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Green’s relations and left amenable
semigroups

Behnam Khosravi

Abstract. In this note, some conditions are investigated under which the left amenability of a
semigroup S is a consequence of the left amenability of its subsemigroups. It is known that for the
Green’s relation 5 on S, an S -class of S is a semigroup if and only if it is a subgroup of S, and hence
it contains a unique identity. Let S be a semigroup such that every }5-class of S is a group and E, the
set of idempotents of S, is a subsemigroup of S. As the main result of this note, applying the above fact,
a connection between left amenability of S, left amenability of E, and left amenability of its J{5-classes
is established.

As an application, I completely determine left amenable Clifford semigroups and left amenable
rectangular groups, when they are left amenable with some measure such that the union of every
collection of 35 -classes of S with zero measure has zero measure (especially, when E is finite or when
E is countable and it is left amenable with a measure which is countably additive). Indeed, I show that
under this assumption, (i) a Clifford semigroup S is left amenable if and only if E has a zero element z
and H, the 35-class of S which contains z, is a left amenable group and (ii) a rectangular group $ is
left amenable if and only if it is a right group and its 3{5-classes are left amenable groups.

1 Introduction and preliminary results

Throughout this note, for a semigroup S, the set of idempotents of S is denoted by E.
A semigroup Sis called completely regular if and only if it is a disjoint union of groups.
A semigroup S is called orthodox if E is a subsemigroup of S. A semigroup S is an
orthodox union of groups (or an orthogroup) if it is completely regular and orthodox
(see [16]). A semigroup S is called a band of groups if there exists a congruence 3
such that §/f3 is a band and each S-class is a group. A semigroup is an orthodox band
of groups if S is an orthodox semigroup which is a band of groups. Recall that by
[14, Theorem 1.29] an orthogroup S is an orthodox band of groups if and only if the
Green’s equivalence relation {5 is a congruence on S. The family of orthodox bands
of groups contains the families of Clifford semigroups and rectangular groups (for
more details, see [14]).

Recall that a semigroup S is called left amenable if there is a mean on ., (S), which
is invariant under the natural left action of S on the dual space ¢, (S)’. Equivalently
[15, Problem 0.32], S is left amenable if it admits a finitely additive probability
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measure 4, defined on all the subsets of S, which is left invariant, in the sense that
p(t7'X) =u(X) forall X c Sand t € S, where t ' X = {s € S | ts € X}. Recall that all
commutative semigroups and all semigroups with zero are left amenable (see [6]).
These semigroups are studied extensively and several authors presented necessary or
sufficient conditions for a semigroup to be left amenable (for more details and a list
of related works, see [6, 7]).

As the main part of this study, conditions are investigated under which the left
amenability of a semigroup S can be determined by the properties of E and its
equivalent classes with respect to Green’s relation (5. For this purpose, the case “all
HS-classes of a semigroup are its subsemigroups” is considered. Since by [9, Theorem
2.2.5], an H5-class of S is a semigroup if and only if it is a subgroup of S, I consider
the family of semigroups S for which all H5-classes of S are groups. Note that for
these semigroups, there exists a natural measure on E induced by the quotient S/J.
On the other hand, note that for a left amenable semigroup S, the measure of an H*-
class may be zero. Hence, to be able to determine a left amenable semigroup by the
properties of its H5-classes and E, also it is supposed that E is a subsemigroup of S.
So from now on, the family of orthodox bands of groups is mainly considered and
studied.

In this note, I focus on the study of left amenable orthodox bands of groups using
Green’s relations. First, by proving Theorem 2.2, it is shown that in a left amenable
regular semigroup, the measures of every pair of HS-classes in the same £%-class
are equal. Then, in Theorem 2.6, for an orthodox band of groups S, using this fact
we show that under some assumptions, the left amenablity of S can be determined
by the left amenability of E and the left amenability of its J{5-classes. As we will
see, the proof of the sufficiency part of the this theorem provides us an explicit
method for constructing left amenable semigroups using semilattice of groups, Rees
matrix semigroups, or extensions of a left amenable group by a semilattice (see [13],
Equation 2.1, and Theorem 3.7).

In Section 3, for an arbitrary monoid S, a connection between left amenability of
S and injectivity of two-element right S-Boolean algebra in the category of S-Boolean
algebras is established (see Remark 3.1 and Theorem 3.4). Then, in Theorem 3.6, for
an orthodox band of groups S under some assumptions, it is proved that when E has a
zero element z, then the left amenability of S can be determined by the left amenability
of the subgroup of S which contains z. Also, when E is commutative, this relation is
studied and especially it is proved that if E is finite and commutative, then it has a
zero element. Finally, in this note, in Theorem 3.7, as a consequence of Theorems 3.4
and 3.6, left amenable Clifford semigroups and left amenable rectangular groups are
explicitly determined when E is finite, or E is countable and it is left amenable with a
measure which is countably additive.

Now, some notions and facts are recalled which are needed in the sequel. For every
set X by 2%, we mean the power set of X. For a semigroup Sand ¢ € S,let 1, : S — Sand
p:: S — S be defined by A(s) = ts and p;(s) = st for every s € S, respectively. Recall
that an element ¢ of a semigroup S is called regular if there exists x in S such that
txt = t. The semigroup S is called regular if all its elements are regular. A semigroup
S is called completely regular if there exists a unary operation t — ¢t on S with the
properties (t 1) ' =t, tt7't = t,and tt7 = t7't.

https://doi.org/10.4153/50008439525101203 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439525101203

444 B. Khosravi

An idempotent semigroup is called a band and a commutative band is called
a semilattice. Recall that a semigroup S is called a semilattice of semigroups, Sg,
acY,if:

(1) Y is a semilattice;
(2) S = UgeySa, where U denotes the disjoint union of S,’s;
(3)  SaSp € Sap, where aff is the product of « and B in Y.

An element ¢ in a semigroup S is called central if ¢s = sc for every sin S. A Clifford
semigroup is defined as a completely regular semigroup S together with a unary
operation ! : § — S in which, forall x, yin S, we have (xx™) (yy™') = (yy ™) (xx71).
It is a known fact that the following conditions are equivalent (see [9, Theorem 4.2.1]):
(i) S is a Clifford semigroup; (ii) S is a semilattice of groups; and (iii) S is regular,
and the idempotents of S are central. Based on this theorem, to prove our results for
Clifford semigroups, it is proved for a semilattice of groups. Furthermore, without
loss of generality, it is supposed that Y is the set of idempotents of S.

Let G be a group, let I, I' be non-empty sets and let P=(P),;) be a I'xI
matrix with entries in G. Let S = (I x G x I'), and define a multiplication on S by
(i1, @, y1) (i2, b, y2) = (i1, apy,i, b, y2). This semigroup is denoted by S = M[G; I, T'; P]
and it is called a Rees matrix semigroup congruence over G (see [9]). A semigroup S
is completely simple if S is simple and if it contains a primitive idempotent (by which
we mean an idempotent which is minimal within the set of all idempotents of S). By
[9, Theorem 3.3.1] completely simple semigroups are exactly Rees matrix semigroups
over groups.

Recall that a semigroup S is a Clifford semigroup if and only if it is a semilattice of
groups (see [9, Theorem 4.2.1]). Also recall that a semigroup S is completely simple if
and only if it is isomorphic to a Rees matrix semigroup M[G; I, T'; P] for some group
G (see [9, Theorem 3.3.1]). A semigroup S is called a rectangular band if aba = a for
all a, b € S. By [9, Theorem 1.1.3], a semigroup S is a rectangular band if and only if S is
isomorphic to a semigroup of the form A x B, where A and B are non-empty sets, and
where multiplication is given by (ay, by) (a2, b2) = (a1, b2). A semigroup S is called a
rectangular group if it is isomorphic to the direct product of a group and a rectangular
band. By [14, Theorem 1.26], a semigroup is a rectangular group if and only if it is
a completely simple semigroup in which the idempotents form a subsemigroup. By
[9, Theorem 4.2.1], the family of rectangular groups and the family of Clifford
semigroups are contained in the family of orthogroups.

For two equivalence relations R; and R, on a set X, by R, o R;, we mean the relation

Ryo Ry ={(x1,x2) € X x X | 3z € X such that (x1,2) € Ry and (z,x,) € R, }.
The equivalence relations £° and RS on a semigroup S are defined by
(alsb < Sau{a} =Sbu{b})and (aR%b < aSu {a} =bSu{b})

for every a, b € S, respectively. Also recall 35 = RS n £S5 and D® = RS o £5. Note that
if there is no ambitious about S, these relations are simply denoted by £, R, 3, and D.

For a regular semigroup S, recall that the relation R® on S can be defined by
(a,b) € RS ifand only if aS = bS. Similarly, the relation £ can be defined by (a, b) €
L3 ifand only if Sa = Sb (see [9, Section 2.4]). It is a known fact for an orthodox band
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of groups, every H5-class of S is a subgroup of S and so it has a unique idempotent
element (see [9, Theorem 2.2.5]) and every two H5-classes H and K in a D5-class are
isomorphic (see [9, Proposition 2.3.6]). The £5-class [RS-class, 5-class] containing
the element a € S will be denoted by L, [R,, H,]. Recall that the following partial
orders are defined on §/£5 and S/RS:

Lo<L,ifSacSb; R,<R,ifaScbS.

Let U be a subsemigroup of S. Then, the relation RV on U is defined as follows:
for every u,v € U, let (u,v) € RY if and only if uU" = vU', where U denotes the
semigroup U with an adjoined identity 1. Also by RU, we mean the RV -class of which
contains u € U. Note that by [9, Proposition 2.4.1],if U = S, then the above definitions
for RS and £ are equivalent.

A semigroup S is said to satisfy the Klawe condition if whenever s, x, and y in S
are such that sx = sy, there exists € § so that xt = yt (see [6, 11]). Finally, recall that
there are some combinatorial conditions related to the left amenability of semigroups,
which are used for presenting necessary or sufficient conditions for this property. In
the following, two main conditions are recalled, which are based on the sizes of subsets
of a semigroup. For more details about these conditions and their applications, see
[2, 6]. A semigroup S satisfies the Folner condition (FC) if for every finite subset K
of S and every ¢ > 0, there is a finite subset F of S with |sF\F| < ¢|F| for all s € K.
A semigroup S satisfies the strong FC (SFC) if for every finite subset K of S and every
€> 0, there is a finite subset F of S with |F\sF| < ¢|F| for all s € K. Recall that SFC
implies left amenability, and amenability implies FC, but neither of these implications
is reversible.

2 Left amenability of regular semigroups and Green relations

Recall that every two group H5-classes of a regular semigroup in the same D5-class
are isomorphic and so they have the same cardinality (see [9, Proposition 2.3.6]). In
the next results, it is shown that there is a similar statement about }5-classes in the
same £5-class of a left amenable semigroup.

Lemma 2.1 Let S be a regular semigroup which is left amenable for some measure y.
Then, for every pair of group H5-classes Hy and H, contained in an L5 -class L of S, we

have u(Hy) = u(Ha).

Proof  To prove the assertion, it is shown thatiff is the idempotent of H; = H, then
for every aL’ f, which is in a group 35-class of S, we have u(H,) = u(H,). If f is the
only idempotent of D, then we have nothing to prove because H is the only group
HS-class of D . So suppose that e € S is an idempotent such that e € D¢. Then, by
[8, Theorem 2.3.4] and [8, Lemmas 2.2.1 and 2.2.2], there exists an inverse a’ € RenL,
of a for which aa’ = eand a’a = f suchthatA, : R, > Rpandp, : L, = L,s — Ly are
two bijections which preserve £5-classes and RS -classes, respectively.

Therefore, Ao (H,) = Hy and p,(H. ) = H,. Since H, € a’"'(a’H,) = a''Hy, we
have

u(H,) <u(a"'(a'H,)) = u(a'H,) = u(Hy).
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On the other hand, since every group H5-classes of S is regular, without loss of
generality, we suppose that a is an idempotent element of S. So by the symmetry, we
have y(H,) > u(Hy). Hence, for every pair of group H*-classes H; and H, in L, we
have u(H;) = u(Hy). ]

Now, we are in the position to prove our first main result, which shows the close
connection between Green’s relation £5 and left amenability of regular semigroups.
Recall that by [9, Lemma 2.2.3], every two H%-classes in the same £%-class of a
semigroup S have the same cardinality.

Theorem 2.2 Let S be a regular semigroup which is left amenable for some measure
u. Then, for every pair of 13 -classes H, and H, contained in the same £5-class of S, we
have u(Hy) = u(Ha).

Proof To prove the assertion first, it is shown that for an £5-class L of S and an
HS-class H in L, there exists a group H5-class Hy of L for some f € E such that
u(H) = u(Hy).For h € H, since Sis regular, by [9, Proposition 2.3.2] L and R, contain
idempotents f and e, respectively. Since h € H = L N Ry, by [9, Theorem 2.3.4] there
exists h* € Ry N L, such that h*h = f and hh* = e.

Since h*h = f and hf = h, by [9, Lemma 2.2.2] Aj+ : R, - Ry and A, : Ry - Ry,
are bijections which preserve £5-classes. Hence,

h*H=Ap+(RynL) =Hy anthf :Ah(Hf) :Ah(LﬂRf) =H.
Since S is left amenable and Hc (h*)™'H;, we have u(H) <u((h*)™'Hy) =
u(Hy). Similarly, since Hy ¢ h™' H, we have u(Hy) < u(h™'H) = u(H). Therefore,

u(H) = u(Hy) and since H is arbitrary, by Lemma 2.2, every two H*-classes in the
same L5 -class have the same measure. [ ]

Corollary 2.3  Let S be a regular semigroup which is left amenable for some measure

y. Then, the following hold.

(1) IfforeveryseSand X €S, we have u(Xs™') = u(X) in which Xs™' = {te§|
ts € X}, then every pair of group H3-classes of S in the same D®-class have the
same measure.

(2) The L8-classes of S are partitioned into the following collections:

£5(0) = {L | u(H) = 0 for every H5-class Hc L}
and

L£5(1) = {L | u(H) # 0 for every H5-class H € L}.

Proof (i) By Theorem 2.2, it is only needed to show that for every pair of }{*-classes
H, and Hy contained in the same R-class of S, we have yu(H,) = u(Hy), where
e, f € E. Since eRf, then ef = f and fe = e. Therefore, by [9, Lemma 2.2.1] the map
pe:Hy— H, and ps: H, > Hy are two bijections. Now, by the assumption, since
u(He) = u(Hee™) > u(Hy) and u(Hy) = u(Hsf™") > u(H. ), the assertion holds.
(ii) It is clear by Theorem 2.2. [}
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The above partitioning of £5-classes of a regular semigroup is a fundamental fact
which will be used in the rest of this note.

Remark 2.4  Suppose that {a, | y € '} is a set of nonnegative real numbers, where
I" is a non-empty set. Recall that

D, dy=sup ), ay,

yel’ [o€8 yely
where 8 = {T'g | [’ is a finite subset of I'}. Note that if " is uncountable, then the
series 3, a, converges only if there exists a countable subset B of I' such that
for every y € T\B, we have a, = 0 (note that if .- a, converges and uncount-
ably number of a,’s are nonzero, then there exists a natural number N for which
Iy={yel|a,> %} is uncountable. So for every k-element subset I'g c Iy, we have

Y yer, Ay 2 %, which is a contradiction).

Lemma 2.5 Let S be an orthodox band of groups which is a left amenable semigroup
with some measure y such that the union of every collection of H5-classes of S with zero
measure has zero measure. Then, the following hold.

(1) E is a left amenable semigroup for the measure defined by n(@) =0 and
H(A) = Y ea u(H,) for every non-empty subset A C E. Furthermore, there exists
a countable subset E' of E such that §(E\E') = 0.

(2) There exists e* € E such that RE, is the minimum element of % = {R]If | feE

and ﬂ(Rf) #0}.
(3) For every HS-class H, of S such that y(H,.) + 0, we have e € Rf*. Moreover,

if E is commutative, then e* is the zero element of E and N={ecE|
u(H,) # 0} = {e"}.

Proof (i) Recall that in an orthodox band of groups, there exists a one-to-one
correspondence between idempotents of S and F%-classes of S. First note that by
Remark 2.4, since the union of every collection of H3-classes of S with zero measure
has zero measure, the set E' = {e € E | u(H,) # 0} € E is non-empty and countable
because by the assumption, we have

1= ‘l/l(S) = /"((UeEE’He) u (Ue¢E’He)) = ,U(UeeE’He)

and so by Remark 2.4, E’ is countable.

Now, to prove the assertion and to show the connection between the left amenabil-
ity of S and left amenability of E (which clarifies the necessity part of Theorem 2.6), it is
shown that E is left amenable with the measure 77 : 2F — [0, 1]. Since HS is congruence
on S and because the set of idempotents e for which y(H,) # 0 is countable, n(E) =1
and 77(@) = 0. Let W € E and e € E. I claim that

UseerwHy = e (UgewHy).

Again since ® is a congruence and S is orthodox, for every f € e'W, we have
eHy = H,y. Conversely, if t € e™'(UsewHy), then there exists an idempotent f; € E
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such that t € e”'Hy,. Since et € Uy Hy, by the assumption ef; = f € W. Hence, the
assertion holds and especially

n(e”'W) = u(UgeerwHy) = p(e™ (UsewHy)) = u(UsewHy) = n(W).

Finally, since H® is an equivalence relation, for every disjoint subsets A and B of E,
we have (A U B) = (A) + n(B) and therefore E is a left amenable semigroup with
measure 7.

(ii) To the contrary, suppose that £ has no minimum element. Note that by the
assumption and part (i), if r](Rf) # 0, then there exists an idempotent e ¢ RJ’}: such
that u(H,) # 0. So without loss of generality, it is supposed that f; € E such that
u(Hjy,) # 0. By the assumption, there exists f, € E such that Ri < R}sl and /,t(sz) £0.
Since fLE ¢ fiE, we conclude that f; ¢ f,E. On the other hand, note that

0+ u(Hy) = (i Hy) = u({t € S| Fe e 7' {fi} suchthat t € He}) = p(Upep () He)

and so f;'{fi} is non-empty. Therefore, there exists e € E such that f; = f,e € LE
which is a contradiction. Hence, there exists e* € E, which is the minimum element
of Z.

(iii) Let H, be an HS-class of S with nonzero measure, where e € E. Then,
0+ u(H,) < u(R,) and so RE € =. Hence, by the previous part, we have RE, ¢ RE.
Now, if e ¢ RE., then by the proof of the previous part for f; = e and f, = e*, we have
a contradiction, and so the result holds.

Finally, when E is commutative, we show that N is an ideal of E; and then we
conclude that N = {e*}. Note that E is commutative and so HE = LE = RE, Now, for

every f e N and e € E, since

n(Rep) = n(Hep) = n({ef}) = n(e{f}) = n(e”'(e{f})) = n({f}) >0,

it is clear that e f belongs to N and so N is an ideal of E. Now, since for every f € E,
we have e* > e* f € N and because RE, = HE, = {e*} is the minimum element of %,
we conclude that e* f = e* and especially e is the zero element of E. Finally, note
thatif f e N'= {e € E | u(H,) # 0}, then by the above discussion, f € RE, = {¢*} and

especially f = e*. Therefore, N = {e*} and the assertion holds. [ ]

We have already established some connections between the left amenability of a
semigroup and its £5-relation and H’-relation. In Theorem 2.6, it is shown that there
is another connection between this property and R5-classes in an orthodox band of
groups.

Theorem 2.6 Let S be an orthodox band of groups. Then, S is a left amenable
semigroup with some measure y for which

(1)  the union of every collection of 5 -classes of S with zero measure has zero measure;
(2) for every eeN and feE, we have f'{e}nN=#+@, where N={ecE

u(He) # 0}
if and only if the following conditions hold.
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(1) Eis aleft amenable semigroup for some measure 1 such that the measure of every
subset of {e € E | n({e}) = 0} is zero;
(2) there exists e* € E such that RE, is the minimum element of X = {Rf | feE

and n(R7) # 0};
(3) every H5-class of RS, is a left amenable group;
(4) Rf* is countable.

Proof (=) First note that since y(S) = 1, by Lemma 2.5, conditions (i) and (ii) in
the statement of the theorem hold. I claim that H = H,~ is a left amenable group. Note
that the map v = p|,n/u(H) is well-defined and v(@) = 0, v(H) = 1. Also for every
A,B ¢ Hsuchthat An B = @&, wehavev(AUB) = v(A) + v(B).Leth e Hand X ¢ H.
First, we claim that u((h™'X) N (Ugep\ (e} Hy)) = 0. Note that by Lemma 2.5(iii), we
have

u(h'Xn (UfeE\ERe* Hy)) < .“(UfeE\ERe* Hy) = ; \Z u(Hy) =0,
€E\Eg ,

where Eg_, = {e € E | R« N H, # @} is countable. Now, we claim that
u(h™Xn (Ugete  \(ery Hy)) = 0.

Let f € Eg . \{e*}.Ifthereexists t € Hy n h™'X, then ht € X ¢ H and especially e* f =
e*. Now, recall that by [9, Proposition 2.3.2] every idempotent e in a semigroup S is
a left identity for R,. Since f € R, and especially u(Hy) # 0, we have e* = e* f = f,
which is a contradiction. Hence, h™'X n (Uye Er, \{e} H ¢) is the empty set and so
p(X) = u(h™'X) = u(Hn h7'X). Therefore, it is clear that v(X) = v(h™'X) and H
is left amenable. On the other hand, since RS, < D3, by [9, Proposition 2.3.6] every
other H5-class in R,+ is isomorphic to H and especially all }{5-classes of R, are left
amenable.

(<) For every idempotent element e € RE,, let H, be a left amenable group with
the measure y,. For every idempotent e ¢ RE,, let u, : 2%« — [0,1] be the constant
zero function. Also, suppose that E is left amenable with measure . We define
p : 25 — [0,1] for every subset X of S as follows:

(21) .“(X): Z n({e})MB(XOHe)'

eeRE,
For RE, = {ej, e5,... } and every n € N, since

an=n({e}) +--+n{en}) =n({er .., en}) <n(Rer) <1,

and because the sequence {a,}ney is strictly increasing, it is clear that {a, }sen
converges to some limit 0 < ¢ < 1. Similarly, it can be shown that for every X c S, the
value u(X) exists and y is well-defined.

Let A and B be two disjoint subsets of S. Since for every e € E n RS,, we have
pe((AUB)NH,)=u.(AnH,)+pu.(BnH,), it is straightforward to see that
u(AuUB) = u(A) + u(B) because for every e € E the numbers #({e})u.(Bn H,)
and n({e})p.(A N H,) are not negative and the series y( A U B) converges absolutely.
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We claim that (s ™' X) = u(X), wheres € Sand X ¢ S. First, for f € Eande; € RE,,
itis shown that f~'{e;} n RE, hasjust one element. Since RE, is the minimum element
of 2, we have ¢;E = ¢*E C fE. Therefore, there exists ¢’ € E such that e; = fe’ and
especially fe; = e;.So theset f'{e;} n R%, isnon-empty. Suppose thate; € f~'{e;} N
Rf*. Then, fe; = e; and there exist u;, u, € E such that e; = e;u; and e; = eju,. Since
fei =ei, we have e; = fe; = fe;ur = e;u; = ¢; and especially f'{e;} NRE. = {e;}.
Now, it is shown that for s € H; ¢ Sand X € S, we have p(s™'X) = u(X). Lete; € R
and t € H,, ns™'X for some e; € R, such that st € X n H,,. Since by the assumption,
3 is a congruence and E is a subsemigroup of S, we have fe; = ¢; and especially
ej € f'{e;}. So by the above discussion, e; = e; and se; € sH,, C H,,. Since

te(s'X)nH, < (t € H,, and st = s(e;t) = (sei)t) <= te(se;) (XnH,,),

it is clear that (s7'X) n H,, = (se;) ™" (X n H,,). Now because f~'{e;} n RE, = {e;}
and se; € Hy,, = H,, we have

Auei((S_IX) n Hei)) = [’lei((sei)_l(X n Hei)) = ‘uei (X n Hei)'
Since in the above discussion, e; € Rf* is arbitrary, we have

u(s"X)= 3 n({eNuc((s"X)nHe) = 3 n({e})pe(XnHe) = u(X).

E E
€ €
eeR’, e Reyc

Therefore, it is clear that the semigroup S is left amenable with the measure p* = p/¢,
because

=1 Y alteDu(H) =1 X n(fen) = =ty

eERE* EGRE*
3 Left amenable semigroup and injective right S-Boolean algebras

For a semigroup S recall that a (right) S-act is a set A together with functions
v:Ax S — A, called actions, such that denoting v(a,s) by as foreacha € A,s,t € S,
we have (at)s = a(ts). If S is a monoid, then we suppose that for every a € A, we have
al =a. Foreverys€ S, let A, : A — A be defined by A;(a) = sa for every a € A. The
definition of a subact of an S-act is clear. For two S-acts A and B,amap ¢ : A — B is
called an S-map (equivariant) if ¢(as) = ¢(a)s foreverya e Aands € S.

Recall that Boo is the category whose objects are Boolean algebras and their
morphisms are functions which preserve binary joins and meets and 1 (the top
element) and 0 (the bottom element). For a semigroup S, by a (right) S-Boolean
algebra, we mean a Boolean algebra which is also a (right) S-act and such that for
every s € S, the action A, : B — B is a Boolean algebra homomorphism. The category
of (right) S-Boolean algebras with equivariant Boolean algebra homomorphisms
between them is denoted by Boo-S (for more details about this structure, see [3, 12]).
Similarly, left S-boolean algebras are defined.

Algebraic and categorical properties of Boolean algebras and S-Boolean algebras
(which are the category of Boolean algebras in the category of S-act) were studied by
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several authors and they are useful tools in Mathematics and Computer Science (see
3, 4,12]).

For a semigroup S and a non-empty set X, on X(%), we mean the S-act defined by
the set of all maps from S to X with the action defined by (fs)(¢) = f(st) for every
s,teSand fe XS,

Remark 3.1 (i) For a semigroup S, let -: 25 x § — 25 be the action defined by
X-s=s5"'X=A(X)={teS|ste X} foreveryseSand X c S. It is a known fact
that when S is a monoid, 25 with this action (which is usually called the action by
division) is isomorphic to {0,1}(%), the cofree S-act over {0,1} (see [10, Proposition
11.4.8]). From now on, this S-act is denoted by (25)s.

(ii) Let S be a left amenable semigroup with measure . Then, by considering 25
with the action by division, it is easy to see that y : (25)5 — [0,1]s is an S-map, where
[0,1]s is the set [0, 1] with the identity action. Furthermore, it is straightforward to see
that y is a Boolean algebra homomorphism. This is our main idea in using S-Boolean
algebras in the study of left amenable semigroups.

Recall that for every semigroup S, an S-Boolean algebra Bg is injective in the
category Boo-S§ if and only if for any morphism 4 : B - A, and any monomor-
phism g : Bs - Cs, there exists a morphism f : Cg - Ag such that fg = h. Note that
2 = {0,1} with the order 0 < 1and the trivial action defined by xs = x for every x € 2 is
an S-Boolean algebra. From now on, this S-Boolean algebra is denoted by 25. An ideal
in a Boolean algebra B is a subset M of B such that 0 € M, if p,q € M, then pv g € M,
if pe M and q € B, then p A g € M. An ideal is maximal if it is a proper ideal that is
not properly included in any other proper ideal. An ideal M is said to be prime if it is
proper and if the presence of p A q in M always implies that at least one of p and g is in
M (for more details, see [3] or [12]). For ordinary Boolean algebra 2 being injective in
Boo is equivalent to the prime ideal theorem that every non-trivial Boolean algebra
has a prime ideal.

Recall that a collection J of subsets of 2° is called a filter, if the following conditions
hold: (i) S € F and @ ¢ F; (ii) for every A, B € F, we have A n B € F; and (iii) for every
A, B c Ssuchthat Ac Band A € J, we have B € F. A maximal proper filter is called
an ultrafilter. It is straightforward to see that for every prime ideal P of a Boolean
algebra B, the set F = B\P is an ultrafilter.

For a semigroup S, an S-ideal of an S-Boolean algebra B is an ideal of the Boolean
algebra B which is closed under the action. By a prime S-ideal of an S-Boolean algebra
Bg, we mean an S-ideal of Bg which is a prime ideal of B. Recall that by [5, Theorem
12, Chapter 20] every proper ideal in a Boolean algebra is included in a maximal ideal.
On the other hand, note that by [5, Corollary 1, Chapter 20] we know that a Boolean
ideal is maximal if and only if it is prime.

Mahmoudi in [12] remarked that this result has two versions in the category Boo-S§,
and she studied these versions in some classes of monoids, including the class of
idempotent monoids. Recall that a semigroup S is said to satisfy the Klawe condition
if whenever s, x, and y in S are such that sx = sy, there exists t € S so that x¢t = yt. On
the other hand, recall that a monoid S is good if for every ¢, ¢’ € S, ts = t's for some
s € S implies ut = ut’ for some u € S (see [12, Definition 3. 18]). For left S-Boolean
algebras, by Remark 3.15(b) (EPIT) is equivalent to 2 (as a left S-Boolean algebra)
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being injective in the category of left S-Boolean algebras. By the dual of this result
for right S-Boolean algebras, we see that the Klawe condition is equivalent to 2g
being injective in Boo-S, the category of right S-Boolean algebras. Especially, by
[12, Theorem 3.16(c)] and [12, Theorem 3.20] she proved the following result.

Lemma 3.2 [12]  If S is an idempotent monoid, which satisfies the Klawe condition
(which is called good condition in [12]), then every non-trivial A € Boo—S has a prime
S-ideal.

Recall that by [5, Corollary 3, Chapter 20], for every proper ideal J in a Boolean
algebra B, and for every element p in B that does not belong to J, there exists a maximal
ideal that includes ] and does not contain p (for more details, see [5]). For every subset
A ofaset X by ya: X - {0,1}, we mean the characteristic function of A. In the next
result, a connection between left amenable semigroups and the existence of a prime
S-ideal in (2%)5 is established.

Lemma 3.3  For a semigroup S, the following conditions are equivalent.

(1) S is left amenable and there exists an S-ideal K of (25)s such that S ¢ K and
XNY ¢K forevery X, Y € 25\K;
(2) there exists a prime S-ideal P of (25)s.

Proof (i) = (ii) It is straightforward to see that P = {X c S | u(X) = 0} is a prime
S-ideal of (2%)s, which fulfills the condition in (i).

(ii) = (i) First, it is shown that 25\[P is a subact of (2%)s. Let X € 25\PPand s € S.
To the contrary, suppose that s 7' X ¢ 25\IP. Since by [5, Corollary 1, Chapter 20] every
prime ideal of a Boolean algebra is a maximal ideal, X = S\X € P. Since S = s7'S =
sTI(S\X) us' X ands™!(S\X) € P, we have a contradiction, because S ¢ IP. Therefore,
25\IP and P are subacts of 2°.

Let F = 2%\PP and consider the characteristic function of F. Since PP is a prime ideal
of 2% and because IF and P are subacts of (2%)s, it is clear that yr(S) = 1, yr(2) = 0
and yr(X) = yr(s7'X) for every X C S and s € S. Finally, note that for every pair of
disjoint subsets A and B of S, by the assumption either A and B belong to I, or without
loss of generality, A € IF and B € P. Since IF is an ultrafilter (equivalently, IP is a prime
ideal), we have yr(A U B) = xr(A) + yr(B). Therefore, S is a left amenable semigroup
with measure yp. ]

The next result presents a new necessary and sufficient condition for left amenabil-
ity of semigroups, which is based on injective S-Boolean algebras.

Theorem 3.4  For a monoid S, the following conditions are equivalent.

(1) 2 is aretract of (25)s in the category of Boo-S;
(2) Sis left amenable for some probability measure D : 25 — {0,1}.

Especially, if 25 is injective in the category of Boo-S for some monoid S, then S is left
amenable for a probability measure D : 25 — {0,1}.

Proof (i) =(ii) Let a : 25 — (2%)s be defined by «(0) = @ and a(1) = S. Since a is
a Boolaen algebra homomorphism and an S-map, and because by the assumption,
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25 is a retract of (2%)s in Boo-S, there exists a Boolean algebra homomorphism
D: (2%)s — 25, which is an S-map and Da = . We only need to show that D is
finitely additive. Let A,B ¢ S such that AnB=g. Since D is a Boolean algebra
homomorphism, we have D(A) A D(B) = D(An B) = 0 and note that D(AuUB) =
D(A) v D(B). Hence, either D(A) = D(B) = 0 or without loss of generality, D(A) =1
and D(B) = 0. In the first case,

D(AuB)=D(A)vD(B)=0=D(A) + D(B)
and in the latter case,
D(AUB) =D(A) vD(B) =1=D(A) + D(B).

(i) =(@) Let a: 25 — (2%)s be the morphism in the category Boo-S defined by
a(0) =@ and «a(1) = S. It is straightforward to show that D is a map in Boo-S and

Da = ldz
Finally, the proof of the special case is straightforward by the above
discussions. |

To apply Lemma 3.2 for amenable semigroups, recall that a semigroup S is left
amenable if and only if S! is left amenable. Also note that if a band E satisfies the
Klawe condition, then E! satisfies it, too. Now, as an immediate consequence of the
above theorem and Lemma 3.3, since every semigroup which satisfies (SFC) is left
amenable, by Lemma 3.2, [12, Remark 3.15(b)] and [6, Theorems 2.5 and 2.6] we have
the following result which shows the connection between injectivity of 2 and (SFC)
condition.

Corollary 3.5  For an idempotent semigroup E, which satisfies the Klawe condition,
the following conditions are equivalent.

(1) 2 is injective in Boo-E;

(2) every non-trivial A € Boo—E has a prime E-ideal (EPIT in [12]);

(3) Eis a left amenable semigroup with a measure D : 2F — {0,1};

(4) E satisfies SFC.

3.1 Left amenable regular semigroups for which E is commutative; or with a zero
element

Now, as an immediate consequence of the previous discussions, left amenable semi-
groups for which their idempotent sets form a finite commutative semigroup or a
countable semigroup with a zero are determined.

Theorem 3.6  Let S be an orthodox band of groups. Then, the following results hold.

(1) IfE is a semigroup with zero z, then S is a left amenable semigroup with some
measure such that the union of every collection of 35-classes of S with zero
measure has zero measure (especially, when E is finite) if and only if H, is a left
amenable group.
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(2) IfEis a commutative semigroup and S is a left amenable semigroup with some
measure such that the union of every collection of H5-classes of S with zero
measure has zero measure (especially, when E is finite), then E is left amenable
with some measure 1 and it has a zero element z, which is also the minimum

element of {f € E | n({f}) # 0}.

Proof (i) If S is left amenable and p is finitely additive, then similar to the proof of
Lemma 2.5, it can be shown that condition (a) in Theorem 2.6 holds. On the other
hand, for every e € E, for which L, has nonzero measure by the assumption and
applying Theorem 2.2, every H%-class of L, and especially H, has nonzero measure.
I claim that e = z. To the contrary, suppose that e # z. Since S is left amenable and H°
is a congruence on S, we have u(H,) = u(z"'H,) and

z'H,={teS|teHsand f ez '{e}}.

Since u(z7'H,) # 0, there exists f € E such thatzf = e # zand z is the zero element of
E. This contradiction shows that £(1) = {L,} and L, = H,. Therefore, condition (b)
in Theorem 2.6 holds, and so H, is a left amenable group. Conversely, since E has a
zero element z, and because the group H, is left amenable and RY = {z}, by Theorem
2.6, the semigroup S is left amenable.

(ii) Since E is commutative, by [1, Theorem 4] it is left amenable. On the other hand,
since E is commutative, HE = RE = LF and so by Lemma 2.5, E has a zero element
z and HE = {z} is the minimum element of X. Therefore, the assertion holds by
part (i). [ ]

Finally, in this note, by proving Theorem 3.7, left amenable Clifford semigroups
and rectangular groups under our assumptions are determined.

Theorem 3.7 (i) Let S = Upey Gy be a Clifford semigroup, and G, be a group for
every a € Y. Then, S is left amenable with some measure y such that the union of
every collection of H3-classes of S with zero measure has zero measure if and only if
the semilattice Y has a zero element z and G, is a left amenable group.

(ii) Let S = I x G x I be a rectangular group. Then, S is a left amenable semigroup
with some measure such that the union of every collection of H5-classes of S with zero
measure has zero measure if and only if |I| = 1 and G is a left amenable group.

Proof (i) Itis clear by Theorem 3.6(ii).

(ii) Note that if S is left amenable rectangular group, then E is a left amenable
rectangular band. On the other hand, if E is a left amenable rectangular band with
measure #, then we claim that it has only one right ideal. Since for every (a, b) with
nonzero measure and every (i,y), we have 7((i,y)™{(a,b)}) =n({(a,b)}) #0,
there exists (i’, ") such that (i,y") = (i,y)(i’,y') = (a, b). Hence, a = i and because
i is arbitrary, |I| = 1. Therefore, every left amenable rectangular band is a right zero
semigroup and for every r € E, theset ] = {Y C E | r ¢ Y} is a prime E-ideal of (2F)p
(J is closed under the action because E is right zero and for every e, f € E, we have
f{e} = {e}). Therefore, by Lemma 3.3, E is left amenable if and only if E is a
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right zero semigroup (equivalently, |I| = 1). Now, the rest of the proof is clear by the
assumption and applying Theorem 2.6 because X = {E}. |

Based on the results in this note, raising the following question is natural.

Question 3.8 For a regular semigroup S, when we are able to determine the left
amenability of S based on its 13 -classes and the properties of E?
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