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Assemblies are decomposable combinatorial objects characterized by a sequence m; that
counts the number of possible components of size i. Permutations on n elements, mappings
from a set containing n elements into itself, 2-regular graphs on n vertices, and set partitions
on a set of size n are all assemblies with natural decompositions. Logarithmic assemblies are
characterized by constants 6 > 0 and x > 0 such that m,-K{)/(i—l)! — 0. Random mappings,
permutations and 2-regular graphs are all logarithmic assemblies, but set partitions are not.

Given a logarithmic assembly, all representatives having total size n are chosen uniformly
and a component counting process C(n) = (Cy(n), Ca(n),...,Cy(n)) is defined, where Ci(n)
is the number of components of size i. Our results also apply to C(n) distributed as the
Ewens sampling formula with parameter 6. Denote the component counting process up
to size at most b by Cp(n) = (C;(n), Ca(n),...,Cp(n)). It is natural to approximate C, by
7, = (Z1,Z,,...,Zp), the b-dimensional process of independent Poisson variables Z; for
which the ith variable has expectation [EZ; = m,-Kf) exp((1 — 0)i/n)/i!. We find asymptotics
for the total variation distance between Cp(n) and Zj.

1. Introduction

1.1. Random logarithmic assemblies
Combinatorial assemblies are labelled decomposable combinatorial objects. Typical ex-
amples of combinatorial assemblies are permutations of n elements, mappings of a finite
set with n elements into itself, 2-regular graphs on n vertices and set partitions on n
elements. For permutations the components are cycles, for mappings they are connected
components, for 2-regular graphs they are undirected cycles of size at least 3, and for
set partitions they are simply blocks with no additional structure added. Each assembly
is characterized for our purposes by the number of possible components m; on sets of
size i. For permutations the number of cycles that may be formed from a set of size i is
m; = (i — 1)!, for mappings m; = (i — 1)!(1 +i+i?/2+--- +i~!/(i — 1)!), for 2-regular
graphs m; = 1(i > 2) (i — 1)!/2, and for set partitions m; = 1 for all i.

For fixed m;, given an assembly of size n, let C;(n) be the number of components of size
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i and let C(n) denote
C(n) = (Ci(n), Cy(n),...,Cn(n),0,0,...).

Given a € Z;, define N(n,a) to be the number of assemblies of size n for which C(n) = a.

A formula for N(n,a) generalizing Cauchy’s formula for permutations is given by
i1

a,-!'

n
N(wa) = 1(ar + 2+ +na, = mn! ] (5 (L1)
=1

Let
p(n) = N(na),

and suppose all assemblies of size n are chosen uniformly, so that
N(n,a)
p(n)
Given any sequence of positive reals k,, if for each n we define Z; = Z;(n), i = 1,2,...,n
to be independent Poisson variables with means given by

P(C(n) = a) =

mjxt
Ez; = M

il
then Theorem 1 of [3] shows that

C) 2 (21,25 Z0,0.0,..\Z) + 22y + -+ nZy = ). (1.2)

The component process restricted to those components having size at most b(n) for any
sequence of integers b(n) < n will be denoted by

Cy(n) = (Ci(n), Co(n), ..., Cp(n)).

For b/n small and a proper choice for k, the distribution of C,(n) may be well approxi-
mated by

Zy=(Z1,2>,...,2y).

To measure how well the distribution of Z; approximates that of Cp(n) total variation
distance is used. The total variation distance between two random elements X and Y that
take their values on a finite or countable space S is defined to be

dv(X.Y) = 5 3O IP(X =) (Y =)

seS
We define dy(n) = drv(Cp(n), Zyp).

The Ewens sampling formula with parameter 6 > 0 from population genetics satisfies
(1.2) with [EZ; = 0/i. The Ewens sampling formula with 6 = 1 is the distribution of C(n)
for random permutations. More generally, the Ewens sampling formula having parameter
0 is the distribution of C(n) when permutations are selected proportionally to 0#cyeles,

The logarithmic class of assemblies is closely related to the Ewens sampling formula.
The main characteristic of logarithmic assemblies is that there exist constants 6 > 0 and
Ko > 0 such that

mixh /(i —1)! — 0; (1.3)
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see [3]. Permutations, mappings and 2-regular graphs are all logarithmic assemblies. For
permutations 0 = 1 and ko = 1; for mappings 0 = 1/2 and x¢ = e~'; and for 2-regular
graphs 0 = 1/2 and xo = 1. The Ewens sampling formula with parameter 0 is distributed
as a logarithmic assembly with xy = 1.

Asymptotics for dp(n) when k, is set to k, = o for all n are derived in [2], the results
of which are summarized in Section 1.3. In this paper we examine refined Poisson process
approximations of C(n), in which x, is taken to be k, = xoexp((1 — 0)/n). The refined
Poisson process approximation was introduced in [3] and heuristics in that paper indicate
that dy(n) should decrease like (b/ n)z. We show that this prediction is true under certain
restrictions and we derive asymptotics for dp(n).

1.2. The exponential generating function

Various restrictive assumptions of logarithmic assemblies have appeared in the literature.
Section 4 of [2] lists several and others are given in [1] and [11]. A A-domain is defined
for parameters # > 0 and 0 < ¢ < /2 to be

A=A ¢)={z € C:lz| < 1 +n.larglz — 1)] > ¢}.

We require that there exists a constant ko > 0 such that the exponential generating
function

o i
miKy
f(z) = exp <Z TOZ ) (1.4)

i=1
is analytically continuable to a A-domain in C. Moreover, we require that there are
constants 6 > 0, 6 > 0, K > 0, K* real, such that

fo)=K(1—2)"{1+K"(1—2)"+0 ((1—2)°)} (1.5)

asz — 1in A.

The term with K* only adds a constant to f. It is useful for assemblies such as random
mappings, for which 6 would otherwise be set to 6 = 0 and Theorem 2.1 would impose
stronger conditions on b. If 6 < 0, then the K* term can be absorbed into the O term.
Therefore, we might as well assume that 0 > 6 whenever K* # 0.

The benefit of (1.5) is that it allows us to use the contour integration estimates of [7] in
our proofs. The following theorems appear as Theorem 1 and Corollary 2, respectively,
in [7].

Theorem 1.1. Let o be a real number. If g is analytic on A(n,¢) \ {1} and g(z) =
O((1 —z)*) as z — 1 in A, then [z"]g(z) = O(n*™").

Theorem 1.2. Suppose o ¢ {0,—1,—2,—3,...}. If g is analytic in A(n, $) \ {1} and g(z) ~
K(1—z)"asz—1inA, then [z"]g(z) ~ %na_l.

This expansion is also found in [7]: for 0 ¢ {0,—1,-2,...},

nf=1 (1 _0(1—=0) 61 —0)2—0)(1—30)

n —0
"1 —z)7" ~ % m 24n2

> +0(n" ). (1.6)
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If K* =0 and one can take the logarithm of f in A, then
o0

ST = logK — Olog(l —2) +log {1+ 0((1 — 2)°}
i=1 ’
= logK —flog(1 —z)+ 0((1 —z)°)

as z — 1 in A. An application of Theorem 1.1 gives

miich

-! =

0/i+0G°) ~0/i (1.7)

If K* # 0 and one can take the logarithm of f in A, then

3 %zl‘ = logK — 0log(1 — z) + O((1 — 2)°)
i=1 ’

as z — 1 in A, and Theorem 1.1 gives

M — /i +0("") ~ 0/

Our notion of logarithmic assembly is therefore consistent with (1.3).

It would be helpful to have simple sufficient conditions on the m; implying the existence
of an analytic continuation of f(z) to a A-domain, but they may be quite hard to find.
The Hadamard Gap Theorem (see page 88 of [9]) states that a series

u(z) = Z ujz"
J

has its circle of convergence as a natural boundary provided there exists a fixed r > 1
such that, for all j,
B+t =T,
nj

Suppose f(z) is continuable to a A-domain. The Hadamard Gap Theorem ensures that
there are functions u(z) = >, mixhz'/i!, with m; € Z, such that mjky/i! converges
arbitrarily quickly to 0 and such that exp(u(z)), hence exp(f(z) + u(z)), is not analytically
continuable across the unit disc. Thus, there are arbitrarily small perturbations of f(z)
that are not analytically continuable.

The logarithmic conditions must therefore be checked on a case-by-case basis. It may
happen that f(z) is easily summed and well known to be analytically continuable. An
example is the Ewens sampling formula, which has f(z) given by

0 .
f(z) = exp (l.zl> = exp(—flog(1 —z2)) = (1 —2)~",
which satisfies (1.5) with ¢ arbitrarily large, K = 1, and K* = 0. For 2-regular graphs,
1 1
f(z) = (1—z)"exp (—22 — 4z2>

= 1 —z"2+0((1-2)'"7)
and (1.5) is satisfied with § = —1/2, 0 = 1, K = ¢~/4 and K* = 0. Another possibility is
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that f(z) may be expressed in terms of functions that can be analysed through the implicit
function theorem. For mappings of a finite set into itself, taking o = e~!, we have

=BT T i(oz)

f(2)

where t(z) = > i~!z!/i! is the exponential generating function of the number of rooted,
labelled trees on i distinct elements. It is well known that t(z) satisfies the equation
t(z) = z exp(t(z)), from which equation the implicit function theorem can be used to show
t(z) is extendable to a A-domain; see [8]. In fact,

(2) =1 = V(1 — €)' = 3(1 —e2) + O((1 — e2)"")

hence
fe) = 1
V21 =22+ 51— 2) +0((1 = 2)?)
B 1
J2(1 — )12 [1 + 51 -2" 4+ 001 —z)]
1 1
= f(l —z)712 [1 — ?ﬁ(l — )2+ 0(1 - 2)} ,
so that (1.5) is satisfied with 6 =1/2,0 =1, K = %’ and K* = _%ﬁ' Here is an example

for which 6 < 1. Let m; and f(z) be as for mappings and define m; = 2m;. The
corresponding assembly could be mappings from a finite set into itself in which every
connected component is coloured either red or blue. Let ko = e¢~!. The exponential
generating function for the m; is

g(z) =exp (Z ml,KOz) =fiz) = %(1 —ez) '+ 0((1 —ez)'7?),

i

For this assembly, 0 = —1,6 =1/2, K =1/4 and K* = 0.

1.3. Unrefined Poisson process approximations
The asymptotics of dp(n) for logarithmic assemblies with x, = ko are given in [2]. It is
helpful to state some of those results for comparison with the refined Poisson process
approximations of this paper. We start with Theorem 1.3 of [2]. The expectation of the
ith unrefined Poisson variable Z; is denoted by

)ui = ]EZ, = WHKB

(1.8)

i!

Theorem 1.3. With f(z) defined by (1.4), assume that f(z) is analytic on A(n, ¢) for some
n>0,0< ¢ < n/2. Moreover, assume that there are constants 0 > 0, 6 > 0, and K > 0
such that

fe)=K(1—2"{1+0((1-2°)}
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as z — 1 within A. Assume further that supil; < co. Let Z; be mutually independent Poisson
variables with means EZ; = J; and define variables Ty, by

m

T =) iZ.

i=1+1
Assume, moreover, that b = b(n) is a sequence satisfying
b = o(n/logn).
Under these assumptions,

-0

drv(Cp(n), Zy) .

b
E|Top — ETop| + 0 <n> :

When 0 = 1, the asymptotics of dy(n) may be expressed in terms of a random variable
Xy having mean 0, variance 6/2, and Laplace transform

1q_ —
]Eele() = eXp (_/ leXxI)(tx)de> s t > 0' (1.9)
0

For sequences a, and b, we write a, ~ b, if a,/b, — 1. Corollary 1.4 summarizes
Corollary 4, Lemma 6, and Corollary 5 of [2].

Corollary 1.4. Under the assumptions of Theorem 1.3, if 0 # 1, then for fixed b
|10
2n

drv(Cp(n), Zy) ~ E|To, — ETop). (1.10)

If, in addition,

E|Toy, — ETy| < b, (1.11)
then (1.10) holds for all b(n) satisfying b = o(n/logn). In particular, (1.11) holds when
liminfil; > 0 and supil; < co.

Suppose, in addition, that b= T, = Xg as b — o0. If 0 # 1, b — o0 and b = o(n/logn),

then
|1 —0

b
drv(Cy(n), Zy) ~ E| Xy — 0|;,

where Xy is a random variable having Laplace transform given by (1.9).

Related independent process approximations for logarithmic multisets and selections
were obtained in [12].

Using methods different from ours, the monograph [1] studies dy(n) for logarithmic
assemblies and, under certain conditions on the rate of convergence of i/; to 6, finds that

1-0 b (b

s =" BT~ Bl +0 (1 (247 )
2n n\n

for some C > 0. In particular, that result does not require b = o(n/logn) or the analytic

continuation of f(z) across the unit disc. For that reason it is likely that the existence

of conditions (2.1) and (2.2) in Theorem 2.1 in this paper should be attributed to the
methods used, not to the essential nature of logarithmic assemblies.
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2. Main results
Recall that the variables Z; are defined in such a way that (1.2) holds. We set
K, = Ko exp((1 — 0)/n),
so the means of the Poisson variables Z; are now given by
EZi(n) = pi = Aiexp (1 —0)i/n),

where /; is defined by (1.8). Note that the Z; now depend on n, as opposed to the unrefined
approximations of Section 1.3 where they were fixed. The variance of a random variable
X is written as a2(X).

Theorem 2.1. With f(z) given by (1.4), assume that f(z) is analytic on A(n, ) for some
n>0,0< ¢ < n/2. Moreover, assume that there are constants 0 >0, 6 > 0, K > 0, and
K™ real such that

fe)=K(1 -2 {1+K"1-2)"+0((1—-2)°)} (2.1)

as z — 1 within A. Assume further that supil; < co and, in addition, when K* %+ 0 assume
limsupil; < 1. Let Z; be mutually independent Poisson variables with means IEZ; = p; and
define variables Ty, by

m

Ty = Z iZ;.

Assume, moreover, that b = b(n) is a sequenclf,: l;tisfj)ing
b = o(n/logn). (2.2)
Under these assumptions, for every
u(n) = min (5 loglrz);nlc:gllggg;z(n—) w(n), 1) ,  (n) = oo, (2.3)
we have
dp(n) = |14;20‘ E |(To» — ETos)* — 6°(Tos) — 0 (Top — ETop)| + 0 ((n) ”“) - (24

If 6 > 1, which is the case for the Ewens sampling formula, then, for all b = o(n/logn),

11—0|
4n2

b\ 2
dp(n) = E|(To, — ETo»)* — 0*(Top) — 0 (T — ETop)| + 0 ((n) ) : (2.5)
If 6 = 1, which is the case for many logarithmic assemblies, then, for every sequence b(n)
such that b = o(n/logn) and b/logn — oo, (2.5) holds.

The condition limsupil; < 1 is satisfied by mappings, for which i4; — 1/2. It is worth
noting that, even when the logarithm of f(z) may be taken, Tauberian theorems only
show that > | Z; ~ 0logn, hence sup;i%; < co does not automatically follow from (2.1),
nor does condition (2.11) below.
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Corollary 2.2.  Assume the conditions of Theorem 2.1 hold. Suppose, in addition, that 0 = 1.
Given b = b(n) such that b = o(n/logn), for u defined as in (2.3), we have

win=o( (1)),

If 6 > 1, then, for every sequence b(n) = o(n/logn),

2
dy(n) = o ((b) ) . (2.6)
n

If 6 = 1, then, for every sequence b = o(n/logn) such that b/logn — oo, (2.6) holds.

Corollary 2.3. Assume the conditions of Theorem 2.1 hold. The condition sup;il; < oo
implies

E |[(To, — ETos)* — 0(Tos) — 0 (Tor — ETos)| = O(b?).
Assume, in addition, that 0 #+ 1. Given b = b(n) such that b = o(n/logn), for u defined by

(2.3), we have
< b 1+u
dp(n) =0 () ) .
n

If 6 > 1, then, for every b(n) = o(n/logn),

2
dy(n) = 0 ((b) ) . 2.7)
n

If 6 = 1, then, for every sequence b = o(n/logn) such that b/logn — oo, (2.7) holds.

Corollary 2.4. Assume the conditions of Theorem 2.1 hold. Suppose, in addition, that 0 # 1.
For b fixed, if 6 > 1, then
|1 —0]

db(n) ~ n2

E |(To, — ETos)* — 0*(Tos) — 0 (Tor — ETp)| - (2.8)

Now, assume

E |(To, — ETo,)* — 0*(Top) — 0 (Top — ETop)| = b7 (2.9)
For any & > 0, if b(n) is such that b(n) = o(n/logn) and bn’~'/logn — oo, then (2.8) holds.
In particular, when 6 > 1, if b(n) is such that b(n) = o(n/logn), then (2.8) holds.

Lemma 2.5 gives sufficient conditions for (2.9).

Lemma 2.5. Assume that liminfil; = 0 > 0 and

supiZ =0 < cc. (2.10)

As b — oo,
E|(To» — ETo»)* — 0°(Tos) — 0 (Top — ETpp)| = b°.

The behaviour of b~ Ty, may be better understood with Lemma 2.6.
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Lemma 2.6. Assume that 0 = supil; < oo, and fix 0 € (0,0). The following are equivalent :

1
JLH;EZMFG; (2.11)

i=1
b~' Ty, = U, and 0 = EU; (2.12)
b~ ' Top = Xp. (2.13)

Corollary 2.7. Assume the conditions of Theorem 2.1 hold. Suppose, in addition, that
b'Tyy = Xpas b — . If 0 #+ 1, b — oo, b = o(n/logn), and bn®~'/logn — oo,
then
1-0 b\
dp(n) ~ %15 (X0 —0)* —0/2] <n> , (2.14)
where Xy is a random variable having Laplace transform given by (1.9). In particular, if
0 > 1, then (2.14) holds for all b — o0, b = o(n/logn).

Expressions for the density gg(x) of Xy are given in [6]. In particular,
g2o(x) = %x%l, 0<x<1,
where y is Euler’s constant. It follows from the identity IE ((X.g —0)y—0/ 2) =0 that
E|(Xg—0)* — 0/2| = 2E((Xg — 0)* — 0/2) .

If 6 < 1/2, then the quadratic expression (x — 0)> — 0/2 is nonpositive if and only if

0—+/0/2<x<0++/0/2<1, hence

E|Xy—0°—0/2] = 2 /0+ v (0/2 — (x — 0)*) go(x)dx
2670212072 42120112 — 20) (0 + (0/2) ")
0 +3)

0+1

When 6 = 1/2, which is the case for random graphs,

e 2 (b7 . b\*

Note that the parameter o appears in both the hypothesis and conclusion of The-
orem 2.1, as opposed to the unrefined approximations of Theorem 1.3, where J only
appears in the hypothesis. To help in understanding the meaning of 6, note that (1.7)
shows that i/; — 0 at least as fast as i ° when K* = 0 and the logarithm of f can be
taken in A. We hope to investigate the asymptotics of d, without the restriction (3.28) in
future work by making additional assumptions about the behaviour of f(z).
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Results somewhat similar to those in this paper are obtained in [4] for the special case
of the Ewens sampling formula. There the means [EZ; are taken exactly equal to IEC;(n):

On—1)---(n—i+1)
EZ = .
i(0+n—1)---(0+n—1i
Stein’s method is used to show there exist positive constants c¢y(f) and c¢,(0) such that
c1(0) (b/n)*/ log?(nb=1) < dy(n) < ¢2(0) (b/n)* for all b < n. That result finds the correct

rate of drv(Cy(n),Zy), but not asymptotics. Unfortunately, for [EZ; defined as (2.15) the
relation (1.2) does not hold, and the methods in this paper are not applicable.

(2.15)

3. Structure of the proof

Proof of Theorem 2.1. It is shown in [3] that (1.2) implies

-y ol BT =n—n\"
db(n)—rz(;IP(TOb—r)<1 P(Ty =) ) . (3.1)

The expression (3.1) will be simplified in several steps, the first of which is to show that
terms indexed by large r are insignificant. Introduce the sequence

L, = min (b logn, b4/5n1/5) . (32)
Let d; denote
Ly +
* _ ]P(Tbn =n-— r)
dy = glp(m, = r)<1 P(To =7 ) : (3.3)

Lemma 3.1 and all the other lemmas and propositions stated during the course of this
proof are proved in Section 4. The purpose of Lemma 3.1 is to help prove Lemma 3.2.

w

Lemma 3.1. For any b>1 and w > 0, P(Ty, > bw) < (E)w

Lemma 3.2. For any k, as n — oo, with 1 < b = o(n),

(I_IP(Tbnzn—r

+
ST =) (1= PR ) < BT > L) = o/

r>L,

Lemma 3.2 shows that to prove Theorem 2.1 it suffices to prove

|1 — 0

dj = 4n2

14u
E |(To» — ETo,)* — 0*(Top) — 0 (Top — ETop)| + 0 <<z> ) )

Let x,, denote x, = exp((1 — 0)/n). It is useful to define functions f,(z) and h,(z) by

fu(z) = f(xnz) = exp (Z uizi> (34)
i=1
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and

b(n)
h(z) = exp (—Zuiz">, (3.5)
i=1

so that (3.3) is

L - +
ol el S ) (2)
4 = 2 P ”’(1 xp (=3, 1) 2112) )

r=0
Ly b —r +
[2"11(2) — exp(SLy )" 10n(2)f2)
P = .
2 (T ”( E'1f(2) )

The method by which we simplify d; consists of repeated applications of Lemma 3.3,
which breaks sums such as the one in (3.3) into two parts, the second of which is
asymptotically smaller than the first.

(3.6)

Lemma 3.3. If
L,
dz = Z ]P( T()b = r)(S])n,r + S2,n,l‘)+a
r=0
and
Mb,n = Ogi)l(m |S2,n.r‘a
then
LH
d; = ZIP( T()h = V)(Sl,n,r)Jr + Em
r=0

where |E,| < Mp .

We will use propositions for overt simplifications of d; and lemmas for auxiliary results.
Our first simplification, Proposition 3.7, will require a technical lemma that is similar to
Lemma 14 of [2].

Lemma 34. Assume that v and ¢ are analytic in A(n, ¢) \ {1}, and |y(z)| < Ky|1 —z|™
in A(n, @) \ {1}. Then there is a universal constant W4 such that, for all integers j = 0
such that o — j| < I, and nonnegative integers m and n such that 0 < m < n— 1 and
n—m = 2o — j| + 4, with the constant vy, defined by

0, = 1+ €|1—0/(1 + 1),

we have

|[Z"MEGnzp(xaz)(1 — 2| < ek sup E@)N - (n—m)* g,
z|<I+n

—o+j

P+

(n—m)' =+ (3.7)
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I 142
Wie<A (1 + (COS¢> > (3.8)

A major simplification of d; is brought about by expanding the function h,(z) defined
by (3.5) in a partial Taylor series with remainder Ry(z) about z = 1:

and

where A = (2 + 4/ cos ¢)>.

N ()
(o) =30 2 = 1y Ry — 1 (39)

j=0
where N is defined by
N = N(n) = [logn]. (3.10)

We will see in Proposition 3.9 that only the first three terms of (3.9) contribute to
the asymptotics of d;. The Taylor expansion of h,(z) also helps show the perturbation
from the Ewens sampling formula is insignificant, a simplification of d; accomplished in
Proposition 3.8. We will need Lemma 3.5 and Lemma 3.6. Lemma 3.5 shows the Taylor
coefficients of h,(z) are not too large and Lemma 3.6 shows Ry(z) is small.

Lemma 3.5. For k>0

|1, (1)] < exp ( Zm) Bi(pb)',

where By, is the kth Bell number, and
p = max{1,e0}.
Moreover, define A by
A = supsup{i : ilix, > 1} < co.

n=ng i

and suppose limsupid; < 1. Then there is a ng = 1 such that, for every n > ng and k = b,

, k —k/(2b)
|h(nk)( )| k|eA(p 1/2+1b( > )
eb

Lemma 3.6. On the disc
={zeC:|z| <14y},
the following bound holds:

sup [RYY'(2) <0~ ((eb)'"" + exp(e” —1)).

zeD,

Assumption (2.1) allows us to write

f(z) =K1 —2)"" + ¥(2), (3.11)
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where W(z) is analytic in the punctured delta domain A(y,¢) \ {1} and ¥(z) = KK" +
0((1 —z)° % as z — 1 in A. In Proposition 3.7 we use Lemma 3.3 to eliminate the ¥(x,z)
terms from f,(z) in the numerator of (3.6). The quantity M;, of Lemma 3.3 is shown to
be small by means of Lemma 3.4, Lemma 3.5 and Lemma 3.6.

Proposition 3.7.

g = o<(b>1+> N

i ]P(T p = r) < [Z"]K(l — XnZ)79 — exp(Z;’.:l 'u.i)[znir]hn(z)K(l — XnZ)io ) *
ob =

[z"]fn(z)

r=0

Proposition 3.8 eliminates W(x,z) terms from f,(z) in the denominator.

Proposition 3.8.

= (B0 = %2 —exp(S )2~ xa2) )\
; P(To, = r)< (0 —x,2)?

In Proposition 3.9 we show that only the first three terms of the Taylor series of h,(z)
about z = 1 are significant. Define sequences 4,, and B, by

b
A, = Z in; = ETy, (3.12)
i=1
and
1 b 2 b
B, = 3 (Z im) = i — D
i=1 i=1
1
= 3 ((ETos)* + ETo, — 0*(Top)) - (3.13)

The value of h,(z) and its first two derivatives at z = 1 are, respectively,

b
exp <— Z“i) , (3.14)
i=1
b
h(1) = —Ayexp <—Zm> ; (3.15)

=1

b
2B, exp (— ,u,) . (3.106)
i=1

ha(1)

h//(l)

n
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Proposition 3.9.

b 1+u L,
dy = o((n> )—I—;{IP(T%:V)

« ([Zn](l —xpz) = [2"7] {1 + Ap(1 — z) + By(1 _2)2} (1 —xnz)_o>+}

[z7]1(1 — x,z)~°

Let H be defined by

H = [2"1(1 = xu2)™" = "1 {1 + Au(1 = 2) + Bu(1 =2’} (1 = x,2) ", (3.17)
so that H is the numerator of the fraction under the positive part sign in Proposition 3.9.
Note that
1—z=(00—xuz)+(x, — 1)z
and

(1—2)> = (1 — x2)* 4+ 2(xn — Dz(1 — x,2) + (xn — 1)*2%
The substitution of these expressions into (3.17) results in
H = ["(1=x,2)7" = [2"7"1(1 = x,2)”"
— A" = xu2) " = A = D" = xz)
— By [z"1(1 — x,2) """ = 2By(xy — D[2" ' 1(1 = x2) 7!
— Bu(x, — 1’ [2"7721(1 — x,2) 7"

Lemma 3.10 is a technical lemma used to expand each of the terms in H.

Lemma 3.10. Let k(a) denote k(o) = o(1 —o)(2 —o)(1 —3a)/24. For s = o(n) and v a fixed
real such that —0 +v ¢ {0,1,2,.. .},

[Zn—S](l _ xnz)—()+v — F(egl__()v) (n()—u—l _ dl(S,l)) n()—u—2 + dz(S,U) n()—v—3)
+0 (sn"7H), (3.18)
where
dy(s.0) = —vs + (60— v)(12— 0+v)
and
2
dy(s,v) = <(1 _29) +(1—=0)0—v—1)+ (9_”_1)2(9_”_2)> 52
n ((1—9)(9—;)(1 —0+v) n (0—v)1 —9;v)(9—u—2)> s

—k(0 —v).
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When v = 0,
_1—=0, 0(1-0)
d»(s,0) = 7S 7S k(0).

Lemma 3.11 simplifies H with the help of Lemma 3.10.

Lemma 3.11.

(0 —1)(n/e)""
n2l'(0)

+0 (r3n9*4 + Anrznef4 + Bnrn9*4) s

H {(?/2—0r/2) — Au(r + (1 — 0)/2) + B, } (3.19)

It is now easy to write d; in a compact form.

Proposition 3.12.

L,
dy = ﬁ Z(;IP(T% =7)((0 — 1) {(r — ETos)* — 0*(Top) — O(r — ]ETOh)})+

A6)

We will need Lemma 3.13 for the last steps.

Lemma 3.13. For any k, as n — oo, the quantity
|1—0
2n?

is of order o((b/n)k).

E (|(To» — ETo)* — 6*(Tos) — 0(Tor — ETo)| 1i7,51,})

Now, observe that

1+u
d, = dz—i—o((b) >
n

L,
= 5 STy =) (0~ 1) {r — BTy’ — 0*(Toy) — 0 — ET)})*
r=0
. é I+u
o( (
= 5 STy =) ((0— 1) {r — BTy — 0*(Toy) — 0 — ETy)})*
r=0
b 14+u
+o <n>
| . N b I+u
- ﬁIE((Q—l){(TOb_IETOb) —0(Top —ETop)}) " +o0 <n> '
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The third equality follows from Lemma 3.13. Finally,
E (0 — 1) {(To» — ET0s)* — 0*(Tos) — 0(Top — ETop)}) =0

implies
E((0 — 1) {(To — ETop)* — 6*(Ton) — 0(Top — ETon)}) "
0—1
%IE |(Tor — ETop)* — 6*(Tos) — 0(Top — ETop)| -
This completes the proof of Theorem 2.1. L]

Proof of Corollary 2.3. First, note that, for all 1 <i < n,
e ¥ <exp((1—0)i/n) <e. (3.20)

Next, we will show

]ET({b =0(b) forall j>1, (3.21)
a result which will also be useful in proving Lemma 3.13, by applying a simple observation.
Given a sequence b = b(n), b(n) < n, suppose Wi(n), i = 1,2,...,b(n), is an array of
nonnegative independent random variables and that we want to prove that ]E(Zg’=1 Wl-)k =
O(b*) for all fixed k > 1. It is enough to show that there exists a positive constant C > 1
such that EW;(n)) < C foralln > 1,1 < j <k, and 1 <i < b, because then, by the
multinomial theorem,

b k
k ai a ap
IE<IX1: Wi(n)) B Z (al,az,...,ab)]E(Wl )IE(WZ )"']E(Wh )

ay+ay+-+ap=k

< 3 ( k ) CH@#0) C1@#0) . . 1(@0)
ai, ...,y
ar+ax+-+ap=k
k
< CF 322
= Z (al,az,...,ah) ( )

aj+ar+-+ap=k
= (Cb),

where we have used the fact that at most k of the a; can be nonzero at (3.22). Because Z;
1s Poisson,

E(Zi) = 0(u)). (3.23)
If we let Wi(n) = iZ;, then (3.23), (2.10) and (3.20) show that, for any fixed j and any i,
we have (EW;(n))) = 0(i/y/(n)) = O (¥ (0/e/i7)) = O(1). Thus, (3.21) is proved.
Applying (3.21) with j = 1,2 gives the bound

E |(Tor — ETos)* — o°(Tos) — 0 (Tor — ETos)| = O(b). u

Proof of Lemma 2.5. It was shown in Corollary 2.3 that

E |(To» — ETos)* — °(Tos) — 0 (Tor — ETos)| = O(b).
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Suppose that liminf;il; = 0 > 0 and sup; i; = 0 < co. Because of (3.20), liminf; ix; > e~%0,
hence

b
ETo, =Y in; > e "0b. (3.24)

Let S = 3} »cicp Zi- Note that S is Poisson, and if ig is such that iw; > e 99/2 for all
i = ig, then for b = 2i,

L 4 L o —
ES > 3e70 Z 3¢ '0log(3/2) = ¢.
b/2<i<h
At this point we note that
ETo, = Y ip < Oeb (3.25)
and
b
o¥(Top) = Y _ iy < Beb(b +1)/2. (3.26)

i=1
Let S’ have Poisson distribution with mean &. Write v for IET(,. By the quadratic formula,
(3.24), (3.25) and (3.26), for b = 2iy, we have

P ((Top —v)* — 6> — O0(Top — v) = b?)
]P<T L @40+ Vv 07—

=

42— 62 + Oy — b?)
2

P

V

Toy, = > e0b + +

2
> ( > 2e0 + — +\/(9> +2e@<b+1>+4)
b b
]P(S > 20 + 0 + V02 + 40 + 4 )E 0,0,0) >

Therefore, for b = 2i,

V02 + 2e0b(b + 1) + 4b2>

o

\Y

b—?E |(To — v)* — 6 — 0(Top — v)|
> P((Top—v)’ — 0> —0(Top —v) = b?)
> ¢(0,0,0)>0. ]

Proof of Lemma 2.6. Let Z be independent Poisson variables with means EZ;" = A
and let Ty, = Z{ +2Z; + --- + bZ;. To prove this lemma it suffices to show that
drv(Top, Ty,) = o(1) and apply Lemma 7 of [2] and Slutsky’s theorem. It is well known
that, if Y is a Poisson variable with mean IEY = { and Y " is a Poisson variable with
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mean EY* = {*, then dry(Y,Y ™) < |{ — {*|. Therefore,

b
drv(Top, Tgp) < Z dry(Zi, Z})
i1

b
< Y lwi— Al
i=1
b
= > lexp(i(l — 0)/n) — 4|
i=1
b
= 0 <n—1 > ii,-) (3.27)
i=1
= 0(b/n) =o(1),
where we used (3.20) at (3.27). ]

Proof of Corollary 2.4. It is easy to show that

. (ologn—loglogn— w(n)
Lo ( ogn/b) !

if and only if
b1 /log!" n — oo. (3.28)

Proof of Corollary 2.7. With Y, defined as
Yy := b2 ((Top — ETop)* — a(Top) — 0 (Top — ETop)) , (3.29)
Schwartz’s inequality gives
E(Y,;Y, > M) < /EY?P(Y, > M).

The bound (3.21) for j = 1,2,3,4 means that EY;? = O(1). To conclude the proof of
uniform integrability of Y}, note that P(Y, > M) < M~'IEY, = O(M™").

The uniform integrability of Y, along with EX, = 0 and ¢%(X,) = 0/2, gives us
EY, = E |(Xy — [EXj)” — 6*(Xy)|. Note that b=20 (Tp, — ETo) = 0 as b — . O

4. Proofs of propositions and lemmas
Proof of Lemma 3.1. Using Chebyshev’s inequality, for any f > 0,
P(Top = bw) = P(P T > ofP) < TEP Tor—Fbw,

We calculate

b
logEefT» = log H [Ee/P%i
j=1
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b

= log [ [ exp(—; + ue”)
j=1

b
= > (—uj+ e’

j=1

b B '
= Z/ Juje’dt
=170

b g
< Z/ elel dt
j=170
_ B
< ebb / ede
0
= e’ —1)
< efel?.

Thus, for any = 0,
logP(To, = bw) < elef’ — pbw.
Letting f = b~ log(w/e0) finishes the proof. O

Proof of Lemma 3.2. The inequality is clear because the expression under the positive
part symbol is bounded by 1.

It follows from the definition (3.2) of L, that if b < n/(logn)’, then L, = blogn and
otherwise L, = b*°n!/3. In the first case, taking w = logn in Lemma 3.1 gives

logP(To, > L,) < wlog(fe®/w) ~ —wlogw = —(loglogn)logn,

which decreases to minus infinity faster than logn=* = —klogn for any fixed k. In the

. 1/5
second case, taking w = (%) /3, we have

logP(Ty, > L,) < wlog(0e?/w) ~ —wlogw = —%wlog(n/b),

which, for any fixed k, decreases to minus infinity faster than —k log(n/b). ]

Proof of Lemma 3.3. Since |(x + y)™ — x*| < |y|, we see that
|(S1,n,r + S2,n,r)+ - (Sl,n,r)+| < Mb,n~

Summing against weights IP(Ty, = r), we get

L,

|Enl = |dy = > " P(Top = r)(Star) ™| < My,
r=0

establishing the result. ]
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Proof of Lemma 3.4. We define ¢ = 1 — 0 throughout this paper. Denote the sequence
yn by yu = /", so that

2"z (xaz)(1 = 2| = X7 [ [2""1E(2)w(2)(1 = yuz)] -

Let K = Kjsup<iq,[E(2)] and define {(z) = Ez)p(z)(1 — yuz). The coefficient
[z"™]{(z) may be expressed as a contour integral by using the Cauchy integral for-

mula
A 1 N dz
0 = 5 [ 900) e
where v is a positively oriented contour in A. Choose y to be y = y; U y2 U y3 U 4, where
no= {zilz=1=m-—m", |Argz = 1)| > ¢},
o= {z:=m7 <z =1, 2/ < 140, Arg(z — 1) = ¢},
o= iz IZI—1+11, |Arg(z — 1) > ¢},
pao= {z:m=—m7'<lz—1], 2 <149, Argz — 1) = —¢}.

(Those readers who compare our definition of y with the one in [7] should be aware that
there is a typo in the definition of y; in [7]; see page 1168 of [10]).
Taking absolute values inside the integral gives

dz
e < 5 10 S

Note that
11— yzl/ (1—y)z |
sup———— = sup|l+ —"—
e 11—z re l—z
izl )
< (1411 = yulsup
zey |1 —2]
0 1 j
< (14580 (4.1
no(n—m)"

< (14t +n) =1,

where the bound at (4.1) holds by the mean value theorem. Therefore,
n mij A —o+j ‘dZ|
At line (2.15) of the proof of Theorem 1 in [7] it is shown that, whenever n—m > 2|a—j|+4,
1 i ldz|
— [ K1 =z
o [ | Z‘ |Z|n—m+1

< Km—m)* 7! {5 +

J(O‘ _j5 ¢) 1770(+j

- T A

(n—m

where

© —2Jo—j|—4
: tcos ¢

J(o—j,¢)) := It 1+,> dt.

(=500 /1 < 2= jl+4
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It was established in the proof of Theorem 14 of [2] that there is a universal constant
W, 4 satisfying (3.8) such that, for all |o — j| <,
e— i
5. I anb) < Wi,

The bound x,"~™ < e concludes the proof. ]
Proof of Lemma 3.5. We use Faa di Bruno’s formula

d@og) _ g~ K AN AN
dzk g dzm \ 1! k! ’

a
ay+2ax+kay=k

where m = a; + a» + -+ + ai; either see [5] or else use (1.1) for set partitions to give a
short proof. In our case h = ¢ o g, with ¢(z) = exp(—z) and g(z) = Z_l;:l pjz’. Define
t)y=tt—1)(t—2)---(t—i+1),fori>0. Then for [ >0

d'g .
= = > Uy

N

M=

=
S

Il
o
S

—
<
|

—_

=
N

= eb(b)/I
< elb.
Observing that, for m = 3" a;, (e0)” < p™ < p* when m < k, we obtain

b

k! S Wz —
(k) j:l“’ @ ke 9k
[ACVIES 2§ T (e0b)"" - - - (eOb)
ar+2ax++kag=

S k!
< ezt Y

| 1(1N“ ... 1%
ar+2ax++kay=k ai: Ak (1 ) (k)

b
— ¢ 2 M B(pb).

For the part about hK)(0), we first show that ny can be chosen in such a way that
A < o0. Since we are assuming limsupi; < 1, we may choose iy = 1 and @ > 0 such that
i’i <1—w for i > iy. Since b/n — 0, we may pick ng = 1 such that " < (1 — w)™"/?
for all n > ny. For all n > ny, therefore, if i > iy, then idix} < il < (1— a))l/2 < 1.
Therefore, for all n > ng, we have sup{i : i4ix, > 1} < iy and for this choice of ny,

A< ip < 0.
We now use Faa di Bruno’s formula to bound h*)(0). Use !y = (I — 1)!l to evaluate
d'g (I—=1)ed, if1<I<A
—= im0 =111 < b) < T ’
gzt [0 =l < ) { (I—1)1 ifA<I<b.
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Let Z be independent Poisson-distributed variables with means [EZ = 1/i. We get, for
n>ny and any k > b,

k!
h90) < E 10 ) - (Bl )%
IOl S B @t iy )

k' ANa A\
< > ———(e0)" - (D)™
ai+2ar++bay=k a ' Tab '1 b b !
1
< k! Z pa1+"'+a/wy
w2 r a1 TG L b
b q o1/ aj e
= k! — ar+-t+aany
(1) 2 A
i=1 a1 +2ax++bapy=k i=1
< klebE(p“ A N(Z] + 225 + -+ bZy = k)
< klebE(p“ ™+ HA(Z) 4225 + -+ bZ; = k)
< Kleb\[EpX 4+ 2P (2] 4275 + -+ bZ; > k)
< Kleb(Ep) [P (2] +223 + -+ bZ; > k)
= kleb(e” ™"\ [P (Z; +22; + -+ bZ; > k)
k —k/(2b)
<kl 1>/2+1b< ) , (4.2)
eb
where we have used Lemma 8 of [2] at (4.2). ]

Proof of Lemma 3.6. We use the maximum modulus principle. If g is a function defined
and continuous on a closed bounded set D and analytic on the interior of D, then the
maximum of |g(z)| on D is assumed on the boundary of D.

sup [Rn(z)] = sup |Rn(z)|
zeD, lzl=1+7

k
h(z) — Ek =0 k)gl l)k

= sup

jzl=1n (z — D!
N b
_ pnb “By
< (N+1) I‘sulp |h(z)|+Z€Xp Z
z|=1+n k=0
<
|z|=14n

(4.3)

byB
VD < sup |h(z H_Z P’1 k)

= g ( sup |h(z)| + exp(e””” —
|z|=14n
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Analysing the first term of (4.3), we see that

b
sup |h(z)] = sup |exp (—Zujzj)
j=1

|z|=14n |z|=14n

b

< exp | Y ui(l+n)
=1
h —

0

< exp Ze—,e”b
=7

< exp (0e"1(1 +1ogh))

= (eb)’"" O

Proof of Proposition 3.7. Assume for now that K* = 0. We are going to use Lemma 3.3
to show that

max

0<r<L, n

[Zn]‘{’(xnz) — CXP(?ZZE}//Z]Z))[ZW’](hn(z)‘{’(an)) ‘ _ ((b) 1+u> ' (44)

Use (3.9), (3.11) and (3.14) to conclude that (4.4) is dominated by the sum of three terms:

) [2"Y (xpz) — [2""TW(xu2)
0=l 7172 *2)
o exp(X 7, ) 2" P (az) (D0 {1 /K (z — D)} 6
0<r<L, [Z"]fn(Z)
exp(X 0y ) [2" 1P (xu2)R(z)(z — DV}
T — E770(2) | “.7

We first look at (4.5). Let ®,(z) = W(x,z)(1 —z). The identity 1 —z" = (1 —z)(1 +z +
-+- 4 z'~1) implies that for all r € [0, L,]

[2"]¥ (xnz) — [2"7] ¥ (xn2)|

2" ®@u(z) + -+ 2" ®u(2)|

< r max Zn ! D, (z
= o<I<r—1 [ ] n( )‘
< I n—I ) )
X n Olénléax,, |[Z ] n(Z)|

Lemma 3.4 with j = 1 along with n/(n — L,) = O(1) gives

(2" (xnz) — [2"T¥(x02)] = O(Lyn"~"72).
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Lemma 3.4, (3.4) and (1.6) give the asymptotics

[2")fu(z) = 2" (enz) = X3 [2"1f(2) = €' 'Kn’"'/T(0) + O(n"™")
e 'Kn"1/T(0),

which, along with the condition bn®/*~!/log"/*n — oo from (3.28) and the definition of
Ln:

L, = min (b logn, b1/5n4/5>

_ 0 <n1+uLnn052)
pltup0—1
Lnnu—é
(0] <bl+u> — 0.
Next we consider expression (4.6). Using the result of Lemma 3.5, the numerator is
bounded above by

from (3.2), show

(1) oy [ET¥002) = 12
b 0<r<L,

[z"]fn(z)

max p ["f P(x,2)(z — 1. (4.8)

0<r<Ln

We now apply the result of Lemma 3.4 to each term in the absolute value signs, taking
w(z) =Y(z), é&(z) = l,ba=0—0, j=k,m=r,1=k+ . The second term in brackets
on the right of (3.7) yields a O(1) bound, uniformly in r, which follows by taking 5
fixed, and noting that the exponential growth of (1 + 5)" I relative to n dominates
SUPk<N n—*tl = O(n'°¢"). For the first term, W4, we take a bound depending on k: if
k>=0-—9,then |a —j| =10 —6 —k| <k+ 6 =1, so that from (3.8)

k+5 k+06+2
Wip<All .
o ( +<cos¢>

Using the fact that B, < k!, we see that (%)H” times expression (4.8) is at most

n 0<r<L,

p0—o—1+u 0 b\ 5! 0—5—k—1
eKipton—p— > <9,1p) max (1 - ;) (Wiss.9 + O(1).
k=1

Since L, < n/2, it follows that maxo<,<z, (1 — —)0 el < max(1, 26F149=0) Using this
and the bound (3.8), we see that, for k = 6 — 9, the kth term in the series above is bounded

by
k—1 k342
" :2(210,,7pb> (k+5) ,
n cos ¢

Ut — o(Nb/n) — 0
Uk

which satisfy
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using (2.2) and (3.10). We conclude that the k = 1 term of (4.8) dominates. Combining
this bound with the asymptotic [z"]f.(z) ~ Ke!=%n’~1/T'(0), we see that indeed

(%) 1Jr”{Expression (4.6)) = 0(n"~°/b") — 0.

Finally we consider the term (4.7). First,

b oel/j

(eb)ea n—r N+1
BIrG) o [T IRG) P =2 49)

{Expression (4.7)} <

We now use Lemma 3.4 with
¢(z) = Ry(yuz), w(z) = ¥(2),

a=0—-96,j=N+1,m=r,1=0+ N+ 1. Combining (4.9) with the results of Lemmas
3.6 and 3.4, we see that

(eb)eé

{EXpreSSiOn (47)} < m Olgli)li eKl}/]*(N+1)Tg];’1 ((eb)@(»lh-#] +e€ﬂf/h,1>
n <r<L, ?
_ yo—j—1 %% o _ -t 4.10
=y Wi+ == o)

where | = |0 — 6 — N — 1|. There are essentially two cases to consider: b fixed, and b — o
as n — oo.

In the first case, we may take n = 19, determined by the A-domain of f. As in
the previous part of the proof, the rightmost term in brackets in (4.10) has a O(1)
bound uniform in 0 < r < L,. Since n — L, > n/2, we may use (3.8) and the fact that
[z"f(z) ~ e "’Kn’1/T(0) to deduce that (4.10) is bounded by a term of the form

(CN)N o
— X a polynomial in n,
n
for some positive constant C. Since N = logn, we see that this term is o(n™") for any r. It
follows that indeed
ny 1+u .
(5) {Expression (4.7)} = o(1).

In the case b — oo, we may take n = 1/b, and assume that n is so large that n < 5.
The second term in brackets in (4.10) is bounded by

—o+j
'/I ./

N

— (n—r)' n! = I 4 )
(1 +n)— (I+n)

AN
nu-+nquh(n>

n?2 /b (b> o ,
n

N

A
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the last two inequalities following from the fact that (1 4+#)" > 2" and (1 + )i < n.
Hence the right side of (4.10) is bounded above by
AN
Wiy +n*27"" (n> :

since n — L, > n/2. Using the bound for W4 once more, the first term above is of the
form

e0 7,2 )
%eKlnafjflzlfa-ﬁ(renob)N+1 ((en)(?e + ee’fl)
z"]f(z ’

<CbN

N
) X a polynomial in n,
n

which is o(n™") for any r since bN/n — 0 and N =< logn. The second term is of the form
27" % a polynomial in n,

which is o(n™") for any r, since logn = o(n/b). Thus, if b — oo,

n\ l+u .
(5) {Expression (4.7)} = o(1).
If we put K* # 0, then [z"]W(x,z) does not change because that amounts to adding a

constant term KK* to W(x,z). We will show that the additional term

o0 (S ay) (2 ()
03, (KK EIIRS (41D

that gets added to (4.4) is insignificant. We use [z""]h(z) = h"(0)/(n — r)! and
Lemma 3.5, obtaining, for each n > ny where ng is given by Lemma 3.5,

. oo (b [ /(n—1)!
Expression (4.11 < KK' su
(Expression (4.11)} P E7(2)
R n—ry ~(1=)/2b)
< KK'———Z M= D/241p gy
Efu(5) ¢ o<,éi,,< 7)

’ —(n—L.)/(2b
= KK*ﬂeA(pl—u/sz n—L, (n—Ln)/(2b)
[z"]fn(z) o

>

which is of the order

n— L\ /e o
b X a polynomial in n,

which is o(n™") for any r, since L, = o(n) and logn = o(n/b).
This concludes the proof of Proposition 3.7. ]
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Proof of Plioposition 3.8. Assume for now that K* = 0 and rewrite Proposition 3.7 as
dy=o((5)™)+

L,
> P(Top = 1)

r=0

[2"1K (1 — x,2) ™" — exp(327_; 1) [2" 7 1(ha(2)K (1 = x,2) ")
271K (1 = x,2)~"

—[2"T¥(xnz)

MK (1 = x2) ™ — exp(X0_y ) 2" "N (ha(z)(1 —2)0)\
71— xu2) " (2" f(z) '

In this case, to use Lemma 3.3 we must show that

n _ —0 ]7 A[-n—T _ —0
max |[T%(x2) [2"](1 — xn2) exp(d_i /2))[2 1(ha(2)(1 = xu2)™") 4.12)
Osr<Ly [2"](1 — xpz) " [2"] fu(2)
is o ((2) lJru). Expression (4.12) is dominated by the sum of three terms:
. n [2"1(1 — x,2)™" = [2"7](1 — x,2) " ‘
T e E T (1)
, SO LI = x2) ™ {0 (1) /K1Y (2 — 1
Fom, [FY 10— %) ) o
\ exp(X -y )" 1Ry (2)(1 — x,2) " (z = HVH)
* 5y, |0 (1 — xuz) ' [2"1f(2) - 4D

To bound (4.13) we use the binomial expansion: for all r € [0, L,],
(1—r/n)"""=1+0(/n).
Recall that ¢ := 1 — 6. It follows from (1.6) that

[2"(1 = xu2) ™" = [2"71(1 = xu2) ™
= =27 =TT )
= ¢ ([Zn](l _ 2)79 _ [anr](l _ Z)ﬂQ) + ec(l _ efcr/n)[znfr](l _ 2)79

ecno—l

— (1 _ 0—1 i 0—2 02
= TW0 (1—=(L—r/n) )+r(9)rn +0n"?)

= 0@(n’?) = o(L,n"?).

Hence, from Lemma 3.4 and (1.6),

N 14 ) ny+u o, Lnn@*2
(B) {Expression (4.13)} = 0<<b) n~? 1110—‘n(’—1>

Lnnu—é
=0 ( pl+u > — 0.
b

n

The argument to show that expression (4.14) is o (( )H“) is similar to that used to

analyse (4.6), using Lemma 3.4. The argument to show that expression (4.15) is o ((%) 1+u)
is analogous to that used to analyse (4.7). We omit further details.
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Finally, putting K* # 0 makes no difference to our analysis because [z"]¥(x,z), n > 0,
does not change when a constant is added to W(x,z). ]

Proof of Proposition 3.9. Rewrite Proposition 3.8 as

. b 14u
db =0 <(n> > +
[z

o B (1 — x,2) " — exp(X_y 1) 2" Tha(1)(1 — x,2) ")
’Zzo: IP( TOb = V) < [Z”](l - an),g
. exp(X7_; )" 1R} — 2)(1 — x,2) ™"

[Zn](l - xnz)ie

exp( w1 (1)/2)(1 = 2 (1 = x2)”! }

[27](1 — x,z)~"

 exp( s 1) S O /K 2 = D = xaz)
11— x,2)”"

. (exp(Xh_, )" Ry(2)(z — DN (1 = x,2) 1\
27(1 — x,2)" '

The expressions in braces correspond to Si,, and S,,, of Lemma 3.3. Clearly, the
maximum maxog<r, |S2.,| 18 dominated by the sum

exp( o 1) Tia 2" U= (RO /K1) (1 — 2) (1 = x2)™ 4.16)
02, [27](1 — xp2) ™" *
+  max (L 1) IR () _,ZQ)NH(I o) : (4.17)
0<r<L, [z"1(1 — x,2)

The magnitude of the kth term is roughly (b/n)k, so the k = 1,2,3 terms can not be
ignored. The argument that (4.16) is of order o ((%)Hu) is analogous to the bound on
(4.6) in Proposition 3.7; the proof that (4.17) is o(n™") for any r is analogous to the way
(4.7) is bounded.

We conclude from Lemma 3.3 that

& =0 ((”)H) N

d (0 =2 —exp( )" Tha(D)(1 = 2)7)
; P(Top = 1) ( (0 — x,2)

L OPOZi ) (DY — )1 —x,2)”
711 = x2)~7
exp( e )T (1)/2)(1 = 221 = x,2) ™ ) :

[Zn] (1 - an)ie

https://doi.org/10.1017/50963548399004009 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548399004009

Refined Approximations 595

Substituting (3.14), (3.15) and (3.16) in the expression for d;, above completes the
proof. L]

Proof of Lemma 3.10. Let F denote F = [z"*](1 — x,z) "™". As a consequence of (1.6),

we see that
F = ec(l—s/n) [Zl‘l—S](l _ Z)—9+v
— e —cs/n 4.1
T — U)e G, (4.18)
where
0—v)(1—0 ! ,
G = (n _ S)07D71 _ ( U)( 5 + v)(n _ S)07L~72 _ k(o _ U)(I’l _ 5)071/73 4 0 (n971/74) )
We expand G with the binomial formula
0—v—1 o1 O—v) 1 —=0+v) 4, —1\0—0=2
G = n (1—sn71) — 5 n (1—sn71)
— k(0 — )" (1 — )" o (")
—v—1)0—-v—-2
= ! (1 —(—v— st + 02 )2(9 L) 2y 0(s3n—3))

_0—v)d—0+v) g0
2
—k(0 —v)n’"7 (14 0(sn™")) + 0(n" ")
= n07971 _né)fufz ((Q—U— 1)S+ (O_U)(12_0+U))

SR SITETE PR (SRS N

(1—(0—v—2)sn" +0(s’n?))

2
2 s 2

10 (53n0—u—4)

Next, expand e=/":
22
cs s
eM=1—=+ = 40 (s*n73).
e (s'n7)

By substituting the expansions for G and e~/" into (4.18), we find (3.18) holds with
0—v)1—0 0—v)(1—0
oy (00 +v)> ey 0= =0+

di(s,v) =cs + ((9—1;— 1)

2 2 ’
and with
dy(s,v) = 62232+cs((0—u—1)s+(9—0)(12—9+v)>
N ((9—u—1)2(0—v—2)sz+(9—v)(1—G;U)(G—U—Z)S_k(g_v)>
(3 O—v—1)0O—-v—=2)\ ,
= (2+c(9—v—1)+ 3 )S
n <c(9_”)(12_9+”)+(0_”)(1_0;”7)(9_”_2))s—k(@—v).
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It is easy to check that

dx(s,0) = 1;032— 6(12_9)3—k(0). O

Proof of Lemma 3.11. Assume for now that § ¢ {1,2} and use Lemma 3.10 and then
the identity I'(o + 1) = oI (o) to find

= ¢ (r(lg) {n""" = di(0,0)n" 7 + dy(0,0)n" 7 + 0(n" )}

- ﬁ (0" = dy(r,0)n" 2 + da(r,0) n’ + O( 0"~}
— T 7 = 0+ 0% 419)
- rf§)<xn — 1) {n" —di(r+1,0)n" 2 + 0("n" )}
- F(HB oy 0T (4.20)
B F(EB—W pj o = D" 00 (4.21)
s 0 0t} )

= % ( {n = d,(0,0)n" + d»(0,0) n + 0(n"*)}

— {0 —di(r,0)n" 2 + dy(r,0)n" 7 + O ")}

— A0 — 1) {n"2 —di(r, 1)’ + 0(2n"~H)}

— Ap(xy — D) {0 —dy(r + 1,0)n" 2 + 0(r*n" )}

—By(0—1)(0 —2) {n’ + 0(rn"*)} (4.22)
—2B,(0 — 1)(x, — 1) {n"=2 + 0(rn" =)}

— B(x, — 1)? {no_1 + O(rno_z)} >

The expansions

C1—0  (1—0)
T oon + 2n?

Xn — 1 + 0(}’1_3)

and

(1-0y

(5= 1P = = + 0™

show that

C
H= 7;(0) (Dln()_1 + D" 2 4+ D3’ + 0 (r3n0_4 + At + Bnrn0_4)) ,
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where
D = 1—-1=0,
Dy = —di(0,0)+di(r,0) — A, (0 — 1) — A,(1 = 0) = 0,
and
(1—0)
D; = d2(0,0)—dz(r,0)+z4n(9—1)d1(r,1)+An(1—9)d1(r+1,0)—/1nT

— ko) - <1;0r2—9(12_9)r—k(9)>

0—1)*2—10) 0(1 — 0)? (1—0)
An(0—1r+ 4, ) + A4, 2 —Ap )
il( )
_ -1, 0 (0—1)
= (0—1)( +2)r+An 7 + Bu(0 —1).

When 0 = 2 the term (4.20) must be replaced with 0, which is true of (4.22), as well.
Similarly, when 0 = 1, though each of the terms (4.19), (4.20), and (4.21) must be replaced
with 0, the conclusion of the lemma is still valid. ]

Proof of Proposition 3.12. By using (3.12) and (3.13), it is easy to check that (3.19) is
equivalent to

g o~ =D/
2n2T°(0)
+0 (r3n9*4 + Anrzngf4 + Bnrn9*4) .

{(r —ETo)* — * (Top) — 0 (r —ETg) }

Lemma 3.3 will imply

. b 1+u
db =0 <(n> ) +
L, 0—1 2 +
. . (0 —1)(n/e)’ {(r —ETwp)" — ¢*(Tos) — 0(r —ETp) }
2 P(Top =1) < 2020(0) [27](1 — xp2) " )

r=0

when it 1s shown that

b n3

( )H—u <L3 +A,1L21+BnLn> 0
— — 0.

It is true that

n\2 (L} + A,L2+ B,L,
(B) ( - - 0. (4.23)

We know A4, = O(b) and B, = O(b?) because of (3.21). Now (3.2) implies (4. 23)
Finally, substituting (n/e)’ " /T(0) for [2"](1 — x,z)~" = (n/e)’~' /T(0) + O(n’~2) makes
a difference of only O(d;/n) = O(n™!). O
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Proof of Lemma 3.13. Let Y, be defined by (3.29). Since [EY,;? = O(1) because of (3.21),
it follows that

W2 ([Villinor,) <02 /EY? P(Toy > L) = 0 (n72/B(Ty, > L)

b 2k
IP(TOb>Ln>=o<<n> )

completes the proof. L]

The bound from Lemma 3.2
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