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Abstract. Let (X, T ) be a Cantor minimal system associated with a properly ordered
Bratteli diagram with the equal path number property. In this paper we will show
that there exists a Toeplitz flow (Y, S) such that (X, T ) and (Y, S) are strongly orbit
equivalent. This is an affirmative answer to the open problem in R. Gjerde and Ø. Johansen
(Bratteli–Vershik models for Cantor minimal systems: applications to Toeplitz flows.
Ergod. Th. & Dynam. Sys. 20 (2000), 1687–1710).

1. Introduction
Cantor minimal systems, which are topological dynamical systems acting homeomorphi-
cally and minimally on the Cantor set by a single transformation, include a variety of
dynamical systems that have very important and interesting properties. In fact, Cantor
minimal systems are obtained by many types of constructions such as substitutions, interval
exchange transformations, Toeplitz flows and so on. Moreover, Cantor minimal systems
have connections with other fields of mathematics, that is C∗-algebras and (ordered)
K-theory. In [GPS], T. Giordano, I. Putnam and C. Skau succeeded in exhibiting such
connections by proving the following result.

Let (Xi, ϕi) be a Cantor minimal system (i = 1, 2). Then the following three statements
are equivalent:
(a) (X1, ϕ1) and (X2, ϕ2) are strongly orbit equivalent;
(b) associated C∗-crossed products C(X1) �ϕ1 Z and C(X2) �ϕ2 Z are isomorphic; and
(c) associated dimension groups K0(X1, ϕ1) and K0(X2, ϕ2) are order isomorphic by a

map preserving the distinguished order units.
A definition for strong orbit equivalence is given as follows.
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1868 F. Sugisaki

Definition. Two dynamical systems (X1, T1) and (X2, T2) are orbit equivalent if there
exists a homeomorphism F : X1 → X2 which sends T1 orbits onto T2 orbits. If
there is an orbit equivalence between (X1, T1) and (X2, T2), then there exist functions
n : X1 → Z, m : X1 → Z such that for x ∈ X1, F ◦ T1x = T

n(x)
2 ◦ Fx and

F ◦ T
m(x)

1 x = T2 ◦ Fx, which are called orbit cocycles associated with F . (X1, T1)

and (X2, T2) are strongly orbit equivalent if the two systems are orbit equivalent and each
of the orbit cocycles, which are associated with the orbit equivalence, has at most one point
of discontinuity.

The concept of ‘strong orbit equivalence’ plays a very important role in those
connections and gives a new classification of dynamical systems (see [GJ2, Or, Su1, Su2,
Su3]).

Here let us consider minimal subshifts. It is easy to see that the family of expansive
Cantor minimal systems coincides with the family of minimal subshifts up to conjugacy.
Concerning the strong orbit equivalence of a Cantor minimal system, we can raise the
following question: within any strong orbit equivalence class, is there a Cantor minimal
system which is conjugate to a subshift? In [Su3] we obtained the following result: given
a Cantor minimal system (X, T ), there exists a minimal subshift strongly orbit equivalent
to (X, T ). Furthermore, we can choose (X, T ) to be of any finite entropy.

One example of minimal subshifts is Toeplitz flows, which can be defined as follows.
Let � be a finite alphabet. We say a non-periodic sequence η = (ηn)n∈Z ∈ �Z is a

Toeplitz sequence if for any m ∈ Z, there exists n ∈ N such that ηm = ηm+kn for all k ∈ Z.
A Toeplitz flow is a minimal subshift (Xη, Tη), where η is Toeplitz sequence, Xη is the
closure of the orbit of η under the shift, and Tη is the restriction of the shift to Xη. (For
details, see [Wi] and [GJ1].)

Toeplitz flows were first introduced by Jacobs and Keane [JK]. Williams extended the
basic results in [JK] (see [Wi]). There are many interesting results concerning Toeplitz
flows obtained by Downarowicz, Lacroix, Gjerde and Johansen, especially concerning
their invariant measures and their maximal equicontinuous factors [Do, DL, GJ1].
Concerning the relationship between Toeplitz flows and Bratteli–Vershik systems (Cantor
minimal systems) associated with properly ordered Bratteli diagram, Gjerde and Johansen
succeeded in obtaining the following theorem.

THEOREM 1.1. [GJ1, Theorem 8] The family of expansive Bratteli–Vershik systems
associated with Bratteli diagrams with the equal path number property coincides with the
family of Toeplitz flows up to conjugacy.

Concerning the strong orbit equivalence of Toeplitz flows, they raised an open problem
in [GJ1] which can be stated as follows: ‘Let (V ,E) be a simple Bratteli diagram
with the equal path number property. Does there exist a Toeplitz flow (Y,ψ) such that
K0(Y,ψ) ∼= K0(V ,E) as ordered groups with distinguished order units?’ We obtained an
affirmative answer, Theorem 1.2, to this problem, which is the main theorem in this paper.

THEOREM 1.2. The family of Bratteli–Vershik systems associated with properly ordered
Bratteli diagrams with the equal path number property coincides with the family of Toeplitz
flows up to strong orbit equivalence.
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This theorem tells us that Bratteli diagrams with the equal path number property
‘present’ all the K0-groups that arise from Toeplitz flows.

In §2, we introduce some definitions and results concerning Cantor minimal systems.
The crucial tool in obtaining our results is a model theorem of Cantor minimal systems
[HPS]. We define a properly ordered Bratteli diagram and introduce the relation between
Cantor minimal systems and properly ordered Bratteli diagram (Bratteli–Vershik systems).
Next we define the dimension group associated with Cantor minimal systems. From
[GPS], we know that there is a relationship between a strong orbit equivalence class for
Cantor minimal systems and an equivalence relation on Bratteli diagrams associated with
the systems (Theorem 2.1).

In §3, we give some modification lemmas for the construction of Bratteli diagrams.
In each modification lemma, we modify diagrams preserving the equivalence relation on
Bratteli diagrams and the equal path number property. In general Bratteli diagrams, it
is very important to control the number of vertices |Vn| at the nth level of the Bratteli
diagram within the equivalence relation on diagrams so that the number does not increase
‘too rapidly’ with respect to n ∈ N. We show that we can do this in Lemma 3.2 which
plays an important role in this paper. Moreover, we need to modify a Bratteli diagram in
order to realize an expansive Bratteli–Vershik system with the equal path number property.
Indeed, we define distinct orderings and we have to control both the number of vertices
|Vn| and that of edges |En| so that the modified Bratteli diagram B̃ has a distinct ordering
for all levels. In §4, we show the main theorem (Theorem 1.2). The point which we have
to prove is that the constructed Bratteli–Vershik system (XB̃, λB̃) is expansive. Since B
will have a distinct ordering for all levels, it is not hard to prove it.

2. Definition of the Bratteli diagram the Bratteli–Vershik system and dimension group for
Cantor minimal systems

2.1. Bratteli diagram. A Bratteli diagram consists of a vertex set V and an edge set E
satisfying the following conditions. We decompose V into finite sets Vk (k ≥ 0) where
each Vk is non-empty and disjoint from each other and |V0| = 1. The index k of Vk implies
that a vertex in Vk lies on the kth level. Similarly, we decompose E into finite sets Ek

(k ≥ 1) where each Ek is non-empty and disjoint from each other. The relation between V

and E is given by the maps r, s : E → V so that r(Ek) ⊂ Vk and s(Ek) ⊂ Vk−1 (k ≥ 1).
We call r, s a range map and a source map respectively. We also assume that for all v ∈ V ,
s−1(v) �= ∅ and for all v ∈ V \ V0, r−1(v) �= ∅.

For k ≥ 1 , we write Vk = {v(k)i | 1 ≤ i ≤ |Vk|}. Let m(k)
i,j be the number of edges

which connect v(k)i ∈ Vk and v
(k−1)
j ∈ Vk−1. We call the matrix [m(k)

i,j ] , whose size is

|Vk| × |Vk−1|, the incidence matrix of the kth level. We write M(k) = [m(k)
i,j ]. Define

M
(k)
i = [m(k)

i,1 ,m
(k)
i,2 , . . . , m

(k)
i,|Vk−1|]. We call M(k)

i the incidence vector of v(k)i ∈ Vk .
We say that (V ,E) is simple if for all k ≥ 0, there exists an n > k such that for every

pair of vertices v ∈ Vk , v′ ∈ Vn, there is a path from v to v′ or, to put it differently, if
the product of incidence matrices M(n)M(n−1) · · ·M(k+2)M(k+1) consists of all positive
entries.
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For a given Bratteli diagram (V ,E) and k, n ∈ N with k < n, let P(Vk, Vn) be the set of
all paths from Vk to Vn; i.e. P(Vk, Vn) = {(ek+1, ek+2, . . . , en) | ei ∈ Ei for i ∈ (k, n] and
r(ei) = s(ei+1) for i ∈ (k, n)}. Define r : P(Vk, Vn) → Vn, and s : P(Vk, Vn)→ Vk by
r(ek+1, ek+2, . . . , en) = r(en), s(ek+1, ek+2, . . . , en) = s(ek+1). We simply write P(Vk)

instead of P(V0, Vk). For v ∈ Vk , let P(v) denote the set of all paths from V0 to v.
Given a Bratteli diagram B = (V ,E) and sequence c0 = 0 < c1 < c2 < c3 < · · · in

Z
+, we say that a Bratteli diagram (V ′, E′) is a telescoping (or contraction) of B to {ck}∞k=0

if V ′n = Vcn and E′n consists of P(Vcn−1, Vcn), and source and range maps are as before.
In particular, we define Bodd as a telescoping B to odd levels (0, 1, 3, . . . ) and define Beven

as telescoping B to even levels (0, 2, 4, . . . ).

2.2. Ordered Bratteli diagram. An ordered Bratteli diagram is a Bratteli diagram
(V ,E) together with a partial order ≥ on E. (We write (V ,E,≥).) That is, we have a
linear order on each set r−1(v), v ∈ V \V0. An order on P(Vk, Vn) is defined as follows:

(ek+1, ek+2, . . . , en) < (fk+1, fk+2, . . . , fn)
def⇐⇒




For some i with k + 1 ≤ i ≤ n :
(i) ej = fj for i < j ≤ n,

(ii) ei < fi .

(2.1)

Given an ordered Bratteli diagram B = (V ,E,≥), let XB denote the associated infinite
path space, i.e. XB = {(e1, e2, e3, . . . ) | r(ek) = s(ek+1), k ≥ 1}. We topologize XB
by postulating the following family of sets as a basis of open sets, namely the family
of cylinder sets U(e1, e2, . . . , ek) = {(f1, f2, . . . ) | fi = ei, 1 ≤ i ≤ k}. Each
U(e1, e2, . . . , ek) is also closed, as is easily seen, and so we note that XB becomes a
compact Hausdorff space with a countable basis of clopen sets. We call XB with this
topology the Bratteli compactum associated with B. If B is simple and the cardinality of
XB is infinity, then it turns out that XB is a Cantor set.

Let Emax, Emin denote the maximal and minimal elements of the partially ordered set
E, respectively. (V ,E,≥) is proper if (V ,E) is a simple Bratteli diagram and there is a
unique path pmax = (g1, g2, . . . ) ∈ XB such that each gk ∈ Emax, k ≥ 1 and similarly
there is a unique minimal path pmin = (h1, h2, . . . ) ∈ XB such that each hk ∈ Emin,
k ≥ 1.

Given an ordered Bratteli diagram B = (V ,E,≥) and a sequence c0 = 0 < c1 < c2 <

c3 · · · in Z
+, an ordered Bratteli diagram (V ′, E′,≥′) is a telescoping (or contraction) of

B to {ck}∞k=0 if (V ′, E′) is a contraction of (V ,E) to {ck}∞k=0 and the order ≥′ is induced
by ≥ as in (2.1).

2.3. Bratteli–Vershik system. Using a properly ordered Bratteli diagram, we can create
a minimal dynamical system on the Bratteli compactum associated with it. Let XB be the
Bratteli compactum associated with B = (V ,E,≥). Let pmax, pmin be the unique maximal
and minimal path in XB respectively. We define a homeomorphism λB : XB → XB as
follows.

Define λB(pmax) = pmin. If p = (e1, e2, . . . ) �= pmax, let k = min{i ∈ N | ei �∈ Emax}
and fk denote the successor of ek in E. Let (f1, f2, . . . , fk−1) denote the unique least
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path in P(Vk−1) with r(fk−1) = s(fk). Then λB(p) = (f1, f2, . . . , fk, ek+1, ek+2, . . . ).
We call λB a lexicographic map (Vershik map). We can show that λB is a minimal
homeomorphism. We call the pair (XB, λB) a Bratteli–Vershik system.

In [HPS], Herman, Putnam and Skau showed that the family of Cantor minimal systems
coincides with the family of Bratteli–Vershik systems up to conjugacy.

2.4. Dimension group associated with a Cantor minimal system. (G,G+) is an
unperforated ordered group if G is a countable Abelian group and G+ is a subset of G

so that the following statements are satisfied:
(1) G+ +G+ ⊆ G+;
(2) G+ −G+ = G;
(3) G+ ∩ (−G+) = {0};
(4) (unperforatedness) if g ∈ G satisfies ng ∈ G+ for some n ∈ N, then g ∈ G+.
We will write g ≤ h if h− g ∈ G+. u ∈ G is an order unit if, for every g ∈ G+, g ≤ nu

for some n ∈ Z
+. We say (G,G+, u) is a unital ordered group. Let G and H be ordered

groups with ordered units u and v respectively. A unital order homomorphism between G

and H is a group homomorphism ϕ : G → H such that ϕ(G+) ⊆ H+ and ϕ(u) = v. If,
in particular, ϕ is bijective and ϕ(G+) = H+, then we call ϕ a unital order isomorphism
and (G,G+, u), (H,H+, v) are said to be order isomorphic.

Suppose M = {M(k)}∞k=1 is a sequence of matrices associated to a properly ordered
Bratteli diagram (V ,E,≥). For k ≥ 0, define the order ≤ on Z

|Vk | as follows:

(z1, z2, . . . , z|Vk |) ≤ (y1, y2, . . . , y|Vk|)
def⇐⇒ zi ≤ yi for 1 ≤ i ≤ |Vk|.

Define Z
|Vk |+ = {(z1, z2, . . . , z|Vk |) ∈ Z

|Vk | | zi ≥ 0 for 1 ≤ i ≤ |Vk|}. Then it follows
easily that (Z|Vk |,Z

|Vk |+) is an unperforated ordered group.
Suppose {(Gk,G

+
k , uk)}∞k=0 is a sequence of unital ordered groups and Φk+1 : Gk →

Gk+1 is a unital order homomorphism for each k ≥ 0. Let �∞k=0Gk = {(g, k) | g ∈
Gk, k ≥ 0} be the disjoint union of {Gk}. For n ≥ m, define Φm,n = Φn ◦ Φn−1 ◦ · · · ◦
Φm+1 ◦Φm. Then define an equivalence relation � on �∞k=0Gk by setting (g, n) � (h,m)

if there exists k > n,m such that Φn+1,k(g) = Φm+1,k(h). Let G = �∞k=0Gk/ �.
Define the equivalence class of (g, n) as [g, n]. A group structure can be defined on G

by [g, n] + [h,m] = [Φn+1,k(g) + Φm+1,k(h), k] where k is any integer > n,m. Define
G+ = {[g, n] | g ∈ G+n , n ≥ 0}, inducing an ordering on G. Since each Φk is unital,
u = [un, n] is independent of n and gives an order unit of G. The unital ordered group
(G,G+, u) is called the direct limit of {(Gk,Φk+1)}∞k=0 and denoted by lim→ (Gk,Φk+1).

A countable unperforated ordered group is a dimension group if it has the Riesz
interpolation property. That is, given a1, a2, b1, b2 ∈ G with ai ≤ bj (i, j = 1, 2),
there exists c ∈ G such that ai ≤ c ≤ bj (i, j = 1, 2). We say that G is simple if it does
not contain non-trivial order ideals. For details of dimension groups, see [EHS].

For k ≥ 1, we define Φk : Z
|Vk−1| → Z

|Vk | as Φk(x) = M(k)x, x ∈ Z
|Vk−1|. Define the

direct limit (DM,D+M, u) of unital ordered group as follows:

(DM,D+M, u) = lim−→(Z|Vk−1|,Φk) = Z
|V0| Φ1−→ Z

|V1| Φ2−→ Z
|V2| Φ3−→ · · · , u = [1, 0].
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We call u = [1, 0] a distinguished order unit. It is easily shown that (DM,D+M, u) is
a dimension group. So we write K0(V ,E) = (DM,D+M, u).

In the following, we will define a dimension group K0(X, T ) of Cantor minimal system
(X, T ). Let C(X,Z) denote the continuous functions on X with value in Z. Let BT

denote the (coboundary) subgroup Im(id − T∗) = {f − f ◦ T −1 | f ∈ C(X,Z)}. Let
K0(X, T ) be the quotient group C(X,Z)/BT and define K0(X, T )+ = {[f ] | f ≥ 0, f ∈
C(X,Z)}, where [·] denotes the quotient map. In [Pu], Putnam showed that K0(X, T )

with positive cone K0(X, T )+ is a simple, acyclic (i.e. K0(X, T ) �∼= Z) dimension group
with (canonical) distinguished order unit [1], where 1 = 1X is the constant function 1.
In addition, Herman, Putnam and Skau have shown in [HPS] that K0(X, T ) ∼= K0(V ,E)

as ordered groups with distinguished order units, where (V ,E) is a Bratteli–Vershik
representation of (X, T ), and that all (acyclic) simple dimension groups can be obtained in
this (dynamical) way.

2.5. Equivalence relation on Bratteli diagram. We will define an equivalence relation
∼ on Bratteli diagrams and ≈ on ordered Bratteli diagrams as follows: B = (V ,E) ∼
(V ′, E′) = B′ if there exists a Bratteli diagram B̃ = (Ṽ , Ẽ) such that B̃odd yields a
telescoping of either B or B′, and B̃even yields a telescoping of the other. Similarly
B = (V ,E,≥) ≈ (V ′, E′,≥′) = B′ is an equivalence relation ≈ on ordered Bratteli
diagrams. It is easy to see that (V ,E) ∼ (V ′, E′) if and only if K0(V ,E) ∼= K0(V

′, E)

as dimension groups via an isomorphism preserving the distinguished order units. Using
these equivalence relations, Giordano, Herman, Putnam and Skau characterized strong
orbit equivalence and conjugacy for Bratteli–Vershik systems (Cantor minimal systems)
by the following theorem.

THEOREM 2.1. [GPS, HPS] Suppose (XB1 , λB1) and (XB2, λB2) are Bratteli–Vershik
systems. Then we have:
(1) (XB1, λB1) and (XB2 , λB2) are strongly orbit equivalent if and only if B1 ∼ B2;
(2) (XB1, λB1) and (XB2 , λB2) are (pointedly) conjugate if and only if B1 ≈ B2.

3. Modification of Bratteli diagrams
In this section we will show modification lemmas of Bratteli diagrams preserving the equal
path number property.

Notation. For a Bratteli diagram (V ,E), let {M(n) = [m(n)
i,j ]}n≥1 denote the sequence of

incidence matrices of (V ,E). For k, n ∈ N with k < n,

M(n,k) = [m(n,k)
i,l ] =M(n)M(n−1) · · ·M(k+1)M(k),

m̄
(n)
i =

|Vn−1|∑
j=1

m
(n)
i,j , m̄

(n,k)
i =

|Vk−1|∑
l=1

m
(n,k)
i,l .

(m̄(n)
i = |r−1(v

(n)
i )| holds.) We recall that the incidence vector of v

(n)
i is M

(n)
i of the

following form:

M
(n)
i = [m(n)

i,1 ,m
(n)
i,2 , . . . ,m

(n)
i,|Vn−1|].
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Definition 3.1. (The equal path number property) Let (V ,E) be a simple Bratteli diagram.
We say that (V ,E) has the equal path number property if for any n ∈ N and any u, v ∈ Vn,
|r−1(v)| = |r−1(u)|.

We note that the equal path number property is preserved under telescoping.

LEMMA 3.2. Suppose B = (V ,E) is a simple Bratteli diagram with the equal path
number property and has at least one edge between every pair of vertices from consecutive
levels. Then there exists a simple Bratteli diagram B′ = (V ′, E′) such that the following
statements hold:
(1) B′ has the equal path number property, so the number m′n = |r−1(v

′(n)
i )| is

independent of the choice of v′(n)i ∈ V ′n;
(2) for all n ∈ N, |V ′n| < 2m′n; and
(3) B ∼ B′.
Proof. Let M(n) = [m(n)

i,j ] be the nth level of incidence matrix of B. For n ∈ N, first we

define an equivalence relation∼ on Vn by declaring v
(n)
i ∼ v

(n)
j if M(n)

i = M
(n)
j . We define

V ′n = Vn/∼ and write V ′n = {v′(n)i | 1 ≤ i ≤ |Vn/∼|}. Moreover define M ′(n) = [m′(n)i,j ] as

m
′(n)
i,j =

∑
v
(n−1)
t ∈v′(n−1)

j

m
(n)
s,t , where v(n)s ∈ v

′(n)
i .

We note that the definition of m
′(n)
i,j is independent of the choice of v

(n)
s ∈ v

′(n)
i . We will

show these statements.
(1) Let mn = |r−1(v)| for any v ∈ Vn. Since B has the equal path number property, for

any 1 ≤ i ≤ |V ′n|, we have

m̄
′(n)
i =

|V ′n−1|∑
j=1

∑
v
(n−1)
t ∈v′(n−1)

j

m
(n)
s,t =

|Vn−1|∑
t=1

m
(n)
s,t = mn,

where v
(n)
s ∈ v

′(n)
i . So B′ has the equal path number property and mn = m′n.

(2) Since {M(n)
i | 1 ≤ i ≤ |Vn|} ⊂ {(n1, . . . , n|Vn−1|) ∈ N

|Vn−1| | ∑|Vn−1|
i=1 ni = mn}

holds, we have

|V ′n| ≤ 3

{
(n1, . . . , n|Vn−1|) ∈ N

|Vn−1|
∣∣∣∣
|Vn−1|∑
i=1

ni = mn

}
=
(

mn − 1

|Vn−1| − 1

)
< 2mn = 2m′n .

(3) We will construct a Bratteli diagram B̂ = (V̂ , Ê) so that B̂even corresponds to B and
B̂odd corresponds to B′. For k ∈ N, we put V̂2k−1 = V ′k and V̂2k = Vk . We define the

incidence matrix M̂(n) = [m̂(n)
i,j ] ∈ N

|V̂n|×|V̂n−1| as

m̂
(n)
i,j =

{
m

(k)
l,j , if n = 2k − 1 and v

(k)
l ∈ v

′(k)
i ,

δ
(k)
i,j , if n = 2k,

where δ
(k)
i,j is defined by δ

(k)
i,j = 1 if v

(k)
i ∈ v

′(k)
j , and δ

(k)
i,j = 0 if v

(k)
i �∈ v

′(k)
j .

We will check that M̂(2k−1,2k−2) = M ′(k) and M̂(2k,2k−1) = M(k) for all k ∈ N, where
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M̂(0) = [1] ∈ N
1×1. For n ≥ 1, let φn : Vn → V ′n be the quotient map defined by

φn(i) = j if v
(n)
i ∈ v

′(n)
j . If n = 0, φ0 : V0 → V ′0 is defined by φ0(1) = 1, where

V0 = {v(0)1 } and V ′0 = {v′(0)1 }. For k ≥ 1, we have

m̂
(2k,2k−1)
i,j =

|V̂2k−1|∑
l=1

m̂
(2k)
i,l m̂

(2k−1)
l,j =

|V ′k |∑
l=1

δ
(k)
i,l m

(k)
s,j (where v(k)s ∈ v

′(k)
l )

= m
(k)
s,j (s ∈ φ−1

k ◦ φk(i))

= m
(k)
i,j (because φk(i) = φk(s))

m̂
(2k−1,2k−2)
i,j =

|V̂2k−2|∑
l=1

m̂
(2k−1)
i,l m̂

(2k−2)
l,j =

|Vk−1|∑
l=1

m
(k)
s,l δ

(k−1)
l,j (where v(k)s ∈ v

′(k)
i )

=
∑

l∈φ−1
k−1(j)

m
(k)
s,l (because δ

(k−1)
l,j = 1 ⇔ v

(k−1)
l ∈ v

′(k−1)
j )

= m
′(k)
i,j .

So we finish the proof. ✷

Remarks. (1) We give an example of B, B′ and B̂. (In this case, m1 = 10,m2 = 30 and
m3 = 50.)

M(1) =

10

10
10


 , M(2) =




10 10 10
15 5 10
15 5 10
5 10 15
10 10 10


 , M(3) =




15 5 20 5 5
10 10 10 10 10
5 5 30 5 5

10 10 10 10 10
10 15 10 5 10
15 5 20 5 5
10 10 10 10 10




,

M ′(1) = [10
]
, M ′(2) =


30

30
30


 , M ′(3) =




20 25 5
20 20 10
10 35 5
20 25 5


 ,

M̂(1) = [10
]
, M̂(2) =


1

1
1


 , M̂(3) =


10 10 10

15 5 10
5 10 15


 ,

M̂(4) =




1 0 0
0 1 0
0 1 0
0 0 1
1 0 0


 , M̂(5) =




15 5 20 5 5
10 10 10 10 10
5 5 30 5 5
10 15 10 5 10


 , M̂(6) =




1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 0
0 0 0 1
1 0 0 0
0 1 0 0




.

In the case above, φ1(1, 2, 3) = (1, 1, 1), φ2(1, 2, 3, 4, 5) = (1, 2, 2, 3, 1) and
φ3(1, 2, 3, 4, 5, 6, 7) = (1, 2, 3, 2, 4, 1, 2).
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(2) Since B has the equal path number property and by the construction of B′, M ′(1) is
always a 1× 1 matrix.

LEMMA 3.3. Suppose B = (V ,E) is a simple Bratteli diagram having the equal path
number property. Let N ∈ N be given. Then there exists a simple Bratteli diagram
B′ = (V ′, E′) such that the following statements hold:

(1) B′ has the equal path number property;
(2) B′ has at least N edges between every pair of vertices from consecutive levels;
(3) let m′n = |r−1(v)|, where v ∈ V ′n. (By the condition (1), m′n is well defined.) For all

n ≥ 2, |V ′n| < 2m′n and (3/2)m
′
n(m′n + 2)−8(|V ′n−1|+1) > 5;

(4) B ∼ B′.
Proof. We will first telescope B appropriately to B0. Then we will apply Lemma 3.2 to
B0 to obtain B′. In fact, we will define an increasing sequence {nk}k≥1 ⊂ N, which are
telescoped levels of B, by induction. Define n1 = 1. For k ≥ 2, we assume nk−1 have
been defined. For t > nk−1, let m(t) = m̄

(t,nk−1+1)
i for any v

(t)
i ∈ Vt . We note that

m(t) is independent of the choice of v(t)i ∈ Vt because the equal path number property is
preserved under telescoping. Since B is simple, m(t) is monotone increasing with respect
to t . Therefore there is a t > nk−1 such that all entries of incidence matrix M(t,nk−1+1) are
bigger than N and (3/2)m(t)(m(t)+2)−8(|Vnk−1 |+1)

> 5. We fix such a t and define nk = t .
Let B0 be the telescoped diagram of B to 0, n1, n2, . . . . Applying Lemma 3.2 to B0 we get
the Bratteli diagram B′ satisfying the following:
• B′ has the equal path number property. So the number m′n = |r−1(v

′(n)
i )| is

independent of the choice of v
′(n)
i ∈ V ′n; since m′k = m(nk) for all k ∈ N, we

see that
• for all k ≥ 2, |V ′k| < 2m′k and (3/2)m

′
k (m′k + 2)−8(|Vnk−1 |+1)

> 5;
• (B ∼)B0 ∼ B′.
Since the kth level of vertex set of B0 is Vnk and by the construction of B′ in Lemma 3.2,
we have
• |Vnk | ≥ |V ′k| for all k ∈ N;
• B′ has at least N edges between every pair of vertices from consecutive levels.
So 2m′n(m′n + 2)−8(|V ′n−1|−1) > 5 holds for all n ≥ 2 and we are done. ✷

Definition 3.4. (Ordered vector and distinct order) Let B = (V ,E,≥) be an ordered
Bratteli diagram.
(1) For k ≥ 1 and v ∈ Vk, let τ (v, j) ∈ Vk−1 be the source vertex of j th element of

r−1(v). We say that the following vector, consisting of vertices, is an ordered vector
of v (

τ (v, 1), τ (v, 2), . . . , τ (v, |r−1(v)| − 1), τ (v, |r−1(v)|)) ∈ (Vk−1)
|r−1(v)|,

and denote it by O.vec(v).
(2) We say edges to vertices of Vk have distinct orderings (to put it simply that Vk has

distinct orderings) if for v, v′ ∈ Vk, O.vec(v) = O.vec(v′) implies v = v′. If for any
n ≥ 2, Vn has distinct orderings, we say that B has distinct orderings for all levels.
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LEMMA 3.5. Suppose B = (V ,E) is a simple Bratteli diagram having the equal path
number property. Then there exists a properly ordered Bratteli diagram B̃ = (Ṽ , Ẽ,≥)

such that the following statements hold:
(1) B̃ has the equal path number property and has at least one edge between every pair

of vertices from consecutive levels;
(2) B̃ has distinct ordering for all levels;
(3) for n ≥ 1, ṽ(n)min ∈ Ṽn (ṽ

(n)
max ∈ Ṽn) is the vertex which the unique infinite minimal

(maximal) path goes through. Then 3{e ∈ Ẽn+1 | s(e) = ṽ
(n)
min, r(e) = v} = 1 and

3{e ∈ Ẽn+1 | s(e) = ṽ
(n)
max, r(e) = v} = 1 for any v ∈ Ṽn+1;

(4) let m̃n = |r−1(v)|, where v ∈ Ṽn. (By condition (1), m̃n is well defined.) For any
n ≥ 2 and v ∈ Ṽn, τ (v, 1) = ṽ

(n−1)
min and τ (v, m̃n) = ṽ

(n−1)
max ;

(5) B ∼ B̃.

Proof. Applying Lemma 3.3, we may assume that B satisfies the following conditions:
(i) B satisfies the equal path number property. So the number mn = |r−1(v)|, where

v ∈ Vn, is well defined;
(ii) B has at least 60 edges between every pair of vertices from consecutive levels;
(iii) for all n ≥ 2, |Vn| < 2mn and (3/2)mn(mn + 2)−8(|Vn−1|+1) > 5.
We will construct the incidence matrices {M̃(n)}n≥1 of B̃ using M(n) = [m(n)

i,j ] which is

the nth level of the incidence matrix of B. For n ≥ 2, we define θ
(n)
i,j ∈ N and λ

(n)
i,j ∈ Z

(1 ≤ i ≤ |Vn|, 1 ≤ j ≤ |Vn−1|) as

m
(n)
i,j − 2δ1(j) = 4θ(n)

i,j + λ
(n)
i,j , λ

(n)
i,j ∈ [0, 4), (3.1)

where δl : N → {0, 1} is defined by δl(i) = 0 if i �= l, and δl(i) = 1 if i = l. By (ii) and
(3.1),

θ
(n)
i,j >

m
(n)
i,j − 6

4
> 13 for any i and j . (3.2)

Let |Ṽn| = 4|Vn| + 2 for all n ∈ N and |Ṽ0| = 1. First we define M̃(1) ∈ N
6×1 as

M̃(1) = [m(1),m(1),m(1),m(1),m(1),m(1)]tr,
where M(1) = [m(1)] ∈ N

1×1(= N). (We note that applying B in Lemma 3.3, M(1) is
always 1 × 1 matrix.) For n ≥ 2, we define M̃(n) = [M̃(n)

i,j , 1 ≤ i ≤ |Vn|, 1 ≤ j ≤
|Vn−1|] ∈ N

|Ṽn|×|Ṽn−1|, where M̃
(n)
i,j ∈ N

(4+2δ1(i))×(4+2δ1(j)), as follows:

M̃
(n)
i,j = (lζ,ξ ), lζ,ξ =




1 if ξ = δ1(j), 2δ1(j)

θ
(n)
i,j + 1 if 2δ1(j) < ξ ≤ 2δ1(j)+ λ

(n)
i,j

θ
(n)
i,j if 2δ1(j)+ λ

(n)
i,j < ξ ≤ 4+ 2δ1(j).

(By the previous definition, ξ = 0 implies that lζ,0 is an empty entry.) We write

M̃(n) = [m̃(n)

i′,j ′ ], where 1 ≤ i ′ ≤ |Ṽn| and 1 ≤ j ′ ≤ |Ṽn−1|. By the previous definition of

M̃(n), we calculate
2∑

t=−1−2δ1(j)

m̃
(n)
4i+s,4j+t = m

(n)
i,j , where s ∈ [−1− 2δ1(i), 2]. (3.3)

https://doi.org/10.1017/S01433385701001900 Published online by Cambridge University Press

https://doi.org/10.1017/S01433385701001900


Strong orbit equivalence 1877

In the following, we will check that ¯̃m(n)

i = mn for any 1 ≤ i ≤ |Ṽn|. This implies that
statement (1) holds. For i, there is l ∈ N such that 4l − 1− 2δ1(l) ≤ i ≤ 4l + 2. By (3.3),
we have

¯̃m(n)

i =
|Ṽn−1|∑
j=1

m̃
(n)
i,j =

|Vn−1|∑
k=1

2∑
t=−1−2δ1(k)

m̃
(n)
i,4k+t =

|Vn−1|∑
k=1

m
(n)
l,k = m̄

(n)
l = mn.

So we let m̃n = mn. We write Ṽn = {ṽ(n)i | 1 ≤ i ≤ |Ṽn|} and we let ṽ(n)min = ṽ
(n)
1 and

ṽ
(n)
max = ṽ

(n)
2 . For ṽ(n)i , define Dist(ṽ(n)i ) as

Dist(ṽ(n)i ) = 3{(v1, v2, . . . , vm̃n
) ⊂ (Ṽn−1)

m̃n | v1 = ṽ
(n−1)
min , vm̃n

= ṽ(n−1)
max ,

3{k | vk = ṽ
(n−1)
j } = m̃

(n)
i,j for any 1 ≤ j ≤ |Ṽn−1|}.

Dist(ṽ(n)i ) denotes the maximal possible number for arranging edges in r−1(ṽ
(n)
i ) with

τ (ṽ
(n)
i , 1) = ṽ

(n−1)
min and τ (ṽ

(n)
i , m̃n) = ṽ

(n−1)
max . Then we see that

Dist(ṽ(n)i ) = (m̃n − 2)!∏|Ṽn−1|
j=3 m̃

(n)
i,j !

.

Now we will show that for ṽ(n)i , |Ṽn| ≤ Dist(ṽ(n)i ). We claim the following inequality for
n ∈ N: (n

e

)n
< n! <

(
n+ 2

e

)n+2

. (3.4)

If n = 1, the inequality holds trivially. If n ≥ 2, then en =∑∞
k=0 n

k/k! > nn/n!.
Therefore the first part of the inequality holds. Next, we can calculate

log(n+ 1)! =
n+1∑
k=1

log k <

n+1∑
k=1

∫ k+1

k

log x dx =
∫ n+2

1
log x dx

= (n+ 2) log(n+ 2)− (n+ 1).

Since log(n+ 1) > 1 for n ≥ 2, we get

logn! < (n+ 2) log(n+ 2)− (n+ 1)− log(n+ 1)

< (n+ 2){log(n+ 2)− 1} = log ((n+ 2)/e)n+2 .

So the second part of the inequality also holds.
For ṽ(n)i , there is l ∈ N so that 4l − 1− 2δ1(l) ≤ i ≤ 4l + 2. Using (3.4), we calculate

Dist(ṽ(n)i ) >
{(m̃n − 2)/e}(m̃n−2)

∏|Ṽn−1|
j=3 {(m̃(n)

i,j + 2)/e}(m̃(n)
i,j+2)

=
|Ṽn−1|∏
j=3

(
m̃n − 2

m̃
(n)
i,j + 2

)m̃(n)
i,j

×

m̃n − 2

e
×
|Ṽn−1|∏
j=3

m̃
(n)
i,j + 2

e



−2

>

|Vn−1|∏
k=1

(
mn − 2

θ
(n)
l,k + 3

)m(n)
l,k−2δ1(k)

×

(m̃n − 2)×

|Ṽn−1|∏
j=3

(m̃n + 2)



−2

https://doi.org/10.1017/S01433385701001900 Published online by Cambridge University Press

https://doi.org/10.1017/S01433385701001900


1878 F. Sugisaki

>

|Vn−1|∏
k=1

(
4θ(n)

l,k − 2

θ
(n)
l,k + 3

)m(n)
l,k−2δ1(k)

× (m̃n + 2)−2|Ṽn−1|

>
3mn

42
× (mn + 2)−8|Vn−1|−4

(
because 3 <

4θ(n)
l,k − 2

θ
(n)
l,k + 3

< 4 by (3.2)

)

> 2mn × (3/2)mn(mn + 2)−8(|Vn−1|+1)

> 5× 2mn > 4|Vn| + 2 = |Ṽn| (by (iii)).

It is now obvious that we can assign a partial order ≥ on Ẽn for each n ≥ 2, so that
statements (2), (3) and (4) hold.

Finally we will check the statement (5). To show this, we may construct a Bratteli
diagram B̂ = (V̂ , Ê) so that the B̂odd corresponds to B and B̂even corresponds to B̃.
For k ∈ N, we put V̂2k−1 = Vk and V̂2k = Ṽk. We define the incidence matrix

M̂(n) = [m̂(n)
i,j ] ∈ N

|V̂n|×|V̂n−1| as

m̂
(n)
i,j =



m̃

(k)
4i−1,j , if n = 2k − 1,

2∑
l=−1−2δ1(j)

δi(4j + l), if n = 2k.

We will check that M̂(2k,2k−1) = M̃(k) and M̂(2k−1,2k−2) = M(k) and for all k ∈ N.

m̂
(2k,2k−1)
i,j =

|V̂2k−1|∑
l=1

m̂
(2k)
i,l m̂

(2k−1)
l,j =

|Vk |∑
l=1

{( 2∑
t=−1−2δ1(l)

δi(4l + t)

)
m̃

(k)
4l−1,j

}

= m̃
(k)
4l0−1,j (there exists a unique l0 such that

4l0 − 1− 2δ1(l0) ≤ i ≤ 4l0 + 2)

= m̃
(k)
i,j ,

m̂
(2k−1,2k−2)
i,j =

|V̂2k−2|∑
l=1

m̂
(2k−1)
i,l m̂

(2k−2)
l,j =

|Ṽk−1|∑
l=1

{
m̃

(k)
4i−1,l

( 2∑
t=−1−2δ1(j)

δl(4j + t)

)}

=
2∑

t=−1−2δ1(j)

m̃
(k)
4i−1,4j+t = m

(k)
i,j (by (3.3)).

Therefore B ∼ B̃ holds. So we finish the proof. ✷

Remark. We give an example of B, B′ and B̃. If M(1) = [60], M(2) = [
75
75

]
and

M(3) =
[ 100 90

60 130
75 115

]
, then M̃(n) and M̂(n) (n = 1, 2, 3) are the following:
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M̃(1) =




60
60
60
60
60
60




, M̃(2) =




1 1 19 18 18 18
1 1 19 18 18 18
1 1 19 18 18 18
1 1 19 18 18 18
1 1 19 18 18 18
1 1 19 18 18 18
1 1 19 18 18 18
1 1 19 18 18 18
1 1 19 18 18 18
1 1 19 18 18 18




,

M̃(3) =




1 1 25 25 24 24 23 23 22 22
1 1 25 25 24 24 23 23 22 22
1 1 25 25 24 24 23 23 22 22
1 1 25 25 24 24 23 23 22 22
1 1 25 25 24 24 23 23 22 22
1 1 25 25 24 24 23 23 22 22
1 1 15 15 14 14 33 33 32 32
1 1 15 15 14 14 33 33 32 32
1 1 15 15 14 14 33 33 32 32
1 1 15 15 14 14 33 33 32 32
1 1 19 18 18 18 29 29 29 28
1 1 19 18 18 18 29 29 29 28
1 1 19 18 18 18 29 29 29 28
1 1 19 18 18 18 29 29 29 28




,

M̂(1) = [60
]
, M̂(2) =




1
1
1
1
1
1




, M̂(3) =
[

1 1 19 18 18 18
1 1 19 18 18 18

]
,

M̂(4) =




1 0
1 0
1 0
1 0
1 0
1 0
0 1
0 1
0 1
0 1




, M̂(5) =

1 1 25 25 24 24 23 23 22 22

1 1 15 15 14 14 33 33 32 32
1 1 19 18 18 18 29 29 29 28


 ,
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M̂(6) =




1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
0 1 0
0 1 0
0 1 0
0 1 0
0 0 1
0 0 1
0 0 1
0 0 1




.

4. Proof of the main theorem

In this section, we will show the main theorem (Theorem 1.2). We recall that (X, T )

is expansive if there exists δ > 0 such that for any x, y ∈ X with x �= y,
supn∈Z d(T nx, T ny) > δ, where d is a metric yielding the topology of X. One can show
that the definition of expansiveness is independent of the choice of metric d . (However,
the expansive constant δ depends on d .)

The next theorem is a sufficient condition in order that a Bratteli–Vershik system is
expansive.

THEOREM 4.1. Suppose (XB̃, λB̃) is a Bratteli–Vershik system, where B̃ satisfies
conditions (1)–(4) in Lemma 3.5. Then (XB̃, λB̃) is expansive.

Proof. Take any x, y ∈ XB̃ with x �= y and fix them. (If x = (x1, x2, . . . ) ∈ XB̃,

we write (x)k = xk ∈ Ek and πk is a truncation map from XB̃ to P(Ṽk) defined by
πk(x) = (x1, x2, . . . , xk).) We write S = λB̃ . It suffices to show that there is m ∈ Z so
that π1(S

mx) �= π1(S
my) cf. [GJ1]. If (x)1 �= (y)1, the claim would have been proven.

Therefore assume that there is k ∈ N for which πk(x) = πk(y) and πk+1(x) �= πk+1(y).
Let n ≤ 0 so that −n is the smallest number such that the edges of πk+1(S

nx) lie in Ẽmin.
Then we have the following two cases:
(i) πk(S

nx) = πk(S
ny);

(ii) πk(S
nx) �= πk(S

ny).
We consider case (i). We note that if πk(S

nx) = πk(S
ny), then the edges of πk+1(S

ny)

always lie in Ẽmin (i.e. (Sny)k+1 ∈ Ẽmin). Since s((Snx)k+1) = ṽ
(k)
min = s((Sny)k+1) and

by condition (3), {e ∈ Ẽk+1 | s(e) = ṽ
(k)
min, r(e) = r((Sny)k+1)} = {(Sny)k+1}. Therefore

by condition (4), (Sny)k+1 ∈ Ẽmin. Let v = r((Snx)k+1) and u = r((Sny)k+1). Then
by the assumption, v �= u. Since Ṽk+1 has distinct orderings, there exists 1 < n′ < m̃k+1

such that τ (v, n′) �= τ (u, n′). Let ñ = n + (n′ − 1)|P(ṽ)|, where ṽ ∈ Ṽk . (We recall that
P(ṽ) denotes the set of all paths from Ṽ0 to ṽ.) Then we see that s((Sñx)k+1) = τ (v, n′)
and s((Sñy)k+1) = τ (u, n′). This implies that πk(S

ñx) �= πk(S
ñy).
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Strong orbit equivalence 1881

Both cases (i) and (ii) imply that there exists N ∈ Z such that πk(S
Nx) �= πk(S

Ny)

holds. By repeating this procedure, we get π1(S
mx) �= π1(S

my) for some m ∈ Z. So we
finish the proof. ✷

Proof of Theorem 1.2. Let (XB, λB) be a Bratteli–Vershik system so that properly ordered
Bratteli diagram B has the equal path number property. By telescoping, we may assume
that B has at least one edge between every pair of vertices from consecutive levels.
We apply Lemma 3.5 and get the properly ordered Bratteli diagram B̃ which satisfies
the conditions in Lemma 3.5. By Theorem 4.1, the Bratteli–Vershik system (XB̃, λB̃) is

expansive. Now B ∼ B̃, and so by Theorem 2.1, (XB, λB) and (XB̃, λB̃) are strongly orbit

equivalent. Moreover, since B̃ has the equal path number property and by Theorem 1.1,
(XB̃, λB̃) is a Toeplitz flow. So we finish the proof. ✷
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