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Abstract. Intuitively, a Liouvillian function onCP(n) is one which is obtained from
rational functions by a finite process of integrations, exponentiations and algebraic
operations. This paper is devoted to the study of foliations determined by polynomial
1-forms which have a Liouvillian first integral. Our main result states that, under some
mild restrictions on the singularities of the foliation, such a foliation must be either a linear
foliation or an exponent two Bernoulli foliation after some rational pull-back. This proves
that the highest level of transcendence for the ordinary differential equations which can be
integrated by the use of elementary functions is reached at the Riccati equations.

0. Introduction
Let us first recall some basic notions from differential algebra. LetR be a ring
(commutative with unit 1∈ R). A derivation of R is a mapδ : R → R satisfying:
(i) δ(a + b) = δ(a)+ δ(b) (δ is an additive homomorphism), (ii)δ(a · b) = a · δb+ b · δa
(δ satisfies the product rule). Adifferential fieldis a couple(k,1) wherek is a field and
1 = {δi}i∈I is a set of derivations ofk. We shall consider onlycommutativedifferential
fields, that is the derivationsδi ∈ 1 commute,δi ◦ δj = δj ◦ δi , ∀ i, j ∈ I . Theconstants
of (k,1) are the elementsc ∈ k such thatδic = 0,∀ i ∈ I ; they form a subfieldc(k,1) of
k. A differential extensionof (k,1) is a differential field(k̃, 1̃) wherek̃ is an extension of
k and each derivatioñδ ∈ 1̃ induces by restriction an elementδ ∈ 1 and conversely each
elementδ ∈ 1 extends to an elementδ̃ ∈ 1̃. Thus it is natural to think of̃1 as1 extended
to k̃ and write (̃k,1) in the place of (̃k, 1̃).

A Liouvillian extensionof (k,1) is a differential extension(K, 1̂) of (k,1) for which
there exists a chain of differential extensions:k = k0 ⊂ k1 ⊂ · · · ⊂ km = K, such that
ki+1/ki = ki(ti)/ki is either an algebraic extension or it is of the type adjuntion of an
integral or the exponential of an integral. In other words, we have: (i) the field of constants
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of (Ki,1i) is the same and1i |Ki−1 = 1i−1, ∀ i = 1, . . . , n; (ii) Ki = Ki−1(ti ) for some
ti ∈ Ki such that either: (a)ti is algebraic overKi−1, or (b) δti ∈ Ki−1, ∀ δ ∈ 1i , or
(c) δti/ti ∈ Ki−1, ∀ δ ∈ 1i , ∀ i = 1, . . . , n. A Liouvillian function is by definition an
element of a Liouvillian extension. All this terminology is found in [16].

Now let F be a codimension-one holomorphic foliation on a projective non-singular
manifoldM, given by an integrable rational 1-form� on M (see Remark 1). A non-
constant Liouvillian functionF , belonging to a Liouvillian extension of the differential
field of rational functions overM, is said to be afirst integralof F if we havedF ∧� = 0.

A well-known theorem due to M. Singer assures that a polynomial foliation onC2,
admitting a Liouvillian first integral, admits a suitable integrating factor as follows.

THEOREM A. LetF be a foliation onCP(2) given in some affine spaceC2 ↪→ CP(2) by
the polynomial 1-formw = P dy−Qdx. ThenF admits a Liouvillian first integral if, and
only if, w has an integrating factor of the formh = exp

∫
η whereη is a closed rational

1-form.

Now let η be a closed rational 1-form onCP(2). According to the Integration Lemma
[3, 14] we can write

η|C2 =
r∑
j=1

λj
dfj

fj
+ d

 g∏r
j=1 f

nj−1
j

 ,
for someλj ∈ C, nj ∈ N and for some irreducible polynomialsfj and g on C2

with (η)∞ ∩ C2 = ∪(fj = 0)—without loss of generality we may assume that
(η)∞ ∩ (CP(2) \ C2) is finite. Therefore, we have that

h = exp
∫
η =

r∏
j=1

f
λj
j · exp

 g∏r
j=1 f

nj−1
j


onC2. Theorem A can thus be stated in the following equivalent way [3].

THEOREM B. Let F be a foliation onCP(2). The following three conditions are
equivalent:
(1) F admits a Liouvillian first integral;
(2) F is given in some affine space by a polynomial 1-form� = P dy − Qdx which

has an integrating factor of the form

h =
r∏
j=1

f
λj
j · exp

 g∏r
j=1 f

nj−1
j

 ;
(3) there exists a pair(�, η) of 1-forms with� polynomial andη rational in some affine

chart C2 ⊂ CP(2) satisfying: (i) F |C2 is given by� = 0 and (ii) d� = η ∧ �,
dη = 0.

In the situation of Theorem B above we defineη = dh/h, thenh = exp
∫
η so thath is

an integrating factor forw if and only if dw = η ∧w.
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Again we write

h = exp
∫
η =

r∏
j=1

f
λj
j exp

(
g∏r

j=1 f
nj
j

)
.

We will see that some of the(fj = 0) areF -invariant. Therefore a foliation admitting
a Liouvillian first integral onCP(n) has some algebraic invariant hypersurface (see
Lemma 1, §2). In this paper we regard the problem of classifying such foliations. Let
us first give some remarkable examples of this situation:

Example 1.(Darboux foliations) LetM be a complex manifold and letfj : M → C be
meromorphic functions andλj ∈ C∗ complex numbers,j = 1, . . . , r. The meromorphic
integrable 1-form

� =
( r∏
j=1

fj

) r∑
j=1

λi
dfi

fi

defines aDarboux foliationF = F(w) onM. F hasf = ∏r
j=1 f

λj
j as alogarithmic

first integral. We remark thatf = exp
(∑r

j=1 λj logfj
)

so that its singularities are of
logarithmic type.

Example 2.(Bernoulli foliations) LetF be aBernoulli foliationof exponentk onC2 given
by w = 0, wherew = p(x) dy − (yka(x) − yb(x)) dx, wherea(x), b(x) andp(x)
are polynomials and(x, y) ∈ C2 ↪→ CP(2) in some affine chart. We will construct a
Liouvillian first integral forF . First we observe thatF can be given by

(k − 1)
w

pyk
= (k − 1)

dy

yk
− (k − 1)

[
a(x)

p(x)
− b(x)

p(x)yk−1

]
dx = 0.

Now let f (x) be such thatf ′(x)/f (x) = (k − 1)b(x)/p(x) and letg(x) be such that
g′(x) = (k − 1)a(x)/p(x)f (x). ThenF can be given by

(k − 1)
dy

yk
− (k − 1)

a(x)

p(x)
dx + f ′(x)

yk−1f (x)
dx = 0,

or equivalently by

d

(
1

f (x)yk−1

)
+ (k − 1)a(x)

p(x)f (x)
dx = 0.

Therefore

F(x, y) = g(x)+ 1

f (x)yk−1

defines a first integral forF , which is of Liouvillian type.
Our main result is the following.

THEOREM 1. (Main result)LetF be a codimension-one holomorphic foliation onCP(n)

admitting a Liouvillian first integral. Assume that one of the algebraic leaves ofF has
only non-dicritical infinitesimally hyperbolic singularities. Then eitherF is a Darboux
foliation or there is a rational mapF fromCP(n) to C×C and an exponent two Bernoulli
foliation onC× C:

R : p(x) dy − (a(x)y2+ b(x)y) dx = 0

wherea(x), b(x), p(x) are polynomials, such thatF = F ∗R.
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A singularityp of a foliation in dimension two isnon-dicriticalif at most a finite number
of analytic invariant curves pass throughp. The notion of infinitesimally hyperbolic
singularity is found in §1 for dimension two. We refer to §3 for the notions of dicritical
singularity and infinitesimally hyperbolic singularity in dimension≥ 2. Theorem 1 can
also be stated in the casen = 2 if we replaceCP(2) by a simply-connected projective
surfaceM and require thatM\S is affine (that is, a Stein manifold), whereS is an
irreducible invariant analytic curve; for example, ifM = C × C andS is the diagonal
1 ⊂ C×C.

Idea of the proof of Theorem 1.Our approach in the proof of Theorem 1 is motivated by
the existence of an affine transverse structure forF outside some invariant algebraic set
(see §2). The proof can be outlined as follows. LetF be a codimension one foliation on
CP(2) and denote by singF its (discrete) singular set. Assume thatF admits a Liouvillian
first integral and let� be a rational 1-form which definesF on CP(2) (see Remark 1
below). Take a rational logarithmic derivativeη for � as in Theorem B above. This 1-
form η is unique unlessF is given by a closed rational 1-form (and in this case due to
the hypothesis on the singularitiesF will be of Darboux type). Some of the poles ofη
arealgebraic leavesof F , that is, algebraic invariant hypersurfaces (see Lemma 1, §2).
Let us fixS as one of these leaves and assume that singF ∩ S satisfies the hypothesis of
Theorem 1. According to [14] the existence ofη implies that the foliationF is transversely
affineoutside the invariant part of the polar set ofη. With our hypothesis on singF ∩ S
it follows from [14] that each holonomy group of the components of the invariant divisor
arising in the resolution of singF ∩ S, is solvableanalytically normalizable. Moreover,
there exists aglobal compatibilitybetween these holonomy groups. In order to define
this compatibility relation we introduce thesingular holonomy groupsassociated to the
resolution of singF ∩ S (this concept first appeared in [6]). These are groups of germs
of diffeomorphisms containing the holonomy groups of the components and which are
obtained by ‘passing’ the holonomy group of one component of the resolution divisor to
another adjacent component. This passage is given by the Dulac correspondence associated
to the singular point defined by the intersection of these two components. The existence
of a global 1-formη and its uniqueness implies that these singular holonomy groups are
also solvable†. Using this information we can find suitable local expressions forη so that
we can prove the extension of the affine transverse structure to aramified coveringof a
projective transverse structure forF defined in a neighborhood of the fixed componentS

of (η)∞ (see Examples 3 and 4). This is done with the introduction of a 1-formη1 which
satisfies the relationd� = η1 ∧ �, but which has polar settransverseto S. The formη1

is called a logarithmic derivativetransverseto S. Once this extension is obtained, some
techniques from [14] apply to show thatF is a rational pull-back of a Bernoulli differential
equation as in Theorem 1.

This paper is organized as follows. In §1 we recall the notion of holonomy group of
a leaf for a complex foliation. In §2 we introduce the affine and projective transverse
structures for a foliation. In this section we prove that a projective foliation admitting a

† The singular holonomy groups are sorts of differential Galois groups of the foliation (see Theorem 3, the
Structure theorem, in §3).
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Liouvillian first integral has some algebraic leaf and prove Theorem 2 which describes
the holonomy groups in the resolution divisor of the singularities in such leaves. In
§3 we introduce the concept of singular holonomy for an invariant divisor and state the
Structure theorem which characterizes the foliations that admit a Liouvillian first integral,
in terms of the solvability of the singular holonomy of the elements of the divisor in the
resolution diagram. This result is similar to the Galois fundamental theorem for algebraic
field extensions. §4 is devoted to the construction of suitable logarithmic derivatives
for a given foliation having a compact leaf whose projective holonomy groups satisfy
the necessary conditions stated in the Structure theorem. The results in this section
complete the equivalence between the existence of Liouvillian first integrals, the existence
of suitable logarithmic derivatives and the solvability of certain generalized holonomy
groups. In this section we also give explicit local forms and constructions for these
logarithmic derivatives. §5 is devoted to the proof of an equivalence between the existence
of logarithmic derivatives and the solvability of the singular holonomy groups associated
to a suitable compact leaf of a foliation. §6 contains the proof of Theorem 1 in dimension
two. The last section finishes the proof of Theorem 1 in dimensionn.

Germs of holomorphic foliations admitting Liouvillian first integrals are studied in
[13] where one can find an interesting notion of solvability for the projective holonomy
expressed in terms of the solvability of certain Lie algebras of vector fields. A local version
of Singer’s result is proved in [12] using geometric techniques. Theorem 1 contains as a
particular case the main theorem of [5].

1. Holonomy group of a leaf
Let F be a codimension one foliation on a complex manifoldM. Let L be aleaf of F
(that is, a leaf of the corresponding non-singular foliation). Fixq0 ∈ L. Theholonomy
group of the leafL at q0 is defined as follows: choose a small open disk60, transverse
to F , centered atq0 ∈ L. Given any closed pathγ in L, based atq0 ∈ L, we denote by
Hγ : (60, q0)←↩ the return map to60 of the leaves ofF over the pathγ . The mapHγ is
a local holomorphic diffeomorphism fixingq0 ∈ 60 and its germ atq0 ∈ 60 only depends
on the homotopy class ofγ . Thus the mapγ 7−→H germ ofHγ at q0 ∈ 6 induces a
homomorphismH : π1(L,F; q0) → Diff (60, q0) ∼= Diff (C,0) from the fundamental
group ofL atq0 to the group of germs of local holomorphic diffeomorphisms ofC, fixing
0 ∈ C. The image ofH is calledthe holonomy group ofL at q0, denoted Hol(F , L,60)

(see [1] for more details).
Now letq1 ∈ L be anotherbase pointand let61 be another local transverse section to

F with 61 ∩L = {q1}. Let δ : [0,1] → L be a path joiningδ(0) = q1 to δ(1) = q0. Then
the isomorphismδ# : π1(L, q0) → π1(L, q1) induces a natural conjugacy between the
holonomy groups Hol(F , L,60) and Hol(F , L,61). In fact, letfδ : (61, q1)→ (60, q0)

be the local diffeomorphism obtained by lifting the pathδ to the leaves ofF as in the
definition of the holonomy group above. Thenfδ conjugates these holonomy groups in a
natural way. Thus, up to conjugacies as above the holonomy group of the leafL depends
neither on the base point nor on the local transverse section. This remark will be used in
order to simplify the notation in §3, where we introduce the concept of singular holonomy.

If dimM = 2 andS ⊂ M is a compact invariant divisor, then the resolution theorem
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[15] asserts the existence of a proper holomorphic mapπ : M̃ → M which is a finite
composition of quadratic blow-ups at the singular points ofF in S such that the strict
transformF̃ of F by π exhibits inπ−1S only irreduciblesingularities, which can be of
the following two types:
(i) x dy − λy dx + h.o.t. = 0 andλ /∈ Q+;
(ii) yp+1 dx − [x(1+ λyp) + h.o.t.] dy = 0, p ≥ 1. This last case is called asaddle

node.
An irreducible singular point of type (i) isresonantif λ ∈ Q−. The divisor D =

π−1(S) ⊂ M̃ of the resolutionπ can be written asD = ⋃m
j=1Dj , whereD1 is

diffeomorphic toS by π and{Dj }mj=2 is the set of projective lines introduced as divisors

of the successive blow-ups. We denote byS̃ := D1 thestrict transform ofS. TheDj ’s
are calledcomponentsof the divisorD. A singularityq ∈ singF ∩ S is non-dicritical if
π−1(q) is invariant byF̃ . Any twoDi , Dj , i 6= j , intersect in at most one point. These
points of intersection are calledcorners.

The notion of generic singularity we introduce below is for technical reasons and
motivated by the geometric approach we use here.

Definition 1. A singularity q ∈ S of the foliationF is called infinitesimally hyperbolic
(relative toS) if:
(i) each saddle-node singularity in singF̃ ∩ D in the resolution ofq ∈ S is in good

position with respect toD, i.e. their strong invariant manifolds ((y = 0) in (ii) above)
are contained inD;

(ii) each component of the divisor in the resolution ofq exhibits at least one non-resonant
linearizable singularity.

Remark 1.Let F be a foliation on a projective manifoldM. We denote by singF the
singular setof F . This is a codimension≥ 2 analytic subset ofM, with the property
thatM \ singF is the maximal open subset ofM, for which F |M\singF is a regular
holomorphic foliation. We may assume thatF is given in M by a rational integrable
1-form� on M. This means the following.� is a rational 1-form onM. Denote by
(�)0, respectively(�)∞, the union of codimension-one irreducible components of the
zero divisor, respectively of the polar divisor of�, and letX = (�)0 ∪ (�)∞. Then� is
integrable, that is,�∧d� = 0 outsideX. Let singF∩(M\X) := {p ∈ M\X,�(p) = 0}.
By the Frobenius theorem� defines a codimension one holomorphic foliation (non-
singular)F in M \ (X ∪ singF). Now, given a pointp ∈ X \ [(�)0∩ (�)∞], we choose a
local holomorphic functionh : U ⊂ M → C, p ∈ U, h(p) = 0, such that�|U = hn�U ,
for somen ∈ Z, and�U a holomorphic 1-form inU , with zero set sing�U , of codimension
≥ 2. Then�U is also integrable and we may define singF ∩ U := sing�U . Moreover,
since�U∧� = 0 inU , we may extendF toU \singF , as a regular holomorphic foliation.
Thus we may defineF as a regular holomorphic foliation inM \singF as announced. The
pair (F , singF) is called asingular holomorphic foliationof codimension one onM and
singF is thesingular setof F .

Now we assume that dimM = 2. Thus singF is a discrete subset ofM. We consider
a resolution morphismπ : M̃ → M as above and denote by�̃ the pull-back 1-formπ∗�.
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The 1-form�̃ is meromorphic inM̃, and may have non-isolated singularities along the
projective linesDj introduced byπ . On the other hand, for the cases we are interested
in, we may assume that(�)∞ (and therefore(�̃)∞), has non-invariant codimension-one
irreducible components, and meets the divisor transversely at regular points ofF̃ . In this
case, the singular set sing̃F is contained in the zero divisor(�̃)0.

Finally, we recall some basic facts about groups of germs of conformal
diffeomorphisms. LetG ⊂ Diff (C,0) be a subgroup of the group of germs of conformal
local diffeomorphisms ofC fixing 0 ∈ C. We denote by[G,G] ⊂ G the subgroup
generated by all the elements of the form[ϕ1, ϕ2] := ϕ1 ◦ ϕ2 ◦ ϕ−1

1 ◦ ϕ−1
2 for ϕ1, ϕ2 ∈ G.

ClearlyG is abelian if[G,G] = 1. We say thatG is solvableif there isn0 ∈ N such that the
sequenceG = G0 ⊃ G1 ⊃ G2 ⊃ · · · , whereGn+1 = [Gn,Gn] is constant and equal to 1
for all n ≥ n0. If n0 = 2G is calledmetabelian. Denote by Diff1(C,0) ⊂ Diff (C,0) the
subgroup of elements tangent to the identity, i.e. of the formz 7→ z+ a2z

2+ · · · . It is well
known that the following conditions are equivalent: (i)G is solvable, (ii)G is metabelian,
(iii) the subgroupG∩Diff 1(C,0) is abelian (see, for instance, [4]). It follows from [4] that
a non-commutative solvable group containing an elementϕ of the formϕ(z) = µz+ · · · ,
µn 6= 1,∀ n ∈ N, is isomorphic to a subgroup of

Hk =
{
ϕ ∈ Diff (C,0); ϕ(z)k = µϕz

k

1+ aϕzk , µϕ ∈ C∗, aϕ ∈ C

}
for somek ∈ N. The numberk is called theorder of ramification of the group.

Remark 2.Let, therefore,G ⊂ Diff (C,0) be a solvable subgroup containing a linearizable
non-resonant elementf (z) = λz + h.o.t., λn 6= 1, ∀ n ∈ N. If G is abelian then
it is linearizable say,g(w) = λgw, ∀ g ∈ G, for a suitable coordinatew ∈ (C,0).
Otherwise, we haveg(w) = λgw/(1+ agwk)1/k, ∀ g ∈ G for a suitablew ∈ (C,0).
Such a coordinatew will be called anormalizing coordinateforG.

2. Logarithmic derivatives and transverse structures

In this sectionF̃ is a foliation on a complexn-manifoldM̃ defined by a meromorphic 1-
form �̃ on M̃. The 1-form�̃ may have a singular set of codimension one. We denote
by (�̃)0 the codimension one component of the zero divisor of�̃. Let U ⊂ M̃ be
an open subset of̃M. We say thatF |U is transversely affineif there exists an open
covering(Uα)α∈A of U\ singF such that; (i) for everyα ∈ A there is a holomorphic
submersionyα : Uα → C such thatF |Uα = (dyα = 0), (ii) for any non-empty intersection
Uα ∩ Uβ 6= ∅ we haveyα = aαβyβ + bαβ, aαβ ∈ C∗, bαβ ∈ C. If instead of (ii) we have
(ii) ′ yα = aαβyβ + bαβ/cαβyβ + dαβ, aαβdαβ − bαβcαβ = 1, aαβ, bαβ, cαβ, dαβ ∈ C, then
we say thatF |U is transversely projective.

Definition 2. Let D ⊂ M̃ be an invariant divisor (not necessarily irreducible). A
meromorphic 1-formη̃ defined onM̃ is called alogarithmic derivative of�̃ adapted to
D if: (1) d�̃ = η̃ ∧ �̃, dη̃ = 0; (2) the polar divisor(η̃)∞ of η̃ has order one along (any
component of)D, and consists of the union of(�̃)∞ ∪ (�̃)0 and an invariant divisor ofF ;
and (3) the residue of̃η along anynon-invariantirreducible componentL of (�̃)∞ ∪ (�̃)0
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is equal to either−(the order of the poles of̃� alongL), or (the order of(�̃)0 alongL),
respectively. We remark that,a priori, η̃ may have non-simple poles oñM.

Remark 3.The notion of logarithmic derivative we have introduced above explicates the
one used in [14], which has been settled for the case when�̃ has isolated singularities.
This is just a technical feature, and the ideas remain the same as in [14].

The importance of the definition above relies on the following theorem.

THEOREM. [14] If S ⊂ M is an irreducible invariant divisor of� and if the singularities
of F in S are non-dicritical and infinitesimally hyperbolic, then the following conditions
are equivalent:
(a) � admits a logarithmic derivativeη adapted toS, with ResS η = a;
(b) F is transversely affine in a neighborhood ofS minusS and its local separatrices;
(c) the holonomy ofS is solvable. Moreover, the holonomy ofthe leafS\ singF is

linearizable ifa − 1 /∈ N and embedded inHk if a − 1= k ∈ N.

Now we introduce another useful notion.

Definition 3. LetD ⊂ M̃ be an invariant divisor, and let̃η be a logarithmic derivative of
a 1-form�̃ adapted toD. We say that a 1-form̃η1 = η̃ + h̃�̃, whereh̃ is a meromorphic
function, is alogarithmic derivative of�̃ transverse toD if (η̃1)∞ is transverse toD.

In what follows we will see, on the other hand, that a logarithmic derivative of�̃

transverseto D puts in evidence the existence of a projective structure forF̃ near (and
through)D.

Example 3.A Riccati foliationon C × C is given in some affine chart(x, y) ∈ C × C

by a polynomial 1-form� = p(x) dy − (y2c(x) − yb(x) − a(x)) dx. Such a foliation
is transverse to the fibrationC × C → C, (x, y) 7→ x, except for a finite number of
invariant fibers given in the affine part byp(x) = 0. This transversality allows us to define
a global holonomyof the horizontal projective lineS = (y = 0) which gives us a group
of Moebius transformationsG ⊂ SL(2;C) of a non-invariant vertical fiber (see [8] for a
precise definition). Ifa(x) ≡ 0, then we have an exponent two Bernoulli foliation,S is an
invariant divisor andG is the usual holonomy of the leafS\ singF as defined above. In
this case the elements ofG are of the formf (z) = αz/(1+ βz). Thus the holonomy of
the leafS\ singF is solvable. Moreover, since the elements ofG are affine maps after the
change of coordinatesZ = 1/z onC it is easy to see that the foliation is transversely affine
outside the union ofS and the invariant vertical fibers given by the zeros ofp(x). This can
also be seen if we define

η = 2
dy

y
+ p

′ + b
p

dx

and verify thatd� = η∧�, dη = 0, (η)∞ = S∪(p(x) = 0), and indeedη is a logarithmic
derivative of� adapted toS (see [14]). Now we proceed to apply the strategy of our proof
in this example. Let us continue with the assumptiona(x) ≡ 0. We can define

η1 = η − 2

py
� = p′ − b + 2yc

p
dx
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andξ = (2c/p2) dx in order to obtain a triple satisfyingd� = η1 ∧ �, dη1 = � ∧ ξ ,
and dξ = ξ ∧ η1, whereη1 is not closed andξ is not identically zero. This triple
(�, η1, ξ) puts in evidence the transverse projective structure of the foliation in the
manifold(C×C)\{p(x) = 0} (see [14]), while if we choose

η = 2
dy

y
+ p

′ + b
p

dx,

then we have the same projective relations,η closed, andξ ≡ 0.

Example 4.LetR : � = p(x) dy−(y2c(x)−yb(x)) dx = 0 be an exponent two Bernoulli
foliation as above. Letπ : C× C→ C× C be the map(x, y) 7→ (x, yk), k ∈ N. Thenπ
preserves the vertical fibration and induces ak to 1 ramified covering for each fiberx ×C,
y 7→ yk. The pull-back foliation is an exponent (k + 1) Bernoulli foliation B = π∗R.
Sinceπ ramifies along the horizontalS := (y = 0), it follows from the example above
thatB is transversely projective inC × C \ S ∪ (p(x) = 0). Moreover, the holonomy
groups of the resolution divisor ofB|S are solvable and the holonomy of the associated
leaf S\ singF is naturally contained inHk. This shows that, in general, fork > 1, the
projective transverse structure ofB does not extend toS, however it extends as a ramified
covering of a projective structure, given by the subjacent Riccati foliation. This can also
be seen as follows. Consider the pull-back 1-forms

�∗ = π∗(�) = yk−1.[p(x) dy − (yk+1c(x)− yb(x)) dx],
η∗ = π∗(η) = 2k

dy

y
+ p

′(x)+ b(x)
p(x)

dx,

η∗1 = π∗(η1) = p′ − b + 2ykc

p
dx,

ξ∗ = π∗(ξ) = ξ = 2c

p2 dx.

Then we have that

� := 1

yk−1
�∗ = kp(x) dy − (yk+1c(x)− yb(x)) dx

and

η := η∗ − d(y
k−1)

d(yk−1)
= (k + 1)

dy

y
+ p

′(x)+ kb(x)
p(x)

dx

define an affine transverse structure forB in C×C \ (S ∪ (p(x) = 0)) [14]. Indeed,η is a
logarithmic derivative of� adapted toS. On the other hand, if we put

η1 := η∗1 − (k − 1)
dy

y
= p′ − b + 2ykc

p
dx − (k − 1)

dy

y
,

and

ξ := yk−1ξ∗ = yk−1 2c

p2 dx

then, by [14], the triple(�, η1, ξ) is aprojective triplein C×C \ (S ∪ (p(x) = 0)), in the
sense that:� is holomorphic onC2, codim sing� ≥ 2, η1 is a logarithmic derivative of�
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in C×C \ (S ∪ (p(x) = 0)), andξ is holomorphic onC2\(p(x) = 0) (see also §6 for the
notion of projective triple). Notice that, as in Example 3, the 1-formξ satisfiesξ ∧dx ≡ 0.

The following proposition motivates the geometric approach we use in this paper.

PROPOSITION1. LetF be a codimension one foliation onCP(n) admitting a Liouvillian
first integral. ThenF is transversely affine outside some algebraic invariant subset of
codimension one.

Proof. We fix a polynomial 1-form� which has codimension (at least) two singular set
and definesF in Cn ⊂ CP(n), whereCP(n)\Cn is generically transverse toF . Since
F admits a Liouvillian first integral, it follows from [16] that there exists a closed rational
1-formη which is a logarithmic derivative of�. According to [14] this implies thatF is
transversely affine outside(η)∞. It remains to show that(η)∞ is invariant. This is proved
in the lemma below. 2

LEMMA 1. Let� be ameromorphic1-form, in an open subsetU ⊂ Cn, n ≥ 2. Denote
byX the union of the irreducible components of the zero set and polar set of�. Assume
that there exists a meromorphic 1-formη in U , which satisfiesd� = η ∧ �, and which
is closed. Then� is integrable and the poles ofη outsideX are invariant by the foliation
defined by� (see Remark 1).

Proof. We have� ∧ d� = � ∧ η ∧ � = 0, so that� is integrable. First we note the
following (see Definition 2).

CLAIM . LetX be as above. Then, the polar divisor(η)∞ of η has order one along (any
irreducible component of)X, and consists of the union ofX and an invariant divisor of
F . Moreover, the residue ofη along any non-invariant irreducible component3 of X is
equal to either−(the order of the poles of� along3), or (the order of the zero set of�
along3).

Proof. Just for simplicity of the notation we assume thatn = 2. Given a generic point
p ∈ X we may choose a small neighborhoodU ⊃ V 3 p and local coordinates(x, y) ∈ V
so thatX ∩ V = 3 ∩ V = {y = 0} and�|V = ykg dx, for some holomorphic
non-vanishing functiong ∈ O(V )∗, k ∈ Z (recall that3 is non-invariant). We write
η|V = λ dy/y + dg/g+ dR for some meromorphic functionR in V and someλ ∈ C. Let
alsoη1 := k dy/y+dg/g. Then the differenceη−η1 satisfies(η−η1)∧� = d�−d� = 0,
so thatη − η1 = h dx for some meromorphic functionh in V . Sincedη = dη1 = 0, we
haveh = h(x) and therefore(λ − k) dy/y + dR = h(x) dx. This impliesλ = k and
dR = h(x) dx. Therefore,η|V = k dy/y + dg/g + dR(x). This proves the claim. 2

Assume by contradiction that there exists some componentY ⊂ (η)∞ \X which is not
invariant. Again we assumen = 2. If q ∈ Y is a generic point, we have that�(q) 6= 0,
andY is smooth atq. Therefore, there are local coordinates(x, y) ∈ V ⊂ U , centered
at q and such that�|V = g dx andY ∩ V = {y = 0}, whereg ∈ O∗(V ). We can also
assume thatY ∩V = (η)∞∩V . We have thatd� = dg/g∧�, so thatη− (dg/g) = h dx
for some meromorphic functionh in V . Sinceη is closed we havedh ∧ dx = 0, so that
h = h(x). Therefore, it follows thatη|V = dg/g+ h(x) dx, and it has polar set transverse
to Y , a contradiction. 2

https://doi.org/10.1017/S0143385701001353 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001353


Holomorphic foliations with Liouvillian first integrals 727

COROLLARY 1. Let F be a codimension one foliation onCP(n). If F admits a
Liouvillian first integral then it has some algebraic leaf.

Proof. Let us fix an affine systemCn ⊂ CP(n) such thatCP(n)\Cn is generically
transverse toF and contains no singularity ofF . Given� a polynomial 1-form with
singular set of codimension≥ 2, definingF in Cn ⊂ CP(n), we takeη given by Singer’s
theorem [16]. If η is polynomial then we haveη = dP for some polynomial and�/exp(P )
is closed and entire. In particular, there exists an entire first integral forF in Cn. This
implies that the leaves ofF are closed inCn. Now, sinceCP(n)\Cn is generically
transverse toF and contains no singularity ofF , we conclude that the leaves ofF are
closed inCP(n). Therefore it follows that the closure of each leaf ofF is an algebraic
curve. This implies, by a theorem of Darboux [7], thatF has a rational first integral. Now
we assume thatη has poles inCn. In this case we only have to apply Lemma 1 above.2

The following result motivates the notion ofsingular holonomyto be introduced in
§3 (see also [6]), and gives important information on the desingularization of a foliation
admitting a Liouvillian first integral.

THEOREM 2. Let F be a foliation given by a meromorphic 1-form� on the surface
M. Assume that� admits a logarithmic derivativeη on M and let S ⊂ (η)∞
be an irreducible analytic invariant curve such thatsingF ∩ S is non-dicritical and
infinitesimally hyperbolic. Denote byD = ⋃m

j=1Dj the resolution divisor ofsingF ∩ S.
Denote byGj the holonomy group ofDj . Then:
(i) each holonomy groupGj is either abelian linearizable, or solvable analytically

conjugated to some subgroup of someHkj ;
(ii) if q = Di ∩ Dj is a saddle-node corner whose strong manifold is contained inDi ,

thenGi is solvable non-abelian, andGj is abelian linearizable;
(iii) if q = Di ∩ Dj is a corner such thatGi ⊂ Hki and Gj ⊂ Hkj are non-

abelian, thenq is a resonant singularity. Moreover, we can find local coordinates
(x, y) ∈ U centered atq such thatDi ∩ U = (x = 0),Dj ∩ U = (y = 0) and
F |U : kjx dy + kiy dx + h.o.t. = 0.

Proof. As usual we denote bỹF the foliation obtained fromF by the resolution process
of F |S . Denote also bỹ� andη̃ the pull-back of the 1-forms� andη, respectively, by the
proper resolution morphism. Fix a componentDj of D. By the hypothesis, sing̃F ∩ Dj
contains a non-resonant linearizable singularity. According to [14] this implies that the 1-
form η̃must have simple poles alongDj : in fact, letq ∈ singF̃ ∩Dj be such a singularity.
Choose local coordinates(z,w) ∈ V centered atq, such thatDj ∩ V = (w = 0) and

�̃|V (z,w) = g(z dw − λw dz)
for some meromorphic functiong, whereλ ∈ C\Q. Then by [14] we know that

η̃|V (z,w) = a dz
z
+ b dw

w
+ dg
g
,

for some constantsa, b ∈ C∗. Now, we haveb = ResDj η̃. According to [14] we know
that if b = k + 1 for k ∈ N then the holonomy groupGj ⊂ Hk is therefore solvable. On
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the other hand, ifb − 1 /∈ N then the holonomy groupGj is abelian linearizable. This
proves (i).

Let q = Di ∩Dj be a saddle node whose strong manifold lies overDi . If Gi is abelian
then, since by hypothesis it contains a non-resonant linearizable diffeomorphism, it follows
thatGi is linearizable. In particular, ifh ∈ Gi is tangent to the identity thenh = Id. This
implies that the local holonomy of the strong manifold ofq is trivial, which is absurd.
ThusGi is solvable non-abelian. Therefore,Gi ⊂ Hk for somek ∈ N. In particular, the
local holonomy of the saddle nodeq can be written in the formh(z) = z/(1+ azk)1/k,
a ∈ C∗, for some holomorphic coordinatez ∈ (C,0). Therefore, it is analytically
conjugated to the holonomy of the strong manifold(v = 0), of the normal form saddle node
uk+1 dv − v du = 0. It follows from [10] that we can find local holomorphic coordinates
(x, y) ∈ U centered atq such that�̃|U(x, y) = g(xk+1 dy−y dx) for some meromorphic
functiong in U . Now, we define the 1-form

ηq = dy

y
+ (k + 1)

dx

x
+ dg
g
.

Clearly this 1-form is a logarithmic derivative for�̃ inU . Therefore, we havẽη−ηq = h�̃
for some meromorphic functionh in U . Moreover, since both logarithmic derivatives are
closed 1-forms we must haved(h�̃) = 0. This last equation we can write as

d(hgxk+1y)∧
(
dy

y
− dx

xk+1

)
= 0.

But it is true that a saddle-node 1-form does not admit any meromorphic first integral, so
thathgxk+1y = µ ∈ C is constant. Thus we must have

η̃ − ηq = µ
(
dy

y
− dx

xk+1

)
.

Now, the fact that bothηq and η̃ have simple poles alongDi implies thatµ = 0 and
thereforeη̃ = ηq in U . It follows thatη̃ has residue 1 alongDj . As we have seen above,
this implies that the holonomy groupGj is abelian linearizable. This proves (ii).

Now letq = Di ∩Dj be as in (iii) above. Choose local coordinates(x, y) ∈ U centered
at q such that we have the local expression�̃|U(x, y) = g(x dy − λy dx) whereλ ∈ Q−
andg is a meromorphic function. Moreover, we may assume thatDi ∩ U = (x = 0) and
Dj ∩ U = (y = 0). Write

η̃|U = a dx
x
+ b dy

y
+ dg
g
+ θ

for some closedholomorphic1-formθ (recall thatη̃ has simple poles). Using the relation
d�̃ = η̃ ∧ �̃ it follows that 1+ λ = a + bλ. On the other hand, as we have seen above, if
Gj ⊂ Hkj andGi ⊂ Hki are non-abelian, then we must havea = ki + 1 andb = kj + 1.
Therefore, it follows thatλ = −ki/kj . This proves (iii). 2

Finally, the hypothesis made on the saddle nodes inD in Theorem 1 is motivated by the
following.
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Remark 4.Let F be a foliation onCP(2) given by a polynomial 1-form� with isolated
singularities in some affine spaceC2 ⊂ CP(2), and admitting a Liouvillian first integral
given by a rational logarithmic derivativeη of �. DenoteS = (η)∞ ∩ C2. The saddle
nodes appearing in the resolution of singF ∩ S are in good position with respect to the
resolution divisor†.

Proof. Indeed, denote byD the resolution divisor of singF ∩ S. If q0 ∈ Dj ∩ singF̃ is
a saddle node which is not in good position with respect toD, then the strong invariant
manifoldS throughq has a linearizable holonomy which is absurd. This follows from
the fact thatF̃ has an affine transverse structure (if the formη̃ is holomorphic) in a
neighborhood ofS\{q0} [14]. 2

3. Singular holonomy group of an invariant divisor
Let us consider the following situation motivated by Theorem 2:F is a foliation on a
compact complex surfaceM, D ⊂ M is a compact (codimension one) invariant divisor
with normal crossings. We writeD = ⋃

j Dj where theDj are irreducible smooth
components, fix local transverse sectionsSj ,Sj ∩Dj = pj /∈ singF , (Sj , pj ) ∼= (C,0).
Let us writeGj for the holonomy group Hol(F ,Dj ,Sj ) of Dj .

Now we fix acornerq0 = Di ∩Dj . We assume that the holonomy groupGν is either
solvable analytically normalizable, or abelian linearizable, forν ∈ {i, j }. Thus, in the
non-abelian case, if we denote bykν the ramification orderof Gν , we have an analytic
embeddingGν ⊂ Hkν . We will proceed to define theadjunction holonomy group ofGi
toGj which is, roughly speaking, the result of passing one holonomy group to the other
adjacent transverse section, by the use of the so-called Dulac correspondence. This Dulac
correspondence will be defined whenq0 is either a linearizable singularity, or a saddle
node with strong manifold alongDi , as follows. There is a neighborhoodU of q0 whereF
can be written in normal form. InU we take small transverse sections toF , 6i,6j ,⊂ U
such that6i ∩ Di = qi,6j ∩ Dj = qj . The Dulac correspondence is a multivalued
correspondenceD : 6i → 6j , which is obtained by following the local leaves ofF |U .
Given an elementh ∈ Hol(F ,Di,6i), we will associate toh a collection of elements
hD ∈ Diff (6j , qj ), which will verify the following relation,

hD ◦D = D ◦ h
called theadjunction equation. Up to a conjugacy induced by a simple path inDi\ singF
joining pi to qi , we can assume thatGi = Hol(F ,Di,6i) and similarly thatGj =
Hol(F ,6j , qj ) (see §1). Therefore, the adjunction equation induces a subgroup

Gj ∗ (D∗Gi) ⊂ Diff (Sj , pj )
generated byGj and all the elementshD, h ∈ Gi . This subgroup is unique up to this kind
of conjugacy. Notice that the subgroupGj ∗ (D∗Gi) does not need to be finitely generated.

3.1. The case of a resonant linearizable corner.Let us assume thatq0 is a resonant
linearizable corner. We may consider theDulac correspondencegiven in a neighborhood

† Notice that in Theorem 1 the hypothesis is made only on part of(η)∞.
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of the singularityq0. This correspondence is defined as follows: there are local
holomorphic coordinates(x, y) ∈ U such thatDi ∩U = (x = 0),Dj ∩U = (y = 0), and
such thatF |U is given bypx dy+qy dx = 0,q0 : x = y = 0, wherep/q ∈ Q+, 〈p, q〉 =
1. We fix the local transverse sections as6j = (x = 1) and6i = (y = 1), such that
6i ∩ Di = qi 6= q0 and6j ∩Dj = qj 6= q0. Let us denote byh0 ∈ Hol(F ,Di,6i) the
element corresponding to the cornerq0. Then we haveh0(x) = exp(−2

√−1πp/q) · x.
The Dulac correspondence is therefore given by

D : (6i, qi)→ (6j , qj ), D(x0) = xq/p0 .

Case 1.Gi is abelian. Take any elementh ∈ Hol(F ,Di,6i). Since Hol(F ,Di,6i) is
abelian and containsh0, we haveh(x) = µxh̃(xq) for someh̃ ∈ O1, h̃(0) = 1. We take
µ1 = µq/p andh1 = h̃q/p to be one of thep-roots ofµq andh̃q , respectively. Then we
definehD : (6j , qj )→ (6j , qj ) by

hD(y) = µ1yh1(y
p).

Case 2.Gi is solvable non-abelian andpki/q ∈ N whereGi ⊂ Hki . Take an element
h(x) = λx/(1+ axki )1/ki ∈ Hol(F ,Di,6i). Then the mapshD are all the determinations
of

y 7→ λq/py

(1+ aypki/q)q/pki .

3.2. The case of a linearizable non-resonant corner.Let us assume thatq0 is a
linearizable non-resonant corner, say,F : x dy − λy dx = 0 in a neighborhoodU of
q0 : x = y = 0, whereλ ∈ C\Q. We will consider only the following case:Gi is abelian.
This is a consequence of item (iii) in Theorem 2.

Assume that we haveDi ∩ U = (x = 0), Dj ∩ U = (y = 0), 6i = (y = 1), and
6j = (x = 1). By the hypothesisGi is linearizable. Moreover, we can assume that
the holonomy group Hol(F ,Di,6i) is linear in the local coordinatex|6i . Therefore any
elementh ∈ Gi corresponds to an elementh(x) = µhx in Diff (6i, qi). In the present
case the Dulac correspondence is given byD(x0) = x−λ0 . We are looking for elements
hD ∈ Diff (6j , qj ), which satisfyhD ◦D = D ◦ h. Therefore we must have

hD(y) = µ−λh y

whereµ−λh runs over the solutions ofz−1/λ = µh.

3.3. The case of an analytically normalizable saddle-node corner.Assume now that
q0 is a saddle-node singularity which will be assumed to be analytically conjugate to
its normal form. Thus there exists a system of local coordinates(x, y) ∈ U centered
at q0 such thatF |U is given by xk+1 dy − y(1 + λxk) dx = 0. We assume that
Di ∩ U = (x = 0) andDj ∩ U = (y = 0). In order to simplify the notation we consider
the transverse sections6i = (y = e1/k) and6j = (x = 1) (eventually performing an
homothety onx). The leaves ofF |U are the level curves of the multivalued first integral
f (x, y) = yx−λ exp(1/kxk). Therefore, theDulac correspondenceis defined by

D : 6i → 6j, x0 7→ y0 = D(x0) = x−λ0 exp

(
1

kxk0

)
.
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Now we show how the Dulac correspondence can still be used to define an adjunction for
the holonomy. This adjunction will be from the holonomy group of the strong manifold to
the holonomy group of the central manifold, that is, fromGi toGj above.

Case 1.Gi is solvable non-abelian. In this case we haveλ = 0 and h0(x) =
x/(1+ axk)1/k and thereforeki = k. This also implies that we can assume thatx is
a normalizing coordinate forGi . The Dulac correspondenceD is given byD(x0) =
exp(1/kxk0). Now we take any elementh ∈ Gi and writeh(x) = µx/(1+ axk)1/k. Since
h is of the form given above we have the adjunction equation as

hD
(

exp

(
1

kxk

))
= exp

(
a

kµk

)(
exp

(
1

kxk

))µ−k
.

ThushD(y) = exp(a/kµk) · yµ−k . However, these are not uniform analytic functions.
Assume thathk is tangent to1, that is,µk = 1. In this case we can take solutions of the
form hD(y) = exp(a/k) · y.

Remark 5.The adjunction holonomy group, as soon as it is defined, never reduces to the
holonomy group. In fact, this is clear perhaps except in the case above of a saddle-node
corner: take an element tangent to the identityh ∈ Gi , sayh(x) = x/(1+ axp)1/p. Then
the corresponding elementhD ∈ Gj ∗D∗(Gi) is given byhD(y) = ea/py. The holonomy
groupGi contains a non-resonant linearizable element sayh0(x) = µx + h.o.t., µn 6= 1,
∀ n ∈ N, and the flat elementh. Therefore, it is non-abelian and we may choosex in such
a way thath0(x) = µx. ThusGi contains elements of the form

h−m0 ◦ h ◦ hm0 =
x

(1+ µpmaxp)1/p =
x

(1+ bxp)1/p ,

whereb/p /∈ 2π
√−1Q. This gives elements inGj ∗ (D∗Gi) which are not in the

holonomy groupGj .

Case 2.Gi is abelian. This case does not occur becauseGi would be linearizable, on the
other hand the local holonomyh0 is tangent to the identity and non-trivial.

Remark 6.The case of a nonlinearizable non-degenerate corner. Now we consider the
case whereq0 = Di ∩Dj is a nonlinearizable non-degenerate corner. We will see that no
adjunction may be defined in this case. The first claim is the following.

CLAIM . Both holonomy groupsGi andGj are solvable non-abelian.

Proof. In fact, if one of the holonomy groups is abelian, then since it contains a non-
resonant linearizable diffeomorphism, this group is linearizable [2] and hence the local
holonomy aroundq0 is linearizable. Therefore, according to [11] (recall thatq0 is not a
saddle node) it follows thatq0 is itself linearizable, a contradiction. 2

Thus we have analytic embeddingsGj ⊂ Hkj andGi ⊂ Hki , for someki, kj ∈ N.
Now, we claim the following.

CLAIM . q0 is a resonant singularity.
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Proof. In fact, we writeF̃ aroundq0 asx dy − λy dx + h.o.t. = 0, for λ ∈ C∗. Assume
by contradiction thatλ /∈ Q. In this case the local holonomy associated toq0 along the
separatrix contained inDj is of the formh(y) = e2πiλy + h.o.t. On the other hand, using
the embedding ofGj above, we can find an analytic coordinatez ∈ (x = 1), such that
h(z) = e2πiλz/(1+ µzkj )1/kj . Sinceλ /∈ Q, the subjacent homography is not tangent to
the identity, and it is therefore linearizable. This implies that the local holonomyh is itself
linearizable, and thereforeq0 is linearizable as a singularity [11], a contradiction. 2

Summarizing, we have concluded thatq0 is a resonant singularity, and therefore its
analytic normal form is given by [9]. On the other hand, using this normal form, and the
fact that both holonomy groups are solvable non-abelian, it is not difficult to see that no
adjunction can be defined.

Remark 7.Later on, we will see that such a resonant nonlinearizable singularity has an
analytic normal form, like

�k,` = kx dy + `y
(

1+
√−1

2π
x`yk

)
dx = 0,

which admits the integrating factorh = x`+1yk+1, and gives us the closed meromorphic
1-form (1/x`+1yk+1)�k,`, which has non-simple poles along(xy = 0). Moreover, this
closed form is unique up to multiplication by constants (this is a consequence of the fact
that the singularity admits no meromorphic first integral, except the constants). This will
imply that if q0 is a resonant nonlinearizable singularity, given for instance by� = 0,
then there exists a unique local logarithmic derivativeη associated to�, aroundq0. This
last remark shows that in fact it is not necessary for our purposes, to define any adjunction
associated to such a corner.

In order to proceed to the definition of the singular holonomy groups of the components
Dj we introduce a partial order in the resolution divisor. This partial order is defined as
follows. LetZ be the (finite) family of connected components ofD∗ = D\{saddle nodes
∪ resonant nonlinearizable singularities}. Given two elementsA,B ∈ Z we will say that
A > B if and only if there exist componentsDi,Dj of D such thatDi ∩ Dj = {q} is a
saddle node,D∗i = Di − {q} ⊂ A,D∗j = Dj − {q} ⊂ B, and the strong manifold ofq
lies overDi . Clearly> defines a partial order onZ. SinceZ is finite each totally ordered
subfamilyZ1 ⊂ Z has a maximal element.

The familyZ has a maximal element say,A0 ∈ Z. It is clear that given a component
such thatDi suchDi\{saddle-nodes and resonant nonlinearizable singularities} belongs to
A0, then given any other componentDj not belonging toA0 but such thatDi ∩Dj 6= ∅,
thenDi∩Dj is either a resonant nonlinearizable singularity, or a saddle node whose strong
manifold lies inDi . Therefore no adjunction can be defined from any other componentB

of Z to A0. Thus we consider thesingular holonomyof any fixed componentDi in A0

as the maximal subgroup Holsing(F ,Di,Si ) = Gsing
i ⊂ Diff (Si , pi) obtained by iterating

the adjunction process at all the other corners ofDi , Di ∩ Dk, k 6= i whereDk is in A0.
Now we consider the new familyZ1 = Z − {A0}. Take a maximal elementA1 ∈ Z1 with
respect to the (induced partial order)>. Clearly eitherDi ∩Dj = ∅ for all Dj ∈ A1 and
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allDi ∈ A0, or there exists a saddle node or resonant nonlinearizable cornerq = Di ∩Dj
with Dj ∈ A1,Di ∈ A0, and whose strong manifold lies inDi . Thus we may adjunct the
singular holonomy of the componentDi (defined above) to the holonomy of the component
Dj . Now we consider the same iteration of the adjunction process for the corners inA1

and add to this the adjuncted singular holonomy ofDj . This defines the singular holonomy
group of any componentDk ∈ A1. Proceeding in this way we will exhaustZ and therefore
define the adjunction of the holonomy for all the components ofD.

Definition 4. The subgroup Holsing(F ,Dj ,Sj ) = G
sing
j ⊂ Diff (Sj , pj ) obtained by the

algorithmic process above will be called thesingular holonomy groupassociated to the
componentDj of D.

Choose any holomorphic coordinatew ∈ (Sj , pj ), such that the elements ing ∈ Gj
write either asg(w) = λgw/(1+ agwkj )1/kj , ∀ g ∈ Gj or asg(w) = λgw, ∀ g ∈ Gj .

Given a singularityq0 = Di ∩Dj as in §§3.1, 3.2 or 3.3 above, we choose normalizing
local coordinates(x, y) ∈ U as in these cases, i.e. coordinates that give the foliationF |U
in its local normal form. We chooseDi ∩ U = (x = 0) andDj ∩ U = (y = 0), and
such that ifq0 is a saddle node then the strong manifold is (as above) contained in(x = 0).
According to the fact that the local holonomy associated toq0 and the separatrix contained
in (x = 0) classifies analytically the singularity [9–11], we may choosex in such a way
that the restrictionx|6i is a normalizing coordinate for the holonomy groupGi . However,
it is not always true thaty|6j also normalizesGj . This is the subject of the following
proposition.

PROPOSITION2. (Compatibility lemma)The adjunction holonomy groupGj ∗ (D∗Gi) is
a solvable group if, and only if, we havey|6j = ϕ(w), for someϕ such that eitherϕ ∈ Hkj

or ϕ(w) = aw, a ∈ C∗, that is, if and only ify|6j normalizesGj .

Proof. First we prove the only if part. Assume thatGj ∗ (D∗Gi) is solvable non-
abelian. According to [4] we haveGj ∗ (D∗Gi) ⊂ Hk for somek ∈ N (notice that
Gj ⊂ Gj ∗ (D∗Gi) contains a non-resonant linearizable element). Letu ∈ (C,0) be a
normalizing coordinate for this adjunction holonomy group. Now, by Remark 5 there is
f = hD ∈ Gj ∗ (D∗Gi), such thatλ = f ′(0) is not a root of unity. If we puty|6j = ϕ(u)
for ϕ ∈ Diff (C,0), then we have(ϕ ◦ f ◦ ϕ−1)(y) = λy/(1+ ayk)1/k. Therefore we may
use Lemma 2 below in order to conclude thatϕ(u) ∈ Hk. This shows that the change of
coordinates fromy|6j tou belongs toHk and thereforey|6j also normalizes the holonomy
groupGj . The converse part is left to the reader. The abelian case is done in a similar
way. 2

LEMMA 2. [14] Let f ∈ Diff (C,0) with f (z) = λz + · · · whereλ is not a root of unity.
Suppose that we have(ϕ ◦ f ◦ ϕ−1)(z)k = λkzk/(1+ bzk) for somek ∈ N, a ∈ C∗ and
someϕ ∈ Diff (C,0). Thenf (z)k = λkzk/(1+ µzk) if and only ifϕ(z)k = czk/(1+ dzk).

In other words, the Compatibility lemma (Proposition 2) says that ifq0 = Di ∩ Dj
with Gi,Gj solvable as above, then we can normalize simultaneouslyGi,Gj and the
singularityq0 if, and only if, the adjunction holonomy groupGj ∗ D∗(Gi) is a solvable
group.
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Comment.The iteration of the adjunction process in the definition of singular holonomy
above is used in the construction of logarithmic derivatives that we will perform in the
next section, §4 (Proposition 3). This is necessary in order to assure that the construction
of the logarithmic derivatives associated to the componentsDj of the resolution divisor
(Lemma 6 below) exhibits no ambiguities (see the proof of Proposition 3), as follows from
the Compatibility lemma above.

Theorem 2 motivates the following definition: letF be a foliation on a compact complex
surfaceM and letS ⊂ M be an irreducible invariant divisor.

Definition 5. The foliationF has aLiouvillian resolution (relative to S) if the divisor
D =⋃m

j=1Dj of the resolution of singF ∩ S satisfies:
(i) each singular holonomy groupGj of Dj is either abelian linearizable or solvable

analytically conjugated to a non-abelian subgroup ofHkj ;
(ii) if q = Di ∩ Dj is a saddle-node corner whose strong manifold is contained inDi ,

thenGi is solvable non-abelian, andGj is abelian;
(iii) if q = Di∩Dj is a corner such thatGi ⊂ Hki andGj ⊂ Hkj are non-abelian, thenq

is a resonant singularity, and we can find local coordinates(x, y) ∈ U centered atq
such thatDi ∩U = (x = 0),Dj ∩U = (y = 0) andF |U : kjx dy+ kiy dx + h.o.t.
= 0.

Now we extend the definitions of Liouvillian resolution, dicritical singularity and
infinitesimally hyperbolic singularity to dimensionn ≥ 3. Let F be a foliation of
codimension one onCP(n) with n ≥ 3. It follows from [2] that the set of linearly
embeddedr-planesN ⊂ CP(n), r ≥ 2, which are ingeneral positionwith respect to
F is a Zariski’s open dense subset of the Grassmanian ofr-planes. Therefore, we will say
that singularities ofF onS arenon-dicritical, respectivelyinfinitesimally hyperbolic, if for
some linearly embedded 2-planeN ⊂ CP(n), in general position with respect toF , the
induced foliationF |N onN has only non-dicritical, respectively infinitesimally hyperbolic,
singularities onS ∩N . We will also say thatF has aLiouvillian resolution (relative toS)
if there exists such anN for which the induced foliationF |N has a Liouvillian resolution
relative toS ∩N .

Theorem 1 follows from the following theorems.

THEOREM 3. (Structure theorem)Let F be a codimension-one holomorphic foliation
on CP(n) and suppose that one of its algebraic leaves, sayS, has only non-dicritical
infinitesimally hyperbolic singularities. Then the following two assertions are equivalent:
(a) F has a Liouvillian first integral onCP(n);
(b) F has a Liouvillian resolution relative toS.

THEOREM 4. LetF be a foliation onCP(n) with an irreducible invariant divisorS such
thatsingF ∩ S consists of non-dicritical infinitesimally hyperbolic singularities. Suppose
thatF has a Liouvillian resolution relative toS. Then eitherF is a Darboux foliation or
it is a rational pull-back of an exponent two Bernoulli foliation onC× C.

A logarithmic rational 1-form� on CP(n) writes in homogeneous coordinates
(z1, . . . , zn+1) ∈ Cn+1, as� = ∑r

j=1 λj dPj/Pj , with polar divisor(�)∞ = ⋃r
j=1
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{Pj = 0}, whereλj is the residue of� along{Pj = 0}, and thePj are homogeneous
polynomials satisfying

∑r
j=1 λj deg(Pj ) = 0. A Darboux foliationon CP(n) is one

defined by a logarithmic 1-form.

4. Construction of logarithmic derivatives
The following proposition assures the existence of a logarithmic derivative in the presence
of a Liouvillian resolution for a certain invariant analytic curve, for a given foliation. Let
F be a foliation on a complex surfaceM, and letS ⊂ M be an analytic compact invariant
(irreducible) curve, and assume thatF is given by a meromorphic 1-form� onM. As
before, we denote byπ : M̃ → M the morphism given by the resolution ofF |S , by
D = π−1(S) the resolution divisor, and bỹ� the pull-back 1-formπ∗� (see Remark 1).

PROPOSITION3. Suppose thatdimM = 2 and thatS ⊂ M is a compact irreducible
divisor invariant byF such that the setsingF ∩S consists of non-dicritical infinitesimally
hyperbolic singularities. IfF has a Liouvillian resolution relative toS, then the 1-form
�̃ has a logarithmic derivativẽη adapted toD in a neighborhood ofD. In particular, if
M = CP(2) andS is an algebraic curve, thenF admits a Liouvillian first integral.

With the hypothesis of Proposition 3 we fixDj to be one of the irreducible components
of D.

LEMMA 3. Assume thatGsing
j ⊂ Hkj is non-abelian. Given a singularityq ∈ Dj ,

then it has one of the following normal forms in some local chart(x, y) ∈ U such that
x(q) = y(q) = 0,Dj ∩ U = (y = 0):
(a) �λ = x dy − λy dx = 0 (linearizable case);
(b) �kj ,` = kjx dy+`y(1+(

√−1/2π)x`ykj ) dx = 0 (resonant nonlinearizable case);
(c) �kj = x dy − ykj+1 dx = 0 (saddle node in good position with respect toDj );
(d) �ki = y dx − xki+1 dy = 0 (saddle node in good position with respect toDi where

q = Di ∩Dj andGi ⊂ Hki ).
In particular, there are local logarithmic derivatives 1-formsηj,q in U such that

d�̃ = ηj,q ∧ �̃, (ηj,q )∞ consists of local separatrices† of F̃ |U , has order one along
Dj , and if`j = ord(�̃ = 0,Dj ), then we haveResDj (ηj,q ) = `j + kj + 1 in cases (a),
(b), (c). In case (d) we haveResDj (ηj,q ) = `j + 1. Moreover, these local normal forms

induce local Liouvillian first integralŝy of �̃|U such that�̃|U = ĝ dŷ.

Proof. In order to simplify the notation we putkj = k. By hypothesis, given any local
transverse section6j to F̃ at some pointqj ∈ Dj\ sing F̃ , there is a holomorphic
coordinatez ∈ (C,0) = (6j , qj ) such that for any elementϕ of the holonomy ofDj
we haveϕ(z)k = λϕzk/(1+ aϕzk). Now, if q ∈ singF̃ ∩Dj is a linearizable singularity,
then�̃|U = g(x dy − λy dx) = ĝ dŷ, whereg is a meromorphic function,̂g = gx1+λ and
ŷ = yx−λ. We define

ηj,q := (k + 1)
dŷ

ŷ
+ dĝ

ĝ
= (k + 1)

dy

y
+ (1− λk)dx

x
+ dg
g
.

† We are assuming that the polar set of�̃ does not meetD at singular points ofF̃ .
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Now we remark that whenever�̃ has a local expression inU as

�̃|U = g(x dy − λy dx + · · · )
with λ /∈ Q and(y = 0) ⊂ Dj , then�̃|U is linearizable. In fact, its local holonomy is of
the formϕ(z)k = µzk/(1+ azk) with µ 6= 1, therefore it is linearizable and by [11] this
singularity is linearizable. So we have two remaining cases.

(i) q ∈ U is a singularity of the form̃�|U = g(x dy−λy dx+h.o.t.), λ = −m/n ∈ Q−,
(m, n) = 1, and is nonlinearizable with(y = 0) ⊂ Dj . In this case the local holonomy
ϕ of q in Dj satisfiesϕ(z)k = zk/(1+ azk). This implies thatmk = ln for somel ∈ N.
Furthermore, we can assume thata = −` and so this holonomy is conjugated to the
holonomy of(y = 0) of the germ of foliation

�k,` = kx dy + `y
(

1+
√−1

2π
x`yk

)
dx = 0.

Thus by [9] the foliation F̃ is conjugated nearq to the foliation�k,`. Therefore, there
are local coordinates(x, y) centered atq ∈ Dj such that for some meromorphic function
g̃, �̃|U = g̃�k,`. Moreover,�k,` = gk,` dyk,` where

yk,` = x`yk

(
√−1k/2π)`x`yk logx − 1

and

gk,` = − ((
√−1`/2π)x`yk logx − 1)2

x`−1yk−1
.

We definêg = g̃gk,`, ŷ = yk,` and also

ηj,q := (k + 1)
dy

y
+ (`+ 1)

dx

x
+ dg̃

g̃
.

(ii) q is a saddle-node and in local coordinates(x, y) with (y = 0) ⊂ Dj , F̃ is defined
by x(1+ λyk+1) dy − yk+1 dx + (h.o.t.) dy = 0. In this case since the local holonomy
of (y = 0) at q is of the formϕ(z)k = µzk/(1+ azk) and(y = 0) is the strong manifold
of the saddle node, we haveµ = 1. Thus this is conjugated to the holonomy of(y = 0)
of the germ of saddle node�k := x dy − yk+1 dx = 0. Therefore by [10] there is a
system of coordinates(x, y) ∈ U centered aq with (y = 0) ⊂ Dj such thatF̃ is given
by �̃|U = g(x dy − yk+1 dx), for some meromorphic functiong, so that�̃|U = gĝk dŷ,
where

ĝk = x(kyk logx + 1)2

k2yk−1

and

ŷ = kyk

kyk logx + 1
.

We define

ĝ = gĝk, ηj,q := (k + 1)
dy

y
+ dx

x
+ dg
g
.
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If the singularity is a saddle node which is not in good position with respect toDj then we
have the normal form (d) because since it is in good position with respect toD we can use
the case we have just finished (which gives usλ = 0). Thus, if we setl = ki , we have local
coordinates(x, y) such that�̃|U(x, y) = g̃�l . We notice that the 1-form

ηl = (l + 1)
dx

x
+ dy
y
+ dg
g
,

is closed meromorphic and satisfies the relationd�̃ = ηl∧�̃. Moreover,(ηl)∞ is invariant
and contains(y = 0) as a simple pole of residue one. We defineηj,q = ηl . 2

For the abelian case we have more restrictions on the analytical type of the singularities.

LEMMA 4. Assume thatGsing
j is abelian. Then given a singularityq ∈ Dj ∩ singF̃ , there

are analytical coordinates(x, y) ∈ U 3 q, centered atq, such thatDj ∩ U = (y = 0),
andF̃ |U has one of the following types: (a)�λ = 0, (b)�ki = 0.

Proof. Indeed,Gj is abelian linearizable. Therefore, the non-degenerate singularities in
singF̃ ∩Dj are linearizable. Now letq ∈ singF̃ ∩Dj be a saddle node. Since the local
holonomy associated to the local separatrix ofq contained inDj is linearizable, it follows
that the strong manifold ofq is transverse toDj . This proves the lemma. 2

LEMMA 5. Assume thatGsing
j ⊂ Hkj is non-abelian. There exists a covering ofDj by a

collection(Uα)α∈A of open connected subsets ofM̃ with holomorphic coordinates(xα, yα)
in Uα such that:
(1) D ∩ Uα = (yα = 0);
(2) for anyα ∈ A such thatUα ∩ singF̃ = ∅, F̃ |Uα is given bydyα = 0 and for any

ϕ ∈ Hol(F̃ ,Dj ,6α) where6α = (xα = pα), ϕ(yα)kj = λϕykjα /(1+ aϕykjα );
(3) if Uα ∩ Uβ 6= ∅ and singF̃ ∩ (Uα ∪ Uβ) = ∅, theny

kj
α = Hαβ(y

kj
β ) for some

Hαβ ∈ H1;
(4) if qα = Uα ∩ singF̃ 6= ∅ then qα is one point,xα(qα) = yα(qα) = 0 and if

Uβ ∩ Uα 6= ∅, thenUβ ∩ singF̃ = ∅ andUβ ∩ Uα is simply connected. Moreover,

F̃ |Uα is given by one of the normal forms (a), (b), (c) or (d) of Lemma 3 above.

Proof. Properties (1) and (2) are immediate. Property (3) follows from Lemma 2 and the
fact that there is at least one singular point inDj whose local holonomy is of the form
f (z) = λz, with λ not a root of unity. Finally (4) follows from Lemma 3. 2

LEMMA 6. Assume thatGsing
j is solvable (perhaps abelian). There exists a meromorphic

logarithmic derivativeη̃j for �̃ defined in a neighborhood ofDj and adapted toDj .

Proof. First we assume thatGsing
j is non-abelian andGsing

j ⊂ Hkj . First we consider the
case whereGj is non-abelian,Gj ⊂ Hkj and take the covering{(xα, yα) ∈ (Uα)}α∈A
given by Lemma 4. Assume first thatUα ∩ singF̃ = ∅ and let�̃|Uα = gα dyα. Then we
define

η̃jα = (kj + 1)
dyα

yα
+ dgα
gα

.
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WheneverUα ∩Uβ 6= ∅ and(Uα ∪Uβ)∩ singF̃ = ∅ we havey
kj
α = Hαβ(ykjβ ) for some

Hαβ(z) = λαβz/(1+ aαβz) ∈ H1, so we conclude thatdyα/y
kj+1
α = dyβ/λαβy

kj+1
β

and η̃jβ = η̃
j
α in Uα ∩ Uβ . Clearly η̃j := η̃

j
α in Uα defines a logarithmic derivative

of �̃ adapted toDj in a neighborhoodU ′j of Dj\ singF̃ . Now we observe that̃ηj is

holomorphic outside the poles of�̃ and that it has simple poles along(�̃)∞. Moreover,
given any irreducible componentL ⊂ (�̃)∞ with L ∩ Dj 6= ∅, then by construction we
have that ResL η̃j = −order of(�̃)∞ alongL: indeed, letm be the order ofL as a pole of
�̃. Choose local holomorphic coordinates(x, y) ∈ U for M, such thatU ∩ L = (x = 0)
and we havẽ� = g dy as above. We have thatg = g1/x

m for some holomorphic non-
vanishing functiong1 in U . Therefore we have

η̃j |U = dg1

g1
−mdx

x
+ dy
y
.

Now we must show that̃ηj extends meromorphically to sing̃F ∩ Dj . Indeed, given a
singularityq0 ∈ singF̃ ∩Dj ∩ Uα we have four possibilities according to Lemma 3.

(a) q0 is a linearizable singularity of the form�λα = 0. The local coordinate (defined
on the transverse section6j ) ŷα = yαx−λαα linearizes the local holonomy ofDj . Now, as
in the proof of Lemma 3 we may write

�̃|Uα = gα(xα dyα − λαyα dxα) = ĝα dŷα,
wheregα is a meromorphic function,̂gα = gαx1+λα

α andŷα = yαx−λαα . We define

ηj,α := (kj + 1)
dŷα

ŷα
+ dĝα

ĝα
= (kj + 1)

dyα

yα
+ (1− λαkj )dxα

xα
+ dgα
gα

.

The differenceη̃j − ηj,α can be written as̃ηj − ηj,α = hq0�̃, for some meromorphic
functionhq0 defined over(xα 6= 0) and which satisfiesd(hq0�̃) = 0. Clearly the poles
of hq0 are contained inDj (notice that the forms̃η andηj,α have poles contained in the
divisor D). On the other hand, since ResDj η̃j = ResDj ηj,α , it follows† thathq0�̃ is

holomorphicalongDj and thereforehq0�̃ is a closedholomorphic1-form which defines
F̃ in (xα 6= 0). Thus we have two possibilities.

(a.1) If λα /∈ Q. In this case we must havehq0�̃ = 0. In fact, as it follows from [14],
if we havedf ∧ (x dy − λy dx) = 0, λ /∈ Q, for some holomorphic functionf defined on
(x 6= 0), thenf must be constant (this can be seen using Laurent series forf (x, y)). Thus
we conclude thathq0�̃ = 0.

(a.2) If λα = −p/q ∈ Q−, p, q ∈ N〈p, q〉 = 1. In this case we obtain (again
using Laurent series) thathq0�̃ = dϕ(xpyq) for some one-variableholomorphicfunction
ϕ ∈ O1. Thus in this case we may extendη̃j to the singularityq0 asη̃j = ηj,α+dϕ(xpyq).

(b) The singularityq0 is resonant nonlinearizable of the form�kj ,` = 0. We define

ηj,α = (kj + 1)
d y

y
+ (`+ 1)

dx

x
+ dg̃

g̃

as the 1-formηj,q in (the proof of) Lemma 3. Now we consider the 1-formη̃j defined in
U ′j and we havẽηj − ηj,α = fα,j �̃ for some meromorphic functionfα,j in Uα ∩ U ′j .
Clearlyd(fα,j �̃) = 0.

† Notice thatdgα/gα anddgβ/gβ have the same residue alongDj , given by the order of(�̃)0 alongDj .
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CLAIM . The functionfα,j extends meromorphically toUα.

Proof. Indeed, we have an integrating factorh for �̃, which is meromorphic in a
neighborhoodV of q0 (see Remark 7). We can assume thatV ⊃ Uα . The quotientfα,j /h
is therefore a meromorphic first integral for� in Uα ∩ U ′j . If this first integral is not
constant then the local holonomy ofDj aroundq0 is finite and therefore linearizable, and
this implies thatF̃ is linearizable in a neighborhood ofq0, a contradiction. Thus inUα∩ U ′j
we havefα,j = c.h for some constantc ∈ C, and thereforefα,j extends meromorphically
toUα asc.h. 2

Comparing the poles of̃ηj andηj,α we conclude that the poles offα,j are contained in
(xα = 0). On the other hand (as it follows from the proof of the claim above) the integrating
factors of the 1-form�kj ,l are of the formc/(xl+1ykj+1), c ∈ C. Thusfα,j ≡ 0. We
conclude that̃ηj ≡ ηj,α in Uα ∩ U ′j .

(c) The singularityq0 is a saddle node in good position, given by�kj = 0. We define

ηj,α = (k + 1)
dy

y
+ dx

x
+ dg
g

as the 1-formηj,q in (the proof of) Lemma 3. Proceeding as in (b) one can show that
η̃j ≡ ηj,α in Uα ∩ U ′j . In fact, once again one can use Laurent series (and the fact that a
saddle node does not admit even a formal meromorphic first integral defined over its strong
manifold).

(d) q0 is a saddle node�ki , whose strong manifold is transverse toDj . In particular,
Gj is abelian. First we remark that sing̃F ∩Dj contains no saddle-nodes in good position
with respect toDj and that the non-degenerate singularities are linearizable(indeed,Gj
is linearizable). Using the techniques of [2] one constructs a closed meromorphic 1-form
�̃j in a neighborhoodVj ofDj minus the saddle nodes in singF̃ ∩Dj . This form satisfies
�̃j ∧ �̃ = 0, and�̃j has simple poles, all of them contained in the divisorD. We have
�̃ = hj �̃j for some meromorphic functionhj in Vj . Define now the 1-form̃η′j = dhj/hj .
Clearly η̃′j is a candidate for a logarithmic derivative for�̃ adapted toDj . Notice thatη̃′j
has residue one alongDj . We must show that̃η′j extends to the saddle-node singularities
in Dj . Fix such a singularityq0 ∈ Dj . We must haveq0 = Dl ∩ Dj for someDl . We
will show the extension of̃η′j to q0 using the fact that the adjunction holonomy group
Gj ∗ D∗(Gl) is solvable. Choose local coordinates(x, y) ∈ U centered atq0, such that
Dl ∩U = (x = 0), andDj = (y = 0), and such that̃�|U(x, y) = g(xp+1 dy − y dx) for
some meromorphic functiong and somep ∈ N. As we know, the holonomy groupGl of
the componentDl must be solvable non-abelianGl ⊂ Hp. Moreover, we can assume that
the coordinatex|6l , where6l = (y = 1), normalizes the group Hol(F̃ ,Dl,6l) ∼= Gl .
Take an element tangent to the identityh ∈ Gl , sayh(x) = x/(1+ axp)1/p. Then
the corresponding elementhD ∈ Gj ∗ D∗(Gl) is given byhD(y) = ea/py. Now let
z ∈ (6j , qj ) be a local coordinate, where6j = (x = 1) andqj = 6j ∩ Dj , which
linearizes the holonomy groupGj ∼= Hol(F̃ ,Dj ,6j ). Then the fact that the singular

holonomy groupGsing
j is solvable implies that eithery = ϕ(z) for some diffeomorphism

ϕ ∈ Hk whenGsing
j ⊂ Hk, or y = µz for someµ ∈ C∗ whenGsing

j is abelian linearizable.
According to this we can assume that the coordinatey|6j normalizesGj . This implies that
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the 1-formsη̃′j and

ηq0 :=
dy

y
+ (p + 1)

dx

x
+ dg
g

coincide over the transverse section6j . This same argument shows that they coincide
over an open neighborhood ofqj . Therefore,η̃′j extends asηq0 to the singularityq0. We
renamẽη′j asη̃j . This is the only case where we use the fact that the adjunction holonomy
groupGj ∗D∗(Gi) is solvable. The solvability will be used for the other cases during the

glueing process for the 1-formsη̃j (see the proof of Proposition 3 below). Thusη̃jα extends
meromorphically to a neighborhood̃Uj of Dj .

Now we assume thatGsing
j is abelian. In particular,Gj is abelian linearizable. Using

the same arguments of (d) above we can conclude that there exists a logarithmic derivative
η̃j of �̃ adapted toDj in a neighborhood ofDj . 2

Proof of Proposition 3.We start by defining̃η in a neighborhood ofDj as η̃j given by
Lemma 6 above. Now we show that given a cornerq0 = Di ∩Dj then in a neighborhood
of q0, η̃i = η̃j . First we assume thatq0 is a saddle node�kj = 0 as in (c) of Lemma 3. In
this case we havẽηi − η̃j = fij�kj for some meromorphic functionfij in a neighborhood
of q0. Clearly we haved(fij�kj ) = 0 so thatfij = µ/xykj+1 for someµ ∈ C (see the
proof of Theorem 2). Therefore,

η̃i − η̃j = µ
(
dx

x
− dy

ykj+1

)
.

The 1-formη̃i − η̃j has only simple poles alongDj so thatµ = 0 and thereforẽηi ≡ η̃j
in a neighborhood ofq0. In the same way we havẽηi = ηkj = η̃j if q0 is a saddle node of
the form�kj = 0 as in (d) of Lemma 3.

Now we assume thatq0 is not a saddle node. We have thatq0 is a singularity of the form
x dy−λy dx+h.o.t. = 0 whereDi : (x = 0) andDj : (y = 0). As abovẽηi− η̃j = fij �̃.
Moreover,d(fij �̃) = 0. First we consider the case whereλ /∈ Q. Assume thatfij 6≡ 0.
In this case,fij �̃ is a closed meromorphic 1-form which definesF̃ in a neighborhood of
q0, so thatq0 must be linearizable [3]. Moreover, according to Theorem 2(iii), at least one
of these holonomy groups is abelian, sayGi is abelian linearizable. Thus the adjunction
holonomy groupGj ∗ D∗(Gi) is defined and solvable. According to the Compatibility
lemma, we can find normalizing coordinates for the singularity and for the holonomy
groupsGj andGi at the same time. Now, the same arguments used in parts (a) and (b) in
the proof of Lemma 6 apply to show thatη̃i andη̃j coincide in a neighborhood ofq0.

Assume now thatλ = −p/q ∈ Q−. If q0 is nonlinearizable then the glueing ofη̃i
and η̃j is immediate (see Remark 7). Thus we will assume thatq0 is linearizable with a
holomorphic first integral. Therefore, once again the adjunction holonomy group is defined
and solvable, so that as in the case considered above the simultaneous normalization forq0

and the holonomy groups gives the glueing.
Thus the collection of 1-forms(η̃i)mi=1 defines a 1-form̃η in a neighborhood ofD =

π−1(S). The 1-formη̃ is clearly a logarithmic derivative of̃� adapted toD. Blowing down
this 1-form, we obtain a 1-formπ∗(η̃) in a neighborhood ofS such that it is a logarithmic
derivative ofπ∗(�̃) adapted toS.
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Assume now thatM = CP(2) and thatS is an algebraic curve. According to Levi’s
extension theorem (see [2]) the 1-form η defined in a neighborhood ofS extends to
a rational 1-form onCP(2). Clearly this 1-form defines a Liouvillian functionH by
η = dH/H and we haved(�/H) = 0. Therefore, there exists a Liouvillian first integral
F suchdF = �/H . 2

Now we prove the existence of transverse logarithmic derivatives associated to a given
closed logarithmic derivative. First we prove the following result which deals with the
abelian case for the singular holonomy groups.

PROPOSITION4. Let F be a foliation onCP(2), with an algebraic leafS such that
singF ∩ S contains only infinitesimally hyperbolic singularities. Then the following
conditions are equivalent:
(i) F is a Darboux foliation;
(ii) F is given by a closed rational 1-form;
(iii) all the singular holonomy groups arising in the reduction of the singularities of

singF ∩ S are abelian.

Proof. First we prove (iii)H⇒ (i). We fix π : (C̃P(2), F̃ ,D) → (CP(2),F , S), the
reduction of singularities of singF ∩ S as in §1. Let us fix a componentDj of D. By

hypothesis the singular holonomy groupGsing
j is abelian, and sinceDj contains a non-

resonant linearizable singularity,Gsing
j is in fact analytically linearizable. Now we fix a

singularityq ∈ singF̃ ∩Dj .
CLAIM . q is a linearizable singularity.

Proof. This is clear from [10, 11] if q is not a saddle node. We assume therefore thatq is a
saddle node. The local holonomy associated to the strong manifold ofq is not linearizable.
Therefore, we conclude that the strong manifold ofq is not contained in (any component
of) D. This contradicts the fact that by the hypothesisq is in good position with respect
toD. 2

Thus any singularityq ∈ singF̃ ∩ D is in fact linearizable. Using [2] we conclude
that, for any fixed componentDj ofD, there exists an open covering ofDj by a collection
(Uα)α∈A of open connected subsets ofC̃P(2) with holomorphic coordinates(xα, yα) in
Uα such that:
(1) D ∩ Uα = {yα = 0};
(2) for anyα ∈ A such thatUα ∩ singF̃ = ∅, F̃ |Uα is given bydyα = 0 and for any

ϕ ∈ Hol(F̃ ,Dj ,6α) where6α = (xα = pα), ϕ(yα) = λϕyα;
(3) if Uα ∩Uβ 6= ∅ and singF̃ ∩ (Uα ∪Uβ) = ∅, thenyα = λαβyβ for someλαβ ∈ C∗;
(4) if qα = Uα ∩ singF̃ 6= ∅ thenqα is one point,xα(qα) = yα(qα) = 0 and if

Uβ ∩Uα 6= ∅, thenUβ ∩ singF̃ = ∅ andUβ ∩Uα is simply connected. Moreover,
F̃ |Uα is in the linear formxα dya − λqyα dxα = 0, for someλq ∈ C∗.

In the open setsUα such thatUα ∩ singF̃ = ∅, we define the local 1-forms
�α = dyα/yα. In thoseUβ for which q = Uβ ∩ singF̃ 6= ∅, we define�β =
dyβ/yβ − λq . dxβ/xβ . These 1-forms glue into a closed meromorphic 1-form�j with
simple poles, which defines̃F in a neighborhoodUj of Dj . We proceed to prove that
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if q = Di ∩ Dj is a corner then�i = �j in a neighborhood ofq. Indeed, since both
1-forms are closed and we defineF̃ in a neighborhood ofq, it follows that�j = f�i for
some meromorphic function which is a first integral forF̃ aroundq. On the other hand,
we know thatF̃ is locally linearizable aroundq, sayF̃ : x dy − λqy dx = 0, for some
local holomorphic coordinates(x, y) ∈ U , centered atq, and such thatDj ∩ U = (y =
0),Di ∩ U = (x = 0). Therefore, it follows that eitherf is constant, orλ = m/n for
somen,m ∈ N relatively prime. We consider the caseλ = m/n and will also prove that
in this casef is constant. In fact, we may assume that the coordinate(xy−1/λ)|(y=1) is

a linearizing coordinate for the singular holonomy groupGsing
i . Now, according to the

Compatibility lemma, the fact that the singular holonomy groups ofDi andDj are abelian

implies that the coordinate(yx−λ)|(x=1) also linearizes the singular holonomy groupGsing
j .

Finally, by construction, we know that the 1-form�i , respectively�j , is constructed in
such a way that ifz ∈ (x = 1), respectivelyw ∈ (y = 1), is a linearizing coordinate for the
singular holonomy group ofDj , respectively ofDi , then we must have�j |(x=1) = dz/z,
respectively�i |(y=1) = dw/w. On the other hand, we must havew = µ(xy−1/λ)|(y=1),
respectivelyz = µ(yx−λ)|(x=1), for someµ ∈ C∗. Therefore, we obtain

�j |U = d(xy−1/λ)

(xy−1/λ)
= dx

x
− 1

λ

dy

y
= 1

λ

(
dy

y
− λdx

x

)
.

Therefore,f is constant. Proceeding as in [2] one can easily conclude that there exists a
closed rational 1-form� in all CP(2) which is logarithmic, and definesF .

Finally, implication (i)H⇒ (ii) is clear. For (ii)H⇒ (iii) we fix a closed rational 1-
form �̃which definesF̃ in the blow-up manifoldM. First we remark that all the holonomy
groupsGj are abelian. This is a consequence of the following lemma and of [13].

LEMMA 7. Given any pointq ∈ Dj \ singF̃ there are local coordinates(x, y) ∈ U
centered atq, such thatDj ∩ U = (y = 0), and the 1-form�̃ can be written in these
coordinates as

�̃(x, y) = ayn + 1

yn+1 dy,

wheren ∈ N anda ∈ C are fixed.

Therefore, the holonomy groupGj leaves invariant a germ of the holomorphic singular
vector field

X(z) = zn+1

1+ azn
d

dz
,

and according to [13] this is an abelian subgroup of Diff(C,0).
Now we notice that sinceGj contains (by hypothesis) a non-resonant linearizable

diffeomorphism,Gj is analytically linearizable. This implies (as above) that all the
singularitiesq ∈ D∩singF̃ are linearizable. Using the same arguments as for the proof of
(iii) H⇒ (i) we conclude thatF̃ is given by a closed meromorphic 1-form̃�j with simple
poles, in a neighborhoodVj of Dj in M̃. We have�̃ ∧ �̃j = 0 in Vj , so that�̃ = f �̃j
for some meromorphic functionf which is a meromorphic first integral for̃F in Vj . Now,
by the hypothesis of infinitesimal hyperbolicity,f must be constant. This gives that�̃ has
only simple poles inM̃. In particular,� is already a logarithmic 1-form. 2
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The following proposition assures the existence of a transverse logarithmic derivative
after the resolution process.

PROPOSITION5. Suppose thatM = CP(2), and thatF is given by a polynomial 1-form
�, withCP(2)\C2 in general position with respect toF . LetS be an irreducible algebraic
invariant curve. Denote byπ : (M̃, F̃ , S̃)→ (M,F , S) the resolution of singularities of
F |S . Assume that̃η is a (simple poles) logarithmic derivative of�̃ adapted toD. Then:
(i) there exists a logarithmic derivativẽη1 of �̃ transverse toD (such that�̃ divides

η̃ − η̃1);
(ii) if η̃1 is also closed thenF is given by a closed meromorphic form onM.

Proof. For the sake of simplicity of the notation, we will consider the case whenF |S is
already desingularized, hence we will be placed onM = CP(2), so thatM̃ = M, �̃ = �,
η̃ = η andD = S. The proof we give applies to the general case. By the hypothesis,
S is given by{f = 0} for some irreducible polynomialf defined onC2. Since(η)∞
has order one alongS, this 1-form can be written asη = a df /f + η2 for some closed
1-form η2 and some constanta ∈ C∗. Moreover, the 1-formη2 has polar divisor which
does not contain†S. We assume thatF is not given by a closed rational 1-form. Thus,
according to Proposition 4 above we may assume some of the singular holonomy groups
associated to some of the resolutions ofF |S are not abelian. (The strict transform of)S
is non-abelian, contained in someHk, k ∈ N. We claim thatdf ∧ η2 6≡ 0. Indeedη is a
closed 1-form whose polar divisor contains (and is simple at)(�)∞ which in turn does not
containS. Since(η2)∞ = (η)∞\S, we still have that(�)∞ is contained in(η2)∞. As the
polar divisor ofη2 is invariant for the foliation defined byη2, this implies thatdf ∧η2 6≡ 0.
Thus we can write� = p df − f�1 for some meromorphic 1-form�1 := hη2 and some
meromorphic functionsp, h. SinceS is invariant we have that�1 ∧ df is a holomorphic
2-form outside(�)∞. In particular,S is not a component of(h)∞. We define the 1-form
η1 := η + ag�1 whereg := −1/pf . Replacing these expressions we obtain

η1 =
(

1+ ah
p

)
η2.

We claim thatη1 is a logarithmic derivative of� and is transverse toS. It is necessary to
prove that (1)(h)∞\(�)∞ is invariant byF ; (2) {p = 0} is invariant andS is not one of
its components.

Proof of (i). Let L be any component of(h)∞\(�)∞. We haved� = η ∧ �, η =
2df /f + η2, so thatd(�/f 2) = η2 ∧ (�/f 2). Suppose thatL is not contained in
{f = 0} ∪ (η2)∞, which is invariant. Thus we choose a pointq ∈ L\({f = 0} ∪ (η2)∞)
and a local holomorphic functionϕ : U → C∗ defined inU 3 q, such thatη2 = dϕ/ϕ.
Then we haved((1/ϕf 2)�) = 0. On the other hand, we have

−p
ϕ
d

(
1

f

)
+ h

f
d

(
1

ϕ

)
= 1

ϕf 2�.

Thus we conclude thatL is contained in the polar set of the closed meromorphic 1-form
(1/ϕf 2)� and therefore (as a consequence of a general fact) it is invariant byF .

† Notice that ifη2 is holomorphic thenη2 ≡ 0.
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Proof of (ii). If there is some componentL of {p = 0} which is contained inS then we
choose local coordinates(x, y) centered at a generic pointp ∈ L such thatL = (y = 0).
Then we can writep(x, y) = ymu(x, y) for some unityu and somem ∈ N. Thus we
have� = ymu dy − y�1, and�1 ∧ dy is holomorphic. But since�1 = hη2 andη2

is closed with poles not contained inS = (y = 0), it follows thatη2 = dψ for some
local holomorphicfunctionψ(x, y). Since the singularities of� are isolated there is a
meromorphic local functionH such thath = H/yr, r ≥ 1, H not identically zero at
(y = 0). Therefore(H/yr) dψ ∧ dy is holomorphic, which implies thatψ = yr+1θ for
some holomorphicθ . Therefore we have

� = ymu dy − (r + 1)θyH dy − y2H dθ

which is a clear contradiction with the fact that� has isolated singularities outside(�)∞.
Assume now that{p = 0} has some componentL which is not invariant. ThenL is
not contained in(η2)∞. First we remark thatL ∩ {f = 0} ⊂ singF . In fact fixed any
point q ∈ L ∩ {f = 0}, sinceη2 is closed we can assume thatη2 = dϕ for some local
holomorphic functionϕ defined aroundq. Thus� = p df − f h dϕ and then clearly
q ∈ {p = 0} ∩ {f = 0} is a singularity ofF , which gives a contradiction. Now we
conclude. Let us assume that(η2)∞ ∪ {f = 0} is a divisor with normal crossings (this is
the final picture after a resolution process so that we can assume, without loss of generality,
thatM̃ = CP(2) as announced above). Let us write(η2)∞ = ∪mj=1{fj = 0} in irreducible
components wherefj is a polynomial for allj . Then given a pointq ∈ {f = 0} ∩ {fj =
0} ∩ {p = 0} we choose local coordinates(x, y) ∈ U, x(q) = y(q) = 0, such that
f (x, y) = y and{fj = 0} ≡ (x = 0). In this local chart we haveη2 = 2dx/x + dϕ for
some local holomorphic functionϕ(x, y). Therefore,

� = p df − f hη2 = (p − yhϕy) dy − yh
(

2

x
+ ϕx

)
dx.

Since� is holomorphic aroundq it follows that x|yh, sox|h. Now since(x = 0) is
invariant it follows thatx|(p−yhϕy), thenx|p (becausex|yhϕy). Thus{p = 0} ≡ (x = 0)
is invariant.

Finally, we remark that sinceη − η2 divides� andη is closed, it follows that ifη1 is
still closed then necessarily� admits a meromorphic integrating factor, so thatF must be
given by a closed meromorphic 1-form. 2

5. Proof of Theorem 3 in dimension two
In this section we prove Theorem 3 in dimension two. The implication (b)H⇒ (a) is
in Proposition 3. Now we proceed to prove (a)H⇒ (b). Let, as usual,D = ⋃m

j=1Dj

denote the resolution divisor of singF ∩ S. Let us fix a meromorphic integrable 1-form
� with codim sing� ≥ 2 and(�)∞ transverse toS, which definesF . According to
[16], the existence of a Liouvillian first integral forF implies that� admits a (rational)
logarithmic derivative, sayη. We have two possibilities: eitherη is unique orF is given
by a closed rational 1-form. We will assume thatF is not given by a closed rational
1-form. In this case some of the projective singular holonomy groupsG

sing
j must be non-

abelian (Proposition 4). The 1-formη induces a transversely affine structure forF outside
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the polar set(η)∞. Now, since each componentDj contains a non-resonant linearizable
singularity, we can apply [14] in order to conclude that: (i) each projective holonomy
groupGj appearing in the resolution of singF ∩ S is solvable analytically normalizable
(possibly abelian); (ii) the 1-form̃η which denotes the logarithmic derivative associated to
the pull-back�̃ of � must have simple poles along each componentDj of the resolution
divisorD = π−1(S) of singF ∩ S. In particular,η has simple poles alongS.

Now we prove that the singular holonomy groups associated to the componentsDj are
solvable. Indeed, according to the proofs of Proposition 3, Lemma 3 and Lemma 6 we have
that, for any fixed singularityq = Di ∩Dj ∈ singF̃ ∩D, the 1-formη̃ has suitable local
expressions as follows. Choose local coordinates(x, y) ∈ U centered atq, such thatF̃ has
one of the local forms (a), (b), (c) or (d) of Lemma 3. Define as usual the local transverse
sections6i = (y = 1) and6j = (x = 1). We can assume that ifq is a saddle node
then it has its strong manifold contained inDi . We may also assume thatx|6i normalizes
the holonomy group Hol(F̃ ,Di,6i). Now, choose a system of coordinates(u, z) ∈ W ,
centered at the pointqj = Dj ∩6j , which satisfiesDj ∩W = (z = 0), �̃(u, z) = g1.dz

(for some meromorphic functiong1) and such that we have a normalizing coordinate
z ∈ 6j for the holonomy group Hol(F̃ ,Dj ,6j ) (see Lemma 5). First we consider the case
where ResDj η̃ = kj +1, for somekj ∈ N. We know that̃η = (kj +1) d logz+d log(g1).
If q is of the form (a) in Lemma 3, then we have

�̃(x, y) = g(x dy − λy dx),
and

η̃ = dg

g
+ a dx

x
+ (kj + 1)

dy

y
+ dϕ(x, y)

where 1+ λ = a + (kj + 1)λ (see the proof of Theorem 2), whereg is meromorphic inU
andϕ is a holomorphic first integral forF |U . Thus ifλ /∈ Q thenϕ must be constant and
we have

η̃ = dg

g
+ (1− kjλ)dx

x
+ (kj + 1)

dy

y
,

so that
�̃ = gx1+λ d log(yx−λ),

and
η̃ = d log(gx1+λ)+ (kj + 1) d log(yx−λ).

These expressions we consider in a simply-connected neighborhoodV ⊂ U ∩ W of qj ,
which does not intersect(x = 0). Now from the equalities

(kj + 1) d logz+ d log(g1) = η̃ = d log(gx1+λ)+ (kj + 1) d log(yx−λ),

and from the equalities

g1 dz = �̃ = ĝ dŷ, for ĝ = gx1+λ, ŷ = yx−λ,
we havey|6j = ŷ|6j = ψ(z|6j ) for someψ ∈ Hkj (see [14, ch. I]). Therefore, according
to the Compatibility lemma, the adjunction holonomy groupGj ∗ D∗(Gi) is solvable.
The caseλ ∈ Q− as well as the other cases are done in a similar way. We use the local
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logarithmic derivativesηj,q and the induced local Liouvillian first integralŝy introduced
in Lemma 3. We leave these other cases to the reader. Thus the singular holonomy groups
are solvable†. The Structure theorem is therefore proved forn = 2. 2

6. Construction of projective triples
In this section we prove Theorem 4 in the casen = 2. Therefore, letF be a foliation on
CP(2), and letS and singF ∩ S be as in the statement, such thatF has a Liouvillian
resolution relative toS. We consider�̃ and η̃ given by Proposition 3, and denote
by Sep(F̃ , S̃) the invariant part of the polar divisor(η̃)∞ minus S̃. According to the
construction ofη̃ in Lemma 6 and Proposition 3, we know that Sep(F̃, S̃) consists, in
a neighborhood ofD, of the separatrices of̃F that are transverse to the divisorD, and
which (as a consequence of the fact thatη̃ extends meromorphically tõM) are contained
in algebraic invariant curves.

From now on we will adopt the following notation. We denote byη̃ (instead ofη̃1)
the transversetoD logarithmic derivative of�̃ on M̃, given by Propositions 3 and 5. We
proceed to construct a transversely projective structure forF̃ in Ṽ \ Sep(F̃ , S̃), whereṼ
is a neighborhood ofD = π−1(S) in M̃, andξ̃ is a meromorphic 1-form iñV . We recall
the following definition [14].

Definition 6. (Projective triples) LetF be a foliation given by a meromorphic 1-form�
onM (not necessarily with isolated singularities). We assume that(�)0 ∪ (�)∞ has no
F -invariant component. A 1-formξ is such that(�, η, ξ) defines aprojective triplefor F ,
if:
(a) d� = η ∧ �, with (η)∞ = (�)∞ ∪ (�)0, (η)∞ of order one and such that for any

irreducible componentC ⊂ (�)∞∪ (�)0 we have either ResC η = −ord((�)∞, C),
or ResC η = ord((�)0, C), respectively;

(b) dη = � ∧ ξ ;
(c) dξ = ξ ∧ η, (ξ)0 = (�)∞ and(ξ)∞ = (�)0 and for each irreducible component

C ⊂ (�)∞ ∪ (�)0 we have either ord((ξ)0, C) = ord((�)∞, C) or ord((ξ)∞, C) =
ord((�)0, C), respectively.

The existence of a projective triple is equivalent to the existence of a projective
transverse structure for a given foliation as we will see in what follows. In what follows
we construct a projective triple(�̃, η̃, ξ̃ ) for F̃ in M̃ \ Sep(F̃ , S̃).
LEMMA 8. Suppose thatdimM = 2 and thatS ⊂ M is a compact irreducible divisor
invariant by F such that the setsingF ∩ S consists of non-dicritical infinitesimally
hyperbolic singularities. Assume thatF has a Liouvillian resolution relative toS, and
let �̃, η̃,Dj be as above. There exists a 1-formξ̃j defined in a neighborhoodUj of Dj
such that(�̃, η̃, ξ̃j ) is a projective triple inUj \ Sep(F̃ , S̃).
Proof. First we construct the 1-form̃ξj in a neighborhoodU ′ ofDj \ singF̃ . We consider
two distinct cases:

† A proof of the solvability of the singular holonomy groups may also follow from a geometric interpretation of
[13].
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(i) Gsing
j ⊂ Hkj is non-abelian. In this case we consider the covering{(xα, yα) ∈ Uα}

of Dj given by Lemma 3. In the regular part and also around the singularities ofF̃ in Dj
we can write inUα , �̃|Uα = gα dfα where(gα, fα) = (gα, yα) or (ĝα, ŷα) depending on

whetherUα ∩ singF̃ = ∅ or not and, moreover, ifUα ∩ Uβ 6= ∅ thenf
kj
α = Hαβ(f kjβ )

for someHαβ(z) = λαβz/(1+ aαβz) ∈ H1. We write also�̃ = gα dfα = uα df kjα where

uα = gα/kjf kj−1
α . Therefore,d�̃ = (duα/uα)∧ �̃ and sinced�̃ = η̃∧ �̃, we obtain that

there ishα meromorphic function defined inUα such that

η̃ = duα

uα
+ hα�̃ = dgα

gα
− (kj − 1)

dfα

fα
+ hα�̃.

Inspired by [14] we defineξ̃ jα in Uα as

ξ̃ jα :=
h2
α

2
�̃− hαη̃ − dhα.

We proceed to prove thatξ̃ jα = ξ̃
j
β in each of theseUα ∩ Uβ 6= ∅. In fact, according to

the identity principle it is enough to verify this identity wherefα 6= 0 6= fβ . Now, in
Uα ∩ Uβ 6= ∅ we can rewrite

�̃ = gα dfα = gβ dfβ and f
kj
α =

aαβf
kj
β + bαβ

cαβf
kj
β + dαβ

,

with aαβdαβ − bαβcαβ = 1. Thus

df
kj
α = 1

(cαβf
kj
β + dαβ)2

· df kjβ

and sincedf
kj
α /f

kj
α = kj dfα/fα , it follows that

gα

f
kj−1
α

= (cαβf kjβ + dαβ)2
gβ

f
kj−1
β

or

dgα

gα
− (kj − 1)

dfα

fα
= dgβ

gβ
− (kj − 1)

dfβ

fβ
+ 2cαβ df

kj
β

(cαβf
kj
β + dαβ)

.

Thus

η̃ − hα�̃ = η̃ − hβ�̃+ 2cαβ

(cαβf
kj
β + dαβ)

df
kj
β , (hβ − hα)�̃ = 2cαβ

(cαβf
kj
β + dαβ)

df
kj
β .

From this we obtain

(hβ − hα)1
k j

gβ

f
kj−1
β

= 2cαβ

(cαβf
kj
β + dαβ)

= 2cαβ

(
gβ

gα

)1/2(
fα

fβ

)(kj−1)/2

,

or

hβ − hα = 2kjcαβ
(fαfβ)

(kj−1)/2

(gαgβ)1/2
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and so

d(hβ − hα)
hβ − hα = +kj − 1

2

(
dfα

fα
+ dfβ
fβ

)
− 1

2

(
dgα

gα
+ dgβ
gβ

)
= −η̃ + hα + hβ

2
�̃.

Finally,

ξ̃
j
β − ξ̃ jα = (hβ − hα)

[
hβ + hα

2
�̃− η̃ − d(hβ − hβ)

hβ − hα
]
= 0.

Thus we have constructedξ̃j in a neighborhoodU ′j of Dj\ singF̃ .

(ii) Gsing
j is abelian linearizable. Proceeding as in [2] one can find a family of coordinate

charts{(xα, yα) ∈ Uα}α∈A, such that:
(a)

⋃
α∈A Uα = Dj\ singF̃ , andF̃ |Uα is given bydyα = 0;

(b) if Uα ∩Uβ 6= ∅ thenyα = λαβyβ for some constantλαβ 6= 0;
(c) the restrictionyα|6α , where6α is the local transverse section given by(xα = 1),

linearizes the singular holonomy groupGsing
j .

We write �̃|Uα = gα dyα and η̃|Uα = dgα/gα + hα�̃. Now, if Uα ∩ Uβ 6= ∅, then
we havegα dyα = gβ dyβ so thatgβ = λαβ.gα . Therefore,dgα/gα = dgβ/gβ so that

hα = hβ in Uα ∩ Uβ . As above we define the forms̃ξjα = 1
2h

2
α�̃ − hαη̃ − dhα . We

conclude that̃ξjα = ξ̃ jβ in eachUα ∩ Uβ 6= ∅. Thus once again we have constructedξ̃j in

a neighborhoodU ′ of Dj\ singF̃ (this neighborhood may contain no punctured polydisk
centered at some singularity).

Now we will extend the 1-form̃ξj to the singularities ofF̃ in Dj . Again taking the
covering given by Lemma 5 and the proof of Proposition 4, we consider a singular point
q ∈ Uα ∩ Dj and the closed 1-formηj,α defined inUα and adapted toDj . We use the
following lemma of straightforward validation.

LEMMA 9. Let0 ∈ C2 be a germ of singularity for a foliationF : � = 0, of the form (a),
(b), (c) or (d) in Lemma 3, where the germ� has an isolated singularity at zero. Denote
byD ⊂ C2 the germ of the analytic set of separatrices of� through zero. Assume that�
admits a simple pole closed logarithmic derivative say,η0, in a neighborhood of zero and
let η be a logarithmic derivative transverse toD, given byη = η0+ h�, for some suitable
meromorphic functionh. Then the 1-formξ := 1

2h
2�−hη−dh defines a projective triple

(�, η, ξ) in a neighborhood of0 ∈ C2.

Using this lemma we write that inUα, η̃|Uα = ηj,α + h̃α�̃ for some meromorphic
function h̃α which is holomorphic in a neighborhood ofDj\ singF̃ , minus the polar set
of �̃, and define the 1-formξj,α in Uα by ξj,α := 1

2h̃
2
α�̃ − h̃αη̃ − dh̃α . It is easy to

see thatd�̃ = η̃ ∧ �̃, dη̃ = ξj,α ∧ �̃, dξj,α = ξj,α ∧ η̃. Thus(�̃, η̃, ξj,α) defines a
projective triple forF̃ wherever�̃, η̃, ξ̃ are holomorphic. Now we remark that inU ′j ∩Uα
we haveξ̃j = ξj,α + `α�̃ for some meromorphic functioǹα such thatd(`1/2

α �̃) = 0 (see
[14], and also the proof of Proposition 3 for the possibilities forh̃α). Sinceξ̃j |U ′j∩Uα is

holomorphic andξj,α is holomorphic inUα\(xα = 0) we have that̀ α is holomorphic in
Uα\(xα = 0) and thus using the normal forms (a), (b), (c) and (d) of Lemma 3 for�̃|Uα
it follows that` ≡ 0 and thereforẽξj extends toUα asξj,α . Therefore,̃ξj is holomorphic
alongDj\(singF̃ ∪ (�)∞)). This completes the proof of Lemma 8. 2
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Now it remains to show that ifq0 = Di ∩ Dj then, in a neighborhood ofq0, ξ̃i = ξ̃j .
Here we use the same arguments in the proof of Proposition 3. We give a proof of one
case: assume that both singular holonomy groups are non-commutative, sayG

sing
i ⊂ Hki

andGsing
j ⊂ Hkj , and thatq0 is linearizable resonant. We choose normalizing coordinates

fi ∈ (6i, qi) andfj ∈ (6j , qj ) for these groups such that, in a neighborhood ofqi ,
respectivelyqj , we have�̃ = gi dfi , respectively�̃ = gj dfj , for some meromorphic
functiongi , respectivelygj . Moreover, we can assume that we have

η̃ = dgi

gi
− (ki − 1)

dfi

fi
+ hi�̃

and

η̃ = dgj

gj
− (kj − 1)

dfj

fj
+ hj �̃

respectively. Using the Dulac correspondence associated to the cornerq0 we can
interpret the solvability of the adjunction holonomy groupGj ∗ D∗(Gi) as the following
compatibility condition forfi andfj ;

f
kj
j =

f
ki
i

1+ bf kii
.

Now, by definition

ξ̃i = h2
i

2
�̃− hi η̃ − dhi

and

ξ̃j =
h2
j

2
�̃− hj η̃ − dhj .

Therefore a similar computation as above shows that

d(hi − hj )
hi − hj = kj − 1

2

dfj

fj
+ ki − 1

2

dfi

fi
− 1

2

dgi

gi
− 1

2

dgj

gj
= −η̃ + hi + hj

2
�̃,

therefore

ξ̃i − ξ̃j = (hi − hj )
[
hi + hj

2
�̃|Uα − η̃ −

d(hi − hj )
hi − hj

]
= 0.

The other cases are treated in a similar way. Thus the collection of 1-forms(ξ̃i )
m
i=1 defines

a 1-formξ̃ in a neighborhood̃U of π−1S. Moreover, it is evident thatdη̃ = ξ̃ ∧ �̃ and
dξ̃ = ξ̃ ∧ η̃.

Using the construction of̃η, ξ̃ , the properties required for the divisor(�̃)∞ ∪ D and
techniques from [14] we will prove the following.

PROPOSITION6. ξ̃ defines a transversely projective foliationF⊥ in a neighborhood ofD.

Proof. We use the fact that̃ξ is holomorphic outsideD ∪ (�̃)∞ ∪ Sep(F̃ ,D), that η̃ is
transverse toD and that(�̃)∞ is in general position with respect tõF . Fix a component
Dj ⊂ D, j 6= 0, and take the open covering(xα, yα) ∈ Uα of Dj , given by Lemmas 5
and 6.

First we prove the following.
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LEMMA 10. [14] LetUα ∩ (singF̃ ∪ (�̃)∞ ∪ (�̃)0) = ∅. We may write locally

�̃|Uα = Xα dYα − Yα dXα = Y 2
α d

(
−Xα
Yα

)
,

η̃ = 2
dYα

Yα
+ hα(Xα dYα − Yα dXα) = 2(Wα dXα − Vα dYα)

and

ξ̃ = 2W2
α d

(
Vα

Wα

)
where (

Xα Vα

Yα Wα

)
: Uα → P SL(2,C)

is a holomorphic mapping.

Proof. We write �̃(xα, yα) = gα dyα. Assume that(�̃)∞ ∩ Uα = ∅. Then gα is
holomorphic and non-vanishing so that we may defineYα byY 2

α := gα and−Xα/Yα := yα
definesXα. Thus we have

�̃(xα, yα) = Y 2
α d

(
−Xα
Yα

)
⇒ �̃(xα, yα) = Xα dYα − Yα dXα.

Therefore we have

η̃(xα, yα) = 2
dYα

Yα
+ hα(Xα dYα − Yα dXα)

so that we define

Vα := −1

Yα
− hα Xα

2

so that ifWα := −Yαhα/2 then we have

XαWα − VαYα = Xα
(
−Yαhα

2

)
−
(
− 1

Yα
− hα Xα

2

)
Yα = 1.

Also we have
η̃(xα, yα) = 2(Wα dXα − Vα dYα)

and

ξ̃ (xα, yα) = 1

2
h2
α�− hαη − dhα = Wα d

(
Vα

Wα

)
. 2

We will also use the following lemma.

LEMMA 11. [14] Let (
x v

y �

)
,

(
x̄ v̄

ȳ �̄

)
: U → P SL(2,C)

be holomorphic mappings whereU ⊂ Cn is a connected open subset. Assume that we
have:
(a) x2 d(y/x) = x̄2 d(ȳ/x̄);
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(b) �dx − v dy = �̄ dx̄ − v̄ dȳ;
(c) �2 d(v/�) = �̄2 d(v̄/�̄).
Then there exists

(
a b
c d

) ∈ P SL(2,C) such that
( x̄ v̄
ȳ �̄

) = ( a bc d )( x vy � ).
Now we consider two holomorphic mappings(

Xα Vα

Yα Wα

)
: Uα → P SL(2,C),

(
Xβ Vβ

Yβ Wβ

)
: Uβ → P SL(2,C)

as in Lemma 10, such thatUα ∩ Uβ 6= ∅. Then, in the intersectionUα ∩ Uβ , we have(
Xβ Vβ

Yβ Wβ

)
=
(
aαβ bαβ

cαβ dαβ

)(
Xα Vα

Yα Wα

)
for some (

aαβ bαβ

cαβ dαβ

)
∈ P SL(2,C).

In particular,
Vα

Wβ

= aαβVα + bαβWα

cαβVα + dαβWα

= aαβVα/Wα + bαβ
cαβVα/Wα + dαβ ·

This already shows thatF⊥ is transversely projective in a neighborhood ofD \ ((�̃)∞ ∪
(�̃)0 ∪ singF̃).

Let us consider the case whereUα ∩ (�̃)∞ 6= ∅. In this case we may assume that
(�̃)∞ ∩ Uα = f−1(0) for some holomorphic reduced equationf : Uα → C.

We write, therefore,̃�(xα, yα) = f−n�̃′(xα, yα) wheren = ord((�̃)∞, (f = 0)) ∈ N.
By the definition of projective triple we havẽη = η̃′ + (−n) · df /f , whereη̃′ is

holomorphic inUα and is a logarithmic derivative of̃�′, transverse toDj . We define

ξ̃ ′ := 1

f−n
ξ̃ = f nξ̃

in Uα and obtain a projective triple(�̃′, η̃′, ξ̃ ′) in Uα which is holomorphic and by the
preceding case we may find a holomorphic mapping(

Xα Vα

Yα Wα

)
: Uα → P SL(2,C)

such that

�̃′|Uα = Xα dYα − Yα dXα, η̃′|Uα = 2(Wα dXα − Vα dYα),
ξ̃ ′|Uα = 2Wα d

(
Vα

Wα

)
= 2(Wα dVα − Vα dWα).

Therefore, we obtain

�̃|Uα =
Xα dYα − Yα dXα

f n
, η̃|Uα = 2(Wα dXα − Vα dYα)− n df

f
,

ξ̃ |Uα = 2f n(Wα dVα − Vα dWα).

https://doi.org/10.1017/S0143385701001353 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001353


752 C. Camacho and B. Azevedo Scárdua

Then we may assume thatUβ ∩Uα 6= ∅⇒ Uβ ∩ (�̃)∞ = ∅ and therefore inUα ∩Uβ
we havef 6= 0, so that we may consider a holomorphic branch† off n/2, and obtain:

X2
α

f n
d

(
Yα

Xα

)
=
(
Xα

f n/2

)2

· d
(
Yα · f−n/2
Xα · f−n/2

)

= X2
β · d

(
Yβ

Xβ

)
, (a)

2(Wα dXα − Vα dYα)− n df
f
= 2[(Wα · f n/2) · d(Xαf−n/2)− Vαf n/2 · d(Yαf−n/2)]
= 2(Wβ dXβ − Vβ dYβ), (b)

2f n
(
W2
α d

(
Vα

Wα

))
= 2(Wαf

n/2) · d
(
Vαf

n/2

Wαf n/2

)
= 2W2

β d

(
Vβ

Wβ

)
. (c)

Thus according to Lemma 11 above we obtain:(
Xβ Vβ

Yβ Wβ

)
=
(
aαβ bαβ

cαβ dαβ

)
·
(
Xαf

−n/2 Vαf
n/2

Yαf
−n/2 Wαf

n/2

)
and therefore

Vβ

Wβ

=
[
aαβ

(
Vαf

n/2

Wαf n/2

)
+ bαβ

]
·
[
cαβ

(
Vαf

n/2

Wαf n/2

)
+ dαβ

]−1

= aαβVα/Wα + bαβ
cαβVα/Wα + dαβ ·

The argument above extends the projective transverse structure ofF̃⊥ to the polar
divisor (�̃)∞.

Finally, we consider the case whereDj ⊂ (�̃)0. We write, therefore,̃�(xα, yα) =
y−nα �̃′(xα, yα) wheren = ord((�̃)∞,Dj ) ∈ N.

By the definition of projective triple we havẽη = η̃′ + (−n) · dyα/yα whereη̃′ is a
logarithmic derivative of�̃′. We define

ξ̃ ′ := 1

y−nα
· ξ̃ = ynαξ̃

in Uα and obtain a projective triple(�̃′, η̃′, ξ̃ ′) in Uα, and by Lemma 10 we may find a
holomorphic mapping (

Xα Vα

Yα Wα

)
: Uα → P SL(2,C)

such that

�̃′|Uα = Xα dYα − Yα dXα, η̃′|Uα = 2(Wα dXα − Vα dYα),
ξ̃ ′|Uα = 2Wα d

(
Vα

Wα

)
= 2(Wα dVα − Vα dWα)

† We consider a fixed holomorphic and non-vanishing determination off n/2 onUα ∩ Uβ , which we assume to
be simply connected.
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Now in the intersectionUα ∩ Uβ 6= ∅ we haveyα = uαβyβ for some unityuαβ ∈
O(Uα ∩ Uβ)∗. Thus we obtain

X2
α

unαβ
d

(
Yα

Xα

)
=
 Xα

u
n/2
αβ

2

· d
 Yα · u−n/2αβ

Xα · u−n/2αβ

 = X2
β · d

(
Yβ

Xβ

)
, (a)

2(Wα dXα − Vα dYα)− n duαβ
uαβ

= 2[(Wα · un/2αβ ) · d(Xαu−n/2αβ )− Vαun/2αβ · d(Yαu−n/2αβ )]

= 2(Wβ dXβ − Vβ dYβ), (b)

2unαβ

(
W2
α d

(
Vα

Wα

))
= 2(Wαu

n/2
αβ ) · d

 Vαun/2αβ

Wαu
n/2
αβ

 = 2W2
β d

(
Vβ

Wβ

)
. (c)

Therefore, using Lemma 11 we conclude that in the intersectionUα ∩ Uβ , we haveun/2αβ .Xβ u
n/2
αβ .Vβ

u
n/2
αβ .Yβ u

n/2
αβ .Wβ

 = (aαβ bαβ

cαβ dαβ

)un/2αβ .Xα u
n/2
αβ .Vα

u
n/2
αβ .Yα u

n/2
αβ .Wα


for some (

aαβ bαβ

cαβ dαβ

)
∈ P SL(2,C).

In particular,
Vα

Wβ

= aαβVα + bαβWα

cαβVα + dαβWα

= aαβVα/Wα + bαβ
cαβVα/Wα + dαβ ·

This proves that̃ξ defines a transversely projective foliatioñF⊥, in a neighborhood of
Dj\(singF̃ ∩Dj). In order to see that this transverse structure extends to singF̃ ∩Dj we
proceed as follows. First we notice that, since�̃, η̃, ξ̃ are holomorphic outside(�̃)∞∪D∪
Sep(F̃ , S̃), it follows thatF̃⊥ is already transversely projective iñM \(D∪Sep(F̃ , S̃)). As
we have see above, the fact thatη̃ is transverse toD implies that this projective transverse
structure extends toD \Sep(F̃ , S̃). Now, given a componentS1 ⊂ Sep(F̃, S̃) we have two
possibilities.
(a) S1 is notF̃⊥-invariant. In this case the projective transverse structure ofF̃⊥ extends

to S1 in a natural way [14].
(b) S1 is F̃⊥-invariant. ThenS1 meetsD at a pointq0 ∈ singF̃ where we have a

common local separatrix for̃F andF̃⊥.
Analyzing the possibilities forq0 given by Lemmas 3 and 4 we conclude, using the fact
that F̃ and F̃⊥ have a common separatrix01 throughq0, that F̃⊥ is also transversely
projective in a neighborhood of01 \ {q0} (see also The Local Case in [14]). Thus,F̃⊥ is
transversely projective in a punctured neighborhood of each singularityq ∈ singF̃ ∩ D.
Since a punctured bidisk is simply-connected, it follows thatF̃⊥ admits a meromorphic
first integral in a neighborhood of each such singularity (perhaps it admits a holomorphic
submersion as local first integral). This implies that the projective transverse structure of
F̃⊥ extends to a neighborhood ofD in M̃. This ends the proof of Proposition 6. 2
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Proof of Theorem 4 in dimension two.We already know that̃F⊥ is transversely projective
on a neighborhood ofD in M̃. Since singF ∩ S is non-dicriticalF̃⊥ extends toM̃ as a
transversely projective foliation as a consequence of Levi’s extension theorem [2, 14, 17].
Thus there exists (by blowing-down) a rational projective triple(�, η, ξ) whereξ defines
a transversely projective foliationF⊥ on CP(2). SinceCP(2) is simply connected,
F⊥ admits a rational first integral [14] and therefore by [14] F is either given by a
closed rational 1-form or it is a rational Riccati pull-back. In order to conclude thatR
is a Bernoulli foliation as in Theorem 1, we use the fact thatF admits a Liouvillian
first integral, so thatR is transversely affine outside some algebraic invariant curve
(Proposition 1), and this implies thatR has the desired form. 2

7. Theorems 3 and 4 in dimensionn

Now we consider a holomorphic codimension one foliationF onM = CP(n), n ≥ 3,
S ⊂ M an invariant codimension one irreducible divisor. We need the following extension
result for adapted logarithmic derivatives.

PROPOSITION7. If F |N admits a logarithmic derivative adapted toS ∩ N for some
generic sectionN ⊂ M then the same holds forF andS onM.

Proof. By induction arguments it is enough to prove the case where dimN = dimM − 1.
Now we recall that for fixed� defined onM and definingF , for each regular point
q ∈ N\ singF , we have� = g df for some meromorphic functiong and some
holomorphic functionf , both defined in a neighborhoodU of q in M. Furthermore, in
U ∩N we haveη = a df /f +dg/g+dϕ, for some holomorphic functionϕ : U ∩N → C,
and therefore using a local flow box forF aroundq we can extendϕ andη to U , and
ϕ is extended as a holomorphic first integral forF in U . Two such extensionsη and
η′ are related byη − η′ = h�, whereh is holomorphic inU ∩ U ′ and d(h�) = 0.
Therefore,h� = dψ for some holomorphic first integralψ of F in U ∩ U ′, and since
(η − η′)|U∩U ′∩N ≡ 0 it follows thatψ is constant inU ∩ U ′ ∩ N ; since it is a transverse
section toF |U∩U ′ , it follows thatdψ ≡ 0 and thereforeη ≡ η′ in U ∩ U ′. Thus we can
extendη to a neighborhood ofN\(singF ∩N) and then using Hartogs’ extension theorem
we can extendη to a neighborhood ofN (recall that singF has codimension two). Then
using the fact thatM\N is a Stein manifold and the compactness ofM, we can use Levi’s
extension theorem to extendη toM and clearly it is adapted toS onM (see [2] for a similar
procedure). 2

The proof of Theorem 3 in dimensionn follows now from the proof in dimension two
and from Proposition 7 above.

Proof of Theorem 4.Let N = N2 ⊂ N3 ⊂ · · ·Nn−1 ⊂ Nn = M, dimCNq = q, be
a sequence of subvarieties in general position with respect toF . Let Fq = F |Nq and
suppose thatS ∩ N2 has a solvable holonomy forF2. Then, according to the proof of
Proposition 5, there exists a transversely projective formξ onN which is described locally
in a neighborhoodVα of a regular point of the induced foliationF2 = F |N2 by the local
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forms

� = −gα dfα, η = dgα

gα
− (k − 1)

dfα

fα
+ hα�, ξ = hα

2

2
�− hαη − dhα.

Now, for such a fixed point, using the local flow box forF3, we can extendfα as a constant
function along the leaves ofF3 to a neighborhood of this point inN3 and the same can be
done withgα, hα , and therefore withξ (recall that�, η are globally defined). Moreover,
this extension, sayξα , also keeps the local form above so that it satisfies the same projective
relations as before. This procedure gives an open covering(Vα)α ofN2−singF2 such that
in each open setVα we have defined aξα with ξα|Vα∩N2 = ξ |Vα∩N2. If Vα ∩ Vβ 6= ∅,
then we haveξα = ξβ + lα,β� for some meromorphic functionlα,β on this intersection,
satisfyingdlα,β ∧ � = −2lα,β d� and lα,β = 0 in N ∩ Vα ∩ Vβ (see [14]). But by
construction this function is constant along the leaves ofF so thatdlα,β ∧ � = 0 and
then if� is not closed we havelα,β = 0. Thus we have definedξ in a neighborhood of
N2\ singF2 in N3 and we want to extend this form to a neighborhood of singF2. This is
a consequence of Hartogs’ extension theorem [17], because singF3 is a codimension two
analytic set inN3 and the formξ is already defined over the baseS (see also [2]). Once
this form is defined in a neighborhood ofN2, it extends toN3 by the standard argument on
Stein spaces, and this extension is also transversely projective. The same argument allows
us to pass fromNq ⊂ M toNq+1 ⊂ M by an induction process. 2

Final remarks.Our last comment is the following. Let� = P dx−Qdy be a polynomial
differential 1-form onC2. Denote byF� the corresponding algebraic foliation onCP(2).
The existence of a Liouvillian first integral forF� means that the ordinary differential
equationdy/dx = P/Q, can be integrated by the use of standard differential calculus
functions. According to this viewpoint, Theorem 1 assures that (under some hypothesis on
the singularities) the highest level of transcendence for the ordinary differential equations
which can be integrated by the use of Calculus functions is reached by the Bernoulli
equations of the form

dy

dx
= α(x)y2+ β(x)y,

whereα(x) andβ(x) are rational functions.
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