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Abstract
This paper introduces a power series based method for attitude reconstruction from triad orthogonal strap-down
gyros. The method is implemented and validated using quaternions and direction cosine matrix in single and double
precision implementation forms. It is supposed that data from gyros are sampled with high frequency and a fitted
polynomial is used for an analytical description of the angular velocity vector. The method is compared with the
well-known Taylor series approach, and the stability of the coefficients’ norm in higher-order terms for both methods
is analysed. It is shown that the norm of quaternions’ derivatives in the Taylor series is bigger than the equivalent
terms coefficients in the power series. In the proposed method, more terms can be used in the power series before
the saturation of the coefficients and the error of the proposed method is less than that for other methods. The
numerical results show that the application of the proposed method with quaternions performs better than other
methods. The method is robust with respect to the noise of the sensors and has a low computational load compared
with other methods.

1. Introduction

There are two types of implementation of inertial navigation systems: stable platform and strap-down
systems. The stabilised platforms have complex electro-mechanical components for stabilising gyro-
scopes and accelerometers, but the navigation algorithms of such systems are not complex. On the
contrary, the strap-down systems have simple hardware, but they use complex algorithms. These algo-
rithms suffer from the numerical solution of navigation differential equations and have been developed
over decades. The development of strap-down systems was delayed up to the 1960s, when digital tech-
nology emerged and computers were developed (Jekeli, 2012). The critical point in developing the
strap-down systems was reconstructing the attitude from the output of three orthogonal rate gyroscopes
(Minor, 1965; McKern, 1968; Garg et al., 1978). From 1950 to 1960, two types of algorithms were
used. The first was the first-order algorithm with high-speed updating (10–20 kHz) and the second used
higher-order algorithms with low frequency updates (50–100 Hz) (Savage, 1998a, 1998b). Algorithms
that sampling data from sensors with high frequency and update the attitude with low frequency are
called two-speed algorithms. The two-speed algorithms had moderate accuracy and high speeds with
Picard-type recursive integration, which was introduced by Savage (1966). With the progress of digital
computers, Wilcox (1967) and McKern (1968) introduced third-order algorithms.

The concept of rotation vector was first used by Jordan (1969) and Bortz (1971). Gilmore (1980)
developed an algorithm that used the Bortz technique with high frequency updating of rotation vector, and
subsequent updating of quaternions with low frequency. Miller (1983) used second-degree polynomials

© The Royal Institute of Navigation 2021

https://doi.org/10.1017/S0373463321000023 Published online by Cambridge University Press

https://orcid.org/0000-0002-0673-7156
mailto:habib.ghanbarpour@gmail.com
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/S0373463321000023&domain=pdf
https://doi.org/10.1017/S0373463321000023


764 Habib Ghanbarpourasl

for the angular velocity with three data and solved the differential equations of rotation vector and then
quaternions are updated. Lee followed Miller’s work with more data and prediction of coning motion
(Lee et al., 1990). Later, Miller’s work was optimised and improved by Ignagni (1990, 1996) and Mussoff
(Musoff and Murphy, 1995). Savage published two important papers in 1998. After reviewing other
works in the first paper, he focused on the attitude integration algorithms based on two-speed updating
(Savage, 1998a), and in the second one, he investigated the differential equations of velocity and position
and introduced an analytical method for sculling motion (Savage, 1998b). At that time, there was some
focus on the sculling algorithms (Ignagni, 1998; Savage, 1998a, 1998b). Ignagni developed a class of
sculling algorithms for compensation and optimisation of angular velocity and showed the duality of
sculling and coning motions (Ignagni, 1998). Roscoe then showed that these motions were convertible
to each other with a simple formula (Roscoe, 2001).

In recent years, another round of optimisation of the attitude-integrating algorithms has been started
(Savage, 2010, 2017; Song et al., 2013). This need is due to the recent advancements in military
projectiles, which have high-speed rotations, while algorithms still need to be developed for cold atom
inference gyroscopes (Wu and Yan, 2019). Some recent publications used Picard iteration with fitted
angular velocity polynomial to solve the attitude integration problem with different attitude parameters
(Yan et al., 2017; Wu, 2018; Wu et al., 2018). Using a Chebyshev polynomial for fitted angular
velocity and quaternion or rotation vector has shown better results (Wu and Yan, 2019). Wu has further
applied Taylor series for attitude reconstruction (Wu and Litmanovich, 2019). Using the Taylor series
for a solution of any differential equation has difficulties, such as the need to calculate the higher-
order derivatives of a parameter (Hairer et al., 1993); however, in the case of attitude differential
equation, the derivative of the quaternion/direction cosine matrix can be calculated using the Leibniz
rule (Wu and Litmanovich, 2019). Another example of such a method has been presented with low-
order expansion for attitude and angular velocity series (Miller, 1983). Most recent works, which are
based on the Taylor series (Yan et al., 2017), use direction cosine matrix (DCM) for parameterisation of
attitude.

This paper introduces a power series based solution for the attitude differential equation. It investigates
the advantages and disadvantages of Taylor’s polynomial and power series for the reconstruction of
attitude from angular velocity when it is fitted by a polynomial. Two methods of attitude representation
are examined – quaternion and DCM – because in these cases, the differential equations are pseudo-
linear (multiplication of two variables) and one can simply calculate the successive derivatives of attitude
parameters. In the case of rotation vector and Euler angles, the differential equations are nonlinear and
the calculation of successive derivatives is impossible. The algorithms are implemented in single and
double precision forms to find which way is best for real applications because in real applications there
are limited bits for representation of variables and the round off errors cause errors in the integrating
process. When the norm of the coefficients of Taylor or power series is beyond the range of variables,
other terms are ignored. The paper is organised as follows. Section 2 briefly discusses quaternions and
DCM and those differential equations. Section 3 is devoted to solving and analysing the differential
equation of quaternion and DCM using power series, while Section 4 introduces Taylor series based
on the solution for those differential equations. Section 5 evaluates performance of methods via coning
motions. Finally, a brief summary is given in Section 6.

2. Quaternion

A quaternion is a composition of four elements, which are used for the representation of attitude between
two frames. Sometimes it is represented by a 4×1 unit vector (noncommutative) as given below (Jekeli,
2012):

𝒒 =

[
𝑠
𝑽

]
(1)
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In this representation method, s is a scalar, and 𝑽 is a 3 × 1 vector. The conjugate of a quaternion is
defined as:

𝒒∗ =

[
𝑠
−𝑽

]
(2)

The multiplication of the two quaternions 𝒒1 and 𝒒2 is represented by 𝒒1 ⊗ 𝒒2, and in the matrix
multiplication form, it is written as:

𝒒1 ⊗ 𝒒2 = 𝒒2 � 𝒒1 = [𝒒1]𝐿𝒒2 = [𝒒2]𝑅𝒒1 (3)

where [𝒒1]𝐿 and [𝒒2]𝑅 are 4 × 4 matrices, as shown below:

[𝒒1]𝐿 =

[
𝑠1 −𝑽𝑇

1
𝑽1 𝑠1𝑰 + [𝑽1×]

]
, [𝒒2]𝑅 =

[
𝑠2 −𝑽𝑇

2
𝑽2 𝑠2𝑰 − [𝑽2×]

]
(4)

where [𝑽×] is skew-symmetric 3×3 and is named cross product matrix of vector 𝑽. The indices i and b
are used for representation of inertial and body frames. The angular velocity of the body frame relative
to the inertial frame, which is expressed in the body frame, is denoted by 𝝎𝑏 . For the representation of
a vector as a quaternion, we use the notation 𝝎𝑏′

=
[ 0
𝝎𝑏

]
. The projection of that vector onto the inertial

frame using quaternion is represented by (Jekeli, 2012):

𝝎𝑖′ = 𝒒 ⊗ 𝝎𝑏′

⊗ 𝒒∗ =

[
0

𝑪𝑖
𝑏𝝎

𝑏

]
(5)

where 𝑪𝑖
𝑏 is the rotation matrix from 𝑏-frame to 𝑖-frame while the rotation matrix is a function of the

quaternion, as given below (Jekeli, 2012):[
1 0𝑇
0 𝑪𝑖

𝑏

]
= [𝒒]𝐿 [𝒒

∗]𝑅 (6)

The differential equation of quaternion for attitude dynamics is (Savage, 1998a, 1998b):

�𝒒 =
1
2
𝒒 ⊗ 𝝎𝑏′ (7)

And the equivalent equation for the rotation matrix is (Savage, 1998a, 1998b):

�𝑪
𝑖
𝑏 = 𝑪𝑖

𝑏 [𝝎
𝑏×] (8)

The quaternion as a function of rotation vector is (Jekeli, 2012):

𝒒 =

[
cos(𝜑/2)
sin(𝜑/2) 𝒏̂

]
(9)

where 𝜑 is rotation angle, and 𝒏̂ is a unit vector that shows the direction of rotation vector.
In real applications, the angular velocity is measured with high sampling frequency as much as

possible and an approximated polynomial is fitted to it. In some cases, the output of sensors is incremental
angles (integral of the angular velocity is measured in the incremental time) (Wu and Yan, 2019). Fitting
a polynomial on high frequency sampled data has some benefits because it is able to reduce the white
noise of sensors and describes the angular velocity as a continuous function of time. Suppose the given
polynomial describes the angular velocity between times zero and 𝑡 (Wu and Yan, 2019).

𝝎𝑏 = 2(𝒘0 + 𝒘1𝑡 + . . . + 𝒘𝑛𝑡
𝑛) (10)
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where t is time and 𝒘0, . . . ,𝒘𝑛 are the coefficient vectors of the fitted polynomial. When there are
more than 𝑚 ≥ 𝑛 + 1 data, the least square (LS) estimation method helps us to calculate the unknown
parameters 𝒘0, . . . , 𝒘𝑛 as given below (Wu and Litmanovich, 2019; Wu and Yan, 2019):

⎡⎢⎢⎢⎢⎢⎢⎣
𝜔𝑏 (𝑡0)

𝑇

𝜔𝑏 (𝑡1)
𝑇

. . .

𝜔𝑏 (𝑡𝑚)
𝑇

⎤⎥⎥⎥⎥⎥⎥⎦
= 2

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 𝑡0 . . . 𝑡𝑛0

1 𝑡1 . . . 𝑡𝑛1
. . . . . . . . . . . .
1 𝑡𝑚 . . . 𝑡𝑛𝑚

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝑤𝑇
0

𝑤𝑇
1

. . .
𝑤𝑇

𝑛

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(11)

where,𝝎𝑏 (𝑡0),𝝎
𝑏 (𝑡1), . . . ,𝝎

𝑏 (𝑡𝑚) are sample data in times 𝑡0, 𝑡1, . . . , 𝑡𝑚. When n is high, the coefficient
matrix in Equation (11) will be singular, then QR-factorisation or singular value decomposition are
useful methods to solve this problem. When there are correlations between gyros’ noises, the weighted
LS of errors as a goal function is more efficient. In that condition, the weighting is selected as an inverse
of the covariance matrix. Here we avoid discussing this issue because it has been discussed in many
classic texts.

3. Attitude reconstruction using power series

Using notation Equation (4) in Equation (7), the differential equation of quaternions in the matrix form is:

�𝒒 = [0.5𝝎𝑏′

]𝑅𝒒 (12)

Substituting Equation (10) in Equation (12), we obtain the following results:

�𝒒 = 𝛀(𝑡)𝒒,𝛀(𝑡) = (𝛀0 +𝛀1𝑡 + . . . +𝛀𝑛𝑡
𝑛), 𝒒(0) = 𝒒0 (13)

where n is the degree of angular velocity’s polynomial and the matrices 𝛀0, 𝛀1, . . . ,𝛀𝑛 are constant
and known matrices with 4 × 4 dimensions, and they are defined as follows:

𝛀𝑖 = [𝒘′
𝑖]𝑅, 𝑖 = 0, 1, . . . , 𝑛 (14)

Now, we examine a power series solution for Equation (13) with a degree of the infinite as:

𝒒(𝑡) = a0 + a1𝑡 + . . . + a𝑖𝑡𝑖 + . . . (15)

where a0, a1, . . . , a𝑖 , . . . are constant and unknown vectors with the dimensions 4× 1. After substituting
Equation (15) in Equation (13) and rearranging the coefficient 𝑡𝑖 , (𝑖 = 0, 1, . . .), the following equations
are extracted:

a𝑖 =

������������

1
𝑖

(
𝑖−1∑
𝑗=0

𝛀 𝑗a𝑖− 𝑗−1

)
, 1 ≤ 𝑖 ≤ 𝑛

1
𝑖

(
𝑛∑
𝑗=0

𝛀 𝑗a𝑖− 𝑗−1

)
, 𝑖 > 𝑛

(16)

In the above equation, one can determine the coefficient vectors a𝑖 , recursively. The constant vector
a0 is equal to initial condition 𝒒0. When 𝑖 ≤ 𝑛, by using the first n Equation (16), the coefficients
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a1, . . . , a𝑛 are determined. When 𝑖 > 𝑛, the following sequence can be extracted:

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a𝑖−𝑛
a𝑖−𝑛+1
a𝑖−𝑛+2
. . .
a𝑖−1
a𝑖

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 𝑰 0 . . . 0 0
0 0 𝑰 . . . 0 0
0 0 0 . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 . . . 0 𝑰

1
𝑖
𝛀𝑛

1
𝑖
𝛀𝑛−1

1
𝑖
𝛀𝑛−2 . . .

1
𝑖
𝛀1

1
𝑖
𝛀0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a𝑖−𝑛−1
a𝑖−𝑛

a𝑖−𝑛+1
. . .
a𝑖−2
a𝑖−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(17)

The above system is a linear iteration varying discrete system and the state vector of the system is
𝝌𝑖 = [𝒂𝑇𝑖−𝑛, . . . , 𝒂

𝑇
𝑖 ]

𝑇 which contains 𝑛 + 1 coefficient vectors of the quaternions’ power series. If the
system matrix of the above equation is represented by M𝑖−1, then Equation (17) is summarised by:

𝝌𝑖 = M𝑖−1𝝌𝑖−1, 𝝌𝑛 = [𝒂𝑇0 , . . . , 𝒂
𝑇
𝑛 ]

𝑇 , 𝑖 > 𝑛 (18)

All blocks inside the matrix M𝑖−1 are 4× 4 matrices. The dimension of the matrix M𝑖−1 is 4(𝑛 + 1) ×
4(𝑛 + 1). Again, we write Equation (15) as a sequence:

𝒒̃𝑖 = 𝒒̃𝑖−1 + a𝑖𝑡𝑖 , 𝒒̃𝑛 = 𝒂0 + . . . 𝒂𝑛𝑡
𝑛, 𝑖 > 𝑛 (19)

Here 𝒒̃𝑖 is an approximation of 𝒒(𝑡) up to the 𝑖th term. Substituting a𝑖 from the last equation of (17)
into Equation (19), one can write:

𝒒̃𝑖 = 𝒒̃𝑖−1 + 𝑯𝑖−1𝝌𝑖−1,𝑯𝑖−1 = 𝑡𝑖
[
1
𝑖
𝛀𝑛 . . .

1
𝑖
𝛀0

]
, 𝑖 > 𝑛 (20)

where 𝒒̃𝑖 is the approximation of quaternion by power series when the truncation order is i. It is obvious
that for a fixed time 𝑡 < 1 and initial condition 𝒒̃𝑛, sequence 20 will converge when:

lim
𝑖→∞

| |𝑯𝑖−1𝝌𝑖−1 | | = 0 (21)

Equation (21) shows that when i approaches infinity, 𝑯∞ will approach zero matrix because lim
𝑖→∞

𝑡𝑖/𝑖 =

0. Furthermore, the norm of 𝝌∞ is zero too (see theorem 1), then the stability of Equation (20) will be
guaranteed.

Theorem 1. For a fixed initial condition 𝝌𝑛, the sequence in Equation (17) is asymptotically stable,
and it will converge to zero when the number of iterations approaches infinity.

Proof. The iteration varying linear system (18) is termed asymptotically stable with equilibrium point
zero, if for any bounded initial condition 𝝌𝑛, we have lim

𝑖→∞
| |𝝌𝑖 | | = | |𝝌∞ | | = 0 then 𝝌∞ = lim

𝑖→∞
𝝌𝑖 = 0.

Using Equation (18) one can write,

𝝌∞ = (M∞ . . .M∞ . . .M𝑛+1M𝑛)𝝌𝑛 (22)

For asymptotical stability, it needs | |M∞ . . .M∞ . . .M𝑛+1M𝑛 | | → 0 as 𝑖 → ∞. Here we consider
norm two | |.| |2 of a matrix, the maximum singular value has to be zero when the number of iterations
approaches infinity. When the norm of M∞ is zero (see Appendix A), then the norm of 𝝌∞ for any
initial condition 𝝌𝑛 is zero, consequently 𝝌∞ = 0. �

As a result, the state Equation (18) is stable and it will converge to zero for any bounded initial
condition. It is important to mention that the maximum value of | |𝝌𝑖 | | can be large but it will remain
limited in this case. It can be easily checked that Equation (20) satisfies Equation (13) when i approaches
infinity, (𝑑/𝑑𝑡) 𝒒̃∞(𝑡) = 𝛀(𝑡) 𝒒̃∞(𝑡) when there is no error in the initial condition 𝝌𝑛, that means 𝒒̃∞

https://doi.org/10.1017/S0373463321000023 Published online by Cambridge University Press

https://doi.org/10.1017/S0373463321000023


768 Habib Ghanbarpourasl

converges to true quaternion. It means a0 is known and other n−1 coefficients a1, . . . , a𝑛−1 are calculated
by the first equation of Equation (16) recursively. In the same way, we consider a power series for DCM
as given below:

𝑪𝑖
𝑏 = 𝑪0 + 𝑪1𝑡 + . . . + 𝑪𝑖𝑡

𝑖 + . . . (23)

where 𝑪0 is the rotation matrix at time zero and 𝑪𝑖 , 𝑖 = 1, 2, . . . are constant matrices. Substituting
Equation (23) into Equation (8), and comparing equivalent terms, it is possible to determine the
coefficient matrices sequentially, which gives the following results:

𝑪𝑖 =

���������
1
𝑖

(
𝑖−1∑
𝑗=0

C𝑖− 𝑗−1W 𝑗

)
, 1 ≤ 𝑖 ≤ 𝑛

1
𝑖

(
𝑛∑
𝑗=0

C𝑖− 𝑗−1W 𝑗

)
, 𝑖 > 𝑛

(24)

where W 𝑗 = 1
2 [𝒘0×], 𝑖 = 1, . . . , 𝑛 are constant matrices, and the coefficient matrices 𝑪𝑖 , 𝑖 = 1, 2, . . .

are determined by using Equation (24) recursively. In the above equation, when i goes to infinity, 𝑪𝑖

will go to zero and Equation (24) will converge into a true DCM. Here, we are avoiding the repetition
of the same results that are derived for quaternion expansion.

4. Attitude reconstruction using Taylor series

The well-known Taylor series has been used for approximation of an infinitely differentiable function for
centuries. Some researchers have used this method for reconstructing quaternion form rate gyro output.
Unfortunately, the Taylor series requires calculating the derivative of the quaternions infinite times, but
due to the structure of quaternion dynamics, we can derive an explicit method for this purpose. Here we
consider the Taylor expansion of the quaternion as a function of time as (Hairer et al., 1993; Kunovský,
2015):

𝒒(𝑡) = 𝒒0 +

∞∑
𝑖=1

𝑡𝑖

𝑖!
𝒒 (𝑖) |𝑡=0 (25)

where 𝒒 (𝑖) |𝑡=0 is the 𝑖th derivative of quaternion that evaluated at time zero. Using Equation (13) and
the Leibniz formula we can write (Hairer et al., 1993):

𝒒 (𝑖) =
𝑖−1∑
𝑗=0

𝑪𝑖−1
𝑗 𝛀( 𝑗) |𝑡=0𝒒

(𝑖− 𝑗−1) |𝑡=0 (26)

where 𝑪𝑖−1
𝑗 = (((𝑖 − 1)!)/( 𝑗!(𝑖 − 𝑗 − 1)!)) denotes the number of j combinations of 𝑖 − 1 elements and

𝛀( 𝑗) |𝑡=0 represents the 𝑗 th derivative of 𝛀(𝑡) at time zero. Using the power series Equation (10), we
can calculate the derivatives of angular velocity as:{

𝛀( 𝑗) |𝑡=0 = 𝑗!𝛀 𝑗 𝑗 ≤ 𝑛

𝛀( 𝑗) |𝑡=0 = 0 𝑗 > 𝑛
(27)

Substituting Equation (27) into Equation (26), we can write,

𝒒 (𝑖) |𝑡=0 =

����������

𝑖−1∑
𝑗=0

𝑃𝑖−1
𝑗 𝛀 𝑗𝒒

(𝑖− 𝑗−1) |𝑡=0 1 ≤ 𝑖 ≤ 𝑛

𝑛∑
𝑗=0

𝑃𝑖−1
𝑗 𝛀 𝑗𝒒

(𝑖− 𝑗−1) |𝑡=0 𝑖 < 𝑛

(28)
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where 𝑃𝑖−1
𝑗 = (((𝑖 − 1)!)/((𝑖 − 𝑗 − 1)!)) is the number of permutations of 𝑖 − 1 objects taken 𝑗 at a

time. Equation (28) is used to calculate all the derivatives of quaternion recursively at time zero. For
simplicity, we will neglect |𝑡=0 in 𝑞 (𝑖) |𝑡=0, as all the derivatives are evaluated at time zero. Then Equation
(28) becomes,

𝒒 (𝑖) =

����������

𝑖−1∑
𝑗=0

𝑷𝑖−1
𝑗 𝛀 𝑗𝒒

(𝑖−1− 𝑗) 1 ≤ 𝑖 ≤ 𝑛

𝑛∑
𝑗=0

𝑷𝑖−1
𝑗 𝛀 𝑗𝒒

(𝑖−1− 𝑗) 𝑖 < 𝑛

(29)

Rearranging Equation (29) in the recursive form, we obtain:

𝚼𝑖 = N𝑖−1𝚼𝑖−1, 𝚼𝑖 =
[
(𝒒 (𝑖−𝑛) )

𝑇
. . . (𝒒 (𝑖) )

𝑇
]𝑇

N𝑖−1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 𝑰 0 . . . 0 0
0 0 𝑰 . . . 0 0
0 0 0 . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 . . . 0 𝐼

𝑷𝑖−1
𝑛 𝛀𝑛 𝑷𝑖−1

𝑛−1𝛀𝑛−1 𝑷𝑖−1
𝑛−2𝛀𝑛−2 . . . 𝑷𝑖−1

1 𝛀1 𝑷𝑖−1
0 𝛀0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(30)

In the above equation, when 𝑖 > 𝑛, it is possible to calculate the time derivatives of the quaternion
in a recursive form. The system matrix N𝑖−1 is an iteration varying matrix and it is used to calculate the
𝑖th derivative of quaternion at time zero from 𝑛 + 1 last derivatives. Again, Equation (25) can be written
in the recursive form:

𝒒̄𝑖 (𝑡) = 𝒒̄𝑖−1(𝑡) + 𝑳𝑖−1𝚼𝑖−1

𝑳𝑖−1 = 𝑡𝑖
[
𝐹𝑖−1
𝑛 𝛀𝑛 . . . 𝐹𝑖−1

0 𝛀0
]𝑇

, 𝑖 > 𝑛
(31)

where 𝒒̄𝑖 (𝑡) is an approximation of quaternion at time 𝑡, truncated up to i iterations, and 𝐹𝑖−1
𝑛 =

((1)/(𝑖(𝑖 − 𝑛 − 1)!)) is a constant scalar. For stability analysis of the system presented by Equation (30),
matrices 𝛀0, . . . ,𝛀𝑛 are constant and skew-symmetric matrices, when i approaches infinity, all the
permutation coefficients will go to infinity and then the norm of N∞ will become infinite. Consequently,
Equation (30) is unstable, because when one element of a matrix goes to infinity, the norm of the matrix
approaches infinity too. Then, contrary to the time series method, the norm of the quaternion’s derivative
for higher degrees grows unboundedly. It can be easily checked that Equation (31) satisfies Equation
(13) when i approaches infinity, then (𝑑/𝑑𝑡) 𝒒̄∞(𝑡) = 𝛀(𝑡) 𝒒̄∞(𝑡) and that means 𝒒̄∞ will converge to
true quaternion. Although the 𝒒̄∞ approaches true quaternion, the norm of 𝚼𝑖−1 grows unboundedly
in Equation (31) but the norm of 𝑳𝑖−1 approaches zero. This issue will generate a problem in real
implementations.

Again, like quaternions, we consider the Taylor series of rotation matrix as given below:

𝑪 (𝑡) = 𝑪0 +

∞∑
𝑖=1

𝑡𝑖

𝑖!
𝑪 (𝑖) |𝑡=0 (32)

where 𝑪 (𝑖) |𝑡=0 is 𝑖th derivative of the rotation matrix at time zero. Using the Leibniz formula:

𝑪 (𝑖) =
𝑖−1∑
𝑗=0

𝐶𝑖−1
𝑗 𝑪 (𝑖− 𝑗−1) |𝑡=0 [𝝎

( 𝑗) |𝑡=0×] (33)

where 𝑪 (𝑖− 𝑗−1) |𝑡=0 is the (𝑖 − 𝑗 − 1)th derivative of the rotation matrix at time zero and [𝝎 ( 𝑗) |𝑡=0×] is a
skew-symmetric matrix of the 𝑗 th derivative of angular velocity at time zero.
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The error of 𝑖th order Taylor series of Equation (25) is (Hairer et al., 1993; Wu and Yan, 2019).

𝒒̄𝑖 (𝑡) = 𝒒0 +

𝑖∑
𝑗=1

𝑡 𝑗

𝑗!
𝒒 ( 𝑗) |𝑡=0 + 𝑹(𝜏),

𝑹𝑖 (𝜏) =
𝜏𝑖+1

(𝑖 + 1)!
𝒒 (𝑖+1) |𝑡=0, 𝜏 = [0𝑡]

(34)

where 𝑹𝑖 (𝜏) is the remainder terms after the 𝑖th term, which is the approximation error of the Taylor
polynomial and, 𝜏 is between zero and 𝑡. The Taylor theorem describes the asymptomatic behaviour of
the remainder term, then (Hairer et al., 1993):

lim
𝑖→∞

𝑹𝑖 (𝜏) = 0 (35)

Comparing Equation (31) with Equation (34), we can write:

𝑹𝑖 (𝜏) = 𝜏𝑖
[
𝐹𝑖−1
𝑛 𝛀𝑛 . . . 𝐹𝑖−1

0 𝛀0
]
𝚼𝑖−1 (36)

Furthermore, it is obvious that:

lim 𝐹𝑖−1
𝑗

𝑖→∞

= 0, 𝑗 = 0, . . . , 𝑛 (37)

Using Equation (35), the limit of all terms of Equation (36) has to be zero.

lim
𝑖→∞

𝐹𝑖−1
𝑗 𝛀 𝑗𝒒

(𝑖− 𝑗−1) = 0, 𝑗 = 0, . . . , 𝑛 (38)

where𝛀 𝑗 is a constant matrix and then the limit of 𝐹𝑖−1
𝑗 𝑞 (𝑖− 𝑗−1) for any j has to be zero, but the third term

in Equation (40) goes to infinity while the first term goes to zero, when the i approaches infinity. Then
the speed of 𝐹𝑖−1

𝑗 becomes zero, which is faster than the norm of 𝑞 (𝑖− 𝑗−1) going to infinity. Unfortunately,
for the Taylor approximation we need to calculate the derivatives of the quaternion at time 𝑡. In the case
of quaternions of higher-order derivatives, there is unbounded growth due to the instability of Equation
(30), when the angular velocity is non-zero. We can say that the implementation of the Taylor series is
internally unstable and perhaps there is numerical degeneracy.

If we continue with the Taylor series with more terms to reduce the remainder term i in Equation
(34), finally the one element of 𝑞 (𝑖) will be bigger than the 𝛽 or smaller than the −𝛽. Here 𝛽 is the largest
value and −𝛽 has the lowest value specified to any variable. For example, when using double precision
data type, the largest value is 1.79769(10308), but for single precision data it is 3.4028235(1038) (Muller
et al., 2018). When 𝑞 (𝑖) > 𝛽, this condition can generate more errors and it needs to cut the Taylor series
up to 𝑖 − 1 terms. A simple way to control this degeneration is to consider i terms of Equation (31), in
which the norm of 𝑞 (𝑖) is lower than the 𝛽, before adding 𝑖th term to the Taylor series.

5. Simulation study

To study the performances of algorithms and compare the results with recently published algo-
rithms, we consider the classic coning motion that has been mentioned in the literature (Wu, 2018;
Wu et al., 2018; Wu and Yan, 2019). The angular velocity of the classical coning motion is,
𝝎con = 𝜔0

[
−2sin2 𝛼

2 −sin𝛼sin𝜔0𝑡 sin𝛼cos𝜔0𝑡
]𝑇 , and the error-less quaternion for coning motion is

(Wu, 2018; Wu et al., 2018; Wu and Yan, 2019), 𝒒con =
[
cos 𝛼

2 0 sin 𝛼
2 cos𝜔0𝑡 sin 𝛼

2 sin𝜔0𝑡
]𝑇 . Here 𝛼

is the coning angle, and 𝜔0 = 2𝜋 𝑓0 is the angular velocity of the coning motion, while 𝑓0 is the con-
ing frequency in Hz. When the true quaternion is 𝒒, and 𝒒̂ is the calculated quaternion, the following
equations will be used for the calculation of the error of the rotation angle. Here, we use the last three
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Table 1. Simulation parameters.

Parameter Value

1 Coning angle 1 · 50 degrees
2 Angular velocity of coning motion 10, 30 Hz
3 Attitude updating frequency 100 Hz
4 Sampling frequency 1000 Hz
5 Degree of angular velocities’ fitted polynomial 5, 6, 8
6 Number of iterations 5, 15, 25, 35

elements of the quaternion because the first element of the error quaternion 𝒒𝑒 is close to one, and the
cosine function is not sensitive at zero, then

𝜀 = 2sin−1(𝒒𝑒 (2 : 4)), 𝒒𝑒 = [𝒒∗ ⊗ 𝒒̂] (39)

where 𝒒𝑒 (2 : 4) is vector part of the error’s quaternion. When we use the DCM, the attitude error can
be calculated as follows:

𝜀 = cos−1 [0.5(trace(𝑪𝑒) − 1)],𝑪𝑒 = 𝑪𝑪̂
𝑇 (40)

Again, due to the non-sensitivity of cosine function in zero, Equation (40) is not effective. Instead,
we can approximate the error of rotation angle from 𝑪𝑒 as:

𝑺 = 𝑪𝑒 − 𝑰, 𝑺 � [𝒔×], 𝜀 = 𝒔 (41)

where, when the rotation angle is closer to zero, the matrix 𝑺 is almost a skew-symmetric matrix. Now,
we will compare the performances of the four methods as follows:

– QuatPow: Quaternion approximation using power series,
– QuatTay: Quaternion approximation using Taylor series,
– DCMPow: DCM approximation using power series, and
– DCMTay: DCM approximation using Taylor series.

We used single and double precision implementations for implementing the above four methods. For any
method in real applications, the processor has limited bits for implementation of any variable type. For
example, any single precision number is between 1.1755(10−38) and 3.4028(10+38); in case of double
precision, it is between 2.2251(10−308) and 1.7977(10308); therefore, the results for single and double
precisions will be different (Muller et al., 2018).

All the simulations are done with ideal gyros and the sampling frequency of rate gyros is 1000 Hz
and we suppose that the attitude updating frequency is 100 Hz (two-speed algorithm). Actually, for
updating quaternion, there are 11 data then the maximum degree of the polynomial for angular velocity
is 10. There are two parameters for coning motion, we are considering 𝑓0 = 30 Hz, and 𝛼 = 50 degrees
for the first simulation. Simulation parameters are represented in Table 1.

When 𝑓0 is high, we need very high sampling frequencies for attitude reconstruction. The true angular
velocity is presented in Figure 1 when 𝑡 ∈ [0, 0.05] sec. We know that the amplitude of angular velocity
is a function of coning motion’s frequency.

Here N and 𝑁𝑖𝑡 stand for degree of angular velocities’ fitted polynomial and number terms of
series (number of iterations), respectively. Figure 2 shows the error between the fitted and real angular
velocities when N is 6 and 8. It is obvious that when N is high, the error of angular velocity is low. In
this simulation, when N is 8, the order of error is 3.3(10−7)rad/sec and when N is 6, the error of fitted
angular velocity is 2.4(10−4)rad/sec. Here, we set 𝑁 at 8.
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Figure 1. Angular velocity in 𝑡 ∈ [0, 0.05]sec.

Figure 2. Error of fitted angular velocity with degrees of N= 6 and N= 8.

Figure 3 shows the single and double precision algorithm implementation when the fitted polynomial
degree is 8, and iteration numbers are 5, 15, 25 and 35. Here the blue colour shows the double
precision implementation and red colour stands for single precision implementation. Obviously, when
the number of iterations increases, the errors in both implementations will reduce. The double precision
implementation always shows better accuracy than the single precision for all methods. Furthermore,
when the number of iterations is low, the single and double precision implementations have the same
performance, but when the numbers of iterations are high, two implementation methods have different
performance.

Figure 4 compares the effects of degrees of the fitted polynomial in the error of rotation. The red
colour stands for 𝑁 = 8, and the blue colour is for 𝑁 = 5. It is obvious that when the error of angular
velocity is low (N is 8), the error of all the methods in double or single forms is lower than the case
in which 𝑁 = 5. It was obvious because using high degrees of fitted polynomial has fewer errors for
angular velocity and then the calculated attitude has low error.

Figure 5 shows that in the double implementation form, for all methods, when the number of
iterations approaches infinity, finally, all the algorithms have the same errors, but in limited iterations,
the quaternion’s performance is always better than the DCM. In high iterations, both quaternion and
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Figure 3. Rotation error when 𝑁 = 8 and when iteration numbers are 5, 15, 25 and 35..
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Figure 4. Rotation error when N is 5, 8 and, 𝑁𝑖𝑡 = 45 in single and double precision implementation forms.
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Figure 5. Maximum error of double precision implementation at time t= 0.01 s when N= 8.
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Figure 6. The rotation angle error when 𝑁 = 8.

DCM methods, the Taylor and power series results are close to each other. In the second figure, we can
see that the single precision implementations, the QuatPow has the best performance when the number
of iterations increases. The power series always shows better results than the Taylor series when the
number of iterations is large enough.

Figure 6 shows that the norm of the derivatives of the Taylor polynomial and the norm of power series’
coefficients increase when the number of iterations increases. It is clear that, when the iteration number
approaches infinity, in the ideal case, there is no error in the calculated attitude. It is also observable
that the power series always has a low norm and then we can consider more terms for decreasing the
error. In addition, the norm of coefficients of DCM is lower than the quaternion coefficients’ norm. In
the quaternion form, we can take more terms into the model, so we will get better performance. The one
cycle of computational burden of algorithms are 1, 1·02, 1·09, 1·10 for QuatPow, QuatTay, DCMPow,
DCMTay in relation to the computaion burden for QuatPow method.

Figure 7 represents the error of rotation angle with two fitted angular velocities’ polynomials using
different algorithms in single and double precision forms for a long time (100 s). All the subplots show
that the double precision implementations have low errors, but in power series, in single precision
implementation form, the error of rotation angle has the lowest value, which is closer to double
implementation method and the worst case is using Taylor series of DCM.

Figure 8 shows the results for single and double precision implementations when the coning param-
eters are 𝑓0 = 10 Hz and 𝛼 = 1 degree, and 𝑁𝑖𝑡 = 50. Here, the number of iterations is high enough
for implementation and increasing the 𝑁𝑖𝑡 will have the same results. Figure 8 represents the situation
in which the frequency and magnitude of the angular velocity for coning motion are low, the perfor-
mances of algorithms are closer to each other, and double precision implementation always gives better
results than the single precision. Figure 9 shows the 1,000 time Monte-Carlo simulations for single and
double implementaions for algorithms when the standard deviation (std) of white noise of gyros are
0·1 deg/hour. All algorithms are using 𝑁 = 8 and 𝑁𝑖𝑡 = 50, 𝑓0 = 10 Hz, 𝛼 = 1 deg.
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Figure 7. The rotation angle error when 𝑁 = 8 and N= 5.
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Figure 8. The rotation angle error when 𝑁 = 8, 𝑓0 = 10 Hz, 𝛼 = 1 deg, 𝑁𝑖𝑡 = 50.

Figure 9. Monte-Carlo simulations when 𝑁 = 8 and 𝑁𝑖𝑡 = 50.

Table 2 shows that in all methods the mean and std of error for double precision implementation are
lower than the single precision implementation. The mean and std of error for DCM are both bigger
than the quaternion method and thus we can say the DCM method is more sensitive to sensors’ noises.
In addition, mean and std of error in QuatPow are lower than all methods for both single and double
precision implementations. Then we can say that the QuatPow method is more robust than the others
with respect to the sensors’ noises.
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Table 2. Monte-Carlo simulation results after 100 s.

Method Double or single Mean of error (rad) std of error (rad)

1 QuatPow double 0·0299784 0·0000002
single 0·0337641 0·0000065

2 QuatTay double 0·0299784 0·0000002
single 0·3357337 0·0000067

3 DCMPow double 0·7644496 0·4370067
single 0·8051695 0·4530733

4 DCMTay double 0·7644496 0·4370067
single 0·7884743 0·4515462

6. Conclusion

In this research, four methods of attitude reconstruction from gyro data have been implemented. The
methods were based on power series and Taylor series, and they were implemented using quaternion or
DCM for representing attitude. All the methods have been implemented in single and double precision
forms. Results show that when we use higher degrees for fitting polynomials for angular velocity, the
errors of angular velocity will reduce and later, the errors of attitude will reduce as well. When the
angular velocities are polynomial, the attitude differential equation has the time series based analytical
solutions. Here, we considered two power series with infinite sentences. The first one was a power
series while the second one was a Taylor polynomial. For assuring higher accuracy, we need to consider
more terms in Taylor and power series polynomials. Unfortunately, the coefficients of series have
large values in large iteration numbers. When we use the Taylor polynomial, we need to calculate the
derivatives of the quaternion that have very large norms; consequently, the double and single precision
implementations do not give the same results. When we compare the same terms of the Taylor series and
the power series, the norms of power series coefficients are lower than the derivatives of the quaternion.
Because of this issue, we can use more terms in the power series since, in that case, the accuracy of the
algorithm with power series will be better than the Taylor series. When we use the quaternion method
instead of DCM for representation of attitude, we should sum up several matrices (in DCM methods) or
vectors (in quaternion methods) that have errors due to limited number of bits. It has been shown that
the computational burden of QuatPow is lower than the all method and the proposed method has good
properties regarding noise of sensors. Hence the QuatPow method is clearly the best method from all
points of view.

APPENDIX A

The system matrix of state Equation (8) has the following form:

M𝑖−1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 𝑰 0 . . . 0 0
0 0 𝑰 . . . 0 0
0 0 0 . . . 0 0
. . . . . . . . . . . . . . . . . .

0 0 0 . . . 0 𝑰

1
𝑖
𝛀𝒏

1
𝑖
𝛀𝒏−1

1
𝑖
𝛀𝒏−2 . . .

1
𝑖
𝛀1

1
𝑖
𝛀0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(A1)
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When i approaches infinity, the last line of that matrix will approach zero matrix.

M∞ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 𝑰 0 . . . 0 0
0 0 𝑰 . . . 0 0
0 0 0 . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 . . . 0 𝑰
0 0 0 . . . 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(A2)

The state transition matrix from n to ∞ is represented by 𝚽∞,𝑛 and defined as

𝝌∞ = 𝚽∞,𝑛𝝌𝑛,𝚽∞,𝑛 = M∞ . . .M∞ . . .M𝑛+1M𝑛 (A3)

The multiplication of M∞M∞ is

M∞M∞ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 𝑰 . . . 0 0
0 0 0 . . . 0 0
0 0 0 . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 0 0 𝑰
0 0 0 . . . 0 0
0 0 0 . . . 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(A4)

Then after n times multiplication of M∞ the state transition matrix 𝚽∞,𝑛 will approach zero, so the
norm of 𝚽∞,𝑛 will be zero.
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