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Abstract

For an irrational @ € R and any B € R, we consider additive problems with the set of
primes satisfying ||ap + 8| < 1/p* for some fixed t > 0. In particular, we show that there
exist infinitely many non-trivial three-term arithmetic progressions in the set of primes
satisfying |lap 4+ B|| < 1/p* for v €(0,1/8). We also consider a binary Goldbach-type
problem.

2020 Mathematics Subject Classification: 11P32, 11J71 (Primary)

1. Introduction

Let ||-|| denote the distance from a real number to the nearest integer(s).
Let « be a fixed irrational number, § € R, and 7 > 0 be fixed. In this paper, we study
additive problems for primes p satisfying

lap + Bl <p~". -1

A classical problem in number theory is to measure how closely rationals can approximate
an irrational number. A further refinement is to restrict the denominators to special sets,
prime numbers being a particularly natural choice. In fact, for almost every irrational «,
there are infinitely many primes p for which (1-1) holds with t =1 (see, e.g., [5]).

When « is fixed, much less is known. For instance, when 8 = 0, Matoméki [14], building
on results of Harman [9] and of Heath-Brown and Jia [10], showed that for every fixed
7 € (0, 1/3), there are infinitely many primes p that satisfy (1-1). It is widely conjectured that
the same holds for all T € (0, 1). In fact, one expects the number of primes p < N satisfying
(1-1) to be < N'=7/log N for any fixed 7 € (0, 1), along an infinite sequence of values of N.
Conversely, Harman [8] proved that for T = 1 there are uncountably many irrationals « for
which (1-1) holds for at most finitely many primes p.

It is natural to ask whether the primes p satisfying (1-1) exhibit any additional arithmetic
structure. For example, Shi [16], improving the work of Matoméki [15], showed that there
are infinitely many Chen primes p satisfying (1-1) for t € (0, 3/200). For other patterns in
primes satisfying (1-1), see also [7, 17, 18]. These results suggest that the distribution of
such primes retains significant structure despite the Diophantine constraint.
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2 SARVAGYA JAIN

Studying three-term arithmetic progressions within subsets of the primes has long driven
advances in additive number theory, giving rise to techniques now central to the field. Van
der Corput [3] first applied the circle method to show that the primes contain infinitely
many nontrivial three-term progressions. Green [6] later introduced the transference prin-
ciple, demonstrating that any dense subset of the primes likewise contains infinitely many
such progressions. More recently, building on Kelley—Meka’s breakthrough [11], Bloom and
Sisask [2] proved that if

AC[L,NINZ
contains no nontrivial three-term arithmetic progressions, then
|A| < exp (—c(log N)1/9)N.

By the prime number theorem, both Van der Corput’s and Green’s theorems follow
immediately.

Nevertheless, by suitably adapting either the circle method or the transference principle,
one can still force three-term progressions in extremely sparse yet highly structured subsets
of the primes. For instance, Balog—Friedlander applied the circle method to study additive
problems in Piatetski—Shapiro primes and in sparse sets of primes satisfying the inequality
Ip? || < p~21=¥)/3 for some fixed y in (22/25, 1]. More recently, Du-Pan-Sun [4, theorem
1-3], using Green’s Fourier-analytic transference principle, established that an even thin-
ner set of Piatetski—Shapiro primes contains infinitely many nontrivial three-term arithmetic
progressions.

Analogously, one may ask about three-term progressions among the primes p satisfying
(1-1), which are known to be sparse. In this work, we adapt the classical circle method to
this context and establish the following theorem.

THEOREM 1:1. Let o € R be irrational, € R, and © € (0, 1/8). Then there exist infinitely
many non-trivial triples of primes (p1, p2, p3) satisfying

1
lepj + B < = forj=1,2.3,
Pj

and

P1+p3=2p>.

One might ask whether Green’s Fourier-analytic transference principle can be employed
to improve the range of 7 in the theorem above. However, the construction of a majorant sat-
isfying a suitable restriction estimate appears to be obstructed by the Diophantine constraint,
as its indicator function exhibits many large Fourier coefficients. An analogous difficulty
arises in the study of additive problems over primes with restricted digits as noted in [13,
section 1-1].

We also consider the binary Goldbach problem: expressing even positive integers as
the sum of two primes. The triangle inequality prevents such a decomposition for most
even integers when both primes simultaneously satisfy (1-1). Therefore, we impose the
Diophantine condition on only one of them. Our result is the following:
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THEOREM 1-2. Let o € R be irrational, p € R, and © € (0, 1/8). There exists a sequence
{Nihi>1 of positive integers going to infinity such that the following holds. For all but o(Ny)
even integers n < Ny, there exist primes p and q such that

ptg=n, lap+pl<p".

1.1. Organisation of the paper

We begin in Section 2 by introducing the basic notation used throughout the paper. In
Section 3, we give an informal outline of the method to orient the reader.

In Section 4, we establish a key frequency repulsion estimate. Since the condition (1-1)
does not admit an obvious pseudorandomisation, we are forced to contend with multiple fre-
quencies simultaneously. To manage this, we exploit Diophantine approximation to isolate
one frequency at a time. The arguments are elementary in nature, relying on the pigeonhole
principle.

We introduce a smooth weight function in Section 5 and examine its properties. This
function serves to smooth the abrupt cutoff imposed by the condition (1-1), making the
analysis easier.

In Section 6, we present a slight modification of the traditional circle method designed to
handle multiple frequencies. In Section 7, we establish major and minor arc estimates that
go into our variant of the circle method.

In Sections 8 and 9, we finish the proofs of Theorems 1-1 and 1-2 respectively.

2. Notation

Throughout, we write e(0) = e27 ||« || for the distance from « to the nearest integer(s),
and A(n) for the von Mangoldt function. We think of T as the metric space (R/Z, ||-||). We
use the notation f < g (or f = O(g)) to mean there is a constant C such that f(x) < C g(x)
for all sufficiently large x, and f <4 g (or f = Oa(g)) when that constant may depend on
the parameter A. We say that f = o(g) if f(n)/g(n) goes to 0 as n tends to infinity. We use
f =g when g <f and f < g hold simultaneously. For any set or property S, 1s denotes its
indicator function. If 4 € L'(T), its Fourier coefficients are

h(m) := / ho) e(—mo)do,  mel.
T
Finally, if f, g € L'(T), their Fourier convolution is defined by

¢+ 00)= [ 16560 =0)ds.
One immediately checks the standard identity

fre=f2 @1

3. Outline of the method

We sketch the proof of Theorem 1-1 in this section. Let ws(]|€]|) be a smoothed indicator
for the condition ||0|| < 4. To find three-term arithmetic progressions in the set of primes p
satisfying ||ap + B]| < §, by an application of the circle method, it suffices to show that for
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an infinite sequence of values of N going to infinity, we have that
/ Sw(0)°S(=20)d6 > 5°N?,
T

where

Sw(©):= Y wlllan+ BI)Amend).

n<N
By Fourier expanding (see Lemma 5-1 below), we have that
ws(10I)~ >~ Ws(0e(th).
le|<1/8
Thus,
Sw@) =~ Y W(0)e(tp)SO + La),
lel<1/5
where
S©):= > Ame(nd).
n<N

In the circle method, one splits T into arcs where the exponential sums could be large and
the complement. Since S(0) can only be large when 6 is close to rationals with small denom-
inators, thus S),(0) can be large only if at least one of the phases 8 + £a, with |[£] < 1/8, lies
near a rational with small denominator. Motivated by this, we define the arcs

a P
Mg = {QGT:HG—I—M—_ Sq_N}

q

Let

We would expect S,,(6) to be only large when 6 € M. A priori, the arcs M, 4, may not be
disjoint from each other but let’s for now assume that they are disjoint. If 6 € M, 4, then

Sw(0) ~ ws(m)e(mpB)SO +ma)+ 0 | 8 Z |S(6 + Lar)
le|<1/s
L#£m
As 6 + Lo is not close to rationals with small denominators for £ % m by the disjointness of
the arcs M, 4 ¢, we can use the minor arcs estimate for S(6 + £a) when £ # m.
To use the minor arc estimate efficiently, we introduce a number of scales N2/5 > P >
Py>...>Py=P.Let& := {|£] <1/8}, and

P.
S,-:: {|€|§1/8: H9+Zo¢—EH 5T({forsomeq<Pjandaquith(a,q):1}.
q q

https://doi.org/10.1017/S0305004126102266 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004126102266

Additive problems with primes from a thin Bohr set 5
Let r and s be coprime integers such that

o — —

‘ r
N

_s2'

A combinatorial lemma (see Lemma 4-2 below) allows us to bound the cardinalities of the
sets &;. Provided N > 16sPJ2, we have that

16P2
|8{<—+1

For ¢ ¢ £;, we have that

NG

1S(6 + £ar)] < (log NY? (i

Nz

N(log N)*
+N4/5> & Moz V)",

Thus, we have that

S,(0) = ws(m)e(mB)S(6 + ma) + O | SN(log NY* Z |EJ 1\ & |

1</<] \/}Tj

Substituting the bound for |£;|, we have that

S,(0) = Wws(m)e(mp)SO + ma) + O | Nlog NY* | — +

2<<J \/>

We need the term in O(-) above to be o(§N), which roughly corresponds to

N
—>P;>1/8%, and §5°P;>P},
N

Additionally, recall that we need to ensure disjointness of the arcs M, g ¢. For this, we need
&7 <2 and hence

8s > 16P2.
If we set P; = NP/ and § = N™#, then the above conditions are satisfied when

1 Q-4-51-8
pjae‘—l—( l;( W forl<j<J and s~N!'™*,

We choose denominator s along a sequence of convergents to «, and take N in terms of s
so that s &~ N174#, Additionally, to have the monotonicity condition for the scales {Pj} ., We
also impose the condition p < 1/8. A similar analysis can be used to show that §,,(0) is
small on T \ M. The theorem then follows by using these estimates for S,,(6) (see Section 8
below for the details).

The estimates for S,,(6) also can be used in various other additive problems concerning
primes from thin Bohr sets to which the usual Fourier analytic circle method applies.
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4. Exponential sum estimates

In this section, we provide estimates to bound the exponential sums in our analysis. We
first recall the well-known minor arc estimate for exponential sums over primes. Let

S(@;N)=S5():= Z A(n)e(n9). 41

n<N

LEMMA 4-1. Let B € R be a real number for which there exist integers a and ¢, with
(a, q) =1, satisfying

Then, for every N > q, we have

N
IS(B)] <« (10gN)4 (W +N4/5 + (Nq)l/2>,
Proof. The result follows from [19, theorem 3-1] as the contribution from prime powers is
negligible.

In the next lemma, we show that among the phases {6 + ma},,, only a limited number can
be simultaneously approximated by rationals with small denominators.

LEMMA 4-2. Let o, 0 € T. Suppose r and s are coprime integers satisfying

1

-2

Let P, M and N be positive real numbers such that N > 16sP2. Let EP;)C[-M,MNZ
denote the set of integers m such that there exist coprime integers an, and qn with g, < P

such that
P
'9 + mo — Gm <—.
dm gmiN
Then
16MP?
IEP;0)| < + 1.
Proof. Suppose for the sake of contradiction that
16MP?
|E(P; 0)| > + 1.

By the pigeon hole principle, we can find two integers mp, my € £(P; ) such that

|my —ma| < m
By the definition of £(P; ), for each j € {1, 2}, there exist coprime integers a;j and g; with
gj < P such that

(4-3)

‘9+m‘a 4 < P
7 gl T Ny’
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Applying the triangle inequality yields

a a P /1 1
'(ml —mp)o — (—1 - —2>‘ < —(— + —)
a - g N\q1 g2
A further application of the triangle inequality combined with (4-2) and (4-3) gives
r a a P/ 1 1 1
(m1 —mp)— — (— ——)‘ §—<—+—>+—.
’ s \qt @/|TN\qi  q/  8sP?

By (4-3), the left-hand side is nonzero. Hence,

1 P/1 1 1
<s(=+=)+=m
sq1g2 ~ N\q1  q2/  8sP?
Multiplying both sides by sq1¢2 and using g1 + g2 < 2P and q1g2 < P?, we deduce that

2sPr 1
<

-~ N 8

1

As N > 16sP2, the right-hand side is strictly less than 1, a contradiction.

Next, we show that, aside from a few exceptions, the exponential sums with phases
{6 + ma},, are well controlled.

LEMMA 4-3. Leta,0,r,s,P,M,N and E(P;0) be as in Lemma 4-2. Let a and q be coprime
integers with 2q < P. For all integers m € [—M, M)\ E(P; 0), one has

(forme=5)) <7
Zen@-l—ma—— <L —.

q P
n<N

Proof. Fix m € [—M, M]\ £(P;0). By the Dirichlet approximation theorem and the defini-
tion of £(P; 0), there exists coprime integers a,, and ¢, with g,, € [P, N/P] such that

an P 1
O+mae——|<——=<—.
qm|— qmN "~ g
Then, by the triangle inequality,
a a, a 1
O+ma——|=|—————.
Since 2qg < P < g, we have g, # g and thus
a, a 1
am g q9m
It follows that
H9 N - 1 1 P
mo — — —_— > —.
a9m 4y~ N
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Finally, using the standard bound for exponential sums,

1
Ze(n(@ —}—ma—g)) < min { N, R
q

n<N 9+ma—§”

the result follows.

5. Weight function

To introduce a smooth cut-off in the Diophantine condition (1-1), we insert a bump
function. This modification will simplify the application of Fourier analysis on the
torus T.

Fix a parameter § € (0, 1/4), and let ws: T — [0, 1] be a C°°(T) bump function supported
on those x with ||x|| <24, and satisfying

ws(x)=1 for [lx]| <$.
The following lemma provides a convenient truncated Fourier expansion of the function w;.

LEMMA 5-1. For § € (0,1/4), let ws be as defined above. For L, A > 1, the function ws
admits the Fourier expansion

ws (X)= Y _ Ws(0) e(tx) + O (;>
’ ’ “Na+ret)
lel<L
Furthermore, the Fourier coefficients satisfy the bound
ws(£) K 8. (5-1)

Proof. Repeated applications of integration by parts yield

Wws(€) = / ws(x)e( — £x) dx Kz (5-2)
T

8
(1+1€18y4°

Using the estimate

1 1
<A
MXQL A+ 7 1+ Ly

the first claim follows.
For the second claim, we observe that

28
|%(£)|s/wa(x)dxs/ Ldx <5,
T 25
Additionally, using (5-2),

ST 0l= > Wws@l+ Y w0l

el [€|<4/é |e|>4/8

x5
<1 —I—/ ——du<k 1.
175 (u8)?
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We will also need the following convolution estimate for the Fourier coefficients of wy,
which will be used to obtain a lower bound on the main term when counting three-term
arithmetic progressions.

LEMMA 5-2. For § €(0,1/4), let ws be as defined above. Then for any L, A > 1, one has
the lower bound

1
05 (£)2 W5 (—20)>>> 82 + O (—)
WXS:LWB()W(S( 1>+ 0u |

Proof. Set

ws(— llxIl /2)

vs(llxl)) == >

Then,
1 45 0 28
vs(m) = 3 / ws (5) e(—mb)do = / ws(@)e(—2mep) dp = ws(—2m).
—48 —26
Applying the convolution identity (2-1) yields

(ws % w5 % v5)(0) = ¥ (w5 % wp * v5)()e(0 - €)
l

= Y WO Ws(=20) + ) Ws(0)*ws(—20).
[|<L [€|>L

The tail sum is controlled by the decay estimate (5-2),

D WOPW(=20) <a

= 1+ LA

On the other hand, since ws > 1/_5 s}, using direct computation we have

1252

1_
T‘S] > §1[_s.5) * 21-26.28]

(ws * ws % v5)(0) = 1[—s .57 % 1[—s5,6] * > 6%,
Combining these two estimates completes the proof.

6. Preliminaries for the circle method

We set up the following notation to be used throughout the paper. Let o be irrational,
B € R, and fix exponents

O<rt —.
< <,1JL<8

Let J > 1 be the unique integer satisfying
1—-5u

4 > > 471, (6-1)
and choose 7 € (0, 1/20) fixed such that

41(1—8M)—(1—5M)<1—8M
16 (47 —1) = 4

n< (6-2)
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Our choice of J ensures that the expression in the middle above is positive. The reason for
this peculiar choice of parameters 1 and J will be made clear below when we introduce a
hierarchy of scales to aid our analysis.

Next, let r and s be coprime integers with s large enough and such that (4-2) holds. Also
let N be such that

S = LN174M72UJ .

It is useful to note that for s large enough (or, interchangeably N large enough) we have the
bound s > +/N following from the second upper bound on 7 in (6-2). Set

§:=N% and M:= N".

For § as defined above, set w := w;.

In our analysis we will frequently invoke Parseval’s identity to control second moments,
and for that purpose we require an upper bound on the number of n < N satisfying ||na| < 6.
Using the exponential-sum estimates established earlier, we now derive such a bound for the
smoothed cutoff.

LEMMA 6-1. With notation as above, one has the bound

> w(llna + Bll) < 8N.

n<N
Proof. By Lemma 5-1 with cutoff L =M, for any A > 1 we have
—~ 1
Y wllina+Blh= " W)etB) Y e(nta)+ 04 (W)
n<N le|<M n<N

As p > 7, choosing A large enough, we have

D wllna +Bly= Y We(p) Y e(nte) + ON).

n<N [e|l<M n=<N

. K N
P := min —— =1
{\/ 64M "V 16s

With «, r, s, P, M as above, let £ (P;0) be as defined in Lemma 4-2. Using Lemma 4.2
observe that |£ (P; 0)] < 1. It s clear that 0 € £(P; 0), and therefore

Set

E (P;0)={0}.
Therefore, for each ¢ satisfying 1 <|[¢| <M, applying Lemma 4-3 with a=¢g=1, we
obtain
Z e(nfla) K al
n<N P

Hence, using (5-1),

> w(llna + Bl <8N + 0 (w%).

n<N
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On the other hand, using 7 € (0, 1/20) and u < 1/8, we have

1 5u+2n 5
P> min {N2 ) ,N2“+’7} > min {N%—T“,Nzﬂ} > N* =M.

Thus the result follows.
To organise our circle method analysis, we introduce a hierarchy of scales
Pi>P,>...>Py,

where foreach 1 <j<J

NPi 1 @Q-4-5 /1-8
) ( )( “—n)- 63)

Pi=— R
1= %56 PTY 3 4

Note that, by the second upper bound on 7 in (6-2), the exponents p; are strictly decreasing:
(1 —8u
pj—pj+1=2-4’( 2 —n)>0.

Moreover, using the upper bound on 4’~! from (6-1), we obtain

1 2.4 -5 /1-8u
pr—n= 3 ) n)—n
1 2.4-5 1-8u 2.4/ -5
B T R G T
(6-4)
401 _
1 84 5 1-8u
— 4 3 4
>1_8(1—5M)—5(1—8M)=0
—4 12

Thus, the scales P; are indeed monotonically decreasing, and each P; > 1 for sufficiently
large N (in fact, P; > N").

Our strategy will be to partition the set of phases {6 + ma},, <) according to whether
each phase admits a good rational approximation with denominator at most P;. For each such
partition, we then apply the appropriate minor arc bound given by Lemma 4-1 to estimate
its contribution accordingly.

To control the size of each partition, we apply Lemma 4-2, which requires that N > 16st2
for all j<J. A direct computation shows that p; =2u + 7, so for sufficiently large N,
remembering that p; > n from (6-4), we have

N _p < LN Nt for 1<i<y (6-5)
— <Pi<—,/— or . .
256 =16V s = =/=

To ensure the contribution from each partition is acceptable, we will require the recurrence
relation

2
MPJ.

s

— o (/)
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to hold for all j < J, along with the condition that M = o («/ P ) A direct check shows that
pji+1 —4pj=10u+5n -2, p1=2u+n
and hence, for large enough N, the relations
M2

P} , M2N"

N <P, (6-6)

256

hold, implying the above mentioned recurrence relations.

To ensure, among other things, that the modified major arcs in our setting below are dis-
joint, we will require that at most one element of the set {€) + ma},, <ps is well approximated
by a rational with denominator at most P;. By Lemma 4-2, this is guaranteed provided that

1 /s
ij— —.
8V M

To verify this, observe that by the upper bound on 7 in (6-2), we have

l—4p—2n—p 1-5u 1+2-4J—5 1—8u
2 Pr=—"—""1"% 3 PR
A1 =8u)—(1—51) 247 —1)
= — n>0.
6 3
Hence, for sufficiently large N,
Y ©7)
=16V oM

We now split the unit torus T into major arcs and minor arcs as follows. For g < Py, and
a coprime to g, and |m| < M, define the major arc

Magm:= {9 eT: HB fma— 2
q

Ay
=N

and set the minor arcs to be
q
m:= T\ U U U Meagm-
q<Pj ( a=1 | [m|<M

a.q)=

We now show that the major arcs {./\/la,q,m} are pairwise disjoint.

a,q,m

LEMMA 6-2. Let q1,q2 <Py, and let 1<a;<qi, 1<ay<gqp satisfy (ai,q1)=
(az, q2) = 1. Moreover, let my, my € Z satisfy |m1|, |ma| <M. Then

Mals‘]lsml m MaquZym2 # @
if and only if
ay=ay, q1=¢q, and m=my. (6-8)

Proof. Assume 6 € Mg, g,.m; N Maygo.m, and (6-8) does not hold. If m; 7 my, then the
result immediately follows from the upper bounds on P; in (6-5) and (6-7), and Lemma 4-2.
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Hence assume mj; =my =m and that a;/q| # a>/q> are distinct reduced fractions. By
definition of the major arcs, we have

P P
HQ—I—ma—a—l §—J and HQ—I—ma—a—2 _—j.
q1 N @2l ~ 2N
By the triangle inequality,

1 a a a a P P 2P
LIS Y O P +H9+m“__2 P P2k
q192 q 9 q q2 qiN  @N = N

Since g1, g2 < Py, this gives
1o
PPT N

contradicting (6-5) and hence completing the proof.

By Lemma 6-2, the integral over T decomposes as

[Fxs sy [+ 9

lm|<M q<P/ a=1
(a,q)=1
7. Major and minor arc estimates

To implement the circle method in our setting, we require major and minor arc estimates
for the following exponential sum

Sw(0) = Sw(0;N) := Z Amw (llan + BlI) e(nd). (7-1)
n<N
Recall the definition of S(0) from (4-1). The following lemma provides a major arc estimate

for the exponential sum in (7-1).

LEMMA 7-1. Let g<P; and let 1<a<q be such that (a,q)=1. Suppose
me[—M,MINZ, and let 6 € Mg ;. Then

S,u(6) = W(m)e(mB)S(6 + ma) + O(BN' %)
and
S (—26) = W(—2m)e(—2mB)S(—2(8 + ma)) + OBN' ™).
Proof. Apply Lemma 5-1 with L =2M and x = no to obtain
Sw@) = > WOe(B)S® + La) + ON).
[e1<2M

Let & := [-2M,2M]NZ.For 1 <j < J,define £ C &;_; as the set of integers £ € £;_1 such
that there exists coprime integers a, g with g < P; satisfying

P
<L,

0+¢ ¢
o
gN’

q
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By Dirichlet’s approximation theorem, for each £ € &;_1 \ &;, there exist coprime integers a,
q with g € [Pj, N/P;] such that

Bl

‘9+E 2
cx——
gN ~ ¢*

Applying Lemma 4-1, for every £ € 1 \ £; we have

4
|S(9+f06)|<<N(logN)4( 1 > N(log N) '

1
+
NZRRLD AN

From Lemma 4-2 and the upper bounds on P; in (6-5) and (6-7), we have |E;] < 1. Since
0 € Mg qm, it follows that if £; is non-empty, then m € &;.
Using the bound in (5-1), we conclude

Sw(6) =W(m)e(mp)S(O + ma) + O | SN(log N)* &l f| +OoW™).

0<j<J V

Finally, invoking Lemma 4-2 to control |&;|, and using (6-6), we obtain

Sw(8) = W(m)e(mP)S(@ + ma) + O(SN(log NY IN~?)
= W(m)e(mB)S(O + ma) + O(BN'3)

as required.
For 6 € Ma,q,m, observe that if g is even, the —26 € Mq,a’%,,m. Hence, the estimate for
S,y (—26) follows from estimate for S,,(6).
Now suppose ¢g is odd. For this case, define, for any d < 2Py, 1 <c <d with (c,d) =1,
and |[£| <M,
2P 2Py
o= loeT: He o — H
c,d,ﬁ { + o — dN
Then, for 6 € Ma’q’m, there exists an integer 1 <b < g with (b, g) =1, such that —26 ¢
/\/l/b’q’_m. Now, by replacing the parameters Py, ..., Py with 2Py, ..., 2Py, the desired
estimate for S,,(—26) follows by analogous argument as that used for S,,(6).

The next lemma provides a point-wise bound for the exponential sum S,,(8) on the minor
arcs.

LEMMA 7-2. We have the following uniform bound:

sup [S,(6)] < SN'~%.

fem

Proof. The argument mirrors the proof of Lemma 7-1, except that for 6 € m, £ must be
empty. Hence,

Sw(® =0 | N(logN)* "~ M +O(N") = 0N~ 3).

O_J<JV
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8. Proof of Theorem 1-1

With the major and minor arc estimates established, we now proceed to complete the
proof of Theorem 1-1. By the orthogonality relation

/ e((n —m)8) do = 1=, (8:1)
T
where m, n € Z, it suffices to establish the lower bound
/ S,0(0)? S,(—26) d6 > §*N>. (8-2)
T

Indeed, one may increase T while having it being still strictly below 1/8 to absorb the loss
of 2 in the width of the Bohr set.
Applying (6-9), we have the decomposition

T
where
=2 Z > / S(0)* S, (—26) do (8-4)
q<P; a= 1 |m\<M
(aq
and

Ry i= / S,(0)? S, (—20) db. (8-5)

We will show that the major-arc contribution Ry dominates and that the minor-arc
contribution is negligible, thereby proving the desired bound.

LEMMA 8-1. We have
Ry < 8N4,
Proof. From (8-5),

Rm < sup ISW(O)I/ 1Sw(@)Sw(—26)| db.
fem T

An application of the Cauchy—Schwarz inequality gives

1/2 1/2
R < sup |S,,(0)] (/ 1S,,(0)]? d@) (/ 1S, (—26)]? dQ) )
fem T T

Invoking Parseval’s identity together with Lemma 6-1 shows that

/ |SW(9)|2 do, / |SW(—29)|2 do « 8N(logN)2.
T T
Hence

R < sup |S,,(8)| SN(log N)?,

fem

and the claimed bound follows at once from Lemma 7-2.
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LEMMA 8-2. We have
R > 82N>

Proof. Invoking Lemma 7-1, we see that for every integer g < P, each a with 1 <a < g and
(a,q)=1,and everyme [-M,M|NZ,

f Sy (0)>S,(—26) db = w(m)e(mp) / SO 4+ ma)S,,(0)S,,(—20) do (8-6)
Maqm

+0 (SNI_;] / [Sw(0)S(—26)] d@).
Ma,q,m

Since the arcs { M4} are disjoint (Lemma 6-2), summing over m, g and a yields

> Z / Su(0)S,-20) 0 < [ 15,0)5.,(~20) .
T

|m|<Mq<P/ a l Magam

By the Cauchy-Schwarz inequality, Parseval’s identity and Lemma 6-1,

oy Z / 15,,(0)S,,(—26)| db < SN(log N)>. (87)

\m|<Mq<PJ a 1 Magm
Next, a second application of Lemma 7-1 gives

/ SO + ma)S,,(0)S,,(—20) do = w(m)e(mpB) / S(0 + ma)?S,,(—20) do
Maqm

+0 (5N1_g /M |S(0 + ma)S,,(—26)| d@). (8-8)
a,qg,m

Using the Cauchy-Schwarz inequality, we have

> Z f 1800+ me)S,(-20)] do

|m|<Mq<PJ a 1

1/2

<> > Z/ |S(9+moz)|2d0

m|<M q<PJ a l

1/2

<[ > Z/ 1S,,(—26)* db

|m|<Mq<P] a 1 Magm
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Using Lemma 6-2, Parseval’s identity, and Lemma 6-1, we have

> Z / ISW(—29)|2 d6 < SN(log N)> and

|m|<Mq<PJ a 1

oy Z / IS(0+ma)| =M Z/ 1S0)|2 do

|m|<M q<P; a=1 q<Pj a=1
(a,q9)=1 (a,q9)=1

ng 1S0))* do
T
<« MN(log N)?.

Thus,

oy Z / 1S(6 + ma)S,,(—20)| d6 < (SM)'/’N(log N)>.  (8-9)

|m|<M q<Pj a 1 Magum
A final application of Lemma 7-1 then gives, for each major arc Mg n,

/ SO + ma)?S,,(—20) d6 = W(—2m)e(—2mp) / S0 + ma)>S(—2(6 + mar)) db

aq.m

+0 <3N1—§ / 1S(0 + mav)|* d@). (8-10)
a.q.m
By disjointness of the major arcs (Lemma 6-2), together with Parseval’s identity, one
obtains
oy Z / IS 4+ ma)|* do <« MN(log N)>. (811
\m|<Mq<PJ a 1 Magm

Combining (8-4), (8-6), (8:7), (8-8), (8-9), (8-10), (8-11), and choosing n sufficiently close
to T, we arrive at

Ry= Y wm)*w(=2m) Y Z / 5(0)25( 20)d6 + O(82N?"%).  (8-12)

|m|<M g<P; a=1

(a.q)=1
Set
q
MO .= U U Mago-
g<Pj a=1
(aq)=1
Then
Z Z f S(@)ZS( 20)do = / S(0)>S(—20) do — / S(0)>S(—260) db.
q<Pj a=1 T\M(O)

(a,q)=1

https://doi.org/10.1017/S0305004126102266 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004126102266

18 SARVAGYA JAIN
By Lemma 4-1 and the lower bound on P; from (6-5),

N(log N)*
sup SO K ——F——
0eT\M©O N2

Another application of the Cauchy-Schwarz inequality and Parseval’s identity then gives

e

It is well known (cf. [12, theorem 24-1]) that

& N3, (8-13)

S(0)°S(~20)d6| < sup [S(6)| / 1S(0)S(=26)| db < N>~¥.
9T\ M© T

/ SOPS(=20)do = Y Am)A()A(n3) > N
T

ny.ng.n3 <N
ny1+n3=2n;

Hence

Z Z / S(e) S(—26)do > N2.

g<P; a=1
(a,q)=1

Substituting this into (8-12) and applying Lemma 5-2 completes the proof.

Substituting the bounds from Lemma 8-1 and Lemma 82 into (8-3), we obtain the desired
lower bound in (8-2), thereby completing the proof of Theorem 1-1.

9. Proof of Theorem 1-2

We turn to the proof of Theorem 1-2. To obtain stronger cancellation in S(), we impose
an additional constraint on p. Define a sequence {u};>1 increasing to 1/8 by solving

4121_—5/’L?'
1 —8uf
That is,
41
* __
M=8 a5

Recall the definition of P; from (6-3). We would like to give a better lower bound on Pj in
order to facilitate cancellations in S(@). Since u} 7 1/8 as t — oo, we may choose m so that
T < u) < 1/8. Then pick u € (z, u}h) sufficiently close to w, so that J = m and

21—5u) 41 —8u) 201—5u) 1—8u 1—5u% 1-5u
— — — >
3 6 3 1—8ux 6 3

> .

It follows that
Py > NHH, 9-1)

Using the orthogonality relation (8-1), it suffices to show

/ S(0) Sy(0) e(—nb)do > § G(n)n
T
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for almost all even n, where

em:=2] | (115) I (1 ) (p—11>2>'

pln p>2
p>2

Since

f SOYe(-no)do > > Alm)AGm)> Smn
T mi,my
m)+my=n

for almost all even n (cf. [19, section 3-2]), Theorem 1-2 will follow from the next lemma.

LEMMA 9-1. We have

2

n<N

2
<« 82N3- 7,

[ S(0)(S),(0) — w(0)S(0))e(—nb) db
T

Proof. By Bessel’s inequality,

>

n<N

Let

2
5/ 1S(0)(Sw(6) — WO)S©O))I* db.
T

/ S(6)(S,,(0) — w(0)S(0))e(—nb) db
T

q
M=) [ Muago.

q<Pj a=1
(a,q)=1

[ Lo
T MO T\ MO

On M@, Lemma 7-1 and Parseval’s identity gives

and split the integral as

/ 1S(0)(S,(0) — W(O0)S@))|* db < sup ISW(O)—W(O)S(Q)IZ/ 1S6)I* do
MO 9eMO T

<« 82N3- 7,

Moreover, on T \ ./\/l(o), Parseval’s identity, Lemma 6-1 and (5-1) gives

/ 1S(0)(S,(0) — W(O0)S@))|* d < sup IS(9)|2/ 1,(0) — W(0)S©O)|* db
T\MO HET\MO T

&« sup |S(9)> SN(log N)>.
AeT\ MO

Using (9-1) and Lemma 4-1, we see that

(u+n)

sup  [S(@)| < N'~ 2
0eT\M©O
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Therefore

/ ISOYSw(®) = OS] db < SN>5
T\M©®

< 8N T

This completes the proof.
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