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On commutators of square-zero Hilbert
space operators

Laurent W. Marcoux®, Heydar Radjavi, and Yuanhang Zhang

Abstract. Let 3 be a complex, separable Hilbert space, and set ¢(NIL) = {MN -NM:N,M ¢
B(H),M? =0=N?}. When dim I is finite, we characterise the set c¢(NIL;) and its norm-
closure cLos(c(NILz)). In the infinite-dimensional setting, we characterise the intersection of
cLos(c¢(NILz)) with the set of biquasitriangular operators, and we exhibit an index obstruction to
belonging to cLos(¢(NIL)).

1 Introduction

1.1. Throughout this paper, H{ will denote a complex, separable Hilbert space. Denote
by B(H) the algebra of bounded linear operators acting on H, and by K(¥H)
the closed-two sided ideal of B(H) consisting of compact operators. If A € B(H)
(and more generally, if A € A, a unital Banach algebra), we denote the spectrum
of A by 6(A) :={ae€C:A-alisnotinvertible}. If 0(A) = {0}, we say that A is
quasinilpotent.

Given A, B € B(H), the commutator of A and B is the element [ A, B] := AB — BA.
When dim H = # < oo, we find that J{ is isomorphic to C", and a classical result of
Albert and Muckenhoupt [1] asserts that T € B(H) ~ M, (C) is a commutator if and
only if the trace of T'is zero. When dim J{ = oo, aresult of Brown and Pearcy [8] shows
that an operator T € B(H) is a commutator if and only if T is not of the form Al + K,
where 0 # A € C and K € K(H).

There is a significant literature which seeks to classify the set of commutators in
various ideals of B(J) [2, 6, 13, 38-40], as well as commutators (and their spans)
in various operator algebras [14, 15, 23, 25, 26, 36]. A fascinating but difficult open
question is to completely characterise the set [K(H),K(H)]:={KL-LK:K,L¢e
K(H)}.

In recent years, there has been growing interest in characterising
«(Q)={[A,B]: A,BeQ},

where Q) € B(H) is a fixed set of operators (e.g., [12, 27, 28, 35]). In the infinite-
dimensional setting, this problem can often be intractable. Part of the reason for this
is that when Q is invariant under similarity (i.e., A € Q implies that ST'AS € Q for
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On commutators of square-zero Hilbert space operators 1081

all invertible operators S € B(H)), then so is ¢(Q). The problem is that similarity-
invariant subsets of B(J() are in general poorly understood. However, the work of
Apostol, Fialkow, Herrero, and Voiculescu [3] and others establishes an interesting
framework for characterising the norm-closures of similarity-invariant sets in terms of
readily verifiable data (such as spectrum, rank, and semi-Fredholm index as defined
below). For this reason, when considering infinite-dimensional Hilbert spaces, we
shall focus our attention on characterising the set cLos(c(Q)).

For example, in the papers [27, 28], the authors studied the case where Q = & :=
{E € B(K) : E = E*}, characterising ¢(¢) and cLos(c(€)) when dim HH < oo, as well
as the intersection of ¢( &) with the set (BQT) of biquasitriangular operators (defined
in Paragraph 1.7 below) in the infinite-dimensional setting.

In the present paper, we consider a second instance of this problem. Let

NIL, = {M € B(3) : M* =0}

denote the set of square-zero operators in B(H). When dim H < oo, we are able
to completely characterise both ¢(NIL,) and cros(c(NiL,)). Paralleling our work
on commutators of idempotents, when dim JH = co, we are able to characterise the
intersection of cLos(c(NIL,)) with the set (BQT), obtaining the surprising result that

cros(c(niLy)) n(BQr) = cLos(c¢(&)) n (BQT).

We next gather a number of definitions and relevant results that we shall require
below.

1.2. Remark. We have obliquely alluded to the fact that the set NIL; is similarity-
invariant. Indeed, let H be a Hilbert space, and suppose that T € B(J) lies in ¢(N1L; ).
Choose M, N € N1L, such that T = [M, N].If S € B(J) is invertible. Then

S'TS =S [M,N]S = [ST'MS,ST'NS],
and (S7'MS)? = 0 = (STINS)2. In other words, the following are equivalent:

o Tec(NILy);
« there exists S € B(H) invertible such that S™'T'S € ¢(N1L; );
e 8(T):={R'TR: R € B(H) invertible} € ¢(NIL,).

Given A, B € B(H), let us write A ~ B to indicate that A and B are similar. Suppose
that dim H = #n < co. Given T € B(C"), by considering the Jordan form of T, we see
that we may write T ~ B@® Q, where B is invertible and Q is nilpotent. The above
observation implies that T € ¢(NIL, ) ifand onlyif B ® Q € ¢(NiL,), and our arguments
below will often start with the assumption that T is of the form B & Q.

We point out that the same reasoning may be applied to the class (SQ) := {Z*: Z €
B(H)}. Thus, the following are equivalent:

.« Te(SQ);
« there exists S € B(H) invertible such that ST!T'S € (SQ);
« 8(T) ¢ (SQ).

A second well-studied equivalence relation on B () is that of approximate unitary
equivalence. Two operators A, B € B(H) are said to be approximately unitarily
equivalent if there exists a sequence (U, ), of unitary operators acting on J such that
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B =lim, U, AU,,.. As we shall see below (see Example 4.5), although NIL, is invariant
under approximate unitary equivalence, ¢(NIL, ) is not.

1.3. In light of the comments above, in the finite-dimensional setting, nilpotent Jordan
cells will play a central role in obtaining our characterisation of ¢(NiL,). We denote
by J, the usual Jordan cell in B(C"), and more generally we shall write J to denote a
(finite) direct sum of Jordan cells. At times, we shall express an operator T € ¢(NIL; ) as
adirect sum T = Tj & T, of operators, each of which is a commutator of square-zero
operators (acting on subspaces of the space H{ upon which T acts). In order to keep
the notation as simple as possible, we shall say that Tj, T, and T € ¢(NIL; ), although
the three operators may be acting on spaces of different dimensions.
An easy but useful example of an element in ¢(NIL; ) is an operator of the form

o -l S Sl

where X € B(H) is arbitrary. It is an easy exercise to verify that a finite direct sum of
elements of ¢(NIL, ) again lies in ¢(NIL, ), and we shall implicitly apply this observation
below. In particular, this shows that X @ —X @ 0 € ¢(N1L,) for all X € B(KH).

1.4. Remark. A second simple but useful observation, which we shall frequently use,
is the following. If T € ¢(N1L; ), say T = [M, N ], where M? = 0 = N7, then

MT=-TMand NT = -TN.

1.5. Let H and X be Hilbert spaces, A € B(H) and B € B(XK). We define the Rosen-
blum operator

tan: BOGH) - B(KH)
X ~ AX - XB.

The following result, due to Rosenblum, will prove very useful. Its proof may be
found in [19, Corollary 3.20].

1.6. Theorem (Rosenblum). Let H and X be Hilbert spaces, A € B(H) and B € B(X).
Then
0(tap)=0(A)-0(B)={a-B:aca(A),Becac(B)}.

In particular, if 6(A) N o(B) = &, then 74 p is invertible.
Consequently,if A € B(H),Be B(K)and Y € B(K,H),andif6(A) no(B) = &,

then
A Y d A 0
o B|*™ o B

Let us now define the set of biquasitriangular operators mentioned above, as well
as the set of balanced operators, which will play a role in Section 4 of the paper.

1.7. Let m: B(H) - B(H)/K(H) denote the canonical quotient map from B(H)
into the Calkin algebra. Given T € B(J(), the essential spectrum of T is the spectrum
of 7(T) in the Calkin algebra. We say that T is semi-Fredholm if (T is either

acting on J{ @ X are similar.
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left- or right-invertible in the Calkin algebra, and that T is Fredholm if n(T) is
invertible in B(H)/K(H). The semi-Fredholm domain of T is the set

ps-p(T) :={aeC:T-alis semi-Fredholm},
and if « € ps_p(T), we define the semi-Fredholm index of T — T as
IND(T - al) :=NUL(T - al) —NUL (T - a)”.

It is well-known that this is well-defined and lies in Z U {—o00, 00}, as at least one of
NUL (T - al) and NuL (T — «I)* is finite when a € ps.g(T).

An operator T € B(FH) is said to be biquasitriangular if INp (T — «I) = 0 when-
ever o € p,.p(T). Although this is not the original definition of biquasitriangularity
(see, for example, [27, Paragraph 4.1]), it is known to be equivalent to it [4, Corol-
lary 5.5], and it is the most practical form of the property with which to work. We
denote by (BQT) the set of biquasitriangular operators in B(J).

The next definition played a crucial role in the study of ¢(&) and its closure [28],
and we shall also require it here.

1.8. Definition. Let T € B(J). We say that T is balanced if

@) o(T)=0(-T);
(b) whenever Q;, Q, ¢ C are disjoint open sets such that 0(T) € Q; U Q,, then

dlm }C(Ql; T) = dlm j'((—Ql; T),
where H(Qy; T') is the generalised eigenspace (i.e., the range of the corresponding
Riesz idempotent E(Qy; T)) corresponding to o (T) n Q3

(c) ifx € C, then T — I is semi-Fredholm if and only if T + &I is semi-Fredholm, in
which case

IND(T — al) = IND(T + al).
We denote the set of balanced operators on 3 by BaL(K).

We shall refer to an operator satisfying conditions (a) and (b) as weakly balanced,
and we denote that set of operators by WBaL(K).

1.9. We recall from [28, Proposition 3.3] that if dim J < oo, then
BAL(H) = {T € B(H) : « € 6(T) implies that —a € 6(T) and p(a) = p(-a)},
where p(«) denotes the algebraic multiplicity of the eigenvalue a € o(T).

2 Structure results for elements of ¢(NiL;)

2.1. In this section, we establish a number of results concerning elements of ¢(N1r,). In
particular, we shall characterise those invertible operators and those normal operators
which lie in ¢(N1L;).
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Our first result will be of particular relevance in the finite-dimensional setting
where, by considering Jordan decompositions, we see that every operator in B(C") is
similar to a direct sum of an invertible operator B with a nilpotent operator J.

2.2. Proposition. Let H be a Hilbert space and suppose that T ~ A @ B € B(H), where
0(A?) no(B?*) = @. The following statements are equivalent:

(a) T e c(NiLy).
(b) A e c(NiL,) and B € ¢(NIL,).

Proof By Remark 1.2, we may suppose without loss of generality that T = A @ B, and
so we decompose the underlying Hilbert space as H = H4 @ Hp, where A € B(FH,),
BeB(Hp),and 6(A*) na(B?) = @.

(a) implies (b). The hypothesis that T = (A® B) € ¢(NIL;) allows us to choose

square-zero operators M, N € B(JH) such that T = MN - NM. Routine calcu-
lations show that

T*M = MNMNM = MT?,
and
TN = NMNMN = NT?.

With respect to the decomposition H = H 4 @ Hp, we write

_ M] Mz _ Nl N2

By comparing the (1,2) and the (2,1) entries of T>M and M T?, we conclude
that

A’M, = M,B?, B*M; = M;A>.

Since 0(A%) no(B*) =@, by Theorem 1.6, the corresponding Rosenblum
operators T42 g2 and Tp2 42 are injective. From this, we conclude that M, =
0 = Mj, so that M = M; ® M. Similarly, N = N; & Ny. Since M? =0 = N2, we
conclude that M, My, Ny, and Ny are all nilpotent of order at most two.
But T = [M, N, and thus, A = [M}, N;] and B = [ My, N4] lie in ¢(N1L;).
(b) implies (a). If A = [M;, N;] and B = [M,, N, ], where M? =0 = N7, i =1,2, then
(Ml ® Mz)z =0= (Nl (7] N2)2 and

T:[(M1®M2),(N1G9N2):|. |

2.3. Let H be an infinite-dimensional, separable Hilbert space and M;, M, be

infinite-dimensional subspaces of 3 such that M, = Mj. Given T € B(H), write

T= |:]7:11 ;12] relative to the decomposition H = M; ® M,. Since My, M, and H
n In

are isomorphic as Hilbert spaces, this allows us to identify B(H) = B(M; & M,)

with B(H @ H). In other words, up to Hilbert space isomorphism and the usual

identification of B(H & H) with M,(B(FH)), there is no harm in assuming that

https://doi.org/10.4153/50008414X24000750 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000750

On commutators of square-zero Hilbert space operators 1085

Tij € B(JH),1< i, j < 2. We shall employ this standard device in the proof of item (b)
of the next proposition, as well as in the proof of item (b) of Proposition 2.17.

2.4. Proposition. Let 3 be a Hilbert space and suppose that B € B(H) is invertible.
The following conditions are equivalent.

(a) Bec(niLy).
(b) There exists an invertible operator Ay such that B~ Ag @ —A,.

Proof (a) implies (b). Suppose that B € ¢(NiL,). Let B =[M, N], where M, N €
B(H) satisfy M* = 0 = N2,
Decompose H = H; & H,, where H, = ker M. Relative to this decomposition,

we write
0 A w X
M_[O 0], N_[Y Z].

It follows that

B:[M’N]:[AY AZ—WA].

0 -YA

If dim { < oo, then the invertibility of B implies that of both AY and -YA,
which in turn implies (by considering the ranks of AY and of —YA) that dim I, =
dim H, and thus dim J is even.

If dim H = oo, then the invertibility of B implies that M has infinite rank.
Since M? = 0, it clearly has infinite nullity, and thus dim 3{; = dim J,. (The same
argument shows that the rank and nullity of N are also infinite.)

In either the finite-dimensional or the infinite-dimensional setting, it follows
from the invertibility of B that AY is left-invertible and that YA is right-invertible.
In particular, ker AY = {0} and ran YA = J(,. From this, it follows that ker Y =
{0} and ran Y = H;, so that Y is a (continuous) bijection. By the Open Mapping
Theorem, Y is invertible.

Since dim H; = dim 3, and therefore H; is isomorphic to H,, we may
identify elements of B(H; & H,) with elements of M, (B(H;)), and view each
of A, W, X, Y, and Z as sitting in B(H, ).

Let S := I ® Y and consider My, := ST'MS, Ny := ST'NS. Then, for appropriate
choices of Ay, Wy, Xg, and Zy, My and N are of the form

o A, [w X
MO‘[O 0]’ NO_[I Zo]'

Since N? = 0, we see that Z, = — W} and that X, = —Z2. Thus, we may write

W -wg
o[ )

Next, note that

A(] —A() WO - W()AO

S™'BS = ST [M, N]S = [My, Ny] =
0 ~Ag
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Set R = I 0 I W,

A routine calculation shows that

Wo I , so that R is invertible with inverse R7!= [O y ]

(SR)'B(SR) = R'(S7'BS)R = (-Ay) @ A,.

The last statement is clear.
(b) implies (a). This was demonstrated in Paragraph 1.3. [ ]

2.5. Definition. Let T € B(J). We say that T is strongly irreducible if there is no
nontrivial idempotent in the commutant {T}’ := {X € B(H) : TX = XT} of T.

The reader is referred to the monograph of Jiang and Wang [22] for more informa-
tion about strongly irreducible operators.

2.6. Corollary. If T € B(J) is an invertible strongly irreducible operator, then T ¢
c(NILy).

Proof This follows immediately from Proposition 2.4. |

The following proposition is derived from the proof of [16, Corollary 2] and
Corollary 2.6. Note that every weighted shift W acting on a Hilbert space is unitarily
equivalent to —W.

2.7. Proposition Let W € B(H) be an injective bilateral weighted shift. If there exist
0 < R < R, such that 6(W) = {z: Ry < || < R}, then W is strongly irreducible. As
such, W ¢ ¢(NIL,).

2.8. Example. Let {e, } ,cz be an orthonormal basis for the Hilbert space H, and con-
2 ifn<o0
1 ifn>0

Then W is invertible, and the spectrum of W is easily seen to be o(W) = {z:1<
|z| < 2}. By Proposition 2.7, W is strongly irreducible and thus W ¢ ¢(N1r, ), although
W is invertible and it is similar to —W.

For B invertible, Proposition 2.4 implies that if B € ¢(NIL;), then B ~ —B. The
converse, however, is not true, as seen in Example 2.8. For normal operators, we
shall see in Theorem 2.11 that B € ¢(NILy) if and only if B~ —B. To establish this
characterisation, we first obtain two preliminary results as follows.

sider the weighted shift W with weight sequence (w}, ) nez, Where w,, =

2.9. Proposition. Let H be a Hilbert space and suppose that T € B(H) is a normal
operator. If T ~ —T, then T € ¢(NIL).

Proof First note that as T and —T are both normal, if T is similar to —T, then T is
unitarily equivalent to —T by [17, Problem 192].

The next part of the argument is almost identical to that of [12, Proposition 3]. Let
E be the spectral measure of the normal operator T, and let

M ={zeC:z+0,0<argz<n}, Qy={zeC:2z+0,m<argz <27m}.

Since T is unitarily equivalent to =T, T| E(Q,) 18 (unitarily) similar to -T] E(Qy)- Thus,
without loss of generality, one can assume that T has the form A ® -A & 0, with
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respect to the decomposition H = Ran E(Q;) @ Ran E(Q,) & Ran E({0}). As seen
in Paragraph 1.3, it easily follows that T € ¢(NIL,). ]

2.10. Lemma. Let H be a Hilbert space and T € B(J() be a normal operator. Suppose
that T = [M, N], where M? = 0,and N? = 0. Relative to H = ker M & (ker M)*, write

0 A WX
el o}y )

where A is injective. If YA is injective, then AZ - WA = 0.

Proof Note that NM commutes with T. Since T is normal, this implies that

0 WA \ (AY)* 0
NM:[O YA] and T :[(AZ—WA)* —(YA)*]

commute. In particular,
YA(AZ - WA)* =0,

so that (AZ — WA)* = 0 by hypothesis. ]

2.11. Theorem. Let H be a Hilbert space and T € B(H) be normal. The following
conditions are equivalent.

(a) T is unitarily equivalent to —Tj; that is, there exists a unitary operator U € B(H)
such that -T = U*TU.

(b) T~-T.

(c) T ec(nNiLy).

Proof

(a) implies (b). This is trivial, since each unitary operator is invertible.

(b) implies (c). This is Proposition 2.9.

(c) implies (a). By Zorn’s lemma, there is a maximal subspace £ invariant under both
M and N on which the respective restrictions of M and N commute. (It is possible
that £ = {0}.) Relative to the decomposition H = £L & L*, M and N have the

forms
_ M1 * _ N 1 *
M—[O M2:|,andN—|:O Nz]'
We may then apply the same argument to the adjoints of the nilpotents M,

and N. This leads to a decomposition of £+ as £+ = M & N where, with respect
to the decomposition H = £ & M & N, we have

M; = * N % *
M=10 My *|and N=|0 Ny =
0 0 M; 0 0 N;
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Recall that the kernel and the range of a normal operator are reducing for that
operator. Since T is normal and T = MN — N M, it follows that

0 0 O
T=|0 Tp, O0f,
0 0 O

where T, is the commutator of M, and Ny. Note that My and Ny cannot have
common kernel (by the maximality of £ and N). Neither can their adjoints.
We now write

0 A W X
MO:[O 0],andNo:|:Y Z]’

relative to the decomposition M = M; & (M © M;) with M; = ker My. Then A is
injective, and with respect to the decomposition M = M; & (M © M), Tp has the
form
AY AZ-WA
0 -YA |’

We claim that Y is injective. Otherwise, Y has nonzero kernel M, contained in
M. Note that N2 = 0 implies YW + ZY = 0, and thus M is invariant under W.
Then with respect to the decomposition M = M, & (M; 6 M) & (M e M, ), we

have
0 0 A w W, X
My=]0 0 A,| and Ny=| 0 W X,|.
0 0 O 0 Y Z

Note that £ & M, is an invariant subspace under both M and N on which the
respective restrictions of M and N commute. This contradicts the maximality of
L. Thus, Y is injective.

By Lemma 2.10, AZ — WA = 0. Then

AY 0
To= [ 0 —YA]'
Note that Y(AY) = (YA)Y, A(YA) = (AY)A, and A, Y are injective. Further-
more, since Ty is normal, so are AY and YA. Thus, by [9, Lemma 4.1], AY is

unitarily equivalent to YA. Therefore, Ty is unitarily equivalent to — Ty, and hence,
T is unitarily equivalent to —T. u

2.12. Example. By Example 2.8, we see that there exists an invertible operator T €
B(H) which satisfies T ~ —T and yet T does not lie in ¢(NIL,).

Let us now show that if the underlying Hilbert space I is infinite-dimensional,
then there exists an operator T € ¢(NILy) such that T is not similar to —T. The
inspiration for this example comes from a matrix decomposition for products of two
square-zero operators found in the paper of Novak [29].

Let Be B(H) be a positive, compact, injective, diagonal operator - say B =
DIAG(by ). (For example, one might choose B = p1aG(+).)
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0 0 O 0 0 I
Consider M=[I 0 O[andN=|0 0 0|eB(HeH®KH). Clearly, M*> =
B 0 O 0 0 0
0=N2
Let
-B 0 0
T:=[M,N]=|0 0 I
0 0 B
S 8 S
Suppose that S =[Sy S5 S¢ | satisfies TS = —ST. Then
S7 Ss S

—BSl —BSZ —BS3 S]B 0 —(Sz + S3B)
S7 Sg 89 = S4B 0 _(SS + S6B) .
BS7 BSg BSQ S7B 0 —(Sg + SgB)

Since B is injective, —BS, = 0 implies that S, = 0, and obviously, Sg = 0.
Next, note the following:

o BSg = —Sg — S9B = —S¢B. With respect to the basis that diagonalises B, write the
corresponding matrix of Sg as [So] = [x;;]. The equation BSy = —So B then implies
that forall1 <, j, b;x;j = —x;;bj, or equivalently, (b; + b;)x;; = 0. Since b; + b; > 0
by hypothesis, we find that x;; = 0 for all 1 < i, j. That is, S¢ = 0.

. S7 = S4B
Thus,
N 0 S
S=1S8S¢+ S5 S¢.
S4B 0 O

But S4B acts on an infinite-dimensional space, and it is compact because B is
compact. Thus, S is not invertible. (If R is such that SR = I, then the third row of §
multiplied by the third column of R is compact, contradicting the hypothesis that it
should be I.)

Despite the fact that T € ¢(N1L,) does not imply that T ~ —T, we now establish a
number of useful results that illustrate a strong connection between T and —T when
T € ¢(NILy ). The first such result establishes a link between ¢(NIL;) and BAL(F). In
particular, it shows that if T acts on a finite-dimensional Hilbert space I and T €
¢(N1L, ), then T € BAL(FH).

2.13. Theorem. Let T € ¢(Ni1,). Forall0 # a e Cand k > 1,
nul (T - aI)* = nul (T + aI)*.

Proof e Step one.
Let T = [M,N] = MN - NM,where M? = 0 = N%. Let K, := ker M and }, = 7,

0 A
so that relative to the decomposition H = J; ® J{,, we may write M = [ 0 0] and
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M= [V;’ ﬁ] Set L := MN and R := NM, and observe that

LR = (MN)(NM) = MN*M =0
and RL = 0 as well.

AY AZ 0 WA .
Now,L:[ 0o 0 ]andR: 0 YA].Iqutoceap(L),thenoceUP(AY).Slm_
ilarly, if 0 # a € 6, (R), then & € 0, (YA).

o Step two.
LetkeNand 0+ a € C.

(II.1) Note that if 0 # w = |:::1

Lk,(X,Z)

] e ker (L — aI)¥, then (for an appropriate operator
2

—al)*wy + Li o ow2
[g] = (L - (XI)kW = |:(AY (I_)(x)k ;ZLk) ’ ])

implying that w, = 0.
(I1.2) Similarly, if 0 # w € ker (R + aI)*, then (for an appropriate operator Ry ;)

0 k (kal + Rk a2 W2
=(R+al)kw = a2 W2 )
[0] (R+al)"w [ (YA +a)kw,
It follows that w, # 0, for otherwise, a*w; = 0, and hence, w; = 0, a contra-

diction.

o Step three.
Nowlet0 # a € 0,(T),andlet z € ker (T — aI)*. Then (for an appropriate operator
Tk,tx,Z)

k
0 (T-al)z= AY —al AZ-WA| [z] [(AY - al)*z + Ty a0 22
0|~ N () ~YA-aI| |z (-YA - al)*z,

This leaves us with two possibilities. Either

(a) 2z, # 0, and thus, z, € ker (YA + aI)*; or
(b) z; = 0, in which case z; # 0 and (AY — al)*z, = 0.

o Step four.
Conversely, suppose that condition (a) above holds: that is, 0 # y, € J{(, and that
(YA+al)ky, =0.

Let y,:= —(« ®)Ryas y2, Where Ry, is defined as above, and set y = [;jl]
2
Clearly, y # 0 as y, # 0. Then

k k
k| e+ Riaz2y2| & y1+Rea2y2| |0
ot 2]l 2| )]

That is, (R + al)*y = 0. Note that (R+al)*Ly = L(R + aI)¥y = L0 = 0. Hence,
Ly € ker (R + aI)*. But then
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Ly < AY AZ|[y| _[(AY)y1+ (AZ)y,
YZ1o o ||y 0 :

By (I1.2) of Step two above, we must have Ly = 0.
A tedious but routine calculation shows that

(T - al)f = (L - (R+al))*

=LF- (lf)och‘l + (I;)oﬂLH T

e (—l)k‘l(kk 1)ock_lL1 + (-D)*(R + al)*,
From this, it follows that
(T-al)*y=(L-(R+al))*y=0,

so that y e ker (T — al)*.
More generally, if ygl) , ygz) Yo ygm) is a linearly independent set of vectors in the
kernel of (YA + aI), then with yl(]) = (&) *Ri a2 ygj), 1< j < m, we see that
) ()
Y2

is a linearly independent family of vectors in ker (T — al)*.
o Step five.
Suppose that condition (b) holds: that is, 0 # x; € H{, and that (AY — al)*x; = 0.

Let x := |:)81:| Then

(L-al)fx=0.
A routine calculation similar to the one above shows that
(T -al)* = ((L-aI) - R)*
= (L-al)

+(-1)k ((’;)aqu + (];)ak’sz 4ot (kk l)ocle‘l + Rk) )

From this and the fact that Rx = 0, it follows that

k . .
(T - al)fx = (L - al)kx + (-1)F > (k.)ock_]RJx = [g] .
=1\
Hence, x € ker (T — al)*. More generally, if xl(l) , xl(z), ceos xl(e) is a linearly indepen-
dent set of vectors in ker (AY — aI), then

) ()
x(f)::[xb ] 1<j<t

is a linearly independent family of vectors in ker (T — aI)*.
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o Step six.
We also observe that {x™, x(®), ., x( y® @) 50" jslinearly indepen-
dent. Indeed, if #;, {j € C,1<i <{,1< j < mand

14 m
S i@+ S g0 =0,
i=1 j=1

then by considering the second coordinate of these sums, we see that {; = 0,1 < j < m,
and hence by considering the remaining first coordinates, #; = 0,1 < i < /.

By considering the case where {x(,x®), ... x()} is a basis for ker (AY — aI)¥
and {yM, y) . y(™1 is a basis for ker (YA + aI)*, we conclude that

nul (T — «I)* > nul (AY — a)* + nul (YA + ).

The reverse inequality follows easily from the form of (T — al)* exhibited in Step
three.

o Step seven.

Consider the following equation from Horn and Johnson [21, Theorem 1.3.20]:

I -A||AY o||I A| (0 O
0 I Y o||o I| |y YA|
Since [I _A] is invertible with inverse |:é ?], it routinely follows that

0 I
k k
AY —«al 0 d —-al 0
Y —ar| " Y YA-al

are similar.
An argument similar to that employed in Step two shows that

- 1k
nul AY; of —?XI = nul(AY - al)F,
and that
[~ I 0 | ¢
nul Y YA-al = nul (YA — al)*.
It follows that

nul (AY — aI)* = nul (YA - aI)*,
and therefore,
nul (T + aI)* = nul(AY + aI)* + nul(YA - aI)*
= nul(YA + al)* + nul(AY — aI)*
= nul(T — aI)¥. ™
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2.14. Corollary. If T € ¢(NIL,), then 0,(T) = 0,(~T), and if dim H < co, then
T~-T.
We require the following result of Barnes [5, Theorem 3].

2.15. Proposition (Barnes). Let X and Y be Banach spaces, and let S € B(X,Y),R €
B(Y,X); we have

9ap(RS)\{0} = 04y (SR)\{0}.
2.16. Lemma. Let T € B(J{). Suppose that T € ¢(NIL;). Then 0,4, (T) = 04, (-T).

Proof Let T =[M,N], where M?=0=N? and write M = [0 A

0 0] and N =

AY AZ-WA

w X . N ~
[ ]relatlve to ker M & (ker M)*. Then T—|: 0 vA

Yy 7 ] We claim that

ap(TI\{0} = (0ap (AY)\{0}) U (0ap (=YA)\{0}).

o Step one.

Let A € 04,(T)\{0}. Then there exists a sequence ([x"]) of unit vectors such
n=1

n

i [AY -1 AZ - wa][x] _[o
o0 —vA-2 ||yl |o|
If in§\|yn | >0, it is easy to see that A € 0,,(~YA); otherwise, inIgHy,, | =0, and it is
ne ne
then easy to show that A € 0,,(AY'). Therefore,

9ap(TI\{0} € (0ap (AY)\{0}) U (00p (-YA)\{0}).

that

o Step two.

o Let 0# a € 0,5(AY), and (x,), c ker M be a sequence of unit vectors such that
lim, |(AY - a)x,]| = 0. Then

lim AY —a AZ-WA||x,| _|O
. 0 “YA-al|lo]| o]

which in turn implies that & € 04, (T).
o Let0# B eay,(~YA),and {y,} c (ker M)* be a sequence of unit vectors such that

lim, [|[(-YA-B)y,| = 0. Letx, = —%WAyn, n € N. Define z,, = [;"] Then |z, >
n
1, n € N. We shall require the operators L := MN and R := NM. Then

. ) WA n 0
hrr'n(R +B)zn = h,l,n [ﬁ YA + ﬁ] [;n] ) [0] .

AsLR=RL=0,

lirrlnﬁLz,, = lirrlnL[(R +B)z,] = [8] .
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Since f # 0, it follows lim, Lz, = 0. Hence,
lim(T - 8)z, =lim(L - R - )z, =lim Lz, - (R+ f8)z, =0,
n n n

and thus, 8 € 0,4, (T).

Therefore,

9ap(T)\{0} 2 (00 (AY)\{0}) U (0ap (-YA)\{0}),
and the claim that 0,,(T)\{0} = (04, (AY)\{0}) U (04,(~YA)\{0}) holds.
By Proposition 2.15,
9ap(T)\{0} = (0ap (AY)\{0}) U (04, (-YA)\{0})
= (0ap (YA)\{0}) U (dap(-AY)\{0})
= 0ap(=T)\{0}.
This verifies that 6,,(T) = 04, (- T). [
We remind the reader of the convention mentioned in Paragraph 2.3, whereby

a bounded operator acting on the Hilbert space H{ = M; & M,, where dim M, =
dim M, = dim 3, may be identified with an element of M, (B (H)).

2.17. Proposition. Let T € B(J{). Suppose that T € ¢(NIL;). Then

(a) every connected component of o(T') intersects o(—T);
(b) every connected component of ¢, (T) intersects o, (—T').

0 0 Y Z
AY AZ—WA]

Proof Let T = [M,N], where M? = 0 = N2, Write M = [0 A] and N = [W X]

. N _
relative to ker M & (ker M)*,andso T = [ 0 _va

(a) Let Qbeacomponentof g(T). Then QO n da(T) # @.Since do(T) c 0,4, (T)([10,
Chapter VII Proposition 6.7], it follows that QN g,,(T) # @. By Lemma 2.16,
Qno,p(~T) # @. In particular, QN o (-T) # @.

(b) The essential spectrum only makes sense if dim H = co.

In this case, the fact that M?=0 implies that dim ker M = co. If
dim (ker M)* < oo, then both M and (therefore) T have finite rank, whence
0.(T) = 0.(-T) ={0}. As such, we may assume without loss of generality that
dimker M = dim(ker M)* = dim H = co.

As per the comments preceding this Proposition, we think of A, W, Y, and Z
as elements of B(H).

Let 7 be the quotient map n from B(H) onto the Calkin algebra
B(H)/K(FH). Then

n(A)n(Y) n(AZ- WA)

t:= 7T®idM2(T): 0 —TT(Y)T[(A) .
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Let p be a unital faithful C*-representation of C*(7(A), n(Y), n(Z), n(W))
to B(L), where £ is a separable Hilbert space. Then
(pom)(A)-(pom)(Y)  (pom)(az-wa) |
0 ~(pom)(Y)-(pom)(A)
Moreover, 0,(T) = o(t) = o(T) and T € ¢(NIL, ). The proof is completed by
applying (a). u

T = (p®id,)(1) =

3 ¢(NILy) in the finite-dimensional setting

3.1. In this section, we shall characterise the set ¢(NIL,) in the case where dim H =
n < oo.

Suppose that T € B(C"). By considering the Jordan form of T, we find that we may
write T ~ B @ J, where B is invertible and J is nilpotent.

Proposition 2.2 above asserts that T € ¢(N1L,) if and only if B € ¢(N1L;) and J €
¢(NILy).

3.2. Corollary. Let n € N, and suppose that T € B(C") lies in ¢(NIL;). Then T ~ —T.

Proof Let us write the Jordan form of T as B @ J, where B is invertible and J is
nilpotent. By Proposition 2.2, B € ¢(NIL;) and J € ¢(NIL;). Now, by Proposition 2.4
and the comment which follows it, B ~ —B. Since J is nilpotent and acts on a finite-
dimensional space, J ~ —J, from which it easily follows that T ~ - T. ]

The converse to Corollary 3.2 holds for normal operators (Theorem 2.11). In
general, however, it is false. To see this, we first appeal to a result from [35] which
we shall also require in the sequel.

3.3. Theorem [35, Theorem 1]. If A and B are quadratic operators on a Banach space
and AB — BA is nilpotent, then {4, B} is triangularizable.

Our characterisation of ¢(NIL;) in Theorem 3.15 will subsume the next result.
Having said that, the result is elementary and can easily be used to exhibit a large
number of nilpotent operators which do not lie in ¢(NiL,). In particular, it may be
used to provide a large number of examples of operators T ~ —T which do not lie in
¢(NILy).

3.4. Corollary. If J € B(C") is a nilpotent operator in ¢(NIL,), then J 2] = 0. In
particular, if 4 < n and J,, € B(C") is the usual nilpotent Jordan cell of order #n, then

Jn ~ —Jn ¢ c(NIL,).

Proof Let J € B(C") be nilpotent, and suppose that J € ¢(N11;), say ] = [M,N],
where M? =0 = N?. Let L := MN and R := NM. Clearly, LR = 0 = RL, from which
we deduce that J* = (L — R)* = L*¥ + (-1)*R* forall k > 1.

Since J = [M, N] is nilpotent, by Theorem 3.3, there exists an orthonormal basis
{ex}p, for C" relative to which the matrices [M] and [N] corresponding to M
and N respectively are upper-triangular. In fact, since M? = 0 = N2, [M] and [N]
are strictly upper-triangular. But the algebra T, € M, (C) of strictly upper-triangular
n x n complex matrices is a nil algebra, and clearly, A;A,--- A, = 0 for all choices of
Ay € T5,1< k < n. Tt follows that L¥ = 0 = R¥, and thus J* = 0, if k > | 2.
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The second sentence in the statement of the Corollary is an immediate consequence
of the first. |

3.5. As previously observed, an element T € B(C") lies in ¢(NiL,) if and only if
B e ¢(NILy) and ] € ¢(NIL, ), where T ~ B @ ], where B is invertible and J is nilpotent.
Proposition 2.4 tells us that B € ¢(NIL; ) ifand only if B ~ Ag & —A, for some invertible
operator Ag. We now turn our attention to the problem of determining which
nilpotent operators in B(C") lie in ¢(NIL;). To do so, we shall need to calculate
the form of commutators and anti-commutators of specific Jordan forms. Similar
results have appeared in the literature previously, and we draw the reader’s attention to
[24, 30, 32].

We begin with a surprisingly useful result. But before that, we remind the reader
that if J{ is a Hilbert space, T € B(H) and n € N, then H(") := H @ H @ --- ® H and
T :=T® T® - & T, where in each case, we have n summands.

3.6. Proposition. Let y € N. Then ](”) € ¢(NILy) if and only if y is even.

Proof First note that ]2 =L &)~ ], & -], ~[M,N], where
01 0 0 0 0 0 O
0 0 0 O 0 0 1 0

M= 0 0 0 1) N= 0 0 0 O
0 0 0 O 0 0 0 O

Thus, if y = 2k for some & > 1, then
](14) (2'@) ~ (L, ® ]2)(5) ~ [M N](N) [M(K),N(K)].

Since M(*) and N(*) are nilpotent of order two, we see that 5 (W) ¢ ¢(NILy) when y is
even.

Next, we will show that if 0 < s is an integer, then J, is not in ¢(NILy).
Otherwise, there exist square-zero operators M, N € B((CZ(Z’”D) such that

(2k+1)

r+1) _ . |0 Dga| _
I ~ ] = [0 0 ]—[M,N].

As M] =—-JM and NJ = —]N, relative to the same decomposition of H, M, and N
admit the following decompositions:

My M, _[No Ny
S A R D

where M;, N; e B(C***1),i=0,L
Since M? = 0, it follows that MZ = 0, and so we can find an invertible operator S €

B(C***1) and 0 < s <  such that S M,S = [8 15] ® 0(*+1729), Observe that

(SeS)'J(SeS) =],

and thus, by replacing M and N by (S® S)'M(S@ S) and (S@ S)!N(S&S), we
may assume without loss of generality that (relative to a decomposition of C***2 =
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H; @ H, & H;, where dim H; = s = dim H, and dim H; = (2k +1) — 2s)

0 I, 0O [0 L

Me=0 0 0|=|, 0]@0(2““‘25).
0 0 0

Obviously, ] # 0 implies that s > 1. Furthermore, N* = 0 implies that N§ = 0, and the
equations M? = 0 and ] = [M, N] imply that
o MoM; = M1 Moy;
. M()N() = N()M(); and
e MoN; — MiNog — NoM; + N1Mo = Ippq1.

The first two equations imply that relative to the decomposition C***? = H; &
H, & H; from above, M; and Ny have the following forms:

AO Al B Eo E1 F
M =|0 4, of, No=|0 E, o],
0 C D 0 G K

where A;, E; € M(C), i =0,1,and D, K € B(C?**17%%), As N, is square-zero, so is K.
A straightforward calculation based upon the third equation above shows that the
compression of I, to 33 is nothing more than

IZK+1_2S = —(DK + KD)

Now K € B(C?**172%) is a square-zero operator, and so K is similar to ]§t> 3
Q(2r+1-25-2¢) Crucially, we note that 2k +1—2s is an odd number, and therefore,
(2k +1) — 2s — 2t > 1. Noting that I+, is invariant under conjugation by invertible
elements, we may choose a basis for C2**172 with respect to which the last column
and last row of the corresponding matrix for K are both zero. It follows that the
(2k +1-25,2Kk +1-2s) entry of Ip,i1-2s = —(DK + KD) is zero, which is clearly
false.

This contradiction implies that ]éz'ﬁl) ~ Jisnot in ¢(NIL,). ]

Our next goal is to establish that a nilpotent element J of B(C") lies in ¢(NIL, ) if
and only if there exists a nilpotent operator Q € B(C") such that J = Q2. To do this,
we first require a characterisation of those nilpotent matrices admitting a square root.
Fortunately, we may appeal to a result of Borwein and Richmond which establishes
the conditions under which an arbitrary n x n complex matrix admits a square root.
We apply their result to the case of nilpotent matrices.

3.7. 'Theorem (Borwein and Richmond) [7, Theorem 1. Let 2<n
€N and let JeB(C") be a nilpotent operator. Choose integers 1<y and
a2 ay > -+ >« such that

]"’]m@]az@ 63]11,,-

If y is odd, we define a,,; = 0. Then J is the square of a (necessarily nilpotent) operator

Qif and only if

y+l
2 )

The precise reformulation of their result which we shall use below is as follows.

0(2j_1—0£2jS1, lﬁjﬁl
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3.8. Theorem. Let 2 < n € N and suppose that J € B(C") is nilpotent. We choose
integers 1< d, p1, pha, ..., g and Ky > Ky > -+ > kg > I such that

] ~ ]r(@llll) o) ]’2/242) DD ],({‘;d)-
The following conditions are equivalent.

(a) J = Q? for some nilpotent operator Q € B(C").
(b) « If1< b <d-1and kp — Kp4 > 2, then ZL yi is an even integer; and
« if b =dand K > 2, then T2, y; is an even integer.

3.9. The keys to our characterisation of ¢(NIL,) in the finite-dimensional setting are
Theorem 3.8 above, together with our previous observation that if J = [M, N], where
M?=0=N? then M] = —JM and NJ = —]N.

In light of these two anti-commutation relations, the following Lemma will prove
useful to us below. The proof is an elementary computation. The reader may wish to
compare this result as well as our results concerning the structure of M and N anti-
commuting with J as above with the results of Oblak [30] on the structure of nilpotent
operators commuting with a fixed nilpotent operator.

3.10. Lemma. Let m, n > 1 be integers and suppose that D = [d;;] € M., (C). Sup-
pose furthermore that J,,D = —-DJ,,, and set aj = dj, 1< j< n.

(a) If 2 < m = n, then

o0 Q o3 o Qp HXy-1 Ay

0 - -ap -+ e ) —®y-1
D=]: :

0 0 0 o e (220 (-D)"

0 0 0 e e 0 (-1)" 'y

(b) If1 < m < n, then

0 -+ 0 ap—mr1 On-—ms2 T e &n

0---0 0 “An-m+1 ~&p—m+2 cee —On-1
D=]: :

0 ---0 (_1)m_2an—m+1 (_1)m—2an_m+2

0 ---0 0 0 (_l)m_l‘xn—m+l

In particular, the first n — m columns of D are zero, and the last m columns of
D form an upper-triangular matrix.
(c) If1< n < m,then

2 T £ R P S an
0 -o -ap - ) —®u1
p_|0 © 0 o o (D" (-1)"2a
"o o 0 o0 e 0 (-1)" 'y
o 0 0 - 0 0 0
o o o - 0O 0 0 |
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In particular, the last m — n rows of D are zero, and the first n rows of D form
an upper-triangular matrix.

3.11. Remark. Although the forms described in detail in the above Lemma are in
themselves interesting, for our purposes, we shall only require the following obser-
vation. For reasons which will become apparent below, we now replace n and m
above by k;, and k;,, respectively, and we denote the orthogonal bases for C* and
C"2 by {e(i, ji,s) 1 1< s < Ky} and {e(y,,j,,¢) 1 1 < t < Ky, . We have just shown that if
max(Ki, Ki,) > 2,and if D = [d;;] € M, <, (C) satisfies J,,, D = =D],, , then

(D) (De(iy,ji,1)> €(izsjrriy) ) # 0 implies that k5, <k, and £ = k.

(it) (De(iy,ji,1)» €(injoms,-1)) # 0 implies that ;, — 1 < k;, and either
o ki —1=k;,and t = K;,, or
o ki, <K andte{r; -1k}

The following result came as quite a surprise to the authors.

3.12. Theorem. Let 2 < n € N and J € B(C") be a nilpotent operator. If J € ¢(NiL,),
then J admits a square root.

Proof Step 1.

The uniqueness of the Jordan canonical form of J (up to permutation of the
irreducible summands) allows us to find integers 1 < d, py, 2, ..., yg and Ky > k3 >
.-+ 2 kg 2 1 such that

J:= ]2!141) @ ]SJ;:) ) ]I(i“,:d)

relative to the decomposition C" = J—Cl(”‘) ® 9—(5’”) ®--- 0 ?Cfi”"). Let 3{;,j denote
the j copy of H; ~ C* in 9{5”'), 1< j<p;,andlet {e(; ) :1<s<k;} denote the
orthonormal basis of J{(; ;) that gives rise to the standard super-diagonal form for
the j* copy of J ., in J, ,(Jf"). Also, let P(; jy denote the orthogonal projection of C" onto
Hijp1<jsunl<i<d.

We have that J = [M, N], that M? =0 = N?, and thus JM = -M], JN = —-NJ.
Observe that

Pin, o) MPGi iy € B(H (i) Hino)) = My, s, (€)-
A routine calculation ensuing from the fact that JM = —M] yields
]Niz (P(iZJZ)MP(ibJ'l)) = _(P(iZJZ)MP(th'I))]”il'

Step 2.
Suppose that 1< b <d and that K, — Kpy1 > 2. We define four spaces My,
1<l0<4.

+ WedefineM; := span{e(; j ;) 1 1< i < b,1< j< p;}. Inother words, we are choos-
ing the last basis vector e(;,j ,.,) from each copy J{(; ;) of the space upon which each
J; acts, up to and including all copies of Hy, ), 1 < j < pp, but no copies occurring
after that.

» We define 9, := span{e(; j -1y : 1<i<b,1<j< ;. In other words, we are
choosing the second to last basis vector e(; ;, .., 1) from each copy H; ;) of the space
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upon which each ], acts, up to and including all copies of Hy, ), 1 < j < pp, but no
copies occurring after that.
+ We define 9, := span{e(; ) :1<i<b,1<j< p;,1<s<k; —2}. This is the space

(g_cl(ﬂl) ®--- D g_fgﬂb)) I (gﬁz @ me')'

o We define
My := C" o (M & My M) = ) @ HI D @ - @ 3.
Step 3.

Write M = [ M;, ;] relative to the decomposition
c" =M &M, & M5 @ Ny,

and note that with respect to this decomposition, ] is of the form

Qu Q2 0 0
P I I PR
0 0 0 0o |
0 0 0 Q44

where 4 := ¥V u;. Our immediate goal is to show that the equation JM = —M]
implies that MZ,I = M2)4 = M3,1 = M3’2 = M3,4 =0, s0 that M is of the form

My My, Mz My
0 M,y Mys 0
0 0 M 0

Myy Myy Mys Mgy

(In fact, we can do better than this. For example, it can be shown that M3 ;3 = -M, »,
and we can better specify other matrix entries of M, but for our purposes, the stated
form of M will suffice.)

To that end, choose an arbitrary basis vector e(;, j s,y for My; that is, 1< i < b,
1< ji < pj and 1< sy < ky, — 2. Next, fix an arbitrary basis vector e(;, j, ,, 1) for My,
) t{_l;lt 1<y <b,1< jo < i, Note that e(;, j, 1, ) is an arbitrary basis vector for 9013.

en

<Me(i1)j1,51)’ e(izyfz,fiiz *1)> = <P(i2>]'2)MP(ihjl)e(il’jl’sl)’ e("Z’jZ”“z’l))’

and

(Me(il’jlasl)’ e(iZ’j2>Ni2)> = <P(i2)j2)MP(il:jl)e(il’jlasl)’ e(iz,jz,ﬁi2)>'

But P(;,,;,  MP;, ;) € B(f}{(ibﬁ), :H‘.(iz,jz)) ~ My, x;, (C), and so we may think of
P(i,,j,)MPq;, jy as playing the role of D in Lemma 3.10 and Remark 3.11 above. By that
Remark,

o A ((P(iy, jo) MP(iy,j1) ) €(insjurs1) > €(insjarisy) ) # O then ki, < r5y, and s; = £, The con-
dition that k;, < k;, implies that i; < i, < b, and so we may conclude that M 4 = 0.

The condition that s; = ;, then implies that e(;, j, 5,) = €(ip,jp,n;,) € 3. In other
WOI‘dS, M3,1 = M3’2 =0.
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» Next, suppose that (P(;, j,) MP(i, ;) €(iy,j1,s1)> €(iasjarres, 1)) * 0. By Remark 3.11(ii ),
either x;, — 1 < k;,. The hypotheses that i, < band kj, — kp1; > 2 then imply that i1 <
i, whence M, 4 = 0. The same remark also shows that s; € {x; — 1, k;, }, implying
that e(;, j, «,) € Mz @ M. In other words, My = 0.

M M
Hence, M has the desired form. Since M? = 0, we conclude that [ 5 2 MZ’S] is
33

nilpotent of order two.
Since JN = —NJ, the same argument implies that

Nii N2 Niz Nig

0 N> N3 0

0 0 N3 0 |’
Ny1 Nyz Nyz Nyy

N:

N N
and as before, since N?=0, we conclude that [ 3’2 N2’3:| is nilpotent of
3,3
order two.
Step 4.

Now J = [M, N]. By comparing the compression of ] and of [M, N to I, & M3,

we find that
0 I,| ||Mz22 Mas| |N2o Najs
By Proposition 3.6, u is even. However,

b
y:dimfm3:dim9ﬁ2:2yi.

i=1

In other words, ¢ counts exactly how many operators there are up to and including
the i copy of J,, .

Step 5.

There remains to prove that if x4 > 2, then Y% u; is even. The proof is a routine
adaptation of the previous case (where 1 < b < d), noting that when b = d, then 91, =
{0}, in which case, relative to the decomposition H = 01, & M, & N,

Qi Q2 O
J=1 0 0 I,
0 0 0
while
My M, M3 N1 Nz Nigs
M= 0 Mz,z M2,3 > N= 0 N2)2 N2)3 .
0 0 M3,3 0 0 N33
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0 I
Arguing as before, this implies that [ 0 (;‘ ] is a commutator of the two square-zero

operators

My, Mys and Noy N
0 M3’ 0 Nis|’

By Proposition 3.6, this can happen only if 4 is even. In this case, however, y = ¥ u;.
The result now follows by applying Theorem 3.8, the reformulation of the Theorem
of Borwein and Richmond. =

We next turn our attention to proving that the converse of Theorem 3.12 also holds.
3.13. Proposition. Let x > 1. Then ], @ ], and J41 @ J,; € ¢(NILy).

Proof SetTi:=].®J.and Ty := J.cy1 @ Js.
In the case of Tj, simply note that ], ~ —J,;, and thus T; ~ ], ® —J . Since ¢(NIL;)
is invariant under similarity, we then have that

L
Ti~]e®—J. = [[8 0],[]0 SH € ¢(NILy).

In the case of T, set A = [O ] € My414(C)and Y = [IH O] € My «x41(C). If we

I
set
M- [‘0’ ‘3] N - [2 8] € B(C™ @ C) = Myt (C),
then
[M,N]=AY®-YA=J. ®-Ji~ o1 ®Jsx = T>.
Since M, N € NILy, T € ¢(NIL, ). [

3.14. Corollary. Let J € M, (C) be a nilpotent operator. Suppose that
J~ Q=] ®J:, ® - 69]5,1’

where Z?zl kj=nand k] > Ky 2 -+ > K.

If, for 1 < j < | 4], we have that r5;_; — k2; € {0,1}, and k4 = L in the event that d is
odd, then J € ¢(N1L;).
Proof Define

d

Qo := @Eilj(]'ﬂjfl ® ]”21')‘

By Proposition 3.13, each ( Jrgjr ® ],,m) € ¢(NILy), from which it easily follows that
Qo € ¢(NILy ). If d is even, then Q = Qy, and we are done. If d is odd, then Q = Qo & Ji,
which is clearly in ¢(N1L,), as Qp and J; are in ¢(NIL;).

Finally, J € ¢(NILy) because ] ~ Q, and ¢(NIL; ) is invariant under similarity. =

3.15. Theorem. Let 2 < 1 € N and suppose that ] € B(C") is a nilpotent operator. The
following conditions are equivalent.
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(a) J e c(NiLy).

(b) ] admits a square root.

Proof
(a) implies (b).
This is the content of Theorem 3.12.
(b) implies (a).
Choose integers 1 < d and k1 > k; > --+ > K4 such that ] = Eszl]K,i. Suppose
that ] admits a square root. By Theorem 3.7, k3j_1 — k2 < 1forall 1 < j < [%J, and
if d is odd, then k4 = 1, implying that J,;, = 0.
By Corollary 3.14, J € ¢(NILy). ]

As an immediate consequence of the above Theorem, we retrieve the result of
Corollary 3.4 that if an element of ¢(N1L, ) N B(C") is nilpotent, then it is nilpotent of
order at most | 2 |. The question of which nilpotent (or general) operators admit m""
roots is an interesting one. We direct the reader to [31, 33, 34, 41] for more information

on this topic.

3.16. Corollary. Let 2<n e N and let T € B(C"). If T € ¢(NIL,), then T admits a
square root.

Proof Since both ¢(NiL;) and the set {Z?: Z € B(C"} are invariant under simi-
larity, we see from Remark 1.2 that without loss of generality, we may assume that
T = B @ Q, where Bis invertible and Q is nilpotent. By Proposition 2.2, the hypothesis
that T € ¢(NIL, ) implies that B € ¢(NIL,) and Q € ¢(NILy ).

Any invertible operator B € B(H) (where dim H < oo) admits a square root X; one
can either appeal to [7, Theorem 1], or one may simply apply the functional calculus to
B using a branch of the square-root function f(z) = z? that avoids the finitely many
nonzero eigenvalues of B. Theorem 3.15 above shows that if Q € ¢(NIL;) is nilpotent
and acts on a finite-dimensional space, then Q = Y? for some nilpotent operator Y.

Thus, T=B®Q=X*®Y*=(X®Y)>% [

Note that the converse of this result is false. The identity operator I € B(C")
obviously admits a square root, but it is not a commutator (of any two operators) as
its trace is nonzero.

3.17. Theorem. Let 2 < n € Nand T € B(C"). The following are equivalent.

(a) T ec(nNiLy);
(b) There exists 0 < 2k < n, A € B(C¥) invertible and L € B(C"~2¥) nilpotent such
that

T~(A®-A)e L%
Proof

(a) implies (b). Suppose that T € ¢(NIL,). By Remark 1.2, we may assume without
loss of generality that T = B @ Q, where B is invertible and Q is nilpotent. By
Proposition 2.2, B € ¢(NIL, ) and Q € ¢(NILy ). (One of Band Q may be absent. We
deal with the case where both are present.) If B is present, then by Proposition 2.4,
B acts on a space of even dimension, say 2k, and there exists A € B(C*) such that
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B ~ A @ —A. By Theorem 3.12, Q = L? for some nilpotent operator L € B(C"2k).
From this, the result immediately follows.

(b) implies (a). If T ~ (A @ —A) @ L?, where A is invertible and L is nilpotent, then
setting B := (A ® —A) and Q = L?, we see from Proposition 2.4 and Theorem 3.12
that B and Q lie in ¢(N1L, ), whence T € ¢(NIL,). u

It is interesting to compare the above theorem with the following result of Smith
[37, Theorem 1].

3.18. Theorem. (Smith) Let n > 3, T € M,(C) with TR(T) = 0. Then there are nilpo-
tent matrices A, B € M, (C) such that T = AB — BA.

3.19. Remark. It is interesting to note that if M, N € B(C") are square-zero operators,
and if J := [ M, N] is nilpotent, then by Theorem 3.3, M and N are simultaneously tri-
angularizable. But then the Jordan product J, := MN + NM = (M + N)? is nilpotent,
and so by Theorem 3.15, ], € c¢(NIL,) as well.

4 The closure of ¢(NIL,)

4.1. Determining a complete list of invariants for a similarity-invariant subset I' of
B(H) when J is infinite-dimensional is, in general, an extremely difficult problem.
The problem is much more tractable if the similarity-invariant set is norm-closed.
Indeed, in the 1980s, Herrero [19] and Apostol, Fialkow, Herrero, and Voiculescu [3]
developed an extensive machinery to study the norm-closures of similarity-invariant
subsets of B(H). Herrero [20] established a meta-theorem which (very roughly) states
that to calculate the norm-closure of a similarity-invariant subset T of B(J(), one
enumerates the spectral, semi-Fredholm index and algebraic conditions necessary for
an operator to belong to cLos(T), and in most cases, these conditions should also be
sufficient.

Following in the footsteps of Apostol et al, we turn our attention to characterising
the norm-closure of ¢(NIL; ). In the finite-dimensional setting, we obtain a complete
characterisation of this set, while in the infinite-dimensional setting, we determine the
intersection of cLos(¢(NIL,)) with the set (BQT) of biquasitriangular operators.

4.2. Theorem. Suppose that dim H < co. Then
cLos(¢(NIiL,)) = BAL(FH).

Proof Suppose that T = [M, N], where M? = 0 = N2, By Theorem 3.17, there exist
an invertible operator A and a nilpotent operator L such that

T~(A®-A)® L%

It follows directly from this that T € BAL(J(). That is, ¢(N1L; ) € BAL(F).
Since BAL(H) is closed [28, Proposition 3.3],

cLos(c(NIiL,)) € BAL(FH).

Conversely, suppose that T € BAL(J), and let ¢ > 0. The proof of [28, Theorem
3.4] shows we can find an operator X € B(H) such that | X -T| <e, and X is
similar to a diagonal operator D = DIAG(f1, 25 ..., 8,) such that forall 1<k <[ %],
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Bak = —Pak-1> Pn =0 if nis odd, and for 1< i, j< n, B; = f; if and only if i = j. In
particular,

D= ®E<1/12JDIAG(/321¢71, ~Bai1) @00,

0 ifniseven
1 ifnisodd.

where m =

0
D e ¢(N1Ly). Since c¢(NiL,) is closed under similarity, X € c¢(NiL,), whence T €
cros(c¢(NiL,)). That is,

Note that [oc _Oa] € ¢(N1L,) for each a € C, from which we conclude that

cros(c¢(NiL,)) 2 BaL(H).

This completes the proof of the Proposition. [ ]
The set NEGs(H) := {T € B(H) : T ~ —T} was originally defined in [28], where it
was shown to contain the set ¢(&) := {[E, F]: E,F € B(H),E* = E, F* = F}.

4.3. Corollary. If dim J < oo, then
cros(c¢(NiL,)) = cLos(c(€)) = cLos(NeGs (H)) = BaL(H).
Proof This follows immediately from [28, Corollary 3.5]. [ ]

We remark in passing that every nilpotent operator in B(C") is balanced, and thus
lies in cros(¢(NILy)).

4.4. cLos (¢(NILy)) in the infinite-dimensional setting. As indicated above, a com-
plete characterisation of which Hilbert space operators lie in c¢(N1L,) when K is
infinite-dimensional seems out of reach at the moment. We begin with an example
that shows that ¢(NIL; ) fails to be invariant under approximate unitary equivalence.

4.5. Example. There exist normal operators L; and L, € B(H) such that L; ~, L,,
Ly € c¢(N1L,), but L, ¢ ¢(N1L,).

Let D = p1aG(d, ), € B(H) be a diagonal operator with d; = 1and {d,, } o, dense
in [,1). Then 0(D) = [3,1], and 1is an eigenvalue of D of (geometric and algebraic)
multiplicity 1. Let M, denote the usual multiplication operator on L*([3,1],dm),
where m denotes Lebesgue measure.

Let L:=(-D)®D and L, =(-D)@® M,. Since o(L;)=[-1,-3]u[3,1]=
o(L,), it follows from the Weyl-von Neumann-Berg Theorem [11, Theorem 11.4.4]
that Ly ~, L,. Note that 6,(Lz) = 0,(~D) € [-1,—3], and so clearly, L, is not similar
to —Lz.

By Theorem 2.11, L € ¢(NiL,), while L, ¢ ¢(N1L,).

4.6. Biquastriangular operators in cLos(¢(NIL, ) ). Let us next consider which biquas-
triangular operators lie in cLos(¢(NIL;)).
The following is a generalisation of [27, Lemma 3.2].

4.7. Proposition. Let A be a unital Banach algebra. Let a, b, € A, n > 1, and suppose
that a = lim, b,. Suppose that for each n > 1, every connected component of o(b,,)
intersects o(—b,, ). Then every connected component of ¢ (a) intersects o(—a).
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Proof Suppose to the contrary that there exists a connected component Q € ¢(a)
satisfying

Qn-0(a)=0Qno(-a)=02.

Note that Q and o(-a) u (6(a)\Q) are disjoint, compact sets of C. Thus, we can
find disjoint open sets Gy, G, of C such that Q € Gy, o(—a) U (¢(a)\Q) € G, and
d(Gl, Gz) =6>0.

By applying the upper semi-continuity of the spectrum and Newburgh’s Theorem
(c.f. [19, Theorem 1.1]), we find that there exists § > 0 such that |y — a|| < § implies
that

0(y) cGUGy,0(-y) € Gy,and 6(y) NG, # @.
In particular, for N € N sufficiently large, we have that
d(by) c GiUG,,0(-by) € Gy, and a(by) NGy # @.
Let B € o(bn) N Gy # @. Clearly, the connected component I's of 8 in o(by) also lies
in Gj. But then
Igno(-by)cGiNGy =g,
contradicting our hypothesis. This completes the proof. [ ]

By combining Proposition 2.17 and Proposition 4.7, one obtains

4.8. Proposition. Let T € B(JH). Suppose that T € cLos(¢(NIL;)). Then
(a) every connected component of o(T) intersects o(—T);
(b) every connected component of ¢, (T) intersects o, (—T).
4.9. Proposition. Let T € B(F). Suppose that T € cLos(¢(NIL,)). If a«, —a are isolated
points, then

dim H({a}; T) = dim H({-a}; T).
Proof Without loss of generality, we may assume that a # 0 and that

min{dim H({a}; T),dim H({-a}; T)} < +oo.

We will consider the following two subcases.

(a) Ifdim H({a};T) = +oo,thena € 0,(T),but -« ¢ 0,(T) and hence a ¢ 0, (-T).
Then {a}, which is a component of 6. ( T), has no intersection with o, (- T'). This,
however, contradicts Proposition 4.8 (b). A similar argument may be applied if
dim H({-a};T) = +oo.

(b) Next, suppose that

max{dim H({a}; T),dim H({-a}; T)} < +oc.

Choose r€ (0, |‘;—|), set Gi=B(a,r):={A e C:|A —a| <7}, and G, = B(-a,r).
Then Gy, G, are disjoint open sets. By [19, Corollary 1.6], there exists § > 0 such
that |Y - T|| < 8 implies that
. O'(Y) N Gk +2, k=12,

o dim H(o(Y)n G Y) =dim H({a}; T) < o0, and
o dim H(o(Y) NGy Y) =dim H({-a}; T) < oo.
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Since T € cLos(¢(NIL,)), we can choose X € ¢(NILy ), such that [ X - T| < 6.
By Theorem 2.13,

dim H(o(X) n G X) =dim H(o(X) n Gy X).

Therefore,
dim H({a}; T) = dim H({-a}; T). -

4.10. Theorem. Let T € B(J) be a biquasitriangular operator. The following condi-
tions are equivalent:
(a) T ecros(c(€));
(b) T e cros (BaL(H));
(c) (i) every connected component of ¢(T) intersects o(—T);
(ii) every connected component of ¢, (T) intersects o, (—T); and
(iil) If o, —x € o(T) are isolated points, then
dim H({a}; T) = dim H({-a}; T);
(d) T ecros(c(niLy)).
Proof By [27, Theorem 4.11] (a), (b), and (c) are equivalent. By Proposition 4.8 and
Proposition 4.9, (d) implies (c).
By examining the proof of (c) implying (a) of [27, Theorem 3.5] and also [27,
Theorem 4.11], we find that to show that (c) implies (d), it suffices to note that balanced

operators acting on a finite-dimensional Hilbert space are in cLos(¢(NIL; ) ) (Corollary
4.3)) and to show that R := X & —X € ¢(NIL, ). The last fact is easy to check by factoring

R SRR T

4.11. Corollary. Let H{ be an infinite-dimensional, separable Hilbert space. Then
cros(c(NIL,)) contains the closure of the set of all nilpotent operators in B(H).

Proof This follows from [27, Theorem 2.13] and Theorem 4.10 above. [ |

4.12. We next turn our attention to determining which compact operators lie in the set
cLos(¢(NIL,) ). Interestingly, we shall show that a compact operator is a limit of com-
mutators of square-zero operators if and only if it is a limit of compact commutators
of square-zero operators. The corresponding statement where the adjective “compact”
is replaced by “normal” turns out to be false (see Example 4.15 below).

4.13. Lemma. Let K € X(KH). If K € cLos(c¢(NIL;)), then K is balanced.
Proof Since every compact operator is biquasitriangular, this is an immediate con-

sequence of the equivalence of (c) and (d) in Theorem 4.10. ]

4.14. Theorem. Let K € (). The following are equivalent.
(a) K € cros(c(NiLy)).
(b) K € cLos(BaL(H)).
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(c) K e BAL(H).
(d) K e WBaL(K).
(e) K e cLos(K(H) ne(niry)).

Proof

(a) if and only if (b). This follows immediately from Theorem 4.10 above.

(b) implies (c). This is Lemma 4.13.

(c) implies (d). This follows from the definitions of both sets.

(d) implies (e). Let K ¢ WBAL(H) be a compact operator. We shall show that
given € > 0, there exists a finite-dimensional subspace M ¢ H and F € BAL(M)
such that |[K-(F®0)| <$. If we can do this, then by applying Theo-
rem 4.2, we can find B € ¢(N1L) N B(M) such that | B - F|| < 5, whence B& 0 €
c(NiLy) N K(H), and |K - (B @ 0)]| < &. This implies that WBAL(H) n K(H) ¢
cLos(K(H) nc(niLy)), as required.

The spectrum of any compact operator in B(H) is either finite or a sequence
converging to 0. Suppose that K € WBAL(H). It easily follows that we must
have o(K) = {Bi,—fi}i, u {0}, wheren e NU {0, 00}, f; # 0if 1< i < 7+ 1,and
{Bi,—Bi} n{Bj,—Bj} =@ if1<i# j<n+1 Note that if # = 0, then this should
be interpreted as saying that 0(K) = {0}. Moreover, if 7 = oo, then lim; ; = 0,
and in all cases, u(f3;) = u(-pB;) forall1<i<n+1.

Lete>0.Fix 0 < p <y +1suchthat |B;|> ifl<i<pand|B;|< fifp<i<
n+1L

By considering the Riesz subspaces J{; corresponding to the clopen sets
{Bi>—Bi}, 1< i< p, we may decompose H =T & H,® -+ & H, & H, such
that with respect to this decomposition,

Ky Kp Kiz -+ Ky Ky
Ky Ky - Ky Ky
K= ” . : >
KPP KPO
Koo

where 0(K;;) = {fi,-Bi}, 1< i< p and o(Koo) = U(K)\{ﬁj"ﬁj}fﬂ S
{zeC:|z < £}.

Let P denote the orthogonal projection of J{ onto aaleﬂf j» and observe that
rank P < oo. Since K and Ky are compact, we can find a finite-rank orthogonal
projection Q = (I - P)Q(I — P) such that
« [(P+Q)K(P+Q)~-K| < % and
« by furthermore appealing to the upper-semicontinuity of the spectrum,

0(QKooQ) € Dg/4.

(To achieve the second step, choose § > 0 such that | X — Koo | < & implies that
0(X) € D,y4, and then choose Q sufficiently “large” such that || QKoo Q — Kool <
J.)
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Write Jo = ran Q and let J; := H, © . Relative to the decomposition H =
69;-7:19{1‘ ® do @ J1, we have

[Ku K Kis -+ Ky Lo 0
Ky Ky -+ Ky Ly O
(P+Q)K(P+Q) = S
Kpp Lpo O
Lyg O
L 0 0_

where o(Loo ® 0) = 0(QKooQ) € D;/4. Since dim gy = rank Q < oo, we can
upper-triangularise Loy with respect to some orthonormal basis for Jo. Let D
denote the diagonal of Lo, and observe that | D| < £, since the norm of a diagonal
matrix is equal to its spectral radius. Set L := Log — D, so that 0(L) = {0}, and set

Kn K Ki -+ Ky Ly
Ky Kz - Ky Lo
F:= A . . e B(M),
KPP LPO
L

where M = @leﬂ{j ® Jo. Then o(F) = Ulea(ij) u o (L), noting that the eigen-
values of K;; appear with the same algebraic multiplicity in o(F). In other words,
F is balanced. Finally,

IK-(F&0)|<|K-(P+QK(P+Q)|+[(P+QK(P+Q)-(Fa&0)]|

3
<=+ HL—LO()H

4

£ €
<=4 -

4 4

€

2

As seen above, this completes the proof.
(e) implies (a). This is trivial. n

4.15. Example. Let us denote the set of normal operators in B(H) by (NOR). After
comparing conditions (a) and (e) of Theorem 4.14, one might be tempted to ask
whether or not cLos((NOR) N ¢(NiL,)) = (NOR) N cLos(c(NIL,)). This is not the case,
as we shall now see.

Suppose that T = - , where I e B(H) is the identity operator and D ¢

g
B(H) is a normal operator with o,(D) = 6(D) = [1,2]. Then T is normal and T €
cLos (¢(NIL;)) by Theorem 4.10. We claim that T ¢ cLos ((NOR) N ¢(NIL,)).
Otherwise, there exists a sequence (T,), of normal operators in c¢(NIL;) such
that lim T, = T. By Theorem 2.11, each T, is unitarily equivalent to —T),, hence in

n—oo
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particular, 6(T,) = 0(—T,). By a result of Newburgh, the map taking an operator to
its spectrum is continuous on the set of normal operators with the operator norm, to
the set of compact subsets of C with the Hausdorff metric (see also [17, Problem 105]).
Therefore,

o(T) = lim o(T,) = lim o(~T,) = o(~T) = ~o(T),

a contradiction.

In other words, cLos ((NOR) N ¢(NILz ) )< (NOR) N cLos (¢(NILy)).

4.16. An obstruction to belonging to cLos(¢(NiL;)). A complete characterisation
of cLos(¢(NIL, ) ) requires us to understand which non-biquasitriangular operators lie
in that set. Although we do not have a complete answer to this question, we identify
an index obstruction which allows us to eliminate large classes of operators from
belonging to cLos(¢(NILy)).

4.17. Proposition. Let T € B(H) be a Fredholm operator with iNp(T) € 2Z + 1. Then
there exists 6 > 0 such that if M € N1L, and B € B(J), then

|T - (MB - BM)]| > 6.
In particular, T ¢ cLos(c(NIL)).

Proof Since the set of Fredholm operators of index IND(T') is open in B(H), we can
choose § > 0 such thatif C € B(H) and |C - T| < §, then inp(C) = IND(T) € 2Z + 1.

Suppose that there exist M € N1, and B € B(H) such that | T — (MB - BM)| < 6.
Set Ty := MB — BM, implying that IND(T}) € 2Z + 1.

Writing M = [0 A

WX ; Loy -
0 0] and B = [ v Z] relative to ker M @ (ker M)* yields Ty =

AY AZ-WA
0 -YA

is left invertible in the Calkin algebra and 7(—-YA) is right invertible. Hence, 7(A)

and 71(Y) are left and right invertible in the Calkin algebra; that is, 7(A) and 7(Y)

are invertible in the Calkin algebra. Therefore, A and Y are both Fredholm operators.
By [18, Corollary 5],

.Since Tj is Fredholm, dimker M = dim(ker M)* = oo, and 7(AY)

ind(T}) = ind(AY) + ind(~YA) = 2[ind(A) + ind(Y)] € 2Z,

a contradiction.
The second statement is an immediate consequence of the first. ]

4.18. Proposition. Let {e, }:>; be an orthonormal basis of H, and let W € B(H) be
the unilateral forward weighted shift with weight sequence (w,,),, € £*°. Suppose that
inf,, |w,| > 0. Then W ¢ cLos(c¢(NiL;)).

Proof Without loss of generality, we may assume that w, > 0, n > 0. Moreover, W =
SD, where § is the unilateral shift, and D is the diagonal operator diag{w, },. Since
inf,, [w,| > 0, D is invertible. As S is a Fredholm operator with index -1, so is W. By
Proposition 4.17, W ¢ cLos(c(NILy)). |
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5 Concluding remarks.

5.1. As mentioned at the outset, one may study the sets ¢(Q) := {[A,B] : A,Be Q}
and crLos(c(Q)) for many classes Q of operators on a Hilbert space. In the infinite-
dimensional setting, it is of interest to consider cLos(c(Q2)) whenever Q is invariant
under similarity, because in this case, ¢()) is also invariant under similarity, and
we can make use of the machinery developed by Apostol, Fialkow, Herrero, and
Voiculescu [3] to help us in this setting.

In the finite-dimensional setting, the existence of Jordan forms gives one hope that
one may be able to describe ¢(Q) itself when ( is invariant under similarity.

5.2. In this paper, we have considered the case where Q = NiL,, which is clearly a
similarity-invariant subset of B(J(), and in a previous paper [27], we considered
the case where Q = € := {E € B(H) : E* = E}, again a similarity-invariant subset of
B(FH). As we saw in Theorem 4.10,

(BQT) N cLos(c(NILy)) = (BQT) N cLos(c(€)).

Observe that square-zero operators and idempotents both satisfy a quadratic polyno-
mial. Suppose that

Quap := {T € B(H) : q(T) = 0 for some polynomial q of degree 2}.

+ What are ¢(Quap) and cLos(¢(QUAD))?
« Is (BQr) N cros(c(NiL,)) = (BQT) N cLos(c(Quap))?

If we maintain the requirement that Q ¢ B(J) be invariant under similarity, but
drop the requirement that elements of Q2 must satisfy a polynomial of degree two, then
- asan extension of the work done here - a natural class to consider is the set Q) = NIL =
{M € B(H) : M = 0 for some k > 1}. We have already seen that Smith’s Theorem 3.18
implies that, for 3< n e N, ¢(n1iL) = {T € M,(C) : Tr(T) = 0}, and hence, ¢(N1L) =
(M, (C)).

When dim H = oo, the set cLos(¢(NIL)) is strictly larger than cros(¢(NiL;)). To
see this, recall that a compact operator K € K(3) lies in cLos(c(NIL,)) if and only if
it is balanced. In particular, if K is a rank-one projection, then K is not balanced, and
so K ¢ cLos(c¢(N1r,)). The next Proposition shows that such a K nonetheless lies in
cros(c(nir)).

5.3. Proposition. Every compact operator is a limit of commutators of compact,
nilpotent operators.

Proof LetK € X(H)and e > 0. Choose a finite-rank operator F such that |K — F|| <
£, and write
[E 0

2
relative to H = H; & H,, where dim H; < oo.
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Let a := TR(Fy ), and choose m > 2 such that % < 5. Write }; := H3 @ 3y, where
dim H; = m, and - relative to the decomposition H = H; & H; & H4 - define

Fy 0 0
G:=(0 I, O0].
0 0 0

Then ||G - F| < 5, and therefore,
|K =G| <[K-F[+]|F-G|<e.

Since Fo & —~I,, € B(3(; ® H3) has trace zero, it follows from Smith’s Theorem 3.18
that Fy & _m—“Im is a commutator of nilpotent matrices in B(JH; @ H;), and thus, G
is a commutator of finite-rank nilpotent operators. But then K is a limit of such
operators. |
5.4. When Q is not invariant under similarity, the problem of characterising ¢(Q) and
its closure appears to be more delicate. Two interesting classes to consider are

(a) Q = (NOR), the set of normal operators in B(H), and

(b) Q = U, the set of unitary operators in B(H).

We finish with two minor observations regarding this last class.

5.5. Example. Every W € U, (C) with TR( W) = 0 lies in ¢(U,(C)).
Note that if W eU,(C) and TR(W) =0, then W is unitarily equivalent to

[g _09], and hence,

for some 0 € T.

Let Up = [1 0], Vv, = &) [_11 i], so that Uy and V; are unitary. Then

WOZ[UO;VOJZ(I;—I)[I?I 181]:[(1) (1)]

Let U = Uy and V = Vj. It follows that W ~ [U, V] is a commutator of unitary
operators.

5.6. Example. If U € B(C?) is a unitary operator, then U is not a commutator of
unitary operators in B(C?).

X 0 0
Clearly, it suffices to show thatif U = [ 0 a, 0 |withrespectto some orthonor-
0 0 o3

mal basis {ej,e;,e3} for C* and V = [v;;] are unitary operators in B(C?), then
W :=[U, V] is not unitary.

Suppose otherwise.

If a; = aj for some i # j, then (U — a;I) has rank at most one, and so

W=[U,V]=[U-alV]
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has rank at most two, contradicting the fact that W is unitary. Thus, &y, ay, a3 are
distinct.

The hypothesis that W = [w;;] = [(a; — &;)v;;] is unitary implies that its columns
form an orthonormal set. Consider

0 (o1 — a2)v12
0=< (a2 = ar)var | 0 >= (a3 —ay)vai(as — az)vs.
(043 - 041)1’31 (063 - 062)1/32

Since the a;’s are all distinct, this implies that v3; = 0 or v3, = 0. By interchanging the
first two basis vectors e; and e; if necessary (which does not affect the fact that U is
diagonal), we may assume without loss of generality that v3; = 0.

Next, consider the first and third columns of W:

0 (o1 — az)viz
0=< (062—“1)1/21 > (062—“3)1/23 )z (Oéz—al)V21(062—¢X3)V23-
0 0

Arguing as before, since the «;’s are all distinct, this implies that v5; = 0 or v,3 = 0.

o Ifv5; = 0, then the first column of W is zero, contradicting the hypothesis that W is
unitary.
Yu V2 Vi3
o Ifvy3=0,then V=|vy vy, 0 [ ButVisunitary, and so the last two rows of
0 v v
V are mutually orthogonal. From this, we deduce that v;; = 0 or v3; = 0. If v3;, = 0,
then a quick calculation shows that the last row of W is zero, again contradicting the
hypothesis that W is unitary. Thus, v,, = 0. Since V is unitary;, its first and second
rows are orthogonal, proving that v;; = 0.
The hypothesis that W is unitary then implies that its first and third rows are
orthogonal, which in turn implies that v;, = 0 or vs; = 0. From above, this in turn
forces vi, = 0. Since V is also unitary, this then forces vs33 = 0. We conclude that

0 0 V13
V= V21 0 0
0 V32 0
In particular, |vi3| = |va1] = |vaa| = L.
Hence,
0 0 ((Xl - 0(3)1/13
W = (a2 — a1)va 0 0
0 (063 — 0(2)1/32 0

Since W is unitary, we again conclude that |(a; — a3)vi3| = |(02 — a1)van| = |(a3 —
)3z =1, and so | — a3| = |ay — ay] = s — ap| = L.

In other words, a;, a; and a3 € T are all at a distance of one from one another.
Clearly, this is impossible.

5.7. Example. The above phenomenon does not extend to higher dimensions. Let
W = diag(a, —a, ,—f) € Us(C). Then W = Wy & W, where, by Example 5.5, W; =

https://doi.org/10.4153/50008414X24000750 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000750

1114 L. Marcoux, H. Radjavi, and Y. Zhang

[Uy, V1] and W; = [U,, V;] for unitary matrices Uy, Uz, V4, V2 € Uy (C). Hence,
w=[U,V],
where U=U;® Uyand V =V & V,.
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