https://doi.org/10.1017/jfm.2018.792 Published online by Cambridge University Press

J. Fluid Mech. (2019), vol. 858, pp. 917-948. (© Cambridge University Press 2018 917
doi:10.1017/jfm.2018.792

A versatile taxonomy of low-dimensional vortex
models for unsteady aerodynamics

Darwin Darakananda' and Jeff D. Eldredge' {

'Mechanical and Aerospace Engineering Department, University of California, Los Angeles,
CA 90095, USA

(Received 17 March 2018; revised 25 September 2018; accepted 26 September 2018;
first published online 12 November 2018)

Inviscid vortex models have been demonstrated to capture the essential physics of
massively separated flows past aerodynamic surfaces, but they become computationally
expensive as coherent vortex structures are formed and the wake is developed. In this
work, we present a two-dimensional vortex model in which vortex sheets represent
shear layers that separate from sharp edges of the body and point vortices represent
the rolled-up cores of these shear layers and the other coherent vortices in the
wake. We develop a circulation transfer procedure that enables each vortex sheet
to feed its circulation into a point vortex instead of rolling up. This procedure
reduces the number of computational elements required to capture the dynamics
of vortex formation while eliminating the spurious force that manifests when
transferring circulation between vortex elements. By tuning the rate at which the
vortex sheets are siphoned into the point vortices, we can adjust the balance between
the model’s dimensionality and dynamical richness, enabling it to span the entire
taxonomy of inviscid vortex models. This hybrid model can capture the development
and subsequent shedding of the starting vortices with insignificant wall-clock time
and remain sufficiently low-dimensional to simulate long-time-horizon events such
as periodic bluff-body shedding. We demonstrate the viability of the method by
modelling the impulsive translation of a wing at various fixed angles of attack,
pitch-up manoeuvres that linearly increase the angle of attack from 0° to 90°,
and oscillatory pitching and heaving. We show that the proposed model correctly
predicts the dynamics of large-scale vortical structures in the flow by comparing the
distributions of vorticity and force responses from results of the proposed model with
a model using only vortex sheets and, in some cases, high-fidelity viscous simulation.
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1. Introduction

Unsteady aerodynamics still holds a host of transient phenomena that we have
yet to take advantage of in our aircraft. For example, several studies (Dickinson
& Gotz 1993; Birch & Dickinson 2001; Taira et al. 2007) have shown that the
lift on an impulsively translated plate is temporarily increased by the formation
of a leading-edge vortex, resulting in a maximum lift 50% greater than its
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steady-state value. Insects instinctively exploit this lift enhancement by moving
their wings in ways that generate and control leading-edge vortices. While these
transient effects are well documented in experiments and high-fidelity simulations,
we still have difficulty effectively controlling them. This motivates our development
of a model of the full flow physics that is simple enough for us to understand,
low-dimensional enough to be used for real-time flow control, yet dynamically rich
enough to capture the essential phenomena. The rich library of inviscid vortex models
provides a good foundation for building such a model.

Vortex models distil flow physics into the production of simple vortex elements and
the dynamics governing their motion. Each element represents a parcel of vorticity in
the fluid. At high Reynolds numbers, the diffusion of vorticity is negligible compared
with its inertial motion, so the evolution of the flow field can be approximated by the
inviscid advection of vortex elements. In the earliest vortex models (Wagner 1925;
Theodorsen 1935; von Karman & Sears 1938), vortex elements are only produced at
the trailing edge of the wing. The elements remain fixed where they are deposited,
forming a continuous planar vortex sheet behind the wing. While these simplifications
allow the models to admit linearly composable analytical solutions, they limit the wing
kinematics to small perturbations about low angles of attack.

To expand the range of wing kinematics, later models (Sarpkaya 1975; Katz
1981; Jones 2003; Ansari, Zbikowski & Knowles 2006; Ramesh et al. 2013) release
vortex elements from both edges of the wing, and allow the elements to move
according to classical vortex dynamics. The increased number of elements enables
these models to capture a much richer set of transient phenomena, such as the
formation of leading-edge vortices and the emergence of coherent vortex structures.
Unfortunately, these models no longer have analytical solutions, and flow response
must be numerically computed. The interaction between vortex elements requires
computing an n-body problem (with n being the number of elements) at every
simulation time step. Even using fast summation methods (Greengard & Rokhlin
1987) that can solve n-body problems in O(n), the computational complexity of these
models is at best quadratic in time, as new elements must be regularly introduced
into the fluid to model vorticity production. This quadratic growth of time complexity
makes these vortex models impracticable for real-time applications.

Instead of simulating vorticity production by adding new elements, another class of
vortex models (Brown & Michael 1954; Michelin & Llewellyn Smith 2009; Tchieu
& Leonard 2011; Wang & Eldredge 2013) feeds vorticity directly into existing vortex
elements. These low-order models use a variable-strength point vortex to capture the
bulk characteristics of each coherent vortex, enabling them to describe the dynamics of
the leading- and trailing-edge vortices without simulating their internal structure. This
simplification decouples the number of vortex elements in the fluid from the temporal
resolution of the simulation. Instead of releasing elements at every time step, these
models add new elements only when new coherent vortices are formed. However, in
a fully viscous flow, coherent vortices precipitate from vorticity already in the fluid,
via instabilities in shear layers. Thus, condensing the internal structure of vorticity-
filled regions into single points removes the natural mechanism for creating new large-
scale structures. While the massive reduction in element count makes these models
simple to understand and enables them to run in real time, the lack of a natural vortex
shedding mechanism makes them dynamically incomplete for investigating long-term
flow behaviour.

In order to create a single model that satisfies all of our requirements, we combine
features from several existing vortex models. Our model uses vortex sheets to
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represent the wing (represented here as an infinitely thin flat plate) and the free
shear layers that separate from the wing’s edges. By monitoring the dynamics of
the free vortex sheets, we can detect the growth of new coherent vortices in the
fluid. However, as each vortex sheet is discretely represented by a large collection
of vortex elements, the use of spiralling sheets to model growing coherent vortices
is computationally expensive. For this purpose, then, we follow the examples of the
low-order models and represent each coherent vortex with a single point vortex. The
growth of these large-scale vortices can then be modelled by transferring vorticity
from the tips of the vortex sheets into the point vortices.

Though this hybrid representation has been used to a limited degree in some
previous studies (Pullin 1978; Jones 2003; Li & Wu 2016), the approach we follow
here is uniquely able to ensure that the force exerted on the plate is not spuriously
affected by this transfer of circulation between a finite-length vortex sheet and its
point vortex core. This approach makes use of an extended version of the impulse
matching principle that was developed by Wang & Eldredge (2013). By using both
vortex sheets and point vortices, we show that we can limit the number of vortex
elements in our model without losing the ability to naturally create new vortex
structures. While previous investigators (Sarpkaya 1975; Chorin 1990; Rossi 1997)
have also aggregated vortex elements to reduce computational cost, they focused on
identifying elements that can be merged without adversely affecting the velocity field
induced by these elements (without regard for the modifying presence of the body).
These merging schemes naturally tend to restrict the distances between the mergeable
vortex elements.

In the present work we seek to transfer circulation from the vortex sheets directly
to the point vortex representing its core, as shown in figure 1. We typically do not
want the tip of the vortex sheet to be near its associated point vortex in order to
avoid simulating the details of vortex sheet rollup. Thus, we generally will seek to
transfer circulation across larger distances than usually considered in these previous
aggregation schemes. Since we ultimately are interested in the force exerted by the
fluid on the plate, we will instead construct the transfer process to preserve the
model’s force response rather than the moments of the vorticity field. This impulse
matching approach will naturally account for the role of the body in the merging
process. We describe the details of the circulation transfer process in § 2, then apply
it to test problems in § 3. In the process of addressing these test problems, we will
explore the convergence of the model (towards the results obtained with a pure vortex
sheet) and the computational cost.

2. Model formulation
We model the ambient vorticity with three types of vortex elements:

(i) an ordered collection of point vortices, comprising a vortex sheet rooted at an
edge of the wing to represent the separated shear layer at that edge (Jones 2003;
Nitsche, Taylor & Krasny 2003; Shukla & Eldredge 2007);

(i1) an active (i.e. variable-strength) advecting discrete point vortex associated with
each vortex sheet to represent its rolled-up core; and

(iii) a collection of inactive (i.e. constant-strength) advecting discrete point vortices to
represent large-scale vortex structures in the wake.

’

The active and inactive vortex elements are referred to collectively as ‘discrete
vortex elements in this paper, to distinguish them from the point vortices that
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FIGURE 1. (Colour online) The model: x., ¢ and ¢ denote the centroid, angle of attack
and chord length of the plate. Each vortex sheet has an associated point vortex that it
feeds circulation into.

constitute the sheet. The total number of vortex elements, including the discrete
elements and the constituent point vortices of the sheet, is denoted by N,.

As noted by Moore (1979) and Krasny (1986), vortex sheets are inherently unstable
and will amplify errors from numerical round-off. Therefore, we regularize the
interactions between all point vortices, including the active and inactive discrete
vortices as well as those in the sheets, via the commonly used velocity kernel,

X

2 (|x|2 + 62’ @1
where § is the so-called ‘blob radius’. The choice for the blob radius will be discussed
below.

The wing is modelled as an infinitely thin flat plate of length ¢ undergoing rigid-
body motion, as illustrated in figure 1. (The method introduced in this paper is not
restricted to thin flat plates, but we do not address the details of applying it to other
airfoil geometries.) At every time step, we add new segments of circulation to the
plate end of the vortex sheets to enforce the Kutta condition — or, in certain cases
described below, the leading-edge suction criterion (Ramesh er al. 2014) — at these
edges. At the same time, we trim the number of vortex elements in our system by
transferring circulation from the free end of the sheets into the active point vortices.
This procedure is described in detail below.

2.1. Effect of circulation transfer on force

Before describing the model, it is important to review the relationship between the
transfer of circulation among vortex elements and the force exerted by the fluid on the
plate. This force is equal and opposite to the rate of change of momentum (i.e. linear
impulse) in the fluid. By transferring circulation across finite distance in a small time
step, we are unavoidably effecting a spurious change of impulse — and thus, giving
rise to a non-physical component of force. However, by isolating the spurious effect,
we can correct for it.

Let F be the force exerted on a body as it moves through a fluid with density p.
If P is the linear impulse of the fluid, then

F=_p% 2.2)
- Tar '
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In two dimensions, the fluid impulse takes the form:

P=/xxwdA+7£xxydl+j£xx(ﬁqu)dl, (2.3)

where w is the vorticity in the fluid, p is the strength of the bound vortex sheet on the
body, 7 is the normal vector on the body surface (directed into the fluid) and ujp is the
velocity at the body surface. Since our wing is modelled as a plate with infinitesimal
thickness, the last integral in (2.3) is zero, leaving us only the impulse from ambient
vorticity and the bound vortex sheet. The bound vortex sheet is necessary to maintain
the no-flow-through condition on the body surface. If we decompose the ambient
vorticity field into N, vortex elements (including the point vortices that comprise the
discretized free vortex sheets), with positions x; and strengths I'; = I}e,, then we can
interpret the bound vortex sheet as a superposition of N, + 1 sheets, that is

Ny
Y= Z Vi + Vs, (2.4)
i=1

where each y; cancels out the body normal velocity induced by the ith vortex element
in the fluid, and yp enforces the normal velocity due to the body’s motion. Kelvin’s
circulation theorem is globally enforced by setting the circulation of each bound sheet
y; to —I; and the circulation of yp to zero.

We take advantage of this interpretation in (2.4) and decompose the fluid impulse
into two components, P =P, + Py, where

NU

PA=Z<xixn+j§xxyidz) (2.5)

i=1

and
Py = ]{x x ypdl. (2.6)

Since Py and its rate of change are independent of the vortex dynamics, the process
of transferring circulation between vortex elements will only influence dP,/dr. Let
us distinguish the contributions of each vortex element to the rate of change of
P,. The strength distribution of each element’s associated bound vortex sheet, y;,
is proportional to I; and a function of the associated vortex position, x;. Thus, the
expression for impulse due to ambient vorticity in (2.5) can be written as

Ny
Py=> Iip(x), 2.7)

i=1

where p(x;) is the impulse of a unit-strength vortex element located at x; plus the
impulse of its associated bound vortex sheet of strength yp; (with I} set to unity). We
then have

Ny
—_— = 1 (Ejf X+ fiP(’Q)) . (2.8)
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For inviscid flows, Kelvin’s circulation theorem requires circulation to be conserved
within any materially transported loop, with I equal to zero. A variable-strength
vortex, for which I} # 0, serves as a simple representation of a more extensive
vortex structure and its time-varying strength reflects a flux of vorticity into or out
of this structure from other parts of the flow. The physical mechanism of this flux is
not explicitly represented; only its effect is captured, via the transfer of circulation
between vortex elements. But (2.8) shows that by violating Kelvin’s theorem, as we
do here, we will introduce a spurious force that is proportional to I7;.

2.2. Impulse matching velocity correction

As we are intent on transferring circulation, we will offset the unwanted change to
the force by modifying the velocity of a vortex element. Let us denote the vortex
elements we are transferring circulation between with subscripts s and ¢ (for ‘source’
and ‘target’). To conserve total circulation, we feed circulation into the target element
at the same rate that we draw it from the source element, that is

I'=rI,=-TI,. (2.9)

The target element’s position is evolved according to

dx, .
— =ux, 1)+ Ax,, (2.10)
dr
with an additional velocity, Ax,, chosen such that the spurious force arising in (2.8)
from the circulation transfer is cancelled:

L AP =% ) Ak + () —pxy) =0, @.11)
P dx

Wang & Eldredge (2013) used this approach, which they called ‘impulse matching’, to
directly transfer circulation from the bound vortex sheet of the body to an active point
vortex. In the present model, we will generalize the approach and use it to transfer
circulation from a free vortex sheet in the fluid to an active point vortex. We defer the
derivation of the velocity correction to appendix A and simply present the result below.
To streamline the presentation, we will use complex coordinates where z:=x +1y is
the complex position in inertial coordinates, and Z is the dimensionless position in a
plate-centred frame of reference,

_ 264‘1
Z=— (z—20), (2.12)

where z. is the complex coordinate of the plate’s centroid, ¢ is the plate chord length
and o its angle of attack; see figure 1. The velocity correction, in inertial coordinates,
can then be written as

Ab i€ ((ﬁs—ﬁ»(ﬂ*+1>+@;—ﬁ:><ﬁ*—1)) r
Z,«—le - e}
2 B+ p* I;

where ( )* denotes complex conjugation, and for i either s (source) or ¢ (target), the
unit impulse is

(2.13)

pi:=Im{z;} —iRe{vZzi — 1 V7 + 1} (2.14)
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and the gradient of the target’s impulse with respect to its position is

Z
\/2[_1 Zr+1

It is important to note that the impulse matching model of Wang & Eldredge (2013)
— with only variable-strength vortices and no free vortex sheets — represents a special
case of the principle used here. The ‘source’ in such a case is the bound vortex sheet
of the plate rather than a vortex element in the fluid, and the modified velocity of the
target vortex is given by (2.13) with p, set to zero.

B = 2.15)

2.3. Circulation transfer rate

The circulation transfer process can be thought of as a real-time model order reduction
process: many degrees of freedom of the constituent vortex elements at the free end of
the vortex sheet are continuously eliminated in favour of the three degrees of freedom
of a single variable-strength point vortex. The rate of model order reduction, controlled
by the circulation transfer rate, I", is at the discretion of the user. At its other end,
the sheet is rooted at the edge of the plate and fed circulation at a rate dictated by the
Kutta condition. A small I" magnitude may not be able to remove circulation from
the sheet as fast as new circulation is introduced into it from the edge, so the sheet
will tend to grow in length. However, a choice of I" that exceeds this rate at the
edge might change the vorticity distribution so drastically that the new reduced-order
model might not preserve the essential dynamics of the original system. For example,
it might eliminate the natural instability in the sheet from which new vortex structures
emerge. It would seem natural to simply choose I" equal to the rate of circulation
introduced at the edge. But the circulation distribution at the tip of the sheet represents
a historical — and generally different — value of this rate, and the distribution is further
modified by the progressive effect of convective stretching. We have found that setting
the transfer rate equal to the instantaneous rate at the plate edge leads to poor results.

In order to form a different strategy for choosing the transfer rate, we consider
a circulation transfer that takes place over the time interval [y, #, + Af], and, in
particular, the differences between two versions of the model that are identical at time
fo: one version in which the model is reduced in the subsequent time step — i.e. in
which the circulation is transferred — and another version in which the circulation
is not transferred. The velocity correction (2.13) can only guarantee that the force
predicted by the reduced model is equal to that in the unreduced model at time f,.
Since circulation transfer is not a lossless reduction of order, the small differences
that emerge between the two models during the ensuing time step Af means that, in
general, the forces that they predict at time 7y + Ar will be different. We can pick I
so that the difference between the predicted linear impulses in these models after At
is below an error threshold, denoted as €.

In practice, our vortex sheets are represented as ordered collections of regularized
point vortices and our model is evolved forward in time with discrete time marching.
The strength of each of these vortex elements of the sheet is proportional to the time
step size, since each such element is formed from the circulation flux from the plate’s
edge over some previous time step. The transfer of circulation from the sheet into
the target point vortex over time step Af comprises an elimination of some finite
number of sheet elements from the edge of the sheet. So at every time step, we
first compute the impulse that the model will predict at the end of the step if no


https://doi.org/10.1017/jfm.2018.792

https://doi.org/10.1017/jfm.2018.792 Published online by Cambridge University Press

924 D. Darakananda and J. D. Eldredge

Tin=10 Tyin = 00

FIGURE 2. (Colour online) Taxonomy of vortex element models. Comparison of the
vorticity distribution predicted by the hybrid model at limiting values of the tolerance for
force error, Br, and the minimum vortex release interval, T,,,.

circulation transfer occurs. We transfer circulation from as many of the regularized
point vortices as we can into the active point vortex (thereby eliminating these vortices
from the sheet), stopping only when the accumulated difference in predicted linear
impulse exceeds the threshold €. Since this error accumulation occurs over the time
step, the threshold is set proportional to the time step size, € = BrAt, so that the
results are insensitive to the choice of At. The proportionality constant By represents
the tolerance for force discrepancy in the reduced model.

There are instances when even transferring circulation from a single element from
the sheet results in a large error in the predicted force. We treat this as an indication
that the tip of the vortex sheet and the active point vortex have become dynamically
distinct, suggesting the creation of a new vortex core. At this point, we can freeze the
strength of the active point vortex (making it an inactive point vortex), and convert the
tip of the vortex sheet into the new active point vortex. However, a large number of
new active point vortices may be released in quick succession when small instabilities
form near the tip of the vortex sheet. In order to make the method more robust to
these instabilities, we require a minimum time interval between the release of new
active point vortices, which we will refer to as T,,,.

The independent selection of Br and T, leads to the complete taxonomy of
inviscid vortex models, as depicted in figure 2. Suppose we set T,,;,, = 0. This means
that the sheet’s last vortex element is converted into a distinct point vortex at every
time step, regardless of the value of Br, which leads to a traditional discrete vortex
element model (Sarpkaya 1975; Katz 1981; Xia & Mohseni 2013). Alternatively, if
we set Br =0 and T,,, = oo, then we will still never transfer circulation to the active
point vortex, but also, no new active point vortices will ever be created, leaving us
essentially with a vortex sheet model (Jones 2003; Shukla & Eldredge 2007; Alben
& Shelley 2008). (We still initiate the model with discrete elements at the end of
each sheet, as depicted in the illustration, but these do not gather further strength
when B =0.) If we instead make Br = oo and T,,, = 0o, then any circulation shed
from the plate to the sheet through the Kutta condition is immediately absorbed into
the active point vortex, giving us a slightly modified version of the impulse matching
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model of Wang & Eldredge (2013). And if we substitute the modified velocity of the
vortex derived here by impulse matching, we can obtain the variable-strength vortex
model used by previous researchers, based on the Brown—Michael model (Brown &
Michael 1954; Michelin & Llewellyn Smith 2009). This qualitative description, and
the associated convergence of the model to the limits, is explored further in §3.1.
Intermediate choices of By and T, generate a spectrum of models between these
extremes, as we will see in the examples below.

Once we have picked values of Br and T,;,, then we perform the following
procedure in every time step:

(1) For every point vortex comprising the vortex sheet, we compute and store the
velocity correction it will contribute to the active point vortex if we transfer all
of its circulation to that vortex.

(i1) Advect all vortex elements forward in time (with their unmodified velocities) and
compute each vortex’s individual impulse. To achieve this step, the bound vortex
sheet strength is calculated and Biot—Savart interactions between elements are
computed.

(iii) Starting from the free end of the vortex sheet, we attempt to transfer circulation.
Suppose we have already transferred circulation from n, point vortices from the
vortex sheet, and we are attempting to transfer circulation from the (n, 4+ 1)th
one. Then:

(a) We compute the impulse and modified position of the active point vortex
with the accumulated circulation and velocity correction from the (n, + 1)
point vortices.

(b) If the difference between this impulse and that from the (n, 4+ 1) point
vortices is less than € = BrAt, then we transfer the circulation of this vortex
(and eliminate the vortex from the sheet), and return to step (a) and proceed
to the next vortex in the sheet.

@iv) If n, > 0, or the time since we last created a new point vortex is less than
T,nin» then we continue to step (v). Otherwise, we convert the current active point
vortex into an inactive one, and the tip of the vortex sheet into the new active
point vortex.

(v) Apply Fourier filtering (described below) to the vortex sheet to redistribute the
point vortices evenly along the sheet and remove small-scale instabilities.

(vi) Add a new vortex sheet segment at the root of each sheet to enforce the Kutta
condition. The bound vortex sheet strength is recalculated for this step.

2.4. Regularization and Fourier filtering

The blob radius, 4, for all cases of the proposed hybrid sheet—vortex method in
this study is assigned values in the range 0.01¢-0.05¢, somewhat smaller than in
previous studies of pure vortex sheets, where it has often been set to 0.1c (Krasny
& Nitsche 2002; Jones 2003; Shukla & Eldredge 2007). We have found that these
smaller values are necessary to ensure robust behaviour of the sheet/active vortex
system, particularly at the leading edge at small or modest angles of attack soon
after the plate is set in motion. However, this smaller § has the consequence of
weakening the regularization’s suppression of instabilities triggered in the sheet at
small length scales. Therefore, to strengthen this suppression, we apply a Fourier
filtering technique along the length of each vortex sheet at every time step. In this
procedure, the irregularly spaced point vortices that comprise the sheet are resampled
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FIGURE 3. (Colour online) CPU time required in each time step versus the number of
total vortex elements in the problem: for velocity induction and advection (@, blue), Kutta
condition enforcement (M, green), and circulation transfer procedures and sheet filtering (@,
red-brown). Results generated from the simulation of an impulsively started plate at 45°
angle of attack.

— using linear interpolation — by a new set of point vortices distributed uniformly in
arclength with spacing 3UA¢, where U is the characteristic velocity scale and Af the
time step size. (In all cases reported in this paper, the time step size has been set to
At=0.01c/U, where U is a characteristic velocity — generally, the translation speed
of the plate.) The filter acts on the positions of these uniformly distributed vortex
elements, removing all Fourier components whose wavelength is below a certain
cutoff, generally chosen to be 0.06c (and thus slightly larger than §).

It should be noted that such Fourier filtering would tend to artificially disrupt the
natural development of vortex structures by suppressing the formation of spirals below
the filter cutoff (Krasny 1986). However, in all cases in which this filtering is used
here, the core of the vortex structure is replaced by an active point vortex; only large
spirals will form before they are siphoned into the active vortex, and these spirals will
always have length scales above the cutoff and will form unabated. It is important to
note that, for the reference cases in this study involving only a vortex sheet, we do not
use this filtering procedure; rather, we set § =0.1c and, to maintain good resolution,
resample the sheets onto a new set of point vortices at every step, uniformly spaced
in arclength with 2UAt so that even the smallest spirals are well resolved. This is
only slightly less efficient than the use of judicious point insertion favoured by other
researchers (Krasny & Nitsche 2002; Jones 2003; Shukla & Eldredge 2007).

2.5. Computational cost

Figure 3 depicts the manner in which these various components of the algorithm
contribute to the computational time in each time step. Though these results
correspond to a specific case (impulsive start at 45° angle of attack), they are
closely representative of all cases in this paper. Step (ii) of the algorithm, consisting
of Biot—Savart interactions between vortex elements and with the bound vortex sheet
on the plate, scales quadratically with the number of elements. (We do not utilize a
fast multipole method in this paper to accelerate such calculations.) All of the other
steps — the circulation transfer procedure, the sheet filtering and the enforcement
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of the Kutta condition — scale linearly with the number of elements. In fact, the
circulation transfer’s actual cost is attributable to the calculation of the modified
velocity in (2.13). This involves only a limited number of elements at the end of the
sheet (dictated by €r), and is thus independent of the total number of elements in
the sheet. The computational time we have reported here is somewhat inflated as it
also includes the calculation of linear impulse for all elements of the sheet (for the
calculation of fluid dynamic force) and the sheet filtering.

The total computation time of a simulation in which a large number of vortex
elements is generated, such as in traditional vortex sheet and discrete vortex element
models, is controlled primarily by the quadratic scaling of step (ii). However, as we
will see in § 3, the hybrid method generally maintains fewer than 100 elements, so
that the other steps in the method are of comparable cost, and the overall cost per
step is kept in check. The total expense of transferring circulation from the sheet into
an active point vortex and of applying the filtering procedure to ensure a well-behaved
sheet is minor compared to the computational savings achieved by preventing the
number of elements from growing indefinitely.

3. Results

In this section, we use the proposed method to model three canonical motions:
first, the impulsive translation of a plate at high angles of attack; then, a pitch-up
manoeuvre; and finally, oscillatory pitching and heaving. In each, we will compare
the results predicted by the new hybrid model with those from a full vortex sheet
model, which we regard as the ideal for an inviscid model. In each case, time is
reported in convective units, t* :=tU/c, where U is the translation speed of the plate.
From here on, we will report the minimum active vortex release interval, T,;,, in
these units and denote it as 7, . All of the results reported in this paper use a time
step size At*=0.01 and, unless otherwise reported, a threshold for force discrepancy,
Br/(pU?c) =0.1.

In the first two cases, we also compare the model with high-fidelity Navier—Stokes
simulations, obtained with the immersed boundary projection method developed by
Taira & Colonius (2007). It should be emphasized that we do not expect that the
proposed inviscid model will lead to better agreement with finite-Reynolds-number
results than has been achieved with previous inviscid models. As is well known, some
aspects of these flows are essentially viscous and cannot be captured with a strictly
inviscid approach. The high-fidelity viscous results are provided only for reference.

3.1. Impulsive translation at fixed angle of attack

3.1.1. Translation at 45° angle of attack

We start by considering the case at 45° angle of attack. In figure 4, we compare
the vorticity distribution predicted by the new hybrid model, a vortex sheet model
and a Re =500 high-fidelity Navier—Stokes simulation after one and three convective
times. The hybrid model results presented in figure 4 uses a minimum vortex release
interval of T = 0.2. We see that the hybrid model captures the same large-scale
vortex structures as the vortex sheet model while using an order-of-magnitude fewer
computational elements. The number of vortex elements and the corresponding CPU
time required to achieve these results of the hybrid model and full vortex sheet are
depicted in figure 5. It is clear that the hybrid model maintains a modest number
of vortex elements, while the sheet’s number of elements grows indefinitely. The
computational costs of the two methods reflect these differences: the cost of the
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FIGURE 4. (Colour online) Comparison of the vorticity distribution predicted for a flat
plate moved impulsively at 45° after one (a,c,e) and three (b,d,f) chord lengths of travel
between the new hybrid model with T, = 0.2 (a,b), a full vortex sheet model (c,d)
and a high-fidelity simulation at Re = 500 (e,f). The positions of the positive- and
negative-strength point vortices are shown with filled and unfilled circles, respectively, and
N denotes the total number of vortex elements (including those in the vortex sheets).
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FIGURE 5. (Colour online) Number of vortex elements (a) and cumulative CPU time (b)
of the hybrid model with 7)., =0.2 (-—) and the vortex sheet model (- ---), for impulsive
translation at o =45°.

vortex sheet model grows rapidly, requiring 0.72 s to achieve * = 2.5, 3.8 s to
reach r* =5 and 16.9 s to get to * =7.5. In contrast, the hybrid method requires
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FIGURE 6. (Colour online) Early-time lift (a) and drag (b) coefficients for impulsive
translation at o = 45° predicted by the hybrid model with 77, = 0.2 (--), the vortex

sheet model (----), the Wang & FEldredge model (-—-—-) and high-fidelity simulation at
Re =500 (—).

0.34 s, 0.73 s and 1.2 s, respectively, to reach these milestones. These performance
differences are expected from the results of figure 3, since the CPU time per step
scales quadratically for large element populations. Indeed, all of the cases that follow
in this paper exhibit similar differences in computational performance between the
full vortex sheet model and the hybrid model; though we omit the required CPU
time in some cases, we report the number of computational elements for each model,
and the computational cost follows accordingly.

In figure 6, where we compare the lift and drag coefficients predicted by the
hybrid model, the Wang & Eldredge (2013) model (i.e. only two variable-strength
point vortices and no sheets), the full vortex sheet results and high-fidelity simulation
results, we see that it is important that we do not completely eliminate the vortex
sheets. The sheets enable the model to naturally capture the formation of new coherent
vortices, which then triggers large-scale vortex shedding. This mechanism allows the
hybrid model to give a more accurate force prediction than existing variable-strength
point vortex models. The hybrid model is significantly more computationally efficient
than the full inviscid vortex sheet model and high-fidelity viscous simulation, while
generally preserving the essential dynamics of the flow and its resulting force.

We show the effects of changing the minimum vortex release interval in figures 7-9.
We see in figure 7 that a small T, gives results that are similar to those from discrete
vortex element models — we tolerate more frequent initiation of new active elements,
and thus create a larger population of inactive elements whose role as active elements
has completed. As we increase T, more circulation is fed into each active point
vortex, so we decrease the total number of vortex elements in the model. However,
very large values of 7). tend to result in longer vortex sheets, which significantly
increases the number of overall computational elements. In figure 8, we show how
different values of T, affect the number of vortex elements used in the model over
time. While the sharp increase in element count corresponds to the lengthening and
growth for the vortex sheets, the sharp drops correspond to the growth of active point
vortices as they consume the sheets. As long as T7. is small enough to prevent the

min

vortex sheet from growing faster than its active point vortex can absorb it, we can
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FIGURE 7. (Colour online) Comparison of the vorticity distribution in a hybrid model of
flow around an impulsively translated plate with o =45° at * = 10, using three different
choices for minimum time between initiation of new active vortex elements, 7

min*

keep the element count low enough to simulate flows over extended periods in real
time. The choices of T, and Br will be explored further in the next case.

A concern with using a minimum vortex release interval is that it will introduce a
1/T;., frequency component to the system and cause vortex shedding to lock on to
that frequency. We can see that this is not the case in figure 9, as T;, =0.1, 0.2, 0.25
all predict essentially the same force response. The reduced frequency of this vortex
shedding is approximately fc sin /U = 0.067, which is lower than the observed
frequency in a viscous fluid at this angle, approximately 0.148 (Fage & Johansen

1927).

3.1.2. Translation at 60° angle of attack

The results for the o = 60° case are mostly similar to the o = 45° case, but are
presented to demonstrate that the choices made and results obtained at the lower angle
are not unique. We also use this case to more deeply explore the choices of By and
T:.. Figure 10 shows the early-time vorticity distribution predicted by the model,
and figures 11 and 12 show the predicted force response. We see that the initial
development of the leading- and trailing-edge vortices predicted by the hybrid model
is very similar to the high-fidelity simulation results. The hybrid model’s prediction
required 0.38 s of CPU time to reach *=2.5 and 1.0 s to reach #* =5, compared with
0.83 s and 4.6 s, respectively, for the full vortex sheet model. As in the 45° case, the
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FIGURE 8. (Colour online) Comparison of the number of vortex elements used over time
to simulate impulsive translation at 45°, using different values of minimum vortex release
time interval: 7% =0.1 ( , red), 7. =0.2 (——, black) and T, =0.25 (--—-, green).
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FIGURE 9. (Colour online) Lift (a) and drag (b) coefficients for impulsive translation at
a =45° predicted by the hybrid model with 77, =0.1 ( , red), T, =0.2 (——, black)
and T, =0.25 (———, green).

min

in

ability to model large-scale vortex shedding allows the model to give a more accurate
force response than the Wang & Eldredge model. The shedding frequency in figure 12
is 0.079, still lower than the value at finite Reynolds number. The entire simulation
to t* =60 required 9.4 s of CPU time with the hybrid model using 7)., =0.2.

We use this case to explore the detailed dependences of the results on the tunable
parameters 77, and Bp; it can be shown that other cases behave similarly. In order to
quantitatively assess these dependences, we use the full vortex sheet case (in which
Ty, =00 and Br =0) as a reference — the best that can be achieved by an inviscid
vortex model — to which all other cases are compared. We use the root-mean-square
(r.m.s.) difference of the aerodynamic force from that of the reference, averaged over
four convective time units, as a metric for assessment. Figure 13 depicts this error
for a large number of choices of T, and By, plotted on a log—log scale for easier
differentiation between the cases. The lower limit of T corresponds to allowing the
release of a new active element at every time step. As expected, a basic discrete vortex

min
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FIGURE 10. (Colour online) Comparison of the vorticity distribution predicted for a flat
plate moved impulsively at 60° at three different instants between the new hybrid model
with T77. =0.2 (a—c), a full vortex sheet model (d—f) and high-fidelity simulation at Re =
500 (g—i). The positions of the positive- and negative-strength point vortices are shown
with filled and unfilled circles, respectively, and N denotes the total number of vortex

elements (including those in the vortex sheets).
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FIGURE 11. (Colour online) Early-time lift (a) and drag (b) coefficients for impulsive
translation at a =60° predicted by the hybrid model with T}, =0.2 (—-), the vortex sheet

model (----), the Wang & Eldredge model (--—-) and the high-fidelity simulation at Re =
500 (—).

element model is achieved in this case, independent of the choice of By. Several other
observations can be made from this plot.

First, for all choices of B, the error saturates when T, is large. This regime
corresponds to a condition in which a minimal number of active vortex elements are

released.
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FIGURE 12. (Colour online) Lift (a) and drag (b) coefficients for impulsive translation
at o = 60° predicted by the hybrid model with T, =0.1 ( ,red), 0. =02 (—-—-,
green) and T, =0.25 (——, blue).
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FIGURE 13. (Colour online) Error versus minimum time between releases of new active
point vortices, 7., and tolerance for force discrepancy, Br, for impulsive translation of
a flat plate at 60° angle of incidence, after four convective time units. Error is defined
as the r.m.s. difference in force from a reference case, normalized by the L, norm of the
reference case force. The reference case is a full vortex sheet, generated with T7;. =oo and
Br=0. The cases shown are: By =3 x 10! (blue), 2 x 107! (orange),10~! (green), 6.25 x
1072 (purple), 5 x 1072 (mustard), 3.5 x 1072 (turquoise), 1.25 x 1072 (pink) and 6.25 x
1073 (brown). The shaded region corresponds to cases with minimal generation of discrete
vortex elements. Snapshots of a few sample cases at r* =2.5, along with the corresponding
number of total vortex elements, are shown.

The second observation is that the error level at which each choice of By saturates
decays nearly monotonically with Bp. This is not surprising, because our definition
of error is closely related to the definition of Br: a tolerance for discrepancy in force
between siphoning into the active vortex or leaving the circulation in sheet form. This
behaviour is more clear in figure 14, in which T,  has been set to 1 and By is
assigned a broad range of values. Eventually, the error falls to exactly zero for a finite
choice of Br because there are no segments in the sheet that can be siphoned into
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FIGURE 14. (Colour online) Error (red-brown) and total number of vortex elements (blue)
versus tolerance for force discrepancy, Br, with minimum release time, 7T, , set to 1, for

impulsive translation of a flat plate at 60° angle of incidence, after four convective time
units. Error is defined as in figure 13.

the active vortex without exceeding this threshold. In other words, the hybrid model
recovers the full vortex sheet result in the simultaneous limits By — 0 and T, — o0;
in practice, the result is recovered at finite values of both parameters.

The error results outside of the grey region in figure 13 are more complicated. The
force is more sensitive to the parameters when there is a mixture of discrete (inactive)
vortex elements and a vortex sheet. However, the error is generally small — less than
10% for Br <0.1. The snapshots of vortex elements reveal examples of the behaviour
in different regimes of the parameters.

In summary, it seems desirable for the model to achieve the easily predictable
behaviour in the shaded region of figure 13. This requires that we choose T, to be
sufficiently large, but not so large that it suppresses the release of new active elements
when required by newly formed vortex structures. It is clear that the lower threshold
of T, to achieve this predictable regime depends on the choice of Br — smaller
Br requires larger 7. . Furthermore, we generally should choose By to balance
computational efficiency with error. The plots of the number of vortex elements and
the error depicted in figure 14 for each choice of By provide a useful illustration of
this balance. Since relatively large choices of By (approximately 0.05-0.1) are a safe
choice, and we seek smaller T, so that active elements are available when needed
to efficiently capture the formation of structures, it is generally sufficient to choose
T, ~0.1-0.3.

Thus far, we have used only force to measure the quality of the class of hybrid
inviscid vortex models proposed in this work. However, because the method design is
based explicitly on force — both in the velocity correction procedure described in §2
and in the tunable parameter, Br — one might wonder about the behaviour of pitching
moment. In figure 15, for this case of impulsive translation at 60°, we plot the moment
coefficient, Cy,;, evaluated about the plate centroid, predicted by two versions of the
hybrid method with different values of Br as well as by the full vortex sheet model.
For the first several convective times, all of the methods agree well; they tend to
deviate at later times, more so than they did in force. This additional sensitivity is
expected, since the moment weights the relative locations of vortex elements more
heavily than force. However, it is important to observe that the moment is smooth in
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FIGURE 15. (Colour online) Early-time moment coefficient (about the centroid) for
impulsive translation at o = 60° predicted by the hybrid model with 7F = 0.2 and

Br=10"" (-—, red), T¥,, =0.2 and Br =5 x 1072 ( , green), and the vortex sheet
model (----, purple).

all cases, exhibiting no spurious jumps while circulation is transferred from the sheet
into active point vortices or when new active vortices are released. Furthermore, the
moment tends to converge towards the sheet model as By decreases.

3.2. Pitch-up while translating

In this section we consider the flat plate translating at constant velocity U and
simultaneously pitching about its leading edge from angle of attack O to oy =7/2 over
an interval that starts at #; and ends at f,, for a nominal pitch rate of &y :=ay/(t —1;).
The pitch-up manoeuvre follows a smoothed linear ramp given by

K
o) = gG(t), (3.1)

where K :=a&yc/(2U) is the non-dimensional pitch rate,

_ cosh(aU(t — t1)/c) B
G(r) =log cosh@U(t — 1) /0) +alU(t, —t))/c (3.2)

is a smooth ramp function and a is a smoothing parameter that we set to 11 (Eldredge,
Wang & Ol 2009). The time histories of the angle of attack for both values of K used
in this study are shown in figure 16. The initial instant of the pitch manoeuvre, Ut,/c,
is set to 0.3; the completion of the manoeuvre, Ut,/c, is determined by this initial
instant and by K.

We first consider a pitch-up manoeuvre with K = 0.7 (see figure 17). Unlike the
cases with high angle of attack described previously, the extended amount of time
that the plate spends at low angles of attack makes it challenging to release vortex
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FIGURE 16. (Colour online) Histories of angle of attack of flat plate for pitch-up problem:
K=0.7 (blue) and K=0.2 (red).
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FIGURE 17. (Colour online) Comparison of the vorticity distribution predicted for a flat
plate pitching with K=0.7 at two different instants between the hybrid model with T}, =
0.1 (a,p) and a high-fidelity simulation at Re = 1000 (c,d) at o =33° (a,c) and o =90°
(b,d).

sheets from the leading edge. If we apply the Kutta condition, then it requires the
vortex sheet to leave the plate tangent to the plate, in a direction nearly opposite
the relative free stream. Furthermore, this leading-edge sheet interacts strongly (and
non-physically) with the plate due to its close proximity at low angle of attack.
These challenges are somewhat alleviated if we use the leading-edge suction criterion
proposed by Ramesh et al. (2014), where new vortex elements are only endowed
with non-zero strength if the leading-edge suction parameter (LESP) exceeds a
critical threshold (see (A 8) in § A.1). For all of our pitch-up cases, we will use a
critical LESP value of LESP,. =0.1, similar to that reported by Ramesh et al. (2014).
However, it must be noted that, by relaxing the Kutta condition, the singular velocity
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FIGURE 18. (Colour online) Early-time lift (a) and drag (b) coefficients for a pitch-up
manoeuvre at K =0.7 predicted by the hybrid model with T*. =0.1 (-—, red), the Wang

min

& Eldredge model (—-—-, green) and high-fidelity simulation results at Re = 1000 (——,
blue).

at the leading edge will tend to introduce numerical instability into the vortex sheet.
Additionally, at very low angles of attack, the circulation released at the leading edge
is so weak that new vortex elements tend to remain near the plate’s surface instead
of rolling into a sheet. The sustained proximity of these point vortices to the plate
introduces large fluctuations in the force response due to the large tangential motions
generated by the no-flow-through condition.

Transferring circulation from the sheet to the active point vortex not only suppresses
the emergence of numerical instabilities in the sheet, but also tends to move vortex
elements away from the plate surface, thus reducing the noise in the force response.
Figure 18 shows a comparison of the lift and drag coefficients during the pitch-up
motion. In vortex models with only variable-strength point vortices, such as the Wang
& Eldredge (2013) model, the vorticity flux from the leading edge goes directly into
the active leading-edge vortex. The fast growth of such a point vortex means that
these models tend to overpredict the lift on the plate. In the proposed hybrid model,
the leading-edge circulation is distributed between the active point vortex and the
vortex sheet, giving a more accurate force response. However, some noise remains
in the early force response as the leading-edge vortex sheet rolls up and interacts
strongly with the bound vortex sheet of the plate. Figure 19 shows the lift and drag
coefficients as the flow settles down to periodic bluff-body shedding past a plate at
normal incidence. The results are mildly sensitive to the choice of T, , exhibiting a
slightly different prediction of the onset of shedding.

For the K =0.2 pitch-up case, the plate spends even longer in a low-angle-of-attack
configuration. From both the vorticity distribution in figure 20 and the predicted force
response in figure 21, we observe noise of comparable magnitude compared to the
K =0.7 case. The frequency of this noise is also comparable, but looks larger when
force is plotted versus angle of attack since the traversal of this range of angles occurs
more slowly at K = 0.2. In these results, the circulation transfer rate is just high
enough to keep the vortex sheets short and stable until the plate reaches a high angle
of attack. Again, more accurate (but somewhat noisier) results are achieved than for
the variable-strength vortex model of Wang & Eldredge (2013).

in?
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FIGURE 19. (Colour online) Comparison of the long-term lift and drag coefficients for a

pitch-up manoeuvre at K =0.7 predicted with 7, =0.1 ( ,red) and T, =0.2 (——,
blue).
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FIGURE 20. (Colour online) Comparison of the vorticity distribution predicted for a flat
plate pitching with K=0.2 at two different instants between the hybrid model with T}, =
0.2 (a—c) and a high-fidelity simulation at Re = 1000 (d-f) at @ =23° (a,d), « =57° (b,e)
and o =87° (c,f).

3.3. Oscillatory pitching and heaving

In this last demonstration case, we consider the common motion of oscillatory pitching
and heaving of a flat plate, defined by steady horizontal translation at speed U, with
a pitching motion,

a(t) = ap sin(wt + ¢), (3.3)
about an axis that oscillates vertically, at instantaneous position

h(t) = hy sin(wt). 34
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FIGURE 21. (Colour online) Early-time lift (a¢) and drag (b) coefficients for a pitch-up
manoeuvre at K =0.2 predicted by the hybrid model with T);, =0.2 (-——, red), the Wang
& Eldredge model (—-—-, green) and high-fidelity simulation results at Re = 1000 ( ,
blue).
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FIGURE 22. (Colour online) Comparison of the lift coefficient generated by oscillatory
pitching and heaving at reduced frequency « =1, heave amplitude hy/c =0.05 and pitch
amplitude ay = 5°, predicted with T, =0.1 ( , blue), T, =0.4 ( , red) and full
vortex sheet (

, green). The Theodorsen solution (——) is shown for reference. Both
hybrid method results use Br =1.75 x 1072

The general problem is parametrized by the pitch amplitude «,, the heave amplitude
hy/c, the reduced frequency « :=wc/(2U) and the pitching phase lead ¢. This phase
lead is held constant at /2 and the pitch axis is located at the quarter chord.

At small amplitudes oy and hg/c, the theoretical prediction of Theodorsen (1935)
is approximately valid and can be used as a reference. An example of such a case is
depicted in figure 22. Here, the amplitudes of pitching and heaving are set to oy =5°
and hg/c = 0.05, respectively, and the reduced frequency is x = 1. We have set the
critical value of LESP to a large value (10) to prevent the release of any vorticity from
the leading edge. The vertical force coefficient generated by this motion only slightly
exceeds the prediction from the flat wake model of Theodorsen. Two different versions
of the hybrid model are used for comparison, one in which T;, =0.4 and another in

in
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FIGURE 23. (Colour online) Snapshots of the vorticity distribution at #* =25 generated
by oscillatory pitching and heaving at reduced frequency x = 1, heave amplitude hy/c =
0.05 and pitch amplitude oy =5°, predicted with full vortex sheet (a), hybrid model with
T:.,,=0.4 (b) and hybrid model with T, =0.1 (c). Both hybrid method results use By =

1.75 x 1072,

in

which T =0.1. The force discrepancy parameter, By, has been set smaller (1.75 x
1072) than in previous cases due to the relatively smaller strengths in the wake vortex
sheet in this weak oscillatory motion. This choice ensures that the other parameter,
T, generates different behaviours when varied; see figure 13 for the rationale for
this. The forces predicted by both hybrid models agree well with the full vortex sheet
case; the relative errors compared to the vortex sheet case are 0.0042 for 7, = 0.4
(indistinguishable from the vortex sheet result in figure 22) and 0.050 for 77, =0.1.

As figure 23 shows, this wake does not remain flat, but undergoes the expected
instability of a vortex sheet with sinusoidal strength distribution. The two hybrid
models exhibit different representations of this instability, and their difference reveals
some subtlety in the dependence on 7. that was not exhibited in previous cases.
For the larger T, , more discrete elements are created and these elements tend to
cluster into vortex structures, spaced at an interval equal to the sheet wavelength. In
contrast, for the smaller T, , only a single discrete element comprises each vortex
structure, and the overall population of elements is very small. At first, this behaviour
seems counterintuitive, since previous cases have shown that more discrete elements
tend to be generated when the minimum waiting time between the formation of new
active elements is reduced. However, it is important to remember that a new active
element can only be produced if the current active element can no longer siphon off
any of the sheet without exceeding the threshold for error in impulse (step (iv) of
the algorithm). When this minimum waiting time is small (7}, =0.1 or, in fact, any
smaller value still greater than the time step size), then the siphoning is allowed to
continue unabated, but stops naturally once per half-cycle when the feeding sheet,
with sinusoidally varying strength, reaches an extremum. When T, is larger, this
natural process still occurs, but, due to small disruptions in impulse that truncate the
siphoning, a train of active elements is created in each half-cycle, which subsequently
aggregate into a cluster.

For more general amplitudes of motion, the problem has been studied extensively

both experimentally and computationally (Anderson et al. 1998; Kinsey & Dumas
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2008). The character of the flow generated by the plate motion depends on the so-
called ‘feathering parameter’ (Anderson et al. 1998),

Qp

= 3.5
X arctan(2x hy/c) (3-5)

which approximately controls the maximum effective angle of attack. A feathering
parameter close to unity restricts this maximum angle to small values, and in such
circumstances the flow is expected to remain attached over the plate. In contrast, larger
or smaller values of this parameter will induce separation at the leading edge. For
feathering parameters larger than unity, the plate is expected to extract energy from
the incident flow, whereas the plate generates a propulsive force for smaller values
(Anderson et al. 1998; Kinsey & Dumas 2008).

In the previous case of pitch-up, we discussed the challenges inherent to inviscid
models of releasing vorticity from the leading edge at moderate angles of attack.
These challenges are more formidable in an oscillatory problem, as the plate will
interact strongly with any leading-edge vorticity that lingers in its vicinity for more
than one oscillation cycle. The proposed hybrid method does not overcome these
challenges. Thus, for the purposes of demonstrating this method on a plate in
oscillatory motion, we focus on two cases in which the maximum angle of attack
(20°), though still likely to lead to leading-edge flow separation, is modest enough
that suppressing the release of vorticity from this edge still leads to a reasonable
prediction of the true behaviour. In both cases, we compare the hybrid model’s
prediction with that of a model in which a full vortex sheet is released from the
trailing edge.

The heave amplitude for both cases is /hg/c = 1 and the reduced frequency is
k = 0.44. Figure 24 depicts the results for a case in which the pitch amplitude is
60°, leading to a feathering parameter equal to 1.45. As expected from the results
of Anderson et al. (1998) and Kinsey & Dumas (2008), the mean horizontal force
coefficient (—0.86) is negative — a net drag on the plate — and the mean rate of
work done by the fluid on the plate through its oscillatory motion (0.33) is positive,
indicative of energy harvesting. The hybrid model’s prediction of force agrees well
with that of the full vortex sheet. As in the smaller-amplitude case considered
previously, only one active vortex element is released per half-cycle, leading to a
minimal (and regular) representation of the von Karman vortex street.

In contrast, when the pitch amplitude is set to 20°, the feathering parameter is 0.48,
suggestive of propulsion. The results of this case are shown in figure 25. Indeed, the
mean horizontal force is now positive, equal to 0.83, and the mean rate of work by the
fluid is negative (—0.54), consistent with a propulsive motion. Once again, the hybrid
model’s prediction matches well with that of the full vortex sheet, and the wake, now
in the form of a reverse von Kidrman vortex street, is minimally represented.

4. Conclusion

In this work, we have developed and demonstrated a hybrid vortex sheet/point
vortex model for modelling unsteady separated flows. The parameters of the model —
the threshold for force error, Br, and the minimum time between the release of new
active vortex elements, 77;. — can be independently chosen to obtain a rich taxonomy
of vortex element models, in which existing models are particular cases. Applying
the model to impulsive translation and to pitch-up, we found good agreement with
high-fidelity simulations in both the early-time predicted vorticity distribution and the
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FIGURE 24. (Colour online) (a) Comparison of the force coefficients generated by
oscillatory pitching and heaving at reduced frequency x = 0.44, heave amplitude hy/c=1
and pitch amplitude oy = 60° (feathering parameter xy = 1.45), predicted with hybrid
method with 7%, =0.2 and B =10"" (blue) and full vortex sheet (orange). (b) Snapshot
of vorticity from hybrid model at r* = 50. Trajectory of plate centroid depicted as
dashed line. Point vortices coloured blue have clockwise strength, and those in red have

anticlockwise strength.

force response. We have also found good quantitative agreement with the theoretical
prediction for small-amplitude oscillatory pitching and heaving, and the correct
qualitative behaviour for larger amplitudes of this motion. It should be noted that,
although we have focused our attention on a thin flat plate in this paper, the proposed
methodology would work for any airfoil shape and requires only an expression for
the airfoil’s contribution to the impulse of a vortex element in order to compute
the velocity correction. The methodology could, in principle, be extended to multiple
bodies, though the impulse calculation must then account for all bodies’ contributions.

It should be emphasized that the range of models obtained in this paper share the
same well-known challenges with other inviscid models in predicting behaviours that
are essentially viscous. This is particularly true for cases in which the flow is expected
to separate from the leading edge. By significantly reducing the number of vortex
elements in the model, we were able to predict self-sustaining vortex shedding past
plates at various angles of attack at a small fraction of the expense of a full discrete
vortex element or vortex sheet model. However, the predicted shedding frequency
is lower than that observed experimentally or in viscous simulations, indicating that
viscosity plays an essential role in establishing this frequency — presumably through
the induction of secondary vorticity on the plate and the thickening of the shear
layers that roll up into the vortex structures from each edge. In oscillatory pitching
and heaving, the vorticity shed from the leading edge, and its subsequent interaction
with the trailing-edge structures, can play an important dynamical role, and the
models described here are not generally able to predict these dynamics. Fortunately,
the low dimensionality of the model opens up the possibility of using data-driven
methods to compensate for missing flow physics. Our ongoing work in this area
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FIGURE 25. (Colour online) (a) Comparison of the force coefficients generated by
oscillatory pitching and heaving at reduced frequency x = 0.44, heave amplitude hy/c =1
and pitch amplitude oy = 20° (feathering parameter y = 0.48), predicted with hybrid
method with 7%, =0.2 and B =10"" (blue) and full vortex sheet (orange). (b) Snapshot
of vorticity from hybrid model at r* = 50. Trajectory of plate centroid depicted as
dashed line. Point vortices coloured blue have clockwise strength, and those in red have
anticlockwise strength.

focuses on incorporating data assimilation techniques to use the vortex model as a
means for real-time flow estimation.
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Appendix A. Derivation of the velocity correction

In this appendix, we first find the expression for the impulse of a point vortex
and its associated bound vortex sheet, then we derive the velocity correction for
transferring circulation between two point vortices. We make use of a normalized
plate-centred coordinate system (X, y), so that any point can be described by

x=xc+%(fcf—|—)7ﬁ), (A1)

where ¢ is the length of the plate, T is the unit plate tangent and 7 is the unit
plate normal; a denotes the angle between T and the positive x axis in the inertial
coordinate system. For points that lie on the plate itself, x takes values between —1
(at the trailing edge) and +1 (at the leading edge), and y is identically zero. We will
denote the vector position of such points on the plate by &. The plate’s motion is
completely described by the translational velocity of the centroid, X., and the angular
velocity, a.
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The impulse of the ith point vortex in the fluid then takes the form
/ xXxwdA = Ix; x k
= I} [xe <kt %(—x,-ﬁ +5)] . (A2)

where k is the unit vector out of the plate. In order to find the impulse of the bound
vortex sheet, we first need the expression for the bound vortex sheet strength.

A.1. Bound vortex sheet strength

The strength of the bound vortex sheet, parametrized by the scaled coordinate along
the plate, is denoted by y (X) and is governed by the following integral equation (also
known as the airfoil equation):

4GOI

2  X—0

o=n-[upX) —usX)], (A3)

where x € [—1, 1], up is the velocity of the plate and u, is the velocity induced by
ambient vorticity; uniform flow is absent, since we set the problem in a frame of
reference in which the fluid is at rest at infinity. We can solve (A 3) using an inversion
formula found in Muskhelishvili (2013) to find that

2 T, «/
y(ic)=m< 2y [ L2 [uB@(a))—uA(e(a))]da), (A4)

where [, is the total circulation of the ambient vorticity. As in the work by Jones
(2003), we represent up and u, in the Chebyshev expansions:

i-up(§(0) =) B,T,(0),
ﬁ . uA(§(G)) = ZAnTn(G)s

n=0

where T, (o) :=cos(ncos~! o) is the nth-order Chebyshev polynomial of the first kind.
For the rigid plate, By =# - X., B = &c/2 and B, =0 for n > 1. Substituting these
expansions and evaluating the resulting integrals allows us to obtain

L 2(Ag—R X)X +A —ca/2 —21,/(nc) _ . ad .

y(X) = = —V1-x (—coe +2 ) AU, (x)> )
V1 =X ;

(A6)

where U, (o) :=sin((n+ 1) cos~! o) /sin(cos~! o) is the nth-order Chebyshev function
of the second kind.

As mentioned in §2, we can decompose (A6) into contributions from each
vortex element, and the contribution from only body motion, ie. y = Zil Vi + V.
The coefficients A,, which describe the velocity induced on the plate by these


https://doi.org/10.1017/jfm.2018.792

https://doi.org/10.1017/jfm.2018.792 Published online by Cambridge University Press

Taxonomy of low-dimensional vortex models 945

vortex elements, as well as the total circulation of these elements, I4, can also be
decomposed, so that we obtain

2405 A — 21 — )
yy = 2ot H AL 2IED TR 4,0, @),
n=1

V1 =X

B —2(n - x.)x —ca/2 = .
X) = + V1 —Xca.

We see that the bound vortex sheet strength has square root singularities at the
edges of the plate, where x = +1. These singularities form because the plate is
infinitely thin and cannot support flow around its edges without an infinite velocity.
Noting that real airfoils can support non-zero suction at their leading edges, Ramesh
et al. (2014) proposed a vortex shedding criterion where new vortex elements are
released so that the leading-edge suction parameter (LESP), defined as

(A7)

1
LESP := limy )V 1 —xX, AR
S5y imy GV (A8)

is kept below a critical threshold. Note that the LESP is normalized by the
translational speed of the plate, U = |x.|. Similarly, the Kutta condition is enforced at
the trailing edge by setting

lim y (V1 +5=0. (A9)

Substituting expression (A 6) for the bound vortex sheet into the definitions above and
combining them, we find that

Ag— ¥,
LESp= 20— "X (A 10)
A.2. Impulse of the bound vortex sheet
The impulse of a bound vortex sheet on the plate is defined by the integral
/y(xxic)dl. (A11)

If we substitute the bound vortex sheet strength found in (A7) and evaluate the
resulting integral, we find that the impulse of the bound vortex sheet associated with
the ith vortex element is

. . 2 A,
y{yi(xi xkdl=—x. xkI;+nx (%) <AO,,- - 22 > . (A12)

The velocity induced by the ith point vortex at a point £(o) on the plate can be
expressed as

(0 —X)T —yin I; [ o —X } (A13)

AN
ﬁoui o Iﬁoék)( ~\ A ~ A = (o —7)2 L2
(S( )) CTe |(O' _xi).[ _yin|2 CTU (O' _xi)z —|—)’12
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So the Chebyshev coefficients in (A 12) are given by

Ay 2 [ JI=o? )
2l 70~2(0 %) do. (A 14)

Agi— 2=
0 2 e J_; (0 —X)*+

If we define z; :=X; +1iy;, then applying contour integration to the integral above gives
us

Ao,i—Az”'= VAo TVEFI (A15)

2

Combining (A 2), (A12) and (A 15), we find that the impulse of a point vortex and
its bound vortex sheet is given by

_ng[flm{zi}—ﬁRe{ﬁm}]. (A 16)

A.3. Velocity correction

To streamline the derivation of the velocity correction, we will use the complex form
of (A 16), and omit the subscript i for brevity:

P(I", %) = e %13(2), (A17)

where p is defined as

P :=Im{z) —iRe{/z — 1VZ+ 1. (A18)

The time derivative of the impulse is then given by
—(1“ ) =iaP(I",2) + e‘“i [Fp(z) + F(z)] (A19)

where

~ L Z

= 1 .
di [ {<¢2—1¢z+1 >ZH
As before, we will use the subscripts s and ¢ to refer to the point vortices we are
transferring circulation from and to, respectively, and I to represent the rate at which
circulation is gained by the target ¢ (and simultaneously lost by the source s). The
rate of change of impulse due to these two point vortices, including the effect of
circulation transfer, is

dp; dp, ia € dps dpt dAp,
+ — =ia(P, +P,)+e - 1tn)+1“d + 1 + , (A2D)

(A20)

dr dt dt dr

where dAp,/dt comes from applying a velocity correction to the target point vortex.
The first term in square brackets represents the spurious force arising from the
transfer of circulation. For the velocity correction to cancel out the effect of changing
circulation, we must have

dap, I
=—(ps—D1)- A22
dr T (ps — p1) ( )
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If we define
Z
Bi= (A23)
vz —1/z7,+1
then we can combine (A 22) and (A 20) to get
2 NP F ~ ~
AZ(B+D+AZ (B -1 = 217(1% —Po). (A24)
t
We can combine this equation with its conjugate,
Zx * < : F ~% ~%
AZZ(B+D+AZB -1 = —ZIF(Ps - D7), (A25)
t
to obtain the velocity correction to the target point vortex,
i . iele I b, — P * 1 5 — b *_ 1
An = SNz i€l ((p. (B + 1D+ (] —p)(B )). (A26)
2 2 T, B+B
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