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Abstract. In this paper we introduce and explore conformal parabolic iterated function
systems. We define and study topological pressure, Perron–Frobenius-type operators,
semiconformal and conformal measures and the Hausdorff dimension of the limit set. With
every parabolic system we associate an infinite hyperbolic conformal iterated function
system and we employ it to study geometric and dynamical features (properly defined
invariant measures for example) of the limit set.

1. Introduction
In [MU1] we considered conformal infinite iterated function systems and explored
geometrical and dynamical properties of their limit set. That paper combined and extended
three continuing lines of research. One is the study of an infinite system of similarity maps
(e.g., [MW ]), the second is the study of a finite system of contracting conformal maps
(e.g., [Be], see also [Bo]) and the third is the application of the jump transformation (e.g.,
[ADU, Sch]). We now call the systems considered in [MU1] hyperbolic systems, since the
derivatives of the maps in these systems were required to be uniformly bounded below one.
We continued our investigation of these systems in [MU2] and gave special attention to the
limit sets of iterated function systems arising from the standard (real) continued fraction
algorithm with restricted entries. In [MU3] our subject of interest was the residual set of
the Apollonian packing where we first had to seriously cope with a parabolic system.

In the present paper we develop the theory of general parabolic conformal iterated
function systemsS. Some of our techniques are similar to the methods developed to
analyze jump transformations, see, for example, [Sch, ADU, Y]. In §2, we define what
it means forS to be parabolic and develop some basic results about its limit set and coding
map. In §3, we define the pressure function associated withS and relate this notion to
the standard notion of the pressure of a function. Also, in Theorem 3.5 we show how a
basic geometric condition of our systems, the cone condition, plays a critical role in our
development. This condition allows us to prove a measure theoretic open set condition
holds for the image of any shift-invariant Borel measure on the coding space. This in
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turn allows us to obtain the Billingsley-type formula for the Hausdorff dimension of many
of these measures in Theorem 3.6. Finally, this allows us to determine some important
parameters and features of the pressure function. In §4, we study Perron–Frobenius
operators associated with the systemS and the corresponding semiconformal measures, i.e.
eigen-measures for the dual operators. We also determineh, the Hausdorff dimension of
the limit set of a parabolic iterated function systemS. In contrast to the hyperbolic systems,
there aret-conformal measures fort > h for parabolic systems. In §5, we first describe
the structure of theset-conformal measures witht > h. Then we associate with the system
S an (always infinite) hyperbolic conformal systemS∗ whose limit set may differ from the
limit set of the systemS by at most a countable set. The interplay between the parabolic
system and this more easily analyzed hyperbolic system is our main tool that we use to
studyh-conformal measures for the original systemS. We prove that ifS∗ is regular (or
equivalently possesses anh-conformal measure), then there exists a uniqueh-conformal
measure forS which is atomless. We also study invariant probability measures forS∗
and invariant measures forS (which areσ -finite, but which may happen to be infinite)
equivalent with the conformal measure forS. In particular, we provide necessary and
sufficient conditions for these invariant measures of the original systemS to be finite. We
also show that theh-dimensional Hausdorff measure of the limit set is always finite and
that under the strong open set condition theh-dimensional packing measure is positive. In
§6 we give several illustrative examples. In particular, we return to the Apollonian packing
which was the subject of [MU3]. Here we study the invariant measure equivalent with
h-conformal measure (which is up to a multiplicative constant equal to theh-dimensional
Hausdorff measure) showing that this measure is finite. Some of the arguments given
in [MU3], which used the general theory presented here, are completed. We would like
to mention here that although in [MU3] we have considered a slightly different parabolic
system and a different hyperbolic system derived from it, the results obtained in the present
paper also apply to the setting of [MU3]. We end the paper with a class of one-dimensional
examples.

2. Preliminaries
Our setting is as follows. LetX be a compact connected subset of a Euclidean spaceR

d .
Suppose that we have countably many conformal mapsφi : X → X, i ∈ I , whereI has at
least two elements satisfying the following conditions.
(1) (Open set condition)φi(Int(X)) ∩ φj (Int(X)) = ∅ for all i 6= j .
(2) |φ′

i (x)| < 1 everywhere except for finitely many pairs(i, xi), i ∈ I , for whichxi is
the unique fixed point ofφi and|φ′

i (xi)| = 1. Such pairs and indicesi will be called
parabolic and the set of parabolic indices will be denoted by�. All other indices
will be called hyperbolic.

(3) ∀n ≥ 1,∀ω = (ω1, . . . , ωn) ∈ In if ωn is a hyperbolic index orωn−1 6= ωn, thenφω
extends conformally to an open connected setV ⊂ Rd the same for all suchω and
mapsV into itself.

(4) If i is a parabolic index, then
⋂
n≥0 φin(X) = {xi} and so the diameters of the sets

φin(X) converge to zero.
(5) (Bounded distortion property)∃K ≥ 1, ∀n ≥ 1, ∀ω = (ω1, . . . , ωn) ∈ In,∀x,
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y ∈ V if ωn is a hyperbolic index orωn−1 6= ωn, then

|φ′
ω(y)|

|φ′
ω(x)|

≤ K.

(6) ∃s < 1, ∀n ≥ 1, ∀ω ∈ In if ωn is a hyperbolic index orωn−1 6= ωn, then‖φ′
ω‖ ≤ s.

(7) (Cone condition) There existα, l > 0 such that for everyx ∈ ∂X ⊂ Rd there
exists an open cone Con(x, α, l) ⊂ Int(X) with vertexx, central angle of Lebesgue
measureα, and altitudel.

(8) There are two constantsL ≥ 1 andα > 0 such that

‖φ′
i (y)| − |φ′

i (x)‖ ≤ L‖φ′
i‖|y − x|α,

for everyi ∈ I and every pair of pointsx, y ∈ V .
We call such a system of mapsS = {φi : i ∈ I } a subparabolic iterated function system.

Let us note that conditions (1), (3), and (5)–(7) are modeled on similar conditions which
were used to examine hyperbolic conformal systems in [MU1]. Condition (8) also held
for many of the systems studied in [MU1] but was not a general requirement. We need
this condition in the following. If� 6= ∅, we call the system{φi : i ∈ I } parabolic. As
declared in (2) the elements of the setI \ � are called hyperbolic. We extend this name
to all the words appearing in (5) and (6). ByI∗ we denote the set of all finite words with
alphabetI and byI∞ all infinite sequences with terms inI . It follows from (3) that for
every hyperbolic wordω, φω(V ) ⊂ V . Note that our conditions insure thatφ′

i (x) 6= 0, for
all i andx ∈ V. We provide below without proofs all the geometrical consequences of the
bounded distortion property (5), abbreviated as (BDP), derived in [MU1] which remain
true in our setting. We have for all hyperbolic wordsω ∈ I∗ and all convex subsetsC of V

diam(φω(C)) ≤ ‖φ′
ω‖ diam(C) (BDP1)

and

diam(φω(V )) ≤ D‖φ′
ω‖, (BDP2)

where the norm‖·‖ is the supremum norm taken overV andD ≥ 1 is a universal constant.
Moreover,

diam(φω(X)) ≥ D−1‖φ′
ω‖ (BDP3)

and

φω(B(x, r)) ⊃ B(φω(x),K
−1‖φ′

ω‖r), (BDP4)

for everyx ∈ X, every 0< r ≤ dist(X, ∂V ), and every hyperbolic wordω ∈ I∗. Also,
there exists 0< β ≤ α such that for allx ∈ X and for all hyperbolic wordsω ∈ I∗

φω(Int(X)) ⊃ Con(φω(x), β,D−1‖φ′
ω‖) ⊃ Con(φω(x), β,D−2 diamφω(V ))) (BDP5)

where Con(φω(x), β,D−1‖φ′
ω‖) and Con(φω(x), β,D−2 diam(φω(V ))) denote some

cones with vertices atφω(x), anglesβ, and altitudesD−1‖φ′
ω‖ andD−2 diam(φω(V )),
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respectively. In addition, for everyω ∈ I∗ (not necessarily hyperbolic) and everyx ∈ X,
there existsl(ω, x) > 0 such that

φω(Int(X)) ⊃ Con(φω(x), β, l(ω, x)). (BDP6)

Frequently, referring to (BDP) we will mean either (BDP) itself or one of the properties
(BDP1)–(BDP6). The important point in (BDP6) is that by conformality we can get a cone
with vertexx and opening angleβ lying in φω(X), but we cannot say anything about the
height of this cone unlessω is a hyperbolic word, in which case we have (BDP5). For each
ω ∈ I∗ ∪ I∞, we define the length ofω by the uniquely determined relationω ∈ I |ω|. If
ω ∈ I∗ ∪ I∞ andn ≤ |ω|, then byω|n we denote the wordω1ω2 . . . ωn. Our first aim
in this section is to prove the existence of the limit set. More precisely, we begin with the
following lemma.

LEMMA 2.1. For all ω ∈ I∞ the intersection
⋂
n≥0 φω|n (X) is a singleton.

Proof. Since the setsφω|n (X) form a nested sequence of compact sets, the intersection⋂
n≥0φω|n (X) is not empty. Moreover, it follows from (4) that ifω is of the formτ i∞,

τ ∈ I∗, i ∈ �, then the diameters of the intersection
⋂k
n=0 φω|n (X) tend to zero and, in the

other case, the same conclusion follows immediately from (6). In any case,
⋂
n≥0φω|n (X)

is a singleton and we are done. 2

Slightly improving the argument just given, we have the following.

LEMMA 2.2. limn→∞ sup|ω|=n{diam(φω(X))} = 0.

Proof. Let g(n) = maxi∈�{diam(φin(X))}. Since� is finite it follows from (4) that
limn→∞ g(n) = 0. Let ω ∈ I∞. Given n ≥ 0 consider the wordω|n. Look at the
longest block of the same parabolic element appearing inω|n. If the length of this block
exceeds

√
n then, since due to (2) all the mapsφj , j ∈ I , are Lipschitz continuous with

a Lipschitz constant≤ 1, we have diam(φω|n(X)) ≤ g(
√
n). Otherwise, we can find in

ω|n at least(n − √
n)/

√
n = √

n − 1 distinct hyperbolic indices. It then follows from
(6) (and Lipschitz continuity with a Lipschitz constant≤ 1 of all the mapsφi , i ∈ I ) that
diam(φω|n(X)) ≤ s

√
n−1. The proof is finished. 2

We introduce onI∞ the standard metricd(ω, τ) = e−n, wheren is the largest number
such thatω|n = τ |n. The corollary below is now an immediate consequence of Lemma 2.2.

COROLLARY 2.3. The mapπ : I∞ → X, π(ω) = ⋂
n≥0φω|n (X), is uniformly

continuous.

The limit setJ = JS of the systemS = {φi}i∈I satisfies

J = π(I∞) = ∪i∈I φi(J ).
We recall that the setJ is not necessarily compact if the index setI is infinite.

LEMMA 2.4. If X is a topological disk contained inC, then every parabolic point lies on
the boundary ofX.
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Proof. Suppose on the contrary that a parabolic pointxi ∈ Int(X). LetD1 = {z ∈ C :
|z| < 1} and letR : D1 → Int(X) be the Riemann map (conformal homeomorphism) such
thatR(0) = xi . Consider the compositionR−1 ◦ φi ◦ R : D1 → D1. Then|(R−1 ◦ φi ◦
R)′(0)| = |R′(0)|−1|R′(0)| = 1. Thus by Schwarz’s lemmaR−1◦φi◦R is a rotation. Since
φi = R ◦ (R−1 ◦φi ◦R) ◦R−1, it follows thatφi(X) = R ◦ (R−1 ◦φi ◦R) ◦R−1(X) = X.
This contradiction finishes the proof. 2

3. Topological pressure and associated parameters
Given a setF ⊂ I and a functionf : F∞ → R we define the topological pressure off
with respect to the shift mapσ : F∞ → F∞ to be

PF (σ, f ) = lim
n→∞

1

n
log

( ∑
ω∈Fn

exp

(
sup
τ∈[ω]

n−1∑
j=0

f (σ j (τ ))

))
,

where[ω] = {τ ∈ F∞ : τ ||ω| = ω}. Since the sequence

n 7→ log

( ∑
ω∈Fn

exp

(
sup
τ∈[ω]

n−1∑
j=0

f (σ j (τ ))

))

is subadditive, the limit exists. IfF = I, we suppress the subscriptF and write simply
P(σ, f ) for PI (σ, f ).

We callf : I∞ → R acceptable if it is uniformly continuous and maxi∈I {sup(f |[i])−
inf(f |[i])} < ∞. We shall prove the following.

THEOREM 3.1. If f : I∞ → R is acceptable, then

P(σ, f ) = sup{PF (σ, f )},
where the supremum is taken over all finite subsetsF of I .

Proof. The inequality P(σ, f ) ≥ sup{PF (σ, f )} is obvious. To prove the converse suppose
first that P(σ, f ) < ∞. Fix ε > 0. By the acceptability off, there existsl ≥ 1 such that
|f (ω)− f (τ)| < ε, if ω|l = τ |l andM = maxi∈I {sup(f |[i])− inf(f |[i])} < ∞. Now, fix
k ≥ l. By subadditivity,

1

k
log

( ∑
|ω|=k

exp

(
sup
τ∈[ω]

k−1∑
j=0

f (σ j (τ ))

))
≥ P(f ).

For eachF ⊂ I andm ∈ N, set

0m(F, f ) =
∑
ω∈Fm

exp

(
sup
τ∈[ω]

m−1∑
j=0

f (σ j (τ ))

)
.

So, there existsq ≥ 1 so large that writingF = {1,2 . . . , q} we havek−1 log0k(F, f ) ≥
P(f )− ε. Put

f =
k−1∑
j=0

f ◦ σj .
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Then for everyn ≥ 1, we have

0kn(F, f ) =
∑
ω∈Fkn

exp

(
sup
τ∈[ω]

n−1∑
j=0

f ◦ σkj (τ )
)

≥
∑
ω∈Fkn

exp

( n−1∑
j=0

inf(f |[σkjω])
)

≥
∑
ω∈Fkn

exp

( n−1∑
j=0

inf(f |[σkjω|k ])
)
.

But, if j ≤ n− 1, then inf(f |[σkjω|k ]) ≥ sup
(
f |[σ jkω|k ]

) − ε(k − l)−Ml. Hence,

0kn(F, f ) ≥
∑
ω∈Fkn

exp

( n−1∑
j=0

sup(f |[σkjω|k ])− (k − l)ε −Ml

)

= e−ε(k−l)n−Mln
∑
ω∈Fkn

exp

( n−1∑
j=0

sup(f |[σkjω|k ])
)

=
(
e−ε(k−l)−Ml

∑
τ∈Fk

exp(sup(f |[τ ]))
)n
.

Therefore,

PF (σ, f ) ≥ lim
n→∞

1

kn
log0kn(F, f ) ≥ −ε(k − l)

k
− Ml

k
+ P(f )− ε ≥ P(f )− 3ε,

providedk is large enough. Thus, lettingε ↘ 0, the theorem follows. The case P(σ, f )
= ∞ can be treated similarly. 2

Looking at this theorem we should notice that our definition of pressure coincides with a
more complicated one given in [Sa] although we will not use this information in our paper.
We say aσ -invariant Borel probability measureµ on I∞ is finitely supported provided
there exists a finite setF ⊂ I such thatµ(F∞) = 1. The well-known variational principle
(see [Wa], cf. [PU]) tells us that for every finite setF ⊂ I

PF (f ) = sup

{
hµ(σ)+

∫
f dµ

}
,

where the supremum is taken over allσ -invariant ergodic Borel probability measuresµ
with µ(F∞) = 1. Applying Theorem 3.1, we therefore get the following.

THEOREM 3.2. If f : I∞ → R is acceptable, then

P(σ, f ) = sup

{
hµ(σ)+

∫
f dµ

}
,

where the supremum is taken over allσ -invariant ergodic Borel probability measuresµ
which are finitely supported.

Our next goal is to relate the pressure of the ‘volume potential’ functiong to the way
pressure is defined in [MU1]. We consider the functiong : I∞ → R given by the formula

g(ω) = log |φ′
ω1
(π(σ(ω)))|.

Using condition (8), we shall prove the following.
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PROPOSITION3.3. The functiong defined above is acceptable.

Proof. Fix n ≥ 1 andω, τ ∈ I∞ such thatω|n = τ |n. It then follows from (8) that

|g(ω)− g(τ)| = | log |φ′
ω1
(π(σ(ω)))| − log |φ′

ω1
(π(σ(τ )))||

≤ ||φ′
ω1
(π(σ(ω)))| − |φ′

ω1
(π(σ(τ )))||

min{|φ′
ω1
(π(σ(ω)))|, |φ′

ω1
(π(σ(ω)))|}

≤ L
‖φ′

ω1
‖

min{|φ′
ω1
(π(σ(ω)))|, |φ′

ω1
(π(σ(ω)))|} |π(σ(ω))− π(σ(τ))|α.

If ω1 is a hyperbolic index, then using the bounded distortion property we get

|g(ω)− g(τ)| ≤ LK|π(σ(ω))− π(σ(τ))|α.

On the other hand, since there are only finitely many parabolic indices, there is a positive
constantM such that ifω1 is parabolic then

|g(ω)− g(τ)| ≤ LM|π(σ(ω))− π(σ(τ))|α.

Let L′ = Lmax{K,M}. SinceX being compact is bounded, takingn = 1, it follows
from the last inequalities that maxi∈I {sup(g|[i]) − inf(g|[i])} ≤ L′ diamα(X) < ∞. The
uniform continuity ofg follows from inequality|g(ω)−g(τ)| ≤ L′|π(σ(ω))−π(σ(τ))|α
and Corollary 2.3. The proof is complete. 2

In [MU1], for eacht ≥ 0 we have defined P(t) by the formula

P(t) = lim
n→∞

1

n
log

∑
|ω|=n

‖φ′
ω‖t ,

where‖φ′
ω‖ = sup{|φ′

ω(x)| : x ∈ X}. This analytic definition was used simply because
many dynamic and geometric facts about the limit set can be garnered from its basic
properties as a real function. Similarly, we define for eachW ⊂ X

PW(t) = lim
n→∞

1

n

∑
|ω|=n

‖φ′
ω‖tW ,

where‖φ′
ω‖W = sup{|φ′

ω(x)| : x ∈ W }. Let us note that

PW(t) = inf

{
s :

∑
n≥1

∑
|ω|=n

‖φ′
ω‖tW e−sn < ∞

}
.

We now introduce some notation. For eachi ∈ �, let Ipgi = {ω ∈ Ip : ωp 6= i}.

LEMMA 3.4. P(σ, tg) = P(t).

Proof. First, we show P(t) = PJ (t). Clearly, PJ (t) ≤ P(t). To prove the converse
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inequality, suppose PJ (t) < s. Then using (5)

∑
n≥1

∑
|ω|=n

‖φ′
ω‖t e−sn =

∑
n≥1

∑
|ω|=n,ωn /∈�

‖φ′
ω‖t e−sn +

∑
n≥1

∑
i∈�

n∑
k=1

∑
ω∈In−kgi

‖φ′
ωik

‖t e−sn

≤ Kt
∑
n≥1

∑
|ω|=n,ωn /∈�

‖φ′
ω‖tJ e−sn

+Kt
∑
n≥1

∑
i∈�

n∑
k=1

∑
ω∈In−kgi

‖φ′
ωi‖tJ e−sn

≤ Kt
∑
n≥1

∑
|ω|=n,ωn /∈�

‖φ′
ω‖tJ e−sn

+Kt
∑
n≥1

∑
i∈�

n∑
k=1

∑
ω∈In−kgi

‖φ′
ωi‖tJ e−s(n−k+1)

≤ Kt
∑
n≥1

∑
|ω|=n

‖φ′
ω‖tJ e−sn < ∞.

So, P(t) ≤ s and consequently P(t) ≤ PJ (t). Next, we compute

P(σ, tg) = lim
n→∞

1

n
log

∑
|ω|=n

exp

(
sup
τ∈[ω]

n−1∑
j=0

tg(σ j (τ ))

)

= lim
n→∞

1

n
log

∑
|ω|=n

exp

(
sup
τ∈[ω]

n∑
j=1

t log |φ′
ωj
(π(σ j (τ )))|

)

= lim
n→∞

1

n
log

∑
|ω|=n

sup
τ∈[ω]

|φ′
ω(π(σ

nτ))|t

= lim
n→∞

1

n
log

∑
|ω|=n

‖φ′
ω‖J = PJ (t) = P(t).

The proof is complete. 2

Our next goal is to prove that the image of all shift-invariant measures satisfies a measure
theoretic open set condition. At this point we make essential use of the cone condition.

THEOREM 3.5. If µ is a shift-invariant Borel probability measure onI∞, then

µ ◦ π−1(φτ (X) ∩ φρ(X)) = 0

for all incomparable wordsτ, ρ ∈ I∗.

Proof. We begin by describing a situation which we show to be impossible. Suppose that
there exist a pointx ∈ X, an integerq ≥ 1 and an increasing sequence{nk}k≥1 of positive
integers along with pairwise different wordsρ(k), τ (k) ∈ Enk such that

x ∈ φτ(k)(X) ∩ φρ(k) (X)
andρ(k)|nk−q = τ (k)|nk−q . Passing to a subsequence we may assume thatnk+1 − nk > q

for every k ≥ 1. We shall construct by induction with respect tok ≥ 1 a sequence
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{Ck}k≥1 such that for everyk, Ck consists of at leastk + 1 incomparable words from
{ρ(j), τ (j) : j ≤ k}.

Indeed, setC1 = {ρ(1), τ (1)}. Suppose now thatCk has been defined. Ifρ(k+1) does
not extend any word inCk, then we formCk+1 by addingρ(k+1) to Ck. We can do a
similar thing in the case whenτ (k+1) does not extend any word inCk. If, on the other
hand,ρ(k+1) extends some wordκ in Ck andτ (k+1) extends a wordη in Ck, thenκ andη
are both extended byρk+1 since, forj ≤ k, |ρ(j)|, |τ (j)| ≤ nj ≤ nk, nk+1 > nk + q, and
ρ(k+1)|nk+1−q = τ (k+1)|nk+1−q . Since the words inCk are incomparable,κ = η and this
is the only word inCk which is extended by bothρ(k+1) andτ (k+1). In this case we form
Ck+1 by taking awayκ and adding bothρ(k+1) andτ (k+1). Now the sets{φκ(X) : κ ∈ Ck}
are nonoverlapping since the words are incomparable. By (BDP6) we getk + 1 pairwise
disjoint open cones each with vertexx and opening angleβ. This is clearly impossible if
k is large enough. So it is impossible to have such a pointx.

Let µ be a shift-invariant probability measure and suppose thatµ ◦ π−1(φτ (X) ∩
φρ(X)) > 0 for some incomparable wordsτ, ρ ∈ I∗. Without loss of generality we
may assume that|τ | = |ρ|. PutE = φτ (X) ∩ φρ(X) and set

E∞ =
∞⋂
k=0

∞⋃
n=k

⋃
|ω|=n

φω(E).

In view of what we have just proved,E∞ = ∅. On the other hand, by (BDP6) for every
n ≥ 0, each element ofX belongs to at most 1/β elements ofφω(X), ω ∈ In (we assume
thatλd−1(S

d−1) = 1). Using this andσ -invariance of measureµ, we get for everyn ≥ 0

µ ◦ π−1
( ⋃

|ω|=n
φω(E)

)
≥ β−1

∑
|ω|=n

µ ◦ π−1(φω(E)) ≥ β−1
∑

|ω|=n
µ(ωπ−1(E))

= β−1µ ◦ π−1(E),

whereωA = {ωκ : κ ∈ A} for every setA ⊂ I∞. Hence, for everyk ≥ 0, µ ◦
π−1(

⋃∞
n=k

⋃
|ω|=n φω(E)) ≥ β−1µ ◦ π−1(E), and thereforeµ ◦ π−1(E∞) ≥ β−1µ ◦

π−1(E) > 0. This contradiction finishes the proof. 2

Let
θ = θ(S) = inf{t ≥ 0 : P(t) < ∞}.

Following [MU1] we call θ the finiteness parameter of the systemS. If µ is a Borel
probability measure supported onX, we denote the Hausdorff dimension ofµ by HD(µ),
the infimum of the Hausdorff dimensions of sets withµ measure 1. Letα = {[i] : i ∈ I }
be the partition ofI∞ into initial cylinders of length 1. We let Hµ(α) denote the entropy of
the partitionα with respect toµ. Taking into account Theorem 3.5, the following theorem
relating the Hausdorff dimension of a measure and the ratio of the entropy to the Lyuponov
exponent was proven in [HMU ] and [U2] for hyperbolic systems.

THEOREM 3.6. If µ is a shift-invariant ergodic Borel probability measure onI∞ such that
Hµ(α) < ∞, χµ(σ) = ∫ −g dµ < ∞ and eitherχµ(σ) > 0 or hµ(σ) > 0 (hµ(σ) > 0
impliesχµ(σ) > 0), then

HD(µ ◦ π−1) = hµ(σ)

χµ(σ)
.
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The same proof goes through in our case, replacing only the bounded distortion property
by the consequence of (8) which says that|φ′

i (y)|/|φ′
i(x)| ≤ exp(L|y − x|α) for all i ∈ I

and allx, y ∈ V . Let

β = β(S) = sup{HD(µ ◦ π−1)},

where the supremum is taken over all ergodic finitely supported (so shift-invariant)
measures of positive entropy. Of course there are many such measures. We shall prove
the following.

PROPOSITION3.7. The pressure functionP(t) has the following properties:

(1) P(t) ≥ 0 for all t ≥ 0;
(2) P(t) > 0 for all 0 ≤ t < β;
(3) P(t) = 0 for all t ≥ β;
(4) P(t) is non-increasing;
(5) P(t) is strictly decreasing on[θ, β];
(6) P(t) is continuous and convex on(θ,∞).

Proof. (1) Let i be a parabolic index and letxi be the corresponding parabolic point.
Thenπ(i∞) = xi and letµ be the Dirac measure supported oni∞. Of course,µ is
ergodic, finitely supported, and

∫
tg dµ = t log |φ′

i (xi)| = 0. Hence, by Theorem 3.2 and
Proposition 3.3, P(σ, tg) ≥ hµ(σ)+ ∫

tg dµ = 0 and (1) is proved.

(2) Suppose that 0≤ t < β. Then there exists an ergodic,σ -invariant finitely supported,
measureµ of positive entropy such that HD(µ ◦ π−1) > t . So, Theorem 3.6 applies to
give t < HD(µ ◦ π−1) ≤ hµ(σ)/χµ(σ) which, due to Theorem 3.2 and Proposition 3.3,
implies that P(σ, tg) ≥ hµ(σ)+

∫
tg dµ > 0.

(3) Suppose that P(t) > 0 for somet ≥ 0. Then in view of Theorem 3.2 and
Proposition 3.3, there exists an ergodicσ -invariant finitely supported measureµ such
that hµ(σ) − tχµ(σ ) > 0. Therefore, hµ(σ) > 0 and hence, by Theorem 3.5,t <
hµ(σ)/χµ(σ) = HD(µ ◦ π−1) ≤ β. We are done.

(4) Suppose thatt1 < t2. It is clear from the definition of pressure that P(t2) = ∞
implies P(t1) = ∞. So, we may assumeθ ≤ t1 < t2. Fix ε > 0. By Theorem 3.2
and Proposition 3.3 there exists an ergodic finitely supported measureµ2 such that
hµ2(σ )+

∫
t2g dµ2 ≥ P(σ, t2g)−ε. Then by Theorem 3.2 and Proposition 3.3, P(σ, t1g) ≥

hµ2(σ ) + ∫
t1g dµ2 = hµ2(σ ) + ∫

t2g dµ2 + ∫
(t1 − t2)g dµ2 ≥ hµ2(σ ) + ∫

t2g dµ2 ≥
P(σ, t2g)− ε. Lettingε ↘ 0, we are done.

(5) Supposeθ ≤ t1 < t2 < β. Since P(σ, t2g) > 0, in view of Theorem 3.2 and
Proposition 3.3 there exists an ergodicσ -invariant finitely supported, measureµ2 such that

hµ2(σ )+
∫
t2g dµ2 ≥ max

{
1

2
,1 − t2 − t1

4β

}
P(σ, t2g). (3.1)

Then hµ2(σ ) ≥ P(σ, t2g)/2 > 0 and therefore, by Theorem 3.6, hµ2(σ )/χµ2(σ ) =
HD(µ2 ◦ π−1) ≤ β. Hence

∫ −g dµ2 ≥ hµ2(σ )/β ≥ P(σ, t2g)/2β. Thus, using (3.1),
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Theorem 3.2, and Proposition 3.3, we get

P(σ, t1g) ≥ hµ2(σ )+
∫
t1g dµ2 = hµ2(σ )+

∫
t2g dµ2 +

∫
(t1 − t2)g dµ2

≥ P(σ, t2g)− P(σ, t2g)
t2 − t1

4β
+ P(σ, t2g)

t2 − t1

2β

= P(σ, t2g)+ P(σ, t2g)
t2 − t1

4β
> P(σ, t2g).

(6) An application of H¨older’s inequality shows that each function

t 7→
∑

|ω|=n
exp

(
sup
τ∈[ω]

n−1∑
j=0

g(σ j (τ ))

)

is log convex. Therefore the mapt 7→ P(t), t ∈ (θ,∞), is convex and consequently
continuous. 2

Let us remark that it is possible thatβ = θ. We will call such systems ‘strange’ and
deal with them in more detail in §§5 and 6. Also, although it can happen thatθS = 0, we
always have P(0) ≥ log 2 and thereforeh > 0.

4. The Perron–Frobenius operator, semiconformal measures, and Hausdorff dimension
It follows from Proposition 3.7 thatβ is the first zero of the pressure function. We shall
provide below more characterizations of this number. Givent > θ(S) we define the
associated Perron–Frobenius operator acting onC(X) as follows:

Lt (f )(x) =
∑
i∈I

|φ′
i (x)|t f (φi(x)).

Notice that thenth composition ofL satisfies

L
n
t (f )(x) =

∑
|ω|=n

|φ′
ω(x)|t f (φω(x)).

Consider the dual operatorL∗
t acting on the space of finite Borel measures onX as follows:

L
∗
t (ν)(f ) = ν(Lt (f )).

Notice that the mapν 7→ L∗
t (ν)/L

∗
t (ν)(1) sending the space of Borel probability measures

into itself is continuous and by the Schauder–Tichonov theorem it has a fixed point. In
other words,L∗

t (ν) = λν, for some probability measureν, whereλ = L∗
t (ν)(1) > 0.

A probability measurem is said to be(λ, t)-semiconformal provided thatL∗
t (m) = λm.

If λ = 1 we simply speak aboutt-semiconformal measures. Repeating a short argument
from the proof of Theorem 3.6 of [MU1] we shall first prove the following.

LEMMA 4.1. If m is a (λ, t)-semiconformal measure for the systemS with λ > 0, then
m(J ) = 1.

Proof. For eachn ≥ 1, letXn = ∪|ω|=nφω(X). The setsXn form a descending family
and

⋂
n≥1Xn = J . Notice that11X|ω| ◦ φω = 11X for all ω ∈ I∗ and, therefore, using

https://doi.org/10.1017/S0143385700000778 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385700000778


1434 R. D. Mauldin and M. Urbánski

(λ, t)-semiconformality ofm, we obtain for everyn ≥ 1

λnm(Xn) =
∫

11Xn dL
∗n
t (m) =

∫
L
n
t (11Xn) dm =

∫ ∑
|ω|=n

|φ′
ω|t (11Xn ◦ φω) dm

=
∫ ∑

|ω|=n
|φ′
ω|t dm =

∫
11X dL∗n

t (m)

=
∫
λn11X dm = λn.

Thus,m(Xn) = 1 and thereforem(J ) = m(
⋂
n≥1Xn) = 1. The proof is complete. 2

We set
ψn(t) =

∑
|ω|=n

‖φ′
ω‖t .

We note thatθ(S) = inf{t : ψ(t) = ψ1(t) < ∞}. In order to demonstrate the existence of
(eP(t), t)-semiconformal measures, we shall prove the following.

LEMMA 4.2. If t > θ(S) andL∗
t (m) = λm for some measurem onX, thenλ = eP(t).

Proof. We first show the easier part thatλ ≤ eP(t). Indeed, for alln ≥ 1

λn =
∫
L
n
t (11X) dm =

∫ ∑
|ω|=n

|φ′
ω(x)|t dm(x) ≤

∫ ∑
|ω|=n

‖φ′
ω‖t dm =

∑
|ω|=n

‖φ′
ω‖t

and therefore

logλ ≤ lim
n→∞

1

n
log

∑
|ω|=n

‖φ′
ω‖t = P(t). (4.1)

In order to prove the opposite inequality, for eachp ≥ 1, let Tp = ∑
ω∈Ipg ‖φ′

ω‖t , where

I
p
g is the set of those wordsω ∈ Ip such thatωp−1, ωp are not the same parabolic element.

For eachn,

ψn(t) =
∑

|ω|=n
‖φ′

ω‖t

≤
∑
ω∈Ing

‖φ′
ω‖t +

∑
i∈�

∑
ω∈In−1

g

‖φ′
ω‖t‖φ′

i‖t +
∑
i∈�

∑
ω∈In−2

g

‖φ′
ω‖t‖φ′

ii‖t

+ · · · +
∑
i∈�

‖φ′
in‖t

≤
n∑
k=0

#�Tk,

whereT0 = 1. Take 0≤ q(n) ≤ n, that maximizesTk. Thenψn ≤ (n + 1)#�Tq(n) and
therefore

P(t) = lim
n→∞

1

n
logψn ≤ lim inf

n→∞

(
log(n+ 1)

n
+ q(n)

n
· 1

q(n)
logTq(n) + 1

n
log #�

)

≤ max

{
0, lim sup

n→∞
1

n
logTn

}
. (4.2)
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Let
L̃
n
t (1) =

∑
ω∈Ing

|φ′
ω|t .

It follows from condition (5) that for alln ≥ 1, ω ∈ Ing and allx ∈ X
‖φ′

ω‖t ≤ Kt |φ′
ω(x)|t .

Summing, we haveTn ≤ Kt L̃nt (1)(x) and integrating this inequality with respect to the
measurem, we get

Tn ≤ Kt

∫
L̃nt (1)(x) dm(x) ≤ Ktλn.

Thus, by (4.2)

P(t) ≤ max

{
0, lim sup

n→∞
1

n
logTn

}
≤ max{0, logλ}.

If now t < β(S), then by Proposition 3.7(2), P(t) > 0, and we therefore get P(t) ≤ logλ.
Thus, we are done in this case. So, suppose thatt ≥ β(S). Then by Proposition 3.7(3),
P(t) = 0 and in view of (4.1) we are left to show thatλ ≥ 1. In order to do this, fix an
arbitrary 0< η < 1. It follows from conditions (4) and (2) that for alln large enough, say
n ≥ n0, |φ′

in(x)| ≥ ηn for all i ∈ � and allx ∈ X. Fix j ∈ �. We then have for alln ≥ n0

λn =
∫

11dL∗n(m) =
∫ ∑

|ω|=n
|φ′
ω|t dm ≥

∫
|φ′
jn |t dm ≥

∫
ηtn dm = ηtn.

Thusλ ≥ ηt and lettingη ↗ 1 we getλ ≥ 1. The proof is complete. 2

LEMMA 4.3. For everyt > θ(S) a (P(t), t)-semiconformal measure exists.

Proof. In view of Lemma 4.2, it suffices to prove the existence of an eigenmeasure of the
conjugate operatorL∗

t . But this has been done in the paragraph preceding Lemma 4.1
which completes the proof. 2

Let e = e(S) be the infimum of the exponents for which at-semiconformal measure
exists. We shall shortly see that this infimum is a minimum. Also, leth = hS be the
Hausdorff dimension of the limit setJ . As an immediate consequence of Proposition 3.7(3)
and Lemma 4.3 we get the following.

LEMMA 4.4. e(S) ≤ β(S).

Now, suppose thatm is t-semiconformal or equivalently∫ ∑
ω∈In

|φ′
ω|t (f ◦ φω) dm =

∫
f dm, (4.3)

for every continuous functionf : X → R. Since this equality extends to all bounded
measurable functionsf , we get

m(φω(A)) =
∑
τ∈In

∫
|φ′
τ |t (1φω(A) ◦ φτ ) dm ≥

∫
A

|φ′
ω|t dm (4.4)

for all n ≥ 1,ω ∈ In and all Borel subsetsA of X.
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Our next task in this section is to note thath ≤ e. But this follows immediately from
the following lemma whose proof, using (4.3), is the same as the proof of Lemma 4.3 of
[MU1].

LEMMA 4.5. If m is a t-semiconformal measure, thenHt J � m and the Radon–
Nikodym derivativedHt /dm is uniformly bounded from above.

Since obviouslyβ ≤ h, we have thus proved the following.

THEOREM 4.6. e = β = h = the minimal zero of the pressure function.

As an immediate consequence of Lemma 4.5, Lemma 4.3, Proposition 3.7(3), and
Theorem 4.6 we get the following

COROLLARY 4.7. Theh-dimensional Hausdorff measure of the limit setJ is finite.

5. The associated hyperbolic system. Conformal and invariant measures
In this section we describe how to associate to our parabolic system a new system which
is hyperbolic, and we apply its properties to study the original system, in particular to
prove the existence ofh-conformal measures. However, we begin this section with a result
describing the structure oft-semiconformal measures with exponentst > h. Let

�∗ = {φω(xi) : i ∈ �,ω ∈ I∗}.
So,�∗ is the set of orbits of parabolic points. The following theorem allows us to conclude
that at-semiconformal measure is conformal provided the parabolic orbits do not mix.

THEOREM 5.1. If t > h andmt is a t-semiconformal measure, thenmt is supported on
�∗, that ismt(�∗) = 1. If for everyω ∈ I∗ and everyi ∈ �, π−1(φω(xi)) = ωi∞, then
eacht-semiconformal measure (t > h) is t-conformal.

Proof. For everyr > h, letmr be anr-semiconformal measure. Note that the existence
of at least one such measure (for everyr > h) has been proved in Lemma 4.3, cf. also
Proposition 3.7(3) and Theorem 4.6. Repeating the reasoning from Proposition 3.6 of
[MU1], we see that for everyr > h there exists a Borel probability measurem̃r on I∞
such thatm̃r ◦ π−1 = mr andm̃r([ω]) = ∫ |φ′

ω|r dmr, for all ω ∈ I∗. Now, fix t > h and
h < s < t . Let �̃∗ = {ωi∞ : i ∈ �,ω ∈ I∗}. If ω /∈ �̃∗, then there exists an increasing
infinite sequence{nk}∞k=1 such that eitherωnk /∈ � or ωnk−1 6= ωnk . In either case, using
condition (5) we get

mt([ω|nk ]) =
∫

|φ′
ωnk

|t dmt ≤ ‖φ′
ωnk

‖t = ‖φ′
ωnk

‖t−s‖φ′
ωnk

‖s

≤ ‖φ′
ωnk

‖t−sKs

∫
|φ′
ωnk

|s dms = K−s‖φ′
ωnk

‖t−sms([ω|nk ]). (5.1)

It immediately follows from conditions (6) and (2) that limk→∞ ‖φ′
ωnk

‖ = 0. Combining

this and (5.1) we conclude that̃mt(I∞ \ �̃∗) = 0 or equivalentlymt(�̃∗) = 1. Since
π−1(�∗) ⊃ �̃∗, we getmt(�∗) = m̃t ◦ π−1(�∗) ≥ m̃t (�̃∗) = 1. The proof of the first
part of Theorem 5.1 is complete. The proof of the second part is an immediate consequence
of (4.3) applied to the indicator functions of the sets of the formφω(A), whereω ∈ I∗ and
A is a Borel subset ofX. 2
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Consider now the systemS∗ generated byI∗, where

I∗ = {φinj : n ≥ 1, i ∈ �, i 6= j } ∪ {φk : k ∈ I \�}.
It immediately follows from our assumptions that the following is true.

THEOREM 5.2. The systemS∗ is a hyperbolic conformal iterated function system.

The limit set generated by the systemS∗ is denoted byJ ∗.

LEMMA 5.3. The limit setsJ andJ ∗ of the systemsS andS∗, respectively, differ only by
a countable set:J ∗ ⊂ J andJ \ J ∗ is countable.

Proof. Indeed, it is obvious thatJ ∗ ⊂ J. On the other hand, the only infinite words
generated byS but not generated byS∗ are of the formωi∞, whereω is a finite word
andi is a parabolic element ofS. 2

Definition. If S is an iterated function system with limit setJ, then a measureν supported
onJ is said to be invariant for the systemS provided

ν(E) = ν

( ⋃
i∈I
φi(E)

)

andν is said to be ergodic for the systemS providedν(E) = 0 orν(J \E) = 0 whenever
ν(E1

⋃
i∈I φi(E)) = 0.

Let us set some notation. LetJ0 ⊂ J consist of all points with a unique code underS.
For eachx = π(ω) ∈ J0 expressω = inτ , wherei is a parabolic element,n ≥ 0, τ1 6= i

and definen(x) = n. For eachk ≥ 0, put

Bk = {x ∈ J0 : n(x) = k} and Dk = {x ∈ J0 : n(x) ≥ k}.
THEOREM 5.4. Suppose thatµ∗ on J ∗ is a probability measure invariant underS∗ and
µ∗(J0) = 1. Define the measureµ by setting for each Borel setE ⊂ J0,

µ(E) =
∑
k=0

∑
|ω|=k

µ∗(φω(E) ∩Dk) =
∑
k≥1

∑
i∈�

µ∗(φik (E))+ µ∗(E). (5.2)

Thenµ is a σ -finite invariant measure for the systemS andµ∗ is absolutely continuous
with respect toµ. If, for eachi ∈ I, the measureµ∗ ◦ φi is absolutely continuous with
respect to the measureµ∗, thenµ andµ∗ are equivalent and ifµ∗ is ergodic for the
systemS∗, thenµ is ergodic for the systemS. Moreover, in this last caseµ is unique up to
a multiplicative constant.

Proof. Let us check first thatµ is S-invariant. Indeed,

µ

( ⋃
j∈I

φj (E)

)
=

∞∑
k≥1

∑
i∈�

µ∗
(
φik

( ⋃
j∈I

φj (E)

))
+

∑
j∈I

µ∗(φj (E))

=
∞∑
k=1

∑
i∈�

∑
j∈I

µ∗(φikj (E))+
∑
j∈I

µ∗(φj (E))
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=
∞∑
k=1

∑
i∈�

∑
j∈I

µ∗(φikj (E) ∩Dk+1)+
∞∑
k=1

∑
i∈�

∑
j∈I

µ∗(φikj (E) ∩ Bk)

+
∑
j∈I

µ∗(φj (E))

=
∞∑
k=2

∑
i∈�

µ∗(φik (E))+
∞∑
k=1

∑
i∈�

∑
j 6=i

µ∗(φikj (E))+
∑
j∈I

µ∗(φj (E))

=
∞∑
k=2

∑
i∈�

µ∗(φik (E))+ µ∗(E)+
∑
j∈�

µ∗(φj (E)) = µ(E),

where the last equality holds due to invariance ofµ∗ underS∗. The invariance ofµ has been
proved. SinceJ0 = ⋃

n≥0Bn, in order to show thatµ is σ -finite it suffices to demonstrate
thatµ(Bn) < ∞ for everyn ≥ 0. And indeed, givenn ≥ 0 we have

µ(Bn) =
∑
k≥1

∑
i∈�

µ∗(φik (Bn))+ µ∗(Bn). (5.3)

Now, for everyi ∈ �,
φik (Bn) ⊂ Bk ∪ Bn+k.

Hence,µ(Bn) ≤ 2#�
∑∞
k=0µ

∗(Bk) = 2#�µ∗ (⋃∞
k=0Bk

) = 2#�µ∗(X) = 2#�. Thus,µ
is σ -finite. It follows in turn from (5.2) thatµ(E) = 0 impliesµ∗(E) = µ∗(E ∩D0) = 0.
So,µ∗ is absolutely continuous with respect toµ.

Now suppose that for eachi ∈ I, the measureµ∗ ◦ φi is absolutely continuous with
respect to the measureµ∗. If µ∗(E) = 0, thenµ∗(φω(E)) = 0 for all ω ∈ I∗. Thus, it
follows from (5.2) thatµ(E) = 0 and the equivalence ofµ andµ∗ is shown. Suppose now
thatE is S-invariant, implying that

⋃
i∈I φi(E) ⊂ E. Then

⋃
ω∈I∗ φω(E) ⊂ E and, since

µ∗ is ergodic, eitherµ∗(E) = 0 orµ∗(Ec) = 0. Sinceµ is absolutely continuous with
respect toµ∗, this implies that eitherµ(E) = 0 orµ(Ec) = 0. Henceµ is ergodic and the
proof is complete. 2

THEOREM 5.5. If the assumptions of Theorem 5.4 are satisfied, then theσ -finite measure
µ produced there is finite if and only if∑

n≥1

nµ∗(Bn) < ∞.

Proof. Let us setBin = {x ∈ J0 : x = π(jnτ), j ∈ � \ {i}, τ ∈ I∞, τ1 6= j } and
Di = ⋃

n≥0B
i
n. By (5.3), we can write

µ(J ) =
∑
n≥0

µ(Bn) =
∑
n≥0

∑
k≥0

∑
i∈�

µ∗(φik (Bn))

=
∑
k≥0

∑
n≥0

µ∗(Bk+n)+
∑
k≥0

∑
n≥0

∑
i∈I

µ∗(φik (Bin))

=
∑
k≥0

∑
n≥0

µ∗(Bk+n)+
∑
k≥0

∑
i∈�

µ∗(φik (Di))

=
∑
n≥0

(n+ 1)µ∗(Bn)+
∑
n≥0

µ∗(Bn) =
∑
n≥0

(n+ 2)µ∗(Bn).

The proof is therefore complete. 2
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We recall from [MU1] that a probability measurem is said to bet-conformal for the
systemS providedm(J ) = 1 and for every Borel setA ⊂ X and everyi, j ∈ I with i 6= j ,

m(φi(A)) =
∫
A

|φ′
i |t dm (5.4)

and

m(φi(X) ∩ φj (X)) = 0. (5.5)

A straightforward computation shows (e.g. [MU1, p. 118]) that anyt-conformal measure
is t-semiconformal. We also recall from [MU1] that a conformal hyperbolic system is
regular if P(h) = 0 or equivalently anh-conformal measure exists. We shall now prove a
little but useful lemma concerning general hyperbolic systems.

LEMMA 5.6. If S = {φi : X → X, i ∈ I } is a regular hyperbolic conformal iterated
function system, then itshS-conformal measure is atomless.

Proof. Suppose to the contrary thatm(z) > 0 for somez ∈ J . Then, by Corollary 3.11
of [MU1], m̃(ω) > 0 for someω ∈ π−1(z), where m̃ is the measure produced in
Lemma 3.6 of [MU1]. Let µ∗ be theσ -invariant probability measure produced in
Theorem 3.8 of [MU1]. Since for everyn, µ∗(σn(ω)) ≥ µ∗(ω) > 0 andµ∗ is a
probability measure,ω is eventually periodic meaning that there existk ≥ 0 andq ≥ 1
such thatσq(σ k(ω)) = σk(ω). Therefore, we can writeσk(ω) = τ∞, for some
τ ∈ I∗. Sincem(π(ω)) > 0, m(π(τ∞)) > 0 and by the conformality ofm, we have
m(π(τ∞)) = m(φτ (π(τ

∞))) = ∫
π(τ∞) |φ′

τ |hS dm < m(π(τ∞)) which is a contradiction,
finishing the proof. 2

THEOREM 5.7. Suppose thatS is a parabolic conformal iterated function system and the
associated hyperbolic systemS∗ is regular. Thenm, theh-conformal measure forS∗, is
alsoh-conformal forS andm is the onlyh-semiconformal measure forS.

Proof. Let m be theh-conformal measure for the systemS∗. We will first show thatm
is h-conformal for the systemS over the limit setJ. We will then associate withS one
more hyperbolic systemS∗∗ and use some properties of this system to verify thatm is
h-conformal forS. Sincem(J ∗) = 1, the probability measurem clearly satisfies the first
condition for conformality:m(J ) = 1. Next, we will show thatm satisfies equation (5.4)
for all Borel subsetsA of J. SinceJ \J ∗ is countable andm is atomless, it suffices to show
that (5.4) holds for Borel subsets ofJ ∗. Also, since (5.4) holds wheneveri is a hyperbolic
index even for Borel subsets ofX, we only need to verify (5.4) for parabolic indices. Let

G = {A : A is a Borel subset ofJ ∗ and (5.4) holds∀i ∈ �}.
SinceG is closed under monotone limits, it suffices to show that (5.4) holds for every subset
U of J ∗ which is relatively open. Let

0 = {ω ∈ I∞∗ : ω = (a1b1), (a2b2), (a3b3), . . . ; ∀n, an, bn ∈ �, bn 6= an, an+1}.
Let W = π(0). Using Theorem 3.8 from [MU1] and the Birkhoff ergodic theorem,
we see thatm(W) = 0 andm(φi(W)) = 0,∀i ∈ �. Let us demonstrate that if
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i ∈ � andω = (ω1, ω2, ω3, . . . ) ∈ I∞∗ \ 0, then there is somel such that for every
k ≥ l, (ω1, . . . , ωk) ∈ I∗∗ and the concatenationi ∗ω1 ∗ · · · ∗ωk can be parsed (or
regrouped) so that it represents an element ofI∗∗ . To see this, first suppose thatω1 ∈ I \�.
Thenl = 1 sincei ∗ω1 ∗ · · · ∗ωk can be parsed asiω1, ω2, . . . ωk which is an element of
I∗∗ . Now, supposeω1 = pnq wherep ∈ � andp 6= q. If p = i, then againl = 1, since
i ∗ω1 ∗ · · · ∗ωk can be parsed asin+1q, ω2, . . . ωk which is an element ofI∗∗ . If i 6= p and
n > 1, theni ∗ω1 ∗ · · · ∗ωk can be parsed as(ip, pn−1q, ω2, ω3, . . . , ωk) ∈ I∗∗ and also in
this casel = 1. If, on the other hand,n = 1 andp = i, thenω1 = a1b1, wherea1 ∈ � and
b1 6= a1. If b1 ∈ I \�, theni ∗ω1∗· · ·∗ωk can be parsed as(ia1, b1, ω2, ω3, . . . , ωk) ∈ I∗∗
and l = 1. So, suppose thatb1 ∈ �. Now, considerω2. If ω2 ∈ I \ �, then the
concatenationi ∗ ω1 ∗ · · · ∗ ωk can be parsed as(ia1, b1ω2, ω3, . . . , ωk) ∈ I∗∗ andl = 2.
Otherwiseω2 = pnq, wherep ∈ �, q 6= p andn ≥ 1. If p = b1, theni ∗ ω1 ∗ · · · ∗ ωk
can be parsed as(ia1, b

n+1
1 q, ω3, . . . , ωk) ∈ I∗∗ and l = 2. If p 6= b1 andn > 1, then

i ∗ω1 ∗ · · · ∗ωk can be parsed as(ia1, b1p,p
n−1q, ω3, . . . , ωk) ∈ I∗∗ andl = 2. If, on the

other hand,n = 1, thenω2 = a2b2, wherea2 6= b1, b2. If b2 ∈ I \�, theni ∗ω1 ∗ · · · ∗ωk
can be parsed as(ia1, b1a2, b2, ω3, . . . , ωk) ∈ I∗∗ and l = 2. So, we may assume that
b2 ∈ �. Now, excluding inductively in this manner the cases wheni ∗ω1 ∗ · · · ∗ωk can be
parsed in such a fashion that it would belong toI∗∗ , we would end up with the conclusion
thatω ∈ 0, contrary to our assumption. Now, letU ⊂ J ∗ be relatively open. Then there is
a setM ⊂ I∗∗ , consisting of incomparable words such thatU \W ⊂ ∪τ∈Mφτ (J ∗) ⊂ U,

and if τ ∈ M theni ∗ τ ∈ I∗∗ . Thus,

m(φi(U)) = m(φi(∪φτ (J ∗))) ∪ (U \ ∪φτ (J ∗)) =
∑
τ

m(φi(φτ (J
∗)))

=
∑
τ

∫
J ∗

|(φi ◦ φτ )′|h dm =
∑
τ

∫
φτ (J ∗)

|φ′
i |h dm =

∫
U

|φ′
i |h dm,

where the third equality follows sincem is h-conformal for the systemS∗ and in the fourth
equality we additionally employed the change of variables formula. Now, we want to show

m(φi(J ) ∩ φj (J )) = 0

wheneveri 6= j . Again, it suffices to verify this whenJ is replaced byJ ∗ and at least one
of the indicesi andj is parabolic. As before there is a setMi ⊂ I∗∗ of incomparable words
such thatJ ∗ \W ⊂ ∪τ∈Miφτ (J

∗) ⊂ J ∗, and ifτ ∈ Mi theni ∗ τ ∈ I∗∗ . Also, letMj ⊂ I∗∗
have similar properties with respect to the indexj. Then

m(φi(J ) ∩ φj (J )) = m(∪τ,ρ∈Mi×Mj φiτ (J
∗) ∩ φjρ(J ∗))

≤
∑

Mi×Mj

m(φiτ (J
∗) ∩ φjρ(J ∗)) = 0.

Finally, to show thatm is conformal, we must demonstrate that (5.4) and (5.5) hold
wheneverA is a Borel subset ofX. Note that it suffices to show thatm(A) = 0
impliesm(φi(A)) = 0, for all Borel subsetsA of X and all parabolic indicesi. In order
to prove this, we introduce a new hyperbolic system. The index set for this system is
I∗∗ = I3 \ {(i, i, i) : i ∈ �} ∪ {pnq : p ∈ �, q 6= p, n ≥ 2}. Let us prove that the system
S∗∗ satisfies the bounded distortion property. To see this read a wordω ∈ I∗∗∗ as a word in
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I∗ : ω = (ω1, ω2, . . . , ωn). If ωn ∈ I \�, then we have bounded distortion by property (5)
of the systemS. If ωn ∈ � andωn−1 6= ωn, then again by property (5) we have bounded
distortion with constantK. If ωn−1 = ωn, thenωn−2 6= ωn−1, by the definition ofI∗∗∗.
Then the wordω|n−1 satisfies the hypothesis of condition (5) and so

|φ′
ω(y)|

|φ′
ω(x)|

= |φ′
ω|n−1

(φωn(y))||φ′
ωn
(y)|

|φ′
ω|n−1

(φωn(y))||φ′
ωn
(y)| ≤ K max

{ ‖φ′
i‖

min{φ′
i (x) : x ∈ X} : i ∈ �

}
,

where the last number is finite since� is. To see thatS∗∗ satisfies the open set
condition, notice thatφijk(Int(X)) ∩ φpqr(Int(X)) = ∅ for all ijk 6= pqr. Next consider
φinj (Int(X)) ∩ φpmq(Int(X)), wheren,m ≥ 2. If i 6= p, this intersection is empty. Also
if i = p andn 6= m, the intersection is empty. Otherwise,q 6= j and the intersection
is empty. Finally, considerφinj (Int(X)) ∩ φpqr(Int(X)), wheren ≥ 2. If i 6= p or if
i = p andq 6= i, the intersection is empty. Otherwise,i = p = q and in this caser 6= i

since the word(i, i, i) is not allowed inI∗∗. Finally, the hyperbolicity of the systemS∗∗
is an immediate consequence of property (6). So,S∗∗ is a hyperbolic conformal iterated
function system. Also, since each element ofI∞∗ can be parsed into an element ofI∞∗∗ , we
haveJ ∗∗ = J ∗ = J \ {eventually parabolic points}. Also notice that if the systemS∗ is
regular, then the systemS∗∗ is regular. To see this note that we have already shown that
if m is conformal forS∗, thenm is conformal forS overJ . Thusm is conformal forS∗∗
overJ . So, for eachn, 1 = ∫

J
dm = ∫

J

∑
ω∈In∗∗ |φ′

ω(x)| dm. But, for eachx ∈ J , we have∑
ω∈In∗∗

‖φ′
ω‖h ≥

∑
ω∈In∗∗

|φ′
ω(x)|h ≥ (K∗∗)−h

∑
ω∈In∗∗

‖φ′
ω‖h,

whereK∗∗ is the distortion constant for the systemS∗∗ overX. Integrating this formula
against the measurem we get∑

ω∈In∗∗
‖φ′

ω‖h ≥ 1 ≥ (K∗∗)−h
∑
ω∈In∗∗

‖φ′
ω‖h.

From this it immediately follows that P∗∗(h) = 0. But, this is equivalent to saying that
there is anh-conformal measurem∗∗ for the systemS∗∗ overX. We only need to prove
thatm∗∗ = m. LetG be open relative toJ ∗. LetW be a collection of incomparable words
in I∗∗ such thatG = ⋃

ω∈W φω(J ∗). Sincem is conformal forS∗∗ overJ ,

m(G) =
∑
ω∈W

∫
J

|φ′
ω| dm ≤

∑
ω∈W

Kh‖φ′
ω‖ ≤

∑
ω∈W

KhK∗∗h
∫
J

|φ′
ω| dm∗∗

= KhK∗∗hm∗∗(G).

Interchangingm andm∗∗ in the above estimate, we get

(KhK∗∗h)−1m∗∗(G) ≤ m(G) ≤ KhK∗∗hm∗∗(G).

From this it follows thatm andm∗∗ are equivalent. To show thatm = m∗∗, let A be a
Borel subset ofX. Thenm(φω(A)) = m(φω(A ∩ J )) + m(φω(A \ J )). But, sincem∗∗
is conformal overX,m∗∗(A \ J ) = ∫

A\J |φ′
ω|hdm∗∗ = 0. So, sincem is conformal for

S overJ, we havem(φω(A)) = ∫
A∩J |φ′

ω|h dm = ∫
A |φ′

ω|h dm. Also, one can show that
(5.5) holds using the same procedure. Thus,m is conformal forS∗∗ overX.
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Finally, to see thatm is conformal for the entire systemS overX, let i ∈ � and choose
an arbitraryq 6= i, q ∈ I . Theniq ∈ I∗ andiqi ∈ I∗∗. Thus,∫

φi(A)

|φ′
iq |h dm = m(φiq(φi(A))) = m(φiqi(A)) =

∫
A

|φ′
iqi |h dm.

So, ifm(A) = 0, then since|φ′
iq |h is positive onφi(A), we havem(φi(A)) = 0.

In order to prove the second part of our theorem suppose thatν is an arbitrary measure
supported onJ and satisfies

ν(φω(A)) ≥
∫
A

|φ′
ω|h dν (5.6)

for all Borel setsA ⊂ X and allω ∈ I∗. We show thatm is absolutely continuous with
respect toν. Indeed, for everyω ∈ I∗∗ we have

ν(φω(X)) ≥
∫
X

|φ′
ω|h dν ≥ K−h‖φ′

ω‖h ≥ K−h
∫
X

|φ′
ω|h dm = K−hm(φω(X)).

Next, consider an arbitrary Borel setA ⊂ X such thatν(A) = 0. Fix ε > 0.
Since ν is regular there exists an open subsetG of X such thatA ∩ J ∗ ⊂ G and
ν(G) ≤ ε. There now exists a familyF ⊂ I∗∗ of mutually incomparable words such
thatA∩J ∗ ⊂ ⋃

ω∈F φω(X) ⊂ G. Lemma 2.6 of [MU1] states that there exists a universal
upper boundM on the multiplicity of the family{φω(X) : ω ∈ F}. Hence, using the fact
thatm is supported onJ ∗, we obtain

m(A) = m(A ∩ J ∗) ≤ m

( ⋃
ω∈F

φω(X)

)
≤

∑
ω∈F

m(φω(X))

≤ Kh
∑
ω∈F

ν(φω(X)) ≤ KhMν

( ⋃
ω∈F

φω(X)

)
≤ KhMν(G)

≤ KhMε.

Thus, lettingε ↘ 0, we getm(A) = 0 which finishes the proof of the absolute continuity
ofmwith respect toν. Our next aim is to show thatν(J \J ∗) = 0. Suppose on the contrary
thatν(J \ J ∗) > 0. SetP = {φω(xi) : i ∈ �,ω ∈ I∗}. SinceJ \ J ∗ ⊂ P , ν(P ) > 0.
Write ν = ν0 + ν1, whereν0|X\P = 0 andν1|P = 0. Thusν0(P ) = ν(P ) > 0. Since
φω(P ) ⊂ P for all ω ∈ I∗, we get for every Borel setA ⊂ X and everyω ∈ I∗

ν0(φω(A)) ≥ ν0(φω(A ∩ P)) = ν(φω(A ∩ P)) ≥
∫
A∩P

|φ′
ω|h dν =

∫
A

|φ′
ω|h dν0.

Hence multiplyingν0 by 1/ν0(X), we conclude from what has been proved thatm is
absolutely continuous with respect toν0. Sinceν0(X\P) = 0, this implies thatm(X\P) =
0, and consequentlym(P) = 1. SinceP is countable we arrive at a contradiction with
Lemma 5.6. Thusν(J ∗) = 1. Since, by Lemma 4.1, anyh-semiconformal measureν
is supported onJ and, by (4.4), satisfies (5.6), we conclude that anyh-semiconformal
measure is supported onJ ∗ and satisfies (5.6). Since, additionally, by regularity of the
systemS∗, P∗(h) = 0, it follows from Lemma 3.10 of [MU1] thatν is h-conformal forS∗.
An application of Theorem 3.9 of [MU1], implying the uniqueness ofh-conformal (even
h-semiconformal) measures for the hyperbolic systemS∗, shows thatν = m. The proof is
complete. 2
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Following the case of hyperbolic systems (see [MU1]) we call a parabolic system
regular if there exists anh-conformal measure forS supported onJ ∗. Since such a measure
is h-conformal forS∗, as an immediate consequence of Theorem 5.7 we get the following.

COROLLARY 5.8. The parabolic system is regular if and only if the associated systemS∗
is regular.

Trying to say something about parabolic systems which are not regular, we are led to
introduce the class of strange systems which by definition are those systems for which
there is not with 0 < P(t) < ∞. In the hyperbolic case the strange systems coincide
(see [MU2]) with systems which are not strongly regular or equivalently with those with
θ = h. This last characterization continues to be true also for parabolic systems and this
class may also be characterized by the requirement of the existence of a numberα (which
then turns out to beθ = h) such that P(t) = ∞ for all t < α and P(t) = 0 for all t ≥ α.
Let us remark that we do not want to call the strange systems ‘irregular’ since the irregular
hyperbolic systems are precisely those for which no conformal measure exists, whereas for
a strange parabolic system the following questions remain open.

Questions.Can there exist a strange parabolic system such that the associated hyperbolic
system is regular? Can there exist a strange parabolic system with a purely atomich-
conformal measure?

We shall prove the following.

PROPOSITION5.9. If the systemS is strange, then so isS∗.

Proof. SincehS∗ = hS , P∗(t) ≤ 0 for all t ≥ hS . So, we are only left to show that
P∗(t) = ∞ for all t < hS . And indeed, fixt < hS . SinceS is strange, P(t) = ∞ and
thereforeψ(t) = ∞. Since� is finite, this implies that

∑
i∈I\� ‖φ′

i‖t = ∞. But then
ψ∗(t) ≥ ∑

i∈I\� ‖φ′
i‖t = ∞. Hence P∗(t) = ∞ and we are done. 2

Let us briefly touch on the packing measure ofJ. Since J ∗ is dense inJ , as an
immediate consequence of Theorem 5.7 and Lemma 4.3 of [MU1] we get the following.

COROLLARY 5.10. Suppose thatS is a parabolic iterated function system and the
associated hyperbolic systemS∗ is regular. IfJ ∩ Int(X) 6= ∅ (that is, if the strong open
set condition is satisfied), then theh-dimensional packing measure ofJ is positive.

Let us remark here that in Corollary 4.7 we have proved that theh-dimensional
Hausdorff measure ofJ is finite.

Finally, let us give some results about equivalent ergodic invariant measures for regular
systems. As a consequence of Theorem 5.7 we have the following.

COROLLARY 5.11. Suppose thatS is a parabolic iterated function system, the associated
hyperbolic systemS∗ is regular, and letm be the correspondingh-conformal measure.
Then there exists a unique probability measureµ∗ equivalent withm, which is ergodic
and invariant underS∗ and, up to a multiplicative constant, there exists a uniqueσ -finite
measureµ equivalent withm and ergodic invariant underS.
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Proof. The first part of this corollary is an immediate consequence of Theorem 3.8 and
Corollary 3.11 from [MU1]. Thatm is h-conformal forS follows from Theorem 5.7. The
last part is a consequence of this conformality (the measuresµ∗◦φi are therefore absolutely
continuous with respect toµ∗) and Theorem 5.4. 2

COROLLARY 5.12. If the assumptions of Corollary 5.11 are satisfied, theσ -invariant
measureµ produced there is finite if and only if

∑
i∈�

∞∑
n=1

n

∫
Xi

|φ′
in |h dm < ∞,

whereXi = ⋃
j 6=i φj (X).

Proof. Since, by Theorem 3.8 and Corollary 3.11 from [MU1], m andµ∗ are equivalent
with Radon–Nikodym derivatives bounded away from zero and infinity, it therefore follows
from Theorem 5.5 thatµ is finite if and only if the series

∑
n≥1 nm(Bn) converges. Since

m(Bn) = ∑
i∈�

∫
Xi

|φ′
in |h dm, the proof is complete. 2

COROLLARY 5.13. If for everyi ∈ � there exists someβi and a constantCi ≥ 1 such
that for all n ≥ 1 and for allz ∈ Xi

C−1
i n−(βi+1)/βi ≤ |φ′

in(z)| ≤ Cin
−(βi+1)/βi ,

then theσ -finite invariant measureµ produced in Corollary 5.11 is finite if and only if

h > 2 max

{
βi

βi + 1
: i ∈ �

}
.

Proof. The proof is an immediate consequence of Corollary 5.12. 2

6. Examples
This section contains examples illustrating some of the ideas developed in this paper. We
begin with the following.

Example 6.1.(Apollonian packing) Consider on the complex plane the three points
zj = e2πij/3, j = 0,1,2, and the following additional three pointsa0 = √

3 − 2,
a1 = (2 − √

3)eπij/6, anda2 = (2 − √
3)e−πij/6. Let f0, f1, andf2 be the Möbius

transformations determined by the following requirements:f0(z0) = z0, f0(z1) = a2,
f0(z2) = a1, f1(z0) = a2, f1(z1) = z1, f1(z2) = a0, f2(z0) = a1, f2(z1) = a0,
andf2(z2) = z2. SetX = B(0,1), the closed ball centered at the origin of radius 1.
It is straightforward that the imagesf0(X), f1(X), andf2(X) are mutually tangent (at
the pointsa0, a1, anda2, respectively) disks whose boundaries pass through the triples
(z0, a1, a2), (z1, a0, a2), and(z2, a0, a1), respectively. Of course all the three disksf0(X),
f1(X) andf2(X) are contained inX and are tangent toX at the pointsz0, z1, andz2,
respectively. LetS = {f0, f1, f2} be the iterated function system onX generated byf0,
f1, andf2. Notice that all the mapsf0, f1, andf2 are parabolic with parabolic fixed points
z0, z1, andz2 respectively. It is not difficult to check that all the requirements of a parabolic
system are satisfied. Observe that the limit setJ of the parabolic systemS coincides
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with the residual set of the Apollonian packing generated by the curvilinear triangle with
verticesz0, z1, z2. In [MU3], using a slightly different iterated function system, we have
dealt with geometrical properties ofJ proving that 1< h = HD(J ) < 2, 0< Hh < ∞,
andPh(J ) = ∞. In this paper we want to study its dynamical properties. Let us first
notice that the systemS∗ is regular. Indeed, we proved in [MU3] that

f n0 (z) = (
√

3 − n)z+ n

−nz+ n+ √
3

and

(f n0 )
′(z) = 3

(−nz+ n+ √
3)2

.

By the symmetry of the situation this implies that

|(f ni ◦ fj )′(z)| � 1

n2

for all i 6= j . Henceψ∗(t) � ∑
n≥1 1/n2t , whereψ∗(t) is the psi function of the system

S∗ introduced just before Lemma 4.2. Thusθ(S∗) = 1/2 andψ∗(1/2) = ∞. Hence,
it follows from Theorem 3.20 of [MU1] that the systemS∗ is regular, even more it is
hereditarily regular. Thus, the assumptions of Theorem 5.7 and Corollary 5.11 are satisfied
in our case. Letm be theh-conformal measure forS and letµ be anS-invariantσ -finite
measure equivalent withm. We shall prove the following.

THEOREM 6.2. The invariant measureµ of the Apollonian system{f0, f1, f2} is finite.

Proof. In the proof of regularity ofS∗, we have observed that|(f ni )′| � 1/n2 on Xi ,
i = 0,1,2. Sinceh > 1 = 2 1

1+1, it therefore follows from Corollary 5.13 thatµ is finite.
The proof is complete. 2

Example 6.3.A large class of examples appears already in the case whenX is a compact
subinterval of the real lineR. We call such systems one dimensional. If the parabolic
elementsφi of a one-dimensional systemS have, around parabolic fixed pointsxi , a
representation of the form

φi(x) = x + a(x − xi)
1+βi + o((x − xi)

1+βi ) (6.1)

then (see, e.g., [U1])

|φ′
in (x)| � n−(βi+1)/βi (6.2)

outside every open neighborhood ofxi . Hence the following theorem is a consequence of
Theorem 5.7. and Corollary 5.13.

THEOREM 6.4. If S is a one-dimensional parabolic system with finite alphabet and
satisfies (6.1), thenS is regular and anyS-invariant invariant measureµ equivalent with
thehS-conformal measure is finite if and only ifh > 2 max{βi/(βi + 1) : i ∈ �}.
Proof. The regularity ofS∗ is checked in exactly the same way as in Example 6.1. So,
the systemS is regular by Corollary 5.8. Since the other assumptions of Corollary 5.13
are satisfied by (6.2) the proof of this theorem is an immediate consequence of
Corollary 5.13. 2
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COROLLARY 6.5. If S is a one-dimensional parabolic system with finite alphabet, and if
for all i ∈ �, βi ≥ 1 (or equivalently if allφi ’s are twice differentiable atxi), thenS is
regular and the corresponding invariant measureµ equivalent withhS-conformal measure
is infinite.

Proof. The proof is an immediate consequence of Theorem 6.4 and the fact thath ≤ 1. 2

We would like to close this section with some examples of strange systems.

Example 6.6.Our aim here is to describe a class of one-dimensional systems which are
strange. Towards this end consider an arbitrary hyperbolic systemS = {φi : i ∈ I } on
the intervalX = [0,1] such thatψ(θ(S)) < ∞ or equivalently P(θ(S)) < ∞ (examples
of such systems may be found in the section Examples of [MU1]); we may assume that
there is an intervalG = [0, γ ) with G ⊂ X \ ⋃

i∈I φi(X). Consider also a parabolic
mapφ : X → G such that 0 is its parabolic point andφ has the following representation
around 0:

φ(x) = x − axβ+1 + o(xβ+1),

whereθ(S) > (β + 1)/β > 1 anda > 0. We shall prove the following.

THEOREM 6.7. If F ⊂ I is a sufficiently large finite set, then the systemSF = {φ} ∪ {φi :
i ∈ I \ F } is strange.

Proof. In view of (6.2) and the relation betweenθ(S) andβ, there exists a constantC ≥ 1
such that for eachi ∈ I ,

∑
n≥1 ‖(φn ◦ φi)′‖θ(S) ≤ C‖φ′

i‖θ(S). SinceψS(θ(S)) < ∞, for
every sufficiently large finite setF ⊂ I we have(C + 1)

∑
i∈I\F ‖φ′

i‖θ(S) < 1. Hence

ψ∗
SF
(θ(S)) =

∑
i∈I\F

‖φ′
i‖θ(S) +

∑
i∈I\F

∑
n≥1

‖(φn ◦ φi)′‖θ(S)

≤
∑
i∈I\F

‖φ′
i‖θ(S) + C

∑
i∈I\F

‖φ′
i‖θ(S)

= (C + 1)
∑
i∈I\F

‖φ′
i‖θ(S) < 1.

Hence P∗SF (θ(S)) < 0 and therefore, ashS∗
F

= hSF , PSF (t) = 0 for all t ≥ θ(S).
On the other hand, since for everyt < θ(S), ψS(t) = ∞ and sinceF is finite,
ψSF (t) = ‖φ′‖t + ∑

i∈I\F ‖φ′
i‖t = ∞. Hence PSF (t) = ∞ and the proof is complete.2

Example 6.8.We would like to construct here an example of a parabolic one-dimensional
system which is regular but strange. We start off with a hyperbolic regular but strange
systemS = {φi}i∈I on the interval[0,1] such thatφ1(0) = 0 and⋃

i∈N
φi([0,1]) = [0,1].

A way of constructing such systems is described in Example 5.4 of [MU1]. Since Lebesgue
measure is a 1-conformal measure forS (soS is regular) and sinceS is strange,ψ(t) = ∞
for all 0 ≤ t < 1 and P(1) = 0. Replace now the contractionφ1 by a parabolic element
φ̃1 such that 0 is its parabolic point and̃φi([0,1]) = φi([0,1]). Denote the new system
by S̃. Then obviouslyψ

S̃
(t) = ∞ for all 0 ≤ t < 1 and, consequently, P

S̃
(t) = ∞ for
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all 0 ≤ t < 1. Since HD(JS̃) ≤ 1, PS̃ (t) = 0 for all t ≥ 1. Hence,S̃ is strange and
HD(JS̃) = 1. Since

φ̃i ([0,1])
⋃⋃

i≥2

φi([0,1]) = [0,1],

the Lebesgue measureλ on the interval[0,1] is 1-conformal for the system̃S. Since
obviouslyλ({φω(0) : ω ∈ N∗}) = 0, the system̃S is regular. 2
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