (5.8)

o(l —Cp™ < |sp| <o (14 Cp™), (5.9)

c e <t,| < C&!", (5.10)

057 (2)] < Clzl,  |8yra(2)] < CE”' 2], (5.11)

[0xxrn(2)] < Clzl,  |0xyra(2)] < Cé”nIZI |8yyra(2)| < CEP"|2]. (5.12)

Proof. Observe that o, is the eigenvalue of DI, the affine bijection between Bn diag

and B. By Proposition 5.3 there exists a constant Cy > 0 such that dlStHaus(Bn, BS) <
Cop", and we see that |0, — 04| < Cpp”". Next observe that s, = 0y w,ﬁ (Ty+1) and, by
Lemma 2.17, 0 = 9, w}*(t*) which implies that

Isn = 1 < 10 (Tas1) = By (T D]+ 195 W (Tat) — Dy (7))
< W — ¥ile + [0xc ¥l ol (Tas ) — 7 (2. (5.13)
Again by Proposition 5.3, |t, — 7| < Cop". Also, a consequence of Theorem 3.11
is that there exists a constant C{ > 0 such that |1/f,} — %Hsz < C1p". Since fixing the
combinatorial type fixes the map wi, we may assume that |8xx1//>:|g < C, for some
constant Cp > (. Therefore
lsn — o] < C1p" + CoCap" = (C1 + CoC2)p". (5.14)
Now for each n > 0 choose a Fn € Hgq v (0) such that | F,, — F,,|gz < C351’", where C3 > 0
is the constant from Theorem 3.10. A consequence of convergence of renormalization,
Theorem 3.11, is that there exists a constant C4 > 0 such that
0y Yl =10y, — dy¥rf, | < Ca&””.
This implies (5.10) and concludes the proof of inequalities (5.8)—(5.10). For the
inequalities (5.11)—(5.12) we apply Proposition 4.5. O
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LEMMA 5.5. For any F € 1g ,(&o) let the linear map Dy, , and the function Ry, ,(z) be
as above. Then D,, , and the function R, ,(z) have the respective forms

Dm,n =Om,n (sn(z),n tml,n>’ Rm,n (z) = (rm,g(Z)>’ (5.15)

and so if T, = Em, ),

Wy 1 (2) = T + O (Sm,n((x —&n) 1@ — 1) Ftman(y — 77m)>. (5.16)

Y = Nm
Moreover,
n n n
Om,n = l_[ Oi, Sman = 1_[ Siy  tman = Z Sm,i—11- (5.17)
i=m i=m i=m
Proof. From Lemma 5.1 we know this holds for m =n. For m <n the chain rule
Dyy.n = Dy n—1 Dy, implies that Dy, ,, is again upper triangular and

Om,n = Om,n—10n,  Smn = Smn—152, tmyn = Sn—1tn + tmn—1, (5.18)
from which the lemma immediately follows by induction. a
PROPOSITION 5.6. There exist constants C > 0, and 0 < p < 1 such that the following

holds: for F € Iq (&), let Gm.n, Smn, tmn be the constants and ry, ,(2) the function
defined above. Then

" "1 = Cp™) < lomnl <"1+ Cp™), (5.19)
oM = Cp™) < sl <"+ Cp™), (5.20)
ltm.n| < CEP" (5.21)
10:rmn @] < Clzl,  10yrman(@)] < CE" [z, (5.22)
9xPm (@] < Clzl,  1Bxyrmn (2] < Co?™™EP 12, |yyrm ()] < CEP" 2.
(5.23)

Proof. Throughout the proof Cy > 0 will denote the constant from Proposition 5.4. From
Lemma 5.5, Proposition 5.4 and Proposition A.l respectively, we find there exists a
constant C; > 0 such that

n n
jomnl =[] loil <™ [ (1 + Cop’) <" "1+ C1p™), (5.24)

i=m i=m
and similarly

n n
smal =[] Isil <" T]0 + Cop') <o" (1 + C1p™). (5.25)

i=m i=m
Again by Lemma 5.5 and Proposition 5.4 above we find, for i > m, that
-1
dyd) ™ (Tiv1)

-1
8}'¢I’[:l (Tim+1)

R G

30!~ (tis)

ti

i+1_ ,m

L (5.26)

< Cger

[/ m
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Therefore, by Lemma A.3 there exists a constant C, > 0 such that

n
|tm,n| < |tml Z |Sm,i71|

i=m

1
Im
n
z_pm i_m_l_piJrl_pm i
<CgE" Y oz (1+Cip).

i=m
m

< Cre? . (5.27)

This concludes the proof of the first three inequalities (5.19)—(5.21). For the inequalities
(5.22)-(5.23) we will proceed by induction. The case when m =n is shown in
Proposition 5.4 so, for m + 1 <n, assume that the inequalities hold for r,4;, and
consider ry, ,. Choose z=(x,y) € R2 such that Ty+1 + 2 € Dom(W¥,, ,). Then since
W n =Wy o Wyt 0, decomposing the left-hand side gives

LIlm,n(":n+l +2) =10 + Dm,n (id +Rm,n)(z) (5.28)

and decomposing the right-hand side and applying Proposition B.1 gives
Wi (Wint1,n (Tht1 + 2))
=W, (1 + Dm+l,n(id +Rm+l,n)(z))
= Tn + D (id +Rin) (Din1,n (id +Rpp11,n)(2))
=Ty + Dp,n(id + Rint1,0)(2) + Dy (R (Din41,0(id +Ri11,1)(2))).  (5.29)

Equating these and making appropriate cancellations then gives
Rinn(2) = Rus1.0(2) + Dy y 1y (R (D1, (i +Riny1.0) (2))). (5.30)

By definition, Rm,n(Z) = (rm,n (2), 0), Rusin ()= (Vm+1,n(Z)v 0) and R, (2) = (rn(2), 0).
Therefore setting 7/ = (x', y') = Dy1.2(id +Rp11.2)(2), that is,

()C/, y/) = (Um+l,nsm+l,n(x + Im+1,n (x, )+ Om+1,ntm+1,nY, Um-l—l,ny)a (5.31)

we find that
Fann (6 Y) = P10 (0 Y) + 00 1Sy rm (). (5.32)

Differentiating this with respect to x and y gives
8x”m,n(x» y) = 8xrm+1,n(x» )+ (1 + 0xrm(x, y))axrm(x/v y/), (5.33)
ayrm,n(xv y) = ayrm+1,n(xy y) + S,,:_],_Ln(tm+1,naxrm(xly y/) + ayrm(x/v y/))- (5.34)

Now let C4 > 1 be the maximum of the constant from Proposition 5.4 and the constant
from the first item above which ensures that

—1 _n—-m—1 —pnt]
ISm+1.0] > Cy 0" "0 tmg1nl < Ca8? (5.35)
and

0xrm ()] < Calzl,  19yrm ()| < Cag”" |zl,  |0xyrm ()] < Ca&?" |z]. (5.36)
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As a consequence of our induction hypothesis, there exists a constant Cs > 0 such that
2’| < Cs0”~"1)z|. Together these imply the existence of a constant C > 0 such that

185 im0 ()] < 18xm41.0 (@] + 18:7m @I + [8x7m (2)])
< [0xrm41,0(2)] + Cal2'|(1 + Calz])
< 0 Fmt1. ()] + CaCs0™ ™ z| (1 + Cylz))
< 0xrms1.0(2)] + Coo" " 2] (5.37)

and a constant C7 > 0 such that

|ayrm,n(Z)| =< |8yrm+l,n(z)| + |Sm+1,n|7](|axrm(z/)||tm+l,n| + |8yrm(z/)|)-
—(n—m— _pym+l _m
< 13yrm+1. @] + Cao~ "M DCFE |2 + Cag”" 2]
_ m+1 —pn

< 18yrm+1,(@)] + CC5(Ca8”" +E7)z]

< 10yrm1.0 ()] + 787" |2l. (5.38)
Next we consider the second-order derivatives. As all functions are analytic the estimates
for dyx 7, and dyy 7y, follow from those of dx7y, , and dy7y, , respectively. Therefore we
only need to consider the mixed second-order partial derivative. This is given by

axyrm,n(z) = 8xyrm+1,n(z) + Um-i—l,naxyrm (Z)(axxrm(z/)tn1+l,n + 8)cyrm (Z/)) (5.39)

and hence, using the above estimates, there exists a constant Cg > 0 such that

|axyrm,n(z)| = |8xyrm+l,n(z)| + |am+l,n||8xyrm(z)|(|8xxrm(z/)”tm+l,n| + |axyrm(z/)|)
_am _ m+l _pn
< Oy Fmr1n (@] + Coo" 15" 12|(CIe" 12| + Caz?" |7)
< |9yPmt1. ()] + Cga?@ME2P" 7. (5.40)

Therefore invoking the induction hypothesis and setting C = max; C;, we achieve the
desired result. m|

PROPOSITION 5.7. There exists a constant 0 < p < 1 such that that following holds. For
F e€TZq (&), let ry n(x, y) denote the function constructed above for integers 0 < m < n.
Then there exists a constant C > 0 such that for any (x, y) € B,

10X + Fnn (6, )] = 02 (0)| < CEP"y + p"™) (5.41)

and
[[1 4 07,0 (x, )] = 805 (x)| < Cp" ™" (5.42)

where v (x) is the affine rescaling of the universal function u.. so that its fixed point lies at
the origin with multiplier 1.

Proof. Given F € Iq (€), let F,, : B— B denote the nth renormalization and let W,, :
B — B denote the nth scope function. Let ﬁn : én+l — én and \i/,, : §n+1 — én denote
these maps under the translational change of coordinates described above.

First, let us consider the functions \ilm : ém—H — I§m By construction these preserve
the x-axis, since they preserve the family of horizontal lines and the origin is a fixed point
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for each of them. This implies that there exists a function &m : fm+1 — fm such that
\i/m (x,0)= (&m (x), 0). Next observe that there is a constant Cy > 0 such that for each
n > 0 there exists f, € Uq, , satisfying | F;, — (fy o 7y, my)lo < Coé”n. Let fn : fn — f,,
denote f, under the translational change of coordinates and let 1},} Sy — fnl be the
branch of its presentation function corresponding to the interval fnl Proposition 2.21
implies that there is a constant C; > 0 such that |1ﬁ,{ — 1,@,, lc2 < Clépn. Proposition 2.21
and Theorem 3.11 imply that there is a constant C3 > 0 such that [} — {/!| 2 < C2p”.
Combining these, we find that there is a constant C3 > 0 such that

Y — U2 < C3p". (5.43)

Now observe that there exist functions IZIm’n g1 — f,?,n C Jm, where f,gn =
&nl,n(fnﬂ), such that \f!m,n(x, 0) = (@m,n(x), 0). Moreover, since \i/m,,, = \i/m 0---0 \il,,
we must have 1&,,,,,, = 1/},,, 0---0 @n. Also observe that, since \ilm,,, =TnoWy,o T;+11’
there are translations T, such that @mn =TmoVYmnoT, il.

Now let [V ] and [« m ] denote, respectively, the orientation-preserving affine
rescalings of the maps g/Afm 0---0 1},, and g@* 0---0 1}* to the interval J. Here the
composition of lﬁ* with itself is taken n — m times. Then [3, Lemma 7.3] implies that
there exists a constant C4 > 0 such that [, , — Y m.nlct < C4p" ™. This then implies,

together with the second part of Lemma 2.17, that there is a constant C5 > 0 such that

|[1/fm,n] - u*|cl =< |[wm,n] - [I/I*,m,n”Cl + |[w*mn] - u*|C1
< Csp"™™ (5.44)
where u, is the universal function from that lemma. Next we perform a translational
change of coordinates on [V, ,] and u, so that the fixed point lies at the origin. Observe

that these coordinate changes also converge exponentially. Therefore, if [&m’n], and il
denote these functions in the new coordinates, there exists a constant Cg > 0 such that

[Wmn] — dislcr < Cop™ ™. (5.45)

Now observe that, since multipliers of fixed points have uniform Lipschitz-type
dependence (by the Cauchy estimates), this implies that the difference between the
multiplier w,, , of the fixed point O for [1/},,,,,,] and the multiplier u, of the fixed point
0 for i1, decreases exponentially in n — m at the same rate. This implies that there exists a
constant C7 > 0 such that

o Wmon] — 13 il 1 < C7p" ™ (5.46)

Now we claim that u;}n[lﬁm’n] =X =+ 'y n(x, 0). Both come from affinely rescaling ¥y, ,
so that the origin is fixed, the horizontal line {y = 0} is fixed and their derivatives in the
x-direction are 1. Hence they are equal. Also, by definition, u} ', = vs. This then
implies, by the above and Proposition 5.6, that there is a constant C > 0 such that

[[x + rm,n (s Y] = (O] < lx + 1 (s Y] — [ + i n (x5 0)]]
+ 1x + rimn(x, 0)] — vy (x)|
=< |ay"m,n||y| + |M;l,ln[1/fmn] - M;lﬁ*k‘o
_m—1
<CEP |y|+ o™ 5.47)
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which gives the first bound while
[[1+ 8x”m,n(xv W] = 0 ve(x)| < [[1+ axrm,n(x» =111+ axrm,n(xs 01l
+ [T+ 0xrm,n(x, 0)] — 3 v4 ()]
< Oy P 191+ 1ty o [ n] = 15 il
< C@" " |y 4+ p"™) (5.48)

which, since z lies in a bounded domain and g is bounded from above, gives us the
bound for the derivative. O

PROPOSITION 5.8. There exist constants C >0 and 0 < p < 1 such that the following
holds: given F € Iq ,(€), for each integer m > O there exists a constant k() = K@) (F) €
R, satisfying |Kum)| < CEP", such that
11X+ (6 )] = [0 () + Ky 211 < Co" 7. (5.49)
Proof. Observe that, since v,(0) = 0, Proposition 5.7 tells us that there exist a constant
Cop > 0 and a point &y , € [0, x] such that
[[x + Fimn (x5 Y)] = [05(X) + 7,0 (0, Y]
=[x +rm,n(x: Y) — v (x)] = [0+ rm,n(ov )’) — v (0)]]
<|1+ 8xrm,n(€0,Xs y) — 3xv*($0,x)||xl
< Cop""x|. (5.50)

We now claim that there exists a constant i, such that |k | < C&P" and

Fmn (0, ¥) — k2| < C1p™. (5.51)

To show this we use induction. Recall that W, ,(z) = W, n—1 0 Wy, (z) for z € B. This
implies that

Ry n(2) = Ru(2) + Dy ' (R, n—1 (D (id 4R, (2)))). (5.52)

Since Ry, », R, and D, have the forms given by Lemmas 5.1 and 5.5, we find that, setting
7 =W, (2),

(', ¥) = (Onsn(x + ra(x, ¥)) + Outny, 0ny), (5.53)

where we write (x’, y’) for z’. This then gives
rm,n(xs y)=rp(x,y) + U;]s;lrm,n—l(x/» y/)' (5.54)

Let w,(y) = 0,(sy72(0, y) +t,y). Then this, together with the mean value theorem,
implies that there exists a § € [0, w, ()] such that

rm,n(oa y) = (0, y) + U,;ls;]rm,n—l(wli(y)s ony)
=1 (0, ) + 0, L5, (Finn—1(0, 00Y) + 3xFmn—1(E, Tuy)0n (). (5.55)

Next observe that, by construction, r,(x, y) consists of terms of degree two or higher.
Therefore, by the above equation, so too must ry, ,(x, y). Thus, we may write r, (0, y) and
Tm.n (0, y) in the forms

a0, ) = k0> + Kn (s Tmn(0, ¥) = km.ny?* + Kin (), (5.56)
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where k;,, k5 are real constants and K, (y), K, ,(y) are functions of the third order in y.
This implies, together with equation (5.55), that

Km,ny2 + Km,n(y) = Kny2 + K, (y) + O—Jls;l(/{m,n—lyz
+ Km,n—l(y) + 8er,l’l—l(%-a ony)wn(y)). (5.57)

By Proposition 5.4 there exists a constant C; > 0 such that [9,7,(z)| < C18"" |z| for all
suitable z. Therefore «, satisfies |k,| < C18"" and K, satisfies |K,(y)| < C1§P'1|y|3.
Proposition 5.4 also implies that there exists a constant C, > 0 such that |w(y)| <
Cy&""|y|.  Proposition 5.6 implies that there exists a constant C3 >0 such that
|0x7m.n—1(x, ¥)| < C3. These imply that there is a constant C4 > 0 such that

1 _ o
|Km,n| < |kul + |O'nsn ||Km,n—1| + C48?

< 2C43"" + (1 + Cap™)lkcmn11, (5.58)
KO < 1KnO)] + Loy sy 1 Kman—1(0)] + Ca&?”
< (14 Cap™|Kmn—1(y)] +2C48"", (5.59)

which implies that «, , converges as n tends to infinity and K, ,(y) decreases
exponentially if n is sufficiently large. Moreover, by Proposition A.3, k(;y) = lim,_ 00 Kim,n
satisfies |k(n)| < C5§1’n for some constant C5 > 0. Hence the proposition is shown. O

6. Three applications

We extend three results in [3] to the case of arbitrary combinatorics using the results of the
previous section. First we will show that universality holds at the tip. By this we mean
that the rate of convergence to the renormalization fixed point is controlled by a universal
quantity. In the unimodal case this is a positive real number, but here the quantity is a
real-valued real analytic function. This universality is then used to show two other results,
namely the non-existence of continuous invariant line fields on the renormalization Cantor
set and the non-rigidity of these Cantor sets.

6.1. Universality at the tip.

THEOREM 6.1. There exist a constant £y > 0, a universal constant 0 < p <1 and a
universal function a € C®(J, R) such that the following holds. Let F € Lg .,(&g) and let
the sequence of renormalizations be denoted by F,,. Then

Fu(x, y) = (fu(x) + b a(x)y(1 + O(p™), y) (6.1)

where b = b(F) denotes the average Jacobian of F and f, are unimodal maps converging
exponentially to f.

Proof. Let F, = (¢, m,) denote the nth renormalization of F. Let 7, denote the tip
of height n and let ¢ € Dom(F,) be any other point. Applying the chain rule to F, =
\Ij()_,:lfl o For' o Wo ,—1 at the point ¢ gives

n Jac W -
dyen(c) =Jacc Fy =Jacy,, (o) F°P Bl (6.2)

Jac, () Yon-1-
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By the Distortion Lemma (Lemma 3.20), since ¥y ,—1(5) € Bon, there exists a constant
Co > 0 such that
Jacw,, () F°7" | <b”" (14 Cop"). (6.3)

It is clear from the decomposition in Lemma 5.5 that
JaccWo ,—1 = Jacy, Wo n—1Jacc_, (id +Ro n—1) (6.4)

and
Jacg, (yWo,n—1 = Jac, Wy n—1Jack, (¢)—r, (1d +Ro 1) (6.5)

Let 82 =¢ — 1, and 8,1, = F,(¢) — 1,. Observe that, by Theorem 3.11 and Corollary 3.18,
there exists a constant C; > 0 such that

It — Tel, |Fn — Fila < C1p".

Therefore there exists a constant C» > O such that, if ¢, = 7. + (¢ — ), 88 = ¢y — Ty and
81 = Fi(Gs) — Ts,
18y — 821 = I[¢ — Tl — [Gx — ]| =0 (6.6)

and
18 —8X = [Fu(¢) — tul — [Fi(sx) — Tll < C2p". (6.7)

By Proposition 5.7 there is a constant C3 > 0 such that
114 0xron—1 — vilco < C3p". (6.8)

Combining these and observing that v, has bounded derivatives and 80 and 8, both lie in a
bounded domain gives us a constant C4 > 0 satisfying

[Jacs (id +Ro.n—1) = v, (2 (87))|
< Jacso (id +Ro,n-1) — vi (e B + [vL(8) — vL.(8))]
<114 3570,0-108) = V(e G| + 10| col T — Tl
< C3p" 4+ Ca|vil 20"
< Cyp” (6.9)

and

Pacs) (id +Ro.n-1) — v} (7 (8,))]
< [Jacg1 (id +Ro.n—1) — Vi (T ()] + [0, (1 (8,)) — v, (T2 (8])]
<1+ 0er0-1(8)) — V(e (B + [0 | col8) — 81
< Cyp". (6.10)

Observe that there exists a constant Cs > 0 such that |v (x)| > Cs > 0, as v, is a rescaling
of a diffeomorphism onto its image. Observe also that there exists an N > 0 such that

11+ dyro.nlco > % inf [V}, (x)] = Cs  foralln > N.
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Therefore there exists a constant Cg > 1 such that foralln > N,

( v, (1 (89))
max|( 1, | ————
vl (e (1))

Therefore, applying Lemma A.5, we find

) <GCs, Cg'< [Jacs1 Wo - (6.11)

JacgoWon—1 vl (m, (89))| [Jacso(id +Ron-1) vl (. (82))

Jacsi Wo1  VL(me(8D)|  [Jacs (id+Ron 1) v (c(8])
Co max (|1 + dyro.n-1(3}) — v, (T (BL)])

IA

< C4CZp". (6.12)
Together with equations (6.2) and (6.3), this implies that

dypa(c) = b a(€)(1 4+ 0(p")) (6.13)

where ¢ = (&€, n) and

L(E —me(T
a(€) = /U*(E +(T4)) ‘
VL (f«(§) — e (T4))
This implies that, if z = (x, y) € B, upon integrating with respect to the y-variable we find
that

(6.14)

$n(x, ¥) = gn(x) + yb” a(x)(1 + O(p"), (6.15)

for some function g, independent of y. But now let (f,, &,) be any parametrization
of F, such that |g,| < C7él’n and |f, — f«] < Csp". Here C7 > 0 is the constant from
Theorem 3.10 and Cg > 0 is the constant from Theorem 3.11. Then there is a constant
Cg9 > 0 such that |g, — ful = len — bP" myal < Cop". Therefore, for n > 0 sufficiently
large g, will also be unimodal and

lgn — ful <lgn — ful +1fu — fil < (Co+ Cs)p".
Hence we may absorb their difference into the O(p") term. O
The following is an immediate consequence of the proof of the above theorem.

PROPOSITION 6.2. Let F € I ,,(¢) and let V,,, ,, denote the scope function from height

n+ 1 to height m. Let t,, , denote the tilt of Wy, , and let T,41 denote the tip at height

m + 1. Let a = a(ty) where a(x) is the universal function from Theorem 6.1 above. Then
there exist constants C > 0 and 0 < p < 1 such that for all 0 < m < n sufficiently large,

ab?" (1 — Cp™) < |tm(tus)| < ab?" (1 + Cp™) (6.16)

ab?" (1 = Cp™) < ltmn(tag1)| < ab?” (14 Cp™). (6.17)

Moreover, ty, s =iy, 00 by n (Th41) exists and the convergence is exponential.

Proof. Let t,, = (&, nm). Recall that

-1
—+ ay¢rltj1 (tm)

, 6.18
b (Tm) (©19

m
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but by the variational formula 3.5 we know that

D E ) = £l 7 ) 4 LB En) + em G n) (P TYY En) + OEP™) (6.19)

which implies that

0 Ems i) = ™ Em) + LT En) + 0cm Eny n) il ™ Em)
+ Em Ems ) P En) + OGEH™), (6.20)
0y Ems ) = 9yEmEms n) ™Y Ems i) + OGE™). (6.21)

Therefore, by the fact that (£27~ ")/ (&) is uniformly bounded from zero, if n is sufficiently
large we find

0@ s ) _ Sy Em M) ") G 1) + OE")
Oxi ' G 1hm) ™Y (6m) + OEP")
= (y&m En. nm) + OE*P") (1 + OE""))
= Oy&m (Em» Nm) + OE*F"). 6.22)

Theorem 6.1 above and observing that the O(5%”") term can be absorbed into the O(p™)
term then tell us that

ltm (Tm D) = aEn)b?" (14 0(p™)), (6.23)

but by Proposition 5.3 we know that &,, converges to &, exponentially and so analyticity of
a implies that a(&,,) = a(&:)(1 + O(p™)). Hence we get the first claim. Secondly, observe
that by Lemma 5.5,

n—1
tnn—1(Ta) = Y Smi1 ()i (Ti41)
i=m

S ax rl:l_l m 8 .p_l i
:t,,,(f,,,H)Zsm’i_l(,i)( (x ))( v (r))

= 00" (1) ) \ oyl (zm)
S 0,9 (@)
=ty (Tms1) Y Smt1i (T >(>—> (6.24)
) 2wl Dyt ()

Therefore we can write t,,, ,—1 () = tm (Tm+1) (1 + K n—1(Th+1)) where

n—1 p—1
Z aye; (i)
Km,n—l Sm+1,i(fi+l)< y—;_l ! ) (625)
i=m+1 ay(f)m (Tm)

By Proposition 5.6 and the variational formula 3.5, there exists a constant C7 > 0 such
that | Ky n—1(Th41)| > C7é”m+I -, Absorbing this error into the O(p™) term gives us the
second claim. The third claim follows as the terms in K, , decrease super-exponentially
as n tends to infinity, but 7, only converges exponentially to . O
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PROPOSITION 6.3. Let F € Iq (&) be as above, let v, denote the tip of F, and let

Gn = P (t,). Then there exists a constant C > 1 such that, forall0 <m < n,
C_l |sm,n71 (t)] < |Sm,n71 ()| < C|5m,n71 (tw)l, (6.26)
Cil |tm,n—l(rn)| = |tm,n—1(§n)| = C|tm,n—l(rn)|v (627)
|5m,n—1(§n) - Sm,n—l(tn)| > C_1|§n - Tnul, (6.28)
|tm,n—1(§n) - tm,n—l(fn)| > C_l lsn — Tul. (6.29)

Proof. These follow from the estimates on the second-order terms (that is, the functions
T'm.n) given by Proposition 5.6 and the observation that 7,, ¢, € B,? implies, for n
sufficiently large, that the derivatives of s, ,—1, tm,n—1 in the rectangle spanned by 7, ¢,
will be uniformly bounded. g

6.2. Invariant line fields. Let F € Ig ,,(¢) and let O denote its renormalization Cantor
set. We will now consider the space of F-invariant line fields on O. As we are considering
line fields, let us projectivize all the transformations under consideration. Let us take the
projection onto the line {y = 1}, and let us denote the projected coordinate by X. Then the
maps D(W¥,, »; z) and D(F,?; 7) induce the transformations

Do W (X) = 50 (D)X + b0 (2), (6.30)
~ o X +n.(2)
D le = }’l —’ . 1
(X)) =¢ (Z)X+9n(z) (6.31)
where $, 1 (2), tm.n(2) are as in §3.4 and ¢, (2), nn(2), 0,(2) are given by
0x 0k (2) dypr (2) 8y (2)

() =——-—, m@= , Oh(z) = ———. 6.32)

D= e " e MY e

PROPOSITION 6.4. Let F € Iq ,,(g) be as above. Then there exists a constant C > 1 such
that for alln > 0

C7 <t < C, (6.33)
na(za)] < CEP"", (6.34)
160 (T)| < CEP". (6.35)

Proof. Let (f,, ;) be a parametrization for F,,. Let v, denote the critical value of f;,.
Observe, by convergence of renormalization (Theorem 3.11), that v, and m,t, are
exponentially close and so there is a constant C > 0 such that

1PN @l 1Y ()| > Co, (6.36)

if n > 0 is sufficiently large. Therefore by the variational formula, there is a constant
C1 > 0 such that
ax(blf (tn) (fn p)/(vn)

ol (@) (7T (W)
Now observe, by Theorem 3.11, that there is a C> > 0 such that
(27 (wn) _ () (ve)
Py Y

<C&”". (6.37)

< Cap”. (6.38)
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Therefore there exists a C3 > 0 such that

pn @) (") (wa)
Rot @ P (o)
(fnop)/(vn) (f*op)/(v*)

P Y Y )
< C3p". (6.39)

160 (tn) — FLST ()] <

Since f.(f? (v4)) # O (infinitely renormalizable maps are never postcritically finite), this
implies, for n > O sufficiently large, that the first item is true.
For the second item, taking the Jacobian of F,” at t,, applying Proposition 5.4 and
making the same observation regarding f(f,” (v4)) # 0 as above, gives us the result.
The third item follows directly from Proposition 5.4. O

THEOREM 6.5. Let F € Iq ,,(¢) and let O denote its renormalization Cantor set. Then
there do not exist any continuous invariant line fields on O. More precisely, if X is an
invariant line field then it must be discontinuous at the tip, t, of F.

Proof. Let X be a continuous invariant line field on O. Let 7, denote the tip of F,, and let
¢n = Fy? (1) denote its first return, under F,, to B,(l) .

Before we begin let us define some constants that will help our exposition. Let Co > 0
satisfy 16, (t,)| < CoeP" and [N (Th)] < Coéanrl for all n > 0. Such a constant exists by
Proposition 6.4. Let C; > 1 satisfy Cl_1 < 1&n(ty)| < Cq for all n > 0. Such a constant
exists by Proposition 6.4. Let Cy > 0 satisfy |ty (Tm+1)|, [tm.n—1(Th)] < Czépm for all
0 <m <n. Such a constant exists by Propositions 5.4 and 5.6. Let C3 > 0 satisfy
[Sm.n—1(Ttn)| > Czo" ™ L forall0 <m < n. Finally, let C4 > 1 satisfy

Co Msmon—1(@) < Smn—1(s)| < Calsmn—1 (), (6.40)
Ci Mtmn—1 (@) < ltmn—1 ()| < Caltmn—1 ()], (6.41)
I$mn—1(Sm) = Smon—1 (@) > C3 16w — Tunl, (6.42)
ltmn—1(Sm) = tm.n—1 (@) | > Cy m — T, (6.43)

for all 0 < m < n. Such a constant exists by Proposition 6.3 above.
Observe that X induces continuous invariant line fields X, for F;,, on O,, the induced
Cantor sets. Thus

X (t) =De Wy b X (1) = (X(T) = 10,1 () /50, (Tm)- (6.44)
There are two possibilities: either
X(r)= tO,*(T*) =lim 10,m—1 (Tm),

and so X, (t,,) converges to zero (since fg ,, converges super-exponentially to fg . but sg
converges only exponentially to 0); or X (t) # #9 «(7«), and so X, (7,,) tends to infinity.
First, let us show that the second case cannot occur. Let K, ¥ > 0 be constants. Choose
M > 0 such that |X;,(t;,)| > K for all m > M. Fix such an m > M. By the continuity
of X, there exists a § > 0 such that |[x — y| < implies that |X,,(x) — X,,(y)| < « for
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any x, y € O,,. Choose N > m such that, for all n > N, |V, ,—1(7y) — W n—1(sn)| < 6.
This then implies that

| X (\I"m,n—l(fn)) - Xm(\pm,n—l(gn))| <K.
By invariance of the X,

X () + 1 (T0)

Xn(t0) + 0, (0)

By our hypotheses above we know that |6, (7,,)|, |7, (ts)| < Cos?". Since n > m, we also
know that | X, (t,)| > K. Therefore

‘ X (Tn) + 1 (Tn)

X (ty) + 6n(t0)

X0 (5n)| = Do, F? (X (ta)) | = 12 ()| : (6.45)

< I+ 90 (tn) / X (T0)|
T 1 =10 (t)/ X (T0)|
_ 1+ Coe/K
~—1—Coel"/K’
Therefore, combining this with the above equation (6.45) and the definition of C; > 1
above we find that

(6.46)

_pVL
1+ Coa?" /K ) 647

X <Ci| ———
| X0 ()| < 1(1 — Cog‘pn/K

Now we apply ]~)§n W, n—1. Then by the definition of the constant C4 > 0 above and
Proposition 5.6,

1 Xom (Wonn—1 (S| = 1Smn—1(5) Xn(Sn) + tmn—1(5n)|
< Isman—1 ()1 Xn () + ltmn—1(5n)l
< Ca(Usma—1@Xn ()| + ltmn—1(Ta)])
< Cyo" "N+ [ X)) (6.48)

and hence

[ Xim (Wi n—1(tn)) — Xon (Wi, n—1(6a))|
> 1 X (Wi n—1 (@) | — [ X (Wi, n—1(Gn)) ]
1+ Coe?" /K
1 — Cog?"/K )]
But, by our continuity assumption, this must be less than «. For K > 0 sufficiently large
this cannot happen.

So now let us assume that X (7) =17 .. Then the induced line fields must satisfy
Xm(Tm) = tim %, for all m > 0. The idea is, as before, to look at the first returns under
Fy, of BY. We will apply D;,, Fy? to the line X, (T;n) = f,n., and take the limit as n tends
to infinity.

Proposition 6.2 implies, as

-1 -1
tn (Tt1) = :an rIZz (Tm)/ax¢rlr71 (tm) = £0m,
that there exists a constant C5 > 0 for which

— ym+1
ltmn—1(Tn) + O T)| < Vo Tt DN K1 (Tu1)| < Cs"" (6.50)

> K — Cyo" ! [1 + cl( (6.49)
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On the other hand, we know that |n,, (t,,)| < Coépm+I and |t ,—1(T0)| < Czé”m and hence

m+1

|tm,n71(fn) + N (T) | = ||tm,n71(fn)| — M (Tl = C2§pm - Coép . (6.51)
We also know that |y, (Ty)| > C| !, Therefore there exists a constant Ce > 0 such that

tm,n—l(Tn) + N (Ti)
tmn—1(Tw) + O (Tn)

m+1

Dy, Fi? (tmn—1(Ta))| = 12 ()|

> e T (" — Cor?™ T

> Ces P (6.52)
Now recall that |t ,—1(Th)| < Czél’m. Also observe that both of these estimates are
independent of n. Therefore they still hold when passing to the limit, as n tends to infinity,
giving

—_ ym+l _am

| Xim(sm)| > Ce&™ 7", | Xm(tm)| < C287". (6.53)

Finally, applying W ,,—1 and setting ¢ = W ,,,—1(sm), we find that

1X () — X (Ol = [50,m—1(Sm) Xm (Sm) + 10,m—1(Sm)]
= [50,m—1(Tm) X (Ti) + 10,m—1(Tm)]1|
> |150,m—1(Sm) Xm (Sm) — 50,m—1(Tm) Xm (T |
= 1t0,m—1(5m) — 10,m—1(Tm)Il, (6.54)
but by the constraints (6.40)—(6.43) on the constant Cy

150,m—1(Sm) Xm (Sm) — $0,m—1(Tm) Xim (Tm) |

= [150,m—1(Sm) | Xm (Sm) — X (Tm) | — 150,m—1(Sm) — $0,m—1 (Tn) || Xm (Tm) ]

> C M 150.m—1 @) 1 Xm (Sm) = Xin (T) | = Calim — Ton || X (T (6.55)
and

|t0,m—1(5m) — 10,m—1(Tm)| < CalSm — Tm|- (6.56)
Also, by definition of C3 given above, |sgm—1(Tn)| > C30™. Hence, by our bounds on
| Xm (¢m)| and | X, (T,,)| and the above we find that
1X(5) — X(0)| = C;'C30™ | X (5m) — Xom (T)|

— C4lgm — T | Xon ()| — CalGm — Tm
> ¢ Cao™ (G " — ceEt™)

— Calgm — Tl(1 + Ce&""). (6.57)
However, since | ¢, — 7, | is bounded from above there is a constant C7 > 0 such that
1X(5) = X(0)| = Cro™s """ (6.58)

Therefore, as we increase m > 0 the points T and ¢ get exponentially closer but the
distance between X (7r) and X (¢) diverges super-exponentially. In particular, X cannot
be continuous at t as required. O

We now need to define the following type of convergence, which is stronger than
Hausdorff convergence.
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Definition 6.6. Let O, C M be a Cantor set, embedded in the metric space M, with
presentation B, = {B} }wew+. Let O} denote the cylinder set for O, associated to the
word w € W. Let O, C M denote a sequence of Cantor sets, also embedded in M, with
presentations B, = {B) }wew+ combinatorially equivalent to B,. Then we say that O,
strongly converges to O, if, for each w ¢ W, OY — OY.

Definition 6.7. Let X, be a line field on O,. Then we say that X,, strongly converges to
a line field X, on O if, for each w e W, X,,(O}) converges to X,(O}) in the projected
coordinates.

PROPOSITION 6.8. Let F € Zg () and let O denote its renormalization Cantor set.
Given any invariant line field X on O the induced line fields X,, on O, do not strongly
converge to the tangent line field X, on O.

Proof. Let us denote the correspondence between elements of O, and Oy by ;. Then a
sequence of line fields X, strongly converges to X, if X, o 7, converges to X, where we
have identified the line fields with their projectivized coordinates.

Assume that convergence holds, and let € > 0 and choose N > 0 such that | X, o 7,, —
X«lo, <€ forall n > N. Take any m > N and let n > m be chosen so that ol <
" < o" ™ Then

[ X (tin) — X (T, 1 X (B (Ti)) — X (Fi(T4))| <€, (6.59)

and the same holds if we replace m by n. Let us denote the points F;(t;) by ¢;.
Observe that X, (cx) = 9, ¢« (T«). Therefore, as convergence of renormalization implies
that |0y @y, (Tiy) — 0x @4 ()| < Cp™, this tells us that

| X (Sm) — 0xm(Tm)| < € + Cp™. (6.60)

We will now show that they must differ by a definite constant and achieve the required
contradiction. We will show this by evaluating X, at a point near to ¢,,. Consider the
points ¢ = Wy, ,(s,) and ¢’ = F, Wy, ,(cp). First let us evaluate X, at ¢’. By invariance
this must be

~ dyPm (<)
D§n Fy, \I’m,n (Xn(6n)) = 0xPm(c) + Sm,n(s'n) T tm,n(gn)Xn(gn) . (6.61)
The second term must be bounded away from zero as X, (s,) is bounded from above if n is
sufficiently large and the hypothesis on m, n tells us that s, , and t,, ,, are both comparable
to bP" | as is the numerator dy@m(s). Itis clear this bound can be made uniform in m.
Second, observe that |¢’ — ¢;,,| can be made arbitrarily small by choosing m and n — m
sufficiently large, by the assumption that O, converges strongly to O,. Combining these
gives us the required contradiction, as our hypothesis implies that increasing m leads to an
exponential increase in n. O

6.3. Failure of rigidity at the tip. Using the same method as for the period doubling
case, we show that, given two Cantor attractors O and O for some F , F € Zqa.v(&0)
with average Jacobian b, b respectively, there is a bound on the Holder exponent of any
conjugacy that preserves ‘tips’.

THEOREM 6.9. Let F, F € Iq v (€) be two infinitely renormalizable Hénon-like maps
with respective renormalization Cantor sets O and O, and tips T and T. If there is a
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conjugacy m : O—-0 mapping T to T then the Holder exponent o of m satisfies

1 log b
a<-(1+222). (6.62)
2 log b

Proof. We will denote all objects associated with F without tildes and all objects
associated with F with them. For example, W and W will denote the scope function for F
and F respectively.

Let K > 0 be a positive constant which we will think of as being large. Let us choose an
integer m > 0 which ensures that bP" > KbP" and take an integer n > m which satisfies
oh—mt+l < b?" < o™ ™ This will be the depth of the Cantor sets O and O that we will
consider. So let us consider F and O. Let us denote the tip of F,,4; by t and let ¢ be
its image under Fj,41. Let T and ¢ be the respective images of these points under Wy, ,.
Let 7 and & be the respective images of 7 and ¢ under F,,. Let T and S be the respective
images of 7, ¢ under Vo ,,—1. The equivalent points for F will be denoted with tildes.
Finally, 7, denotes the tip of F, and ¢, denotes its image under F.

Observe that 7, and ¢, will not lie on the same vertical or horizontal line. Therefore we
know that the constant

Co = % min(|7, (6x) — 7 (T, |7y (54) — 7y (7)) (6.63)
is positive. By Theorem 3.11 there exists an integer N > 0 such that
172 (6) = 7x (O, [7y(§) — 7y (D], [7x($) — e (D], |71y (S) — 7y (D) > Co > 0, (6.64)

for all integers m > N. Let § = (8, 8;) =¢ — 7 and § = by, Sy) =¢ — 7. Clearly we
also have an upper bound for each of these quantities, namely C1 = diam(B).
First we will derive an upper bound for the distance between ¢ and 7', then we will
derive a lower bound for the distance between § and 7.
Applying ¥, , to ¢ and t gives ¢ — T = Dy, ,id +Ry.n) (¢ — 7). Let §=(,, Sy) =
¢ — 7. Hence by Proposition 5.6 and the above paragraph there exists a constant C > 0
such that
|5x| = |Gm,)15m,n[8x + rm,n(‘sm Sy)] + an,ntm,n8y| = C20n_m (O_n—m + bpm), (6.65)
|8)7| = |Gn1,n8y| < Cpo" ™. (6.66)
Next we apply F = (¢m, ) which gives & — T = F,(¢) — Fu(7). Let §=
(8, S'y) = ¢ — 7. First observe that by convergence of renormalization (Theorem 3.11),
there is a constant C, > 0 such that |d,¢,,| < C2. Second observe that, by Theorem 3.10,
there exists a constant C3 > 0 such that |d,¢,,| < C3 bP" . Then by the mean value theorem,
if & = (m,(7), my(<)), there exist pointsT &y € [¢, &1, &x € [£, 7] such that

18] = 10xdm (§))8x + Dy (62)8, |
< C38:] + C4b?" 13,
< C20"M(Co(a" " + b)) + C3bP")
< Cso"M(0" ™ 4 bP") (6.67)
18] = 18] < Coa™ ™™ ("™ + bP"). (6.68)

t Recall, fora, b € Rz, that [a, b] denote the straight line segment between a and b.
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Now we apply Wy ,, which gives
§ - T = DO,m(id +R0,m)(§ - T)

Let § = (5, .S.y) = ¢ — 7. Hence, by Proposition 5.6 and the above paragraph, there is
a constant Cg > 0 such that

18| = 100.mS0.m[8x + r0.mGx, §)1 + 00.mto.mdy]

< C20™ o™ (18| + [9.ro.m 1811+ 6718, |

< Cea "M (™" + b + C%a"bpm ("M 4+ bP")

< (Ceo™™ 4+ C2o"b"" ) (o™ + bP"), (6.69)
1831 = loomby| < C3a™ (™™™ + bP™). (6.70)

For m > 0 sufﬁciently large we ﬁnd 8] < |'S.y| Since n > m was chosen so that

Now we w1sh to a find a lower bound for dlst(g ‘L’) Applylng ‘-IJm n to these pomts
gives g — = Dy, »(d +Rm (¢ — 1:) Let § = (8x, S y) = g — 7. The same argument

that gave us inequality (6.66) implies |8 | = |am,n8 | < Cro ™. Let Cg > 1 be a constant
satisfying
|Gl > Cg o™, iwal > Cg "B, [Spnl < Cs0™ ™™, |Fmnl < Cs.  (6.71)

Since b”" > Kon—m+l Proposition 5.6 tells us that

18l = 1Gmnim lBc + Furn B 8301 + G ndy ]
> |G| 15,0 1185 + Foun By 85)| — | ny |
> Cg " M(Cg ' Cob?" — C3(Co + Cg)a"™™)
> Cglo" b (Cg ' Co — K~'o ™ Cs(Co + ). 6.72)

As K > 0 was assumed to be large (and the constant Cg had no dependence upon m and
n) we find there ex1sts a constant Cy > 0 such that |§,| > Cob?" "™,
Applying F, to g and T gives g — = Fy (g) Fm(r) Let 8 = ((Sx, 8 )_ — 7.
Then, ignoring the difference in the x-direction, we find that |8y| = |8x| > Cob?" g"~ ™.
Now we apply ¥, which gives

¢ — T = Dom(id +Rom) (S — 7).

Let § = (3, Sy) = § — 7. Then from Lemma 5.5 we find that |5y| = |&0,m<§y|. But

Proposition 5.6 implies that there exists a constant C1o > 0 such tha_t. _|60,m| > Cioo™, so

combining this with the estimate from the previous paragraph gives | & yl = CoCroo"b?".
Now let us combine these upper and lower bounds. Let Cy1, C12 >0 be constants
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which implies, after collecting all constant factors, that there is a C > 0 such that

o"bP" BP" < C (o™ bP" " ) (6.74)
and hence, after taking the logarithm of both sides and passing to the limit,
1 log b
a<-(1+222). 6.75)
2 log b
The proof of the theorem is complete. a

Acknowledgements.  Firstly, I thank my thesis adviser Marco Martens for suggesting these
problems and giving many useful insights into renormalization. Secondly, I would like to
thank Misha Lyubich for many useful comments about my work and for reading a draft of
this manuscript. Finally, I also thank Michael Benedicks, André de Carvalho and Sebastian
van Strien for their insights into the contents of this paper and for their continuing interest
in my work.

A. Appendix. Elementary results
PROPOSITION A.1. Let C >0 and 0 <p <8 < 1. Then the product ]_[?io(l +Cph)
converges and, moreover, there exists a Cy > 0 such that

o0
]_[(1 +Cp') <14 Cop™. (A.1)
i=m
Proof. First let us show convergence. Observe that concavity of log implies that log(1 +
Cp') < log(1) +log' (1)Cp' = Cp'. Therefore taking logarithms gives

1og[]—[(1+Cp")] Zlog(1+Cp)<CZp 1 (A.2)
0

Therefore, since the sequence given by the left-most term of the above inequality is
increasing in n, the Bolzano—Weierstrass theorem implies that log[[ ]2, (1 + C 0')] exists.
Hence, applying exp gives us convergence.

Now let F, n(p) =[]}, (1 + Cp"). Observe that, by the product rule,

d l 1
— 14+ Cp A3
S Fnn(p) = ,H( ),_Zml+Cp (A3)
= CFpyn(p)p"! i m+)p' (A.4)
m,n ra 1+C,Oi .
but since C, p > 0,
n—m n—m n—m
(m +1i)p' i i—1
> —<m Y p+p ) ip
i=0 1+ Cp' i=0 i=
o0 d o
<my p +pd—(2p’)
i=0 P \izo
m
+ p (A.5)
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So, setting
M=CEp@ "=+ —>) and Gup=(1+Ym
we find that
d m_1 _ d
b Fnn(p) = Mp™ " < d—Gm(p) (A.6)
Hence, as F, ,(0) =0 = G,,(0) the result follows by setting Co = M /m. O

LEMMA A.2. Let C > 0and 0 < p < 1. Then there exists a constant Co > 0 such that

14+ Cp
1-Cp

<1+ Cop>. (A7)

The following lemma and proposition are straightforward and are left to the reader.

LEMMA A.3. Given constants 0 <&, p, o0 < 1 and Cy, C1 > 0 and a fixed integer p > 1,
there exists a constant C > 0 such that for all integers 0 <m < M:

G) Coa?" 4 Cier"" < car”;

(i) Co&" + C1p™ < Cp™,

(i) X, oy 0 T TIEP TP (1 4+ Cop™) < C;

(v) ., 8" <car”.

PROPOSITION A.4. Givenany p > 0, there exists a€ > O suchthat y ;_o p'e?' converges
for all ¢ <€. Moreover, for 0 <€ < there exists a constant C = C(g) > 0 such that
Yo pe? <Ceforall0<e <.

LEMMA A.5. Let P, Q, P/, Q' € R with Q, Q' non-zero. Then
PP

o o
where C =2|Q|~! max(1, |P’/Q)).

<Cmax(IP - P'[,1Q0 - Q') (A.8)

Proof. This is immediate given the inequality

J-[gr-rror(-2)
o ¢

QQ’

— P =P
IQI[' I+

- . A9
‘Q’ |0 QI] ( D)

B. Appendix. Variational properties of composition operators

In this section we derive properties of the composition operator. We show how the
remainder term from Taylor’s theorem behaves under composition and we derive the first
variation of the n-fold composition operator. Although we only state these for maps on R?
or C2, they work in full generality.
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PROPOSITION B.1. Let F, G € Embz(Rz, R?). For any 20,21 € R2, consider the

decompositions

F(zo + z1) = F(z0) + D, F(id +R;, F)(z1) (B.1)
and

G(z0 + z1) = G(20) + D;,G(id +R;, G)(z1). (B.2)
Then

R; FG(z1) =Ry G(z1) + Dy G 'Ry F (D7 G(id +R;yG)(z1)).  (B.3)
Proof. Observe that
FG(z0+ 21) = FG(20) + D FG(21) + Dy FG(R, FG)(z1) (B.4)
must be equal to

F(G(z0 + z1)) = F(G(20) + D, G(id +R;,G)(z1))
= F(G(20)) + Dg(zp) F (id +RG(z9) F) (D, G (id +R;, G) (z1))
= F(G(z20)) +DgG(z9) FD;,G(z21) + DG(z9) FD;, G (R G(21))
+ DG (zp) FRG (zp) F (D, G(id 4R, G)(z1)). (B.5)

This implies that
R, FG(z1) =R;G(z1) + DZOG_IRG(ZO)F(DZOG(id +R;,G)(z1)) (B.6)
and hence the proposition is shown. O
PROPOSITION B.2. For each integer n > 0 let C,, : C®(B, B)" — C“(B, B) denote the
n-fold composition operator
Cy(Gl,...,Gy)=Gio---0Gy. (B.7)

Fori=1,...,n, assume that we are given F;, G; € C”(B, B) and let E; be defined by
G;=F;, + E;. Then

C(Gi.....G)=C(Fi...., ) +8Cy(Fi..... Fy: Er, ... Ey) + O(E]E;])

(B.8)
where
n—1
8Cu(Fi, .., Fai Bty ... E) =) Dy uFii(Eiv1(Fi,..n(2)  (BI)
i=1

,,,,,,,,,,

.........................

Gl,.n@2) = Gi1(F2,. n(2) + E2,. n(2)
= F1(F2,..2(@) + E2. 2(2) + E1(F2,..n(2) + E2,. n(2))
= F1(F,..n(2)) + Dp, oy F1(E2,...n(2)) + O(Ea,..nl?)
+ E1(F2,...n(2)) + O(DEL|E2, . nl) (B.10)
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while equating Gy, , with Gi -1 o G, and using the power series expansion of
G1,...n—1 gives
Gi,.n(2) = G1. n-1(Fn(2) + En(2))
= F1,..n-1(Fa(2) + En(2)) + E1,. n—1(Fu(2) + En(2))
= F1,.2() + D, F1,...n—1(En(2) + O(Es )
+ E1..n-1(Fr(2) + O(IDE, _allEnl). (B.11)

From the second of these expressions, we find inductively, setting Fyy, E, 1 = id, that

n—1
Ei..n@ =) Dry P i(Eig(Fiya..a() + O(EIEjD).  (B.12)
i=1 O
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