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Abstract. We consider non-autonomous conformal iterated function systems (NACIFSs)
and their limit sets. Our main focus is on harmonic measure and its dimensions: Hausdorff
and packing. We prove that these two dimensions are continuous under perturbations and
that they satisfy Bowen’s and Manning’s type formulas. To achieve this, we establish
general results about measures, and more broadly about positive functionals, defined
on a symbolic space. We also develop tools from thermodynamic formalism in a
non-autonomous setting.
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1. Introduction and statement of results

Given a compact set in the plane defined dynamically by iteration of conformal contrac-
tions, this article focuses on the variations of Hausdorff dimension and packing dimension
of the harmonic measure under perturbations of the conformal contractions. In a natural
framework, which is precisely stated below, we demonstrate that these functions are
continuous.

Let K C C be a compact set and w the harmonic measure of C \ K evaluated at oo.
Since the works of Makarov [15], and Jones and Wolff [13], it is known that the Hausdorff
dimension of w is less than or equal to 1. This result was generalized by Bourgain to R¢
in [4], where he proved the existence of a constant £(d) > O such that the dimension of
the harmonic measure of any open set in RR? is less than d — £(d). According to Makarov,
Jones, and Wolff, we know that £(2) = 1.

If K has Hausdorff dimension in ]I, 2], the previous results tell us that harmonic
measure only ‘sees’ a small part of K of dimension less than or equal to 1. Let, for
instance, K be the Mandelbrot set. This is a compact and connected set, so that C \ K,
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is simply connected, and we know by [15] that the support of harmonic measure, which by
definition is a subset of the boundary of K, has Hausdorff dimension equal to 1. However,
Shishikura proved in [20] that any intersection of this boundary with an open set has
Hausdorff dimension 2.

When the compact set K is fractal and has Hausdorff dimension less than one, it is
still reasonable to believe that in many cases, the dimension of harmonic measure remains
strictly less than the Hausdorff dimension of K (sometimes called the ‘dimension drop’
phenomenon). This has been proved to be true for several types of conformal Cantor sets
[2, 8, 14, 22]. More recently, Batakis and Zdunik proved in [7] that this remains true for a
class of non-autonomous Cantor sets generated by similitudes. Note that to the best of the
authors’ knowledge, the question whether this is true for all conformal Cantor sets is still
open. Azzam [1] and Tolsa [21] have recently shown that for flat Ahlfors regular sets in
R+ of dimension p with d — % < p < d, we also have a dimension drop phenomenon.
However, the first author exhibits in [2] examples of Cantor sets for which harmonic
measure has full dimension, and very recently, David, Jeznach, and Julia in [9] give an
example of an Alhfors-regular Cantor set in the plane, of small dimension p < %, for which
harmonic measure is equivalent with the p-dimensional Hausdorff measure.

In this paper, the work of [3] is generalized in two distinct directions. First, the functions
defining the Cantor set are no longer piecewise linear but rather piecewise conformal.
Second, the number of pieces is also modified at each step of the construction. These
generalizations, which would be impossible without precise control of certain quantities,
required the development of a robust theoretical framework to handle tools such as entropy,
Lyapunov exponents, pressure, and dimensions in a non-autonomous symbolic context.
Most of the results are, in fact, proven in this symbolic setting in §2. While these results are
of independent interest, the primary focus of this paper is harmonic measure and continuity
properties of its packing and Hausdorff dimensions. Consequently, we do not explore their
broader implications in further detail here.

To state our results precisely, we describe now our settings and we introduce some
notation.

Following [19], given a Jordan domain U that we will assume to be the unit disc D, a
non-autonomous conformal iterated function system (NACIFS) is a sequence W = (¥,,)
of finite collections of conformal contractions ¥, ={,¥; : U — U; i=1,...,d,}
verifying the following properties (1), (2), and (3) for some n > 0. For the sake of
simplicity, we have chosen to encode the geometric constraints we work with into this
single constant y > 0.

(1)  Conformality. There is a fixed neighborhood V O D14, := {|z] = 1 + n} of D such
that , ¢; extends to a conformal diffeomorphism from Vto V, forall 1 <i <d, and
alln e N.
(2) Open set condition. ,V; N, V; = @foralll <i # j <d,, where ,V; = ,v¥;(V).
Annulus condition. Moreover, for any n and any 1<i<d,, we have
WVic(d-mU.
(3) Bounded contraction. Foralln e Nyall 1 <i # j <d,,andall x € ,V;,

n <.yl <1—n.
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Combining the open set and the bounded contraction conditions, we get a uniform
bound on d,;:

there exists D such thatd,, < D foralln € N. (1.1)

Notation.

e Forany E C V,anyn € N,andany 1 <i <d,, let ,E; = ,¥;(E). The index on the
left stands for the generation of the map, while the one on the right stands for the
chosen branch of the map.

e Forn €N, we denote by U, the collection {, Uy, . . ., ,Ug,}. Let , = Z?i] ngill Up»
where ,¢;, defined on ,U;, is the inverse conformal dilatation of ,v;, i.e.,
2@ .U — U and ,¢; o, =idy.

In this way, we have introduced piecewise conformal maps denoted again by ®,, defined
on the union of topological discs: ®,, : Un v;e u, »Ui = U by the formula

®,(z) =.¢i(z) forze,U.

Remark 1.1. Note that the condition of bounded contraction is stronger than that of
[19] (uniform contraction). This is due to the fact that dealing with harmonic measure
requires estimates on capacity and, hence, on the size of the sub-components. Also, the
conformality condition has been strengthened to ensure existence of conformal annuli with
bounded from below moduli. This is crucial to be able to use Harnack’s principle (cf. [8]).
Furthermore, without loss of generality, we can suppose that U is the unit disc.

We consider the following non-autonomous limit set.

Definition 1.1. Given a NACIFS ¥, on a Jordan domain U, we define the limit set
X cCby

o0
X = ﬂ(cbn o®,_j0---0®dy0d) (U),

n=1

where (®,,) is the sequence of piecewise conformal dilatations introduced above.

For any n, the map 7;, := ®,, 0 ®,_10- - -0 ®, 0 ®; is well defined on X and for any
x € X, we have T, (x) € U. Moreover, there exists H?zl d; conformal inverse branches of
T, defined on V. Each of these branches sends U onto a conformal disc included in U, and
each point in X belongs to one and only one of these conformal discs. Remember that U,
is the collection of connected components of 7, L.

There is an obvious way to code the situation.

For any integer n, let A, := {1 - - - d,} and set K := 1‘[22‘} Ap.. There is a one-to-one
correspondence from K to X. More precisely, if a = (a,) is an element of K, then
the sequence of subsets of V defined by Uy = U and U, =, Ya,(Un—1) is a decreas-
ing sequence of compact sets with diameters converging to 0, thus converging to a
point x, which is obviously an element of X. Reciprocally, if x € X, then for any n, we
have: @, 0 -0 ®q(x) € U and there exists a = (a,) € K such that x € U, ®1(x) €
2Upyy oo s ®@po---0®1(x) €,11Ug

n+1°
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FIGURE 1. First steps of the construction in a given example (colour online).

If x € X is associated with a € K, then for any n, we have x € upal o---0,Y, ),
which is the conformal disc mentioned above. In the following, we use X, (x) :=aj - - - a,
to denote the set XN 1%1 o---0,¥ (U), which we call a cylinder of size n, and

Wx, =V, ', willbethemap v, o---0,¥, .

Figure 1 illustrates the three first steps of the construction in a given example.

We briefly recall here a few definitions; further details and generalities can be found in
[10, Ch. 2 and 10]. Given a measure u in the plane, we define its Hausdorff dimension and

packing dimension as follows:

HD(w)= inf HD(Z) and PD(n)= inf PD(Z),
(Z:u(Z)=1) (Z:u(Z)=1)

the infimum and the supremum being taken over all Borel subsets Z of the support of .
We also define its lower and upper local dimension as follows:

log (B = log (B
d, (x) = lim inf M’ d,,(x) = lim sup og u(B(x, r))‘
w r—0 log r 0 log r
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In our setting, since we work with conformal mappings, which ensure that cylinders are
comparable to balls, it is straightforward to verify that for any measure u supported on K
and any x € K,

d, () = lim inf log pXn@) 5 (1) = tim sup 28 FXn(x) (12)

n—+oo log diam(X,(x))’ no+oo log diam(X, (x))’

where X, (x) is the cylinder of size n containing x.
When these local dimensions are p-almost surely (a.s.) constant, we then have, see
[10, Remark above Proposition 10.5],

d,()"="HD(w) and d,()"=" PD(w).

While the Hausdorff dimension captures the minimal covering complexity of a set in the
complex plane, the packing dimension reflects its maximal packing efficiency. The packing
dimension of the harmonic measure is far less studied than its Hausdorff dimension.
However, it is worth noting that, in the context of autonomous conformal dynamical
systems, these two dimensions typically coincide.

Let w be the harmonic measure on C \ X evaluated at co. By the celebrated results of
Makarov [15] and Jones and Wolff [13], the Hausdorff dimension of w is not larger than
one. However, it is clear that the Hausdorff dimension of w is at most H D (X).

For any continuous function f defined on U and any set E C U, let || f||g := supg | f|,
which is simply noted || f|| when E = U, where | - | : C — R™ is the modulus.

Let X and X be two non-autonomous limit sets associated to the conformal iterated
systems W and W, respectively. We define

d(W, W) = sup max (|, ¥ —.¥il).
n 1<i<d,

Using general results on the symbolic space K, and studied in the second and third part
of this paper, we prove the following theorem.

THEOREM 1.2. Le X and (Xp)ren be non-autonomous limit sets associated with the
conformal iterated systems V and (Wi )ren, respectively. Let w and wy be the harmonic
measures of their complementaries. Assume that limy_ +oc d(V, W) = 0, then,
lim HD(wy) = HD(w) and lim PD(wr) = PD(w).
k—+00 k— +00

We also discuss the validity of well-known formulas to calculate these dimensions.
In particular, we show that an adapted form of Manning’s formula applies.

THEOREM 1.3. Let w be the harmonic measure of C\ X, where X is the limit set of a
non-autonomous conformal iterated system W.
We have

H
and PD(w) = lim sup on

Xw,n n Xow,n

H, w,n

HD(w) = lim inf
n

where Hy,p = —(1/n) ZXeﬂn o(X)log w(X) and xpn = (1/n) ZXe(una)(X) log | T}l x.
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Moreover, w-a.s.

hen(x) . B (x)
——— and PD(w) = limsup — R
Xn(X) n Xn(x)

where for any x € Xo, hypn(x) = —(1/n) log (X, (x)), and x,(x) = (1/n) log |T, (x)|.

HD(w) = lim inf
n

2. Symbolic point of view
This section deals exclusively with symbolic Cantor sets. More precisely, for any integer n,
let A, be a finite alphabet with d,, symbols. Set K,, := Zi';, Ay. We are mainly interested
in K that we denote by K.

All measures discussed in this section have their support that is one of the K,,, and in
most cases, n = 1.

Let T : K, — K,4+1 be the shift map sending a sequence a = (a;)i>0 to 7' (a) =
(ai)i>1. It should be emphasized that T goes from K, to K,4;. This is a bit ambiguous,
since the same letter designates different maps, but it lightens considerably the notation.
We let DY := z;(l) di+p be the degree of 7" on K.

Given a sequence of symbols a = (g;);en € K, we set

X,(@) :=ag---ap—1:={b=0bB;)eK|a;=b; for0<i<n-—1}.

The set X, (a) is the cylinder (word) of length (size) n to which a belongs. Given a
cylinder X, we denote by | X| its length and, for any n, by C,, the set of all cylinders of length
n > 1, in which, for practical reasons, we add & with the convention @X = X@ = X and
|@| = 0. Note that C, is a finite partition of K by D} cylinders.

Obviously, for any integer p, one can also define cylinders in K, and we will denote
TPC their set.

Notation. To simplify notation with cylinders, we are a little bit imprecise, and instead of
writing XY with X € C,, and Y € T"C,, 4+, we write XY € C with |X| =n and |Y| =k,
the context reminding us that Y is not in Cy but in 7" C,, -

The set K endowed with the product topology is compact. Let d be any metric on K that
generates this topology. If E C K, we denote by |E|q := sup{d(x, y) | (x,y) € E X E}
its diameter and we assume that |K|q = 1.

Actually, since the planar Cantor sets that we consider are conformal repellers, they are
well described using the coding and the symbolic point of view. It is then natural to choose
a metric which ensures that a cylinder in K and its ‘image’ in the plane have approximately
the same diameters.

2.1. Asymptotic siblings invariance. Because of the strong intra-scalar-similarity of the
Cantor sets with which we are dealing, one expects that natural geometric measures, or
natural geometric objects, defined on them have nice scaling or invariance properties.
Note that in this section, we do not need to make any assumption on the finite
numbers d,;.
To define precisely the properties we have in mind, we need to introduce some
definitions.
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For any integer p > 1, let §, be the set of real positive maps defined on the set of
cylinders 77 (C). For p = 0, we denote by § = o the set of maps defined on the set of
cylinders C := |, C, with values in ]0, +oo[.

In this paper, we will mainly consider the following elements v € §:

e V(X) = u(X), where u is a measure on K,;
o V(X)=|Xl|g.

For v = vy € § and any XY € C, we note vy (Y) := (v(XY)/v(X)). Note that vy is
an element of §|x.

A finite measure v on K, that gives positive mass to any open set is naturally an element
of §,. Reciprocally, we say that v € §, is a (finite) measure if it projects as such on the
compact set defined asymptotically by the cylinders, which is if and only if:

foralln e N, forall X € T?(C), v(XY)=1.

v(X) o=

Definition 2.1.

e Given v and v’ in §, we naturally define v + V', Av for any A € R, and v.v".

e For any real function ¢ and any v € §,, we denote ¢(v) the map from T7C to R
defined by ¢ (v)(X) = ¢(v(X)). Clearly, this only makes sense if ¢ is well defined on
v(TPQC).

Given v and v’ in §, andn > 1, let (v, V'), := ZXeTPC,,ﬂ, v(X)V'(X).
For any v € §,, we define its mass on C, (withn > p),

m,(v) = (v, 1),.

Note that v is a measure on K, if m, (vy) = 1 for any n and any X € C.
e We say that v and V" in §, are equivalent if there exists C > 1 such that for any X, we
have 1/C < (v(X)/v'(X)) < C. We then note v ~ V',

Note that we use the notation (-, -),, with v a probability measure and v" of the form
log s, where s is an element of #. For instance, if v is a probability measure with
v’ = log(1/v), then

1 no_ 1
;(v, V), = - |XZ=:n v(X) log v(X),

which corresponds to an entropy.
We give some elementary properties that are used later on.

Properties. Forany s € § andany XY Z € C,, we have

sx(YZ) =sx(Y)sxy(Z) and  sx,(Z) = sxy(Z). (2.1
For any finite measure v € §, any cylinder X € C, and any integers »n and p, we have
(vx.log sx)nsp = (vx.logsx)n+ > vx(V{vxy.logsxy)p.  (22)
YeTXIC x| 4n

Proof. Since equality (2.2) will be used extensively in what follows, and since it allows
one to become familiar with the introduced notation, we provide a proof.
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Starting from the definition, we have

(vx, log sx)nip =y vx(¥)logsx(¥)
|Y|=n+p
B Z v(XY) v(XYZ) log (s(XYZ)s(XY))
v(X) v(XY) s(XY) s(X)

|Y|=n, |Z|=p

= Y vx(Nxr(Z) loglsxy (Z)sx (Y))
|Y|=n,|Z|=p

= Y vx(Nlxy(2) log(sxy(2)) + vxy (Z) log(sx (Y))]
|Y|=n, |Z|=p

= VX(Y)|: > vxy(2) loglsxy (2)) + log(sx (Y)) ) VXY(Z)]

[Y|=n |Z|=p |Z|=p
= Y vx(N{vxy, log sxy), + log(sx (¥))m, (vxy)].

|Y|=n

Since v is a finite measure, we have m, (vxy) = 1 so that we get the desired equality:

(vx,log sx)n+p = (vx, log sx)n + Z vx (Y){vxy, log sxy)p. O
YeTXIC x| 4n

The following is an application of the Jensen inequality.

PROPOSITION 2.1. Let v and v’ be two elements of §,. For any n, we have

/

/
(v, log ) < my(») log T2
V

with equality if and only if there exists k such that v(X) = kv'(X) for any X € TPCy4p.

Proof. We make use of Jensen’s inequality for the function log, evaluated at
(V'(Y)/v(Y))|y|=n, and the convex combination defined by the coefficients
() /m, (V))|y|=n- We get

1 v _ v(Y) V'(Y) V' (Y) _ m, (V)
ey 10 I = 2 G loe (v(Y)) = e (lez mn<v)> T (mn(v) )

|Y|=n

Multiplying this inequality by m, (v), we obtain the result.
Since log is strictly concave, equality holds if and only if v/(Y)/v(Y) does not depend
onY. O

We introduce now our main assumption that we refer to as asymptotic sibling invariance
(ASI). It is a kind of long-range Markov property of a functional that asserts that along
cylinders which share a big common part of history, the relative functional does not depend
on its origin.

Definition 2.2. Let v be an element of § and (B,) a sequence of positive numbers
converging to 0. We say that v satisfies ASI with sequence (f,) if for any integers n, k,
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and p, we have

for all (X, X') € C2, forall Y € T"Cpi, forall Z € T"™*Cpiiip,

vxy(Z)
log (VX’Y(Z))‘ =P
2.4)

Note that we sometimes use the following version of the inequality:

vxy(Z2)
vxy(Z)

Definition 2.3. Given two sequences of positive real numbers (y,) and (B,), we say
that they are compatible if (y,) is increasing, (8,) converges towards 0, and there exists
a sequence of integers, (py), such that p, <n and ((1/n) max(yp,, y»Bp,)) converges
towards 0, so that

1| < Bk.

B 2.5)

n n—+oo

C(yﬂ’ ﬁn) = max(ypn’ ynﬁpn) is such that

As an example, one may consider the situation that we will have to deal with in
studying the harmonic measure and the diameters of the cylinders. In that case, we will
have y, = O(n), and it appears that such a sequence is compatible with any sequence
(Bn) converging towards 0. As a matter of fact, we have (1/n) max(yp,, vuBp,) =
max(0(p,)/n, (O(n)/n)B,,), and any p, = o(n), for instance, p, = |/n], fulfilling the
desired growth condition.

This is the only case we will need to consider in the geometric setting, but since the
proofs are given in the symbolic setting, it seemed appropriate to present them in full
generality, as they may be useful in other contexts.

We recall that the notation s ~ s” has been introduced in Definition 2.1

PROPOSITION 2.2. Let (y,) and (B,,) be two compatible sequences.
Assume that s and v are two elements of §, that v is a finite measure, and that they both
satisfied ASI with (8,,). Assume moreover that one of these conditions is fulfilled:

forall XY e C, |logsx(Y)| < yy (2.5.1)
or
forall X € C foralln e N, s(X)>1 and (vx,log(sx))n < ¥n- 2.5.2)
Then, for any s ~ s:

o there exists C > 0 such that

@, (v, 3) = sup | max (v, log 5x), — min (vx. log 5x)u | = Cer )i 2.6)
ko UX|=k |X |=k

o forany (X, X') € C%, we have
n—+oo

1 1
lim <—(VX/, log sx/)n — —{(vx, log fx)n> =0.
n n

Proof. The constant C will change from line to line, but will stay independent of integers
or cylinders, only depending on v and s.
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For any § ~ s, we have, for any XY € C, —2log C <logsx(Y) —logsx(Y) <
2log C.
We then deduce, because v is a finite measure,

—2log C < (vyx,log sx), — (vx,logsx), <2logC.

This tells us that conclusions of the theorem are true for § as soon as they are true for s,
and in the following, we focus on s.

Let:
e forany X € C, g,(X) := (vx, log sx ), with g, := g,(9);
o ayi=0a,(v,s) = sup{max|x|=x g:(X) — minjx|=x g,(X)}.

We first note that (2.5.1) and the fact that v is a finite measure imply that for any X € C,
we have

1gn (X)] = [{vx, log sx)n| < ¥n, 2.7
an inequality that is also true with (2.5.2) and leads to
on < 2¥p. (2.8)
Note also that given any X € C, and any integers n and p, we have from (2.2):

gnp(X) =2 (X) + D vx(¥)g,p(XY). (2.9)
|Y|=n
From this, we deduce that for any X’ € C |x|» we have
ntp(X) = gnip(X) = ga(X) = gu(X) + Y (x(¥) — vx (¥)g,p(XY)
|Y|=n
+ Y v (N(gp(XY) — gp(X'Y)). (2.10)

|Y|=n

Let 8% be the subset of T|X|C‘X‘+n for which we have vy (Y) — vy/(Y) > O and let B~
be its complementary. Then, we have

D x(@) —vx(V)gp(XY) < max  g,(Z) Y (vx(¥) —vxi(Y))

|Z|=|X|4+n

[¥|=n Yest
+ min V4 vx(Y) — vy (Y)).
min gy )YXB)( x(¥) = vy (¥))

€

Since v is a finite measure, we have Zm:n vx(Y) = Zm:n vy (Y) = 1.
This implies that 3,y _, (vx (¥) — vx/(¥)) = 0.
Therefore, ZYeB+(vX(Y) —vy(Y)) = — ZYGB_(vX(Y) — vx/(Y)), which leads to

IY\Zzn(VX(Y) —vx'(¥)gp(XY) < Y§+(VX(Y) - UX’(Y))(|2‘72|§(7T+H gp(Z2) — |zwr=n\§?\+n g,,(Z))
=ap Z (vx(Y) — vy (Y))
YeB*
vx (Y)
<ap yg ”X’(Y)(vx, o 1)
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<apfo Z vy (Y) (because of ASI)
YeBT
<apfp (because v is a finite measure).

‘We thus have

Z wx(¥Y) —vx (Y)gp(XY) < Aaxjp. (2.11)
Y |=n

From ASI, we deduce that
vxy(Z) = (1 + Biypvxry (2),
and also
log sxy(Z) < logsx'y(Z) + By

This implies the following.
e If(2.5.1) s fulfilled, then we have [log sx'y (Z)| < ¥,z so that

vxy(Z) log sxy(Z) — vx'y(Z) log sx1y (Z)

= sxy(Z)
= (UXY(Z) — vx/y(Z)) IOg Sxy(Z) —+ VX/Y(Z) 10g - 7
sxy(Z)
Z
< lvxy(Z) —vxy(2)lyz| + vxry (Z)|log Sxy(Z)
sxy(Z)

and since v and s fulfill ASI, we get

< Birivxy (Dyz) +vxy(Z2) By
< By +yzPvxy(2).

Summing over all cylinders Z of length p and using once again the fact that v is a finite
measure, we get

gp(XY) —gp(X'Y) = A+ yp)Biy| < CypBiy|- (2.12)
e If(2.5.2) is fulfilled, then we have

vxy(Z) log sxy(Z) — vx'y(Z) log sx'y(Z)
< By|(vxy(Z) log sxy(Z) + Cvxry(Z)).

Summing over all cylinders Z of length p and using (2.7), we also get (2.12).
Injecting (2.12) and (2.11) into (2.10) leads to

8ntp(X) = g p(X) < g0 (X) — gn(X") + CypPu + 2y,
from which we get that
Untp < on + CypPu + Ao,
which might be rewritten, for any p < n, in the following form:

ap <ap+ Cyp_pBp +ray_p <ap+CyuBp + Aay—p, (¥u) being increasing.
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Using (2.8), we get
ay <2yp + CyuBp + Aay—p < C max(yp, YuPBp) + Aoty_p.

Let g and r < p be the quotient and the remainder of the Euclidean division of n by p.
By induction, we get

g—1
a, < C max(yp, Vn,Bp) Z Ak + Ma,
k=0

< C max(yp, yuBp) + 20y,
<C maX(J/p, Vnﬂp) + 2)\qu
< C max(¥p, YuBp)-

Since (y;) and (8,,) are compatible, one may take p = p, to get

an < Cc(Yns Bu)s

which is the first part of the proposition and tells us that for any X and X’ in C, with
|X| = |X'|, we have

(Vs Bn)

1 oy,
_|gn(X) - gn(X’)l < —<C—— =5+ 0.
n n n

We show now that we can get rid of the condition | X| = |X’|.
Let X € C and let a be a cylinder of length 1. Applying (2.9) withn = 1 and p = ¢,

gg+1(X) = g1(X) + Y vx(b)gy(Xb)
|b|=1

= gq(Xa) + g1(X) + Z vx (b)(84(XD) — gq(Xa)).
bl=1

Apply now (2.9) withn = g and p = 1:

ggt1(X) = gg(X)+ Y vx(Y)gi(XY).
1Y1=q

‘We thus have

20(X) — gg(Xa) = g1(X) + Y vx(b)(8g(Xb) — gg(Xa) — Y vx(¥)g1(XY).
[b]=1 IY|=¢

By hypothesis on v and s, there exists C > 0 such that for any cylinder Z € C, we have
g1(Z) < C. This leads to

184 (X) — gq(Xa)| = C +ay,
and this easily leads, for any Y with |Y| = p, to
18 (X) — 8¢ (XY)| = (C+oay)p < Coyp. (2.13)
Let X' € Cx and XY € C. We have

18¢(X") — g4(XY)| < 1gg(X") — g¢(X)| + |84 (X) — 8¢(XY)| < ag + Cpary < C'payy
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and then,
1 / ; Qg
c—llgq(X ) —8XY)| =C Py

which finishes the proof. O

2.2. A continuity result. Let v and v’ be two elements of §. We define

<VX(61)>
log | —

vy (a)
Note that we obviously have D(v, v') = DV, v) and D(v,v’) =0 if and only if

v = v'. Moreover, it is also clear that we have

D, v") < D, V) + DO, v").

D, V') = sup max {
p=0

, Xa € Cpy1 and |a| = 1}. (2.14)

Therefore, 9 could be seen as a metric on § if D(v, V') < +oo for any v and v’, which
is not the case. Nevertheless, if D(v, v;) converges to 0, when k — +o0, this tells us that
(vg) is ‘converging’ to v.

LetY=y1---y,€T"C,Yp =@ and, forany 1 <k < p, Yx =y - - - yx. Since

p
v(¥) =[] vr_, ),
k=1

we conclude that for any X € C and any Y, we have
‘1 vx(Y)
og —
vy (Y)
This also implies, for any XY € Cp4p, with |Y| = n, that we have

< |Y|D, V).

g (Y) — vy (V)] < vx(¥) max(e"P) — 1,1 — POy < 205 (Y) sh (D, V).

Let g,(X) := (vx, log sx), and g, (X) := (v}, log s )n.
We have

vV, s
(X)) —gh(X) = <<1 — —X>vx, log sx> + <v§(, log —X> . (2.15)
vx n SX n

Assume that v and v’ are both finite measures so that (vyx, 1), = (v}, 1), = 1.
Assume moreover that, for any n, we have

sup max |log Sx(Y)| = y, < +oo.
Xxec |YI=n

Then, from (2.15), we deduce
180 (X) — £, (X)| < 2sh D, V')yu +nD(s, s)

so that

Vn
n

1
~18n(X) — 8, (X)| < sh (@D, V)= + D(s, ). (2.16)

THEOREM 2.3. Let v and s be two elements of §, and let (vi) and (sx) be two sequences
of elements in §.
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Foranyn € N, set g, = (v, log s), and gk n = (i, log Sk )n.
Assume that:
v and v, are finite measures,
all those elements of § verify ASI, with a same sequence (B,);
there exists a sequence (yy), compatible with (B,), such that for any s’ € {s, sy}nen
and any XY € C,

llog sx (V)| < yyy;
° limk*)+oo D(V, l)k) = 1imk~>+oo D(S, Sk) =0.
Then, we have

8kn  8n

n n

lim lim sup =0,

k—+o00 n

and, in particular, we have
. .. 8k, o] . . k, ) 1
lim lim inf Bkn _ liminf —g, and lim lim sup Bkn _ lim sup —g,.
k—+o00 n n n n k—+o00 n n n n

Moreover, the conclusions are still valid for any s and (s,) such that s ~ s and s, ~ s, for
any n.

Proof. By hypothesis, we are in a position to apply Proposition 2.2 with v and s, and v,
and s,,, and we use the notation therein.
Let p < n, with g € N such that gp < n < (¢ + 1) p. Using (2.9), we get

(D) :=gn=8pgtr =8pg + Y V(¥)g(Y),
|Y|=pq
from which we get
8n — 8k = 8pg — 8kpg + Y WG (Y) — k(¥ gr,(¥)]
IY|=pq

and also

1 1 1
8 = 8knl = ~18pg = 8hpg| + lle: [v(¥)gr(Y) — Vk(Y)gk,r(Y)]‘- (2.17)
=pq

By hypothesis, we have |g,(Y)| < y» < yp and |gr,(Y)| < y» < y¥p, so that

D g (V) — v (V)ge, (V)]

<22 (2.18)
|Y=pq "

Using once again (2.9), we get

8pg = 8pg-1) T+ Z v(Y)gp(Y),
[Y|=p(g—1)

so that

qg—1
gg = > v(¥)gp¥)

i=0 |Y|=ip
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and, thus,
q—1
8pg —8kpg = Y 3 k(M) (gp(¥) = gep(¥)) + gp(N (WY — (V).
i=0 |Y|=ip

Using (2.16), we get

1gp(Y) — gk p(¥)| < 2sh (pD(v, vi))yp + pD(s, sk),
which leads to

g—1

3N @) — gip))

i=0 |Y|=ip

<2g sh (pDW, vi)yp + pgD(s, sk)

< n(Z sh (pD(v, vk))%” + DG, sk)). (2.19)

However, we have

q—1 qg—1
; 2 &) — ) < Zj > (vn) max g,(2) —w(Y) min 8 (2)
i=0 |Y|=ip i=0 |Y|=ip

<a( max &(2) ~ min g,(2))

< Cqc(yp, Bp) (by Proposition 2.2, (2.6)). (2.20)

Inequalities (2.19) and (2.20) lead to

ap(v,s)

1
1894 = 8kpal = 2 3h (PDO, vk»%” + Ds, 1) + @.21)

Using now (2.18), we get

1 Y c(vp, Bp) 15
~lgn = gkal < 25h (pPD(, vk»;” + DC(s, s) + c% +222,

n
Lete > 0.
Fix p big enough to ensure that C(c(yp, Bp)/p) < €&/3 and let np € N such that

2(yp/no) < &/3.
Finally, let ko such that for any k > kg, we have

2sh (pD, )2 < .
)4 3

Then, for any k > ko and any n > ng, we have |g,/n — gi.n/n| < &, from where the
result follows. O

2.3. Almost sure convergence. In the previous section, we work with a probability
measure p supported on K. We are interested in almost sure asymptotic values of
sequences of the form: Z,(x) := log s(X,(x)), where s € §, with s > 1, and for any
x € K, X, (x) is the unique element of C,, containing x. We will use the following version
of the strong large numbers law, see for instance [12, Theorem 2.19].
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THEOREM 2.4. Let {Y,, n > 1} be a sequence of random variables in a probability space.
Let {F,,, n > 1} be an increasing sequence of o -fields with Y,, measurable with respect to
Fn for each n. Assume that (Yy,) is uniformly bounded. Then, a.s.,

N R
Jim 2(& — ElYilFi1]) = 0.
i=
THEOREM 2.5. Let v be a probability measure and let s € 3.
Assume that v and s fulfilled ASI with sequence (B,), that there exists a sequence (yy),

compatible with (B,) and such that
forall XY € C, |logsx(Y)| < yy|.

Then, for any s ~ s, there is a set U C K of full v-measure such that for any a € U, we
have

, 1 - L _
lim <; Z v(Y) 10gs(Y)—;logs(Xn(a))> =0.

n—+oo
|Y|=n
Proof. Let us first observe that if the result holds for s, then it also holds for every s ~ s.

Indeed,
- 10g(c)'

> v(¥)(log() — log(s))

|Y|=n

Givenany n € N, let X, : K — C,, x — X,,(x) be the cylinder of size n containing x.
We define Z,, (x) := log s(X,(x)).

If we adopt the notation introduced in Proposition 2.2, with g, = (v, log(s)),, the
theorem asserts that the sequence (1/n)(g, — Z,(-)) converges to Ov-a.s.

For any integer p > 0, let Y, ,, := (1/p)(Zup — Zu—1)p)- Let also 7, be the o -algebra
generated by cylinders in C,. The idea, once again taken from [3], is to apply Theorem
2.4 on (Yy,p)n, with respect to (F,,5),, and to prove that the conditional expectations are
asymptotically, on n and p, independent of x € K.

Fix p > 0,andn > p andletn = pq + r be the Euclidian division of n by p. We define

1 pq 1 il
®= ;Zn T h g ]; Yit1,p
1 q
®= > Wit p = EWicy1,p|Fip .
k=1
e 1
@ == ElVis1,|Fkp] = o)

@ = ;(gqp(Xp) - gn(X[)))v

1
®= _(gn(Xp) — &n)s
n
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so that
1
~(Zy— &) =®+’;—q@+’;—"©+@+®.

We treat each of the five terms in the sum separately.
Term @. By definition, we have

q
pq 1l 1
—= Z Yit1,p = ;Z(q+1)p-

L
Therefore,
1 1 s(Xy)
@ =—(Z, —Zy+1 )=—log<— .
n n g+Dp n S(X(q—‘r])p)
There exists a cylinder Y, with |[Y| < p, such that X441y, = X, Y. By hypothesis on s, we
thus have

5 (Xn)
oo [—SX0 [ _ . |
‘ e <S(X(q+1)p)>‘ ltog(sx, NI =7y

This tells us that
@ < Y, (2.22)
n
Terms @ and ®. Recall that by (2.9), we have
8n(Xp) = gpgir(Xp) = 8pg(Xp) + Y vx, (Vg (X,Y).
|Y|=pq
Therefore,

<Y (2.23)
n n

1
@ =~ Y vy, (g (XpY)

IYI=pq

However, by (2.13) and Proposition 2.2, we have

|gn(Xp) — gnl < Cpc(Yn, Bn)»

which allows us to conclude that

c ’
1®] < Cp—(’/” Pr) (2.24)
n
Term ®. By definition, the conditional expectation [, [Yy41,,|F%p] is constant on any
cylinder of size kp. More precisely, for any x € Xy, € Cyp, it is equal to the average of
Yi41,p on Xgp, so that we have

L vEpY) | s(XpY) 1
@Pﬂwvﬁ}@_j72:vaw)bgﬂmw = )

[Y|=p

Recall that by (2.9), for any integer k, we have

g (Xp) =ga-1p(Xp)+ D vx,(Ngp(X,Y).
[Y|=(k-1Dp
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Therefore,

8kp(Xp) — gu—-1p(Xp) — gp(Xpp) = Z VXI,(Y)(gp(XpY)_gp(ka))-
[Y|=(k—-Dp

Summing from 1 to ¢ and dividing by pg, we get

! Iy 6pXip) _ 1§
—ggp(Xp) —— Y = N N ux, (V) (gp(XpY) — gp(Xip)).
Pq 9 = p P43 yi=te—1)p

Since by Proposition 2.2 for any Y of length (k — 1)p, we have |g,(X,Y) — gp Xipl <
Cc(yp, Bp), we get

<C (2.25)

1 il l C(Vp, ,Bp)
1®] = ‘— ElYit1.pFkp] = —84p(Xp) —_—
q ]; " +Lpl/kp qp qaprp p

Term @. Note that for any n, we have by hypothesis that

S(ka)

= [log sx_,, Xip)| < vp.
s(X@x=1)p) (k=bp 2EP P

| Y, pl = ‘log

We may thus apply Theorem 2.4 with (Y, ,), to conclude that p being fixed, |@|v-a.s.
converges towards 0 as ¢ — +00, and we can easily conclude that there exists a set of full
measure, denoted by U, such that it occurs for any p.

We may now conclude the proof.

Let x € U and ¢ > 0. Choose p big enough to have C(c(y,, Bp)/p) < €/5.

Let ng > p be such that for any n > ng, we have y,/n < /5.

Since p is fixed, g goes to infinity with n and we may choose ng big enough to have
|@| < ¢/5. Combining this with (2.22), (2.25), (2.23), and (2.24), we deduce that

1
1Zn(x) = gnl = D]+ [@] + O] + @] + 6] < &.

3. Pressures, entropies, Lyapunov exponents, and dimensions
In this section, using results from the previous section, we show how natural generaliza-
tions of notions coming from thermodynamical formalism are possible.

3.1. Lyapunov exponents and entropies. Given a sequence (u,) of real numbers, we let
Uy be its limsup and uy its liminf.
For any positive integer n and any probability measure on K, ., we define

1 1
Hyp = —— l); u(X) log pu(X) and Xypp = —— XZ 1(X) log | X|g,
=n =n

where the sum is taken over all cylinders X € C,,, with the usual convention 0 In(0) = 0.
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We set hy = Hyp, hy o= Hyn, Xy o= Xy, and X, i= X

Given any a € K and any positive number n, we define

1 1
xn(@) = _; log |X,(a)lq and hu,n(a) = _; log (X, (a)).

As previously, let us note H(a) =hyun(a), hy(a) :=hyu(a), x(a@) :=x.(a), and
Xx(a) := xn(a). Remember that ¥, is the o-algebra generated by cylinders of length less
or equal to n. We have

H,u,n = IE[hp,,n | ¥»] and X;L,n = IE[Xn | Fnl

Note also that with s : X — 1/|X|q, we have

Hu,n = l(/’L7 10g l>n and X;L,n = l(,u’ 10g S>n~

n I n

Remark 3.1. In this section, we work within a symbolic framework and do not specify a
metric. In certain contexts, the choice of metric is a delicate issue. For instance, in [5], the
pressure of a potential is studied using a metric tailored to the potential itself. It should
be noted that in the remainder of this paper, when applying our results to measures in the
complex plane, we shall adopt the ‘symbolic metric’ to ensure that the ‘symbolic’ and
‘geometric’ diameters coincide.

Applying Proposition 2.1 to that setting, remembering that D, =dy - - - d,—; is the
degree of 7", which is also the number of cylinder in C,,, we get the following proposition.

PROPOSITION 3.2. Foranynandanyt € R,

1 t 1 t
Hyn = X < ~log ma(| - [g) = = p; X%
=n

In particular, for t =0,
1
0<Hy, < —logD,.
n

Moreover, if X,, and Xy in Cy, are such that forall X € Cp, we have | Xylg < |X|q <
| X s ld, then

1 1
_; log [Xplg < Xu,n = _; log | X lg.

Remark 3.3. It is worth noting that this inequality is akin to a variational principle,
whereby, the metric pressure of a potential, with respect to any probability measure, is
bounded above by its topological pressure. The non-autonomous setting would require a
precise definition of these objects; in particular, the notion of a potential must be replaced
by that of a ‘sequence of potentials’. While these tools are of intrinsic interest, they are not
essential to the present discussion and will be addressed in future work.

Proof. 'We use Proposition 2.1 with v = pand v’ = | - |g. We thus have for any n,

!/

1 1 1 , 1 v 1 ,
Hypn—tXyn=—(v,log—) ——=(v,logv’), =—(v,log —) < —logm,(v). O
n % n n v, n

n
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THEOREM 3.4. Let u be a probability measure that fulfilled ASI with sequence (B,) and
assume that there exists a sequence (y,), compatible with (8,), and such that

forall XY e C, |log ux(¥Y)| < vy
Then, there exists a set U of full p-measure such that for any a € U,
nEI-Poo(hM’n (a) — Hu,n) =0,
and, in particular, we have |i-a.s.
hu() =hy and  hu() = hy.

Assume moreover that s : X — 1/|X|q fulfilled ASI and that there exist 0 < 6 < 1 such
that for any XY € C, we have

s i < % < 1, (31)
| X1d

then there exists a set of full p-measure, V, such that for any a € V,
nlir-il-loo(xn (a) — X,u,n) =0,

and, in particular, we have [1-a.s.

X=x()=<x()=X.

Proof. The hypothesis allows us to apply Theorem 2.5, with v(X) = pu(X) and s(X) =
1/u(X), to conclude that

nEToo(hM’n (a) — Hypn) =0.

Letnows : X — 1/|X|q.
From the assumption §"¥1 < |XY|q/|X|q < 1, we deduce that 1 < sx(Y¥) < 57", and
we easily conclude that for any XY € C, with |Y| = n, we have

llog sx (Y)| = —yx logd.
We may once again apply Theorem 2.5 to conclude. O
3.2. Pressure of a measure and dimensions. In the previous subsection, we assume

uniform bounds for the diameters, which is a very natural hypothesis in our context: there
exists § €]0, 1[ such that for any n € N, any cylinder XY with |Y| = n, we have

XY
8" < Q <({1-§" (3.2)
[X1q

In particular, for any n, we have
0<—log(l—68)<X,,=<-—logé
and also for any a € K,

0 < —log(l —9) < xn(a) < —logé.
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Definition 3.1. For any real number ¢ and any integer n, let P, , (t) :== Hy n — tX 5.
We define P, (t) = Py, (t) and P, (t) = Py, (1).

PROPOSITION 3.5. Assume that | - |q satisfies condition (3.2), and that u and | - |q both
Sulfill ASI with sequence (B,) compatible with (y, = n), then the functions t — P, (t) and
t— P_M(t) are strictly decreasing and bi-Lipschitz. o

We have:
(1) 0= Pu0)=hy, < Pu0)=hy;
) forallt € R, hy, —tlog(1 —8) < Pu(t) < Py(t) <y — 1t log §;
(3) let HD(u) be the Hausdorff dimension of u and P D(w) its packing-dimension.

Then,
Pu(HD () = 0= P, (PD(W));

(4) forany a in a set of full -measure, we have

H h
fim inf 22— fim inf ") _ oo
wn xn(a)
and
H h
lim sup =2 = lim sup L@) = PD(w).
wn Xn(a)

Proof. From (3.2), we easily getforany t <t + handanyn € N,
~1og(1 = 8) + Puu(t +h) < Pun(t) < Pun(t +h) — h log s,

from which we deduce, with P standing either for |, or (ﬂ_/u that we have
0< —hlog(l1—38)<P(t)— P(t+h)<—hlogé,

which tells us that P, and P_“ are strictly decreasing and bi-Lipschitz.

Points (1) and (2) are obvious from definitions and hypotheses.

We turn to results about dimensions.

Hypotheses on p and | - |§ allow us to apply Theorem 2.5 with, for any X € C, v(X) =
w(X) and s(X) = |X|2|/,u(X), as well as Theorem 3.4. In particular, pt-a.s. we have

kEI-II-loo hyp, (1) = h < kEl-Tl-loo Hypn, =h, (E)
kEr-Poo X () = x &= kEI-il-loo KXyng = X- (L)

Since P, and P_,L are strictly decreasing, continuous with positive and negative values,
there exists a unique (¢, 7) € R?, with 0 <t <7 € R such that P, (t) = 0 = P, (7).

We focus on the result with liminf. o

Take a point a € K such that items (E) and (L) are true.

Let (nx) be a sequence of integers such that

i @) _ g g e ()
k—>+oo  xu, (a) xn(a)

see (1.2) for the definition of Qu(a).

=d, (@)

https://doi.org/10.1017/etds.2026.10311 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2026.10311

2434 A. Batakis and G. Havard

Using items (E) and (L), and extracting again if necessary, one may suppose that

kEI-II—loo Hyu = kEI-II—loo hyn(a) =h and kEI-II—loo Xun, = kgrfoo xn (@ =x. (3.3

By hypothesis on | - |4, we have 0 < x < +oo, thusd , (a) = % and we have
Puld, (@) < lim (Hu, = d,(@)Xun) = h = d, (@)% =0,

from which we deduce thatd, (a) = .
Fix r > 0 and assume that n is such that
lim (Hyp, —tXn,) = Pu(t).
k—+o00 _
As before, using items (E) and (L) and extracting a further subsequence if necessary, we
may assume that (3.3) is fulfilled. Note that 2 and x denote limits that are different from
the previous case. In particular, we can only assert that h/x > d,,(a), since

b opm Mm@ g en®)
Xn(a)

X ko+oo xp(2)

=d,(a).
We have
h
Pty =h—tyx = x(; —r) > x(d,(a) = 1).

We deduce that P, (gu (a)) = 0 so that gu(a) <t.

This tells us that p-a.s. d,,(-) is constant equal to ¢. By classical results on Hausdorff
dimension of measures, see [10, Remark above Proposition 10.5], we can conclude that
U-a.s.

HD(u) =d,(a) =1.
Consider a sequence of integers (nx) such that

lim (Hu,nk - HD(M)XM,nk) = 0
k—+00

Since (X5, ) is bounded away from zero, we have
H, H
lim inf (ﬂ) < lim =2 = HD(w).
Xu,n k—+00 e
We now conclude by considering a sequence of integers (ny) such that
H H
lim inf (ﬂ = lim —M*%.

XMJI k—+o00 X;/,,nk

Using the fact that (X, ,,) is bounded, we deduce that

.. . (Hy, . .. (Hy,
&(hm inf (XZ:>> < kEI-iI—loo <H,”,k — lim inf (ﬁ)){lwk> =0,

which implies that HD(u) =t < lim inf(H,, ,/X,.).
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We thus have proved that for any a in a set of full u-measure, we have

H
lim inf =22 —1i

m infM = HD(w).
n(a)

Xu.n X
3.3. Continuity of dimension.

THEOREM 3.6. Let u be a probability measure on K and (i) be a sequence of probability
measures.
Let d be a metric on K and di a sequence of metrics. For any X € C, we let 5(X) = | X|q
and 5p(X) = [X|g,-
Assume that:
the metrics |-|q and |-|4,, k € N, verify condition (3.2) with a common constant §;
W, s, and for any k, s, and i, fulfilled ASI with a common sequence (B;);
there exists a sequence (y,), compatible with (B,), such that for any XY € C and
any k,

ui (X) S
e (xyy = P

m(X)
log <vyy, and log
pxy) ="

e we have limg_, o0 D(, i) = limg_, 400 D(s, s¢) = 0;
e (ty) is a real sequence converging towards t.
Then,

lim lim sup((Hy; — t Xpu0) — (Hyuyn — i Xugn)) = 0.

k—+00 n
In particular,

lim P 0 =P, and  lim Py () =Py,

lim «HD (ux) = HD(u) and lim «PD (ur) = PD(w).
k—+o00 k—+o00

(We would like to emphasize the fact that when the metrics are changing with k, those
dimensions are also changing, since Hausdorff and packing dimensions rely on the metric
used.)

Proof. Forany X € C, let

Xl s(X)! IXIg,  son
x)= —d S0 forany k,  pr(X) = - .
PX) =200 T pop Andferany ke o) = r s = 0

Let C = (1 + supi{|¢], [%]}). For any XY € C, we have

[log px(Y)| < |t|log sx(Y) +log ux(¥Y) < Cyjy).

In the same way, we check that |log pi, (Y)| < Cyjy|. Thus, one may take y, = Cyj.
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We also have for any XY Z € C and any X' € Cixis

rxy(Z) = ‘,U«X/Y(Z) (SXY(Z) )t _ 1'
pxy(Z) wxy(Z) \sxy(Z)

:‘((&H«Z>>f_1>u«q42>+_MXW(Z>_1’

sxyy(Z) uxy(Z)  uxy(Z)
sxr(2)\ uxy(Z)

5(1+¢%4(<sWY00) _1>’+‘uxﬂ2)__4

<201+ o) By,
< CByy-

We may thus take B, = Cp,. It is easy to prove that (y,) and (8;,) are compatible. We also
have that D(p, px) — 0, so that we can apply Theorem 2.3. Using notation therein, we
have

1 1
;gn = Hy,,n — I Xun = P,u,n(t) and ;gk,n = Huk,n — e Xuen = P[,Lk,}’l (),

and Theorem 2.3 asserts that

lim lim sup(Py () — Py a(tx)) =0.
n

k—+o00

From this, we conclude that

Jim P (6) =P, and - lim P () = Pu(o).

With #, = HD (ug) and é any limit value of (#;), we conclude, using Proposition 3.5,
that
0= lim P, GHD (u)) = P, (),

k—+oo

which, by Proposition 3.5, tells us that 6 = H D(w), so that ( H D ()) converges towards
HD(uw). O

4. Harmonic measure of non-autonomous conformal repellers
In this last section, we apply results of the previous sections to study the harmonic measure
of the complementary of non-autonomous conformal repellers.

In the first subsection, we study geometric aspects of a given NACIFS W, proving that
diameter and harmonic measure fulfilled the desired conditions.

Then, we deal with sequence of such iterated function systems proving continuity of
Hausdorff and Packing dimensions of harmonic measures.

Let V=) ={¢; :U=D—->U=D; i=1,...,d,} be a NACIFS satisfying
our assumptions with a constant y controlling contraction and modulus of the annulus,
and a fixed neighborhood of I, V. We note X its limit set. In this last section, we adopt the
following notation.

e For any symbolic cylinder X = ay - - - a,, we note ¥x the contraction {4, oo
2WVa,, and ¢x = ,@q, 0 - - - 0 1¢q, its inverse.

https://doi.org/10.1017/etds.2026.10311 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2026.10311

Dimensions of harmonic measures on non-autonomous conformal Cantor sets 2437

e If X is a symbolic cylinder, we also denote its geometric realization by X. That is,
X=vyxMNX,

e If ECV and X is a cylinder, then Ey := ¥x(E). In particular, we denote Dy =
Vx (D) and D, x = ¥x(D,), where D, = {|z| < y}.

e For precise definitions and detailed proofs about harmonic measure, we refer to the
online book of Prats and Tolsa [18].

Given a smooth open set Q2 C C, a point x € €2, and a Borel set F, we will denote

w(x, F, Q) the harmonic measure assigned to the domain Q of F' at x. Throughout
this paper, 2 will always take the form C \ X, or Dx \ XY, with XY a given cylinder.

e In particular, we will note @ := w (o0, -, ® \ X), and for any k, wy := w (oo, -, ® \ Xk%),
where X; = T*(X).

4.1. Controlling diameters of cylinders. ~As one may expect, we use the Koebe distortion
theorem and, more precisely, its quantified versions to cope with diameters.

PROPOSITION 4.1. For any 0 < § < 1 fixed, there exists C > 1 such that for any
conformal map, f : D — C, any compact setk C {|z| <1 — 8}, and any (x, y) € k x k,

(1 — C diam(k)) < /0] < (1 4+ C diam(k)) “4.1)
O
and
(1 — € diam@i)| /0ol = TS o0+ Cdiam@y).  @2)
diam k

Proof. First, note that relations (4.1) and (4.2) are relevant only if diam(k) is small.
Otherwise, it is nothing else than the standard Kcebe distortion theorem. In addition, we
assume from now on that diam(k) < §/2.

Let x and y be two points in k. We apply [17, Corollary 1.5], withz = (x — y)/(1 — yx),
we have

S/l _ (1+ |z|)3
TESIANEEV

Since k C {|z] <1 — §}, we have |z] < 1/§|x — y| < 1/8 diam k. We also have |z] < 1
and we can deduce that we have

[f(x)] .
1 + C diam(k). 43
O] < 1+ C diam(k) (4.3)

By exchanging x and y, we also get the opposite inequality.
Let Z =1 — xy. Then, [11, Theorem 1] asserts that we have

1ZI 1ZI—lx =yl _ 1S =fODI _ _1Z] [ZI+x =yl
L= xPIZI+x =yl 7 [f/lx =yl = 1= x[*[Z] = |x = y|

4.4)

Since Z = 1 — |x|?> — x(y — x), we have

L= xPP = x =yl <1Z] < 1= xPP+x — yl,
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which leads to
_Ix—y|< |Z] - Ix—yl_
I— x> = 1—|x> ~ 1—|x|?

However, |x|] <1 —-48,508 <1 — |x|2 < land |x — y| < diam k, which gives

diam k |Z| diam k
1 - < < .

4.5
1) “1—|x?2 ~ 1) (4.5)
We have assumed that diam k < §/2; thus,
7 _ _ _
IZ] + |x ylz1 ) lx — ¥ <142 I)zc V <14 diam Lk,
|Z] = |x =y IZ] = |x =y 1 —|x]* =2|x — y| 5@ —1)

and we prove in the same way that

2 Z|—|x —
l — = diam ]k S M.
) |Z] + |x — ]
Using those two last inequalities and (4.5) in (4.4), we end up with
2 2 - 2 2
(1 ~ diam]k) SREAS it DI (1 + diam]k) .
) Lf7Collx — yl s@—1)

Using (4.3), with an adjustment of the constant, we may change | f/(x)| with | f'(z)| for
any z € k, so that for any x, y and z in k, we have

|- Cdiamk < O IOV 4 e giam e
L' @11x =yl
We easily conclude that for any z € k,

M < (1 + Cdiam k)| f'(z)|.

1 — C diam k)| f'(2)| <
( iam k)| ' (z)| < diam I .

We use this results to verify that the functionals encountered in the course of the
proof satisfy the conditions required to apply the general results from §§2 and 3. We are
particularly interested in the ASI property.

It should be noted that, in what follows, we identify symbolic cylinders with their
geometric realizations, as the context allows us to avoid any ambiguity. In particular, if
XY Z isa ‘geometric’ cylinder in X, with | X| = k, then Y Z is a ‘geometric’ cylinder in Xj.

For any X € C, let s(X) := diam(X), where diam is the Euclidean diameter of the
geometric cylinder X, and let § := |(y¥x)'(0)|. We recall that U = D so that § is well
defined.

COROLLARY 4.2. There exists C > 1 and q € 10, 1] such that for any cylinder XY Z € C,
we have

WO

1+ Cq!
Wr | = T

1—cqg"l < §XY(Z)‘
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and
diam(Y)
diam(Y Z)

We have s ~ § and they both verify ASI with (8,, = Cq").

<1+Cq".

1-cq"l < SXY(Z)‘

Proof. If we apply classical Keebe distortion estimates with f = ¥y, k = X, and x = 0,

we get
1 diam(X)
S i A
C ~ [(¥x) (O —
Thus, s and § are equivalent.
We have
I (Yxyz)'(0) _ ‘ Wx) (Yyz(0)) H (Yyz)'(0)
Wxy)'(0) Wx) Yy (0) || (Yy)'(0) |
Since ¥y z(0) and ¥y (0) both lie in Y, by (4.1), we have
. Wx) (Wyz(0) .
1-Cd Y - 1+Cd Y)),

(1= Cdamy = ‘ G Wy () | = HC dam@)
from where we deduce, using also the fact that by hypothesis, we have diam(Y) < Cq!!,
that

L gt | @ © 'wxyz)’(()) L1 cath| 2O |
=0y = Tamo [ = gryo
This can be rewritten as
|~ Cal¥! <3 Z'M L+ cal?!
q"" <sxy(Z2) Wr2) O) =1+Cq
The same is also true with X’ instead of X and this leads to
sxy(Z) Y|
-1 Cqg'''.
Sxy(2) =4

One can apply relation (4.2) with f = ¢x,k=YZ,andalsok =Y and x € YZ, to get

1 — C diam(Y Z) - diam(XY Z) diam(Y) - 1+ C diam(Y Z)
1 4+ C diam(Y) — diam(XY) diam(YZ) ~— 1 — C diam(Y)

We have diam(Y Z) < diam(Y), and by hypothesis, we know that diam(Y) < Cq!¥!.
Adjusting the constant C, we easily conclude that we have

diam(XY Z) diam(Y)

1-cql < <14 cqg,
7 = Gam(XY) diam(yz) — 1
which is exactly
diam(Y)
1—cql < Z)———— <1+ Cq'.
qg" " <sxy( )diam(YZ)_ + Cq
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As a matter of fact, this implies that for any other geometric cylinder X’ C X, with | X'| =
| X, we have

sxy(Z)
sxry(Z)

1| < cq'.

O

4.2. Controlling diameters under perturbation. ~We say that two NACIFSs W and U are
compatible if for any n:

e the degree of @, and the deigree of &)n are the same;

e foranyiandj,,¥;(V)N,¥;(V) # @ifandonly ifi = j.

For two compatible NACIFSs W and ‘i’, we define

d(W, ) = sup max {[l,¥i —u¥illoc},
n 1<i<dy

with || fllec = sup, <D, | f (z)]. Let us also recall that D(s, §) is introduced in the beginning
of §2.2, (2.14).

PROPOSITION 4.3. We denote Dy =Wx(D) and D,x =W¥x({[D,), where
D, ={lzl <y}

Assume that V and V are two compatible NACIFSs and that 0 < y < 1 is the constant
controlling their annulus and their contractions. Let o = (log(1 — 5))/(og(n(1 — n))).
For any symbolic cylinder X, let s(X) = |4 (0)| and §(X) = |1/~/§( (0)]. There exists C > 0
such that

D(s, 5) < Cd(¥, ¥)“.

Proof. Let A, = sup|x|=nl¥x — ¥x|loo- Note that we have A; = d(¥, ¥).
Let Xa be a cylinder with |X| = n and |a| = 1. For any z € ID,,, we have
[¥xa(2) = ¥xa@| < [¥x (Wa(2) — ¥x Wa @) + [¥x Wa (@) — ¥x (Ya(2))]
< (1= 0)"¥a@ — Va2 + Ay
< (1 —n)"A| + Ay,

from where we deduce that

1 1 ~
A, < ;Al = ; A\, v). (4.6)

Using Cauchy representation theorem, for any cylinder X with | X| = k, we have

/ ¥x(2) — ¥x(2) dz| < Ay
aD z

2

~ 1

/ 0 _ !/ 0 N

Wx(©) = ¥xO) = 7

Since, by assumption, nk < |1/~/‘§( (0)|, we deduce that

/!
0
¥ (0) et
Inequality is true for any cylinder X such that | X| < k, and stays true if we exchange the
role played by ¥ and .

d(v, D). 4.7)
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Let now X = Y X; be any cylinder of length n, with X; = @ if n <k, and |Xx| =k
otherwise.
By the chain rule, we have

Yyx, (0) = ¥y (¥x, (0) ¥y, (0).

Therefore, for any cylinder a of length 1, we have

vy (¥x,a(0))
vy (¥x, (0))

sx(a) _
Sx(a)

Uy (Ux, (0) || Va0 ‘ ‘ vk, (0)
Uy WxeaO) 9, () | [V, O) |

From (4.1) in Proposition 4.1, there exists C > 0 such that
¥y (x4 (0)) ¥y (x, (0))
1/[;/ (ka (O)) wy (kaa (O))
In addition, from (4.7),

I/fgfka (0) ‘ ’ ka (O) ( d(\I’ \Ij))z
Va0 |V, 0 n"*‘

<1+ CdiamX; and <1+ Cdlaka

Using the fact that diam X and diam X} are both smaller than (1 — 5)*, and adjusting the
constant C, we end up with

@y c((l — 4 —kdnv, ﬁf)) — 1+ S - )t +ac, ®)). 48)
Sx(a) n

Let k be the integer part of log(d (W, \i'))/log(n(l —1n)) + 1, then k > log(d (¥, ‘i’))/
log(n(1 — n)) and (n(1 — n))* < d(¥, ¥), so that we have
sx (@) dw, ¥)

- <142C
sx(a) nk

Alternatively, we have k < log(d(¥, ¥))/log(n(1 — 1)) + 1 so that
11 log(d(W, W)) 1 1 1 (log m)/log(n(1—n))
e () )
U logp(1—m) ~n d(v, )

which leads, with ¢ = log(1 — ) /log(n(1 — n)), to

IA

>

sx(a)
Sx(a)

e (275)
& Gx@

This being true for any cylinder X, we conclude that

<1+ CdW, V),

and gives

< Cd(V, 0)~,

D(s, 5) < Cd(¥, W)°. 0
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4.3. Controlling harmonic measure. In this section, we extend well-known properties
of harmonic measure of usual IFS to NACIFSs. We have tried to give all the ideas without
drowning the reader with the total amount of technicalities.

Let 2 be a domain in R? and F C 9. For x € €, we denote w(x, F, Q) the harmonic
measure of F in Q evaluated at x. If Q¢ is bounded, we denote w(F, £2) the harmonic
measure of F in 2 evaluated at infinity.

We frequently make use of the following (see, for instance, [6]). If Q C Q' are two
domains, F C 92N 3" and x € Q, then

wx, F,Q) =w(,F, Q/)—/ w(z, F, Qo (x, dz, Q).
z€0QNY’

For «, B positive real functions, we write o ~ Bifl/ca < B < ca with ¢ > 0 constant.
Finally, with no loss of generality, we take U = ID the unit disc.

Remember that for any symbolic cylinder X =ay - - - a,, we note Wy = (4 0+ -0
+¥a,, and that we also denote X the geometric cylinder X N Wy (D).

In the following, we deal with two NACIFSs W and U, and we denote X = XN Wy (D)
the geometric cylinder for W.

To apply the previous machinery, we need to prove the following result.

THEOREM 4.4. Let W and WV be two NACIFSs, X, X the corresponding limit (Cantor) sets,
and w, @ the harmonic measures on these sets.
We have
lim D(w,®)=0. 4.9)
d(W,v)—0
The proof follows the ideas of [3] and heavily relies on a repeated use of the following
well-known results.

PROPOSITION 4.5. [8, 16] Let Q2 be a domain containing oo and let Ay C By C Ay C
By C---C A, C B, CQ be conformal discs such that the annuli B; \ A; are contained
in Q for 1 <i < n. If the modules of the annuli are uniformly bounded away from zero
and if oo € Q2 \ By, then, for all pairs of positive harmonic functions u, v vanishing on
0\ Ay, and for all x € Q2 \ By, we have

u(x)  u(co)
v(x) (o)

1| < Kq", (4.10)

where ¢ < 1 and K are two constants that depend only on the lower bound of the modules
of the annuli.

We recall the notation introduced at the beginning of §4: Dy = Wx (D) and D, x =
Yy (Dy), where D), = {|z| < y}.

LEMMA 4.6. Let V be a NACIFS, X the corresponding limit (Cantor) set, and w the
harmonic measures on this set. There exists ¢ > 0 depending onlyon 1 +1n =7y > 1 such
that w(x, X, Dy, \ X) > ¢ whenever |x| = 1.
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Proof. The proof relies on standard techniques involving capacity theory and harmonic
measure in the context of Cantor-type sets: we hence leave some details to the reader (see
[18, §6] and also [2]). In particular, we use the fact that every point in X is Wiener regular
so that any harmonic functions is uniquely determined by its boundary values.

Let @ =D, \ X. Recall from (1.1) that for any n, we have 2 < d, < D.

Let i be the uniform probability measure on X so that for any cylinder X € C,,, we have
nX) =1/ ----- dn).

For each x € ©,let G* : @ — R denote the Green function of ID,, with pole at x. There
exists C1 and C», only depending on n such that for any y € D, we have

ln< €1 >§Gx(y)§ln( i )
lx — ¥l lx — ¥l

Leth : D, — R, x — [ G*(y)u(dy).
For x € X, if (X)), with | X,,| = n, is the sequence of cylinders converging to x, we have

+00
h(x) =Y /X G* (y)u(dy). (4.11)
n=1

n\Xn+l

For any n, we have (X, \ Xu11) = (duy1 — 1)/(d1 - - - dpy1), from which we deduce
1 _
ED " < u(Xp \ Xpy1) < D2 "

However, fory € X, \ X,,+1, wehave (1 — 5)™" < |[x — y| < p~". Consequently, there
exist constants ¢; > 0 and ¢ > 0 such that

C] C2
cin <In <m> < Gx(y) <In <F) < con.

Injecting those inequalities in (4.11) leads to

1 +o00 +o0o
0<c:= 56‘1 Zl nD™" < h(x) <D Zl n2™" = C < +o0.
n= n—=

Since the function x — w(x, X, D, \ X) is constant and equal to 1 on X, and since
by definition 4(x) = w(x, X, D, \ X) =0 for any x € 0D,,, we have proved, for any
x € XU dD,, that we have

co(x, X, D, \X) < h(x) < Co(kx, X, D, \ X).

By the maximum principle, those inequalities are true for any x € Q.
Clearly, h(x) > ¢ > 0 for x € dD and hence the result. O

The following lemma is a first application of this result. It will subsequently be used
several times to obtain ‘localization’ results for harmonic measure.
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LEMMA 4.7. Let ¥V be a NACIF'S and X its limit Cantor set. There exists C > 0 depending
onlyon 1 4+ n =y, so that for any cylinder X € C and any x € 0Dy, we have

w(x, X, C\ X)
<C.
T o, X, Dyx\ X) —

Proof. Let T:={x| =y}, u:x — o, X,C\X), i:x— o, X,D,x \ X), and
h = u — u. The function 4 is harmonic on D), x \ X, withs =0onX and 4 = u on 0D, x
so that

hx) = / u(wx,dz, Dy x \ X).
8Dyx

Let x,, € dDx be such that for any x € dDx, u(x) < u(x,), and x,, € 91D, x be such that
for any x € dD, x, we have u(x) < u(xy).

The function x +— u(x) — u(x, ) is harmonic outside Dy U X, non-positive on dDx U
X\ X, and it is thus negative on C \ Dx and, in particular, we have u(x,,) < u(x,).

We deduce the following:

i(xy) =u(x,) — /‘;D u(w(xy,dz, Dy x \ X)
y X
= u(xy)(1 = o(xy, 0Dy, x, Dy \ X))

=ulxy))w(x,, X,D,x \ X).
By conformal invariance, with n = | X|, we have
w(xy’ X, D)/X \X) = w(q)X(xy), Xu, ]D)}/ \ Xn),

with, by definition, |[®x (x,)| = 1. Lemma 4.6 leads to ii(x,) > u(xy)c, since X, is the
limit Cantor set associated to a NACIFS with the same constant than X.

We conclude that we have 1 < u(x,)/ii(x,) < C.

By Harnack inequality on 9Dy, we conclude that 1 < u(x)/u(x) < C is true for any
x € 0Dy, with a different C, still uniquely depending on y. O

We also need to establish the following lemma that restrains the number of generations
necessary to establish an estimate on distribution of harmonic measure.

Remember that w; was introduced at the beginning of §4 as the harmonic measure of
C\ Xk.

LEMMA 4.8. Let ¥ be a NACIFS, X its limit Cantor set, and for any £ > 1, let
X, = THX).

There exist ¢ < 1 and K > 0 depending only on 3 such that for any XY Z € C with
|X| =k, |Y| = n, we have

’10 (a)(XYZ) wr(Y) >' Ko
E\oxY) ;(v2) ¢

(4.12)

The proof of this lemma follows the lines of that [3]; therefore, we will only give the
highlights and main ideas of proof to facilitate the reading.
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Proof. Let u:x > (o(x, XYZ,C\X)/o(XYZ)) and v:x > (0(x, XY,C\X)/
w(XY)). Note that u(oco) = v(oo) = 1.

Assume that ¥ =y; ---y, and for any ¢ € [1,n], let Xo =X, Xy = Xy1 - ¢,
Ay =Dy, ,,and By =Dyx,_,.

We have A C By C---C Ay—1 C B—1 C ® \ X, and each annulus B; \ A; is con-
formally equal to D,, \ ID.

The functions u and v are both harmonic in C \ X, and they vanish on X \ XY.

We are thus in a position to apply Proposition 4.5 to conclude that for any x ¢ X U
Dy xy,, and in particular for any x € Dy U 0D, x,

‘log (a)(x, XYZ,A(C\X) w(XY) )‘ _ ‘10 (@ v(oo))‘ “ o “13)
ok, XY,C\X) o(XYZ) v(x) u(oo)

Let now i : x = (0w (x, XYZ, Dy x \ X)/w(XYZ)) and v : x = (w(x, XY, D, x \ X)/
w(XY)). We have for any x e D, x \ X,
u(x) =u(x) — f u@w(x,dz, Dyx \ X),
D, x
and also
v(x) = v(x) — / v(@w(x,dz,Dyx \ X).
Dy x
We thus have

u(x) —v(x) = u(x) —v(x) — / (u(z) —v(@)w(x, dz, Dyx \ X),

Dy x

which may be written as

i) ) (w0 Y ()
@) = v(x) ((U(x) 1) /BDyx v(x) (v(z) 1>w(x’dz’ DVX\X))

Since (4.13) is true for any x € 9Dy U 0D, x, and by Lemma 4.7, we conclude that there
exist C > 0 and ¢ < 1 such that for any x € 0Dy,

5Cq"<l+/ Ma)(x,dz,]D)yX\X)> =Cq"<1+w> <2Cq".
ap,x V(X) v(x)

u(x)
v(x)

-1

From this, we conclude that for any x € 0Dy, we have

’ (a)(x,XYZ, Dyx \ X) o(XY) )‘ ‘ (ﬁ(x))
log = |lo

wx, XY, D,x \ X

By conformal invariance of harmonic measure, we conclude that for any x € 9D,

’1 (a)(x, YZ, D, \ Xp) o(XY) >‘ <cq"
o, Y. D, \ X o(XYZ)
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Applying (4.13) with X} and wy, which is possible since the NACIFS giving birth to Xy is
comparable to that giving birth to X, we get for any x € aD,

ox,YZ, Dy, \ X)) wrY) .,
° < w(x, Y, Dy \ Xx) a)k(YZ)>' =Cq. (4.15)
Combining (4.13), (4.14), and (4.15), we end up with
o(XYZ) wr(Y) ;
’10g< w(XY) wk(YZ)>‘ =Cq. (4.16)
O

From this result, we easily deduce that harmonic measure verifies the two assumptions
needed to apply the main results of the previous section: ASI and uniform control on the
measure of cylinders.

COROLLARY 4.9. Let V¥ be a NACIFS, X its limit set, and w the harmonic measure on
C\ X evaluated at co. Under our geometric assumptions on the NACIFS, there exists q €
10, 1[ and C > 0 such that for any geometric cylinders XYZ € C and X'YZ € C, with
|X|=|X'| and |Y| = n,

wxy(Z2)
I —_— n 4.17
' o8 <wX/Y(Z)>‘ =Ca @17
[log(wx (Y))| < Cn. (4.18)

Proof. Relation (4.16) asserts that for any XY Z € C with |X| =k and |Y| = n,

1 wir(Y) n
og wXY(Z)a)k(YZ) <Cq",

from which we get, for any X’ € C with |X'| = |X]|,

e (205 ) =
& wxy(2))|

=

Y Y
log (“)”(Z) JZ'Z(Y%) ~log (“X’“Z)J’Z’E(YZ)))\

wr(Y) wi(Y)
log (wXY(Z)wk(YZ)>‘ + 10g(wX/Y(Z)wk(YZ)>‘

< Cq".

From (4.16), we deduce that there exists C > 1 such that

Assume that Z =zp - - - z,—1 and forany i € [0,n — 1],1let Z; = zo - - - z;, then

wr(Z;)

n—1
wr(Z) = wi(z0) l_[ m,

i=1
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since for any i € [1,n — 1], (4.16) tells us that 1/Cwi4i(zi) < (wk(Zi)/wr(Zi—1)) < 1,
and we conclude that

w(XZ) -
wX) —

1 n—1

o [ ersi) <
i=1

From Lemma 4.6, we can deduce that given a NACIFS W, there exists a constant o > 0,

depending only the geometric constants that constrain the geometry of the NACIFS such

that for any ¢ > 0 and any a € C; with |a| = 1, we have w¢(a) > «, so we conclude that

(o) o2,
c)] = wXx) ~

s

and the result follows. O]

4.4. Controlling harmonic measure under perturbation. We turn to a comparison of
harmonic measures of the limit sets X and X.

LEMMA 4.10. Let y =1+ > 1 such that D, C V appearing in the definition of the
NACIFS V. There exist K > 0 and « > 0 such that for any x € D\ X,

o, X, D, \ X) > 1 - K dist(x, X)*.

Proof. Given any x € D\ X, let n(x) = max{k € N | there exists X € C,, x € Dx}.
Note that n(x) is such that there exists X € C, withx € Dx and x ¢ Dy, for any cylinder
Xa € Cn+ 1-

Using open set and bounded contraction hypothesis, we deduce from the Kcebe
distortion theorem that there exist three constants K’ > 0 and 0 < B’ < B such that

1 ,
o dist(x, X)? < e™ < K/ dist(x, X)P . (4.19)

It is important to note that K/, 8’, and 8 only depend on the constant 5 used to control the
geometry of the NACIFS.

Let x € Dy, with X =ay---a, and |[X| =n(x) :=n. Let Xo =X and, for any
l1<k<n, Xy =ay---a and set uy : y = w(y, Xr, Dyx, \ Xi). The function uy is
harmonic on Dy, x, \ Xy and equal 1 on X}. Our goal is to prove that

uo(x) = 0(x, X, D, \ X) > 1 — K dist(x, X)“.

First, we note using Lemma 4.6, conformal invariance, and maximum principle that there
exists ¢ > 0 such that for any x € D,

up(x) = c. (4.20)

For any 1 < k < n, we have

ug—1(x) —up(x) = / urg—1(2)w(x,dz, Dyx, \ Xi).

oDy x;
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Because of our geometric assumptions on the NACIFS and Harnack inequalities, there
exists a constant A > 0 such that for any Y € C, any continuous function # > 0, defined
on Dy and harmonic on Dy \ Y, and any y and y" in Dy \ Y, Ak (y) < h()').

From this, we deduce that

Up—1(x) = ug(x) = Aug—1 (X)w(x, 0Dy x;, Dy x; \ Xi) = Aug—1(x) (1 — uge(x)).
Let vy = 1 — u. We drop x to lighten notation.

Using (4.20), we get Acvg < Augvg < v — vg—1 and

— v US|
cA = ST Tt < / — dt = log(vy) — log(vk—1)-
VU vy I

Summing for | <k <n,

cin <log v, — log vy,
so that
c)Ln.

l—ug=vg <e

We use (4.19) to conclude that up(x) = w(x, X, D, \ X) > 1 — (1/K’ dist(x, X)B)er,
This is the desired result with K = 1/K’“* and o = cApB.

This corollary happens to be crucial to prove continuity of dimensions.

COROLLARY 4.11. Let ¢ > 0. There exists n € N such that for any XY e Cwith |Y| =n
and any x € Dyy,

wx,X,C\X)>1-—c¢.

Proof. Lete > 0.

With K > 0 and o > 0 appearing in Lemma 4.10, let A be such that KA* < ¢.

Let n big enough so that for any k € N and any Y € C, with |Y| =n, we have
diam D,y < A.Let X € Cand x € dDxy, with |Y| = n. We have

ox, X,C\X) > o, X,D,x \ X).
By conformal invariance, with k = | X|, we have
o(x, X, Dyx \ X) = ax(px (x), Xg, Dy, \ Xp).

Since x € dDxy, we have px(x) € 3Dy, so that dist(px (x), X;) < diam D,y < A and
Lemma 4.10 gives wi (px (x), Xp, D) \ Xi) > 1 —e.
We have proved that for any x € 0Dyy, we have

o, X,C\X) > o, X,D,xy \ X) = o (px (x), Xg, D) \ Xp) > 1 —¢.
This inequality extends to Dxy by maximum principle.

Proof of Theorem 4.4. Let ¢ > 0 and N; € N be big enough so that K¢™! in Corollary
4.8 is strictly less than ¢.
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We use this first assumption to show that the proof of continuity may be restricted to
cylinders of length less than or equal to Ny. More precisely, let X € C,,, withn > Nj. One
may write X = YZ, with |Y| =k > Ny and |Z| = £ < Ni. Let a, with |a| = 1, we have

w(YZa) wr(Za)w(YZa)wi(Z)
wx(a) = = .

w(YZ) ok (Z) w(YZ)wr(Za)

The choice made for Ny, together with Proposition 4.8, allows us to conclude that
w(YZa)wr(Z)
log| —————
w(YZ)wr(Za)

<e.
The same being true for @, we deduce that

wx(a) wi(Za) wi(Z)
‘log <m>’ < ’log (m)‘ + |log (@k(z))’ + 2e. 4.21)

From Corollary 4.9, we know that cg™ < wy(Z) for any k € N, any Z € T*(C) with
|Z| < Ni.Lete' = cq™e. Forany k € N, any Z € T¥(C) with |Z| < Ny, we have

8/
<e. (4.22)
w(X)

Let N, be given by Corollary 4.11 with &’ > 0 so that for any XY € C with |Y| = N,
and any x € dDyy, we have w(x, X,C\ X) > 1 — ¢’

Let now d (¥, ¥) be as small as necessary to ensure that for any k € N, any ¥ € Tk(C)
with |Y| < Ny + N, we have Y C Dy, where Y is the geometric cylinder associated to 7}
with coding Y. This means that, geometrically speaking, cylinders of length less than or
equal to N1 4+ N, are very close to one another.

By (4.21), we are led to prove that log(wy (X) /@ (X)) is small for any cylinder X with
|X| < Np and any k.

To simplify the notation, we omit the index k. Recall that our estimates for the harmonic
measure depend only on the geometric constants appearing in our assumptions, namely,
the Bounded Contraction and Annulus conditions, and are therefore uniform in k.

Let | X|=k < Np, F = U‘Z|=N1+N2 Dz, and 2 = C\ F. Our choices imply that for
any Z with |Z| = N1 + N3, we have ZC Dy so that X C F.

The functions u :x — w(x, X,C\X) and v:x — w(x, X,C \ X) are harmonic
on 2.

Let |Z| = N1 + N, with Z C X, then from Corollary 4.11, we deduce, for any x € 9z,
that u(x) > 1 — ¢ as well as v(x) > 1 — ¢/, which implies that |u(x) — v(x)| < &’ for any
X € az.

Letnow Z = YW, with |Y| = | X|, |Z| = N1 + N2, and Z ¢ X. By Corollary 4.11, we
have w(x, Y, C\X) > 1 — ¢ and also w(x, ¥, C \X) > 1 — ¢ forany x € 0D.

Since

1= Y 0w V.C\X= Y ok V.C\%),

[VI=IX| [Vi=|X]|

we deduce thatu(x) < 1 —w(x, Y,C\X) <&’ andv(x) <1 —w(x, ¥, C\ X) <& We
thus have, for any x € 0Dz, lu(x) — v(x)| < 2¢’.
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The functions u and v are both harmonic on 2 and for any x € 92, we have |u(x) —
v(x)| < 2¢’. By maximum principle, we have |u(x) — v(x)| < 2¢’ for any x €  and in
particular for x = 00, so that |w(X) — &(X)| < 2¢'.

We deduce from (4.22) that for any cylinder X with | X| < Ny, we have

@ — 1‘ < 2¢’
w(X)

From here, it is easy to deduce that we have, for such cylinders,

poe (205 )| = e (555 ) 12 (530
Elax@ /| T [\ Gaxa) Sl

With inequality (4.21), we can conclude that for any cylinder X of any length, we have

'10 (wX(a)>‘<6e
Eox@ )| ="

which tells us that D(w, @) < 6¢ and concludes the proof. O

< 4e.

4.5. Back to the complex plane. We are now in a position to give a proof of the main
results of this paper about harmonic measure on the plane: Theorems 1.2 and 1.3.

Let X be a non-autonomous Cantor set associated with the conformal iterated systems
W and let w be the harmonic measures of its complementary in C.

We defined on the symbolic space K the metric d. For any a = (a,) € K and
b= (b,) €K, let d(a, b) = |x(a) — x(b)|, which is the Euclidian distance in C of the
points encoded by a and b. In that way, symbolic cylinders and geometric cylinders have
the same diameters.

From the discussions in §4.1, we easily get

IXYlg Wy O]  [Wy(Wy(0)]

= W (0)] ~ [, (0)].
Xlag W40 Ve (0)] [Wy (0)] ~ [¥y(0)]

Hypothesis bounded contraction implies that there exists a constant 5 €]0, 1[ such that
(1= < |¥,0)] < 9.

In addition, we can conclude that d satisfies condition (3.2).

By Corollary 4.2, we also know that s(X) := |X|q satisfies ASI with sequence
(B =Cq") with0 < g < 1.

Corollary 4.9 expresses the fact that w also fulfills ASI with sequence (8, = Cq"),
with 0 < g < 1, with an adjustment of the constant g, as well as condition (2.5.1) with
Vo ~ Cn.

We are thus in a position to apply Theorem 3.5 with 4 = w to conclude that Theorem
1.3 is true.

Let now (XK)gen be a sequence of non-autonomous Cantor sets associated with the
conformal iterated systems (W5)eny, and let (0F)ren be the harmonic measures of their
complementaries. Assume that limy d (W, \I'k) =0.

We define for any k a metric di such that geometric cylinders for WX and symbolic
cylinders for dj have the same diameter.
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We know that di and o fulfill the same properties as d and w, with the same constants,
because of our hypothesis: annulus condition and bounded contraction, and the fact that
(WK) is converging towards W.

Let si(X) = [X|qg,. Since limy d(W, wky =0, by Proposition 4.3, we know that
limg D(s, sg) =0, and by Theorem 4.4 that limy D(w, a)k) = 0. We may thus apply
Theorem 3.6 to conclude for the continuity of the dimensions of harmonic measure.
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