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Abstract In this paper we introduce and explore conformal parabolic iterated function
systems. We define and study topological pressure, Perron—Frobenius-type operators,
semiconformal and conformal measures and the Hausdorff dimension of the limit set. With
every parabolic system we associate an infinite hyperbolic conformal iterated function
system and we employ it to study geometric and dynamical features (properly defined
invariant measures for example) of the limit set.

1. Introduction

In [MU1] we considered conformal infinite iterated function systems and explored
geometrical and dynamical properties of their limit set. That paper combined and extended
three continuing lines of research. One is the study of an infinite system of similarity maps
(e.g., MW]), the second is the study of a finite system of contracting conformal maps
(e.g., Be], see alsoBo]) and the third is the application of the jump transformation (e.g.,
[ADU, Sch])). We now call the systems considered Mi1] hyperbolic systems, since the
derivatives of the maps in these systems were required to be uniformly bounded below one.
We continued our investigation of these system#ip] and gave special attention to the
limit sets of iterated function systems arising from the standard (real) continued fraction
algorithm with restricted entries. IMU3] our subject of interest was the residual set of
the Apollonian packing where we first had to seriously cope with a parabolic system.

In the present paper we develop the theory of general parabolic conformal iterated
function systemsS. Some of our techniques are similar to the methods developed to
analyze jump transformations, see, for exampigh, ADU, Y]. In §2, we define what
it means forS to be parabolic and develop some basic results about its limit set and coding
map. In 83, we define the pressure function associated Svihd relate this notion to
the standard notion of the pressure of a function. Also, in Theorem 3.5 we show how a
basic geometric condition of our systems, the cone condition, plays a critical role in our
development. This condition allows us to prove a measure theoretic open set condition
holds for the image of any shift-invariant Borel measure on the coding space. This in
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turn allows us to obtain the Billingsley-type formula for the Hausdorff dimension of many
of these measures in Theorem 3.6. Finally, this allows us to determine some important
parameters and features of the pressure function. In 84, we study Perron—Frobenius
operators associated with the systg&and the corresponding semiconformal measures, i.e.
eigen-measures for the dual operators. We also deterimitiee Hausdorff dimension of

the limit set of a parabolic iterated function syst&min contrast to the hyperbolic systems,
there are-conformal measures for > h for parabolic systems. In 85, we first describe
the structure of theseconformal measures with> 4. Then we associate with the system

S an (always infinite) hyperbolic conformal systethwhose limit set may differ from the

limit set of the systen$ by at most a countable set. The interplay between the parabolic
system and this more easily analyzed hyperbolic system is our main tool that we use to
studyh-conformal measures for the original systémWe prove that ifS* is regular (or
equivalently possesses arconformal measure), then there exists a unigreonformal
measure forS which is atomless. We also study invariant probability measures*for

and invariant measures for (which areo-finite, but which may happen to be infinite)
equivalent with the conformal measure f8r In particular, we provide necessary and
sufficient conditions for these invariant measures of the original syStembe finite. We

also show that thé-dimensional Hausdorff measure of the limit set is always finite and
that under the strong open set condition th@imensional packing measure is positive. In

86 we give several illustrative examples. In particular, we return to the Apollonian packing
which was the subject oMU3]. Here we study the invariant measure equivalent with
h-conformal measure (which is up to a multiplicative constant equal té-tthenensional
Hausdorff measure) showing that this measure is finite. Some of the arguments given
in [MU3], which used the general theory presented here, are completed. We would like
to mention here that although iM[J3] we have considered a slightly different parabolic
system and a different hyperbolic system derived from it, the results obtained in the present
paper also apply to the setting ®1{J3]. We end the paper with a class of one-dimensional
examples.

2. Preliminaries

Our setting is as follows. LeX be a compact connected subset of a Euclidean space

Suppose that we have countably many conformal mpaps¥ — X, i € I, wherel has at

least two elements satisfying the following conditions.

(1) (Open set condition); (Int(X)) N ¢; (Int(X)) = P foralli # j.

(2) I¢!(x)| < 1 everywhere except for finitely many paiiis x;), i € I, for whichx; is
the unique fixed point op; and|¢; (x;)| = 1. Such pairs and indicéswill be called
parabolic and the set of parabolic indices will be denoted2byAll other indices
will be called hyperbolic.

(B) Vrn>1 Vo= (w1,...,w,) € lI"if w, isahyperbolicindex o, _1 # w,, theng,,
extends conformally to an open connectediéet R? the same for all suctk and
mapsV into itself.

(4) If i is a parabolic index, thefl),. o ¢i»(X) = {x;} and so the diameters of the sets
¢in(X) converge to zero. -

(5) (Bounded distortion propertyk > 1,Vn > 1, Vo = (w1,...,w,) € 1", Vx,
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y € V if w, is a hyperbolic index of,,—1 # w,, then

9L _ o
9,01~

(6) 3s <1,Vn > 1,Vo € I"if w, is a hyperbolicindex o®,_1 # wy, then|j¢. || < s.

(7) (Cone condition) There exist, [ > 0 such that for every € X c R? there
exists an open cone Con «, /) C Int(X) with vertexx, central angle of Lebesgue
measurer, and altitudd.

(8) There are two constanis> 1 ande > 0 such that

g} ()] — 19Ol < Lllgi NIy — x1%,

for everyi € I and every pair of points, y € V.

We call such a system of mafs= {¢; : i € I} a subparabolic iterated function system.
Let us note that conditions (1), (3), and (5)—(7) are modeled on similar conditions which
were used to examine hyperbolic conformal systemsvi]]. Condition (8) also held
for many of the systems studied iM{J1] but was not a general requirement. We need
this condition in the following. 1f2 £ @, we call the systenfip; : i € I} parabolic. As
declared in (2) the elements of the get @ are called hyperbolic. We extend this name
to all the words appearing in (5) and (6). By we denote the set of all finite words with
alphabet/ and by all infinite sequences with terms ih It follows from (3) that for
every hyperbolic word, ¢.,(V) C V. Note that our conditions insure thaft(x) # 0, for
alli andx € V. We provide below without proofs all the geometrical consequences of the
bounded distortion property (5), abbreviated as (BDP), deriveiiid]] which remain
true in our setting. We have for all hyperbolic words 7* and all convex subset of V

diam(¢,,(C)) < ¢, || diam(C) (BDP1)
and
diam(¢. (V) < Dlig, I, (BDP2)
where the nornff - || is the supremum norm taken ovrandD > 1 is a universal constant.
Moreover,
diam(g,, (X)) > D¢, (BDP3)
and
$o(B(x,r)) D Bldw(x), K~ lIg;,lIr), (BDP4)

for everyx € X, every O< r < dist(X, aV), and every hyperbolic word € I*. Also,
there exists O< 8 < « such that for alk € X and for all hyperbolic words e I*

do(INt(X)) D Con(g, (x), B, D~LI¢L 1) D Con(g,(x), B, D~2diamg,(V))) (BDPS)

where Cofig,(x), 8, D7|¢, ) and Corig,(x), B, D~?diam(¢,(V))) denote some
cones with vertices ap,,(x), anglesg, and altitudesD 1|, || and D=2 diam(¢,,(V)),

https://doi.org/10.1017/50143385700000778 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700000778

1426 R. D. Mauldin and M. Urbaski

respectively. In addition, for every € I* (not necessarily hyperbolic) and everye X,
there existg¢(w, x) > 0 such that

b0 (INL(X)) D Con@y (x), B, l(w, X)). (BDP6)

Frequently, referring to (BDP) we will mean either (BDP) itself or one of the properties
(BDP1)—(BDP®6). The important pointin (BDP6) is that by conformality we can get a cone
with vertexx and opening anglg lying in ¢, (X), but we cannot say anything about the
height of this cone unlessis a hyperbolic word, in which case we have (BDP5). For each
w € I* U I*®, we define the length ab by the uniquely determined relatione 1!, If

w € I*UI*® andn < |w|, then byw|, we denote the word1ws . .. w,. Our first aim

in this section is to prove the existence of the limit set. More precisely, we begin with the
following lemma.

LEMMA 2.1. For all @ € I* the intersectiorf ), .o #w|, (X) is a singleton.

Proof. Since the set#,,, (X) form a nested sequence of compact sets, the intersection
(>0 Pwl, (X) is Not empty. Moreover, it follows from (4) that i is of the formzi®,

Tt € I'*, i € Q, then the diameters of the intersectf()]ﬁzo ¢w|, (X) tend to zero and, in the
other case, the same conclusion follows immediately from (6). In any €8s&, ¢, (X)

is a singleton and we are done. N |

Slightly improving the argument just given, we have the following.

LEMMA 2.2, 1lim,— o0 SUR, -, {diam(¢, (X))} = 0.

Proof. Let g(n) = maxcq{diam(¢;»(X))}. SinceQ is finite it follows from (4) that
liMm,»00gm) = 0. Letw € I*®. Givenn > 0 consider the word)|,. Look at the
longest block of the same parabolic element appearing,jn If the length of this block
exceeds/n then, since due to (2) all the maps, j € I, are Lipschitz continuous with
a Lipschitz constant 1, we have dia,, (X)) < g(v/n). Otherwise, we can find in
o|, at least(n — /n)//n = /n — 1 distinct hyperbolic indices. It then follows from
(6) (and Lipschitz continuity with a Lipschitz constantl of all the maps;, i € I) that
diam(¢,(» (X)) < s¥*~1. The proof s finished. O

We introduce on*° the standard metri¢(w, t) = ¢™", wheren is the largest number
suchthat|, = t|,. The corollary below is now an immediate consequence of Lemma 2.2.

COROLLARY 2.3. The mapr : I® — X, n(w) = ﬂnzo¢w|n(X), is uniformly
continuous.

The limit setJ = Jg of the systent = {¢;};c; Satisfies
J=a(I%) =Vie19:i (J).
We recall that the sef is not necessarily compact if the index $ds infinite.

LEMMA 2.4. If X is a topological disk contained i@, then every parabolic point lies on
the boundary of.
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Proof. Suppose on the contrary that a parabolic psjng Int(X). Let D! = {z € C :

lz| < 1} and letR : D! — Int(X) be the Riemann map (conformal homeomorphism) such
that R(0) = x;. Consider the compositioR™1 o ¢; o R : D — D1. Then|(R"1o ¢; o
R)'(0)| = |R'(0)|"Y|R'(0)| = 1. Thus by Schwarz’s lemmR1o¢; o R is a rotation. Since

¢i = Ro (R Lo¢;oR)o R71, itfollows thatg;(X) = Ro (R Lo¢p;oR)o R™1(X) = X.

This contradiction finishes the proof. m|

3. Topological pressure and associated parameters
Given a setF' ¢ I and a functionf : F*° — R we define the topological pressure pf
with respect to the shift map : F*° — F* to be

n—1
Pr (o, f) = lim E|og< 3 exp( sup > f(o” (r)))),
n—oon weFN" ‘L’E[u)] j=0

where[w] = {r € F* : 7|, = w}. Since the sequence

n—1
n > |og< > exp( Supi(Uj(t))))

weF" T€[w] j=0

is subadditive, the limit exists. IF = I, we suppress the subscriptand write simply

P(o, 1) for P; (o, f).
We call f : I°° — R acceptable if it is uniformly continuous and maxXsup( f|r7) —
inf(f;7)} < oo. We shall prove the following.

THEOREM3.1. If f: I*° — R s acceptable, then

P(o, f) = supPr(o, f)}
where the supremum is taken over all finite subgets 7.

Proof. The inequality Ro, f) > sug Pr (o, f)} is obvious. To prove the converse suppose
first that Ro, f) < oo. Fix ¢ > 0. By the acceptability off, there existg > 1 such that
|f(@) — f(O)] <& if ol =7l andM = maxe; {Sup(f 1)) — inf(f i)} < oo. Now, fix

k > [. By subadditivity,

1 k-1 ,
. Iog( > exp( sup Zf(o-’(r)))) > P(f).
lwl=k Telo] j—o
ForeachF c I andm € N, set
m—1
U (F, f) = Z exp( sup Z f(Oj(T))).
weFm re[w] j:0

So, there existg > 1 so large that writing” = {1,2. .., ¢} we havek—tlog '« (F, f) >
P(f) —e. Put

f=)Y fool.
j=0
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Then for every: > 1, we have

n—1 n—1
Tin(F, )= ) exp( sup Z?ook-"(w) >y exp(Zinf(ﬂ[ak./wp)
j=0

weFkn T€lw] j=0 weFkn j=
n—1 N
we Fkn j=0

But, if j <n — 1, theninf(f1,i,),) = SUP(flipiku),)) — £(k — 1) — MI. Hence,

n—1
Tin(F. f)= Y exp( surxﬂ[ow])—(k—z)s—Ml)
=0

weFkn J

n—1
— p—¢(k=Dn—Min Z exp( sup(fl[gk./wm))
=0

weFkn J
TeFk
Therefore,
1 —ek —1 Ml
Pr(o, f) > lim —logTi,(F, f)=> 50 M by o> pip) — 3,
n—oo kn k k
providedk is large enough. Thus, letting, O, the theorem follows. The caséd? f)
= oo can be treated similarly. |

Looking at this theorem we should notice that our definition of pressure coincides with a
more complicated one given i6§ although we will not use this information in our paper.
We say ac-invariant Borel probability measurne on I°° is finitely supported provided
there exists a finite sét C I such thaj (F*°) = 1. The well-known variational principle
(see Wa], cf. [PU)]) tells us that for every finite set C 1

Pe(f) =sup{hu(cr) +/fdu},

where the supremum is taken over @linvariant ergodic Borel probability measurgs
with w(F*°) = 1. Applying Theorem 3.1, we therefore get the following.

THEOREM3.2. If f: I*° — R s acceptable, then

Plo, ) = sup{hﬂ(a) +/fdu},

where the supremum is taken over @linvariant ergodic Borel probability measures
which are finitely supported.

Our next goal is to relate the pressure of the ‘volume potential’ fungtitmthe way
pressure is defined iMU1]. We consider the functiog : 1> — R given by the formula

g(w) = log|gy, (m(a (@)).

Using condition (8), we shall prove the following.
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PropPosITION3.3. The functiorg defined above is acceptable.

Proof. Fix n > 1 andw, T € I*° such thatw|,, = t|,. It then follows from (8) that

lg(@) — g(v)| = |l0g ¢y, (7 (o (@)))| —l0g|¢,,, (7 (a ()|
g, (T (@ (@) = by, (o ()
~ min{|¢,, (7 (o ()], ¢, (7 (o (@)}
L [l
— min{i¢y, (T (o (@))I, ¢, (T (o (@)}

|7 (0 (@) — 7 (o (T)|*.

If w1 is a hyperbolic index, then using the bounded distortion property we get
lg(@) — g()| < LK|n(0(w)) — (o ()"

On the other hand, since there are only finitely many parabolic indices, there is a positive
constantM such that ifw; is parabolic then

Ig(@) — g(v)| = LM|r(0(w)) — 7 (o (x)|*.

Let L’ = LmaxXK, M}. Since X being compact is bounded, taking= 1, it follows
from the last inequalities that max{supg|;;) — inf(glup)} < L' dianf'(X) < oco. The
uniform continuity ofg follows from inequality|g(w) — g(t)| < L' |7 (0 (w)) — (o (7)) |*
and Corollary 2.3. The proof is complete. m|

In [MU1], for eacht > 0 we have defined®) by the formula
P() = lim = log >l
n—oon o= @t

where||¢. | = suf|¢,,(x)| : x € X}. This analytic definition was used simply because
many dynamic and geometric facts about the limit set can be garnered from its basic
properties as a real function. Similarly, we define for edtkc X

1
Pw () = lim =3 9},

|w|=n

where|| ¢/, llw = Ssuf|¢,,(x)| : x € W}. Let us note that

Pw (r) = inf {s : Z Z llgo, e " < oo}.

n>1|w|=n
We now introduce some notation. For each 2, let I;l. ={wel?:w, #i}.
LEMMA 3.4. Ro,tg) = P(@).

Proof. First, we show B) = P;(¢t). Clearly, B(r) < P(t). To prove the converse
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inequality, suppose Rt) < s. Then using (5)

DDA DD D A ”+ZZZ 3 e

n>1|w|=n n>1|w|=n,w, ¢Q2 n>1ieQ k= el" k

<KDY lglhe™”

n>1|w|=n,w, ¢Q

FKTY YD D nllhe™

n>1i€Q k=1 yen—k
8t

<KDY YT gl

n>1|w|=n,w, ¢2

+K’ZZZ > lgullyem D

nzlicQ k=1 pe
t

<K' e lle™
n>1|w|=n

So, Rt) < s and consequently(® < P;(¢). Next, we compute

— - J
P(o,19) = lim - Iog Z exp( sup Ztg(cr (r)))

lw|=n relo] j—p

= lim - Liog > exp( sup Zrlogm (n(cf(r))n)

jwl=n relel

=nleoo—log > suplg, (")l

lw|=n T€[w]

= lim = Iog Y lgills =Py = P().

|w|=n
The proof is complete. m|

Our next goal is to prove that the image of all shift-invariant measures satisfies a measure
theoretic open set condition. At this point we make essential use of the cone condition.

THEOREM3.5. If u is a shift-invariant Borel probability measure df°, then
o Mg (X) Np(X)) =0
for all incomparable words, p € I*.

Proof. We begin by describing a situation which we show to be impossible. Suppose that
there exist a point € X, an integey > 1 and an increasing sequereg}i>1 of positive
integers along with pairwise different worg§", t® e E"* such that

X € b0 (X) N 0 (X)

andp®|,,_, = t®|,,_,. Passing to a subsequence we may assumehat- ny > ¢
for everyk > 1. We shall construct by induction with respectio> 1 a sequence
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{Ci}x>1 such that for every, Ci consists of at least + 1 incomparable words from
{p(j)7 ) D j <k}

Indeed, seC; = {p®, D}, Suppose now that; has been defined. F*+1 does
not extend any word irC, then we formCy1 by addingp*+D to C;. We can do a
similar thing in the case when®*+1 does not extend any word ifi;. If, on the other
hand,p**D extends some word in C;, andt*+D extends a word in Cy, thenk andy
are both extended by*** since, forj < k, ||, [tV)| < n; < ng, ngy1 > nk + g, and
p®+D), g = T*FD, .. Since the words Ty are incomparable; = 1 and this
is the only word inC; which is extended by both®+D andz*+1 In this case we form
Ci+1 by taking away and adding botlp**+1 andz**+1 . Now the setgp, (X) : « € Ci}
are nonoverlapping since the words are incomparable. By (BDP6) we-gédt pairwise
disjoint open cones each with vertexand opening anglg. This is clearly impossible if
k is large enough. So it is impossible to have such a paint

Let u be a shift-invariant probability measure and suppose thatz (¢, (X) N
¢,(X)) > 0 for some incomparable words p € I*. Without loss of generality we
may assume that| = |p|. PUtE = ¢.(X) N ¢,(X) and set

oo o0
Ex=[U U ¢u(B).
k=0n=k |w|=n
In view of what we have just proved;, = . On the other hand, by (BDP6) for every

n > 0, each element of belongs to at most/B elements o, (X), w € I" (we assume
thatiy_1(S¢~1) = 1). Using this and -invariance of measure, we get for every: > 0

uonl( U %(E)) >Bt Y por Hew(E) = B Y ulenHE))

lw|=n lw|=n lw|=n
=B tnor HE),
where wA = {wk : k € A} for every setA C I*. Hence, for everyk > 0, u o
7 HUnZi Ujgjmn $0(E)) = B o 771(E), and thereforu o 771 (Ew) > Bl o
7~1(E) > 0. This contradiction finishes the proof. O

Let
0 =6(S) =inf{r > 0:P(t) < oo}

Following [MU1] we call 6 the finiteness parameter of the syst8m If n is a Borel
probability measure supported ah) we denote the Hausdorff dimensionoby HD(u),

the infimum of the Hausdorff dimensions of sets wittmeasure 1. Lek = {[i] : i € I}

be the partition of *° into initial cylinders of length 1. We let |{«) denote the entropy of

the partitiona with respect tqu. Taking into account Theorem 3.5, the following theorem
relating the Hausdorff dimension of a measure and the ratio of the entropy to the Lyuponov
exponent was proven itHMU] and [U2] for hyperbolic systems.

THEOREM3.6. If u is a shift-invariant ergodic Borel probability measure 6 such that
Hu(a) < o0, xu(o) = [ —gdu < oo and eithery,, (o) > 0or hy(o) > 0 (hu(oc) >0
impliesy, (o) > 0), then

hu(a)

HD(won 1) = )
(Lom™) (@)
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The same proof goes through in our case, replacing only the bounded distortion property
by the consequence of (8) which says thigty)|/¢;(x)| < exp(L|y — x|*) foralli € I
andallx,y € V. Let

B = B(S) = supHD (1 o 7~ H},

where the supremum is taken over all ergodic finitely supported (so shift-invariant)
measures of positive entropy. Of course there are many such measures. We shall prove
the following.

PrROPOSITION3.7. The pressure functioB(¢) has the following properties:
(1) P@t) =O0forallz > 0;

(2) P@t) >0foral0=<r < g;

(3) P@) =0forallr > B;

(4) P() is non-increasing;

(5) P() is strictly decreasing ofp, 81;

(6) P(¢) is continuous and convex @, co).

Proof. (1) Leti be a parabolic index and lat be the corresponding parabolic point.
Thenn(i®°) = x; and letu be the Dirac measure supported ©f. Of course,u is
ergodic, finitely supported, anflrg du = tlog|¢!(x;)| = 0. Hence, by Theorem 3.2 and
Proposition 3.3, B, 7g) > h, (o) + [tgdu = 0 and (1) is proved.

(2) Suppose that& ¢ < 8. Then there exists an ergodiciinvariant finitely supported,
measureu of positive entropy such that HR o 7=1) > ¢. So, Theorem 3.6 applies to
giver < HD(uon 1) < h,(c)/x. (o) which, due to Theorem 3.2 and Proposition 3.3,
implies that Ro, tg) > h, (o) + [tgdu > 0.

(3) Suppose that® > 0 for somer > 0. Then in view of Theorem 3.2 and
Proposition 3.3, there exists an ergodidnvariant finitely supported measuye such
that h,(oc) — tx.(c) > 0. Therefore, p(c) > 0 and hence, by Theorem 3.5,<
h.(0)/xu(0) = HD( o 7~1) < B. We are done.

(4) Suppose thati < 1. Itis clear from the definition of pressure thattB = oo
implies R#1) = co. So, we may assume < 1 < tp. Fixe > 0. By Theorem 3.2
and Proposition 3.3 there exists an ergodic finitely supported measusuch that
hu,(0)+ [ t2g dpa > P(o, t2g) —e. Then by Theorem 3.2 and Proposition 3.81.R1¢) >
hu,(0) + [ngduz = hy,(0) + [gduz + [(t1 — 2)gduz = hy,(0) + [t2gduz >
P(o, t2g) — &. Lettinge N\ 0, we are done.

(5) Suppos® < 11 < 1 < B. Since Ro, 2g) > 0, in view of Theorem 3.2 and
Proposition 3.3 there exists an ergodiinvariant finitely supported, measuyte such that

1 tr)—t
hﬂz(o)+/t2gdu22max{ 1- 21

> 25 } P(o, 122). (3.1

Then h,(c) > P(o,12¢)/2 > 0 and therefore, by Theorem 3.6,.lt0)/x.,(c) =
HD(uz2 0o 1) < B. Hence[ —gdus > hy,(0)/p > P(o, t2g)/2B. Thus, using (3.1),
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Theorem 3.2, and Proposition 3.3, we get

P(o, t1g) = hy,(0) +/t1g duz =hy,(0) + / fr2gduz + /(tl —12)gdu2

ro—1 h—1n
P(o, t
5 + P(o, 129) 28

rh—11
4p

(6) An application of Hlder’s inequality shows that each function

n—1
t Z exp( sup g(crj(r))>
=0

Jwl=n relel j

= P(o, t2g) + P(o, t28) > P(o, 128).

is log convex. Therefore the map— P(r), t € (0, 00), is convex and consequently
continuous. 0

Let us remark that it is possible that= 6. We will call such systems ‘strange’ and
deal with them in more detail in 885 and 6. Also, although it can happe®hat0, we
always have F) > log 2 and thereforé > 0.

4. The Perron—Frobenius operator, semiconformal measures, and Hausdorff dimension
It follows from Proposition 3.7 tha$ is the first zero of the pressure function. We shall
provide below more characterizations of this number. Given 6(S) we define the
associated Perron—Frobenius operator acting @x) as follows:

Li(f)x) = Z |7 (1" (¢ (x)).
iel
Notice that the:th composition of_ satisfies
LI = Y 10,01 fu(x)).
|w|=n

Consider the dual operatdj acting on the space of finite Borel measuresxoas follows:

LIW(f) = v(L ().

Notice that the map +— £} (v)/L}(v)(1) sending the space of Borel probability measures
into itself is continuous and by the Schauder—Tichonov theorem it has a fixed point. In
other words,L; (v) = Av, for some probability measune wherex = L} (v)(1) > 0.

A probability measuren is said to be(i, r)-semiconformal provided that; (m) = Am.

If » = 1 we simply speak aboutsemiconformal measures. Repeating a short argument
from the proof of Theorem 3.6 oMU1] we shall first prove the following.

LEMMA 4.1. If m is a (1, t)-semiconformal measure for the syst§rwith A > 0, then
m(J) =1

Proof. For eactn > 1, let X, = Ujy|=n®0(X). The setsX, form a descending family
and(),-1 X» = J. Notice thatlx o ¢, = 1x for all o € I* and, therefore, using
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(A, t)-semiconformality ofn, we obtain for every > 1

Km(Xy) = f Ly, dL}"(m) = f Ll(Ly,)dm = / 3 1601 (L, o pu) dm

|w|=n
= [ ¥ wtdm = [ ac;m

|w|=n
= /K"J].x dm = \".
Thus,m(X,) = 1 and therefore:(J) = m(ﬁnZl X,) = 1. The proofis complete. O
We set
Y (6) =Y eI
|w|=n

We note that (S) = inf{r : ¥ () = ¥1(¢) < oo}. In order to demonstrate the existence of
(eP® r)-semiconformal measures, we shall prove the following.

LEMMA 4.2. If t > 6(S) and £} (m) = Am for some measure on X, thenx = ™),

Proof. We first show the easier part that< ¢P*). Indeed, for alk > 1

= [eaoan= [ Y gmrdnw < [ Y 160 dn = Y 161

|w|=n |w|=n |w|=n
and therefore
1 -
log’ < lim_~log > Ll =Pa). (4.1)
|w|=n
In order to prove the opposite inequality, for egeh» 1, let T, = Zwe,gp oo 1", where

I;,” is the set of those words € 17 such that,_1, w, are notthe same parabolic element.
For eachn,

Ya®) =Y llgs, I

lw|=n

I A e I S A [ e N S oA A

wel} ieQ welg,’_l ieQ welg—Z

ot Y Nl

ieQ
n
<) #QTy.
k=0

whereTp = 1. Take 0< ¢g(n) < n, that maximizeqd}. Theny, < (n + D#QT,,) and
therefore

P() = lim }Iog Y < liminf <Iog(n + + a9 log Ty (ny + 1 Iog#§2>
n—-oon n—oo

n n q(n) n
1
< max{o, lim sup— log T,,}. 4.2)

n—oo N

https://doi.org/10.1017/50143385700000778 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700000778

Parabolic iterated function systems 1435

Let ~
L= 1o,

welg]
It follows from condition (5) that foralh > 1, w € I; and allx € X
e, lI" < K", )"
Summing, we havé;,, < Kf/f’;(l)(x) and integrating this inequality with respect to the
measuren, we get
T, < K’/E;’(l)(x)dm(x) <K'\,

Thus, by (4.2)
1
P(r) < max{o, lim sup— log T,,} < max0, log1}.

n—oo N

If now ¢t < B(S), then by Proposition 3.7(2)(B > 0, and we therefore get(B < logA.
Thus, we are done in this case. So, supposerthatg(S). Then by Proposition 3.7(3),
P(t) = 0 and in view of (4.1) we are left to show that> 1. In order to do this, fix an
arbitrary O< n < 1. It follows from conditions (4) and (2) that for alllarge enough, say
n > no, |¢;,(x)] > n" foralli e Q and allx € X. Fix j € Q. We then have for alt > ng

A =f1d£*"(m)=f > |¢;,|’dmz/|¢;n|’dmzfn’"dm=n’".
|w|=n
Thusi > ' and lettingn ~ 1 we geth > 1. The proof is complete. |
LEMMA 4.3. For everyr > 6(S) a (P(z), t)-semiconformal measure exists.

Proof. In view of Lemma 4.2, it suffices to prove the existence of an eigenmeasure of the
conjugate operatof;. But this has been done in the paragraph preceding Lemma 4.1
which completes the proof. |

Let e = e(S) be the infimum of the exponents for which--@emiconformal measure
exists. We shall shortly see that this infimum is a minimum. Alsojlet kg be the
Hausdorff dimension of the limit st As an immediate consequence of Proposition 3.7(3)
and Lemma 4.3 we get the following.

LEMMA 4.4. ¢(S) < B(S).
Now, suppose that is z-semiconformal or equivalently

[ S wircrooman= [ sam. (4.3)

wel™

for every continuous functiorf : X — R. Since this equality extends to all bounded
measurable functiong, we get

m@u(A) =Y f (B1! (Lg, () © be) dm = /A s, I dm (4.4)

teln

foralln > 1,w € I" and all Borel subseta of X.
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Our next task in this section is to note thatk e. But this follows immediately from
the following lemma whose proof, using (4.3), is the same as the proof of Lemma 4.3 of
[MU1].

LEMMA 4.5. If m is a t-semiconformal measure, théd’' L J <« m and the Radon—
Nikodym derivativelH’ /dm is uniformly bounded from above.

Since obvioushy < ki, we have thus proved the following.
THEOREMA4.6. ¢ = B = h = the minimal zero of the pressure function.

As an immediate consequence of Lemma 4.5, Lemma 4.3, Proposition 3.7(3), and
Theorem 4.6 we get the following

COROLLARY 4.7. Theh-dimensional Hausdorff measure of the limit gt finite.

5. The associated hyperbolic system. Conformal and invariant measures

In this section we describe how to associate to our parabolic system a new system which
is hyperbolic, and we apply its properties to study the original system, in particular to
prove the existence égfconformal measures. However, we begin this section with a result
describing the structure efsemiconformal measures with exponents 4. Let

Q= {Po(xi) i € Q, e I}

S0,Q, is the set of orbits of parabolic points. The following theorem allows us to conclude
that as-semiconformal measure is conformal provided the parabolic orbits do not mix.

THEOREMS.1. If > h andm;, is ar-semiconformal measure, then is supported on
Q. thatism, (€2,) = 1. If for everyw € I* and everyi € Q, 7171 (po(x;)) = wi®, then
eachs-semiconformal measure £ k) is t-conformal.

Proof. For everyr > h, let m, be anr-semiconformal measure. Note that the existence
of at least one such measure (for every k) has been proved in Lemma 4.3, cf. also
Proposition 3.7(3) and Theorem 4.6. Repeating the reasoning from Proposition 3.6 of
[MU1], we see that for every > h there exists a Borel probability measuiig on 1*°

such thaii, o 7=t = m, andm,([w]) = [ |, |" dm,, forall v € I*. Now, fix¢ > h and
h<s<t LetQ, = {wi® :i € Q,w e I'}). If w ¢ Q,, then there exists an increasing
infinite sequencén};° ; such that eithew,, ¢ Q or w,,—1 # wy,. In either case, using
condition (5) we get

mi(@ly ) = f (Bl | A < 1190, 1" = gL, 1"~ 119, I

< ||¢;),,k 1" K* / |¢;,,k I*dms = K_S||¢;,,,k I~ ms ([@]n ) (5.1)
It immediately follows from conditions (6) and (2) that lim ||¢;)nk | = 0. Combining
this and (5.1) we conclude that, (1 \ €,) = 0 or equivalentlym,(Q,) = 1. Since
7712 D Q. We getm; () = 7, o 1 1(2y) > () = 1. The proof of the first
part of Theorem 5.1 is complete. The proof of the second part is an immediate consequence

of (4.3) applied to the indicator functions of the sets of the fegmA), wherew € I'* and
Ais a Borel subset oX. |
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Consider now the syste§t generated by,, where
Li={pmj:n>1ieQ,i#j}U{pp:kel\Q.
It immediately follows from our assumptions that the following is true.
THEOREMS5.2. The systens* is a hyperbolic conformal iterated function system.
The limit set generated by the systethis denoted by *.

LEMMA 5.3. The limit sets/ and J* of the system§ and S*, respectively, differ only by
a countable set/* c J andJ \ J* is countable.

Proof. Indeed, it is obvious thaf* C J. On the other hand, the only infinite words
generated by but not generated by* are of the formwi*, wherew is a finite word
andi is a parabolic element df. |

Definition. If S is an iterated function system with limit sét then a measure supported
on J is said to be invariant for the systefmprovided

v(E) = v(qui(E))

iel
andv is said to be ergodic for the systesrprovidedv(E) = 0 orv(J \ E) = 0 whenever
V(EA ;7 9i(E)) = 0.
Let us set some notation. Lég C J consist of all points with a unique code under

For eachx = n(w) € Jo expressy = i"t, wherei is a parabolic element, > 0, 71 # i
and definex(x) = n. For eachk > 0, put

Br={xeJo:n(x)=k} and Dy ={x¢€ Jo:n(x)>k}.

THEOREMS.4. Suppose that* on J* is a probability measure invariant undér and
w*(Jo) = 1. Define the measupe by setting for each Borel sét C Jo,

WE)=Y" 3" w*@u(E)ND) =Y Y w*(gu(E) + pu*(E).  (5.2)

k=0 |w|=k k>1ieQ

Thenu is a o-finite invariant measure for the systefrand u* is absolutely continuous
with respect tou. If, for eachi € I, the measurg.* o ¢; is absolutely continuous with
respect to the measure*, then . and u* are equivalent and ifu* is ergodic for the
systemS*, thenu is ergodic for the systerf. Moreover, in this last casg is unique up to
a multiplicative constant.

Proof. Let us check first that is S-invariant. Indeed,

M( quj(E)) = iZu*((ﬁik(Ufﬁj(E))) + ) 1@ (E)

Jjel k>1ieQ jel el
=D DD W@ (E) + Y 1@ (E))
k=1ieQ jel jel
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=D > w @ ;(E) N Deya) +ZZZM (¢ ;(E) N By

k=1ieQ jel =1ieQ jel
+ Y ut@i(E))

jel
=Y ) nrgu (E))+ZZZM (¢ (E)) + Y 1 (¢ (E))
k=2ieQ k=1ieQ j#i jel
=YY wH @ (E) + 1 (E) + ) (¢ (E)) = p(E),
k=2ieQ jeQ

where the last equality holds due to invariancgbiinderS*. The invariance oft has been
proved. Sincelp = |, Bx, in order to show that is o-finite it suffices to demonstrate
that(B,) < oo for evéryn > 0. And indeed, givem > 0 we have
w(By) =Y ) ((Bu)) + 1 (By). (5.3)
k>1ieQ
Now, for everyi € Q,
¢k (By) C By U Byk.
Henceyu(B,) < 2#Q Y ;g u* (By) = 2#Qu* (Ui Bx) = 2#Qu*(X) = 2#Q. Thus,u
is o-finite. It follows in turn from (5.2) thatt(E) = 0 impliesu*(E) = w*(E N Do) =
So,u* is absolutely continuous with respectito
Now suppose that for eache I, the measure.* o ¢; is absolutely continuous with
respect to the measure'. If u*(E) = 0, thenu*(¢,(E)) = O forallw € I*. Thus, it
follows from (5.2) thafu (E) = 0 and the equivalence pfandu* is shown. Suppose now
that E is S-invariant, implying that J; ., ¢:(E) C E. Then,; ¢»(E) C E and, since
w* is ergodic, eithep™(E) = 0 or u*(E€) = 0. Sinceu is absolutely continuous with
respect tqu*, this implies that either (E) = 0 or u(E€) = 0. Henceu is ergodic and the
proof is complete. m|

THEOREMS.5. If the assumptions of Theorem 5.4 are satisfied, thew tfirite measure
w produced there is finite if and only if
Znu*(Bn) < 00.

n>1

Proof. Let us setB, = {x € Jo : x = 7 (j"t),j € Q\ {i},t € I®, 11 # j} and
D' =, B;- By (5.3), we can write

Py =Y (B =Y > )" u* (¢ (By))

n>0 n>0k>0ieQ

=D D WBa) + DD W@ (B)
k>0n>0 k>0n>0iel

=2 D W B+ )Y u (@D
k>0n>0 k>0ieQ

=Y (n+Dp By + Y 1 (By) =Y (n+2)u*(By).
n>0 n=0 n>0

The proof is therefore complete. m|
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We recall from MU1] that a probability measure is said to be-conformal for the
systemsS providedm (J) = 1 and for every Borel set ¢ X and every, j € I withi # j,

m(@i(A)) = /A 1" dm (5.4)
and

m(¢i(X) N ¢;(X)) = 0. (5.5)

A straightforward computation shows (e.1{1, p. 118]) that any-conformal measure

is r-semiconformal. We also recall fronMU1] that a conformal hyperbolic system is
regular if Rk) = 0 or equivalently ark-conformal measure exists. We shall now prove a
little but useful lemma concerning general hyperbolic systems.

LEMMAS5.6.1If S = {¢; : X — X,i € I} is a regular hyperbolic conformal iterated
function system, then itg;-conformal measure is atomless.

Proof. Suppose to the contrary that(z) > O for somez € J. Then, by Corollary 3.11
of [MU1], m(w) > O for somew € 7~ 1(z), wheres is the measure produced in
Lemma 3.6 of MUL1]. Let u* be theo-invariant probability measure produced in
Theorem 3.8 of AU1]. Since for everyn, u*(c"(w)) > u*(w) > 0 andu* is a
probability measurep is eventually periodic meaning that there exist 0 andg > 1
such thato?(c*(w)) = o*(w). Therefore, we can write*(w) = 1°, for some
T € I*. Sincem(n(w)) > 0, m(m(r*>)) > 0 and by the conformality ofz, we have
m(m (™)) = m(¢p: (w(r°))) = fn(roc) |¢;|"5 dm < m(mw(r®)) which is a contradiction,
finishing the proof. |

THEOREMb.7. Suppose thaf is a parabolic conformal iterated function system and the
associated hyperbolic systefii is regular. Thernn, the h-conformal measure fof*, is
alsoh-conformal forS andm is the onlyi-semiconformal measure fét

Proof. Let m be theh-conformal measure for the systesii. We will first show thatm

is h-conformal for the systen§ over the limit set/. We will then associate witl§ one
more hyperbolic systen§** and use some properties of this system to verify thas
h-conformal forS. Sincem(J*) = 1, the probability measure clearly satisfies the first
condition for conformalitym (J) = 1. Next, we will show thatn satisfies equation (5.4)
for all Borel subsetgt of J. SinceJ \ J* is countable ang: is atomless, it suffices to show
that (5.4) holds for Borel subsets #f. Also, since (5.4) holds wheneveis a hyperbolic
index even for Borel subsets &f, we only need to verify (5.4) for parabolic indices. Let

G ={A: Ais aBorel subsetaf * and (5.4) hold¥i € Q}.

Sinceg is closed under monotone limits, it suffices to show that (5.4) holds for every subset
U of J* which is relatively open. Let

'={we Ifo tw = (a1b1), (a2b2), (a3b3), ...;Vn,ay, by € Q, by # an, ans1}.

Let W = n(I'). Using Theorem 3.8 fromMiU1] and the Birkhoff ergodic theorem,
we see thatn(W) = 0 andm(¢;(W)) = 0,Vi € Q. Let us demonstrate that if
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i € Qandw = (w1, w2, w3,...) € I\ T, then there is somé such that for every
k > I, (w1,...,0r) € If and the concatenatioi«ws * --- *w; can be parsed (or
regrouped) so that it represents an elemeiif oflo see this, first suppose that € I \ 2.
Thenl = 1 sincei x w1 * - - - % wi can be parsed as1, wy, . . . wx Which is an element of
I*. Now, suppose; = p"q wherep € Q andp # g. If p =i, then agairi = 1, since

i ®xw1 * - - - x wy can be parsed a'§+1q, w2, ... w; Whichis an element of. If i # p and

n > 1,theni xw * - - - * wy can be parsed agp, p"_lq, w2, w3, ...,w) € I} and alsoin
this casé = 1. If, on the other hand, = 1 andp = i, thenw1 = a1b1, wherea; € Q and
b1 # ay. If by € I\ Q, theni xwy - - -xwy can be parsed &say, b1, w2, w3, ..., wi) € I}
and! = 1. So, suppose thdt; € Q. Now, considerwyz. If wp € I\ Q, then the
concatenation x wy * - - - * w; can be parsed dsay, biw2, w3, ..., wr) € I} andl = 2.
Otherwisew; = p"q, wherep € Q,q # pandn > 1. If p = by, theni x wy * - - - * wy
can be parsed aga, b}*lq,a)g, ...,wp) € I andl = 2. If p # by andn > 1, then

i *w1*---*w can be parsed dsa1, b1p, p”—lq, w3, ...,wx) € I andl = 2. If, on the
other handy = 1, thenws = azbz, whereap # by, bo. If by € I\ @, theni x w1 * - - - % wi
can be parsed a8as, biaz, bp, w3, ..., wx) € I} andl = 2. So, we may assume that
bz € Q. Now, excluding inductively in this manner the cases whems * - - - x w; can be
parsed in such a fashion that it would belond fo we would end up with the conclusion
thatw € T, contrary to our assumption. Now, Iet C J* be relatively open. Then there is
asetM cC I}, consisting of incomparable words such that W C Urepyo:(J*) C U,
andift € M theni =t € I}. Thus,

m(gi(U)) = m(¢i(Up: (J)) U (U \ U (J*)) = Z m(¢i (¢ (J7)))

=Z/J*|(¢io¢f)’|hdm=2/

/1" dm = / ;1" dm,
U
where the third equality follows sinee is h-conformal for the systerfi* and in the fourth
equality we additionally employed the change of variables formula. Now, we want to show

m(@i(J)N¢;(J)) =0

whenevet # j. Again, it suffices to verify this whei is replaced by * and at least one
of the indices and; is parabolic. As before there is a 9¢f C I of incomparable words
such that/* \ W C Urep, ¢ (J*) C J*, andift € M; theni xt € I}. Also, letM; C I}
have similar properties with respect to the ingeXhen

m(@i(J) N ¢j(J)) = m(Ue peryxm; Sie (J5) N ¢ (J%)
< Y m@i(J)Np(J*) =0,

M,‘XMj

e (J*)

Finally, to show thatn is conformal, we must demonstrate that (5.4) and (5.5) hold
wheneverA is a Borel subset ofX. Note that it suffices to show that(A) = 0
impliesm(¢;(A)) = 0, for all Borel subsetsA of X and all parabolic indices In order

to prove this, we introduce a new hyperbolic system. The index set for this system is
Lo = I3\ {(i,i,0):i € QYU{p"q : p € Q,q # p,n > 2}. Let us prove that the system

S§** satisfies the bounded distortion property. To see this read aaverd;, as a word in
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I o= (w1,ws,...,w0). If 0, € I'\2, then we have bounded distortion by property (5)
of the systens. If w, € Q andw,_1 # w,, then again by property (5) we have bounded
distortion with constank. If w,—1 = w,, thenw,—2 # w,—1, by the definition off,.
Then the wordy|,—1 satisfies the hypothesis of condition (5) and so

|¢;u(y)|:|¢(;)|,,_1<<z>wn(y)>||<z>wn<y>|S max{ 1ol :i69}7
L1 16l By DL, D) min{g; (x) : x € X}

where the last number is finite sin€@ is. To see thatS** satisfies the open set
condition, notice thai; i (INt(X)) N ¢pq-(INt(X)) = P for all ijk # pqr. Next consider
@in i (INt(X)) N ppmg (INt(X)), wheren, m > 2. If i # p, this intersection is empty. Also
if i = p andn # m, the intersection is empty. Otherwisg,# j and the intersection
is empty. Finally, considep; ; (Int(X)) N ¢pq-(INt(X)), wheren > 2. If i # p orif

i = p andg # i, the intersection is empty. Otherwise= p = ¢ and in this case # i
since the wordi, i, i) is not allowed inl,,. Finally, the hyperbolicity of the systei*

is an immediate consequence of property (6). $9,is a hyperbolic conformal iterated
function system. Also, since each elemeni @fcan be parsed into an element/¢f, we
haveJ** = J* = J \ {eventually parabolic poinfs Also notice that if the syster§* is
regular, then the systesi* is regular. To see this note that we have already shown that
if m is conformal forS*, thenm is conformal forS overJ. Thusm is conformal forS**
overJ. So, foreac, 1= [, dm = [, 3" . |¢,,(x)|dm. But, for eachx € J, we have

STAeLll" = D i@t = & g1

well, wel}, well,

where K ** is the distortion constant for the syste§ii* over X. Integrating this formula
against the measure we get

Sl = 1= kT gl
well, well,

From this it immediately follows that*®P(k) = 0. But, this is equivalent to saying that
there is am-conformal measure:™* for the systems** over X. We only need to prove
thatm** = m. Let G be open relative td*. Let W be a collection of incomparable words
in I such thatG = ey ¢ (J*). Sincem is conformal forS** over J,

m(G) = Z/J|¢;|dm <Y KMigLll< Y KhK**h/J|¢;)|dm**

weW weW weW
— KhK**hm**(G).

Interchangingr andm™* in the above estimate, we get
(K"K msx(G) < m(G) < K"K*"'m** (G).

From this it follows thatn andm™** are equivalent. To show that = m™*, let A be a
Borel subset ofX. Thenm(¢,(A)) = m(¢p,(A N J)) + m(p,(A\ J)). But, sincem™*
is conformal overX, m**(A \ J) = [A\J |¢;)|hdm** = 0. So, sincen is conformal for

S overJ, we havem (¢, (A)) = [,~, |¢,|"dm = [, |¢,,|" dm. Also, one can show that
(5.5) holds using the same procedure. Thus$s conformal forS** over X.
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Finally, to see that: is conformal for the entire systefoverX, leti € © and choose
an arbitraryy #i,q € I. Thenig € I, andiqi € I... Thus,

/ |67,1" dm = m(ig($i(A))) = m($igi (A)) = / |6} 1" dm.
@i (A) A

So, ifm(A) =0, then sincq¢;q|h is positive ong; (A), we haven(¢;(A)) = 0.
In order to prove the second part of our theorem suppose tisain arbitrary measure
supported ory and satisfies

V(Po(A)) > //; ¢, 1" dv (5.6)

for all Borel setsA C X and allw € I*. We show thain is absolutely continuous with
respect ta. Indeed, for everw € I we have

b (Go(X)) = /X L dv = K gl 1" = K" /X L1 dm = K" m(go(X)).

Next, consider an arbitrary Borel sdt C X such thatv(A) = 0. Fixe > O.
Sincev is regular there exists an open subggtof X such thatA N J* ¢ G and
v(G) < e. There now exists a familyy C I} of mutually incomparable words such
thatANJ* C U,cr 9o(X) C G. Lemma 2.6 of MU1] states that there exists a universal
upper boundy on the multiplicity of the family{¢,(X) : @ € F}. Hence, using the fact
thatm is supported oy *, we obtain

m(A) = m(ANJ*) < m( U %(X)) < 3" mgu(X))
weF weF

S K'Y vigu(X) < Kth( U %(X)) < K"Mv(G)
weF weF

< K"Me.

Thus, lettings N\ 0, we getn(A) = 0 which finishes the proof of the absolute continuity
of m with respect ta. Our next aim is to show that(J \ J*) = 0. Suppose on the contrary
thatv(J \ J*) > 0. SetP = {¢,(x;) : i € Q,w € I*}. SinceJ \ J* C P, v(P) > 0.
Write v = vg + v1, wherewvg|x\p = 0 andvy|p = 0. Thusvo(P) = v(P) > 0. Since
¢o(P) C P forall w € I*, we get for every Borel set ¢ X and everyw € I'*

v0(¢0(A)) = v0(du(A N P)) = v(¢u(AN P)) > /A . 1" dv = /A 1.,1" dvo.
Hence multiplyingvo by 1/vo(X), we conclude from what has been proved thats
absolutely continuous with respectig@ Sincevg(X\ P) = 0, this implies thatz(X\ P) =
0, and consequentlyt(P) = 1. SinceP is countable we arrive at a contradiction with
Lemma 5.6. Thus(J*) = 1. Since, by Lemma 4.1, anmy-semiconformal measune
is supported o/ and, by (4.4), satisfies (5.6), we conclude that argemiconformal
measure is supported off and satisfies (5.6). Since, additionally, by regularity of the
systemS*, P*(h) = 0, it follows from Lemma 3.10 offiU1] thatv is A-conformal forS*.
An application of Theorem 3.9 oMU1], implying the uniqueness df-conformal (even
h-semiconformal) measures for the hyperbolic sys#mshows that = m. The proofis
complete. m|
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Following the case of hyperbolic systems (s&U[L]) we call a parabolic system
regular if there exists alrconformal measure fa¥ supported o’ *. Since such a measure
is h-conformal forS*, as an immediate consequence of Theorem 5.7 we get the following.

COROLLARY 5.8. The parabolic system is regular if and only if the associated syStem
is regular.

Trying to say something about parabolic systems which are not regular, we are led to
introduce the class of strange systems which by definition are those systems for which
there is nor with 0 < P(#) < co. In the hyperbolic case the strange systems coincide
(see MU2]) with systems which are not strongly regular or equivalently with those with
6 = h. This last characterization continues to be true also for parabolic systems and this
class may also be characterized by the requirement of the existence of a rumléch
then turns out to bé = /) such that Pr) = oo forall r < @ and Rt) = O forallr > «.

Let us remark that we do not want to call the strange systems ‘irregular’ since the irregular
hyperbolic systems are precisely those for which no conformal measure exists, whereas for
a strange parabolic system the following questions remain open.

Questions.Can there exist a strange parabolic system such that the associated hyperbolic
system is regular? Can there exist a strange parabolic system with a purely atomic
conformal measure?

We shall prove the following.
PrROPOSITIONS.9. If the systend is strange, then so iS*.

Proof. Sincehg« = hg, P*(r) < Oforallt > hg. So, we are only left to show that
P“(t) = oo for all r < hs. And indeed, fixx < hg. SinceS is strange, B) = oo and
thereforey () = oco. SinceQ is finite, this implies thaEie,\Q ¢/ lI" = oo. But then
() > Zie,\g ¢} lI" = oo. Hence P(r) = oo and we are done. |

Let us briefly touch on the packing measure bfSince J* is dense inJ, as an
immediate consequence of Theorem 5.7 and Lemma 414101 we get the following.

COROLLARY 5.10. Suppose thatS is a parabolic iterated function system and the
associated hyperbolic systest is regular. If J N Int(X) # @ (that is, if the strong open
set condition is satisfied), then thedimensional packing measure bfis positive.

Let us remark here that in Corollary 4.7 we have proved that/ttBmensional
Hausdorff measure of is finite.

Finally, let us give some results about equivalent ergodic invariant measures for regular
systems. As a consequence of Theorem 5.7 we have the following.

COROLLARY 5.11. Suppose thaf is a parabolic iterated function system, the associated
hyperbolic systens* is regular, and letn be the corresponding-conformal measure.
Then there exists a unique probability measureequivalent withm, which is ergodic
and invariant undes* and, up to a multiplicative constant, there exists a unigtfinite
measurew equivalent withn and ergodic invariant undes.
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Proof. The first part of this corollary is an immediate consequence of Theorem 3.8 and
Corollary 3.11 from MU1]. Thatm is h-conformal forsS follows from Theorem 5.7. The

last part is a consequence of this conformality (the meagiires; are therefore absolutely
continuous with respect t0*) and Theorem 5.4. |

COROLLARY 5.12. If the assumptions of Corollary 5.11 are satisfied, thénvariant
measureu produced there is finite if and only if

o
Z Zn Iqb,{n Ih dm < 00,
ieQn=1 “Xi
whereX; = U#i ¢;(X).

Proof. Since, by Theorem 3.8 and Corollary 3.11 from1], m andu* are equivalent
with Radon—Nikodym derivatives bounded away from zero and infinity, it therefore follows
from Theorem 5.5 that is finite if and only if the seried_, ., nm(B,) converges. Since
m(By) =Y icq [y, |$jxI" dm, the proof is complete. - i

COROLLARY 5.13. If for everyi € Q there exists somg; and a constant; > 1 such
thatforalln > 1and forallz € X;

Ci—ln—(ﬁi-i-l)/ﬁi < |¢z{” ()] < Cin—(ﬁi-i-l)/ﬁi’

then theo -finite invariant measurg produced in Corollary 5.11 is finite if and only if

h>2max{ bi :iEQ}.
Bi+1
Proof. The proof is an immediate consequence of Corollary 5.12. |

6. Examples
This section contains examples illustrating some of the ideas developed in this paper. We
begin with the following.

Example 6.1(Apollonian packing) Consider on the complex plane the three points
z; = €¥/3, j = 0,1,2, and the following additional three pointg = /3 — 2,

a1 = (2 — /3)e™/% anda, = (2 — V/3)e /6, Let fo, f1, and f> be the Msbius
transformations determined by the following requiremenigizo) = zo, fo(z1) = az,
fo(z2) = a1, fi(z0) = a2, f1(z1) = z1, f1(z2) = ao, f2(z0) = a1, f2(z1) = ao,

and f2(z2) = z2. SetX = B(0, 1), the closed ball centered at the origin of radius 1.
It is straightforward that the image&(X), f1(X), and f2(X) are mutually tangent (at
the pointsag, a1, anday, respectively) disks whose boundaries pass through the triples
(zo, a1, az), (z1, ao, a2), and(zz, ao, a1), respectively. Of course all the three disksX),
f1(X) and f2(X) are contained inX and are tangent t& at the pointsyg, z1, andzy,
respectively. LetS = {fo, f1, f2} be the iterated function system ahgenerated byfp,

f1, and f2. Notice that all the mapgy, f1, and f2 are parabolic with parabolic fixed points
z0, 71, andzz respectively. It is not difficult to check that all the requirements of a parabolic
system are satisfied. Observe that the limit $edf the parabolic systen§ coincides
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with the residual set of the Apollonian packing generated by the curvilinear triangle with
verticeszo, z1, z2. In [MU3], using a slightly different iterated function system, we have
dealt with geometrical properties @fproving that 1< 4 = HD(J) < 2,0 < H" < oo,
andP"(J) = oo. In this paper we want to study its dynamical properties. Let us first
notice that the systei$i* is regular. Indeed, we proved iMU3] that

() = (vV3-n)z+n
0 —nz+n++/3
and
n\/ 3
(fo) (2) =

(—nz+n++/32
By the symmetry of the situation this implies that
1

I o f) ()] = o
foralli # j. Hencey™ (1) < ) .4 1/n?, wherey*(¢) is the psi function of the system
S* introduced just before Lemma 4.2. Th@éS*) = 1/2 andy*(1/2) = oco. Hence,
it follows from Theorem 3.20 of MIU1] that the systens™ is regular, even more it is
hereditarily regular. Thus, the assumptions of Theorem 5.7 and Corollary 5.11 are satisfied
in our case. Letn be theh-conformal measure fo§ and lety be anS-invarianto -finite
measure equivalent with. We shall prove the following.

THEOREM®6.2. The invariant measurg of the Apollonian systeryo, f1, f2} is finite.

Proof. In the proof of regularity ofS*, we have observed that/f")’| =< 1/n% on X;,
i=0,1,2. Sinceh > 1= Zﬁll, it therefore follows from Corollary 5.13 that is finite.
The proof is complete. m|
Example 6.3 A large class of examples appears already in the case Wtism compact
subinterval of the real lin®. We call such systems one dimensional. If the parabolic
elementsp; of a one-dimensional systei$i have, around parabolic fixed points, a
representation of the form

¢i(x) = x +alx — x) P 4+ o((x — x) ) (6.1)
then (see, e.g.l1])
|¢z/" 0| =< n—(ﬁi-i-l)//f‘i (6_2)

outside every open neighborhoodf Hence the following theorem is a consequence of
Theorem 5.7. and Corollary 5.13.

THEOREM®G6.4. If S is a one-dimensional parabolic system with finite alphabet and
satisfies (6.1), thef§ is regular and anyS-invariant invariant measurg. equivalent with
thehg-conformal measure is finite if and onlyif> 2maxg; /(8; + 1) : i € Q}.

Proof. The regularity ofS* is checked in exactly the same way as in Example 6.1. So,
the systems is regular by Corollary 5.8. Since the other assumptions of Corollary 5.13
are satisfied by (6.2) the proof of this theorem is an immediate consequence of
Corollary 5.13. m|
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COROLLARY 6.5. If S is a one-dimensional parabolic system with finite alphabet, and if
foralli € @, 8; > 1 (or equivalently if all;’s are twice differentiable at;), thenS is
regular and the corresponding invariant measurequivalent with: s-conformal measure
is infinite.
Proof. The proof is an immediate consequence of Theorem 6.4 and the faat that O

We would like to close this section with some examples of strange systems.

Example 6.6.0ur aim here is to describe a class of one-dimensional systems which are
strange. Towards this end consider an arbitrary hyperbolic syStem{¢; : i € I} on
the intervalX = [0, 1] such that/ (0(S)) < oo or equivalently P9(S)) < oo (examples
of such systems may be found in the section Example#tf]]); we may assume that
there is an intervaG = [0, y) with G C X \ |UJ;; ¢i(X). Consider also a parabolic
map¢ : X — G such that 0 is its parabolic point agdhas the following representation
around 0:

P(x) = x — axPT po(xP T,

whered(S) > (8 + 1)/8 > 1 anda > 0. We shall prove the following.

THEOREM®G6.7. If F C I is a sufficiently large finite set, then the syst&m= {¢} U {¢; :
i € I\ F}is strange.

Proof. In view of (6.2) and the relation betwe@iS) andg, there exists a constaat > 1
such that for each € 1, Y",-1 [(#" 0 ¢;) [ < C||}[|°®). Sinceys(6(S)) < oo, for
every sufficiently large finite st C 7 we have(C + 1) ", ¢ 4]1°® < 1. Hence

V5 0) = D 1% + > >l o) I®

iel\F iel\F n>1
I o e
iel\F iel\F
=(C+D Y 14I°® < 1.
iel\F
Hence %F(G(S)) < 0 and therefore, ahS; = hgs,, Ps.(t) = O forallz > 6(S).
On the other hand, since for every < 6(S), ¥s(t) = oo and sinceF is finite,

Vsp () = 191l + X 197 ]I = oo. Hence B, (1) = oo and the proofis completer

Example 6.8 We would like to construct here an example of a parabolic one-dimensional
system which is regular but strange. We start off with a hyperbolic regular but strange
systemS = {¢;}ic; On the interval0, 1] such thaty1(0) = 0 and

J¢i0, 1) = [0, 11.

ieN
A way of constructing such systems is described in Example 5MU1]. Since Lebesgue
measure is a 1-conformal measure$qiso S is regular) and sinc# is strangey (t) = oo
forall0 <t < 1 and R1) = 0. Replace now the contractign by a parabolic element
$1 such that 0 is its parabolic point agg([0, 1]) = ¢; ([0, 1]). Denote the new system
by S. Then obviously) (1) = oo forall 0 <+ < 1 and, consequently,;) = oo for
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all0 <t < 1. Since HQJ;) < 1, Ps(t) = Oforallr > 1. Hence,S is strange and
HD(J5) = 1. Since

¢: (10, 1 [ J{J #: (10, 1> = [0, 13,

i>2

the Lebesgue measukeon the interval[0, 1] is 1-conformal for the systerS. Since
obviouslyAr({¢,(0) : w € N*}) = 0, the systend is regular. O
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