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Green’s relations and left amenable
semigroups
Behnam Khosravi

Abstract. In this note, some conditions are investigated under which the left amenability of a
semigroup S is a consequence of the left amenability of its subsemigroups. It is known that for the
Green’s relation HS on S, an HS -class of S is a semigroup if and only if it is a subgroup of S, and hence
it contains a unique identity. Let S be a semigroup such that every HS -class of S is a group and E, the
set of idempotents of S, is a subsemigroup of S. As the main result of this note, applying the above fact,
a connection between left amenability of S, left amenability of E, and left amenability of its HS -classes
is established.

As an application, I completely determine left amenable Clifford semigroups and left amenable
rectangular groups, when they are left amenable with some measure such that the union of every
collection of HS -classes of S with zero measure has zero measure (especially, when E is finite or when
E is countable and it is left amenable with a measure which is countably additive). Indeed, I show that
under this assumption, (i) a Clifford semigroup S is left amenable if and only if E has a zero element z
and Hz , the HS -class of S which contains z, is a left amenable group and (ii) a rectangular group S is
left amenable if and only if it is a right group and its HS -classes are left amenable groups.

1 Introduction and preliminary results

Throughout this note, for a semigroup S , the set of idempotents of S is denoted by E.
A semigroup S is called completely regular if and only if it is a disjoint union of groups.
A semigroup S is called orthodox if E is a subsemigroup of S. A semigroup S is an
orthodox union of groups (or an orthogroup) if it is completely regular and orthodox
(see [16]). A semigroup S is called a band of groups if there exists a congruence β
such that S/β is a band and each β-class is a group. A semigroup is an orthodox band
of groups if S is an orthodox semigroup which is a band of groups. Recall that by
[14, Theorem 1.29] an orthogroup S is an orthodox band of groups if and only if the
Green’s equivalence relation HS is a congruence on S. The family of orthodox bands
of groups contains the families of Clifford semigroups and rectangular groups (for
more details, see [14]).

Recall that a semigroup S is called left amenable if there is a mean on �∞(S), which
is invariant under the natural left action of S on the dual space �∞(S)′. Equivalently
[15, Problem 0.32], S is left amenable if it admits a finitely additive probability
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measure μ, defined on all the subsets of S, which is left invariant, in the sense that
μ(t−1 X) = μ(X) for all X ⊆ S and t ∈ S, where t−1 X = {s ∈ S ∣ ts ∈ X}. Recall that all
commutative semigroups and all semigroups with zero are left amenable (see [6]).
These semigroups are studied extensively and several authors presented necessary or
sufficient conditions for a semigroup to be left amenable (for more details and a list
of related works, see [6, 7]).

As the main part of this study, conditions are investigated under which the left
amenability of a semigroup S can be determined by the properties of E and its
equivalent classes with respect to Green’s relation HS . For this purpose, the case “all
HS -classes of a semigroup are its subsemigroups” is considered. Since by [9, Theorem
2.2.5], an HS -class of S is a semigroup if and only if it is a subgroup of S, I consider
the family of semigroups S for which all HS -classes of S are groups. Note that for
these semigroups, there exists a natural measure on E induced by the quotient S/HS .
On the other hand, note that for a left amenable semigroup S, the measure of an HS -
class may be zero. Hence, to be able to determine a left amenable semigroup by the
properties of its HS -classes and E, also it is supposed that E is a subsemigroup of S.
So from now on, the family of orthodox bands of groups is mainly considered and
studied.

In this note, I focus on the study of left amenable orthodox bands of groups using
Green’s relations. First, by proving Theorem 2.2, it is shown that in a left amenable
regular semigroup, the measures of every pair of HS -classes in the same LS -class
are equal. Then, in Theorem 2.6, for an orthodox band of groups S , using this fact
we show that under some assumptions, the left amenablity of S can be determined
by the left amenability of E and the left amenability of its HS -classes. As we will
see, the proof of the sufficiency part of the this theorem provides us an explicit
method for constructing left amenable semigroups using semilattice of groups, Rees
matrix semigroups, or extensions of a left amenable group by a semilattice (see [13],
Equation 2.1, and Theorem 3.7).

In Section 3, for an arbitrary monoid S , a connection between left amenability of
S and injectivity of two-element right S-Boolean algebra in the category of S-Boolean
algebras is established (see Remark 3.1 and Theorem 3.4). Then, in Theorem 3.6, for
an orthodox band of groups S under some assumptions, it is proved that when E has a
zero element z, then the left amenability of S can be determined by the left amenability
of the subgroup of S which contains z. Also, when E is commutative, this relation is
studied and especially it is proved that if E is finite and commutative, then it has a
zero element. Finally, in this note, in Theorem 3.7, as a consequence of Theorems 3.4
and 3.6, left amenable Clifford semigroups and left amenable rectangular groups are
explicitly determined when E is finite, or E is countable and it is left amenable with a
measure which is countably additive.

Now, some notions and facts are recalled which are needed in the sequel. For every
set X by 2X , we mean the power set of X. For a semigroup S and t ∈ S , let λt ∶ S → S and
ρt ∶ S → S be defined by λt(s) = ts and ρt(s) = st for every s ∈ S, respectively. Recall
that an element t of a semigroup S is called regular if there exists x in S such that
txt = t. The semigroup S is called regular if all its elements are regular. A semigroup
S is called completely regular if there exists a unary operation t ↦ t−1 on S with the
properties (t−1)−1 = t, tt−1 t = t, and tt−1 = t−1 t.
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An idempotent semigroup is called a band and a commutative band is called
a semilattice. Recall that a semigroup S is called a semilattice of semigroups, Sα ,
α ∈ Y , if:
(1) Y is a semilattice;
(2) S = ∪̇α∈Y Sα , where ∪̇ denotes the disjoint union of Sα ’s;
(3) Sα Sβ ⊆ Sαβ , where αβ is the product of α and β in Y.

An element c in a semigroup S is called central if cs = sc for every s in S. A Clifford
semigroup is defined as a completely regular semigroup S together with a unary
operation −1 ∶ S → S in which, for all x, y in S , we have (xx−1)(yy−1) = (yy−1)(xx−1).
It is a known fact that the following conditions are equivalent (see [9, Theorem 4.2.1]):
(i) S is a Clifford semigroup; (ii) S is a semilattice of groups; and (iii) S is regular,
and the idempotents of S are central. Based on this theorem, to prove our results for
Clifford semigroups, it is proved for a semilattice of groups. Furthermore, without
loss of generality, it is supposed that Y is the set of idempotents of S.

Let G be a group, let I, � be non-empty sets and let P = (Pγi) be a � × I
matrix with entries in G. Let S = (I ×G × �), and define a multiplication on S by
(i1 , a, γ1)(i2 , b, γ2) = (i1 , apγ1 i2 b, γ2). This semigroup is denoted by S =M[G; I, �; P]
and it is called a Rees matrix semigroup congruence over G (see [9]). A semigroup S
is completely simple if S is simple and if it contains a primitive idempotent (by which
we mean an idempotent which is minimal within the set of all idempotents of S). By
[9, Theorem 3.3.1] completely simple semigroups are exactly Rees matrix semigroups
over groups.

Recall that a semigroup S is a Clifford semigroup if and only if it is a semilattice of
groups (see [9, Theorem 4.2.1]). Also recall that a semigroup S is completely simple if
and only if it is isomorphic to a Rees matrix semigroup M[G; I, �; P] for some group
G (see [9, Theorem 3.3.1]). A semigroup S is called a rectangular band if aba = a for
all a, b ∈ S. By [9, Theorem 1.1.3], a semigroup S is a rectangular band if and only if S is
isomorphic to a semigroup of the form A× B, where A and B are non-empty sets, and
where multiplication is given by (a1 , b1)(a2 , b2) = (a1 , b2). A semigroup S is called a
rectangular group if it is isomorphic to the direct product of a group and a rectangular
band. By [14, Theorem 1.26], a semigroup is a rectangular group if and only if it is
a completely simple semigroup in which the idempotents form a subsemigroup. By
[9, Theorem 4.2.1], the family of rectangular groups and the family of Clifford
semigroups are contained in the family of orthogroups.

For two equivalence relations R1 and R2 on a set X, by R2 ○ R1 , we mean the relation

R2 ○ R1 = {(x1 , x2) ∈ X × X ∣ ∃z ∈ X such that (x1 , z) ∈ R1 and (z, x2) ∈ R2}.

The equivalence relations LS and RS on a semigroup S are defined by

(aLS b ⇔ Sa ∪ {a} = Sb ∪ {b}) and (aRS b ⇔ aS ∪ {a} = bS ∪ {b})

for every a, b ∈ S, respectively. Also recallHS = RS ∩LS andDS = RS ○LS . Note that
if there is no ambitious about S, these relations are simply denoted by L, R, H, and D.

For a regular semigroup S , recall that the relation RS on S can be defined by
(a, b) ∈ RS if and only if aS = bS. Similarly, the relation LS can be defined by (a, b) ∈
LS if and only if Sa = Sb (see [9, Section 2.4]). It is a known fact for an orthodox band
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of groups, every HS -class of S is a subgroup of S and so it has a unique idempotent
element (see [9, Theorem 2.2.5]) and every two HS -classes H and K in a DS -class are
isomorphic (see [9, Proposition 2.3.6]). The LS -class [RS -class, HS -class] containing
the element a ∈ S will be denoted by La [Ra , Ha]. Recall that the following partial
orders are defined on S/LS and S/RS :

La ≤ Lb if Sa ⊆ Sb; Ra ≤ Rb if aS ⊆ bS .

Let U be a subsemigroup of S. Then, the relation RU on U is defined as follows:
for every u, v ∈ U , let (u, v) ∈ RU if and only if uU 1 = vU 1, where U 1 denotes the
semigroup U with an adjoined identity 1. Also by RU

u , we mean the RU -class of which
contains u ∈ U . Note that by [9, Proposition 2.4.1], if U = S, then the above definitions
for RS and LS are equivalent.

A semigroup S is said to satisfy the Klawe condition if whenever s, x , and y in S
are such that sx = sy, there exists t ∈ S so that xt = yt (see [6, 11]). Finally, recall that
there are some combinatorial conditions related to the left amenability of semigroups,
which are used for presenting necessary or sufficient conditions for this property. In
the following, two main conditions are recalled, which are based on the sizes of subsets
of a semigroup. For more details about these conditions and their applications, see
[2, 6]. A semigroup S satisfies the Følner condition (FC) if for every finite subset K
of S and every ε > 0, there is a finite subset F of S with ∣sF/F∣ ≤ ε∣F∣ for all s ∈ K.
A semigroup S satisfies the strong FC (SFC) if for every finite subset K of S and every
ε > 0, there is a finite subset F of S with ∣F/sF∣ ≤ ε∣F∣ for all s ∈ K. Recall that SFC
implies left amenability, and amenability implies FC, but neither of these implications
is reversible.

2 Left amenability of regular semigroups and Green relations

Recall that every two group HS -classes of a regular semigroup in the same DS -class
are isomorphic and so they have the same cardinality (see [9, Proposition 2.3.6]). In
the next results, it is shown that there is a similar statement about HS -classes in the
same LS -class of a left amenable semigroup.

Lemma 2.1 Let S be a regular semigroup which is left amenable for some measure μ.
Then, for every pair of group HS -classes H1 and H2 contained in an LS -class L of S , we
have μ(H1) = μ(H2).

Proof To prove the assertion, it is shown that if f is the idempotent of H1 = H f , then
for every aLS f , which is in a group HS -class of S , we have μ(Ha) = μ(H1). If f is the
only idempotent of D f , then we have nothing to prove because H f is the only group
HS -class of D f . So suppose that e ∈ S is an idempotent such that e ∈ D f . Then, by
[8, Theorem 2.3.4] and [8, Lemmas 2.2.1 and 2.2.2], there exists an inverse a′ ∈ R f ∩ Le
of a for which aa′ = e and a′a = f such that λa′ ∶ Ra → R f and ρa ∶ Le = La′ → L f are
two bijections which preserve LS -classes and RS -classes, respectively.

Therefore, λa′(Ha) = H f and ρa(He) = Ha . Since Ha ⊆ a′−1(a′Ha) = a′−1H f , we
have

μ(Ha) ≤ μ(a′−1(a′Ha)) = μ(a′Ha) = μ(H f ).

https://doi.org/10.4153/S0008439525101203 Published online by Cambridge University Press

https://doi.org/10.4153/S0008439525101203


446 B. Khosravi

On the other hand, since every group HS -classes of S is regular, without loss of
generality, we suppose that a is an idempotent element of S. So by the symmetry, we
have μ(Ha) ≥ μ(H f ). Hence, for every pair of group HS -classes H1 and H2 in L, we
have μ(H1) = μ(H2). ∎

Now, we are in the position to prove our first main result, which shows the close
connection between Green’s relation LS and left amenability of regular semigroups.
Recall that by [9, Lemma 2.2.3], every two HS -classes in the same LS -class of a
semigroup S have the same cardinality.

Theorem 2.2 Let S be a regular semigroup which is left amenable for some measure
μ. Then, for every pair of HS -classes H1 and H2 contained in the same LS -class of S , we
have μ(H1) = μ(H2).

Proof To prove the assertion first, it is shown that for an LS -class L of S and an
HS -class H in L, there exists a group HS -class H f of L for some f ∈ E such that
μ(H) = μ(H f ). For h ∈ H, since S is regular, by [9, Proposition 2.3.2] L and Rh contain
idempotents f and e, respectively. Since h ∈ H = L ∩ Rh , by [9, Theorem 2.3.4] there
exists h∗ ∈ R f ∩ Le such that h∗h = f and hh∗ = e.

Since h∗h = f and h f = h, by [9, Lemma 2.2.2] λh∗ ∶ Rh → R f and λh ∶ R f → Rh
are bijections which preserve LS -classes. Hence,

h∗H = λh∗(Rh ∩ L) = H f and hH f = λh(H f ) = λh(L ∩ R f ) = H.

Since S is left amenable and H ⊆ (h∗)−1H f , we have μ(H) ≤ μ((h∗)−1H f ) =
μ(H f ). Similarly, since H f ⊆ h−1H, we have μ(H f ) ≤ μ(h−1H) = μ(H). Therefore,
μ(H) = μ(H f ) and since H is arbitrary, by Lemma 2.2, every two HS -classes in the
same LS -class have the same measure. ∎

Corollary 2.3 Let S be a regular semigroup which is left amenable for some measure
μ. Then, the following hold.
(1) If for every s ∈ S and X ⊆ S , we have μ(Xs−1) = μ(X) in which Xs−1 = {t ∈ S ∣

ts ∈ X}, then every pair of group HS -classes of S in the same DS -class have the
same measure.

(2) The LS -classes of S are partitioned into the following collections:

LS(0) = {L ∣ μ(H) = 0 for every HS -class H ⊆ L}
and

LS(1) = {L ∣ μ(H) ≠ 0 for every HS -class H ⊆ L}.

Proof (i) By Theorem 2.2, it is only needed to show that for every pair ofHS -classes
He and H f contained in the same RS -class of S , we have μ(He) = μ(H f ), where
e , f ∈ E. Since eR f , then e f = f and f e = e. Therefore, by [9, Lemma 2.2.1] the map
ρe ∶ H f → He and ρ f ∶ He → H f are two bijections. Now, by the assumption, since
μ(He) = μ(He e−1) ≥ μ(H f ) and μ(H f ) = μ(H f f −1) ≥ μ(He), the assertion holds.

(ii) It is clear by Theorem 2.2. ∎
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The above partitioning of LS -classes of a regular semigroup is a fundamental fact
which will be used in the rest of this note.

Remark 2.4 Suppose that {aγ ∣ γ ∈ �} is a set of nonnegative real numbers, where
� is a non-empty set. Recall that

∑
γ∈�

aγ = sup
�0∈S

∑
γ∈�0

aγ ,

where S = {�0 ∣ �0 is a finite subset of �}. Note that if � is uncountable, then the
series ∑γ∈� aγ converges only if there exists a countable subset B of � such that
for every γ ∈ �/B, we have aγ = 0 (note that if ∑γ∈� aγ converges and uncount-
ably number of aγ ’s are nonzero, then there exists a natural number N for which
IN = {γ ∈ � ∣ aγ ≥ 1

N } is uncountable. So for every k-element subset �0 ⊂ IN , we have
∑γ∈�0 aγ ≥ k

N , which is a contradiction).

Lemma 2.5 Let S be an orthodox band of groups which is a left amenable semigroup
with some measure μ such that the union of every collection of HS -classes of S with zero
measure has zero measure. Then, the following hold.
(1) E is a left amenable semigroup for the measure defined by η(∅) = 0 and

η(A) = ∑a∈A μ(Ha) for every non-empty subset A ⊆ E. Furthermore, there exists
a countable subset E′ of E such that η(E/E′) = 0.

(2) There exists e∗ ∈ E such that RE
e∗ is the minimum element of Σ = {RE

f ∣ f ∈ E
and η(RE

f ) ≠ 0}.
(3) For every HS -class He of S such that μ(He) ≠ 0, we have e ∈ RE

e∗ . Moreover,
if E is commutative, then e∗ is the zero element of E and N = {e ∈ E ∣
μ(He) ≠ 0} = {e∗}.

Proof (i) Recall that in an orthodox band of groups, there exists a one-to-one
correspondence between idempotents of S and HS -classes of S. First note that by
Remark 2.4, since the union of every collection of HS -classes of S with zero measure
has zero measure, the set E′ = {e ∈ E ∣ μ(He) ≠ 0} ⊆ E is non-empty and countable
because by the assumption, we have

1 = μ(S) = μ((∪e∈E′He) ∪ (∪e/∈E′He)) = μ(∪e∈E′He)

and so by Remark 2.4, E′ is countable.
Now, to prove the assertion and to show the connection between the left amenabil-

ity of S and left amenability of E (which clarifies the necessity part of Theorem 2.6), it is
shown that E is left amenable with the measure η ∶ 2E → [0, 1]. SinceHS is congruence
on S and because the set of idempotents e for which μ(He) ≠ 0 is countable, η(E) = 1
and η(∅) = 0. Let W ⊆ E and e ∈ E. I claim that

∪ f ∈e−1 W H f = e−1(∪ f ∈W H f ).

Again since HS is a congruence and S is orthodox, for every f ∈ e−1W , we have
eH f = He f . Conversely, if t ∈ e−1(∪ f ∈W H f ), then there exists an idempotent f1 ∈ E
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such that t ∈ e−1H f1 . Since et ∈ ∪ f ∈W H f , by the assumption e f1 = f ∈ W . Hence, the
assertion holds and especially

η(e−1W) = μ(∪ f ∈e−1 W H f ) = μ(e−1(∪ f ∈W H f )) = μ(∪ f ∈W H f ) = η(W).

Finally, since HS is an equivalence relation, for every disjoint subsets A and B of E ,
we have η(A∪ B) = η(A) + η(B) and therefore E is a left amenable semigroup with
measure η.

(ii) To the contrary, suppose that Σ has no minimum element. Note that by the
assumption and part (i), if η(RE

f ) ≠ 0, then there exists an idempotent e ∈ RE
f such

that μ(He) ≠ 0. So without loss of generality, it is supposed that f1 ∈ E such that
μ(H f1) ≠ 0. By the assumption, there exists f2 ∈ E such that RE

f2
< RE

f1
and μ(RE

f2
) ≠ 0.

Since f2E ⊊ f1E, we conclude that f1 /∈ f2E. On the other hand, note that

0 ≠ μ(H f1) = μ( f −1
2 H f1) = μ({t ∈ S ∣ ∃e ∈ f −1

2 { f1} such that t ∈ He}) = μ(∪e∈ f −1
2 { f1}He)

and so f −1
2 { f1} is non-empty. Therefore, there exists e ∈ E such that f1 = f2e ∈ f2E

which is a contradiction. Hence, there exists e∗ ∈ E , which is the minimum element
of Σ.

(iii) Let He be an HS -class of S with nonzero measure, where e ∈ E. Then,
0 ≠ μ(He) ≤ μ(Re) and so RE

e ∈ Σ. Hence, by the previous part, we have RE
e∗ ⊆ RE

e .
Now, if e /∈ RE

e∗ , then by the proof of the previous part for f1 = e and f2 = e∗, we have
a contradiction, and so the result holds.

Finally, when E is commutative, we show that N is an ideal of E; and then we
conclude that N = {e∗}. Note that E is commutative and so HE = LE = RE . Now, for
every f ∈ N and e ∈ E , since

η(RE
e f ) = η(HE

e f ) = η({e f }) = η(e{ f }) = η(e−1(e{ f })) ≥ η({ f }) > 0,

it is clear that e f belongs to N and so N is an ideal of E. Now, since for every f ∈ E ,
we have e∗ ≥ e∗ f ∈ N and because RE

e∗ = HE
e∗ = {e∗} is the minimum element of Σ,

we conclude that e∗ f = e∗ and especially e∗ is the zero element of E. Finally, note
that if f ∈ N = {e ∈ E ∣ μ(He) ≠ 0}, then by the above discussion, f ∈ RE

e∗ = {e∗} and
especially f = e∗. Therefore, N = {e∗} and the assertion holds. ∎

We have already established some connections between the left amenability of a
semigroup and its LS -relation and HS -relation. In Theorem 2.6, it is shown that there
is another connection between this property and RS -classes in an orthodox band of
groups.

Theorem 2.6 Let S be an orthodox band of groups. Then, S is a left amenable
semigroup with some measure μ for which
(1) the union of every collection ofHS -classes of S with zero measure has zero measure;
(2) for every e ∈ N and f ∈ E , we have f −1{e} ∩N ≠ ∅, where N = {e ∈ E ∣

μ(He) ≠ 0}
if and only if the following conditions hold.
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(1) E is a left amenable semigroup for some measure η such that the measure of every
subset of {e ∈ E ∣ η({e}) = 0} is zero;

(2) there exists e∗ ∈ E such that RE
e∗ is the minimum element of Σ = {RE

f ∣ f ∈ E
and η(RE

f ) ≠ 0};
(3) every HS -class of RS

e∗ is a left amenable group;
(4) RE

e∗ is countable.

Proof (⇒) First note that since μ(S) = 1, by Lemma 2.5, conditions (i) and (ii) in
the statement of the theorem hold. I claim that H = He∗ is a left amenable group. Note
that the map ν = μ∣2H /μ(H) is well-defined and ν(∅) = 0, ν(H) = 1. Also for every
A, B ⊆ H such that A∩ B = ∅, we have ν(A∪ B) = ν(A) + ν(B). Let h ∈ H and X ⊆ H.
First, we claim that μ((h−1 X) ∩ (∪ f ∈E/{e∗}H f )) = 0. Note that by Lemma 2.5(iii), we
have

μ(h−1 X ∩ (∪ f ∈E/ERe∗
H f )) ≤ μ(∪ f ∈E/ERe∗

H f ) = ∑
f ∈E/ERe∗

μ(H f ) = 0,

where ERe∗ = {e ∈ E ∣ Re∗ ∩ He ≠ ∅} is countable. Now, we claim that

μ(h−1 X ∩ (∪ f ∈ERe∗
/{e∗}H f )) = 0.

Let f ∈ ERe∗ /{e∗}. If there exists t ∈ H f ∩ h−1 X, then ht ∈ X ⊆ H and especially e∗ f =
e∗. Now, recall that by [9, Proposition 2.3.2] every idempotent e in a semigroup S is
a left identity for Re . Since f ∈ Re∗ and especially μ(H f ) ≠ 0, we have e∗ = e∗ f = f ,
which is a contradiction. Hence, h−1 X ∩ (∪ f ∈ERe∗

/{e∗}H f ) is the empty set and so
μ(X) = μ(h−1 X) = μ(H ∩ h−1 X). Therefore, it is clear that ν(X) = ν(h−1 X) and H
is left amenable. On the other hand, since RS

e∗ ⊆ DS
e∗ , by [9, Proposition 2.3.6] every

other HS -class in Re∗ is isomorphic to H and especially all HS -classes of Re∗ are left
amenable.
(⇐) For every idempotent element e ∈ RE

e∗ , let He be a left amenable group with
the measure μe . For every idempotent e /∈ RE

e∗ , let μe ∶ 2He → [0, 1] be the constant
zero function. Also, suppose that E is left amenable with measure η. We define
μ ∶ 2S → [0, 1] for every subset X of S as follows:

μ(X) = ∑
e∈RE

e∗

η({e})μe(X ∩ He).(2.1)

For RE
e∗ = {e1 , e2 , . . . } and every n ∈ N, since

an = η({e1}) +⋯ + η({en}) = η({e1 , . . . , en}) ≤ η(Re∗) ≤ 1,

and because the sequence {an}n∈N is strictly increasing, it is clear that {an}n∈N
converges to some limit 0 < � ≤ 1. Similarly, it can be shown that for every X ⊂ S , the
value μ(X) exists and μ is well-defined.

Let A and B be two disjoint subsets of S. Since for every e ∈ E ∩ RS
e∗ , we have

μe((A∪ B) ∩ He) = μe(A∩ He) + μe(B ∩ He), it is straightforward to see that
μ(A∪ B) = μ(A) + μ(B) because for every e ∈ E the numbers η({e})μe(B ∩ He)
and η({e})μe(A∩ He) are not negative and the series μ(A∪ B) converges absolutely.

https://doi.org/10.4153/S0008439525101203 Published online by Cambridge University Press

https://doi.org/10.4153/S0008439525101203


450 B. Khosravi

We claim that μ(s−1 X) = μ(X), where s ∈ S and X ⊆ S. First, for f ∈ E and e i ∈ RE
e∗ ,

it is shown that f −1{e i} ∩ RE
e∗ has just one element. Since RE

e∗ is the minimum element
of Σ, we have e i E = e∗E ⊆ f E. Therefore, there exists e′ ∈ E such that e i = f e′ and
especially f e i = e i . So the set f −1{e i} ∩ RE

e∗ is non-empty. Suppose that e j ∈ f −1{e i} ∩
RE

e∗ . Then, f e i = e j and there exist u1 , u2 ∈ E such that e j = e i u1 and e i = e ju2. Since
f e i = e i , we have e i = f e j = f e i u1 = e i u1 = e j and especially f −1{e i} ∩ RE

e∗ = {e i}.
Now, it is shown that for s ∈ H f ⊆ S and X ⊆ S , we have μ(s−1 X) = μ(X). Let e i ∈ Re∗

and t ∈ He j ∩ s−1 X for some e j ∈ RE
e∗ such that st ∈ X ∩ He i . Since by the assumption,

HS is a congruence and E is a subsemigroup of S, we have f e j = e i and especially
e j ∈ f −1{e i}. So by the above discussion, e j = e i and se i ∈ sHe i ⊆ He i . Since

t ∈ (s−1 X) ∩ He i ⇔ (t ∈ He i and st = s(e i t) = (se i)t) ⇔ t ∈ (se i)−1(X ∩ He i ),

it is clear that (s−1 X) ∩ He i = (se i)−1(X ∩ He i ). Now because f −1{e i} ∩ RE
e∗ = {e i}

and se i ∈ H f e i = He i we have

μe i ((s−1 X) ∩ He i )) = μe i ((se i)−1(X ∩ He i )) = μe i (X ∩ He i ).

Since in the above discussion, e i ∈ RE
e∗ is arbitrary, we have

μ(s−1 X) = ∑
e∈RE

e∗

η({e})μe((s−1 X) ∩ He) = ∑
e∈RE

e∗

η({e})μe(X ∩ He) = μ(X).

Therefore, it is clear that the semigroup S is left amenable with the measure μ∗ = μ/�,
because

μ∗(S) = 1
�
∑

e∈RE
e∗

η({e})μe(He) =
1
�
∑

e∈RE
e∗

η({e}) = limn→∞ an

�
= 1. ∎

3 Left amenable semigroup and injective right S-Boolean algebras

For a semigroup S recall that a (right) S-act is a set A together with functions
ν ∶ A× S → A, called actions, such that denoting ν(a, s) by as for each a ∈ A, s, t ∈ S ,
we have (at)s = a(ts). If S is a monoid, then we suppose that for every a ∈ A, we have
a1 = a. For every s ∈ S , let λs ∶ A → A be defined by λs(a) = sa for every a ∈ A. The
definition of a subact of an S-act is clear. For two S-acts A and B, a map ϕ ∶ A → B is
called an S-map (equivariant) if ϕ(as) = ϕ(a)s for every a ∈ A and s ∈ S.

Recall that Boo is the category whose objects are Boolean algebras and their
morphisms are functions which preserve binary joins and meets and 1 (the top
element) and 0 (the bottom element). For a semigroup S, by a (right) S-Boolean
algebra, we mean a Boolean algebra which is also a (right) S-act and such that for
every s ∈ S, the action λs ∶ B → B is a Boolean algebra homomorphism. The category
of (right) S-Boolean algebras with equivariant Boolean algebra homomorphisms
between them is denoted by Boo-S (for more details about this structure, see [3, 12]).
Similarly, left S-boolean algebras are defined.

Algebraic and categorical properties of Boolean algebras and S-Boolean algebras
(which are the category of Boolean algebras in the category of S-act) were studied by
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several authors and they are useful tools in Mathematics and Computer Science (see
[3, 4, 12]).

For a semigroup S and a non-empty set X, on X(S), we mean the S-act defined by
the set of all maps from S to X with the action defined by ( f s)(t) = f (st) for every
s, t ∈ S and f ∈ X(S).

Remark 3.1 (i) For a semigroup S , let ⋅ ∶ 2S × S → 2S be the action defined by
X ⋅ s = s−1 X = λ−1

s (X) = {t ∈ S ∣ st ∈ X} for every s ∈ S and X ⊆ S. It is a known fact
that when S is a monoid, 2S with this action (which is usually called the action by
division) is isomorphic to {0, 1}(S), the cofree S-act over {0, 1} (see [10, Proposition
II.4.8]). From now on, this S-act is denoted by (2S)S .

(ii) Let S be a left amenable semigroup with measure μ. Then, by considering 2S

with the action by division, it is easy to see that μ ∶ (2S)S → [0, 1]S is an S-map, where
[0, 1]S is the set [0, 1]with the identity action. Furthermore, it is straightforward to see
that μ is a Boolean algebra homomorphism. This is our main idea in using S-Boolean
algebras in the study of left amenable semigroups.

Recall that for every semigroup S, an S-Boolean algebra BS is injective in the
category Boo-S if and only if for any morphism h ∶ BS → AS , and any monomor-
phism g ∶ BS → CS , there exists a morphism f ∶ CS → AS such that f g = h. Note that
2 = {0, 1}with the order 0 < 1 and the trivial action defined by xs = x for every x ∈ 2 is
an S-Boolean algebra. From now on, this S-Boolean algebra is denoted by 2S . An ideal
in a Boolean algebra B is a subset M of B such that 0 ∈ M, if p, q ∈ M, then p ∨ q ∈ M,
if p ∈ M and q ∈ B, then p ∧ q ∈ M. An ideal is maximal if it is a proper ideal that is
not properly included in any other proper ideal. An ideal M is said to be prime if it is
proper and if the presence of p ∧ q in M always implies that at least one of p and q is in
M (for more details, see [3] or [12]). For ordinary Boolean algebra 2 being injective in
Boo is equivalent to the prime ideal theorem that every non-trivial Boolean algebra
has a prime ideal.

Recall that a collectionF of subsets of 2S is called a filter, if the following conditions
hold: (i) S ∈ F and∅ /∈ F; (ii) for every A, B ∈ F, we have A∩ B ∈ F; and (iii) for every
A, B ⊆ S such that A ⊆ B and A ∈ F, we have B ∈ F. A maximal proper filter is called
an ultrafilter. It is straightforward to see that for every prime ideal P of a Boolean
algebra B, the set F = B/P is an ultrafilter.

For a semigroup S, an S-ideal of an S-Boolean algebra B is an ideal of the Boolean
algebra B which is closed under the action. By a prime S-ideal of an S-Boolean algebra
BS , we mean an S-ideal of BS which is a prime ideal of B. Recall that by [5, Theorem
12, Chapter 20] every proper ideal in a Boolean algebra is included in a maximal ideal.
On the other hand, note that by [5, Corollary 1, Chapter 20] we know that a Boolean
ideal is maximal if and only if it is prime.

Mahmoudi in [12] remarked that this result has two versions in the category Boo-S,
and she studied these versions in some classes of monoids, including the class of
idempotent monoids. Recall that a semigroup S is said to satisfy the Klawe condition
if whenever s, x , and y in S are such that sx = sy, there exists t ∈ S so that xt = yt. On
the other hand, recall that a monoid S is good if for every t, t′ ∈ S, ts = t′s for some
s ∈ S implies ut = ut′ for some u ∈ S (see [12, Definition 3. 18]). For left S-Boolean
algebras, by Remark 3.15(b) (EPIT) is equivalent to 2 (as a left S-Boolean algebra)
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being injective in the category of left S-Boolean algebras. By the dual of this result
for right S-Boolean algebras, we see that the Klawe condition is equivalent to 2S
being injective in Boo-S, the category of right S-Boolean algebras. Especially, by
[12, Theorem 3.16(c)] and [12, Theorem 3.20] she proved the following result.

Lemma 3.2 [12] If S is an idempotent monoid, which satisfies the Klawe condition
(which is called good condition in [12]), then every non-trivial A ∈ Boo−S has a prime
S-ideal.

Recall that by [5, Corollary 3, Chapter 20], for every proper ideal J in a Boolean
algebra B, and for every element p in B that does not belong to J, there exists a maximal
ideal that includes J and does not contain p (for more details, see [5]). For every subset
A of a set X by χA ∶ X → {0, 1}, we mean the characteristic function of A. In the next
result, a connection between left amenable semigroups and the existence of a prime
S-ideal in (2S)S is established.

Lemma 3.3 For a semigroup S, the following conditions are equivalent.
(1) S is left amenable and there exists an S-ideal K of (2S)S such that S /∈ K and

X ∩ Y /∈ K for every X , Y ∈ 2S/K;
(2) there exists a prime S-ideal P of (2S)S .

Proof (i) ⇒ (ii) It is straightforward to see that P = {X ⊂ S ∣ μ(X) = 0} is a prime
S-ideal of (2S)S , which fulfills the condition in (i).

(ii) ⇒ (i) First, it is shown that 2S/P is a subact of (2S)S . Let X ∈ 2S/P and s ∈ S.
To the contrary, suppose that s−1 X /∈ 2S/P. Since by [5, Corollary 1, Chapter 20] every
prime ideal of a Boolean algebra is a maximal ideal, X c = S/X ∈ P. Since S = s−1S =
s−1(S/X) ∪ s−1 X and s−1(S/X) ∈ P, we have a contradiction, because S /∈ P. Therefore,
2S/P and P are subacts of 2S .

Let F = 2S/P and consider the characteristic function of F. Since P is a prime ideal
of 2S and because F and P are subacts of (2S)S , it is clear that χF(S) = 1, χF(∅) = 0
and χF(X) = χF(s−1 X) for every X ⊆ S and s ∈ S. Finally, note that for every pair of
disjoint subsets A and B of S, by the assumption either A and B belong toP, or without
loss of generality, A ∈ F and B ∈ P. Since F is an ultrafilter (equivalently, P is a prime
ideal), we have χF(A∪ B) = χF(A) + χF(B). Therefore, S is a left amenable semigroup
with measure χF. ∎

The next result presents a new necessary and sufficient condition for left amenabil-
ity of semigroups, which is based on injective S-Boolean algebras.

Theorem 3.4 For a monoid S, the following conditions are equivalent.
(1) 2S is a retract of (2S)S in the category of Boo-S;
(2) S is left amenable for some probability measure D ∶ 2S → {0, 1}.
Especially, if 2S is injective in the category of Boo-S for some monoid S, then S is left
amenable for a probability measure D ∶ 2S → {0, 1}.

Proof (i)⇒(ii) Let α ∶ 2S → (2S)S be defined by α(0) = ∅ and α(1) = S. Since α is
a Boolaen algebra homomorphism and an S-map, and because by the assumption,
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2S is a retract of (2S)S in Boo-S, there exists a Boolean algebra homomorphism
D ∶ (2S)S → 2S , which is an S-map and Dα = β. We only need to show that D is
finitely additive. Let A, B ⊆ S such that A∩ B = ∅. Since D is a Boolean algebra
homomorphism, we have D(A) ∧D(B) = D(A∩ B) = 0 and note that D(A∪ B) =
D(A) ∨D(B). Hence, either D(A) = D(B) = 0 or without loss of generality, D(A) = 1
and D(B) = 0. In the first case,

D(A∪ B) = D(A) ∨D(B) = 0 = D(A) +D(B)

and in the latter case,

D(A∪ B) = D(A) ∨D(B) = 1 = D(A) +D(B).

(ii) ⇒(i) Let α ∶ 2S → (2S)S be the morphism in the category Boo-S defined by
α(0) = ∅ and α(1) = S. It is straightforward to show that D is a map in Boo-S and
Dα = id2.

Finally, the proof of the special case is straightforward by the above
discussions. ∎

To apply Lemma 3.2 for amenable semigroups, recall that a semigroup S is left
amenable if and only if S1 is left amenable. Also note that if a band E satisfies the
Klawe condition, then E1 satisfies it, too. Now, as an immediate consequence of the
above theorem and Lemma 3.3, since every semigroup which satisfies (SFC) is left
amenable, by Lemma 3.2, [12, Remark 3.15(b)] and [6, Theorems 2.5 and 2.6] we have
the following result which shows the connection between injectivity of 2E and (SFC)
condition.

Corollary 3.5 For an idempotent semigroup E, which satisfies the Klawe condition,
the following conditions are equivalent.
(1) 2E is injective in Boo-E;
(2) every non-trivial A ∈ Boo−E has a prime E-ideal (EPIT in [12]);
(3) E is a left amenable semigroup with a measure D ∶ 2E → {0, 1};
(4) E satisfies SFC.

3.1 Left amenable regular semigroups for which E is commutative; or with a zero
element

Now, as an immediate consequence of the previous discussions, left amenable semi-
groups for which their idempotent sets form a finite commutative semigroup or a
countable semigroup with a zero are determined.

Theorem 3.6 Let S be an orthodox band of groups. Then, the following results hold.
(1) If E is a semigroup with zero z, then S is a left amenable semigroup with some

measure such that the union of every collection of HS -classes of S with zero
measure has zero measure (especially, when E is finite) if and only if Hz is a left
amenable group.

https://doi.org/10.4153/S0008439525101203 Published online by Cambridge University Press

https://doi.org/10.4153/S0008439525101203


454 B. Khosravi

(2) If E is a commutative semigroup and S is a left amenable semigroup with some
measure such that the union of every collection of HS -classes of S with zero
measure has zero measure (especially, when E is finite), then E is left amenable
with some measure η and it has a zero element z, which is also the minimum
element of { f ∈ E ∣ η({ f }) ≠ 0}.

Proof (i) If S is left amenable and μ is finitely additive, then similar to the proof of
Lemma 2.5, it can be shown that condition (a) in Theorem 2.6 holds. On the other
hand, for every e ∈ E , for which Le has nonzero measure by the assumption and
applying Theorem 2.2, every HS -class of Le and especially He has nonzero measure.
I claim that e = z. To the contrary, suppose that e ≠ z. Since S is left amenable and HS

is a congruence on S, we have μ(He) = μ(z−1He) and

z−1He = {t ∈ S ∣ t ∈ H f and f ∈ z−1{e}}.

Since μ(z−1He) ≠ 0, there exists f ∈ E such that z f = e ≠ z and z is the zero element of
E. This contradiction shows that L(1) = {Lz} and Lz = Hz . Therefore, condition (b)
in Theorem 2.6 holds, and so Hz is a left amenable group. Conversely, since E has a
zero element z, and because the group Hz is left amenable and RE

z = {z}, by Theorem
2.6, the semigroup S is left amenable.

(ii) Since E is commutative, by [1, Theorem 4] it is left amenable. On the other hand,
since E is commutative, HE = RE = LE and so by Lemma 2.5, E has a zero element
z and HE

z = {z} is the minimum element of Σ. Therefore, the assertion holds by
part (i). ∎

Finally, in this note, by proving Theorem 3.7, left amenable Clifford semigroups
and rectangular groups under our assumptions are determined.

Theorem 3.7 (i) Let S = ∪α∈Y Gα be a Clifford semigroup, and Gα be a group for
every α ∈ Y. Then, S is left amenable with some measure μ such that the union of
every collection of HS -classes of S with zero measure has zero measure if and only if
the semilattice Y has a zero element z and Gz is a left amenable group.

(ii) Let S = I ×G × � be a rectangular group. Then, S is a left amenable semigroup
with some measure such that the union of every collection of HS -classes of S with zero
measure has zero measure if and only if ∣I∣ = 1 and G is a left amenable group.

Proof (i) It is clear by Theorem 3.6(ii).
(ii) Note that if S is left amenable rectangular group, then E is a left amenable

rectangular band. On the other hand, if E is a left amenable rectangular band with
measure η, then we claim that it has only one right ideal. Since for every (a, b) with
nonzero measure and every (i , γ), we have η((i , γ)−1{(a, b)}) = η({(a, b)}) ≠ 0,
there exists (i′ , γ′) such that (i , γ′) = (i , γ)(i′ , γ′) = (a, b). Hence, a = i and because
i is arbitrary, ∣I∣ = 1. Therefore, every left amenable rectangular band is a right zero
semigroup and for every r ∈ E, the set J = {Y ⊆ E ∣ r /∈ Y} is a prime E-ideal of (2E)E
(J is closed under the action because E is right zero and for every e , f ∈ E , we have
f −1{e} = {e}). Therefore, by Lemma 3.3, E is left amenable if and only if E is a
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right zero semigroup (equivalently, ∣I∣ = 1). Now, the rest of the proof is clear by the
assumption and applying Theorem 2.6 because Σ = {E}. ∎

Based on the results in this note, raising the following question is natural.

Question 3.8 For a regular semigroup S, when we are able to determine the left
amenability of S based on its HS -classes and the properties of E?
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