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Abstract. Let (X, T) be a Cantor minimal system associated with a properly ordered
Bratteli diagram with the equal path number property. In this paper we will show
that there exists a Toeplitz flow (Y, S) such that (X, T) and (Y, S) are strongly orbit
equivalent. This is an affirmative answer to the open problem in R. Gjerde and @. Johansen
(Bratteli—Vershik models for Cantor minimal systems: applications to Toeplitz flows.
Ergod. Th. & Dynam. Sys. 20 (2000), 1687-1710).

1. Introduction
Cantor minimal systems, which are topological dynamical systems acting homeomorphi-
cally and minimally on the Cantor set by a single transformation, include a variety of
dynamical systems that have very important and interesting properties. In fact, Cantor
minimal systems are obtained by many types of constructions such as substitutions, interval
exchange transformations, Toeplitz flows and so on. Moreover, Cantor minimal systems
have connections with other fields of mathematics, that is C*-algebras and (ordered)
K-theory. In [GPS], T. Giordano, I. Putnam and C. Skau succeeded in exhibiting such
connections by proving the following result.

Let (X;, ¢;) be a Cantor minimal system (i = 1, 2). Then the following three statements
are equivalent:
(a) (X1, ¢1) and (X2, @) are strongly orbit equivalent;
(b) associated C*-crossed products C(X1) Xy, Z and C(X2) X, Z are isomorphic; and
(c) associated dimension groups Ko(X1, ¢1) and Ko(X2, ¢2) are order isomorphic by a

map preserving the distinguished order units.
A definition for strong orbit equivalence is given as follows.
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Definition. Two dynamical systems (X1, T1) and (X3, T2) are orbit equivalent if there
exists a homeomorphism F : X; — X, which sends 77 orbits onto 7> orbits. If
there is an orbit equivalence between (X1, T7) and (X2, T>), then there exist functions
n: X, — Z, m: X1 — Z such that for x € X, FoTix = TZ"(X)OFx and
F o Tlm(x)x = T, o Fx, which are called orbit cocycles associated with F. (X1, T1)
and (X», T») are strongly orbit equivalent if the two systems are orbit equivalent and each
of the orbit cocycles, which are associated with the orbit equivalence, has at most one point
of discontinuity.

The concept of ‘strong orbit equivalence’ plays a very important role in those
connections and gives a new classification of dynamical systems (see [GJ2, Or, Sul, Su2,
Su3)).

Here let us consider minimal subshifts. It is easy to see that the family of expansive
Cantor minimal systems coincides with the family of minimal subshifts up to conjugacy.
Concerning the strong orbit equivalence of a Cantor minimal system, we can raise the
following question: within any strong orbit equivalence class, is there a Cantor minimal
system which is conjugate to a subshift? In [Su3] we obtained the following result: given
a Cantor minimal system (X, T), there exists a minimal subshift strongly orbit equivalent
to (X, T). Furthermore, we can choose (X, T') to be of any finite entropy.

One example of minimal subshifts is Toeplitz flows, which can be defined as follows.

Let X be a finite alphabet. We say a non-periodic sequence 7 = (,)ncz € L2 is a
Toeplitz sequence if for any m € Z, there exists n € N such that 1, = 94k, forall k € Z.
A Toeplitz flow is a minimal subshift (X, T;)), where 7 is Toeplitz sequence, X, is the
closure of the orbit of # under the shift, and 7}, is the restriction of the shift to X,. (For
details, see [Wi] and [GJ1].)

Toeplitz flows were first introduced by Jacobs and Keane [JK]. Williams extended the
basic results in [JK] (see [Wi]). There are many interesting results concerning Toeplitz
flows obtained by Downarowicz, Lacroix, Gjerde and Johansen, especially concerning
their invariant measures and their maximal equicontinuous factors [Do, DL, GJ1].
Concerning the relationship between Toeplitz flows and Bratteli—Vershik systems (Cantor
minimal systems) associated with properly ordered Bratteli diagram, Gjerde and Johansen
succeeded in obtaining the following theorem.

THEOREM 1.1. [GJ1, Theorem 8] The family of expansive Bratteli—Vershik systems
associated with Bratteli diagrams with the equal path number property coincides with the
family of Toeplitz flows up to conjugacy.

Concerning the strong orbit equivalence of Toeplitz flows, they raised an open problem
in [GJ1] which can be stated as follows: ‘Let (V, E) be a simple Bratteli diagram
with the equal path number property. Does there exist a Toeplitz flow (Y, ) such that
KO(Y, ¥) = Ko(V, E) as ordered groups with distinguished order units?” We obtained an
affirmative answer, Theorem 1.2, to this problem, which is the main theorem in this paper.

THEOREM 1.2. The family of Bratteli—Vershik systems associated with properly ordered
Bratteli diagrams with the equal path number property coincides with the family of Toeplitz
Sflows up to strong orbit equivalence.
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This theorem tells us that Bratteli diagrams with the equal path number property
‘present” all the K O-groups that arise from Toeplitz flows.

In §2, we introduce some definitions and results concerning Cantor minimal systems.
The crucial tool in obtaining our results is a model theorem of Cantor minimal systems
[HPS]. We define a properly ordered Bratteli diagram and introduce the relation between
Cantor minimal systems and properly ordered Bratteli diagram (Bratteli—Vershik systems).
Next we define the dimension group associated with Cantor minimal systems. From
[GPS], we know that there is a relationship between a strong orbit equivalence class for
Cantor minimal systems and an equivalence relation on Bratteli diagrams associated with
the systems (Theorem 2.1).

In §3, we give some modification lemmas for the construction of Bratteli diagrams.
In each modification lemma, we modify diagrams preserving the equivalence relation on
Bratteli diagrams and the equal path number property. In general Bratteli diagrams, it
is very important to control the number of vertices |V,| at the nth level of the Bratteli
diagram within the equivalence relation on diagrams so that the number does not increase
‘too rapidly’ with respect to n € N. We show that we can do this in Lemma 3.2 which
plays an important role in this paper. Moreover, we need to modify a Bratteli diagram in
order to realize an expansive Bratteli—Vershik system with the equal path number property.
Indeed, we define distinct orderings and we have to control both the number of vertices
| V.| and that of edges | E,| so that the modified Bratteli diagram B has a distinct ordering
for all levels. In §4, we show the main theorem (Theorem 1.2). The point which we have
to prove is that the constructed Bratteli—Vershik system (X, A;3) is expansive. Since B
will have a distinct ordering for all levels, it is not hard to prove it.

2. Definition of the Bratteli diagram the Bratteli—Vershik system and dimension group for
Cantor minimal systems

2.1. Bratteli diagram. A Bratteli diagram consists of a vertex set V and an edge set E
satisfying the following conditions. We decompose V into finite sets Vx (k > 0) where
each Vj is non-empty and disjoint from each other and | V| = 1. The index k of V. implies
that a vertex in Vi lies on the kth level. Similarly, we decompose E into finite sets Ej
(k > 1) where each Ej is non-empty and disjoint from each other. The relation between V
and E is given by the maps r, s : E — V so thatr(Ey) C Vi and s(Ey) C Vk—1 (k > 1).
We call r, s a range map and a source map respectively. We also assume that forallv € V,
s~ '(v) # @ andforallv e V\ Vo, r~'(v) # 0.

Fork > 1, wewrite Vi = (v | 1 <i < |V} Letm

i,j
fk) ;k_l) € Vi_1. We call the matrix [ml(k])

[Vk| X |Vi—1l, the incidence matrix of the kth level. We write M%) = [m,(k]) ]. Define

Ml.(k) = [mf)kl), ml(kz), R mfﬁ)vk_] ‘]. We call Ml-(k) the incidence vector ofvl.(k) e V.

We say that (V, E) is simple if for all k > 0, there exists an n > k such that for every
pair of vertices v € Vi, v/ € V,, there is a path from v to v’ or, to put it differently, if
the product of incidence matrices M M©=1 ... pp*+2 pr*k+D consists of all positive
entries.

*) be the number of edges

which connect v."" € Vi and v ], whose size is
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For a given Bratteli diagram (V, E) and k, n € Nwith k < n, let P(Vy, V,,) be the set of
all paths from Vi to V,;;i.e. P(Vi, Vi) = {(€x+1, €xk+2,.--,¢en) | e; € E; fori € (k,n] and
r(ej) = s(ejy1) fori € (k,n)}. Define r : P(V, V) = V,, ands : P(Vg, V,) —> Vi by

r(exs1, €42, ..., en) =r(en), s(€ks1, €k42, ..., en) = s(exs1). We simply write P (V)
instead of P(Vy, V). For v € Vg, let P(v) denote the set of all paths from Vj to v.
Given a Bratteli diagram B = (V, E) and sequence co = 0 < ¢y < ¢ <c¢3 < --- in

77, we say that a Bratteli diagram (V’, E’) is a telescoping (or contraction) of B to {er}t2,
if V, = V,, and E}, consists of P(V,, ,, V¢,). and source and range maps are as before.
In particular, we define Bogq as a telescoping 5 to odd levels (0, 1, 3, ...) and define Beyen
as telescoping B to even levels (0, 2,4, ...).

2.2. Ordered Bratteli diagram. An ordered Bratteli diagram is a Bratteli diagram
(V, E) together with a partial order > on E. (We write (V, E, >).) That is, we have a
linear order on each set r ! (v), v € V\Vp. An order on P(Vi, V,,) is defined as follows:

Forsomei withk +1 <i <n:
(ers1s €2, s en) < (firts fiea2s -5 fu) & (i) ej=fjfori <j<n,
(11) e < fl
2.1)

Given an ordered Bratteli diagram B = (V, E, >), let X denote the associated infinite
path space, i.e. Xp = {(e1,e2,€3,...) | r(ex) = s(ek+1), kK > 1}. We topologize Xp
by postulating the following family of sets as a basis of open sets, namely the family
of cylinder sets U(ey, e2,...,ex) = {(f1, f2,...) | fi = ei, 1 < i < k}. Each
U(er,ea,...,ex) is also closed, as is easily seen, and so we note that Xp becomes a
compact Hausdorff space with a countable basis of clopen sets. We call Xg with this
topology the Bratteli compactum associated with . If B is simple and the cardinality of
X1 is infinity, then it turns out that X5 is a Cantor set.

Let Emax, Emin denote the maximal and minimal elements of the partially ordered set
E, respectively. (V, E, >) is proper if (V, E) is a simple Bratteli diagram and there is a
unique path pmax = (g1, &2, ...) € Xp such that each g € Enmax, k > 1 and similarly
there is a unique minimal path ppin = (A1, h2,...) € Xg such that each hy € Enip,
k> 1.

Given an ordered Bratteli diagram B = (V, E, >) and a sequence co =0 < ¢ < ¢ <
c3--- in Z*, an ordered Bratteli diagram (V’, E’, =') is a telescoping (or contraction) of
B to {ci}i2, if (V', E') is a contraction of (V, E) to {cx}2,, and the order >’ is induced
by > as in (2.1).

2.3. Bratteli—Vershik system. Using a properly ordered Bratteli diagram, we can create
a minimal dynamical system on the Bratteli compactum associated with it. Let X be the
Bratteli compactum associated with B = (V, E, >). Let pmax, Pmin be the unique maximal
and minimal path in Xp respectively. We define a homeomorphism Ag : Xp — Xp as

follows.
Define Ag(Pmax) = Pmin. If p = (e1,€2,...) 7# Pmax, letk =min{i € N | ¢; & Emax}
and f; denote the successor of e in E. Let (f1, f2, ..., fr—1) denote the unique least
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path in P(Vi—1) with r(fk—1) = s(fi). Then Ag(p) = (f1, f2. -, fr, €xt1, €42, - - -)-
We call Ag a lexicographic map (Vershik map). We can show that Ag is a minimal
homeomorphism. We call the pair (Xg, Ag) a Bratteli—Vershik system.

In [HPS], Herman, Putnam and Skau showed that the family of Cantor minimal systems
coincides with the family of Bratteli—Vershik systems up to conjugacy.

2.4. Dimension group associated with a Cantor minimal system. (G,G7) is an
unperforated ordered group if G is a countable Abelian group and GV is a subset of G
so that the following statements are satisfied:
() G*+Gt*cGhy
2 G*-Gt=¢G;
(3 G*N(=G*) ={0}
(4)  (unperforatedness) if g € G satisfies ng € G forsomen € N, then g € G™.
We will write g < hif h — g € GT. u € G is an order unit if, forevery g € G, g < nu
for some n € Z*. We say (G, GT, u) is a unital ordered group. Let G and H be ordered
groups with ordered units # and v respectively. A unital order homomorphism between G
and H is a group homomorphism ¢ : G — H such that (GT) € H* and ¢(u) = v. If,
in particular, ¢ is bijective and ¢(GT) = H™, then we call ¢ a unital order isomorphism
and (G, G*, u), (H, HT, v) are said to be order isomorphic.

Suppose M = {M (k)},fo: | is a sequence of matrices associated to a properly ordered
Bratteli diagram (V, E, >). For k > 0, define the order < on 7ZVk! as follows:

def .
(21,22 2V < O Y2, - Yval) - &= zi <yiforl <i <|Vl.
Define ZIV¥* = {(z1, 22, ..., zjv)) € Z!Y¥1 | z; > Ofor 1 <i < |Vi|}. Then it follows

easily that (Z!V¥!, ZIV¥l*) is an unperforated ordered group.

Suppose {(Gy, G,:r, ur) iz is a sequence of unital ordered groups and @41 : Gy —
Gy+1 is a unital order homomorphism for each k > 0. Let U722 Gy = {(g.k) | g €
Gk, k > 0} be the disjoint union of {G}. For n > m, define &, , = ®, 0 Py_10---0
@41 0 @p,. Then define an equivalence relation «~ on '—'JSO:()Gk by setting (g, n) «~ (h, m)
if there exists k > n,m such that @,41x(g) = Pmt1.4(h). Let G = l_llinGk/ .
Define the equivalence class of (g, n) as [g,n]. A group structure can be defined on G
by [g, n] + [h, m] = [Pn+1.k(g) + Pm+1.k(h), k] where k is any integer > n, m. Define
Gt ={lg,n]l| g€ Gjl‘, n > 0}, inducing an ordering on G. Since each @y is unital,
u = [uy,, n] is independent of n and gives an order unit of G. The unital ordered group
(G, GT, u) is called the direct limit of {(Gy, q)k-irl)}/fio and denoted by 1i_r>n(Gk, Dir1).

A countable unperforated ordered group is a dimension group if it has the Riesz
interpolation property. That is, given aj,az,b1,by € G witha; < b; (i,j = 1,2),
there exists ¢ € G such thata; < ¢ < b; (i, j = 1,2). We say that G is simple if it does
not contain non-trivial order ideals. For details of dimension groups, see [EHS].

For k > 1, we define &y, : ZIVi-1l — ZIVkl a5 Dr(x) = MP®x, x e Z!Vi-1l Define the
direct limit (D a4, Dj\'/l, u) of unital ordered group as follows:

(Dpgs Do w) = im(ZVitl, @) = 2Vl 25 il 22, glval 25,y — 11, 0],
—
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We call u = [1, 0] a distinguished order unit. 1t is easily shown that (D4, DX/I’ u) is
a dimension group. So we write Ko(V, E) = (D, Dj\'/l, u).

In the following, we will define a dimension group K°(X, T) of Cantor minimal system
(X, T). Let C(X,Z) denote the continuous functions on X with value in Z. Let Br
denote the (coboundary) subgroup Im(id — 7y,) = {f — f o 71 | f e C(X,Z)}. Let
KO(X, T) be the quotient group C (X, Z)/Br and define KO(X, T)* = {[f]1| f =0, f €
C(X, Z)}, where [-] denotes the quotient map. In [Pu], Putnam showed that K 0x, T
with positive cone K°(X, T)* is a simple, acyclic (i.e. K%(X, T) % Z) dimension group
with (canonical) distinguished order unit [1], where 1 = 1y is the constant function 1.
In addition, Herman, Putnam and Skau have shown in [HPS] that K°(X, T) = K (V, E)
as ordered groups with distinguished order units, where (V, E) is a Bratteli—Vershik
representation of (X, T), and that all (acyclic) simple dimension groups can be obtained in
this (dynamical) way.

2.5. Egquivalence relation on Bratteli diagram. We will define an equivalence relation
~ on Bratteli diagrams and & on ordered Bratteli diagrams as follows: B = (V, E) ~
(V/,E') = B if there exists a Bratteli diagram B = (V, E) such that Boaq yields a
telescoping of either B or B, and Beven yields a telescoping of the other. Similarly
B = (V,E,>) ~ (V,E',>') = B is an equivalence relation ~ on ordered Bratteli
diagrams. It is easy to see that (V, E) ~ (V’, E’) if and only if Ko(V, E) = Ko(V', E)
as dimension groups via an isomorphism preserving the distinguished order units. Using
these equivalence relations, Giordano, Herman, Putnam and Skau characterized strong
orbit equivalence and conjugacy for Bratteli—Vershik systems (Cantor minimal systems)
by the following theorem.

THEOREM 2.1. [GPS, HPS]| Suppose (Xp,,Ag,) and (Xp,, Ag,) are Bratteli—Vershik
systems. Then we have:

(1)  (Xp,»Ag,) and (Xp,, Ag,) are strongly orbit equivalent if and only if By ~ By;

(2)  (Xp,»Ag,) and (Xp,, As,) are (pointedly) conjugate if and only if By ~ Ba.

3. Modification of Bratteli diagrams
In this section we will show modification lemmas of Bratteli diagrams preserving the equal
path number property.

Notation. For a Bratteli diagram (V, E), let {M ) — [m,(?,')]}nz 1 denote the sequence of
incidence matrices of (V, E). Fork,n € Nwithk < n,

MO = [ 0] = g p =D gD pg 0
i, 9

[Va-1l [Vi—1l

= (n) _ (n) = (n,k) __ (n,k)
m; - = Z m; i, My = Z m;yp -
Jj=1

(ﬁzl@ = |r_1(vl§n))| holds.) We recall that the incidence vector of vi(") is Ml.(n) of the
following form:

n) _, () (n) (n)
M = [mi,l My, mi;lvn—l‘].
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Definition 3.1. (The equal path number property) Let (V, E) be a simple Bratteli diagram.
We say that (V, E) has the equal path number property if forany n € Nandany u, v € V,,

I OIE (]

We note that the equal path number property is preserved under telescoping.

LEMMA 3.2. Suppose B = (V, E) is a simple Bratteli diagram with the equal path

number property and has at least one edge between every pair of vertices from consecutive

levels. Then there exists a simple Bratteli diagram B' = (V', E') such that the following

statements hold:

(1) B has the equal path number property, so the number m) = Ir’l(v;(n))l is
independent of the choice of Ul{(") ev),

() foralln €N, |V/| < 2" ; and

3) B~FB.

Proof. Let M ) — [mi"}] be the nth level of incidence matrix of B. For n € N, first we
define an equivalence relation ~ on V,, by declaring vl.(") ~ vﬁ.") if Ml.(") =M 1(."). We define
V) = V,/~ and write V, = {v;(") | 1 <i <|Vy/~|}. Moreover define M'™" = [m:.f';)] as

m;(;” = Z mé’ft), where vgn) e v;(").

vt(nfl)el)}(nfl)

We note that the definition of m:(']’) is independent of the choice of v{™ vl/.("). We will
show these statements.

(1) Let m,, = |r~'(v)| for any v € V,,. Since B has the equal path number property, for
any 1 <i <|V/|, we have

o IV, o Va1l o

-/ (n n n

ml. = E E ms,, = E ms,, = my,
j— —1 (n—1 =
J=1 =D ey/=h =1

where v € v;("). So B’ has the equal path number property and m,, = n/,.
. . Vi
(2) Since (M™ | 1 < i < |Val} C {1, ...ompy, ) € NVl | So0Vntlyy —
holds, we have

[Vi—1l m _1 ,
E ni=mn}=< 8 )<2m”=2mn.
[Va—1l —1

i=1

[V, < ﬁ{(nl, oy, € NI Va-1l

(3) We will construct a Bratteli diagram B= (‘7, E ) so that l%even corresponds to B and
Boda corresponds to B’. For k € N, we put Vor_| = Vk/ and Vo, = Vi. We define the

incidence matrix M = [r?z;"j)] € NIWalxVa-il g5

m" = {ml(kj) ifn =2k —1and v € v/,

(k) . _

(Si’j, if n = 2k,
(k) - (k) _ . (k) 1(k) k) _ : (k) 1(k)

where (Si’j is defined by 51’,]‘ = 1if v€ v, and (Si’j = 0 if v ¢ v

We will check that M@k=1.2k=2) — a/®) and ppk2k=D — pr® for all k N, where
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MO — [1] € N1 Forn > 1, let L V,: be the quotient map defined by
ou(@) = jif vi(") € v;(n). Ifn =0,¢0 : Vo — Vjis defined by ¢po(1) = 1, where
Vo = {U§0)} and V) = {vl(o)} For k > 1, we have

Va1l

A (2k,2k—1 ~ (2k) ~ (2k—1 k k 1(k
ml(] ) = Z ml(l ) (] ) 25( ) (;. (where v(k) € vl( ))
=1

=m® (s € g o (@)

= :(k;) (because ¢ (i) = ¢r(s))

Vool Vi1l
ml(zjk 1,2k=2) _ Z Al(zlk 1)Al(2}k 2 _ Z ikl)‘sl(k; 1) (where v(k) c U/(k))
=1
Z mgkl) (becauseé;(k D & vl(k b ev;(kfl))
legi! ()
1(k)
=m; ;.
So we finish the proof. a
Remarks. (1) We give an example of B, B’ and B. (In this case, m; = 10, my = 30 and
m3 = 50.)
(15 5 20 5 57
10 10 10 10 10 10 10 10
10 15 5 10 5 5 30 5 5
MY =10, MP=[15 5 10|, MP=|10 10 10 10 10|,
10 5 10 15 10 15 10 5 10
10 10 10 15 5 20 5 5
|10 10 10 10 10|
50 20 2 10
(1) (2) _ '3) —
M [10], M'® = gg, M) = 0 35 5|
120 25 5
1 10 10 10
MY =[10], MP=|1|, MP=|15 5 10],
1 5 10 15]
[1 0 0 O]
100 15 5 20 5 5 0 100
010 0 01 0
a9 —lo 1 o 0o 10 10 10 10 10 a9 —-lo 1 0 o
5 5 30 5 51|
00l 10 15 10 5 10 0 001
1 0 0 1 0 0 O
(101 0 0]
In the case above, ¢1(1,2,3) = (1,1,1), ¢2(1,2,3,4,5) = (1,2,2,3,1) and

$3(1,2,3,4,5,6,7) = (1,2,3,2,4,1,2).
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(2) Since B has the equal path number property and by the construction of B/, M'() is
always a 1 x 1 matrix.

LEMMA 3.3. Suppose B = (V, E) is a simple Bratteli diagram having the equal path

number property. Let N € N be given. Then there exists a simple Bratteli diagram

B’ = (V’', E') such that the following statements hold:

(1) B’ has the equal path number property;

(2) B has at least N edges between every pair of vertices from consecutive levels;

3) et m;l = |r_1(v)|, where v € V,. (By the condition (1), m;l is well defined.) For all
n =2 |V <2 and (3/2)™ (m!, + 2) " 8WVaril D - 5.

4 B~FB.

Proof. We will first telescope B appropriately to By. Then we will apply Lemma 3.2 to
By to obtain B’. In fact, we will define an increasing sequence {ny}r>1 C N, which are
telescoped levels of B, by induction. Define ny = 1. For k > 2, we assume nk—| have
been defined. For t > ng_1, let m(t) = nift’nk’lJrl) for any vi(t) € V;. We note that

m(t) is independent of the choice of vft) € V; because the equal path number property is

preserved under telescoping. Since B is simple, m(¢) is monotone increasing with respect

to ¢. Therefore there is a 7 > ny_ such that all entries of incidence matrix M @-—1+D are
bigger than N and (3/2)m(’)(m(t) —i—2)78(‘v’“k*l I+ - 5. We fix such a r and define np=-t.

Let By be the telescoped diagram of 5to 0, ny, na, . ... Applying Lemma 3.2 to By we get

the Bratteli diagram B’ satisfying the following:

) B’ has the equal path number property. So the number m) = r! (v;("))| is
independent of the choice of v;
see that

o forallk >2,|V/| < 2" and (3/2)"k(m], +2) *IVn-1ltD 5 5

° (B~By~ B.

Since the kth level of vertex set of By is Vj,, and by the construction of 5" in Lemma 3.2,

we have

. |Viel = |V/| forall k € N;

° B’ has at least N edges between every pair of vertices from consecutive levels.

S0 2 (m!, +2)~8Vat1=1 5 5 holds for all n > 2 and we are done. m

(ORy= V,; since mj, = m(ny) for all k € N, we

Definition 3.4. (Ordered vector and distinct order) Let B = (V, E, >) be an ordered

Bratteli diagram.

(1) Fork = 1landv € Vi, let t(v, j) € Vi—1 be the source vertex of jth element of
r~1(v). We say that the following vector, consisting of vertices, is an ordered vector
of v

(t, 1), 1, 2), ... T, [F @) = 1), T, [r @))€ (Vi @),

and denote it by O.vec(v).

(2) We say edges to vertices of Vi have distinct orderings (to put it simply that Vi has
distinct orderings) if for v, v’ € Vi, O.vec(v) = O.vec(v') implies v = v’. If for any
n > 2, V, has distinct orderings, we say that 5 has distinct orderings for all levels.
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LEMMA 3.5. Suppose B = (V, E) is a simple Bratteli diagram having the equal path
number property. Then there exists a properly ordered Bratteli diagram B = (V,E,>)
such that the following statements hold:

) B has the equal path number property and has at least one edge between every pair
of vertices from consecutive levels;

(2) B has distinct ordermg for all levels;

3) forn >1, vr(:l)n € Vn (uﬁ#ﬁx € Vn) is the vertex which the unique infinite minimal
(maximal) path goes through. Then t{e € En+1 | s(e) = vr(rlfl)n r(e) =v} =1and
te € Eny1 | s(e) = D, r(e) = v} = 1 forany v € Vyii;

@) letm, = |r™ 1(v)| where v € \7,1 (By condition (1), my, is well defined.) For any

n>2andveV, t(v,1) = vl(nnml) and T (v, my) = f)lglaxl),
(5) B~B.

Proof. Applying Lemma 3.3, we may assume that 3 satisfies the following conditions:

(i) B satisfies the equal path number property. So the number m, = |r~'(v)|, where
v € V,, is well defined;

(ii) B has at least 60 edges between every pair of vertices from consecutive levels;

(iii) foralln > 2, |V,| < 2™ and (3/2)" (m, + 2)~8UVa-1l+D 5 5,

We will construct the incidence matrices {A7I ) Jn>1 of B using M ) — [ng,nj)] which is

the nth level of the incidence matrix of B. For n > 2, we define 9,.(!'3.) e N and )»ffj) eZ

(1 <i<|Val,1 =) = |Vp-il)as

m{" —261(j) = 460" + 1"). A" €[0.4), 3.1)
where §; : N — {0, 1} is defined by 6;(i) = 0ifi # [, and §;(i) = 1 if i = [. By (ii) and
(3.1,

() mt(nj) —
6,7 > > 13 foranyi and j. 3.2)

Let |\7n| =4|V,|+2foralln € N and |\70| = 1. First we define M1 e NO*! g¢
MDY =D, D D @O Dy (D

where M) = [mV] e N*I(= N). (We note that applying B in Lemma 3.3, M is
always 1 x 1 matrix.) For n > 2, we define M® = [M(") Il <i <V, < <

[Vazill € N\Vn\xlvn—ll’ where Mi(l;') c N(4+25|(l))><(4+25|(1))’ as follows:

1 if & = 81()), 281())
M = (ee), leg =16 +1 if281(j) <& <261(j) + 1)
6" if 261(j) + A" <& <4+28()).

(By the previous definition, § = O implies that [; o is an empty entry.) We write
M® = [nﬁffl)j,], where 1 <i’ < |V,Jand 1 < j' < |V,_1]. By the previous definition of
M™  we calculate

2

Y s =m, wheres € [—1 = 281(7), 2]. (3.3)
1=-1-281())
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= (1)

In the following, we will check that m; © = m,, forany 1 <i < IVn|. This implies that
statement (1) holds. For i, thereis [ € N such that4/ — 1 —261(l) <i <4l + 2. By (3.3),
we have

[Vi—1l 2

=S =SS = S = =

k=1 t=—1-26(k)
So we let i, = m,. We write V,, = {v(") | 1 <i < |V,|}and we let v(") = 175") and

NI(IQX = v(") For v(n) define Dlst(v(")) as

. ~ 1
Dist(5") = #{(v1, v2, .., Vi) € (V)™ [ vp = 800 vz = 500D,

1 . o
gk | v = 9"V} = m") forany 1 < j < |V, ]},

Dist(ﬁ(")) denotes the maximal possible number for arranging edges in r~! (f)i(")) with

r(v(n) 1= vfﬁlnl) and r(v(n) my) = ﬁr(ffaxl) Then we see that
- o
Dist(f)l-(")) = (7)
H\Vn 1l ~(n>,
Now we will show that for ﬁi("), [V, < Dist(ﬁl@). We claim the following inequality for
neN:
n 2 n+2
(E) <nl< <"+ ) . (3.4)
e e

If n = 1, the inequality holds trivially. If n > 2, then ¢" = Z,fio nk/k! > n"/nl.
Therefore the first part of the inequality holds. Next, we can calculate

n+1 n+l k41 n+2
10g(n+1)!=210gk<2/ logxdx:/ log x dx
k=1 k=1 k 1

=m+2logn+2)— (n+1).
Since log(n + 1) > 1 forn > 2, we get
logn! < (n+2)log(n +2) — (n+1) —log(n + 1)
< (n+2){log(n +2) — 1} = log ((n + 2) /eyt .

So the second part of the inequality also holds.
For v v there is/ € Nsothat4l — 1 —251(/) <i <4l + 2. Using (3.4), we calculate

{(Fn — 2)/e) =2

Dist(5;") > Vot I
Hjigl {(ﬂzl("j) + 2)/6}(’"1',,'+ )

~ ~(n) ~
|an|<n7ln_2)ljx ’;ln_le‘i"_[llml(vnf)—i_z

e =3 e

-2

Va1l mj =281 (k) Vil
my, — 2 - -
> o x { (fp, —2) x ||(m,,+2)
O +3 =3
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—2681(k
491(’1?_2 m[k 1 ~ 21V,
x (i +2)~ [Vi-1l
k=1

9(")
(n)
mp 40 —
> 2 % (my +2) 8V [ because 3 < —K 7 < 4by (3.2)
42 0" +3
1,k

< Mn (3/2)mn (my + 2)78(“/}171“"1)
>5x 2™ > 4|V,|+2=|V,| (by (iii)).

It is now obvious that we can assign a partial order > on E,, for each n > 2, so that
statements (2), (3) and (4) hold.

Finally we will check the statement (5). To show this, we may construct a Bratteli
diagram B = (‘7, E ) so that the Bodd corresponds to B and l%even corresponds to B.
For k € N, we put Vzk 1 = Vi and ‘72k = Vk. We define the incidence matrix
M — [m<n>] e NIValxVac1l a6

~ (k) .
Myi_y s ifn=2k—1,
™ = 2
> si@j+0D, ifn =2k
I=—1-28,(j)

We will check that M@k:2k=D — pg®) and pp@k=1.2k=2) — p7(®) and for all k € N.

(21< 2%-1) _ Wzl (2k) 5 (2k—1) A 2 k)
A= 3 aial =3 (3 awen)if, |
=1 =1 t=—1-268(])

~$; 1 (there exists a unique /o such that

4o —1—281(p) <i <4lp+2)

~ (k)
=m; ;
(2k—1,2k=2) _ ! (2k—1) ~ (2k—=2) e ) &
i Yo o U =y {m4,-_1,l( Y s +t)>}
=1 =1 1=—1-28,(})
- (k) (k)
= Z My Laj+t = M j (by (3.3)).
1=—1-251(j)
Therefore B ~ B holds. So we finish the proof. a

Remark. We give an example of B, B’ and B. If MY = [60], M® = [;g] and

00
M® = [ 60 H(s)] then M™ and M™ (n = 1, 2, 3) are the following:
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19 18 18 18]
19 18 18 18
19 18 18 18
19 18 18 18
19 18 18 18
19 18 18 18]’
19 18 18 18
19 18 18 18
19 18 18 18
19 18 18 18]

C60

60

~ 60 ~

MDD = M —
60 |’

60

60

m = = = e e e e e
b e e e e ek

25 25 24 24 23 23 22 227]
25 25 24 24 23 23 22 22
25 25 24 24 23 23 22 22
25 25 24 24 23 23 22 22
25 25 24 24 23 23 22 22
25 25 24 24 23 23 22 22
I5 15 14 14 33 33 32 32
15 15 14 14 33 33 32 32|’
15 15 14 14 33 33 32 32
15 15 14 14 33 33 32 32
19 18 18 18 29 29 29 28
19 18 18 18 29 29 29 28
19 18 18 18 29 29 29 28
19 18 18 18 29 29 29 28

73 =

e S T Y S Wy S G e U
[ T T e S Y S e G e Y

M(1)=[60]’ @ — M@):[l 1 19 18 18 18]

1 1 19 18 18 18

— b e

1 1 25 25 24 24 23 23 22 22
M =111 15 15 14 14 33 33 32 32|,
1 1 19 18 18 18 29 29 29 28

e =

_— == = O O O O OO
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0o —

SO OO~ = = =, OO O o oo
L el eBeoBoBoo o ool el

SO OO OO OO ===

4.  Proof of the main theorem
In this section, we will show the main theorem (Theorem 1.2). We recall that (X, T)
is expansive if there exists § > 0 such that for any x,y € X with x # y,
sup,cz d(T"x, T"y) > 8, where d is a metric yielding the topology of X. One can show
that the definition of expansiveness is independent of the choice of metric d. (However,
the expansive constant 6 depends on d.)

The next theorem is a sufficient condition in order that a Bratteli—Vershik system is
expansive.

THEOREM 4.1. Suppose (X, Ag) is a Bratteli-Vershik system, where B satisfies
conditions (1)—(4) in Lemma 3.5. Then (Xg, kg) is expansive.

Proof. Take any x,y € X; with x # y and fix them. (If x = (x1,x2,...) € Xp,
we write (x)r = xx € Ex and my is a truncation map from Xy to P (Vi) defined by
mr(x) = (x1,x2,...,xr).) We write § = Ag. It suffices to show that there is m € Z so
that 771 (8" x) # w1 (§™y) cf. [GJ1]. If (x); # (y)1, the claim would have been proven.
Therefore assume that there is k € N for which ;. (x) = mx(y) and w41 (x) # Tr41().
Let n < 0 so that —n is the smallest number such that the edges of mx41(S"x) lie in Emin.
Then we have the following two cases:

(1) m(S"x) = m(S"y);

(i) e (S"x) # 7 (S"y).

We consider case (i). We note that if 7 (S"x) = 7 (8" y), then the edges of mwi1(S"y)
always lie in Enin (i.e. (S"y)is1 € Emin). Since s((S"x)i41) = 000 = s((S"y)i41) and
by condition (3), {e € Ex41 | s(e) = 0%, r(e) = r((§"Y)k+1)} = {(S"y)it1). Therefore
by condition (4), (S"y)i+1 € Emin. Letv = r((8"x)k+1) and u = r((S"y)k+1). Then
by the assumption, v # u. Since Vj | has distinct orderings, there exists 1 < n’ < ritj;
such that 7 (v, n’) # t(u,n’). Letii = n + (n’ — 1)|P(D)|, where ¥ € Vi. (We recall that
P (v) denotes the set of all paths from Vo to .) Then we see that s((Sﬁx)k_H) =1(v,n’)
and s((S"y)x4+1) = t(u, n’). This implies that 7 (S"x) # mx(Sy).
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Both cases (i) and (ii) imply that there exists N € Z such that 7 (SVx) # 7 (SVy)
holds. By repeating this procedure, we get 71 (S™x) # w1(S™y) for some m € Z. So we
finish the proof. a

Proof of Theorem 1.2. Let (X, Ag) be a Bratteli—Vershik system so that properly ordered
Bratteli diagram B has the equal path number property. By telescoping, we may assume
that B has at least one edge between every pair of vertices from consecutive levels.
We apply Lemma 3.5 and get the properly ordered Bratteli diagram B which satisfies
the conditions in Lemma 3.5. By Theorem 4.1, the Bratteli—Vershik system (X, 1 3) is
expansive. Now B ~ B, and so by Theorem 2.1, (X, Ag) and (X, A ) are strongly orbit
equivalent. Moreover, since B has the equal path number property and by Theorem 1.1,
(X g, A) is a Toeplitz flow. So we finish the proof. a
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