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Abstract Intuitively, a Liouvillian function onCP(n) is one which is obtained from
rational functions by a finite process of integrations, exponentiations and algebraic
operations. This paper is devoted to the study of foliations determined by polynomial
1-forms which have a Liouvillian first integral. Our main result states that, under some
mild restrictions on the singularities of the foliation, such a foliation must be either a linear
foliation or an exponent two Bernoulli foliation after some rational pull-back. This proves
that the highest level of transcendence for the ordinary differential equations which can be
integrated by the use of elementary functions is reached at the Riccati equations.

0. Introduction

Let us first recall some basic notions from differential algebra. Rebe a ring
(commutative with unit 1€ R). A derivationof R is a maps : R — R satisfying:
(i) 8(a + b) = 8(a) + &(b) (8 is an additive homomorphism), (8a - b) =a -8b+ b - Sa
(6 satisfies the product rule). differential fieldis a couple(k, A) wherek is a field and
A = {§;}ies is a set of derivations df. We shall consider onlgommutativedifferential
fields, that is the derivations € A commuteg; o 6; =48 046;,V i, j € I. Theconstants
of (k, A) are the elementse k such thas;c = 0,V i € I; they form a subfield(k, A) of
k. A differential extensioof (k, A) is a differential field(k, A) wherek is an extension of
k and each derivatiod € A induces by restriction an elemeht A and conversely each
elemen® € A extends to an elemefite A. Thus itis natural to think oA asA extended
to k and write €, A) in the place of§, A).

A Liouvillian extensiorof (k, A) is a differential extensiofk, A) of (k, A) for which
there exists a chain of differential extensioks= ko C k1 C --- C k,, = K, such that
kiv1/ki = ki(t;)/k; is either an algebraic extension or it is of the type adjuntion of an
integral or the exponential of an integral. In other words, we have: (i) the field of constants
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of (K;, A;) isthe same and; |k, , = A;—1,Vi=1,...,n; (i) K; = K;_1(t;) for some
t; € K; such that either: (aj) is algebraic ovelK;_1, or (b)é1; € K;—1,V 3 € A;, or
(c)dt;/t; € Ki—1, V8 € A;, Vi =1,...,n. A Liouvillian functionis by definition an
element of a Liouvillian extension. All this terminology is found if].

Now let F be a codimension-one holomorphic foliation on a projective non-singular
manifold M, given by an integrable rational 1-for@ on M (see Remark 1). A non-
constant Liouvillian functionF, belonging to a Liouvillian extension of the differential
field of rational functions ovel/, is said to be &irst integralof F if we haved F A Q2 = 0.

A well-known theorem due to M. Singer assures that a polynomial foliatiof£én
admitting a Liouvillian first integral, admits a suitable integrating factor as follows.

THEOREMA. LetF be a foliation onCP(2) given in some affine spa® < CP(2) by
the polynomial 1-formw = P dy — Q dx. ThenF admits a Liouvillian first integral if, and
only if, w has an integrating factor of the forin = exp/ n wheren is a closed rational
1-form.

Now letn be a closed rational 1-form diP (2). According to the Integration Lemma
[3, 14 we can write

i df. g
J
j=1 fi [1i=1 fjn"
for somex; € C, n; € N and for some irreducible polynomialg; and g on C2
with (7)ee N C2 = U(f; = 0)—without loss of generality we may assume that

(Mo N (CP(2) \ C?) is finite. Therefore, we have that

r PP

onC?. Theorem A can thus be stated in the following equivalent @y [

THEOREMB. Let F be a foliation onCP(2). The following three conditions are

equivalent:

(1) F admits a Liouvillian first integral;

(2) Fis given in some affine space by a polynomial 1-fére= P dy — Q dx which
has an integrating factor of the form

8
i—1
M= £
(3) there exists a pai(S2, n) of 1-forms with2 polynomial and; rational in some affine

chart C? ¢ CP(2) satisfying: (i) F|cz is given byQ = 0 and (i) dQ2 = n A ,
dn =0.

r
N
h=[1s"-exp
j=1

In the situation of Theorem B above we define- di/h, thenh = exp [ n so thath is
an integrating factor fow if and only ifdw = n A w.
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Again we write

h—exp/n—]_[f el@(H 7 )

We will see that some of thef; = 0) are F-invariant. Therefore a foliation admitting

a Liouvillian first integral onCP(n) has some algebraic invariant hypersurface (see
Lemma 1, 82). In this paper we regard the problem of classifying such foliations. Let
us first give some remarkable examples of this situation:

Example 1.(Darboux foliations) Let be a complex manifold and let; : M — C be
meromorphic functions and; € C* complex numbersj = 1, ..., r. The meromorphic

integrable 1-form
r d 2
( l_[ f/) Z Ai—— f

defines aarboux foliation 7 = F(w) on M. F hasf = ]_[.’,.:1 f;" as alogarithmic
first integral. We remark thaf = exp(_;_; ; log f;) so that its singularities are of
logarithmic type.

Example 2.(Bernoulli foliations) LetF be aBernoulli foliationof exponenk onC? given
by w = 0, wherew = p(x)dy — (y*a(x) — yb(x))dx, wherea(x), b(x) and p(x)
are polynomials andx, y) € C? < CP(2) in some affine chart. We will construct a
Liouvillian first integral forF. First we observe thaf can be given by
b
b 140
px)  p)y
Now let £ (x) be such thaf’(x)/ f(x) = (k — 1)b(x)/p(x) and letg(x) be such that

gx)= (k- 1)a(x)/p(x)f(x) ThenZ can be given by

a(x) ME))

pon T

d( 1 )+(k—1)a(x)dx_
fx)yk—1 p)fx)

F(x,y)=gx) +

d
(k—l)ikz(k—l)—f—(k—l)[
py y

k — 1)——(k 1) dx =0,

or equivalently by

Therefore

1
fx)yk=t
defines a first integral faF, which is of Liouvillian type.

Our main result is the following.

THEOREM1. (Main result)Let F be a codimension-one holomorphic foliation G (1)
admitting a Liouvillian first integral. Assume that one of the algebraic leaveg bhs
only non-dicritical infinitesimally hyperbolic singularities. Then eitl#Eris a Darboux
foliation or there is a rational mag from C P (n) to C x C and an exponent two Bernoulli
foliation onC x C:

R :p(x)dy — (a(x)y*+ b(x)y)dx =0
wherea(x), b(x), p(x) are polynomials, such tha = F*R.
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A singularity p of a foliation in dimension two ison-dicriticalif at most a finite number
of analytic invariant curves pass through The notion of infinitesimally hyperbolic
singularity is found in 81 for dimension two. We refer to 83 for the notions of dicritical
singularity and infinitesimally hyperbolic singularity in dimensien2. Theorem 1 can
also be stated in the cagse= 2 if we replaceCP(2) by a simply-connected projective
surfaceM and require thatM\S is affine (that is, a Stein manifold), whel®is an
irreducible invariant analytic curve; for example,Mf = C x C and S is the diagonal
AcCxC.
Idea of the proof of Theorem Dur approach in the proof of Theorem 1 is motivated by
the existence of an affine transverse structureAasutside some invariant algebraic set
(see 82). The proof can be outlined as follows. Febe a codimension one foliation on
CP(2) and denote by sing its (discrete) singular set. Assume ttfaadmits a Liouvillian
first integral and le2 be a rational 1-form which define& on CP(2) (see Remark 1
below). Take a rational logarithmic derivativefor 2 as in Theorem B above. This 1-
form 5 is unique unlessF is given by a closed rational 1-form (and in this case due to
the hypothesis on the singularitigswill be of Darboux type). Some of the poles »f
arealgebraic leave®f F, that is, algebraic invariant hypersurfaces (see Lemma 1, §2).
Let us fix S as one of these leaves and assume that&ings satisfies the hypothesis of
Theorem 1. According tdl{] the existence of implies that the foliatior? is transversely
affine outside the invariant part of the polar set gf With our hypothesis on sing N S
it follows from [14] that each holonomy group of the components of the invariant divisor
arising in the resolution of sing N S, is solvableanalytically normalizable. Moreover,
there exists global compatibilitybetween these holonomy groups. In order to define
this compatibility relation we introduce th@ngular holonomy groupassociated to the
resolution of singF N S (this concept first appeared iB]]. These are groups of germs
of diffeomorphisms containing the holonomy groups of the components and which are
obtained by ‘passing’ the holonomy group of one component of the resolution divisor to
another adjacent component. This passage is given by the Dulac correspondence associated
to the singular point defined by the intersection of these two components. The existence
of a global 1-formy and its uniqueness implies that these singular holonomy groups are
also solvablet. Using this information we can find suitable local expressionssimthat
we can prove the extension of the affine transverse structureamiéied coveringof a
projective transverse structure férdefined in a neighborhood of the fixed compong&nt
of (7)o (see Examples 3 and 4). This is done with the introduction of a 1-fgrmhich
satisfies the relatiodQ2 = n1 A 2, but which has polar sétansverseo S. The formn;
is called a logarithmic derivativeansversgo S. Once this extension is obtained, some
techniques fromJ4] apply to show thaf is a rational pull-back of a Bernoulli differential
equation as in Theorem 1.

This paper is organized as follows. In §1 we recall the notion of holonomy group of
a leaf for a complex foliation. In 82 we introduce the affine and projective transverse
structures for a foliation. In this section we prove that a projective foliation admitting a

T The singular holonomy groups are sorts of differential Galois groups of the foliation (see Theorem 3, the
Structure theorem, in 83).
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Liouvillian first integral has some algebraic leaf and prove Theorem 2 which describes
the holonomy groups in the resolution divisor of the singularities in such leaves. In
83 we introduce the concept of singular holonomy for an invariant divisor and state the
Structure theorem which characterizes the foliations that admit a Liouvillian first integral,
in terms of the solvability of the singular holonomy of the elements of the divisor in the
resolution diagram. This result is similar to the Galois fundamental theorem for algebraic
field extensions. 84 is devoted to the construction of suitable logarithmic derivatives
for a given foliation having a compact leaf whose projective holonomy groups satisfy
the necessary conditions stated in the Structure theorem. The results in this section
complete the equivalence between the existence of Liouvillian first integrals, the existence
of suitable logarithmic derivatives and the solvability of certain generalized holonomy
groups. In this section we also give explicit local forms and constructions for these
logarithmic derivatives. 85 is devoted to the proof of an equivalence between the existence
of logarithmic derivatives and the solvability of the singular holonomy groups associated
to a suitable compact leaf of a foliation. §6 contains the proof of Theorem 1 in dimension
two. The last section finishes the proof of Theorem 1 in dimension

Germs of holomorphic foliations admitting Liouvillian first integrals are studied in
[13] where one can find an interesting notion of solvability for the projective holonomy
expressed in terms of the solvability of certain Lie algebras of vector fields. A local version
of Singer’s result is proved inlpP] using geometric techniques. Theorem 1 contains as a
particular case the main theorem 6f.[

1. Holonomy group of a leaf
Let F be a codimension one foliation on a complex maniftdd Let L be aleaf of F
(that is, a leaf of the corresponding non-singular foliation). ggxe L. Theholonomy
group of the leafL at gg is defined as follows: choose a small open digk transverse
to F, centered afp € L. Given any closed patp in L, based ayp € L, we denote by
H, : (X0, q0) < the return map t&o of the leaves ofF over the pathy. The mapH, is
a local holomorphic diffeomorphism fixingy € Xo and its germ ago € Xo only depends
on the homotopy class of. Thus the map —* germ ofH, atgo € X induces a
homomorphisnH : w1(L, F; qo) — Diff (X9, go) = Diff (C, 0) from the fundamental
group ofL atgo to the group of germs of local holomorphic diffeomorphism&ofixing
0 € C. The image ofH is calledthe holonomy group of at go, denoted HdlF, L, Xo)
(see L] for more details).
Now letg; € L be anothebase pointand letX1 be another local transverse section to
Fwith X1 N L = {q1}. Let§ : [0, 1] — L be a path joining(0) = g1 to §(1) = go. Then
the isomorphisnmdy : 71(L, g0) — m1(L, g1) induces a natural conjugacy between the
holonomy groups HalF, L, Xo) and Hol F, L, X1). Infact, letfs : (21, g1) — (Zo0, g0)
be the local diffeomorphism obtained by lifting the pathio the leaves ofF as in the
definition of the holonomy group above. Th¢nconjugates these holonomy groups in a
natural way. Thus, up to conjugacies as above the holonomy group of the tegiends
neither on the base point nor on the local transverse section. This remark will be used in
order to simplify the notation in 83, where we introduce the concept of singular holonomy.
If dim M = 2 andS C M is a compact invariant divisor, then the resolution theorem
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[15] asserts the existence of a proper holomorphic mapM — M which is a finite
composition of quadratic blow-ups at the singular pointsfoin S such that the strict
transformZ of F by = exhibits inz~1S only irreducible singularities, which can be of
the following two types:
(i) xdy—Aydx+hot =0andx ¢ Qy;
(i) yPtldx — [x(1+ AyP) + hot]dy = 0, p > 1. This last case is calledsaddle
node

An irreducible singular point of type (i) iesonantif A € Q_. Thedivisor D =

771(S) c M of the resolutiont can be written ash = U;'?:l D;, where D, is

diffeomorphic toS by = and{Dj};'?:2 is the set of projective lines introduced as divisors

of the successive blow-ups. We denoteby= D; thestrict transform ofS. The Dj’s
are calledcomponentsf the divisorD. A singularityg € singF N S is non-dicritical if
7~ 1(g) is invariant byF. Any two D;, Dj,i # j, intersect in at most one point. These
points of intersection are callesrners

The notion of generic singularity we introduce below is for technical reasons and
motivated by the geometric approach we use here.

Definition 1. A singularityg € S of the foliation F is calledinfinitesimally hyperbolic

(relative toS) if:

(i) each saddle-node singularity in sifign D in the resolution of; € S is in good
position with respect t®, i.e. their strong invariant manifoldsy(& 0) in (ii) above)
are contained iD;

(i) each component of the divisor in the resolutioaxhibits at least one non-resonant
linearizable singularity.

Remark 1.Let F be a foliation on a projective manifoltf. We denote by sing the
singular setof F. This is a codimensiomr 2 analytic subset oM, with the property
that M \ singF is the maximal open subset &f, for which F|ynsingF is a regular
holomorphic foliation. We may assume thatis givenin M by a rational integrable
1-form © on M. This means the following£2 is a rational 1-form onM. Denote by
()0, respectively(2)o0, the union of codimension-one irreducible components of the
zero divisor, respectively of the polar divisor @f and letX = (Q2)o U (Q)s. ThenQ is
integrable, that isR AdQ2 = O outsideX. LetsingFN(M\X) := {p € M\ X, Q(p) = 0}.

By the Frobenius theorerfe defines a codimension one holomorphic foliation (non-
singular).F in M \ (X UsingF). Now, given a poinp € X \ [(2)oN ()], We choose a
local holomorphic functiok : U ¢ M — C, p € U, h(p) = 0, such that2|y = h"Qy,

for somen € Z, andQ2y; a holomorphic 1-formir/, with zero set sin@, of codimension

> 2. ThenQy is also integrable and we may define sifigh U := singQy. Moreover,
sinceQuy A = 0inU, we may extend to U \singF, as a regular holomorphic foliation.
Thus we may defing as a regular holomorphic foliation i \ singF as announced. The
pair (F, singF) is called asingular holomorphic foliatiorof codimension one o and
singF is thesingular setof F.

Now we assume that ditd = 2. Thus singF is a discrete subset @ff. We consider
a resolution morphism : M — M as above and denote Kythe pull-back 1-formr*Q.
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The 1-form$ is meromorphic inM, and may have non-isolated singularities along the
projective linesD; introduced byr. On the other hand, for the cases we are interested
in, we may assume thaf2)., (and thereforé$2)..), has non-invariant codimension-one
irreducible components, and meets the divisor transversely at regular poiftsiofthis
case, the singular set sirigis contained in the zero divis@£2)o.

Finally, we recall some basic facts about groups of germs of conformal
diffeomorphisms. LeG c Diff (C, 0) be a subgroup of the group of germs of conformal
local diffeomorphisms ofC fixing 0 € C. We denote by{G, G] € G the subgroup
generated by all the elements of the fdiga, ¢2] := @1 0 g2 0 97 0 95t for g1, 92 € G.
ClearlyG is abelianifiG, G] = 1. We say thag is solvablef there isng € N such that the
sequenc& = Go O G1 D G2 D ---, whereG,+1 = [G,, G,,] is constant and equal to 1
forall n > no. If no = 2 G is calledmetabelian Denote by Diff(C, 0) c Diff (C, 0) the
subgroup of elements tangent to the identity, i.e. of the form z +axz2+ - - - . Itis well
known that the following conditions are equivalent: @)is solvable, (ii)G is metabelian,

(i) the subgroupG N Diff 1 (C, 0) is abelian (see, for instancdy]]. It follows from [4] that
a hon-commutative solvable group containing an elemeoftthe forme(z) = uz + - - -,
u" # 1,V n € N, is isomorphic to a subgroup of

k

Z
Mo k,,u,(pe(C*,a‘/,e(C}
Z

Hy = Diff : k- 29
k {fﬂé iff (C, 0); ¢(2) 1+a,

for somek € N. The numbek is called theorder of ramification of the group.

Remark 2.Let, thereforeG c Diff (C, 0) be a solvable subgroup containing a linearizable
non-resonant elemenf(z) = Az + h.ot, A" # 1,V nrn € N. If G is abelian then

it is linearizable sayg(w) = Agw, ¥V g € G, for a suitable coordinater < (C, 0).
Otherwise, we havg(w) = A,w/(1+a,w*)Y* ¥ ¢ € G for a suitablew € (C, 0).
Such a coordinate will be called anormalizing coordinatéor G.

2. Logarithmic derivatives and transverse structures

In this sectionf is a foliation on a complex-manifold M defined by a meromorphic 1-
form Q on M. The 1-form$ may have a singular set of codimension one. We denote
by (Q)o the codimension one component of the zero divisoKof Let U ¢ M be

an open subset aff. We say thatF|y is transversely affingf there exists an open
covering(Uy)qea Of U\ singF such that; (i) for everyr € A there is a holomorphic
submersiony, : Uy — CsuchthatF|y, = (dy, = 0), (ii) for any non-empty intersection
Uy NUg # @ We havey, = aupyp + bag, agp € C*, byp € C. If instead of (ii) we have
(i) yo = agpyp + baﬁ/caﬁYﬁ + daﬂ: aaﬁdaﬂ - baﬂcaﬂ =1 aap, baﬂ: CaBs daﬁ € C, then

we say thatF|y is transversely projective

Definition 2. Let D c M be an invariant divisor (not necessarily irreducible). A
meromorphic 1-formj defined onM is called alogarithmic derivative ok2 adapted to
Dif: (1) dQ = 71 A Q,d7j = 0; (2) the polar divisok7j) of 77 has order one along (any
component of)D, and consists of the union o) U (Q)0 and an invariant divisor of;
and (3) the residue df along anynon-invariantirreducible component of (). U ()0
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is equal to either-(the order of the poles a® alongL), or (the order 0f$2)g alongL),
respectively. We remark tha,priori, 7 may have non-simple poles .

Remark 3.The notion of logarithmic derivative we have introduced above explicates the
one used in14], which has been settled for the case wligmas isolated singularities.
This is just a technical feature, and the ideas remain the same B4.in [

The importance of the definition above relies on the following theorem.

THEOREM. [14]If S € M is anirreducible invariant divisor of2 and if the singularities

of F in § are non-dicritical and infinitesimally hyperbolic, then the following conditions

are equivalent:

(@) < admits a logarithmic derivative adapted taS, with Resg n = q;

(b) Fistransversely affine in a neighborhood®minussS and its local separatrices;

(c) the holonomy ofS is solvable. Moreover, the holonomy tfe leaf S\ singF is
linearizable ifa — 1 ¢ N and embedded ifil; if a — 1=k € N.

Now we introduce another useful notion.

Definition 3. Let D ¢ M be an invariant divisor, and létbe a logarithmic derivative of
a 1-form$ adapted taD. We say that a 1-formj; = ij + 22, wherel is a meromorphic
function, is alogarithmic derivative of2 transverse taD if (/1) is transverse t®.

In what follows we will see, on the other hand, that a logarithmic derivativ& of
transverseto D puts in evidence the existence of a projective structurefforear (and
through)D.

Example 3.A Riccati foliationon C x C is given in some affine chatk, y) € C x C
by a polynomial 1-formQ = p(x)dy — (y%c(x) — yb(x) — a(x))dx. Such a foliation
is transverse to the fibratiof x C — C, (x,y) — x, except for a finite number of
invariant fibers given in the affine part px) = 0. This transversality allows us to define
a global holonomyof the horizontal projective lind = (y = 0) which gives us a group
of Moebius transformation§ c SL(2; C) of a non-invariant vertical fiber (se8][for a
precise definition). If:(x) = 0, then we have an exponent two Bernoulli foliatisris an
invariant divisor and5 is the usual holonomy of the leaf\ singF as defined above. In
this case the elements 6f are of the formf(z) = «z/(1+ Bz). Thus the holonomy of
the leafS\ singF is solvable. Moreover, since the element$oére affine maps after the
change of coordinates = 1/z onC it is easy to see that the foliation is transversely affine
outside the union of and the invariant vertical fibers given by the zerog 6f). This can
also be seen if we define
p'+b
p

d
y

and verify thatiQ = nAQ,dn = 0, (n)eo = SU(p(x) = 0), and indeed is a logarithmic

derivative ofQ2 adapted t& (see [L4]). Now we proceed to apply the strategy of our proof
in this example. Let us continue with the assumptign) = 0. We can define
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andé = (2¢/p?) dx in order to obtain a triple satisfyind2 = n1 A Q, dn1 = Q AE,
anddé = & A n1, wherenp is not closed ands is not identically zero. This triple
(2, n1, &) puts in evidence the transverse projective structure of the foliation in the
manifold(C x C)\{p(x) = 0} (see [14]), while if we choose
p+b

p
then we have the same projective relationslosed, and = 0.

77—2— dx,
y

Example 4.LetR : Q = p(x) dy—(y2c(x)—yb(x)) dx = 0 be an exponenttwo Bernoulli
foliation as above. Let : C x C — C x C be the mapx, y) — (x, y*), k € N. Thenz
preserves the vertical fibration and inducesta 1 ramified covering for each fiberx C,

y — yk. The pull-back foliation is an exponerit ¢ 1) Bernoullifoliation B = 7*R.
Sincer ramifies along the horizontdl := (y = 0), it follows from the example above
that B is transversely projective i€ x C \ S U (p(x) = 0). Moreover, the holonomy
groups of the resolution divisor d#|s are solvable and the holonomy of the associated
leaf S\ singF is naturally contained ifil;. This shows that, in general, fér > 1, the
projective transverse structure Bfdoes not extend t§, however it extends as a ramified
covering of a projective structure, given by the subjacent Riccati foliation. This can also
be seen as follows. Consider the pull-back 1-forms

QF =7*(Q) =y Lp) dy — O ex) — yb(x)) dx],
=t = 24 4 L PO +bE) dx.
y p(x)

" b4 2vke
n=n*(n) = %dx,

2c
E=mt) =& =Sdx
p
Then we have that

Q.= 1 Q* = kp(x)dy — (" e(x) — yb(x)) dx

- yk—l
and 1
_ . 4doth L P "(x) +kb(x)
== k+1)— 42— 7
TET T o = ) PO

define an affine transverse structurefoin C x C\ (SU (p(x) = 0)) [14]. Indeed;jis a
logarithmic derivative of2 adapted tcs. On the other hand, if we put

_ d "~ b+ 2ykc d
T QR | b A i S R S
y 4 y
and
k_12C

=yl = ) 2

then, by [L4], the triple($2, 7j,, £) is aprojective triplein C x C\ (S U (p(x) = 0)), in the
sense that€2 is holomorphic orC?, codimsing > 2,7, is a logarithmic derivative of2
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inC x C\ (SU (p(x) = 0)), andg is holomorphic orC?\(p(x) = 0) (see also §6 for the
notion of projective triple). Notice that, as in Example 3, the 1-fgraatisfies Adx = 0.

The following proposition motivates the geometric approach we use in this paper.

PrRoOPOSITIONL. LetF be a codimension one foliation dihP (r) admitting a Liouvillian
first integral. ThenF is transversely affine outside some algebraic invariant subset of
codimension one.

Proof. We fix a polynomial 1-form which has codimension (at least) two singular set
and definesF in C" ¢ CP(n), whereCP(n)\C" is generically transverse t6. Since

F admits a Liouvillian first integral, it follows fromi1[6] that there exists a closed rational
1-formn which is a logarithmic derivative ak. According to [L4] this implies thatF is
transversely affine outsid@)... It remains to show that)) is invariant. This is proved

in the lemma below. m]

LEMMA 1. Let Q2 be ameromorphicl-form, in an open subsét ¢ C",n > 2. Denote
by X the union of the irreducible components of the zero set and polar et éfissume
that there exists a meromorphic 1-fomrin U, which satisfieg/2 = n A ©, and which
is closed. Them is integrable and the poles gfoutsideX are invariant by the foliation
defined by (see Remark 1).

Proof. We haveQ A dQ2 = Q A n A Q = 0, so thatQ is integrable. First we note the
following (see Definition 2).

CLAIM. Let X be as above. Then, the polar divis@p~ of n has order one along (any
irreducible component ofX, and consists of the union &f and an invariant divisor of
F. Moreover, the residue of along any non-invariant irreducible componefitof X is
equal to either—(the order of the poles d® along A), or (the order of the zero set 61
alongA).

Proof. Just for simplicity of the notation we assume that= 2. Given a generic point
p € X we may choose a small neighborhddd V > p and local coordinates, y) € V
sothatX NV = ANV = {y = 0} andQ|y = y*gdx, for some holomorphic
non-vanishing functiorg € O(V)*, k € Z (recall thatA is non-invariant). We write
nly = Ady/y +dg/g + dR for some meromorphic functioR in V and some. € C. Let
alson1 := kdy/y+dg/g. Thenthe difference—n; satisfiedn—n1)AQ =dQ—dQ =0,
so thatn — n1 = hdx for some meromorphic functiomin V. Sincedn = dn1 = 0, we
haveh = h(x) and thereforgr — k)dy/y + dR = h(x)dx. This impliesh = k and
dR = h(x)dx. Thereforen|y = kdy/y +dg/g + dR(x). This proves the claim. O

Assume by contradiction that there exists some companent(n), \ X which is not
invariant. Again we assume= 2. If ¢ € Y is a generic point, we have th@t(g) # O,
andY is smooth ayy. Therefore, there are local coordinatesy) € V C U, centered
atg and such tha@2|y = gdx andY NV = {y = 0}, whereg € O*(V). We can also
assumethat NV = (n)eoc NV. We have thati2 = dg/g A 2, so thaty — (dg/g) = hdx
for some meromorphic functiolin V. Sincer is closed we havdh A dx = 0, so that
h = h(x). Therefore, it follows that|y = dg/g + h(x) dx, and it has polar set transverse
to Y, a contradiction. ]
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COROLLARY 1. Let 7 be a codimension one foliation o8P (n). If F admits a
Liouvillian first integral then it has some algebraic leaf.

Proof. Let us fix an affine systel£” < CP(n) such thatCP(n)\C" is generically
transverse toF and contains no singularity of. Given © a polynomial 1-form with
singular set of codimension 2, definingF in C* ¢ CP(n), we taken given by Singer’s
theorem 1L6]. If 5 is polynomial then we have = d P for some polynomial anf /exp(P)

is closed and entire. In particular, there exists an entire first integraf for C*. This
implies that the leaves af are closed inC". Now, sinceCP(n)\C" is generically
transverse tgF and contains no singularity of, we conclude that the leaves &f are
closed inCP(n). Therefore it follows that the closure of each leaf®fis an algebraic
curve. This implies, by a theorem of Darbou},[that F has a rational first integral. Now
we assume that has poles irC". In this case we only have to apply Lemma 1 abovs.

The following result motivates the notion sfngular holonomyto be introduced in
83 (see alsof]]), and gives important information on the desingularization of a foliation
admitting a Liouvillian first integral.

THEOREM2. Let F be a foliation given by a meromorphic 1-forfa on the surface
M. Assume that? admits a logarithmic derivativej on M and letS C ()
be an irreducible analytic invariant curve such thsingF N S is non-dicritical and
infinitesimally hyperbolic. Denote by = UT:l D; the resolution divisor o$ingF N S.
Denote byG ; the holonomy group ab;. Then:

(i) each holonomy grouft; is either abelian linearizable, or solvable analytically
conjugated to some subgroup of soffig;

(i) if ¢ = D; N D;j is a saddle-node corner whose strong manifold is contained;in
thenG, is solvable non-abelian, an@; is abelian linearizable;

(i) if ¢ = D; N D; is a corner such thaG; C Hy and G; C Hy, are non-
abelian, thery is a resonant singularity. Moreover, we can find local coordinates
(x,y) € U centered ag such thatD; NU = (x = 0),D; NU = (y = 0) and
Flu : kjxdy +kiydx +h.ot =0.

Proof. As usual we denote b§ the foliation obtained fron¥ by the resolution process
of F|s. Denote also by2 andi the pull-back of the 1-form& andy, respectively, by the
proper resolution morphism. Fix a componént of D. By the hypothesis, sing N D;
contains a non-resonant linearizable singularity. Accordind #this implies that the 1-
form 7 must have simple poles alod;: in fact, letg € singF N D; be such a singularity.
Choose local coordinatgs, w) € V centered af, such thatD; NV = (w = 0) and

Qly (z, w) = gzdw — Aw dz)

for some meromorphic functiog, wherex € C\Q. Then by [L4] we know that
- dz dw d

ilv(zow) =a™ + b5 4+ %5,

z w g

for some constantg, » € C*. Now, we haveb = Reg, 7. According to [L4] we know
thatif b = k + 1 for k € N then the holonomy grou@; C Hy is therefore solvable. On
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the other hand, ib — 1 ¢ N then the holonomy grou@ ; is abelian linearizable. This
proves (i).

Letg = D; N D; be a saddle node whose strong manifold lies d¥erlf G; is abelian
then, since by hypothesis it contains a non-resonant linearizable diffeomorphism, it follows
thatG; is linearizable. In particular, it € G; is tangent to the identity then= Id. This
implies that the local holonomy of the strong manifoldgofs trivial, which is absurd.
ThusgG; is solvable non-abelian. Therefoi@; c Hy for somek € N. In particular, the
local holonomy of the saddle nodecan be written in the form(z) = z/(1+ az*)V/*,

a € C*, for some holomorphic coordinate € (C,0). Therefore, it is analytically
conjugated to the holonomy of the strong manif@ld= 0), of the normal form saddle node
uk1dv — vdu = 0. It follows from [10] that we can find local holomorphic coordinates
(x,y) € U centered ay such thaf2|y (x, y) = g(x**1dy — y dx) for some meromorphic
functiong in U. Now, we define the 1-form

d dx d
=2+ k+ = 455
y X 8

Clearly this 1-form is a logarithmic derivative férin U. Therefore, we havg—n, = hQ
for some meromorphic functiolin U. Moreover, since both logarithmic derivatives are
closed 1-forms we must havkh ) = 0. This last equation we can write as

dy dx
d(hgx*T1y) A (7 — xk+1) =0.

But it is true that a saddle-node 1-form does not admit any meromorphic first integral, so
thathgx**1y = u e C is constant. Thus we must have

- _ dy dx
n=MNg =H PRy A

Now, the fact that bothy, and7; have simple poles alon@; implies thaty = 0 and
thereforei = 1, in U. It follows that7 has residue 1 alonf;. As we have seen above,
this implies that the holonomy group; is abelian linearizable. This proves (ii).

Now letq = D; N D; be as in (iii) above. Choose local coordinatesy) € U centered
atg such that we have the local expressfen; (x, y) = g(x dy — Ay dx) wherex € Q_
andg is a meromorphic function. Moreover, we may assume ihat U = (x = 0) and
D;NU = (y = 0). Write

N dx dy d
il =a—=+p= + 28 1 ¢
x y 8

for some closedholomorphicl-formé (recall that; has simple poles). Using the relation
dQ = 7j A Qitfollows that 1+ A = a + bA. On the other hand, as we have seen above, if
G C Hy, andG; c Hy,; are non-abelian, then we must have- k; + 1 andb = k; + 1.
Therefore, it follows that = —k; /k;. This proves (iii). a

Finally, the hypothesis made on the saddle nodd3 in Theorem 1 is motivated by the
following.
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Remark 4.Let F be a foliation onCP(2) given by a polynomial 1-fornf2 with isolated
singularities in some affine spa€® c CP(2), and admitting a Liouvillian first integral
given by a rational logarithmic derivative of . DenoteS = (1)s N C2. The saddle
nodes appearing in the resolution of sifgn S are in good position with respect to the
resolution divisort.

Proof. Indeed, denote by the resolution divisor of sing N S. If go € D; N singF is

a saddle node which is not in good position with respedbidhen the strong invariant
manifold S throughg has a linearizable holonomy which is absurd. This follows from
the fact that? has an affine transverse structure (if the foiinis holomorphic) in a
neighborhood of\ {go0} [14]. a

3. Singular holonomy group of an invariant divisor

Let us consider the following situation motivated by TheoremRis a foliation on a
compact complex surfac®, D C M is a compact (codimension one) invariant divisor
with normal crossings. We writd = (J; D; where theD; are irreducible smooth
components, fix local transverse sectishsS; N D; = p; ¢ singF, (S, pj) = (C, 0).
Let us writeG ; for the holonomy group HoJF, D;, S;) of D;.

Now we fix acornerqgo = D; N D;. We assume that the holonomy grodp is either
solvable analytically normalizable, or abelian linearizable,oe {i, j}. Thus, in the
non-abelian case, if we denote by the ramification orderof G,, we have an analytic
embeddingG, C H,. We will proceed to define thadjunction holonomy group of;;
to G; which is, roughly speaking, the result of passing one holonomy group to the other
adjacent transverse section, by the use of the so-called Dulac correspondence. This Dulac
correspondence will be defined wheg is either a linearizable singularity, or a saddle
node with strong manifold alonD;, as follows. There is a neighborhobdof go whereF
can be written in normal form. | we take small transverse sectionsfpX;, X;, C U
such thatx; N D; = ¢;, X; N D; = qj. The Dulac correspondence is a multivalued
correspondenc® : X; — X;, which is obtained by following the local leaves 51 .
Given an elemenk € Hol(F, D;, X;), we will associate td: a collection of elements
h? ¢ Diff (X}, g;), which will verify the following relation,

WPoD=Doh

called theadjunction equationUp to a conjugacy induced by a simple pattDn\, singF

joining p; to g;, we can assume tha&; = Hol(F, D;, %;) and similarly thatG; =

Hol(F, 2;, q;) (see §1). Therefore, the adjunction equation induces a subgroup
G; * (D«G;) C Diff (S}, p;j)

generated by ; and all the elements?, i € G;. This subgroup is unique up to this kind
of conjugacy. Notice that the subgroGp = (D, G;) does not need to be finitely generated.

3.1. The case of a resonant linearizable cornet.et us assume thafy is a resonant

linearizable corner. We may consider thalac correspondencgiven in a neighborhood
T Notice that in Theorem 1 the hypothesis is made only on parf)af.
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of the singularitygo. This correspondence is defined as follows: there are local
holomorphic coordinate&, y) € U suchthatD; "U = (x =0), D; NU = (y = 0), and
such thatF|y is givenbypx dy+qydx = 0,90 : x = y = 0, wherep/q € Q4+, (p,q) =

1. We fix the local transverse sections®s = (x = 1) andX; = (y = 1), such that
YiND; =q; #qoandX; N D; = q; # qo. Let us denote byo € Hol(F, D;, %;) the
element corresponding to the corger Then we havéig(x) = exp(—2v/—1mp/q) - x.

The Dulac correspondence is therefore given by

D:(Si.q1) — (5j.4). Do) =x§".
Case 1.G; is abelian. Take any elemeate Hol(F, D;, ;). Since HolF, D;, X;) is
abelian and contains, we haveh(x) = uxh(x9) for someh € 01, h(0) = 1. We take
w1 = ud’? andhy = h?/P to be one of the-roots of u? andh?, respectively. Then we
definer® : (2;,4,) — (Z,,q;) by
WP (y) = payha(y?).

Case 2.G; is solvable non-abelian angk; /g € N whereG; C Hy,. Take an element
h(x) = Ax/(1+ ax*)Y* e Hol(F, D;, ;). Then the maps? are all the determinations

of
A2/Py

= (14 aypki/aya/pki

y

3.2. The case of a linearizable non-resonant corndret us assume thagp is a
linearizable non-resonant corner, s&y,: xdy — Aydx = 0 in a neighborhood/ of
go: x =y = 0, wherer € C\Q. We will consider only the following cas&3; is abelian
This is a consequence of item (iii) in Theorem 2.

Assume that we hav®; NU = (x =0), D;NU = (y =0), %; = (y = 1), and
X; = (x = 1). By the hypothesi%; is linearizable. Moreover, we can assume that
the holonomy group H@WF, D;, %;) is linear in the local coordinate|sx,. Therefore any
elementh € G; corresponds to an elemeintx) = w,x in Diff (¥;, g;). In the present
case the Dulac correspondence is giverflhjyog) = xo_)‘. We are looking for elements
hP e Diff (£}, q;), which satisfya” o D = D o h. Therefore we must have

WP () = u;ty
wherey;,* runs over the solutions af ¥/* = p,,.

3.3. The case of an analytically normalizable saddle-node cornAssume now that

qo is a saddle-node singularity which will be assumed to be analytically conjugate to
its normal form. Thus there exists a system of local coordinates) € U centered

at go such thatF|y is given by x**1dy — y(1 + ax*)dx = 0. We assume that
D;NU = (x =0 andD; NU = (y = 0). In order to simplify the notation we consider
the transverse sectiors = (y = ¢¥%) andX; = (x = 1) (eventually performing an
homothety onx). The leaves ofF|y are the level curves of the multivalued first integral
f(x,y) = yx*exp(1/kx¥). Therefore, th®ulac correspondendes defined by

1
D:% — Xj,xo—~ yozD(xo)zxa)‘eXp — |-
kxg
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Now we show how the Dulac correspondence can still be used to define an adjunction for
the holonomy. This adjunction will be from the holonomy group of the strong manifold to
the holonomy group of the central manifold, that is, framto G ; above.

Case 1.G; is solvable non-abelian. In this case we have= 0 and hgo(x) =
x/(1+ ax¥)¥* and therefor&; = k. This also implies that we can assume thas
a normalizing coordinate fo6;. The Dulac correspondend? is given byD(xg) =
exp(1/kx§). Now we take any elemente G; and writeh(x) = px /(1 + ax¥)¥/*. Since
h is of the form given above we have the adjunction equation as

D (eW(%)) E exp(}{%) <exp< s ))M

ThushP(y) = expla/kuX) - ylfk. However, these are not uniform analytic functions.
Assume thak* is tangent tol, that is,u* = 1. In this case we can take solutions of the
formhP(y) = expla/k) - y.

Remark 5.The adjunction holonomy group, as soon as it is defined, never reduces to the
holonomy group. In fact, this is clear perhaps except in the case above of a saddle-node
corner: take an element tangent to the iderttity G;, sayh(x) = x/(1+ ax?)¥?. Then

the corresponding element e G Dy (G;) is given byhP(y) = ¢*/?y. The holonomy
groupG; contains a non-resonant linearizable elementigdy) = ux + h.o.t., u" # 1,

V n € N, and the flat elemerit. Therefore, it is non-abelian and we may choese such

a way thatig(x) = ux. ThusG; contains elements of the form

—m m __ X _ X
ho™ ohohg = 1+ pPmaxp)r ~— (L4 bxP)V/r’

whereb/p ¢ 2m+/—1Q. This gives elements ir; * (D.G;) which are not in the
holonomy grougG ;.

Case 2.G; is abelian. This case does not occur becaseould be linearizable, on the
other hand the local holononty is tangent to the identity and non-trivial.

Remark 6.The case of a nonlinearizable non-degenerate corner. Now we consider the
case whergo = D; N D; is a nonlinearizable non-degenerate corner. We will see that no
adjunction may be defined in this case. The first claim is the following.

CLAIm . Both holonomy group&; andG ; are solvable non-abelian.

Proof. In fact, if one of the holonomy groups is abelian, then since it contains a non-
resonant linearizable diffeomorphism, this group is linearizaBleahd hence the local
holonomy aroundyg is linearizable. Therefore, according td]] (recall thatgg is not a
saddle node) it follows thafy is itself linearizable, a contradiction. ]

Thus we have analytic embeddings C H, andG; C Hy,, for somek;, k; € N.
Now, we claim the following.

CLAIM . qq is a resonant singularity.
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Proof. In fact, we write F aroundgp asx dy — Aydx + h.o.t. = 0, forir € C*. Assume

by contradiction that. ¢ Q. In this case the local holonomy associatedgalong the
separatrix contained il ; is of the formi(y) = e?**y + h.o.t. On the other hand, using
the embedding of;; above, we can find an analytic coordinate (x = 1), such that
h(z) = e¥"*z/(1+ uzki)*i. Sincexr ¢ Q, the subjacent homography is not tangent to
the identity, and it is therefore linearizable. This implies that the local holoripimytself
linearizable, and therefoig is linearizable as a singulariti 1], a contradiction. ]

Summarizing, we have concluded thatis a resonant singularity, and therefore its
analytic normal form is given by9]. On the other hand, using this normal form, and the
fact that both holonomy groups are solvable non-abelian, it is not difficult to see that no
adjunction can be defined.

Remark 7.Later on, we will see that such a resonant nonlinearizable singularity has an
analytic normal form, like

V=1
Qk,g = kx dy + Ey (1+ eryk) d_x = O’

which admits the integrating factar= x‘*t1yk*1 and gives us the closed meromorphic
1-form (1/x**T1yM+1)Q; o, which has non-simple poles alorigy = 0). Moreover, this
closed form is unique up to multiplication by constants (this is a consequence of the fact
that the singularity admits no meromorphic first integral, except the constants). This will
imply thatif gg is a resonant nonlinearizable singularity, given for instanceSby= 0,

then there exists a unique local logarithmic derivativassociated t@&2, aroundgg. This

last remark shows that in fact it is not necessary for our purposes, to define any adjunction
associated to such a corner.

In order to proceed to the definition of the singular holonomy groups of the components
D; we introduce a partial order in the resolution divisor. This partial order is defined as
follows. Let Z be the (finite) family of connected components/df = D\{saddle nodes
U resonant nonlinearizable singularifie§iven two elementg, B € Z we will say that
A > B ifand only if there exist componeni3;, D; of D such thatD; N D; = {g} is a
saddle nodeD? = D; — {q} C A, D;.‘ = D; — {¢} C B, and the strong manifold af
lies overD;. Clearly> defines a partial order afi. SinceZ is finite each totally ordered
subfamilyZ; ¢ Z has a maximal element.

The family Z has a maximal element sayp € Z. It is clear that given a component
such thatD; suchD;\{saddle-nodes and resonant nonlinearizable singulariiedengs to
Ao, then given any other componeRt not belonging tadg but such thaD; N D; # o,
thenD; N D; is either a resonant nonlinearizable singularity, or a saddle node whose strong
manifold lies inD;. Therefore no adjunction can be defined from any other compahent
of Z to Ap. Thus we consider thsingular holonomyof any fixed componenDd; in Ag
as the maximal subgroup H819(F, D;, S;) = G;"° c Diff (S;, p:) obtained by iterating
the adjunction process at all the other corner®af D; N Dy, k # i whereDy is in Ao.

Now we consider the new familg; = Z — {Ag}. Take a maximal element; € Z; with
respect to the (induced partial order) Clearly eitherD; N D; = @ forall D; € A1 and
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all D; € Ao, or there exists a saddle node or resonant nonlinearizable epeadd; N D;
with D; € A1, D; € Ag, and whose strong manifold lies iD;. Thus we may adjunct the
singular holonomy of the componebt (defined above) to the holonomy of the component
D;. Now we consider the same iteration of the adjunction process for the cornis in
and add to this the adjuncted singular holonompef This defines the singular holonomy
group of any componer?; € A1. Proceeding in this way we will exhaustand therefore
define the adjunction of the holonomy for all the componentd of

Definition 4. The subgroup H8I"%F, D;, S;) = iji”g c Diff(S;, p;) obtained by the
algorithmic process above will be called thimgular holonomy grou@ssociated to the
componenD; of D.

Choose any holomorphic coordinatee (S;, p;), such that the elements jne G;
write either ag(w) = Aw/(1+ a,wk) Y%V ¢ € G orasg(w) = A;w,V g € G;.

Given a singularityjo = D; N D; asin §83.1, 3.2 or 3.3 above, we choose normalizing
local coordinategx, y) € U as in these cases, i.e. coordinates that give the foliign
in its local normal form. We choosb; NU = (x = 0)andD; NU = (y = 0), and
such that ifgg is a saddle node then the strong manifold is (as above) contairiecHrD).
According to the fact that the local holonomy associateghtand the separatrix contained
in (x = 0) classifies analytically the singularit§f11], we may choose in such a way
that the restriction|x; is a normalizing coordinate for the holonomy groip However,
it is not always true thap|x; also normalizes5;. This is the subject of the following
proposition.

ProrPosITION2. (Compatibility lemmajhe adjunction holonomy grou@; * (D, G;) is
a solvable group if, and only if, we havés, = ¢(w), for somep such that eithep € Hy;
or p(w) = aw, a € C*, thatis, if and only ify|x; normalizesG .

Proof. First we prove the only if part. Assume thét; = (D.G;) is solvable non-
abelian. According to4] we haveG; = (D.G;) C H; for somek € N (notice that

G; C G; = (D+G;) contains a non-resonant linearizable element). et (C, 0) be a
normalizing coordinate for this adjunction holonomy group. Now, by Remark 5 there is
f=hP e G * (D+G;), suchthak = f’(0) is not a root of unity. If we publs; = @(u)

for ¢ € Diff (C, 0), then we havép o f o 1) (y) = Ay/(1 + ay¥)V/*. Therefore we may

use Lemma 2 below in order to conclude that) € Hy. This shows that the change of
coordinates frony|x; tou belongs td and therefore|x; also normalizes the holonomy
groupG;. The converse part is left to the reader. The abelian case is done in a similar
way. a

LEMMA 2. [14] Let f € Diff (C, 0) with f(z) = Az + -- - wherea is not a root of unity.
Suppose that we have o f o ¢~ 1)(2)F = AkzF/(1+ bz¥) for somek € N,a € C* and
somey € Diff (C, 0). Thenf (z)* = Akz¥ /(1 + uz*) ifand only ifp(2)F = czX/(1 + dZ¥).

In other words, the Compatibility lemma (Proposition 2) says thabit= D; N D;
with G;, G; solvable as above, then we can normalize simultaneadgly;; and the
singularity o if, and only if, the adjunction holonomy group; = D.(G;) is a solvable

group.
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Comment.The iteration of the adjunction process in the definition of singular holonomy
above is used in the construction of logarithmic derivatives that we will perform in the
next section, 84 (Proposition 3). This is necessary in order to assure that the construction
of the logarithmic derivatives associated to the compon£ntsf the resolution divisor
(Lemma 6 below) exhibits no ambiguities (see the proof of Proposition 3), as follows from
the Compatibility lemma above.

Theorem 2 motivates the following definition: [Etbe a foliation on a compact complex
surfaceM and letS ¢ M be an irreducible invariant divisor.

Definition 5. The foliation F has aLiouvillian resolution (relative to S) if the divisor

D = J}_, D; of the resolution of singF N S satisfies:

(i) each singular holonomy grou@; of D; is either abelian linearizable or solvable
analytically conjugated to a non-abelian subgroufilpf;

(i) if ¢ = D; N D; is a saddle-node corner whose strong manifold is containéy in
thenG, is solvable non-abelian, ar@; is abelian;

(iii) if ¢ = D;ND;isacornersuchthak; C Hy, andG; C Hy, are non-abelian, then
is a resonant singularity, and we can find local coordinétes) € U centered ag
suchthatD; NU = (x =0), D;NU = (y =0) andFly : kjxdy+k;ydx +h.ot
=0.

Now we extend the definitions of Liouvillian resolution, dicritical singularity and
infinitesimally hyperbolic singularity to dimensiom > 3. Let F be a foliation of
codimension one of£P(n) with n > 3. It follows from [2] that the set of linearly
embedded-planesN ¢ CP(n),r > 2, which are ingeneral positiorwith respect to
F is a Zariski's open dense subset of the Grassmaniarptdnes. Therefore, we will say
that singularities ofF on S arenon-dicritical, respectivelynfinitesimally hyperbolicif for
some linearly embedded 2-plande C CP(n), in general position with respect 18, the
induced foliationF |y on N has only non-dicritical, respectively infinitesimally hyperbolic,
singularities onS N N. We will also say thafF has aLiouvillian resolution (relative taS)
if there exists such aW for which the induced foliatiodF|y has a Liouvillian resolution
relative toS N N.

Theorem 1 follows from the following theorems.

THEOREM3. (Structure theoremlet F be a codimension-one holomorphic foliation
on CP(n) and suppose that one of its algebraic leaves, Sayas only non-dicritical
infinitesimally hyperbolic singularities. Then the following two assertions are equivalent:
(&) F has a Liouvillian first integral orC P (n);

(b) F has a Liouvillian resolution relative t6.

THEOREMA4. Let F be a foliation onC P (n) with an irreducible invariant divisos such
thatsingF N S consists of non-dicritical infinitesimally hyperbolic singularities. Suppose
that F has a Liouvillian resolution relative t§. Then eithetF is a Darboux foliation or

it is a rational pull-back of an exponent two Bernoulli foliation @nx C.

A logarithmic rational 1-formQ on CP(n) writes in homogeneous coordinates
(@1, zor1) € C asQ = Y_14;dP;/P;, with polar divisor(Q)ee = )y
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{P; = 0}, where; is the residue of2 along{P; = 0}, and theP; are homogeneous
polynomials satisfyingd ;_; 1; degP;) = 0. A Darboux foliationon CP(n) is one
defined by a logarithmic 1-form.

4. Construction of logarithmic derivatives

The following proposition assures the existence of a logarithmic derivative in the presence
of a Liouvillian resolution for a certain invariant analytic curve, for a given foliation. Let

F be afoliation on a complex surfadé, and letS C M be an analytic compact invariant
(irreducible) curve, and assume tls&tis given by a meromorphic 1-forif2 on M. As
before, we denote by : M — M the morphism given by the resolution &5, by

D = 7~1(S) the resolution divisor, and b§ the pull-back 1-formr*Q (see Remark 1).

PROPOSITION3. Suppose thatimM = 2 and thatS C M is a compact irreducible
divisor invariant byF such that the sedingF N S consists of non-dicritical infinitesimally
hyperbolic singularities. IfF has a Liouvillian resolution relative t@, then the 1-form
Q has a logarithmic derivativg adapted toD in a neighborhood o). In particular, if
M = CP(2) andS is an algebraic curve, thef admits a Liouvillian first integral.

With the hypothesis of Proposition 3 we fiX; to be one of the irreducible components
of D.

LEMMA 3. Assume that’}fi”g C H, is non-abelian. Given a singularity € D;,

then it has one of the following normal forms in some local cltarty) € U such that

x(@)=y(@=0,D;NU=(y=0)

(@) ), =xdy— Aydx =0(linearizable case);

(b) ;. =kjxdy+Ly(1+(v/=1/2m)x y*i) dx = 0(resonant nonlinearizable case);

(€) S, =xdy— y’i™tdx = 0(saddle node in good position with respectig);

(d) @k =ydx —x%*t1dy =0 (saddle node in good position with respectidpwhere
g =D;NDjandG; C Hy).

In particular, there are local logarithmic derivatives 1-formg, in U such that
d2 = nj4 A Q. (1),9)0 cONsists of local separatricéf |y, has order one along
D;, and if¢; = ord(Q = 0, D;), then we hav®es, (n;4) = £; + k; + 1in cases (a),
(b), (c). In case (d) we havResy; (n,,4) = ¢; + 1. Moreover, these local normal forms
induce local Liouvillian first integral§ of |y such thai|y = gd7y.

Proof. In order to simplify the notation we puit; = k. By hypothesis, given any local
transverse sectioi; to F at some poiny; € D;\singF, there is a holomorphic
coordinatez € (C,0) = (X}, ¢;) such that for any element of the holonomy ofD;
we havep(z)f = 1,z°/(1+ a,z¥). Now, if ¢ € singF N D; is a linearizable singularity,
thenQ|y = g(x dy — Ay dx) = gdy, whereg is a meromorphic functiorg = gx** and
3 = yx~*. We define

d dx d
—k+ 0D r a8
y X 8

dg

dy
Nj.qg = (k + 1)7 +
y 8

t We are assuming that the polar sefofloes not meeb at singular points ofF.
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Now we remark that wheneveér has a local expression i as
Qlu =gxdy —rydx+---)

with & ¢ Q and(y = 0) C Dj, then2|y is linearizable. In fact, its local holonomy is of
the forme(z2)f = uzk/(1+ azk) with o # 1, therefore it is linearizable and by 1] this
singularity is linearizable. So we have two remaining cases.

() ¢ € U is asingularity of the forn®|y = g(x dy—Aydx+h.ot), A = —m/n € Q_,
(m,n) = 1, and is nonlinearizable witty = 0) C D;. In this case the local holonomy
¢ of ¢ in D; satisfiesp(z)* = zF/(1+ azk). This implies thaink = In for somel € N.
Furthermore, we can assume tlhat= —¢ and so this holonomy is conjugated to the
holonomy of(y = 0) of the germ of foliation

V=1
Qe =kxdy+ &y (1—|— ?xeyk) dx =0.

Thus by P] the foliation F is conjugated neag to the foliation2; ¢. Therefore, there
are local coordinate&, y) centered ay € D; such that for some meromorphic function
8, Qy = gQ%.¢. MoreoverQy ¢ = gk.¢ dyk,e Where

xbyk
Vit =
(W—1k/2m)extyklogx — 1
and
((v=1¢/2m)xty* logx — 1)2
8kt =~ P :

We defineg = ggr.¢, ¥ = yk.¢ and also

d dx  di
Nig =k +D2 40+ = 4+ 28
y X 8

(i) ¢ is a saddle-node and in local coordinatesy) with (y = 0) C Dj, Fis defined
by x(1 + Ayt dy — y**1dx 4 (h.ot.)dy = 0. In this case since the local holonomy
of (y = 0) atq is of the formg(z)F = uz*/(1+ az¥) and(y = 0) is the strong manifold
of the saddle node, we haye= 1. Thus this is conjugated to the holonomy(ef= 0)
of the germ of saddle nod®; := xdy — y**1dx = 0. Therefore by 10| there is a
system of coordinate&, y) € U centered @ with (y = 0) C D; such thatF is given
by Qv = g(xdy — y**1dx), for some meromorphic functiopy so that2|y = ggx d7,

where
. x(ky¥logx + 1)2
8k = J2yk—1
and
-~k
y= kyklogx + 1
We define
dy dx dg

y X g
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If the singularity is a saddle node which is not in good position with respe; tthen we
have the normal form (d) because since it is in good position with respérite can use
the case we have just finished (which gives.us 0). Thus, if we set = k;, we have local
coordinatesx, y) such tha€2|y (x, y) = 2Q!. We notice that the 1-form

dx d d

=+ 0Z + 245

X y 8
is closed meromorphic and satisfies the relatién= ' A 2. Moreover(n') is invariant
and containgy = 0) as a simple pole of residue one. We defing = n'. O

For the abelian case we have more restrictions on the analytical type of the singularities.

LEMMA 4. Assume that;jing is abelian. Then given a singularigye D; NsingF, there

are analytical coordinate$x, y) € U > ¢, centered at, such thatD; NU = (y = 0),
and F|y has one of the following types: (&), = 0, (b) Q% = 0.

Proof. Indeed,G ; is abelian linearizable. Therefore, the non-degenerate singularities in
singF N D; are linearizable. Now lej € sing N D; be a saddle node. Since the local
holonomy associated to the local separatriy @bntained inD; is linearizable, it follows

that the strong manifold af is transverse t®;. This proves the lemma. |

LEMMA 5. Assume thaning C Hy, is non-abelian. There exists a coveringldf by a

collection(Uy)«c4 Of open connected subsetsifwith holomorphic coordinate&:,, yq)

in U, such that:

(1) DNUy = (ya=0;

(2) foranya € A such thatU, NsingF = &, -7?|Ua is given bydy, = 0 and for any
¢ € HOI(F, D;. £%) whereS* = (xy = pa), 9(5a)" = hyya /(L+apye);

(3) if Uy NUg # @ andsingF N (U, U Ug) = &, thenyy = aﬁ(y]/;j) for some
Hyp € Ha,

(4) if go = Uy NsingF # @ theng, is one point,xy(ge) = Yo(ge) = O and if
Ug N U, # @, thenUs NsingF = @ andUpg N U, is simply connected. Moreover,
Flue is given by one of the normal forms (a), (b), (c) or (d) of Lemma 3 above.

Proof. Properties (1) and (2) are immediate. Property (3) follows from Lemma 2 and the
fact that there is at least one singular pointZin whose local holonomy is of the form
f(z) = Az, with & not a root of unity. Finally (4) follows from Lemma 3. m]

LEMMA 6. Assume thaning is solvable (perhaps abelian). There exists a meromorphic

logarithmic derivativeyj; for Q defined in a neighborhood @; and adapted td; .

Proof. First we assume tha[fj'”g is non-abelian and}jmg C Hy,. First we consider the

case where5; is non-abelianG; C Hy; and take the coverinfxy, vo) € (Ug)}aea
given by Lemma 4. Assume first thét, N singﬁ = ¢ and Iet§2|Ua = godyy. Then we

define
i d d
r]é = (k; +1)ﬂ + ﬁ.
Ya 8a
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Whenevei, N Ug # @ and(U, U Ug) NsingF = @ we haveyf.ﬁ" = Hep (y;’) for some
Huyp(z) = Agpz/(L+aepz) € Hiy, so we conclude thr:ttya/yg’Jrl = dyﬂ/)xaﬁy]/;j+l
and ﬁ-/f, = ﬁ({; in U, N Ug. Clearlyq; := ﬁo’[ in U, defines a logarithmic derivative
of Q adapted toD; in a neighborhood,{;. of D;\singF. Now we observe thaf; is

holomorphic outside the poles 6f and that it has simple poles aloi@)... Moreover,
given any irreducible componeht C (£2)s With L N D; # @, then by construction we
have that Regs7; = —order of () oo alongL: indeed, letn be the order of. as a pole of
Q. Choose local holomorphic coordinates y) € U for M, suchthat/ N L = (x = 0)
and we have? = gdy as above. We have that= g1/x™ for some holomorphic non-
vanishing functiorg; in U. Therefore we have
ijly = 25 2
81 X y

Now we must show thaj; extends meromorphically to sidgN D;. Indeed, given a
singularitygo € singF N D; N U, we have four possibilities according to Lemma 3.

(a) go is a linearizable singularity of the for®,, = 0. The local coordinate (defined
on the transverse sectialy) y, = yax;“‘ linearizes the local holonomy d@b;. Now, as
in the proof of Lemma 3 we may write

STZ|Uo( = 8a(Xq dyy — AaYa dXxo) = §a dyay
whereg,, is a meromorphic functiorg, = gaxol[“""‘ andy, = yax;)‘“. We define

dy. dg. d dx d
Mia = G+ D20+ BB = (2 4 @ aak T 2
Ya 8a Ya Xo 8o

The differencej; — 1, can be written agj; — 1o = hg,$, for some meromorphic
function i, defined over(x, # 0) and which satisfied(hqofz) = 0. Clearly the poles
of hy, are contained irD; (notice that the formg andn; , have poles contained in the
divisor D). On the other hand, since Rgs); = Re; 1., it followsT thathqofz is
holomorphicalong D; and thereforé,, Q2 is a closecholomorphicl-form which defines
Fin (xq # 0). Thus we have two possibilities.

(a.1) If Ay ¢ Q. In this case we must ha\le,ofz = 0. In fact, as it follows from 14],
if we havedf A (xdy — Aydx) =0, A ¢ Q, for some holomorphic functiofi defined on
(x # 0), then f must be constant (this can be seen using Laurent serig&fory)). Thus
we conclude thak,, 2 = 0.

@2)Ifry = —p/q € Q_,p,q € N(p,q) = 1. In this case we obtain (again
using Laurent series) thagofz = dp(xPy?) for some one-variableolomorphicfunction
¢ € O1. Thusin this case we may extefgto the singularity;o asi; = n;j.« +de(x?y?).

(b) The singularityyo is resonant nonlinearizable of the fomj,g = 0. We define

dy dx dg
Mo =k + D=+ (L + )=+ =
y X 8

as the 1-formy; 4 in (the proof of) Lemma 3. Now we consider the 1-fofindefined in
u} and we have)’ — ;o = fu, ;2 for some meromorphic functiof,,; in Uy N u}.
Clearlyd(f,,;Q2) =0.

T Notice thatdgy /g« anddgg/gp have the same residue along, given by the order of)o alongD;.
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CLAIM. The functionf;, ; extends meromorphically @, .

Proof. Indeed, we have an integrating factbrfor 2, which is meromorphic in a
neighborhood’ of go (see Remark 7). We can assume tfiab U,. The quotientf, ;/h

is therefore a meromorphic first integral f@rin U, N u;.. If this first integral is not
constant then the local holonomy Df; aroundygo is finite and therefore linearizable, and
this implies thatF is linearizable in a neighborhoodgd, a contradiction. Thus ity N u}
we havef,, ; = c.h for some constant € C, and thereforef,, ; extends meromorphically
to Uy asc.h. O

Comparing the poles af; andn; , we conclude that the poles ¢f ; are contained in
(x4 = 0). Onthe other hand (as it follows from the proof of the claim above) the integrating
factors of the 1-forn,; are of the forme/(x!*1ykith) ¢ € C. Thusf,; = 0. We
conclude thafj/ = NjainUy N L{’

(c) The singularityyo is a saddle node in good position, given®y, = 0. We define

n]a—(k-i-l)_‘f‘d—x“t‘%

as the 1-formy; , in (the proof of) Lemma 3. Proceeding as in (b) one can show that
7l = =1njainUsN L{’ In fact, once again one can use Laurent series (and the fact that a
saddle node does not admit even a formal meromorphic first integral defined over its strong
manifold).

(d) go is a saddle nod&*i, whose strong manifold is transversey. In particular,
G, is abelian. First we remark that sit1 D; contains no saddle-nodes in good position
with respect taD; and that the non-degenerate singularities are linearizdideed,G ;
is linearizable). Using the techniques @f pne constructs a closed meromorphic 1-form
2, in a neighborhood; of D; minus the saddle nodes in sifign D;. This form satisfies
Q; A 2 =0, and$2; has simple poles, all of them contained in the divigorWe have
Q = h;$2; for some meromorphic functidh; in V;. Define now the 1- forny; = dh;/h;.

Clearlyn is a candidate for a logarithmic derivative f@radapted taD;. Notice thatn

has reS|due one along;. We must show thaj; extends to the saddle node smgularltles
in D;. Fix such a singularityo € D;. We must haveyo = D; N D; for someD;. We
will show the extension oﬁ; to go using the fact that the adjunctlon holonomy group
G; * D4(Gy) is solvable. Choose local coordinaias y) € U centered atjo, such that
D;NU = (x =0),andD; = (y = 0), and such tha®|y (x, y) = g(x?*1dy — y dx) for
some meromorphic functiopand somep € N. As we know, the holonomy grou@; of
the componend; must be solvable non-abeligh C H,. Moreover, we can assume that
the coordinater|x,, whereX; = (y = 1), normalizes the group H()f‘, Dy, 3 = Gy.
Take an element tangent to the identltye G;, sayh(x) = x/(1+ax?)?. Then
the corresponding elemeh? e G; * D.(G)) is given byhP(y) = ¢*/Py. Now let

z € (¥,q;) be alocal coordinate, whetg; = (x = 1) andg; = X; N D;, which
linearizes the holonomy grou@; = Hol(F, D;, £,). Then the fact that the singular

holonomy grougﬂSing is solvable implies that either = ¢(z) for some diffeomorphism

¢ € Hy whenGS'ng C Hy, ory = uz for somep € C* whenGS"is abelian linearizable.

According to thIS we can assume that the coordin@te normalizesG ;. This implies that
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the 1—formsﬁ} and

N0 ::d—y+(p+1)d—x+d—g

y X 8
coincide over the transverse sectiin. This same argument shows that they coincide
over an open neighborhood gf. Thereforeﬁf/ extends ag),, to the singularityyo. We
rename?} asi;. This is the only case where we use the fact that the adjunction holonomy
groupG ; = D,(G;) is solvable. The solvability will be used for the other cases during the
glueing process for the 1-fornjg (see the proof of Proposition 3 below). Thiisextends
meromorphically to a neighborhod of D; .
Now we assume that; "’ is abelian. In particular ; is abelian linearizable. Using

the same arguments of (d) above we can conclude that there exists a logarithmic derivative
ii; of Q adapted td; in a neighborhood oD . 0

Proof of Proposition 3.We start by definingj in a neighborhood oD; as#; given by
Lemma 6 above. Now we show that given a cogee= D; N D; then in a neighborhood
of go, )i = 7. First we assume that is a saddle nod@kj =0asin(c) of Lemma3. In
this case we havg; —71; = fi;S2, for some meromorphic functiofj; in a neighborhood
of go. Clearly we havel(f;jQ;) = 0 so thatf;; = u/xy**! for somep € C (see the
proof of Theorem 2). Therefore,

. . dx dy

ni—n,:u(?—w).
The 1-forms; — 77; has only simple poles alon; so thatu = 0 and thereforg; = 7;
in a neighborhood afo. In the same way we havg = n%i = n; if go is a saddle node of
the formQ;; = 0 as in (d) of Lemma 3.

Now we assume thagp is not a saddle node. We have thais a singularity of the form
xdy—Xydx+h.ot. = 0whereD; : (x = 0)andD; : (y = 0). As abovej; —ii; = fi; Q.
Moreover,d(ﬁjfz) = 0. First we consider the case wheret Q. Assume thatf;; # 0.

In this case,f;; 2 is a closed meromorphic 1-form which defingsn a neighborhood of

go, SO thatgo must be linearizable3]. Moreover, according to Theorem 2(iii), at least one

of these holonomy groups is abelian, ayis abelian linearizable. Thus the adjunction
holonomy groupG; * D,(G;) is defined and solvable. According to the Compatibility
lemma, we can find normalizing coordinates for the singularity and for the holonomy
groupsG; andG; at the same time. Now, the same arguments used in parts (a) and (b) in
the proof of Lemma 6 apply to show thigtands; coincide in a neighborhood gb.

Assume now that. = —p/q € Q_. If go is nonlinearizable then the glueing Bf
andz; is immediate (see Remark 7). Thus we will assume #gds linearizable with a
holomorphicfirst integral. Therefore, once again the adjunction holonomy group is defined
and solvable, so that as in the case considered above the simultaneous normalizagion for
and the holonomy groups gives the glueing.

Thus the collection of 1-forméj;);” ; defines a 1-fornd in a neighborhood oD =
771(S). The 1-formyj is clearly a logarithmic derivative &t adapted ta. Blowing down
this 1-form, we obtain a 1-form..(57) in a neighborhood of such that it is a logarithmic
derivative ofr, () adapted tc.
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Assume now tha/ = CP(2) and thatS is an algebraic curve. According to Levi's
extension theorem (se@]] the 1-formn defined in a neighborhood of extends to
a rational 1-form onCP(2). Clearly this 1-form defines a Liouvillian functioH by
n = dH/H and we havel(2/H) = 0. Therefore, there exists a Liouvillian first integral
F suchdF = Q/H. m]

Now we prove the existence of transverse logarithmic derivatives associated to a given
closed logarithmic derivative. First we prove the following result which deals with the
abelian case for the singular holonomy groups.

PrROPOSITION4. Let F be a foliation onCP(2), with an algebraic leafS such that

singF N § contains only infinitesimally hyperbolic singularities. Then the following

conditions are equivalent:

(i) Fis aDarboux foliation;

(i) Fisgiven by a closed rational 1-form;

(iif) all the singular holonomy groups arising in the reduction of the singularities of
singF N S are abelian.

Proof. First we prove (i) = (i). We fix 7 : (CP(2), F, D) — (CP(2),F,S), the
reduction of singularities of sing N S as in §1. Let us fix a componet; of D. By
hypothesis the singular holonomy groaﬁing is abelian, and sinc®; contains a non-
resonant linearizable singularit«ﬁ,ji”g
singularityg € sing7 N D;.

is in fact analytically linearizable. Now we fix a

CLAIM . g is a linearizable singularity.

Proof. This is clear from10, 17 if 4 is not a saddle node. We assume thereforeglima
saddle node. The local holonomy associated to the strong manifglisafot linearizable.
Therefore, we conclude that the strong manifold d§ not contained in (any component
of) D. This contradicts the fact that by the hypothegis in good position with respect
to D. O

Thus any singularityy € singF N D is in fact linearizable. Using2] we conclude
that, for any fixed componei?; of D, there exists an open coveringBf by a collection
(Ug)aea Of open connected subsets©P (2) with holomorphic coordinateéey, yy) in
U, such that:

(1) DNUy = {y« =0}; y N

(2) foranya € A such thatU, N sing* = &, Fly, is given bydy, = 0 and for any
¢ € Hol(F, Dj, £%) whereX® = (x4 = po), 9(Ya) = ApYai

(3) if UyNUg # @ and singF N (U, UUg) = @, theny, = Aupyp for someirqs € C*;

(4) if go = Uy NsingF # @ theng, is one point,xy(¢e) = ya(ge) = O and if
Ug NUy # 2, thenUy NsingF = @ andUg N U, is simply connected. Moreover,
f"|Ua is in the linear formx, dy, — gy« dxo = 0, for somex, € C*.

In the open setdJ, such thatU, N singﬁ = o, we define the local 1-forms
Q¢ = dyu/ye. In thoseUg for which ¢ = Ug N singF # @, we defineQs =
dyg/yp — rq.dxg/xg. These 1-forms glue into a closed meromorphic 1-f@mwith
simple poles, which defineg in a neighborhood/; of D;. We proceed to prove that
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if g = D; N D; is a corner ther2; = €; in a neighborhood of. Indeed, since both
1-forms are closed and we defigiein a neighborhood of,, it follows that2; = f<; for
some meromorphic function which is a first integral $6raroundg. On the other hand,
we know thatF is locally linearizable around, sayF : xdy — A,y dx = 0, for some
local holomorphic coordinatgs, y) € U, centered af, and suchthaD; N U = (y =
0), D; N U = (x = 0). Therefore, it follows that eithef is constant, o = m/n for
somen, m € N relatively prime. We consider the case= m/n and will also prove that
in this casef is constant. In fact, we may assume that the coordi(v@tel/*)“y:l) is
a linearizing coordinate for the singular holonomy graap™. Now, according to the
Compatibility lemma, the fact that the singular holonomy groupBcdndD; are abelian
implies that the coordinatex —*)|,—1 also linearizes the singular holonomy grcﬂiﬁ)'”g.
Finally, by construction, we know that the 1-forfy, respectively2;, is constructed in
suchaway thatif € (x = 1), respectivelyw € (y = 1), is alinearizing coordinate for the
singular holonomy group ab;, respectively ofD;, then we must havR | -1 = dz/z,
respectively; |(y=1) = dw/w. On the other hand, we must hawe= u(xy~1*)|(,=1),
respectively, = u(yxfk)|(x:1), for someu € C*. Therefore, we obtain

dxy V%  dx 1dy 1(dy _dx
(xy—1/24) x Ay A\y X

Therefore,f is constant. Proceeding as 2] pne can easily conclude that there exists a
closed rational 1-forn®2 in all C P(2) which is logarithmic, and defines.

Finally, implication (i) = (ii) is clear. For (i) = (iii) we fix a closed rational 1-
form € which definesF in the blow-up manifold/. First we remark that all the holonomy
groupsG ; are abelian. This is a consequence of the following lemma anbBpf [

LEMMA 7. Given any poiny € D; \ singF there are local coordinategx, y) € U
centered ay, such thatD; N U = (y = 0), and the 1-forn2 can be written in these

coordinates as
ayn +1

Qx, y) = W

dy,

wheren € N anda € C are fixed.

Therefore, the holonomy group; leaves invariant a germ of the holomorphic singular

vector field
Zn—i—l d

1+az"dz’
and according to1[3] this is an abelian subgroup of Diff, 0).

Now we notice that sinc& ; contains (by hypothesis) a non-resonant linearizable
diffeomorphism,G; is analytically linearizable. This implies (as above) that all the
singularities; € D NsingF are linearizable. Using the same arguments as for the proof of
(i) = (i) we conclude thaf is given by a closed meromorphic 1-f0|§7n; with simple
poles, in a neighborhood; of D; in M. We have A Q; = 0in V;, so that® = fQ;
for some meromorphic functiofi which is a meromorphic first integral foF in V;. Now,
by the hypothesis of infinitesimal hyperbolicitg,must be constant. This gives tiathas
only simple poles in1. In particular,$2 is already a logarithmic 1-form. o

X(2) =
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The following proposition assures the existence of a transverse logarithmic derivative
after the resolution process.

PROPOSITIONS. Suppose tha/ = CP(2), and thatF is given by a polynomial 1-form
Q, with CP(2)\C? in general position with respect t6. Let S be an irreducible algebraic
invariant curve. Denote by : (M, F, S) — (M, F, S) the resolution of singularities of
F|s. Assume thaf is a (simple poles) logarithmic derivative ©fadapted toD. Then:
() there exists a logarithmic derivativiy of Q transverse taD (such that2 divides
n—n1);
(i)  if 71 is also closed therF is given by a closed meromorphic form dh
Proof. For the sake of simplicity of the notation, we will consider the case whgnis
already desingularized, hence we will be placedwr= CP(2), so that = M, Q = Q,
n = nandD = S. The proof we give applies to the general case. By the hypothesis,
S is given by{f = 0} for some irreducible polynomiaf defined onC?. Since(n)so
has order one alon§, this 1-form can be written as = adf/f + n2 for some closed
1-form 2 and some constaat € C*. Moreover, the 1-formy, has polar divisor which
does not contain§. We assume thaf is not given by a closed rational 1-form. Thus,
according to Proposition 4 above we may assume some of the singular holonomy groups
associated to some of the resolutions7dk are not abelian. (The strict transform o)
is non-abelian, contained in sorfig, k € N. We claim that/f A n2 # 0. Indeedy is a
closed 1-form whose polar divisor contains (and is simplé@}), which in turn does not
containS. Since(n2)00 = (7)o \S, We still have that2), is contained inn2)co. AS the
polar divisor ofy; is invariant for the foliation defined by, this implies that!f An £ 0.
Thus we can writ€2 = pdf — f1 for some meromorphic 1-forf2; := hn and some
meromorphic functiong, 4. Sinces is invariant we have tha®; A df is a holomorphic
2-form outside(2) . In particular,S is not a component afz).,. We define the 1-form
n1:=n + agQ1 whereg := —1/pf. Replacing these expressions we obtain

ah
n = <1+ —) n2.
P

We claim thaty; is a logarithmic derivative of2 and is transverse t. It is necessary to
prove that (1)) \(2) IS invariant byF; (2) {p = 0} is invariant andS is not one of
its components.

Proof of (i). Let L be any component ofr)\ (). We havedQ = n A Q, n =
2df/f + n2, so thatd(2/f%) = n2 A (2/f?). Suppose thaL is not contained in
{f = 0} U (n2)c0, Which is invariant. Thus we choose a paint L\({f = 0} U (n2)0)
and a local holomorphic functiop : U — C* defined inU > ¢, such that); = de/¢.
Then we havel ((1/¢f2)$2) = 0. On the other hand, we have

—r, <1> iy <E) _1q
o \f) f \o) o¢f?

Thus we conclude that is contained in the polar set of the closed meromorphic 1-form
(1/¢f2)$2 and therefore (as a consequence of a general fact) it is invariaht by

T Notice that ifp, is holomorphic themy = 0.
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Proof of (ii). If there is some componelit of {p = 0} which is contained ir§ then we
choose local coordinatés, y) centered at a generic poipte L such thatL = (y = 0).
Then we can writep(x, y) = y™u(x, y) for some unityu and somen € N. Thus we
haveQ = y"udy — yQ, andQ1 A dy is holomorphic. But sinc&; = hnz andny
is closed with poles not contained fh= (y = 0), it follows thatn, = dv for some
local holomorphicfunction v (x, y). Since the singularities a2 are isolated there is a
meromorphic local functiord such thath = H/y",r > 1, H not identically zero at
(y = 0). Therefore(H/y")dy A dy is holomorphic, which implies that = y"+16 for
some holomorphié. Therefore we have

Q=y"udy— (r+1)60yHdy — y°’Hdb

which is a clear contradiction with the fact th@athas isolated singularities outsid®) .
Assume now thaf{p = 0} has some componeiit which is not invariant. Therd is
not contained iNn2)~. First we remark thal. N {f = 0} C singF. In fact fixed any
pointg € L N {f = 0}, sincen; is closed we can assume that = dg for some local
holomorphic functiony defined around;. ThusQ = pdf — fhdy and then clearly
qg € {p = 0} Nn{f = 0} is a singularity of 7, which gives a contradiction. Now we
conclude. Let us assume th@b).o U { f = 0} is a divisor with normal crossings (this is
the final picture after a resolution process so that we can assume, without loss of generality,
thatM = CP(2) as announced above). Let us wiit) o, = U’}':l{fj = 0} inirreducible
components wherg; is a polynomial for allj. Then given a poing € {f =0} N {f; =
0} N {p = 0O} we choose local coordinatés, y) € U,x(q) = y(g) = 0, such that
fx,y) =yand{f; = 0} = (x = 0). In this local chart we havg, = 2dx/x + dy for
some local holomorphic functiop(x, y). Therefore,

2
Q= pdf — fhnz = (p — yhgy)dy — yh (; +<px) dx.

Since 2 is holomorphic around it follows that x|yh, sox|h. Now since(x = 0) is
invariantit follows thatx|(p—yhe,), thenx|p (because|yhe,). Thus{p = 0} = (x = 0)
is invariant.

Finally, we remark that since — n» divides2 andy is closed, it follows that ify is
still closed then necessarity admits a meromorphic integrating factor, so tamust be
given by a closed meromorphic 1-form. m]

5. Proof of Theorem 3 in dimension two

In this section we prove Theorem 3 in dimension two. The implication=8) (a) is
in Proposition 3. Now we proceed to prove &= (b). Let, as usualp = U?:l D;
denote the resolution divisor of sidfgN S. Let us fix a meromorphic integrable 1-form
Q with codimsing? > 2 and(Q)« transverse taS, which definesF. According to
[16], the existence of a Liouvillian first integral foF implies that2 admits a (rational)
logarithmic derivative, say. We have two possibilities: eitheris unique orF is given
by a closed rational 1-form. We will assume thatis not given by a closed rational
1-form. In this case some of the projective singular holonomy gr«ﬁf&? must be non-
abelian (Proposition 4). The 1-forminduces a transversely affine structure fooutside
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the polar se(n)... Now, since each componeDt; contains a non-resonant linearizable
singularity, we can applylf] in order to conclude that: (i) each projective holonomy
groupG ; appearing in the resolution of sitFgN S is solvable analytically normalizable
(possibly abelian); (ii) the 1-form which denotes the logarithmic derivative associated to
the pull-backS of € must have simple poles along each compognof the resolution
divisor D = 7 ~1(S) of singF N S. In particular; has simple poles along

Now we prove that the singular holonomy groups associated to the compdneats
solvable. Indeed, according to the proofs of Proposition 3, Lemma 3 and Lemma 6 we have
that, for any fixed singularity = D; N D; € singF N D, the 1-form7j has suitable local
expressions as follows. Choose local coordinates) € U centered a4, such that% has
one of the local forms (a), (b), (c) or (d) of Lemma 3. Define as usual the local transverse
sectionsy; = (y = ) andX; = (x = 1). We can assume thatdf is a saddle node
then it has its strong manifold containedin. We may also assume thefts, normalizes
the holonomy group HOF, D;, ¥;). Now, choose a system of coordinatasz) € W,
centered at the poigt; = D; N T, which satisfieD; N W = (z = 0), Q(u, 2) = g1.dz
(for some meromorphic functiog;) and such that we have a normalizing coordinate
z € X; for the holonomy group HolF, Dj, %;) (see Lemma 5). First we consider the case
where Rep, 1 =k;+1, for somek; e N. We know that) = (k; +1) dlogz +d log(g1).
If g is of the form (a) in Lemma 3, then we have

Q(x,y) = glxdy — Aydx),

and 4 4 4
=2 e U+ 02 +der, )
8 X y
where 14 1 = a + (k;j + 1) (see the proof of Theorem 2), whegés meromorphic it/
andg is a holomorphic first integral faF |;. Thus if A ¢ Q theng must be constant and

we have 4 4 4
~ X
=2 @S g+ 2,
8 X y
so that
Q = gx™ dlog(yx ™),
and

il = dlog(gx™) + (k; + 1) dlog(yx ).
These expressions we consider in a simply-connected neighboth@od/ N W of ¢;,
which does not interse¢k = 0). Now from the equalities
(kj + 1) dlogz + dlog(g1) = ij = d log(gx*") + (kj + 1) d log(yx ),
and from the equalities

grdz =S =§dj,  forg = gxl™ §=yx*

we havey|x; = J|x; = ¥ (zlx;) for somey € Hy; (see [L4, ch. I]). Therefore, according
to the Compatibility lemma, the adjunction holonomy gra@ip * D«(G;) is solvable.
The case. € Q_ as well as the other cases are done in a similar way. We use the local
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logarithmic derivatives;; , and the induced local Liouvillian first integrafsintroduced
in Lemma 3. We leave these other cases to the reader. Thus the singular holonomy groups
are solvablet. The Structure theorem is therefore proved fo2. m]

6. Construction of projective triples

In this section we prove Theorem 4 in the case 2. Therefore, letF be a foliation on
CP(2), and letS and singF N S be as in the statement, such tifathas a Liouvillian
resolution relative toS. We considerQ and 7 given by Proposition 3, and denote
by SegF, S) the invariant part of the polar divisaj)s minusS. According to the
construction of in Lemma 6 and Proposition 3, we know that §€pS) consists, in
a neighborhood oD, of the separatrices of that are transverse to the divispr, and
which (as a consequence of the fact thaxtends meromorphically t#f) are contained
in algebraic invariant curves.

From now on we will adopt the following notation. We denote ipyinstead of7j1)
thetransverseo D logarithmic derivative of2 on M, given by Propositions 3 and 5. We
proceed to construct a transversely projective structurgfor V \ Sep 7, S), whereV
is a neighborhood ob = 7~1(S) in M, and& is a meromorphic 1-form it. We recall
the following definition [L4].

Definition 6. (Projective triples) LetF be a foliation given by a meromorphic 1-forfn

on M (not necessarily with isolated singularities). We assume @3 U () has no

F-invariant component. A 1-forrhis such that<2, n, &) defines grojective triplefor F,

if:

@) d2=nAQ,with (1) = (V) U ()0, (1) Of order one and such that for any
irreducible componer@ C (22)., U (2)p we have either Resy = —ord((2) o, C),
or Reg n = ord((2)o, C), respectively;

(b) dn=QAnE;

() de =& An, ()= (R and(&)e = () and for each irreducible component
C C ()00 U ()0 We have either ordé)o, C) = ord((2) o0, C) or ord((£§) oo, C) =
ord((2)o, C), respectively.

The existence of a projective triple is equivalent to the existence of a projective
transverse structure for a given foliation as we will see in what follows. In what follows
we construct a projective tripkg?, 7, £) for F in M \ SegF, S).

LEMMA 8. Suppose thatlimM = 2 and thatS C M is a compact irreducible divisor
invariant by F such that the sesingF N S consists of non-dicritical infinitesimally
hyperbolic singularities. Assume th&t has a Liouvillian resolution relative t&, and
let Q, 7, D; be as above. There exists a 1-fofmdefined in a neighborhoad; of D;
such that(2, 7, ;) is a projective triple irt4; \ SegF, S).

Proof. First we construct the 1—forr§y in a neighborhooty’ of D; \ singF. We consider
two distinct cases:

T A proof of the solvability of the singular holonomy groups may also follow from a geometric interpretation of

[13.
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(i) Gjmg C Hy, is non-abelian. In this case we consider the covefing, ya) € U}
of D; given by Lemma 3. In the regular part and also around the singularitl@sim)ij
we can write inUy, Q|u, = go dfy Where(gy, fo) = (8a, Ya) OF (8, Yo) depending on
whetherU, N singF = @ or not and, moreover, i/, N Ug # & thenff’ = Ha,g(fgf')
for someHys(z) = rapz/(1+ agpz) € Hi. We write alsoQ = go dfy = Uy df,f’ where
Uy = ga/kjfolfﬁl. ThereforedQ = (duq/uq) A € and sincel2 = 7j A 2, we obtain that
there ish, meromorphic function defined ifi,, such that

d d d
= 25— —D%Ma

Ug 8a

n=

Inspired by [L4] we define€ in U, as

. h2
)= 2“9 heil — dhg.

We proceed to prove thég = g?g in each of thesé/, N Ug # @. In fact, according to
the identity principle it is enough to verify this identity whefg # 0 # fz. Now, in
U, NUg # & we can rewrite

a ﬂfkj + byp
- ki o, o,
Q=gudfy =gpdfs and f,' = i,’i’
Ca/fifﬁ' + dup
With aggdeg — bagcap = 1. Thus
ki 1 kj
dfa/ — k- . dfﬂ/
(Cot/fif/g/ +daﬁ)2

and sincelfy’ / fu’ = k;jdfa/ fa, it follows that

8 8
% (Caﬁ fﬂ + dolﬁ)z b 1
£l £y
or &
Chﬁ — (kj — 1)% = dgﬁ — (kj — dfﬁ + —anﬂ dfﬂj
8a fo 88 fﬁ (cap f3 + dup)
Thus
. ~ L ~ 2cqp kj = 2cqp kj
n—haﬁzn—hﬁ9+k_—df" (hﬁ—ha)Qz?dfﬁ
(Caﬁfﬁ/ + dup) (cap fﬁ' + dap)
From this we obtain
\ gﬁ - 2cap _, g 1/2 & (k;j=1)/2
( /S - (Y) k/ - CO(/S g f )
f (Cocﬁ fﬁ + dup) o p

or
(fufp) k012

hﬁ — ha = ijcaﬂ (gag,s)l/z
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and so
Ay —he) _ hi (e ) L (e Ay hedheg
hﬂ — hy 2 S fﬂ 2\ g« 8B 2
Finally,

PR hg+hy ~ . dhg—nh
gé_gogz(hﬁ—ha)[ ’32 Q_n_(ﬂiﬂ)}zo.

hg — hy
Thus we have constructég in a neighborhoodlj’. of Dj\singﬁ.

(ii) Gj'”g is abelian linearizable. Proceeding as2hdne can find a family of coordinate

charts{(xy, yo) € Uylaea, such that:

@  Ugyea Ue = Dj\ singF, andF|y, is given bydy, = 0;

(b) if Uy NUp # @ theny, = Aqpyp fOr some constarit,s # O;

(c) the restrictiony,|x,, whereX, is the local transverse section given py, = 1),
linearizes the singular holonomy groG@'”g.

We write Q|y, = go dye andiily, = dga/ge + ha$2. Now, if Uy N Us # @, then
we haveg, dy, = ggdypg SO thatgg = Aeg.84. Thereforedg,/go = dgg/gp SO that
he = hg in U, N Ug. As above we define the fornfg = Ih2Q — hofi — dhy. We
conclude thaé] = 5/-3’ in eachU, N Ug # @. Thus once again we have construcigdn
a neighborhood(’ of Dj\singﬁ (this neighborhood may contain no punctured polydisk
centered at some singularity).

Now we will extend the 1-forng; to the singularities ofF in D;. Again taking the
covering given by Lemma 5 and the proof of Proposition 4, we consider a singular point
g € Uy N D; and the closed 1-form; , defined inU, and adapted t@®;. We use the
following lemma of straightforward validation.

LEMMA 9. Let0 e C? be a germ of singularity for a foliatiotF : = 0, of the form (a),
(b), (c) or (d) in Lemma 3, where the geinhas an isolated singularity at zero. Denote
by D c C? the germ of the analytic set of separatricesbthrough zero. Assume thex
admits a simple pole closed logarithmic derivative say,in a neighborhood of zero and
letn be a logarithmic derivative transverse 1, given byy = o + £, for some suitable
meromorphic function. Then the 1-forng := 142Q — hny — dh defines a projective triple
(2, n, ) in a neighborhood 0d € C2.

Using this lemma we write that iy, 7|y, = nj« + he$2 for some meromorphic
function h, which is holomorphic in a neighborhood ﬁf]\smg}‘ minus the polar set
of €, and define the 1- -forng; o in Uy by &4 = ihz — hofj — dhg. Itis easy to
see thatiQ = 77 A Q, dij = Eja A Q, déjo = Ejo AT Thus (2, 1, &j,q) defines a
projective triple forF wherever, 7, £ are holomorphic. Now we remark that[l{j N Uy
we hav@, =&jqt+ Ly € for some meromorphic functiof, such thatl(el/zsz) =0 (see
[14), and also the proof of Proposition 3 for the possibilities ig). Sinceé; |u'mu is
holomorphic and;; ., is holomorphic inU,\ (x, = 0) we have that,, is holomorphlc in
Uy \(x, = 0) and thus using the normal forms (a), (b), (c) and (d) of Lemma 32!1@;;
it follows that¢ = 0 and thereforé; extends tdJ, as¢; . Thereforef; is holomorphic
anngD,-\(singﬁ U (2)s0)). This completes the proof of Lemma 8. O
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Now it remains to show that ijo = D; N D; then, in a neighborhood @, & = &;.
Here we use the same arguments in the proof of Proposition 3. We give a proof of one
case: assume that both singular holonomy groups are non-commutative, '%%sc Hy,
andGs'ng C Hy;, and thay is linearizable resonant. We choose normalizing coordinates
fi € (Z,,q,) and fi € (Zj,qj) for these groups such that, in a neighborhoodof
respectivelyg ;, we haveQ = g; df;, respectivelyQ = gjdf;, for some meromorphic
functiong;, respectivelyg ;. Moreover, we can assume that we have

d
=% Y g
8i fi
and 4 df
__ dg; j .
="k — D=L 408
8j ! fi

respectively. Using the Dulac correspondence associated to the cpynee can
interpret the solvability of the adjunction holonomy groGp * D.(G;) as the following
compatibility condition forf; and f;;

ki _ fiki
I =
1+ bf,

Now, by definition

. k%

§i = 5 2= hin — dh;
and

_ hZ

Ej = ?’Q —h;i —dhj.
Therefore a similar computation as above shows that

A —h) ki —1dfy  ki—Ldfi ldg ldg; . hithg

hi—h; 2 f; 2 fi 2g 2g

therefore

P Pt hi +hj - - d(hi —h;
&—a=mrwn[ *h i——¢ﬂ=a

Q — 5=
PR Ay vy
The other cases are treated in a similar way. Thus the collection of 1—(6[]1??:31 defines
a 1-formé& in a neighborhood of 7 ~1S. Moreover, it is evident thalij = £ A Q and
dE =& AT. ) )

Using the construction aof, &, the properties required for the divis@R),, U D and
techniques from14] we will prove the following.

PROPOSITIONG. £ defines a transversely projective foliatidh- in a neighborhood ob.

Proof. We use the fact that is holomorphic outsided U () U SefF, D), that7 is
transverse td and that(€) is in general position with respect 6. Fix a component
D; C D, j # 0, and take the open covering., y.) € U, of D;, given by Lemmas 5
and 6.

First we prove the following.
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LEMMA 10. [14] LetU, N (singf" U (Q)eo U (2)0) = @. We may write locally

- 2 X,
Qly, = XgdYy — YodXy =Y2d([-=2),
Yy
N dY,
=2 ——+ ho(XqdYy — YoadXy) = 2(WedXgq — Vo dYy)
o
and v
£ =2W2d (=
e=anza ()
where

<X°‘ V“) Uy, — PSL(2, C)

is a holomorphic mapping.

Proof. We write Q(xq, yo) = godys. Assume thatQ)s N U, = @. Theng, is
holomorphic and non-vanishing so that we may definby Yf = ggand—X, /Yy := vy
definesX,. Thus we have

~ X -
QXg, Ya) = Yo?d <_Y_a) = QXxg, Yo) = XogdYy — Yy dX,.
o

Therefore we have
. dYy
N(Xes Ya) = 2Y— +hy(XqdYy — YydXy)
o

so that we define
V= o, Xe
Ty, Y2

so that ifW,, := —Y,hy/2 then we have

Yoh 1 X
XoWy — Vo¥y = Xy (_ 01206> _ <_Y_ —ha7a> Y, =1
o

Also we have
N(xa, Yo) = 20We d Xy — Vo dYy)

and
- 1, V,
s(xa,ya)=§ha9—han—dhazwad(#;). O

We will also use the following lemma.

LEMMA 11. [14] Let
X v X v
<y Q) , (y g'z) :U —- PSL(2,O)

be holomorphic mappings wheté ¢ C" is a connected open subset. Assume that we
have:

@ x2d(y/x)=x%d(3/%);
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(b) Qdx —vdy=Qdx —vdy;
() 2dw/Q) =Q%d1v/Q). B
Then there exist6? ) € PSL(2, C) such that(;f, 3) =455 a).

Now we consider two holomorphic mappings

Xo Vu i Xﬂ Vﬁ .
(Ya Wa) Uy —> PSL(2, 0), <Y/3 W :Up — PSL(Z, C)

as in Lemma 10, such that, N Ug # @. Then, in the intersectioll, N Ug, we have
<Xﬂ Vﬁ) _ (aa,g baﬁ) (Xa Va>
Yg Wg Cop  dup Yo W,

("“ﬂ b‘”) e PSL(2, O).
Cop  dup

for some

In particular,
& _ aaﬁva +baﬂWa _ aaﬁVa/Wa + baﬁ )

Wpg o Cap Vo + dapg W N CapVa/Wo + dup

This already shows tha~ is transversely projective in a neighborhood®f, ((£2)eo U
(Q)o U singF).

Let us consider the case whelle N (Q)s # @. In this case we may assume that
()00 N Uy = £~1(0) for some holomorphic reduced equatipn U, — C.

We write, thereforeQ2(xy, vo) = " (xa, yo) Wheren = ord(() oo, (f = 0)) € N.

By the definition of projective triple we havg = n + (=n) - df/f, wherey’ is
holomorphic inlU,, and is a logarithmic derivative @&, transverse t@;. We define

g/ ._ 1
=

in U, and obtain a projective tripl&?’, 7/, £’) in U, which is holomorphic and by the
preceding case we may find a holomorphic mapping

E=r"%

Xo Va .
<Ya Wa).Ua—HP’SL(Z,(C)

such that
SE,|U0[ ZXUdYa_Yaana 7;,|Ua =2(Waan_VadYoz)’

~ v,
&'y, =2Wod <WO‘> =2(WadVy — VydW,).

o
Therefore, we obtain

XodYy — Yy dX d
o ozfn o a’ Ny, =2WedXy — Vo dYy,) — u’

Qly, =
f
é|Ua = an(Wa dVy — Vo dWy).
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Then we may assume théelg N U, # @ = U N (Q)e = @ and therefore i, N Ug
we havef # 0, so that we may consider a holomorphic brancht8#, and obtain:

X2 (Yo \ _ (X Y Yar ST
I3 (E)‘(f"ﬂ)' Xo - f1/2
_x2. (X
= X3 d(X,g)’ (a)
ndf

2(WydXy — Vo dYe) — - = 2A(Wy - f2) - d(Xe fT?) = Vo "2 - d (Yo £ 72)]

=2(WgdXg — VgdYp), (b)

n (w2 (Ve ) _ 2y Va "2\ o (ﬁ)
2f <Wad(Wa))_2(Waf )d(Wchn/2 =2whd () ©

Thus according to Lemma 11 above we obtain:
Xg Vg\ _ (Gup Dop ( Xe fM2 0V 2
Yg Wpg B Cap daﬂ Yy fﬁn/z Wozfn/z
and therefore
-1
V/S Vafn/Z Vafn/z
Wﬁ = |:aaﬁ (W +b0{ﬂ . Cotﬂ W +daﬁ

_ aapVa/Wa + bag ’
Cap Va/ Wo + da/fi

The argument above extends the projective transverse structufe- db the polar
divisor () e.

Finally, we consider the case whely C (Q)o. We write, thereforeQ2(xq, yo) =
V" (Xq, Yo) Wheren = ord((Q) 0, D) € N.

By the definition of projective triple we havig = 1’ + (—n) - dyy/ye Wheren' is a
logarithmic derivative of2’. We define

- 1 - -
§ = — & =y,¢
Yo

in U, and obtain a projective triple’, 1/, £') in Uy, and by Lemma 10 we may find a
holomorphic mapping

Xo Va) .
<Ya Wa) Uy, — PSL(2, O)

such that

QNy, = XadYy — YodXy, 1'lu, = 2(WydXe — VydYy),

- |2
E'ly, = 2Wod (W"‘) =2(Wo dVy — Vo dWy)

o

t We consider a fixed holomorphic and non-vanishing determinatigfi*6t on U, N Ug, which we assume to
be simply connected.
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Now in the intersectiorl/, N Ug # @ we havey, = uqgys for some unityuqs €
OU, NUg)*. Thus we obtain

2

X2 vy, X Yo - ugy/? , (Y
2 d (—) =5z — | = X5-d <—) , (@)
Uyp X Ugg Xo - Ugp Xp

d
2(Wo dXo — Vo dYo) — ”M”ﬁ“ﬁ = 2A(We - ) - d(Xatugy"?) = Vouy - d(Yougy'®)]
o
=2(WgdXg — VgdYp), (b)
/2
1% Vo, v
2ulls (Wfd <—“)) = 2(Waly) -d | —25 | = 2w} d( p ) ©)
We AT W

Therefore, using Lemma 11 we conclude that in the interseétion Uz, we have

utZ Xp  ully Ve - (aaﬂ ba,e) W Xo  ul Ve
w2 Yy ul? Wy Cap dap) \ 2 Yy Wl We
for some
(‘C‘ZZ ZZﬁ) e PSL(2,C).
In particular,

ﬁ N aaﬂVa + baﬂWa N aaﬂVa/Wa + baﬂ.
Wpg cop Vo + dapWy capVa/ Wa +dug

This proves thaf defines a transversely projective foliatif-, in a neighborhood of
D;\(singF N D;). In order to see that this transverse structure extends tosmg; we
proceed as follows. First we notice that, siisize7, £ are holomorphic outsidg?2) ., U DU
Sef(F, S), it follows thatF~ is already transversely projectivedi\ (DUSepF, S)). As
we have see above, the fact thjas transverse t® implies that this projective transverse
structure extends tb \ Sef(F, S). Now, given a componeisy C SepF, S) we have two
possibilities.

(@) SpisnotFL-invariant. In this case the projective transverse structugeoéxtends
to S1 in a natural way 14].
(b) Sy is Fl-invariant. ThenS; meetsD at a pointgo € singF where we have a
common local separatrix foF andF+.
Analyzing the possibilities fogo given by Lemmas 3 and 4 we conclude, using the fact
that # and F1 have a common separatriX throughgo, that 71 is also transversely
projective in a neighborhood af; \ {go} (see also The Local Case ih4). Thus,F* is
transversely projective in a punctured neighborhood of each singud;aﬂt;sing]j' N D.
Since a punctured bidisk is simply-connected, it follows that admits a meromorphic
first integral in a neighborhood of each such singularity (perhaps it admits a holomorphic
submersion as local first integral). This implies that the projective transverse structure of
F+ extends to a neighborhood B¥in M. This ends the proof of Proposition 6. o
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Proof of Theorem 4 in dimension twiVe already know thaft is transversely projective

on a neighborhood ab in M. Since singF N S is non-dicritical 71 extends taV as a
transversely projective foliation as a consequence of Levi's extension the@réwh, [17.
Thus there exists (by blowing-down) a rational projective trii§k n, &) where¢ defines

a transversely projective foliatio/~ on CP(2). Since CP(2) is simply connected,
FL admits a rational first integrallf] and therefore by 14 F is either given by a
closed rational 1-form or it is a rational Riccati pull-back. In order to conclude?at
is a Bernoulli foliation as in Theorem 1, we use the fact thatdmits a Liouvillian
first integral, so thatR is transversely affine outside some algebraic invariant curve
(Proposition 1), and this implies th& has the desired form. |

7. Theorems 3 and 4 in dimensian

Now we consider a holomorphic codimension one foliatiéron M = CP(n), n > 3,

S C M an invariant codimension one irreducible divisor. We need the following extension
result for adapted logarithmic derivatives.

PROPOSITIONY. If F|y admits a logarithmic derivative adapted toN N for some
generic sectionV C M then the same holds fof and S on M.

Proof. By induction arguments it is enough to prove the case where\dimdim M — 1.
Now we recall that for fixed2 defined onM and definingF, for each regular point
g € N\singF, we haveQ = gdf for some meromorphic functiog and some
holomorphic functionf, both defined in a neighborhodd of ¢ in M. Furthermore, in
UNN we haven =adf/f+dg/g+dg, for some holomorphic functiop: UNN — C,
and therefore using a local flow box f@f aroundg we can exteng andn to U, and
¢ is extended as a holomorphic first integral f6rin U. Two such extensions and
n' are related by — ' = hQ, whereh is holomorphic inU N U’ andd(h2) = 0.
Therefore hQ2 = dv for some holomorphic first integrat of F in U N U’, and since
(m — M ununy = 0 it follows thaty is constant i N U’ N N; since it is a transverse
section toF|yny, it follows thatdy = 0 and thereforg = n’ in U N U’. Thus we can
extendy to a neighborhood a¥\ (singF N N) and then using Hartogs’ extension theorem
we can extend to a neighborhood ol (recall that singF has codimension two). Then
using the fact that/\ N is a Stein manifold and the compactnes3fhfwe can use Levi's
extension theorem to extendo M and clearly it is adapted tdon M (see P] for a similar
procedure). ]

The proof of Theorem 3 in dimensianfollows now from the proof in dimension two
and from Proposition 7 above.

Proof of Theorem 4Let N = N C N3 C ---N,_1 C N, = M, dimgc N, = g, be
a sequence of subvarieties in general position with respegt tdet 7, = F|y, and
suppose thaf N N2 has a solvable holonomy faF,. Then, according to the proof of
Proposition 5, there exists a transversely projective foon N which is described locally
in a neighborhood’, of a regular point of the induced foliatiaf, = F|x, by the local
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forms
d d hy?
Q= —gudfy, n= ¥ 0 e="Co hy—dn.
8a fa 2

Now, for such a fixed point, using the local flow box 65, we can extend, as a constant
function along the leaves ¢f3 to a neighborhood of this point iN3 and the same can be
done withg,, iy, and therefore witl§ (recall thats2, n are globally defined). Moreover,
this extension, sa§;,, also keeps the local form above so that it satisfies the same projective
relations as before. This procedure gives an open covévipg of N2 — singF» such that

in each open se¥,, we have defined &, with & |v,nn, = &lv,nn,. If Vo N Vg # O,

then we havé, = & + I, sQ for some meromorphic functioly g on this intersection,
satisfyingdle g A @ = =20, 5dQ2 andly g = 0in N NV, N Vg (see [14]). But by
construction this function is constant along the leaveg o thatdl, s A 2 = 0 and

then if © is not closed we havg, g = 0. Thus we have defineglin a neighborhood of

N2\ singF> in N3 and we want to extend this form to a neighborhood of gipgThis is

a consequence of Hartogs’ extension theor#&if, because sing3s is a codimension two
analytic set inN3 and the forne is already defined over the baSgsee alsoZ]). Once

this form is defined in a neighborhood 85, it extends taVs by the standard argument on
Stein spaces, and this extension is also transversely projective. The same argument allows
us to pass fronV, C M to N,41 C M by an induction process. m]

Final remarks. Our last comment is the following. L& = P dx — Q dy be a polynomial
differential 1-form onC2. Denote byFg the corresponding algebraic foliation 6P (2).

The existence of a Liouvillian first integral faFg means that the ordinary differential
equationdy/dx = P/Q, can be integrated by the use of standard differential calculus
functions. According to this viewpoint, Theorem 1 assures that (under some hypothesis on
the singularities) the highest level of transcendence for the ordinary differential equations
which can be integrated by the use of Calculus functions is reached by the Bernoulli

equations of the form

d
d_y = a(x)y? + B(x)y,
X

wherea (x) andB(x) are rational functions.
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