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This paper considers features in numerical and stochastic integration approaches
for the evaluation of analytically intractable integrals+ It provides a unification of
these two approaches+ Some important features in quadrature formulations, namely,
interpolation and region partition, can provide a valuable device for the design of
a stochastic simulator+ An interpolating function can be used as a valuable control
variate for variance reduction in simulation+We illustrate possible variance reduc-
tion by some numerical cases with Gaussian quadrature+ The resulting simulator
may also be regarded as a monitor of the approximation error of a quadrature+

1. INTRODUCTION

The evaluation of an integral can be an important component in the estimation
of some econometric models+ Numerical integration problems have a long his-
tory in numerical analysis~see, e+g+, Hildebrand, 1974!+ Recent advances in
computing technology have rapidly promoted the development of simulation
methods for stochastic integration+ Stochastic integration techniques have pro-
vided computationally feasible approaches for high-dimensional integration prob-
lems+ However, for a single or low-dimensional integration problem, it is a
common view that numerical integration methods may be easier to implement
and can be numerically efficient for some models+1

In the existing literature, numerical integration and stochastic integration are
treated as separate and unrelated approaches+ Numerical integration methods
are deterministic as they involve neither random elements nor simulation+ A
numerical integration is based on numerical approximation, and its accuracy
will depend on how close the approximation is+ Many well-known numerical
integration~quadrature! methods are derived by replacing the integrand with
an interpolating polynomial, and the unknown integral is approximated by the
integral of the interpolating polynomial+ For numerical integration methods, ac-
curacy of an approximated integral may depend on an integrand’s smoothness
and the possibility of its being adequately approximated by a polynomial+ The
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error of a numerical integral cannot, in general, be evaluated exactly+ The best
one can do is to provide error bounds on the approximation error~see, e+g+,
Hildebrand, 1974; Geweke, 1996!+ The cornerstone of a stochastic integral is
the law of large numbers+ A stochastic integral is usually an unbiased simulator
of the unknown integral, in the sense that the error of approximation is stochas-
tic and has a zero mean+2 A stochastic integral can be an importance sampler
~IS!+3 In the IS framework, various sampling densities can be used+ A desirable
IS is supposed to be easily implemented, and its associated simulator may have
small simulation variance~Geweke, 1989!+

As both the quadrature and stochastic integration approaches share the com-
mon goal of evaluating an integral, some features of one approach may be valu-
able to the other+ In this paper, we investigate the possible use of numerical
integration techniques to improve the design of an IS simulator+ Coincidentally,
stochastic simulation techniques can supplement a numerical integration ap-
proach in the evaluation of approximation error+ For concise exposition, we
present our ideas for the evaluation of a single dimensional integral+ Those ideas
might also be valuable for multidimensional integral problems+ For numerical
integration approaches, we will focus our attention on the Gaussian quadrature
and Newton–Cotes formulas+ In econometrics, trapezoidal integration, which is
a member of the Newton–Cotes formulas, has been used in Heckman and Wil-
lis ~1975!, and the Gaussian quadrature formula has been popularized by But-
ler and Moffitt ~1982!+

2. GAUSSIAN QUADRATURE AND STOCHASTIC SIMULATION

Consider the evaluation of a unidimensional integral

I 5E
a

b

f ~x!dx, (2.1)

where the limitsa andb can be finite or infinite+

2.1. Gaussian Quadrature: A Review

In the Gaussian quadrature approach, a basis functionw~x! depending on the
range of integration will first be chosen+ Let r ~x! 5 f ~x!0w~x!+ The integral
~2+1! can then be written as

I 5E
a

b

r ~x!w~x!dx+ (2.1)9

The Gaussian quadrature proceeds as follows+ Given the chosenw~x!, there
exist pointsxi [ @a,b# , i 5 1, + + + ,m ~for anm-point quadrature! and correspond-
ing weightsvi associated withxi such thatI in ~2+1!' can be approximated by
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Im 5 (
i51

m

vi r ~xi !+ (2.2)

A popular basis function is the Gauss–Legendre rule when@a,b# is a finite in-
terval, the generalized Laguerre rule when@a,b# is an interval with eithera or
b being infinite, and the Hermite rule when botha andb are infinite+ Numeri-
cal tables on Gaussian points and weights are available from Stroud and Secrest
~1966! and Abramowitz and Stegun~1964!+ Press, Teukolsky, Vetterling, and
Flannery~1992! provide computing codes for generating quadrature points and
weights for a given basis function, which can even be a nonclassical one+

The Gaussian quadrature formulation is based on the theory of orthogonal
polynomials+ Popular basis functions and their associated orthogonal polynomi-
als can be found in standard numerical analysis books~see, e+g+, Hildebrand,
1974!+ The Gaussian quadrature formula withm points provides an exact inte-
gral I whenr ~x! in ~2+1!' happens to be a polynomial of degree 2m2 1+ If r ~x!
is 2m-times differentiable, the errorEm of an m-point quadrature approxima-
tion to I can be expressed as

Em 5 I 2 Im 5 cmr ~2m! ~j! (2.3)

for somej [ @a,b# , where r ~2m!~x! denotes the 2m-order derivative ofr ~x!
and $cm% is a sequence of constants such that limmr` cm 5 0+ For example, if
w~x! 5 1 for a 5 21 and b 5 1, cm 5 22m11~m!!40$~2m 1 1!!~2m!!3% ~see
Geweke, 1996, p+ 735!+ The sophistication of the Gaussian quadrature is in its
strategical selection of locations at which the functionr ~x! is to be evaluated+

For our purpose to unify quadrature and stochastic integration, it is helpful
to review underlying interpolating polynomials used for approximatingr ~x!
in a Gaussian quadrature+ Let xi , i 5 1, + + + ,m, be m chosen locations and
let ~xi , r ~xi !! be the corresponding points on the graph ofr ~x!+ Thesem
points determine a unique interpolating polynomialPm21~x! of maximum de-
gree~m 2 1!+ This polynomial in its Lagrangian form is

Pm21~x! 5 (
i51

m

r ~xi !
~x 2 x1! + + + ~x 2 xi21!~x 2 xi11! + + + ~x 2 xm!

~xi 2 x1! + + + ~xi 2 xi21!~xi 2 xi11! + + + ~xi 2 xm!
+ (2.4)

The Pm21~x! coincides withr ~x! at xi for i 5 1, + + + ,m+ Given a basis function
w~x!, a system of orthogonal polynomials~with the first one being a unit con-
stant! will be determined+ The zeros of an orthogonal polynomial are real and
distinct ~Hildebrand, 1974!+ In a Gaussian quadrature, the locationsxi , i 5
1, + + + ,m, are selected to be the zeros~Gaussian points! of the orthogonal poly-
nomial of degreem+ Because the zerosxi , i 5 1, + + + ,m, are distinct, there exists
a unique set of weightsvi , i 5 1, + + + ,m, such that

E
a

b

Pm21~x!w~x!dx 5 (
i51

m

vi Pm21~xi ! 5 (
i51

m

vi r ~xi !+ (2.5)
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These weights can be solved by the method of undetermined coefficients from
the following linear system:

1
1 1 J 1

x1 x2 J xm

I I I

x1
m21 x2

m21 J xm
m21
2 1

v1

v2

I

vm

2 5 1
E

a

b

w~x!dx

E
a

b

xw~x!dx

I

E
a

b

xm21w~x!dx

2 +
As xi , i 5 1, + + + ,m, are the zeros of the orthogonal polynomial of degreem, it

can be shown that whenr ~x! is a polynomial of maximum degree~2m 2 1!,
the Gaussian quadrature formula provides the exact integralI+ If r ~x! in ~2+1!'

is not a polynomial, there will be a nonvanishing errorEm of them-point Gauss-
ian quadrature approximation toI, i+e+,

E
a

b

r ~x!w~x!dx 5 (
i51

m

vi r ~xi ! 1 Em+ (2.6)

This error term has an unknown value becauseI is unknown+ In practice, error
criteria are usually specified as the absolute or relative difference in the com-
puted approximation toI using ann-point and anm-point quadrature~Kahaner,
Moler, and Nash, 1989, Ch+ 5!+ An m-point quadrature may be selected when
its difference with another quadrature with a larger number of Gaussian points
satisfies prescribed convergence or error criteria+ Such error criteria will de-
pend onEm 2 En for n . m instead ofEm+ The relative errorEm 2 En 5 In 2 Im

is readily available, but the individual absolute error6Em6 is not+ It will be valu-
able if the absolute error can somehow be monitored+

2.2. A Natural Simulator

Instead of quadrature, an alternative approach to provide an estimate ofI is to
use a sample average based on stochastic simulation+ The resulting estimate is
a stochastic integral ofI+ With an expression such as the one in~2+1!' , a simu-
lator can naturally be derived+ Because the basis functionw~x! in ~2+1!' is a
positive function on~a,b!, it can be turned into a density functionw*~x! with
support~a,b! as

w*~x! 5 w~x!YE
a

b

w~z!dz+ (2.7)
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Let d 5 *a
b w~z!dz+ Then~2+1!' can be rewritten as

I 5 dEr ~x!w*~x!dx+ (2.8)

The termw*~x! can be used as a density for random draws+4 With R random
drawsx ~r !, r 5 1, + + + ,R, from w*~x!, the simulator

ZIR 5
d

R (
r51

R

r ~x ~r ! ! (2.9)

is an unbiased estimator ofI+ The accuracy of a simulator can be accessed by
its Monte Carlo~MC! variance+ The MC variance of ZIR in ~2+9! is

var~ ZIR! 5
1

R
E

a

b

@d{r ~x! 2 I # 2w*~x!dx+ (2.10)

2.3. A Hybrid Approach

The quadratureIm in ~2+2! and the simulator ZIR in ~2+9! are not comparable+
Each has its own advantage and disadvantage+ The Im can provide the exact
integral I when r ~x! is a polynomial of maximum degree~2m 2 1!+ On the
other hand, the simulator ZIR would have a nonzero MC variance even ifr ~x!
were a polynomial+ If r ~x! is not a polynomial, a quadrature approximation
will have a nonzero error+ A larger number of Gaussian points will not neces-
sarily reduce a quadrature’s approximation error as high order approximation is
not necessarily the same as high accuracy unless the integrand is very smooth
~Press et al+, 1992, p+ 140!+ On the contrary, the MC variance of the simulator
ZIR can always be reduced by increasing the number of random drawsR at the

expense of increasing computing time+ Instead of regarding the two approaches
as competitors, it would be of interest to derive a hybrid procedure that pos-
sesses the advantages of both+

The approximation errorEm of anm-point quadrature in~2+6! can be rewrit-
ten as

Em 5E
a

b

r ~x!w~x!dx2 (
i51

m

vi r ~xi !

5E
a

b

r ~x!w~x!dx2E
a

b

Pm21~x!w~x!dx

5E
a

b

d @r ~x! 2 Pm21~x!#w*~x!dx (2.11)
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by using~2+5!, wherePm21~x! is in ~2+4!+ The termEm can be estimated by an
unbiased simulatorZEm

~R! where

ZEm
~R! 5

1

R (
r51

R

d @r ~x ~r ! ! 2 Pm21~x ~r ! !# (2.12)

andx ~r !, r 5 1, + + + ,R, are random draws fromw*~x!+ This simulator provides a
possible measure of the approximation errorEm of the quadrature formulaIm

usingPm21~x! as the interpolating polynomial forr ~x!+ In turn, ~2+12! provides
an unbiased simulator

ZIh
~R! 5 Im 1 ZEm

~R! (2.13)

of I+ The simulator ZIh
~R! can be compared withZIR in ~2+9!+ The MC variance of

ZIR is Var~ ZIR! 5 ~10R!V where

V 5E
a

b

@d{r ~x! 2 I # 2w*~x!dx

5E
a

b

@d{r ~x! 2 ~Im 1 Em!# 2w*~x!dx

5E
a

b

@d{r ~x! 2 Im# 2w*~x!dx2 Em
2 (2.14)

is the corresponding MC variance of a single draw+ The last equality in~2+14!
holds because*a

b~d{r ~x! 2 Im!w*~x!dx5 Em from ~2+11!+ As Im is determinis-
tic, the MC variance of ZIh

~R! is Var~ ZIh
~R! ! 5 Var~ ZEm

~R! ! 5 ~10R!Vm where

Vm 5E
a

b

$d @r ~x! 2 Pm21~x!# 2 Em%2w*~x!dx

5 Sm 2 Em
2 , (2.15)

where

Sm 5E
a

b

$d @r ~x! 2 Pm21~x!#%2w*~x!dx

5E
a

b

$@d{r ~x! 2 Im# 2 @d{Pm21~x! 2 Im#%2w*~x!dx

5E
a

b

@d{r ~x! 2 Im# 2w*~x!dx1E
a

b

@d{Pm21~x! 2 Im# 2w*~x!dx2 2Cm

(2.16)
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and

Cm 5E
a

b

@d{r ~x! 2 Im# @d{Pm21~x! 2 Im#w*~x!dx

5E
a

b

@d{r ~x! 2 I # @d{Pm21~x! 2 Im#w*~x!dx

is the covariance ofd{r ~x! and d{Pm21~x! for x with densityw*~x! because
*a

b Pm21~x!w~x!dx5 Im+ It follows from ~2+14!–~2+16! that if Cm is larger than
half of the variance ofd{Pm21~x!, i+e+,

Cm .
1

2
E

a

b

@d{Pm21~x! 2 Im# 2w*~x!dx, (2.17)

Vm of ~2+15! will be smaller thanV of ~2+14!+ That is, under the condition~2+17!,
the simulator ZIh

~R! can have a smaller MC variance than that ofZIR+ Condition
~2+17! is likely to be satisfied ifPm21~x! is an adequate interpolating poly-
nomial of r ~x! so thatCm is approximately equal to the variance ofd{Pm21~x!
underw*~x!+ Condition~2+17! is similar to the one emphasized in Hendry~1984!
for the use of control variates~for reduction of intraexperimental variation in
MC experimentation!+We will have more to offer on the use of control variates
for variance reduction in subsequent paragraphs+

2.4. Interpolation, Quadrature, and Control Variates

For simulation estimation of an integral, the method of control variates may
reduce the MC variance of an unbiased simulator~see Hammersley and Hand-
scomb, 1964; Lavenberg and Welch, 1981; Ripley, 1987; Davidson and MacKin-
non, 1992; Geweke, 1996!+5 Consider the simulatorZIR in ~2+9! wherex ~r !, r 5
1, + + + ,R, are random draws fromw*~x!+ Suppose that there exists a vector-
valued functionh such thatH, whereH 5 *a

b h~x!w*~x!dx, is a known vector+
ThenHR 5 ~10R!(r51

R h~x ~r ! ! is an unbiased simulator ofH+ Then a simulator
of the form

ZIc
~R!~b! 5 ZIR 2 b '~HR 2 H ! (2.18)

for any constant vectorb is also an unbiased simulator ofI becauseHR 2 H
has a zero mean+ As H is known, the computation ofZIc

~R!~b! is feasible for any
b+ The MC variance of ZIc

~R!~b! is

var~ ZIc
~R!~b!! 5

1

R
E@d{r ~x! 2 b '~h~x! 2 H ! 2 I # 2w*~x!dx

5
1

RHE@d{r ~x! 2 b '~h~x! 2 H !# 2w*~x!dx2 I 2J +
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The optimum simulator with the smallest MC variance within the class of sim-
ulators in~2+18! is obtained at

b* 5 @Var~HR!#21 Cov~HR, ZIR!

5 FE~h~x! 2 H !~h~x! 2 H !'w*~x!dxG21E~h~x! 2 H !~d{r ~x!!w*~x!dx,

(2.19)

as the MC variance minimization withb is a least-squares problem+ The MC
variance of ZIc

~R!~b* ! is

Var~ ZIc
~R!~b* !! 5 Var~ ZIR! 2 Cov~HR, ZIR!' @Var~HR!#21 Cov~HR, ZIR!, (2.20)

which is smaller than the MC variance ofZIR whenever Cov~HR, ZIR! Þ 0+ The
control variatesHR are valuable if they are highly correlated withZIR+

In practice, b* is not known but can be estimated by simulation~Ross, 1990,
pp+ 120–125!+ The termb* can either be estimated by simulation with sample
split or estimated simultaneously withI with common random draws+ These
methods can be accomplished by the method of least squares+ With R number
of random draws, defineyR 5 d{~r ~x ~1! !, + + + , r ~x ~R! !!' , lR 5 ~1, + + + ,1!' , andZR 5
~h~x ~1! ! 2 H, + + + , h~x ~R! ! 2 H !' + The estimation procedure that can be used is
simply a linear regression method by regressingyR on the constant vectorlR

and the control variate matrixZR+ With common random draws, the control-
variate simulator ofI can be the least-square estimate of the intercept term, i+e+,

ZIc
~R! 5 ~lR

' @JR 2 ZR~ZR
' ZR!21ZR

' # lR!21lR
' @JR 2 ZR~ZR

' ZR!21ZR
' #yR, (2.21)

whereJR is theR-dimensional identity matrix~Davidson and MacKinnon, 1992!+
Let Zb* be the least-square estimate of the coefficient vector ofZR+With sample
split, additional random draws are taken independently from those used in the
estimation ofb*+ Those additional independent draws are used for the construc-
tion of ZIR and HR in ~2+18!+6 A feasible control simulator is derived withZb*
replacingb in ~2+18! as

ZIc
~R!~ Zb* ! 5 ZIR 2 Zb*

'
~HR 2 H !+ (2.22)

An estimated Zb* introduces extra stochastic variance in the final simulator+
Ripley ~1987! provides results on the variances of both estimates with and with-
out sample split under the assumption that all the random variables~including
control variates! are normally distributed~see also Lavenberg and Welch, 1981!+
The conclusion is that, as long as the number of control variates used, and hence
the number of unknown coefficients inb, is not large relative to the number of
random draws for its estimation, the gain in variance reduction, in principle,
can be realized with an estimatedZb*+ Davidson and MacKinnon~1992! pro-
vide a valuable insight for the general case without assuming control variates
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being normally distributed+ They point out that, with common random draws,
in addition to the regression estimate of the constant term providing a control
simulator, the standard error from the regression output provides a consistent
estimate of the MC variance of the simulator~for details, see Lavenberg and
Welch, 1981; Davidson and MacKinnon, 1992!+

The method of control variates is useful only if control variates that are
highly correlated with ZIR can be found+ For our problem, the interpolating poly-
nomial Pm21~x! in ~2+4! suggests a relevant control variate for possible im-
provement upon the simulatorZIR in ~2+9!+ The variate that can be used may
be h~x! 5 d{Pm21~x!+ The mean of this variate is*a

b d{Pm21~x!w*~x! dx 5
*a

b Pm21~x!w~x!dx 5 Im from ~2+5!, which is known+ As Pm21~x! is an inter-
polating polynomial forr ~x!, Pm21~x! and r ~x! with x being a random vari-
able can be correlated+ Therefore, the interpolating polynomial can be a useful
control variate+7 Our subsequent MC results will provide numerical evidence
to illustrate this point+

With h~x! 5 d{Pm21~x! as a control variate, the control simulator in~2+18! is
related to the hybrid simulator in~2+13!+ The control simulator in~2+18! can be
rewritten as

ZIc
~R!~b! 5

1

R (
r51

R

@d{r ~x ~r ! ! 2 b~d{Pm21~x ~r ! ! 2 Im!# + (2.23)

On the other hand, the hybrid simulator in~2+13! can be rewritten as

ZIh
~R! 5

1

R (
r51

R

@d{r ~x ~r ! ! 2 ~d{Pm21~x ~r ! ! 2 Im!# + (2.24)

The hybrid simulator is a member of the class of control variate simulators
with b restricted to be one+

3. NEWTON–COTES NUMERICAL INTEGRATION AND
STOCHASTIC SIMULATION

When botha andb are finite, Newton–Cotes quadrature formulas are popular
methods of numerical integration ofI 5 *a

b f ~x!dx in ~2+1!+ The well-known
trapezoid rule, Simpson’s1

3
_ rule, and Newton’s3

8
_ rule belong to the Newton–

Cotes~closed! class of numerical integration methods+ Suppose that@a,b# is
divided inton subintervals of equal length+ Let xi , i 5 0, + + + , n, be the evenly
spaced values of@a,b# with subinterval lengthh 5 xi11 2 xi wherex0 5 a and
xn 5 b+ The Newton–Cotes quadrature formulaQm is derived by approximating
f ~x! by interpolating polynomials of degreem over each set ofm subintervals
of @a,b# and computing the integral of the interpolating polynomial over its
interval of definition+
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The Newton–Cotes quadrature formulaQm has the form Qm 5

(i50
n Ami f ~xi ! for someA’s+ The trapezoid ruleQ1 is derived by approximating

f ~x! by the linear interpolating polynomialP1i ~x! in each subinterval~xi , xi11!
where

P1i ~x! 5 f ~xi ! 1
~ f ~xi11! 2 f ~xi !!

h
~x 2 xi !, x [ ~xi , xi11!+ (3.1)

This interpolating polynomial gives an integralq1i over ~xi , xi11! whereq1i 5
*xi

xi11 P1i ~x!dx5 ~h02!@ f ~xi ! 1 f ~xi11!# + Theq1i provides an approximation to
I1i 5 *xi

xi11 f ~x!dx+ Becausef ~x! in ~2+1! is approximated byP1i ~x! in ~xi , xi11!
for eachi 5 0,1, + + + , n 2 1, I 5 (i50

n21 I1i is approximated by

Q1 5 (
i50

n21

q1i 5
h

2
@ f ~x0! 1 2f ~x1! 1 {{{ 1 2f ~xn21! 1 f ~xn!# , (3.2)

which is the form of the trapezoid rule+
The Simpson’s1

3
_ rule requires thatn be even+ It is derived by approximating

f ~x! by a second-degree interpolating polynomialP2i ~x! over each of the sub-
interval pairs~x2i , x2i12!, i+e+, over ~x0, x2!, ~x2, x4!, ~x4, x6!, etc+, where

P2i ~x! 5 f ~x2i ! 1
Df2i

h
~x 2 x2i ! 1

D2f2i

2h2 ~x 2 x2i !~x 2 x2i11!, (3.3)

with Df2i 5 f ~x2i11! 2 f ~x2i ! andD2f2i 5 f ~x2i12! 2 2f ~x2i11! 1 f ~x2i !, is a
second-degree interpolating polynomial expressed in the Newtonian forward
form+ Over the subinterval pair~x2i , x2i12!, the integralI2i 5 *x2i

x2i12 f ~x!dx can
be approximated by

q2i 5E
x2i

x2i12

P2i ~x!dx5
h

3
@ f ~x2i ! 1 4f ~x2i11! 1 f ~x2i12!# + (3.4)

The I is then approximated by

Q2 5 (
i50

n0221

q2i 5
h

3
@ f ~x0! 1 4f ~x1! 1 2f ~x2! 1 4f ~x3! 1 {{{ 1 4f ~xn21! 1 f ~xn!# ,

(3.5)

which is Simpson’s1
3
_ rule+ Higher-order Newton–Cotes quadrature formulas

can similarly be derived with high order interpolating polynomials~see, e+g+,
Press et al+, 1992!+ The error of approximation ofI by the Newton–Cotes for-
mula Qm is Em 5 I 2 Qm+

The interpolating polynomial in each interval~xi , xi11! of the Newton–
Cotes formula suggests valuable control variates for simulation and the con-
struction of stochastic integrals+ Consider, e+g+, Simpson’s1

3
_ rule with P2i ~x! in
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~3+3!+ ThisP2i ~x! in ~3+3! passes through the points~x2i , f ~x2i !!, ~x2i11, f ~x2i11!!,
and ~x2i12, f ~x2i12!!+ The error of the approximation ofI2i by q2i in ~3+4! is
E2i 5 I2i 2 q2i 5 I2i 2 *x2i

x2i12 P2i ~x!dx+ Hence

E2i 5E
x2i

x2i12

@ f ~x! 2 P2i ~x!# dx+ (3.6)

The overall approximation error ofI by Q2 will be

E2 5 (
i50

n0221

E2i 5E
a

b

@ f ~x! 2 P2~x!#dx, (3.7)

whereP2~x! 5 (i50
n0221 P2i ~x!1@x2i , x2i12#~x! and 1S~x! denotes the set indicator

of a setS+ The errorE2 can be evaluated by simulation+ The density 1@a,b#
* ~x! 5

1@a,b#~x!0~b 2 a! is uniform with support@a,b# + As

E2 5 ~b 2 a!E
a

b

@ f ~x! 2 P2~x!#1@a,b#
* ~x!dx, (3.79)

random variablesx ~r ! can be drawn from 1@a,b#
* ~x! andE2 can be estimated by

ZE2
~R! 5

~b 2 a!

R (
r51

R

@ f ~x ~r ! ! 2 P2~x ~r ! !# + (3.8)

With ~3+5! and ~3+7!, Q2 1 ZE2
~R! provides a~hybrid! unbiased simulator forI+

The method of control variates similar to that described in the previous section
can be applied to derive simulators with smaller MC variances+

In addition to the method of control variates, better simulators can be fur-
ther developed+ As the overall interval has been partitioned into subintervals,
simulation can be conducted separately for functions at each subinterval+ At
@x2i , x2i12# , E2i in ~3+6! can be rewritten as

E2i 5 ~x2i12 2 x2i !E
x2i

x2i12

@ f ~x! 2 P2i ~x!#1@x2i , x2i12#
* ~x!dx+ (3.9)

Random variablesxi
~r ! , r 5 1, + + + ,R, can be drawn from 1@x2i , x2i12#

* ~x!, andE2i

can be estimated by the simulator

EE2i
~R! 5

~x2i12 2 x2i !

R (
i51

R

@ f ~xi
~r ! ! 2 P2i ~xi

~r ! !# + (3.10)

An overall unbiased simulator forE2 in ~3+7! is EE2
~R! 5 (i51

n0221 EE2i
~R! + For the

simulation ofI2i by the method of control variates, the control variate can be
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hi ~x! 5 ~x2i12 2 x2i !P2i ~x! 2 q2i + The efficiency of simulators developed by
partition will be shown in the next section+

4. PARTITION AND MC VARIANCE REDUCTION

Consider an integral

m 5E
V

h~x!p~x!dx,

whereV is a subset of a finite-dimensional Euclidean space andp~x! is a den-
sity function with supportV+ The original integration problem may bem 5
*V f ~x!dx written in the IS framework+With p~x! as an IS density, random var-
iatesx ~r !, r 5 1, + + + ,R, can be generated with densityp~x! andm can be esti-
mated by an unbiased simulator as

[m~R! 5
1

R (
r51

R

h~x ~r ! !+ (4.1)

A partition will divide V into a finite, exhaustive, and mutually exclusive col-
lection of subsetsCk, k 5 1, + + + ,K, such thatøk51

K Ck 5 V and Cj ù Ck 5 0
when j Þ k+ With a partition, *V h~x!p~x!dx 5 (k51

K mk where

mk 5E
Ck

h~x!p~x!dx+ (4.2)

Based on a partition$Ck%k51
K of V, an alternative simulator ofm can be derived

by separate simulation estimation for eachm i , i 5 1, + + + ,K+ On Ck, define a
truncated density

pCk
~x! 5 p~x!0P~Ck! (4.3)

with supportCk+ In this setting, we assume thatP~Ck! ’s can be computed and
random variables can be drawn frompCk

’s+ The mk in ~4+2! can be rewritten as

mk 5 P~Ck!E
Ck

h~x!pCk
~x!dx, (4.29)

which can be simulated by

[mk
~Rk! 5

P~Ck!

Rk
(
r51

Rk

h~xk
~r !!, (4.4)
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wherexk
~r ! , r 5 1, + + + ,Rk, areRk random draws frompCk

~x!+ Instead of~4+1!, an
alternative simulator ofm is

[m~R1, + + + ,RK ! 5 (
k51

K

[mk
~Rk! + (4.5)

It will be shown that [m~R1, + + + ,RK ! can have smaller MC variance relative to
[m~R! for some selection ofR1, + + + ,RK with a total amount of simulationR, i+e+,

(k51
K Rk 5 R+8

The MC variance of [mk
~Rk! in ~4+4! is

Vk
~Rk! 5

1

Rk
FP2~Ck!E

Ck

h2~x!pCk
~x!dx2 mk

2G+ (4.6)

It follows that the MC variance of[m~R1, + + + ,RK ! in ~4+5! is

VK
~R1, + + + ,RK ! 5 (

k51

K

Vk
~Rk! 5 (

k51

K 1

Rk
FP2~Ck!E

Ck

h2~x!pCk
~x!dx2 mk

2G+ (4.7)

For the simulator [m~R! in ~4+1!, its MC variance is

V ~R! 5
1

R
E

V

@h~x! 2 m# 2p~x!dx,

which can be rewritten into

V ~R! 5
1

RHE
V
F(

k51

K

1Ck
~x!h~x!G2

p~x!dx2 m2J
5

1

RF(
k51

K E
Ck

h2~x!p~x!dx2S(
k51

K

mkD2G+ (4.8)

For comparison, it is sensible to require the total number of random draws used
in ~4+1! and ~4+5! to be the same+ Thus, consider the case that(k51

K Rk 5 R+
Note that~4+7! can be rewritten into

VK
~R1, + + + ,RK ! 5

1

R (
k51

K F R

Rk

P2~Ck!E
Ck

h2~x!pCk
~x!dx2

R

Rk

mk
2G

5
1

R (
k51

K F R

Rk

P~Ck!E
Ck

h2~x!p~x!dx2
R

Rk

mk
2G (4.9)

by using~4+3!+
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There is freedom in the design ofR1, + + + ,RK under the condition(k51
K Rk 5

R for a simulator in~4+5!+ The optimum design can be obtained by minimizing
the total variance in~4+7! with R1, + + + ,RK subject to the constraint(k51

K Rk 5
R+ The optimum solution hasRk

* 5 RVk
1020@(j51

K Vj
102# whereVk 5 Vk

~1! is the
MC variance in~4+6! with a single draw+With the optimumRk

*’s, the MC vari-

ance of [m~R1
*, + + + ,RK

* ! is VK
~R1
*, + + + ,RK

* ! 5 ~10R!@(k51
K Vk

102# 2+ Unfortunately, the op-
timum design might not be readily available because it involves unknown
moments*Ck

h2~x!p~x!dx+ Instead of the optimum design, a practical one may
be a balanced design in thatRk’s are chosen such that

R

Rj

P~Cj ! 5
R

Rk

P~Ck!, for all j andk; and (
k51

K

Rk 5 R+ (4.10)

The solution of a balanced design in~4+10! for k is simply

Rk 5 R{P~Ck!+ (4.11)

The balanced design is feasible asP~Ck!, k 5 1, + + + ,K, are known for a parti-
tion+ For special cases whereP~Ck! ’s are equal for allk 5 1, + + + ,K, Rk in ~4+11!
is simply R0K, i+e+, an equal amount of draws for each subset of the partition+
For the Newton–Cotes~closed! quadrature, this is indeed the case+ With a bal-
anced design in~4+11!, the corresponding MC variance in~4+9! is

VK,b
~R! 5

1

R (
k51

K FE
Ck

h2~x!p~x!dx2
R

Rk

mk
2G + (4.12)

Comparing it with the one in~4+8!, one has

V ~R! 2 VK,b
~R! 5

1

RF(
k51

K R

Rk

mk
2 2S(

k51

K

mkD2G
5

1

RH(
k51

K

qkSmk

qk
D2

2 F(
k51

K

qkSmk

qk
DG2J , (4.13)

where qk 5 Rk0R+ The difference in~4+13! is nonnegative by the identity

(k51
K xk

2pk 2 ~(k51
K xk pk!2 5 (k51

K ~xk 2 (j51
K xj pj !

2pk, wherepk’s are proba-
bility weights, i+e+, pk $ 0 for all k 5 1, + + + ,K and(k51

K pk 5 1+ Therefore, we
conclude that, at least with the balanced design, the MC variance of a simula-
tor with partition in~4+5! can be smaller than that of a corresponding simulator
in ~4+1! without the partition+
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5. SOME NUMERICAL ILLUSTRATIONS

5.1. A Single Integral

To illustrate the various methods and potential gain in using interpolating func-
tions as control variates for variance reduction, consider the following un-
known integral:

E
2`

`

)
i51

T

FFDi S xi b 1 r102w

~12 r!102 DGf~w!dw, (5.1)

whereF andf denote, respectively, the standard normal probability and den-
sity functions+ This integral is motivated by an integration problem of a random-
component probit model of Butler and Moffitt~1982! and Borjas and Sueyoshi
~1994!+ A random-component dichotomous choice model is specified as

yij
* 5 xij b 1 eij , j 5 1, + + + ,G; i 5 1, + + + ,Tj , (5.2)

where xij consists of exogenous variables, and the disturbance has an error-
component structure

eij 5 uj 1 vij , (5.3)

whereuj and vij are mutually independent, uj are independent and identically
distributed~i+i+d+! for all j, and vij are i+i+d+ for all i and j+ The yij

* are latent
variables, but their signsDij are observable asDij 5 1 if yij

* . 0, Dij 5 21
otherwise+ For a probit model, bothu andv are assumed to be normally distrib-
uted+ A typical normalization for the probit model specifies a zero mean and a
unit variance on the total disturbancee+ With the variance normalization, if uj

is N~0,r!, then vij is N~0,1 2 r!+ For a cross section of time series in Butler
and Moffitt ~1982!, G refers to the number of cross-section units andTj refers
to the number of time periods of the unitj+ For the study of group effects in
Borjas and Sueyoshi~1994!, G is the number of groups andTj refers to the
number of individuals in the groupj+ The probability in~5+1! is the choice prob-
ability for an observed path~D1, + + + ,DT! of a single cross-section unit or ob-
served choices of a group~the subscriptj of a group inxij , Dij , andTj has been
suppressed for simplicity!+

For illustration, choices~D1, + + + ,DT! were generated by the process in~5+2!
and ~5+3! for a single group where the parametersxi b andr were set at some
specific values+ The integration problem in~5+1! is recognized to be a difficult
numerical problem in Borjas and Sueyoshi~1994! when the number of individ-
ualsT in a group is large+ This is so because the unknown value of this integral
can be quite small~see Borjas and Sueyoshi, 1994!+ Lee ~1996! recognizes that
the Gaussian quadrature formulation might not provide an accurate estimate of
the unknown integral under such a circumstance+9 We experimented with sev-
eral different values forxi b, r, andT+ The corresponding integrals were eval-
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uated by Gaussian quadrature with various Gauss–Hermite points+ These results
can be compared with simulators with or without control variates+ All the com-
putation was done on a Sun-SPARCstation 20 model 720 workstation, and the
Fortran codes were written in Fortran 77 language+ The Gauss–Hermite points
and weights were generated by the subroutine “gauher” from the Numerical
Recipes by Press et al+ ~1992!+ For results of the Gaussian quadrature reported
in tables, them points refers to the number of Gaussian quadrature points used
for Im in ~2+2!+ Value refers to the Gaussian quadrature evaluation of the un-
known integral+ Time refers to the average CPU time in seconds per replication
for Fortran program execution+ For stochastic integration, the NS refers to the
sampling simulator~2+9! with random variables drawn from a standard normal
density+ The C-S refers to the simulator~2+13!+ The difference of this simulator
andIm, i+e+, ZEm

~R! in ~2+12!, provides an unbiased estimate of the corresponding
quadrature error+ The C-C refers to the simulator in~2+12! with d{Pm21~x! 2 Im

as the control variate and common random draws used for estimatingb*+ The
C-I refers to the same control-variate method but with sample split~as in~2+22!!+
For stochastic integration, the numbers of random draws used in our study are
set toR 5 30, 60, and 120+10 The numbers of Gaussian quadrature points used
for interpolation are fixed at 4, 8, and 16 through the experiments+ We report
the empirical mean~Mean! and empirical standard deviation~SD! based on
500 replications for each case of stochastic integration+

Consider first the case withr 5 0+3 andxi b 5 0 for all i with T 5 10, 50,
100, or 300+ Table 1 reports the Gaussian quadrature+ For the integral withT 5
10, the values of quadratures stabilize with 8 or more quadrature points+11 The
value of the integral is around 5+06 3 1024+ The integral becomes more com-
plicated with largerT+ For T 5 50, the integrals stabilize with 30 or more quad-
rature points, and the value of the integral is about 5+2 3 10215+ For T 5 100,
the values stabilize around 4+5 3 10229 with 60 or more quadrature points+ For
the largeT 5 300 case, one can see some variations even for quadratures with
very large numbers of points+ The quadrature value forT 5 300 seems to be
around 2+1 3 10281+ The gauher subroutine for generating the Gaussian points
and weights reports excessive iterations when 180 points or more are tried+ The
time cost increases withT and the number of Gaussian points+ They are re-
ported here for reference+ As one may see later, for large T, because a large
number of Gaussian points is needed, the time cost of the Gaussian quadrature
might even be larger than those of some simulators+ Tables 2 and 3 report re-
sults of various simulators, respectively, for the integrals ofT 5 10, 50, 100,
and 300+ The main features of the various simulators across the two tables can
be summarized+

1+ All the simulators of NS, C-S, C-C, and C-I are unbiased even withR 5 30+
2+ With the same number of random drawsR, the simulators C-S, C-C, and C-I have

smaller SD’s than those of NS in all cases with a few exceptions+ The exceptional
cases are those of the C-S simulator using the interpolating polynomial based on
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Table 1. Gaussian quadrature~xb 5 0 andr 5 0+3!

T 5 10 T 5 50 T 5 100 T 5 300

31024 310215 310229 310281

m points Value Time m points Value Time m points Value Time m points Value Time

4 4+197 0+0011 4 11+036 0+0019 4 12+251 0+0028 4 10+291 0+0084
8 4+968 0+0015 8 7+511 0+0030 8 8+544 0+0049 8 0+733 0+0125

16 5+066 0+0026 16 4+641 0+0057 16 3+114 0+0096 16 0+046 0+0252
20 5+067 0+0034 20 4+713 0+0072 20 2+751 0+0122 25 1+608 0+0393
25 5+067 0+0046 25 5+455 0+0093 25 5+774 0+0155 35 0+576 0+0559
35 5+067 0+0073 30 5+142 0+0117 30 3+888 0+0189 45 1+716 0+0738

35 5+220 0+0141 35 4+594 0+0225 55 2+863 0+0920
40 5+226 0+0168 40 4+633 0+0263 65 2+916 0+1109
50 5+221 0+0223 50 4+682 0+0347 75 2+402 0+1307

60 4+569 0+0433 85 1+967 0+1509
70 4+499 0+0530 95 1+839 0+1717
85 4+499 0+0686 110 2+314 0+2044
95 4+496 0+0798 120 2+161 0+2265

130 2+077 0+2498
150 2+099 0+3014
170 2+176 0+3512
180 — —

9
4

9
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four quadrature points withT 5 50, 100, and 300+ The corresponding 4-point quad-
ratures in Table 1 for theT 5 50, 100, and 300 have been poor+

3+ The simulators C-S, C-C, and C-I have relatively larger SD’s when only a 4-point
interpolation is used in their formulations as compared with those using 8- or 16-
point interpolations+ For T 5 10 and 50, the use of the interpolating polynomial
based on 16 quadrature points provides the smallest SD’s+ For T 5 100, C-S using
a 16-point interpolation also has a smaller SD than that using an 8-point interpola-
tion+ Except for the latter, there is no significant advantage in using a 16-point
interpolation compared to using an 8-point interpolation forT 5 100 and 300+

4+ With the sameR, C-C tends to have slightly smaller SD’s than C-I has; in turn,
C-I tends to have smaller SD’s than C-S has+ These patterns are more apparent for
largerT cases+ Among the simulators, the overall best one is the C-C+

5+ Among the simulators, with the sameR, the NS has the smallest time cost+ The
NS is then followed by the simulators of C-S and C-C, for which the time costs

Table 2. Stochastic integration~T 5 10 andT 5 50; xb 5 0 andr 5 0+3!

R 5 30 R 5 60 R 5 120

T 5 10
31024 31024 31024 31024 31024 31024

Method m points Mean SD Time Mean SD Time Mean SD Time

NS 5+074 ~0+619! 0+0016 5+066 ~0+456! 0+0031 5+065 ~0+315! 0+0062

C-S 4 5+068 ~0+466! 0+0032 5+065 ~0+340! 0+0053 5+068 ~0+235! 0+0094
C-C 4+915 ~0+465! 0+0032 4+992 ~0+308! 0+0053 5+034 ~0+210! 0+0103
C-I 5+072 ~0+464! 0+0053 5+061 ~0+301! 0+0094 5+076 ~0+221! 0+0177

C-S 8 5+069 ~0+225! 0+0051 5+069 ~0+161! 0+0086 5+066 ~0+115! 0+0158
C-C 5+029 ~0+226! 0+0051 5+051 ~0+152! 0+0087 5+058 ~0+107! 0+0157
C-I 5+071 ~0+221! 0+0087 5+060 ~0+148! 0+0158 5+070 ~0+107! 0+0299

C-S 16 5+067 ~0+057! 0+0120 5+067 ~0+038! 0+0225 5+066 ~0+028! 0+0401
C-C 5+060 ~0+060! 0+0123 5+063 ~0+039! 0+0214 5+064 ~0+028! 0+0402
C-I 5+066 ~0+061! 0+0214 5+066 ~0+041! 0+0407 5+066 ~0+028! 0+0787

T 5 50

Method m point
310215

Mean
310215

SD Time
310215

Mean
310215

SD Time
310215

Mean
310215

SD Time

NS 5+399 ~1+466! 0+0070 5+356 ~1+036! 0+0140 5+299 ~0+731! 0+0280

C-S 4 5+147 ~1+597! 0+0095 5+140 ~1+135! 0+0169 5+206 ~0+813! 0+0320
C-C 5+189 ~1+066! 0+0095 5+214 ~0+758! 0+0170 5+232 ~0+545! 0+0320
C-I 5+236 ~1+093! 0+0170 5+274 ~0+813! 0+0320 5+234 ~0+565! 0+0620

C-S 8 5+218 ~1+066! 0+0124 5+216 ~0+764! 0+0211 5+235 ~0+535! 0+0391
C-C 5+160 ~0+922! 0+0121 5+206 ~0+650! 0+0211 5+231 ~0+461! 0+0392
C-I 5+253 ~0+941! 0+0215 5+280 ~0+651! 0+0391 5+223 ~0+476! 0+0751

C-S 16 5+271 ~0+786! 0+0205 5+242 ~0+560! 0+0354 5+274 ~0+406! 0+0650
C-C 5+154 ~0+764! 0+0274 5+172 ~0+521! 0+0354 5+215 ~0+385! 0+0650
C-I 5+194 ~0+796! 0+0354 5+253 ~0+536! 0+0650 5+223 ~0+410! 0+1243
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are almost the same+ The time cost of C-I is about twice that of C-C+ The differ-
ence in time cost between NS on one side and C-S and C-C on the other is the
largest forT 5 10+ For T 5 100 and 300, the corresponding differences are small+
This feature can be explained+ The simulators with control variates involve addi-
tional evaluation of the interpolating polynomial and a simple regression as com-
pared with the construction of an NS simulator+ However, these additional
computations are rather elementary as compared with the evaluation of the inte-
grand in~5+1!, which involves the evaluation of normal probabilities+ The domi-
nant cost on evaluating the integrand for our example also shows up asR increases+
As R increases, the computing time of an NS simulator increases in proportion to
R+ On the other hand, the computing time of the C-S and C-C simulators in-
creases less than a proportion+ In some cases, with their time costs being similar
or equal, the C-C simulator can have smaller SD’s than NS has+

Table 3. Stochastic integration~T 5 100 andT 5 300; xb 5 0 andr 5 0+3!

R 5 30 R 5 60 R 5 120

T 5 100
310229 310229 310229 310229 310229 310229

Method m points Mean SD Time Mean SD Time Mean SD Time

NS 4+692 ~1+553! 0+0139 4+632 ~1+086! 0+0276 4+578 ~0+771! 0+0552

C-S 4 4+412 ~1+977! 0+0155 4+392 ~1+395! 0+0303 4+475 ~1+009! 0+0583
C-C 4+504 ~1+254! 0+0155 4+506 ~0+882! 0+0298 4+519 ~0+638! 0+0583
C-I 4+531 ~1+271! 0+0298 4+569 ~0+930! 0+0584 4+502 ~0+671! 0+1156

C-S 8 4+485 ~1+425! 0+0173 4+474 ~1+013! 0+0333 4+505 ~0+708! 0+0646
C-C 4+447 ~1+131! 0+0173 4+484 ~0+791! 0+0331 4+510 ~0+561! 0+0647
C-I 4+546 ~1+151! 0+0331 4+571 ~0+793! 0+0647 4+492 ~0+583! 0+1278

C-S 16 4+597 ~1+152! 0+0243 4+544 ~0+808! 0+0459 4+538 ~0+588! 0+0893
C-C 4+499 ~1+135! 0+0246 4+485 ~0+779! 0+0460 4+510 ~0+573! 0+0891
C-I 4+491 ~1+179! 0+0459 4+564 ~0+798! 0+0890 4+491 ~0+614! 0+1755

T 5 300

Method m points
310281

Mean
310281

SD Time
310281

Mean
310281

SD Time
310281

Mean
310281

SD Time

NS 2+261 ~1+060! 0+0410 2+212 ~0+769! 0+0820 2+206 ~0+536! 0+1639

C-S 4 2+026 ~1+839! 0+0427 2+010 ~1+279! 0+0842 2+120 ~0+930! 0+1671
C-C 2+145 ~0+938! 0+0428 2+135 ~0+675! 0+0845 2+171 ~0+484! 0+1674
C-I 2+128 ~0+978! 0+0843 2+206 ~0+686! 0+1676 2+170 ~0+499! 0+3333

C-S 8 2+243 ~0+990! 0+0446 2+198 ~0+717! 0+0980 2+200 ~0+505! 0+1737
C-C 2+145 ~0+908! 0+0446 2+138 ~0+645! 0+0875 2+176 ~0+481! 0+1734
C-I 2+134 ~0+941! 0+0875 2+211 ~0+654! 0+1734 2+165 ~0+484! 0+3453

C-S 16 2+260 ~1+053! 0+0514 2+211 ~0+764! 0+1004 2+206 ~0+533! 0+1997
C-C 2+280 ~0+958! 0+0515 2+213 ~0+668! 0+1140 2+205 ~0+458! 0+1978
C-I 2+153 ~0+973! 0+1002 2+206 ~0+661! 0+1977 2+173 ~0+482! 0+3935
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6+ A comparison of the Gaussian quadrature approximations with the control-variate
simulators reveals that the quadrature provides computationally efficient and ac-
curate approximation for the integral with smallT ~T 5 10!+ For largeT ~T 5 50,
100, and 300!, the stochastic simulators can be more robust even with a small
number of quadrature points~8 or 16! for interpolation+

To investigate the possible sensitivity of the various simulators on statistical
performance, additional MC experiments are performed by varying the values
of r andxi b+ Tables 4–6 report results for the case withr 5 0+7 andxi b 5 0
for all i + This case implies that the variance of the error componentu is much
larger than the variance ofv in ~5+3!+ Comparing the Gaussian quadratures in
Table 4 with those in Table 1 shows that the quadratures for the case withr 5
0+7 are less accurate than those ofr 5 0+3 for T 5 50 or more+ For T 5 100 and
300, the quadratures do not stabilize with very large numbers of quadrature
points+ The various simulators for eachT have similar mean values+ The simu-
lators C-S, C-C, and C-I have smaller SD’s than those of the NS+ The effi-
ciency gains for those simulators are larger for smallT than those of largerT ’s+

Table 4. Gaussian quadrature~xb 5 0 andr 5 0+7!

T 5 10 T 5 50 T 5 100 T 5 300

31021 31028 310213 310238

m points Value m points Value m points Value m points Value

4 1+605 4 22+122 4 7+307 4 0+607
8 1+575 8 1+726 8 0+031 8 0+000

16 1+734 16 5+522 16 4+815 16 0+027
20 1+740 20 11+134 20 12+985 25 0+001
25 1+731 25 5+136 25 1+405 35 0+921
35 1+734 35 8+579 30 9+990 45 5+676

40 9+011 35 9+101 55 3+017
50 8+340 40 3+476 65 0+570
60 9+296 50 5+569 75 0+327
70 9+913 60 8+914 85 1+417

70 9+289 95 3+130
85 7+707 110 0+819
95 8+295 120 1+702

130 2+738
150 3+102
170 1+863
180 —
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The efficiency gains are rather small for this case~ r 5 0+7! with T 5 100 or
300+ These may reflect the poor interpolations underlying the Gaussian quad-
ratures for those cases+

Additional experiments by varying the value ofxb to xi b 5 1 or xi b 5 21
for all i ~while r 5 0+3! are performed forT 5 50+ Tables 7 and 8 report the
corresponding results+ From Table 7, we see that the Gaussian quadratures with
8 points or more are quite accurate for the casexb 5 21+ For the casexb 5 1,
the quadratures stabilize with 20 or more points+ The better accuracy of corre-
sponding interpolating polynomials reflects in the substantially better perfor-
mances of the simulators C-S, C-C, and C-I than that of the NS in Table 8+

Table 5. Stochastic integration~T 5 10 andT 5 50; xb 5 0 andr 5 0+7!

R 5 30 R 5 60 R 5 120

T 5 10
31021 31021 31021 31021 31021 31021

Method m points Mean SD Mean SD Mean SD

NS 1+757 ~0+568! 1+754 ~0+411! 1+742 ~0+273!

C-S 4 1+736 ~0+252! 1+737 ~0+179! 1+733 ~0+120!
C-C 1+747 ~0+215! 1+747 ~0+152! 1+739 ~0+106!
C-I 1+728 ~0+238! 1+731 ~0+163! 1+728 ~0+117!

C-S 8 1+735 ~0+130! 1+733 ~0+093! 1+734 ~0+061!
C-C 1+764 ~0+142! 1+746 ~0+099! 1+738 ~0+062!
C-I 1+726 ~0+152! 1+735 ~0+091! 1+734 ~0+062!

C-S 16 1+734 ~0+054! 1+736 ~0+037! 1+735 ~0+026!
C-C 1+731 ~0+054! 1+735 ~0+036! 1+734 ~0+025!
C-I 1+737 ~0+054! 1+734 ~0+034! 1+735 ~0+025!

T 5 50

Method m points
31028

Mean
31028

SD
31028

Mean
31028

SD
31028

Mean
31028

SD

NS 9+837 ~4+116! 9+790 ~3+007! 9+800 ~2+070!

C-S 4 9+333 ~4+284! 9+358 ~2+996! 9+614 ~2+070!
C-C 9+283 ~3+520! 9+419 ~2+544! 9+620 ~1+744!
C-I 9+386 ~3+633! 9+719 ~2+512! 9+724 ~1+757!

C-S 8 9+796 ~3+944! 9+758 ~2+874! 9+785 ~1+985!
C-C 9+472 ~3+514! 9+532 ~2+538! 9+690 ~1+813!
C-I 9+424 ~3+670! 9+758 ~2+450! 9+696 ~1+826!

C-S 16 9+757 ~3+161! 9+744 ~2+326! 9+783 ~1+551!
C-C 9+824 ~3+234! 9+774 ~2+315! 9+791 ~1+538!
C-I 9+479 ~3+405! 9+752 ~2+330! 9+728 ~1+534!
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5.2. A Double Integral

Gaussian quadrature can be applied to double integration problems+ For a gen-
eral double integral of the formI 5 *a

b *a
b r ~x, y!v~x!v~ y!dxdywith a weight

function v~x!, an m-point Gaussian quadrature based on a product rule will
be Im 5 (i51

m (j51
m vi vj r ~xi , xj ! wherexi , i 5 1, + + + ,m, are them quadrature

points andv’s are the corresponding weights+ With m quadrature points, the
underlying interpolating polynomialPm21~x, y! can be

Table 6. Stochastic integration~T 5 100 andT 5 300; xb 5 0 andr 5 0+7!

R 5 30 R 5 60 R 5 120

T 5 100
310213 310213 310213 310213 310213 310213

Method m points Mean SD Mean SD Mean SD

NS 7+512 ~3+883! 7+532 ~2+761! 7+569 ~1+935!

C-S 4 7+346 ~3+570! 7+389 ~2+501! 7+507 ~1+727!

C-C 7+072 ~3+479! 7+235 ~2+450! 7+421 ~1+708!
C-I 7+173 ~3+574! 7+478 ~2+444! 7+547 ~1+730!

C-S 8 7+512 ~3+881! 7+532 ~2+759! 7+568 ~1+933!
C-C 7+277 ~3+510! 7+350 ~2+480! 7+490 ~1+780!
C-I 7+203 ~3+627! 7+515 ~2+416! 7+521 ~1+809!

C-S 16 7+443 ~3+148! 7+492 ~2+217! 7+555 ~1+529!
C-C 7+396 ~3+209! 7+483 ~2+230! 7+547 ~1+530!
C-I 7+215 ~3+347! 7+506 ~2+268! 7+551 ~1+501!

T 5 300

Method m points
310238

Mean
310238

SD
310238

Mean
310238

SD
310238

Mean
310238

SD

NS 2+023 ~1+667! 2+036 ~1+252! 2+114 ~0+890!

C-S 4 1+997 ~1+651! 2+023 ~1+233! 2+109 ~0+873!
C-C 1+888 ~1+587! 1+952 ~1+188! 2+068 ~0+848!
C-I 1+913 ~1+623! 2+061 ~1+187! 2+131 ~0+796!

C-S 8 2+023 ~1+667! 2+036 ~1+252! 2+114 ~0+890!
C-C 1+941 ~1+580! 1+981 ~1+169! 2+078 ~0+865!
C-I 1+937 ~1+598! 2+066 ~1+179! 2+107 ~0+839!

C-S 16 2+021 ~1+664! 2+035 ~1+250! 2+113 ~0+889!
C-C 2+022 ~1+620! 2+052 ~1+203! 2+139 ~0+783!
C-I 1+961 ~1+609! 2+060 ~1+190! 2+154 ~0+735!
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Pm21~x, y! 5 (
i51

m

(
j51

m

r ~xi , xj !
~x 2 x1! + + + ~x 2 xi21!~x 2 xi11! + + + ~x 2 xm!

~xi 2 x1! + + + ~xi 2 xi21!~xi 2 xi11! + + + ~xi 2 xm!

3
~ y 2 x1! + + + ~ y 2 xj21!~ y 2 xj11! + + + ~ y 2 xm!

~xj 2 x1! + + + ~xj 2 xj21!~xj 2 xj11! + + + ~xj 2 xm!
+ (5.4)

This interpolating polynomial is used as a control variate for our simulators+
To provide some possible numerical evidence of the usefulness of interpolat-

ing polynomials as control variates for simulators involving a double integral,
we generalize the case in~5+1! to a double integration problem by assuming
that theb in ~5+1! is a normal random variableN~m,s2! with a meanm and
variances2+ This can be motivated by a random coefficient, discrete panel data
model as in~5+2! and~5+3!: yij

*5 xij bj 1 uj 1 vij with both the interceptsuj and
the slope coefficientbj being randomly distributed across unitsj 5 1, + + + ,G+
Thus, the integral under consideration is

E
2`

` E
2`

`

)
i51

T

FFDi S xi b 1 r102w

~12 r!102 DGf~w!{
1

s
fSb 2 m

s
Ddwdb+ (5.5)

For our MC studies, the parameterr is set at 0+3 andxi is generated by a
standard normal generator+ We have experimented with distributions ofb with

Table 7. Gaussian quadrature~ r 5 0+3 andT 5 50!

xb 5 21 xb 5 1

31023 310213

m points Value m points Value

4 2+182 4 4+904
8 1+833 8 3+177

16 1+880 16 2+136
20 1+884 20 2+226
25 1+886 25 2+449
30 1+885 30 2+395
35 1+885 35 2+388
40 1+885 40 2+403

50 2+398
60 2+397
70 2+397
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a unit variance and various mean values, namely, N~0,1!, N~1,1!, andN~21,1!+
The T ’s considered areT 5 10 or 50+ The number of repetitions is again 500
for each case+ The MC results are reported in Tables 9–11+ Table 9 indicates
that for T 5 50, the Gaussian quadratures forb ; N~1,1! stabilize with 16
points but, for the case withb ; N~21,1!, 25 points or more are needed+ For
the case withb ; N~0,1!, 35 or more points will be needed forT 5 50 even
though 8 points are doing fine withT 5 10+ For stochastic integration, the re-
sults in Tables 10 and 11 show that the hybrid simulator C-S can definitely
have smaller SD’s than those of the NS simulator when a 16-point interpolat-

Table 8. Stochastic integration~T 5 50; r 5 0+3!

R 5 30 R 5 60 R 5 120

xb 5 21
31023 31023 31023 31023 31023 31023

Method m points Mean SD Mean SD Mean SD

NS 1+922 ~0+475! 1+916 ~0+338! 1+897 ~0+234!

C-S 4 1+877 ~0+265! 1+877 ~0+190! 1+880 ~0+131!
C-C 1+843 ~0+270! 1+862 ~0+193! 1+872 ~0+132!
C-I 1+878 ~0+261! 1+884 ~0+181! 1+889 ~0+139!

C-S 8 1+885 ~0+151! 1+884 ~0+108! 1+885 ~0+074!
C-C 1+878 ~0+145! 1+878 ~0+101! 1+883 ~0+068!
C-I 1+875 ~0+145! 1+887 ~0+095! 1+885 ~0+069!

C-S 16 1+886 ~0+045! 1+887 ~0+031! 1+887 ~0+021!
C-C 1+888 ~0+044! 1+888 ~0+030! 1+887 ~0+020!
C-I 1+887 ~0+044! 1+886 ~0+030! 1+886 ~0+020!

xb 5 1

Method m points
310213

Mean
310213

SD
310213

Mean
310213

SD
310213

Mean
310213

SD

NS 2+476 ~0+652! 2+458 ~0+463! 2+434 ~0+326!

C-S 4 2+364 ~0+693! 2+362 ~0+493! 2+392 ~0+352!
C-C 2+379 ~0+462! 2+393 ~0+330! 2+402 ~0+237!
C-I 2+402 ~0+475! 2+421 ~0+355! 2+406 ~0+245!

C-S 8 2+399 ~0+445! 2+399 ~0+320! 2+406 ~0+225!
C-C 2+371 ~0+401! 2+392 ~0+284! 2+404 ~0+202!
C-I 2+410 ~0+411! 2+424 ~0+284! 2+400 ~0+209!

C-S 16 2+419 ~0+325! 2+408 ~0+233! 2+411 ~0+168!
C-C 2+364 ~0+307! 2+375 ~0+209! 2+396 ~0+154!
C-I 2+385 ~0+318! 2+410 ~0+214! 2+401 ~0+162!
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ing polynomial is used+ In all cases, the simulators C-C and C-I have smaller
SD’s than those of the NS simulator+ Overall, the C-C simulator is slightly bet-
ter than the C-I simulator+ The overall evidence is thus similar to that of the
single integral case+

6. CONCLUSIONS

In this paper, we consider features in numerical and stochastic integration ap-
proaches for the evaluation of an analytically intractable integral+ Instead of
regarding them as competitors, our analysis reveals that they can supplement
each other and, hence, provide a coupling of these two approaches+ Our analy-
sis reveals that interpolation and control variates provide the essential link+

Many familiar and popular quadrature formulations of a numerical integral
are based on interpolation and partition of a region of an integral+ Newton–
Cotes quadrature and Gaussian quadrature are based on interpolation by poly-
nomials+ Other forms such as trigonometric interpolation and smooth splines
may also be useful+ The stochastic integration approach is justified with the
law of large numbers+Whereas numerical integration methods are used mainly
for low-dimensional integration problems, the stochastic method can have broad
applications even for high-dimensional integrals+ The stochastic integration

Table 9. Gaussian quadrature: Double integral~ r 5 0+3!

b ; N~0,1! b ; N~1,1! b ; N~21,1!

T 5 10 T 5 50 T 5 50 T 5 50

31023 310214 31027 310213

m points Value m points Value m points Value m points Value

4 3+557 4 24+968 4 3+366 4 2+129
8 2+635 8 15+694 8 1+785 8 2+494

16 2+533 16 4+736 16 1+613 16 1+654
20 2+547 20 3+806 20 1+623 20 1+567
25 2+562 25 6+893 25 1+634 25 1+176
35 2+558 30 4+287 30 1+630 30 1+284

35 5+894 35 1+335
40 5+084 40 1+220
50 5+377 50 1+247
60 5+408 60 1+272
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method can provide an unbiased estimate of the unknown integral, but its ac-
curacy may depend on the design of appropriate simulators+ We point out that
important features in quadrature formulations, namely, interpolation~and in this
regard, function approximation also! and region partition, can provide valuable
devices for the design of stochastic simulators+ The main message of this paper
is that an interpolating function can be used as a valuable control variate for
variance reduction in simulation+ We illustrate possible variance reduction by
some numerical cases with Gaussian quadrature+ The resulting simulator may
also be regarded as a monitor of the approximation error of a quadrature+

Table 10. Stochastic integration: Double integral~b ; N~0,1! andr 5 0+3!

R 5 30 R 5 60 R 5 120

T 5 10
31023 31023 31023 31023 31023 31023

Method m-points Mean SD Mean SD Mean SD

NS 2+573 ~0+766! 2+538 ~0+524! 2+543 ~0+371!

C-S 4 2+575 ~0+587! 2+560 ~0+409! 2+562 ~0+291!
C-C 2+510 ~0+465! 2+520 ~0+313! 2+538 ~0+227!
C-I 2+570 ~0+486! 2+543 ~0+335! 2+546 ~0+242!

C-S 8 2+563 ~0+328! 2+546 ~0+231! 2+557 ~0+160!
C-C 2+521 ~0+334! 2+529 ~0+236! 2+549 ~0+164!
C-I 2+562 ~0+338! 2+561 ~0+232! 2+547 ~0+170!

C-S 16 2+557 ~0+141! 2+555 ~0+095! 2+557 ~0+070!
C-C 2+551 ~0+142! 2+555 ~0+097! 2+557 ~0+071!
C-I 2+566 ~0+138! 2+555 ~0+098! 2+556 ~0+072!

T 5 50

Method m points
310214

Mean
310214

SD
310214

Mean
310214

SD
310214

Mean
310214

SD

NS 5+395 ~3+504! 5+385 ~2+573! 5+355 ~1+908!

C-S 4 5+263 ~7+830! 5+512 ~5+590! 5+433 ~3+849!
C-C 5+053 ~3+039! 5+276 ~2+326! 5+274 ~1+631!
C-I 5+520 ~3+454! 5+278 ~2+284! 5+269 ~1+601!

C-S 8 5+040 ~5+731! 5+207 ~3+896! 5+314 ~2+694!
C-C 4+782 ~2+755! 5+106 ~2+051! 5+209 ~1+429!
C-I 5+398 ~3+148! 5+312 ~2+070! 5+242 ~1+463!

C-S 16 5+293 ~2+662! 5+293 ~1+960! 5+332 ~1+353!
C-C 4+922 ~2+757! 5+126 ~2+010! 5+235 ~1+388!
C-I 5+370 ~2+991! 5+333 ~1+956! 5+242 ~1+400!
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NOTES

1+ This view is not necessarily true for some cases as demonstrated later in Section 5+
2+ Unbiasedness is not necessarily a requirement, but it is a desirable property of a simulator+
3+ In a stochastic integral, there is naturally a density involved as the measure of the integral+

However, if it is difficult to simulate random variables from the natural density or when the vari-
ance of the resulting simulator is large, one may prefer to select an alternative density that has the
same~or large! support of the original density+ Random variables can be simulated from the alter-
native density, and, with the original integrand modified accordingly, the resulting sampler is known
as an IS simulator+

4+ We note that the choice ofw~x! ~and hencew*~x!! needs not to be dictated by its being a
classical basis function for a familiar quadrature+ Given ~2+1!, an investigator may have selected an

Table 11. Stochastic integration: Double integral~ r 5 0+3 andT 5 50!

R 5 30 R 5 60 R 5 120

b ; N~1,1!
31027 31027 31027 31027 31027 31027

Method m points Mean SD Mean SD Mean SD

NS 1+662 ~0+780! 1+632 ~0+530! 1+636 ~0+397!

C-S 4 1+639 ~0+885! 1+646 ~0+627! 1+645 ~0+430!
C-C 1+557 ~0+584! 1+597 ~0+396! 1+614 ~0+282!
C-I 1+629 ~0+610! 1+636 ~0+423! 1+636 ~0+304!

C-S 8 1+622 ~0+463! 1+618 ~0+332! 1+634 ~0+233!
C-C 1+541 ~0+492! 1+585 ~0+336! 1+613 ~0+231!
C-I 1+617 ~0+504! 1+643 ~0+352! 1+628 ~0+249!

C-S 16 1+634 ~0+222! 1+634 ~0+158! 1+634 ~0+115!
C-C 1+597 ~0+274! 1+627 ~0+169! 1+631 ~0+117!
C-I 1+652 ~0+244! 1+630 ~0+170! 1+629 ~0+121!

b ; N~21,1!

Method m points
310213

Mean
310213

SD
310213

Mean
310213

SD
310213

Mean
310213

SD

NS 1+306 ~0+792! 1+320 ~0+587! 1+306 ~0+424!

C-S 4 1+294 ~0+829! 1+331 ~0+577! 1+313 ~0+410!
C-C 1+258 ~0+728! 1+298 ~0+519! 1+294 ~0+370!
C-I 1+359 ~0+760! 1+279 ~0+522! 1+307 ~0+367!

C-S 8 1+250 ~0+927! 1+293 ~0+618! 1+299 ~0+440!
C-C 1+197 ~0+650! 1+264 ~0+462! 1+280 ~0+335!
C-I 1+354 ~0+692! 1+279 ~0+498! 1+300 ~0+345!

C-S 16 1+318 ~0+545! 1+320 ~0+379! 1+300 ~0+263!
C-C 1+205 ~0+539! 1+267 ~0+370! 1+276 ~0+253!
C-I 1+336 ~0+549! 1+290 ~0+384! 1+294 ~0+253!
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IS by some sophisticated procedure with the hope that the resulting IS simulator can have little
MC variance+With such an IS density, our suggestions described subsequently can still be applied+
If the selected IS density does not correspond to a classical basis function, Gaussian points and
weights may still be generated by a subroutine available in the Numerical Recipe package~Press
et al+, 1992!+

5+ A random variableZ is called a control variable forY if the expectation ofZ is known and
if Z is correlated withY+ The method of antithetic variates for MC-variance reduction can be re-
garded as a special case of the method of control variates+

6+ In general, with sample split, the number of independent draws forZIR andHR does not need
to equal the number of draws for the estimation ofb*+

7+ Because Gaussian pointsxi , i 5 1, + + + ,m, are zeros of the orthogonal polynomial of degree
m, this implies that*a

b Lm~x!Qm21~x!w~x!dx5 0 whereLm~x! 5 ) i51
m ~x 2 xi ! andQm21~x! is any

polynomial of maximum degree~m 2 1!+ It follows that *a
b Lm~x!pm~x!w*~x!dx 5 0 for pm~x! 5

~1, x, + + + , xm21!+ As the mean ofLm~x!pm~x! is known ~zero!, in principle, elements of the vector
Lm~x!pm~x! can also be used as control variables+ However, as there is no good reason to expect
that elements ofLm~x!pm~x! would be highly correlated withr ~x! in addition to the interpolation
polynomial, they are not recommended to be included as additional control variates+ The inclusion
of such variables would also increase substantially the number of control variates+ Lavenberg and
Welch~1981! emphasize the importance of keeping the number of control variables relatively small
so that the gain in variance reduction can be realized with an estimatedb*+We have experimented
in some preliminary MC studies with includingLm~x!pm~x! as additional control variates+ Our
results confirm the view of Lavenberg and Welch~1981!+

8+ The latter condition is intended to equalize the cost of simulation draws for the two
approaches+

9+ This issue motivates our search for other integration methods+ This paper is a consequence
of that pursuit+

10+ For the method of control variates with sample split, the total number of random draws will
effectively be double+

11+ Butler and Moffitt ~1982! suggest the use of 4-point quadrature in their empirical study
with panel data of time lengths no more than 11 periods+
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