
J. Appl. Prob. 57, 78–96 (2020)
doi:10.1017/jpr.2019.77

© Applied Probability Trust 2020

RECORDS FOR TIME-DEPENDENT
STATIONARY GAUSSIAN SEQUENCES

MICHAEL FALK,∗ University of Würzburg
AMIR KHORRAMI CHOKAMI,∗∗ Polytechnic of Turin
SIMONE A. PADOAN,∗∗∗ Bocconi University

Abstract

For a zero-mean, unit-variance stationary univariate Gaussian process we derive the
probability that a record at the time n, say Xn, takes place, and derive its distribution
function. We study the joint distribution of the arrival time process of records and the
distribution of the increments between records. We compute the expected number of
records. We also consider two consecutive and non-consecutive records, one at time j
and one at time n, and we derive the probability that the joint records (Xj, Xn) occur,
as well as their distribution function. The probability that the records Xn and (Xj, Xn)
take place and the arrival time of the nth record are independent of the marginal distri-
bution function, provided that it is continuous. These results actually hold for a strictly
stationary process with Gaussian copulas.
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1. Introduction

The theory of stationary processes is useful in many applications for modelling real time-
dependent data. A relevant example is provided by models for time series, e.g. [8]. In particular,
the study of records is of special interest in many applied fields, such as in the environmental
context where for health reasons it is important to understand when a high (or low) temperature
or high pollution concentration will break the existing heat/pollution record. In finance, it is of
crucial interest to understand whether the stock market crashes that have occurred in history can
still fall by more and realise a new record. Although the previously mentioned real processes
are undoubtedly non-stationary series, it is possible to make them stationary (which is a stan-
dard practice) as a first step and hence study the records of the obtained stationary sequences
for an initial investigation. Further studies are then required to extend the results on records in
the case of non-stationary series. The latter goes beyond the scope of the present article.

Let {Xn, n ≥ 1} be a stationary sequence of identically distributed random variables (RVs),
and denote by F the common distribution function. Throughout the paper, by a stationary
process we mean a strictly stationary process and we omit the term ‘strictly’ for brevity.
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For any i, j ∈N, set Mi:j := max (Xi, . . . , Xj). For simplicity, we set Mj := M1:j, that is, Mj :=
max (X1, . . . , Xj). The RV Xn is a record if Xn >Mn−1. Such an event is coded by the indicator
function Rn := 1(Xn is a record). When X1, X2, . . . are independent, many results on records
are already known (e.g. [2, 6, 10, 11], and [17, Chapter 4]).

Except for [7, 14, 15], as far as we know most of the available results on records concern
sequences of independent random variables or vectors (e.g. [9, 13]). The aim of this contribu-
tion is to provide some new results on records of a strictly stationary sequence of dependent
Gaussian random variables, under appropriate conditions of the dependence structure. We hope
that the present discussion gives further insight into the topic of records, which is very impor-
tant for applications but is experiencing slow development given its complexity. With this first
step we also wish to inspire other experts in the field to further develop our results towards
statistical modelling.

In Section 2 we introduce some notation used throughout the paper, and we briefly review
some basic concepts on the multivariate closed skew-normal distribution. In Sections 3–6
we present our main results. Initially, we consider a univariate stationary Gaussian process
with zero mean and unit variance. In this particular case it means that for every n = 1, 2, . . .,
E(Xn) = 0, E(X2

n) = 1 and the autocovariance of the process is translation invariant, i.e. for
every i, j ∈ {1, . . . , n}, ρi,j = E(XiXj) = ρj−i, where ρj−i is a function only of the separation
j − i (time difference). Since ρi,j = ρj,i, E(XiXj) = ρ| j−i|. A process that meets these conditions
is also called ‘second-order stationary’. In Section 3 we derive the probability that a record at
time n, say Xn, takes place, and the distribution of Xn, being a record. Furthermore, in Section 4
we derive the joint distribution of the arrival time process of records, and more specifically the
distribution of the increments between records. In Section 5 we compute the expected number
of records, which, depending on the type of correlation structure of the Gaussian process, can
be finite or infinite. In Section 6 we also focus on joint records and we derive the probabilities
that two consecutive and non-consecutive records at the time j and n, say Xj and Xn, take place,
as well as the joint distribution of (Xj, Xn), considering they are both records.

We highlight that many of our findings, such as the probability that the records Xn and
(Xj, Xn) take place and the arrival time of the nth record, are independent of the marginal
distribution function F, provided that it is continuous. As a consequence, the results actually
hold for second-order stationary sequences with Gaussian copulas. On the contrary, however,
the distribution of a record (two records), conditionally that it is a record (they are records),
does depend on F.

2. Background and notation

Throughout the paper we use the following notation. The symbol X ∼ Nn(μ,�), n ∈N,
means an n-dimensional random vector that follows a multivariate Gaussian distribu-
tion with mean μ ∈R

n and positive-definite covariance matrix � = σ�̄σ ∈R
n ×R

n, σ :=
diag(σ11, . . . , σnn); �̄ is the correlation matrix. Its cumulative distribution function (CDF)
and probability density function (PDF) are denoted by �n(x; μ,�) and φn(x; μ,�), respec-
tively, with x ∈R

n. When μ = 0 = (0, . . . , 0)� and � = I, where I is the identity matrix, we

write �n(x) for simplicity. We use the notation Xn
i.i.d.∼ Nn(0, 1), n = 1, 2, . . ., to indicate that

X1, . . . , Xn are independent and identically distributed (i.i.d.) RVs with distribution N(0,1).
We indicate by 1a,b (0a,b) the matrix of dimension a × b whose elements are all equal to one

(zero). We omit the subscripts when the dimensions of the matrices are clear from the context.
Matrices having one subscript are column vectors.
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We introduce the notion of a multivariate closed skew-normal (CSN) random vector and we
do so by using the so-called conditioning representation [12, Chapter 2]. Let U ∼ Nm(ξ ,�) be
independent of V ∼ Nn(0,�), where ξ ∈R

m, � ∈R
m ×R

m and � ∈R
n ×R

n. Let � ∈R
n ×

R
m; then (

U
�U + V

)
∼ Nm+n

((
ξ

�ξ

)
,

(
� ���

�� �

))
,

where � = � + ����. Define X equal to U, under the condition that �U + V >μ, denoted
by X = (U | �U + V >μ), where μ ∈R

n. The m-dimensional random vector X follows a
multivariate CSN distribution, X ∼ CSNm,n(ξ ,�,�,μ,�), whose PDF is, for all x ∈R

m,

ψm,n(x; ξ ,�,�,μ,�) = φm(x − ξ ; �)�n(�(x − ξ ); μ,�)

�n(0; μ,�)
.

We denote the CDF of X by �m,n(x; ξ ,�,�,μ,�) := P(U ≤ x | �U + V >μ). When ξ =
0, � = I and μ = 0, we omit them among the parameters for simplicity and we write
�m,n(x; �,�) and ψm,n(x; �,�) instead. We recall that the CSN distribution is also known
in the literature as the unified multivariate skew-normal distribution, which simply uses a dif-
ferent parametrisation (e.g. [3, Section 7.1.2]). The exposition of our results benefits from the
parametrisation used by the CSN distribution.

We recall that if X ∼ CSNm,n(ξ ,�,�,μ,�) then

P(U ≤ x | �U + V >μ) = �n+m(x̃; �̃)

�n(0; μ,�)
, (1)

where

x̃ =
( −μ

x − ξ

)
, �̃ =

(
� −��

−��� �

)
;

see [4]. Furthermore, for b ∈R
m and A ∈R

q ×R
m,

b + X ∼ CSNm,n(ξ + b,�,�,μ,�),

AX ∼ CSNq,n(Aξ ,�∗,�∗,μ,�∗), (2)

where �∗ = A�A�, �∗ = ��A��∗−1 and �∗ = � − �∗A���; see [12, Chapter 2] for
details.

3. Records of time-dependent univariate Gaussian sequences

Let {Xn, n ≥ 1} be a stationary Gaussian sequence of dependent RVs. Without loss of gen-
erality, assume for simplicity that E(Xi) = 0, E(X2

i ) = 1 for every 1 ≤ i ≤ n. Throughout the
paper we will refer to such a process as a stationary standard Gaussian (SSG) sequence. For
any n ∈N, let I ⊂ {1, . . . , n} and Ic = {1, . . . , n} \ I identify the |I|-dimensional and |Ic|-
dimensional subvector partitions XI and XIc of the random vector X = (X1, . . . , Xn)�, with
corresponding partition of the parameter �̄. By |A| we denote the number of elements of a
set A.

Our results rely on the following well-known important result on the conditional distribution
derived from the joint Gaussian distribution. Precisely, let X ∼ Nn(μ,�), with corresponding
partition of the parameters μ and �; [1, Theorem 2.5.1] establishes the conditional distribu-
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tion of XIc given that XI = xI , for all xI ∈R
|I|. In the special case that X ∼ Nn(0, �̄) we

obtain

P(XIc ≤ xIc | XI = xI ) =�|Ic|
(
xIc ; μIc ,�Ic,Ic;I

)
,

μIc = �̄Ic,I�̄
−1
I,IxI ,

�Ic,Ic;I = �̄Ic,Ic − �̄Ic,I�̄
−1
I,I�̄I,Ic ,

(3)

where �̄Ic,Ic , �̄I,I , �̄Ic,I and �̄I,Ic are partitions of �̄; the first two are correlation matrices
while the second two are not. Furthermore, we denote the related correlation matrix by

�̄Ic,Ic;I = σ−1
Ic,Ic;I�Ic,Ic;Iσ−1

Ic,Ic;I ,

where σIc,Ic;I = diag(�Ic,Ic;I )− 1
2 . For any j ∈ {a, . . . , b}, when I = {j} we simplify the nota-

tion by writing Xj and Xa:b/j = (Xa, . . . , Xj−1, Xj+1, . . . , Xb)�. When j = a or j = b we further
simplify the notation by X2:b = (X2, . . . Xb)� and X1:b−1 = (X1, . . . , Xb−1)�.

In our first result we compute the probability that Xn is a record, together with its distri-
bution. It is well known that P(Rn = 1) = 1/n in the case of independent RVs with identical
continuous distribution functions (see, e.g., [11]) and that the distribution of Xn, given that it is
a record, equals that of the largest observation among X1, . . . , Xn [10].

Proposition 3.1. Let {Xn, n ≥ 1} be an SSG sequence of RVs. Assume that 0 ≤ ρ| j−i| < 1 for
all 1< i 	= j< n. For every n ≥ 2, let I = {n}, Ic = {1, . . . , n − 1}. Then the probability that
Xn is a record, and the distribution of Xn, given that it is a record, are

P(Rn = 1) =�n−1(0; �1:n−1;1:n−1),

P(Xn ≤ x | Rn = 1) =�1,n−1
(
x; �1:n−1, �̄1:n−1,1:n−1;n

)
,

where �1:n−1;1:n−1 is an (n − 1) × (n − 1) variance-covariance matrix whose entries of the
associated correlation matrix �̄1:n−1;1:n−1 are

γi,j;n = 1 + ρ| j−i| − ρn−i − ρn−j

2
√

(1 − ρn−i)(1 − ρn−j)
, i 	= n, j 	= n, (4)

�1:n−1 is given in (6) and �̄1:n−1,1:n−1;n is an (n − 1) × (n − 1) correlation matrix with entries

ρi,j;n = ρ| j−i| − ρn−iρn−j√
(1 − ρ2

n−i)(1 − ρ2
n−j)

, i 	= n, j 	= n.

Proof. The probability that Xn is a record is

P(Xn >Mn−1) =
∫ +∞

−∞
P
(
Xi < z, for all i ∈ Ic | Xn = z

)
φ(z) dz

=
∫ +∞

−∞
P(Z1:n−1 ≤ z�1:n−1)φ(z) dz

= EZ{P(Z1:n−1 ≤ Z�1:n−1 | Z)}
= P(Z1:n−1 − Z�1:n−1 ≤ 0) ≡�n−1(0; �1:n−1;1:n−1),

where

�1:n−1;1:n−1 = �̄1:n−1,1:n−1;n + �1:n−1�
�
1:n−1, (5)
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�1:n−1 = σ−1
1:n−1,1:n−1;n(1n−1 − �̄1:n−1,n) =

(√
1 − ρn−i

1 + ρn−i
, for all i ∈ Ic

)�
. (6)

To obtain the second line we used the formula in (3), which leads to Z1:n−1 =
σ−1

1:n−1,1:n−1;n(X1:n−1 − μn) ∼ Nn−1(0;�̄1:n−1,1:n−1;n), where μn = (ρn−i, for all i ∈ Ic)�z,
and this can be seen as independent of Z ∼ N(0, 1). From the third to the fourth lines we
used [5, Lemma 7.1]. When n = 2 we have P(R2 = 1) = 1/2. With similar steps, we obtain the
distribution for the record Xn:

P(Xn ≤ x | Rn = 1) = P(Xn ≤ x, Xn >Mn−1)

P(Xn >Mn−1)

=
∫ x
−∞ φ(z)�n−1(z�1:n−1; �̄1:n−1,1:n−1;n) dz

�n−1(0; �1:n−1;1:n−1)

≡�1,n−1
(
x;�1:n−1, �̄1:n−1,1:n−1;n

)
. �

Remark 3.1. Assume in Proposition 3.1 that ρ| j−i| = 0 for all 1 ≤ i 	= j ≤ n. Then

P (Rn = 1)=�n−1(0; In−1 + 1n−11�
n−1)

= E (�n−1(1n−1Z; In−1))

=
∫ +∞

−∞
�n−1(1n−1Z; In−1)φ(z) dz =

∫ +∞

−∞
�n−1(z)φ(z) dz = n−1,

where Z ∼ N(0, 1). As expected, we obtain the results in [11] and [10, Lemma 1.1].
Furthermore,

P(Xn ≤ x | Rn = 1) =�1,n−1 (x; 1n−1, In−1)

= n
∫ x

−∞
�n−1(1n−1Z; In−1)φ(z) dz = n

∫ x

−∞
�n−1(z)φ(z) dz

=�(x)n.

Example 3.1. Consider the stationary AR(1) process, i.e.

Xn+1 = αXn +
√

1 − α2εn,

where X1 ∼ N(0, 1) and is independent of the sequence εn
i.i.d.∼ N(0, 1) for n = 1, 2, . . . and

where |α|< 1. For every i, j ∈ {1, . . . , n} the autocovariance function is ρ| j−i| = α| j−i|. From
Proposition 3.1 we obtain

ρi,j;n = α| j−i| − α|n−i|α|n−j|√
(1 − α2|n−i|)(1 − α2|n−j|)

, i 	= n, j 	= n;

γi,j;n = 1 + α| j−i| − α|n−i| − α|n−j|

2
√

(1 − α|n−i|)(1 − α|n−j|)
, i 	= n, j 	= n.

Example 3.2. Consider the stationary MA(1) process, i.e.

Xn+1 = εn+1 + αεn,
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where εn
i.i.d.∼ N(0, 1) for n = 1, 2, . . . and α is some constant. We recall that the autocovari-

ance function is ρ1 = α/(1 + α2), while it is zero whenever |i − j|> 1. Clearly, ρ0 = 1. From
Proposition 3.1 and (6) we obtain

ρi,j;n =
⎧⎨
⎩

ρ1, | j − i| = 1, i 	= n − 2, j 	= n − 1 or j 	= n − 2, i 	= n − 1,

α
√

(1 − α2)/(1 − α6), i = n − 2, j = n − 1 or j = n − 2, i = n − 1,

and ρ1,1;n = 1 and ρi,j;n = 0 when |i − j|> 1. Furthermore,

�1:n−1 =
⎛
⎝1, . . . , 1,

√
1 + α2 − α

1 + α2 + α

⎞
⎠ ∈R

n−1,

and γ1,1;n = 1 and

γi,j;n =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(1 + ρ1)/2, | j − i| = 1, i 	= n − 2, j 	= n − 1 or j 	= n − 2, i 	= n − 1.

(1 − ρ1)−1/2/2, i = n − 2, j = n − 1 or j = n − 2, i = n − 1,

1/2, | j − i|> 1, i, j 	= n − 1,

(1 − ρ1)1/2/2, | j − i|> 1, i or j = n − 1.

4. Arrival times and increments among records

Let T(1) := 1, and for k ≥ 2 let

T(k) := inf

{
m ∈N:

m∑
i=1

Ri = k

}

be the arrival time of the kth record. Then, among the sequence X1, X2, . . ., the RV XT(k),
k ∈N, is the kth record that occurred at the arrival time T(k). Furthermore, the increments of
subsequent records are given by the sequence Yk := XT(k) − XT(k−1), k ≥ 2, Y1 := X1. In the
case that X1, X2, . . . are i.i.d., the results on the arrival times and increments among records
have already been investigated extensively over the past few decades; see, e.g., [2, 11]. Here
we extend some of the existing results to the case of an SSG sequence.

Lemma 4.1. Let {Xn, n ≥ 1} be an SSG sequence of RVs. Let {T(k)}k≥2 be the arrival time
process of records. Let I = {1, j2, . . . , jk}, where 2 ≤ j2 < · · ·< jk ∈N and j1 := 1. Set Ic :=
{2, . . . , jk} \ I. For any jk > k with k = 2, 3, . . . , we have

P(T(i) = ji, i = 2, . . . , k) =�jk−k(0; �̃),

where

�̃ =
(

�Ic,Ic −�Ic,Ic�̄I,ID�

−D�̄I,I��
Ic,Ic D�̄I,ID�

)
, (7)

with D = (Ik−1 0k−1) − (0k−1 Ik−1),

�Ic,Ic = σ−1
Ic,Ic;I (B − �Ic,I�̄

−1
I,I ) (8)
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and

B :=

⎛
⎜⎜⎜⎜⎜⎝

1j2−2 0j2−2 . . . 0j2−2 0j2−2

0j3−j2−1 1j3−j2−1 . . . 0j3−j2−1 0j3−j2−1

...
...

...
...

0jk−jk−1−1 0jk−jk−1−1 . . . 1jk−jk−1−1 0jk−jk−1−1

⎞
⎟⎟⎟⎟⎟⎠ ∈R

jk−k ×R
k. (9)

Finally, for k = 2, 3, . . . we have that P(T(i) = i, i = 1, . . . , k) =�k−1(0; �̃), where �̃ =
D�̄I,ID�, I = {1, . . . , k} and D is the same as before. Since Ic = ∅ in this case, the matrices
�Ic,Ic and �Ic,Ic in (7) are not available.

Proof. We have

P(T(i) = ji, i = 2, . . . , k)

= P(Mji−1+1:ji−1 < Xji−1 , Xji−1 < Xji , i = 2, . . . , k)

=
∫ +∞

−∞

∫ zk

−∞
. . .

∫ z2

−∞
P(Mji−1+1:ji−1 < zi−1, i = 2, . . . , k | Xjl = zl, l = 1, . . . , k)

· φk(z1, . . . , zk) dz1 . . . dzk

=
∫ +∞

−∞

∫ zk

−∞
. . .

∫ z2

−∞
P(XIc <Bz | XI = z)φk(z; �̄I,I ) dz,

where B is given in (9). By standardising the random vector XIc , we obtain∫ +∞

−∞

∫ zk

−∞
. . .

∫ z2

−∞
�jk−k(�Ic,Ic z; �̄Ic,Ic;I )φk(z; �̄I,I ) dz

=�jk−k(0; �Ic,Ic )
∫ +∞

−∞

∫ zk

−∞
. . .

∫ z2

−∞
ψk,jk−k(0;�̄I,I , �Ic,Ic , �̄Ic,Ic;I ) dz

=�jk−k(0; �Ic,Ic )P(Z1 < Z2 < · · ·< Zk)

=�jk−k(0; �Ic,Ic )P(Z1 − Z2 < 0, . . . , Zk−1 − Zk < 0),

where �Ic,Ic is given in (8) and �Ic,Ic is

�Ic,Ic = �Ic,Ic�̄I,I��
Ic,Ic + �̄Ic,Ic;I . (10)

By recalling (2), we obtain

⎛
⎜⎝

Z1 − Z2
...

Zk−1 − Zk

⎞
⎟⎠=

⎛
⎜⎜⎜⎝

1 −1 0 0 . . . 0
0 1 −1 0 . . . 0
...

0 . . . 0 0 1 −1

⎞
⎟⎟⎟⎠
⎛
⎜⎝

Z1
...

Zk

⎞
⎟⎠

= DZ ∼ CSNk−1,jk−k(D�̄I,ID�,�,�∗
Ic,Ic;I ),

where � and �∗
Ic,Ic;I are

� = �Ic,Ic�̄I,ID�(D�̄I,ID�)
−1
,

�∗
Ic,Ic;I = �Ic,Ic − �D�̄I,I��

Ic,Ic .
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Now, by applying (1) we obtain

P(T(i) = ji, i = 2, . . . , k) =�jk−k(0; �Ic,Ic )
�jk−1(0; �̃)

�jk−k(0; �∗)
,

where �∗ = �∗
Ic,Ic;I + �D�̄I,ID���. Noting that �Ic,Ic in (10) is equal to �∗, the result

follows. Ultimately, P(T(i) = i, i = 1, . . . , k) = P(X1 < X2 < · · ·< Xk) and therefore the result
follows using similar steps to before, but with I = {2, . . . , k}, Ic = ∅. �
Example 4.1. In the special case that k = 2 in Lemma 4.1, the probability that the second
record occurs at time n> 2 is obtained as

P (T(2) = n)=�n−1(0; �̃),

where �̃ in (7) is equal to

�̃ =
(

�2:n−1,2:n−1 −M

−M� 2(1 − ρn−1)

)
, (11)

with M = (1 − ρn−2)σ−1
Ic,Ic;I (1n−2 − ((ρi − ρn−i−1)i=1,...,n−2)�). Clearly, when n = 2 we

have P(T(2) = 2) = P(X2 > X1) = 1/2. Furthermore, when ρ| j−i| = 0 for all 1 ≤ i, j ≤ n and
n> 2 we obtain

P (T(2) = n)= 1

n(n − 1)

as expected, where in this case

�̃ =
(

In−2 + 1n−21�
n−2 −1n−2

−1�
n−2 2

)
.

In Appendix A we provide an alternative (but equivalent) distribution for the arrival time of the
second record.

By exploiting the result in Lemma 4.1 we derive another interesting result in
Proposition 4.1: the distribution of the generic increment Yk, for k ≥ 2.

Proposition 4.1. Let {Xn, n ≥ 1} be an SSG sequence of RVs with autocorrelation 0 ≤ ρ| j−i| <
1 for 1 ≤ i, j ≤ n. Let I = {1, j2, . . . , jk}, where 2 ≤ j2 < · · ·< jk ∈N, and j1 := 1. Set Ic :=
{2, . . . , jk} \ I. For any jk > k with k = 2, 3, . . ., and x ≥ 0, the distribution of the increment
Yk := XT(k) − XT(k−1) is equal to

P(Yk ≤ x) =
∞∑

j2=2

∞∑
j3=j2+1

· · ·
∞∑

jk=jk−1+1

(�jk−1(0; �̃) −�jk−1(x̃; �̃)),

where �̃ is as in Lemma 4.1 and x̃ = (0�
jk−2 − x)�. Furthermore, for k = 2, 3, . . . we have that,

for all x ≥ 0,

P(Yk ≤ x, T(i) = i, i = 1, . . . , k) =�k−1(0; �̃) −�k−1(x̃; �̃),

where x̃ = (0�
k−2 − x)�, �̃ = D�̄I,ID�, I = {1, . . . , k}, Ic = ∅ and D is as in Lemma 4.1.
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Proof. By the total probability rule we have

P(XT(k) − XT(k−1) ≤ x)

=
∞∑

j2=2

∞∑
j3=j2+1

· · ·
∞∑

jk=jk−1+1

P(Xjk − Xjk−1 ≤ x, T(i) = ji, i = 2, . . . , k).

Note that by repeating the same arguments as in the proof of Lemma 4.1 we obtain

P(Xjk − Xjk−1 ≤ x, T(i) = ji, i = 2, . . . , k)

= P(Xjk − Xjk−1 ≤ x,Mji−1+1:ji−1 < Xji−1 , Xji−1 < Xji , i = 2, . . . , k)

=
∫ +∞

−∞

∫ zk

zk−x

∫ zk−1

−∞
. . .

∫ z2

−∞
P(Mji−1+1:ji−1 < zi−1, i = 2, . . . , k | Xjl = zl, l = 1, . . . , k)

· φk(z1, . . . , zk) dz1 . . . dzk

=
∫ +∞

−∞

∫ zk

−∞
. . .

∫ z2

−∞
�jk−k(�Ic,Ic z; �̄Ic,Ic;I )φk(z; �̄I,I ) dz

−
∫ +∞

−∞

∫ zk−x

−∞
. . .

∫ z2

−∞
�jk−k(�Ic,Ic z; �̄Ic,Ic;I )φk(z; �̄I,I ) dz

=�jk−k(0; �Ic,Ic )P(Z1 < Z2 < · · ·< Zk)

−�jk−k(0; �Ic,Ic )P(Z1 < Z2 < · · ·< Zk − x),

where �Ic,Ic is given in (8) and �Ic,Ic is given in (10). Once more, repeating the same rea-
soning as in the proof of Lemma 4.1, the result follows. Concluding, P(Yk ≤ x, T(i) = i, i =
1, . . . , k) = P(Xk − Xk−1,≤ x, X1 < X2 < · · ·< Xk) and therefore the result follows using
similar steps to those in Lemma 4.1, but with I = {1, . . . , k}, Ic = ∅. �
Example 4.2. In the special case that k = 2 in Proposition 4.1, the increment between the
second and the third record is equal to

P(Y2 ≤ x) =
∑
n≥2

(�n−1(0; �̃) −�n−1(x̃; �̃)),

where �̃ is as in (11). Furthermore, when n = 2 we obtain D = (1 − 1), �̃ = 2(1 − ρ1), and
therefore

P(Y2 ≤ x) = 1/2 −�(−x/(2(1 − ρ1))1/2). (12)

5. Number of records

Let N :=∑∞
n=1 Rn be the number of records among an infinite sequence X1, X2, . . . When

the components of the sequence are independent and identically distributed with a continuous
distribution function then it is a well-known result that an infinite number of records will occur:
E(N) =∑∞

n=1 P(Rn = 1) =∑∞
n=1 1/n = ∞ [11].

A natural question that arises is the following: What is the expected number of records that
will take place in the case of a stationary Gaussian process?

Proposition 5.1. Let {Xn, n ≥ 1} be an SSG sequence of RVs and �n−1(0; �1:n−1;1:n−1) be the
P(Rn = 1) as described in Proposition 3.1. Let N be the number of records among an infinite
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sequence X1, X2, . . . Then we have

E(N) =
⎧⎨
⎩

∞, if 1/2 ≤ γi,j;n ≤ 1, for all 1 ≤ i 	= j< n,

2, if γi,j;n = 0, for all 1 ≤ i 	= j< n,

where γi,j;n is the correlation parameter in (4).

Proof. First, note that

E(N) = E

( ∞∑
n=1

Rn

)
=

∞∑
n=1

E(Rn)

= 1 +
∞∑

n=2

P(Xn >Mn−1)

= 1 +
∞∑

n=2

�n−1(0; �1:n−1,1:n−1).

The entries of the correlation matrix �̄1:n−1,1:n−1 in (4) are γi,j;n = 1/2, 1 ≤ i 	= j< n, if
and only if ρ| j−i| = ρn−i = ρn−j = 0. In this case, by Remark 3.1 we have that �n−1(0; In−1 +
1n−11�

n−1) = 1/n. From this it follows that when 1/2 ≤ γi,j;n ≤ 1 or

√
(1 − ρn−i)(1 − ρn−j) ≤ 1 + ρ| j−i| − ρn−i − ρn−j ≤ 2

√
(1 − ρn−i)(1 − ρn−j), (13)

then �n−1(0; �1:n−1,1:n−1) ≥ 1/n, and as a consequence

E(N) ≥
∞∑

n=1

1

n
= ∞.

For every 1 ≤ i 	= j< n, provided that ρn−i + ρn−j ≥ 0, when ρ| j−i| = ρn−i + ρn−j − 1 then we
have �̄1:n−1,1:n−1 = In−1. Therefore in this case�n−1(0; �1:n−1,1:n−1) =�n−1(In−1) = 2−n+1.
As a consequence,

E(N) = 1 +
∞∑

n=2

2−n+1 = 2
∞∑

n=0

2−n − 2 = 2. �

From Proposition 5.1 it follows that the expected number of records depends on the type of
correlation structure of the Gaussian process. For example, an infinite number of records is
expected when all variables are uncorrelated, or when Xi and Xj are more correlated than
the sum of the correlations between Xi and Xn, and Xj and Xn, for every 1 ≤ i 	= j< n. The
second assertion follows from the left-hand side of the inequality in (13) by noting that
0 ≤√

(1 − ρn−i)(1 − ρn−j) ≤ 1. This suggests looking at 1 + ρ| j−i| − ρn−i − ρn−j ≥ 1, which
holds as soon as ρ| j−i| ≥ ρn−i + ρn−j. Instead, loosely speaking, when Xi and Xj are less
correlated than the sum of the correlations between Xi and Xn, and Xj and Xn, for every
1 ≤ i 	= j< n, the expected number of records can be finite. This assertion follows from the
condition ρ| j−i| = ρn−i + ρn−j − 1, provided that ρn−i + ρn−j ≥ 0, which leads to two records
that should be expected. Finally, we remark that the case when 0< γi,j;n < 1/2 is still an open
problem.
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6. Joint records

In the case that X1, X2, . . . is a sequence of independent and exponential distributed RVs,
the joint distribution of several numbers of consecutive records is well known in the literature
(see, e.g., [11]). For a general continuous distribution the asymptotic properties of consecutive
joint records have been studied in [6], and for non-consecutive joint records in [10].

In this section, for a stationary time-dependent Gaussian process we study the probability
that two records occur at prescribed indices, together with the distribution of such records. We
start with the simpler case, i.e. two non-consecutive records. Then we study the case of two
consecutive records.

The next theorem provides some results on two non-consecutive joint records.

Theorem 6.1. Let {Xn, n ≥ 1} be an SSG sequence of RVs. For every n ≥ 2 and j< n, let I =
{j, n} and Ic = {1, . . . , j − 1, j + 1, . . . , n − 1}. When j = 1, the probability that Xj and Xn are
records, and the corresponding joint distribution, coincide with those given in Proposition 3.1.
When n ≥ 3 and 1< j< n, the probability that Xj and Xn are records is

P(Rj = 1, Rn = 1) =�n−1(0; �̃), (14)

where �̃ is given in (17). The joint distribution of (Xj, Xn), given that they are records, is

P(Xj ≤ x1, Xn ≤ x2 | Rj = 1, Rn = 1) =
{

P(x1, x2), x1 ≤ x2,

P(x2, x2), x1 > x2,
(15)

where

P(a, b) = �n−2(0; �Ic,Ic )

�n−1(0; �̃)

(
�2,n−2(a, b; �̄I,I , �Ic,Ic , �̄Ic,Ic;I )

−�2,n−2(a, a; �̄I,I , �Ic,Ic , �̄Ic,Ic;I )

+�2,n−2(0, a; D�̄I,ID�,�, �̄∗∗
Ic,Ic;I )

)
.

Proof. When j = 1 we have P(R1 = 1, Rn = 1) = P(Rn = 1), since R1 = 1 is the certain event.
Therefore, we only need to study the probability of a record at time n and the corresponding
distribution. These are given in Proposition 3.1. When n ≥ 3 and 1< j< n, with similar steps
to those used in the proof of Proposition 3.1 we have that the probability that Xj and Xn are
records is

P(Rj = 1, Rn = 1) = P(Xj >Mj−1, Xn >Mn−1)

=
∫ +∞

−∞

∫ z2

−∞
P
(
Mj−1 < z1,Mj+1:n−1 < z2 | Xj = z1, Xn = z2

)
φ2(z1, z2; �̄I,I ) dz1 dz2

=
∫ +∞

−∞

∫ z2

−∞
�n−2

(
�Ic,Ic z; �̄Ic,Ic; I

)
φ2(z; �̄I,I ) dz1 dz2

=�n−2(0,�Ic,Ic )
∫ +∞

−∞

∫ z2

−∞
ψ2,n−2

(
z; �̄I,I , �Ic,Ic , �̄Ic,Ic; I

)
dz1 dz2

=�n−2(0; �Ic,Ic )P(Z1 − Z2 < 0),
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where (Z1, Z2) ∼ CSN2,n−2(�̄I,I , �Ic,Ic , �̄Ic,Ic;I ). Precisely, to obtain the third line we used
the formula in (3) with

B =
(

1j−1 0j−1
0n−j−1 1n−j−1

)
,

�Ic,Ic = σ−1
Ic,Ic;I (B − �Ic,I�̄

−1
I,I ),

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
σ11

(
1 − ρj−1−ρn−1ρn−j

1−ρ2
n−j

)
ρj−1ρn−j−ρn−1

σ11(1−ρ2
n−j)

...
...

1
σj−1 j−1

(
1 − ρ1−ρn−j+1ρn−j

1−ρ2
n−j

)
ρ1ρn−j−ρn−j+1

σj−1 j−1(1−ρ2
n−j)

ρn−j−1ρn−j−ρ1

σn−1 n−1(1−ρ2
n−j)

1
σn−1 n−1

(
1 − ρn−j−1−ρ1ρn−j

1−ρ2
n−j

)
...

...

ρ1ρn−j−ρn−j−1

σj+1 j+1(1−ρ2
n−j)

1
σj+1 j+1

(
1 − ρ1−ρn−j−1ρn−j

1−ρ2
n−j

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (16)

�̄Ic,Ic;I is an (n − 2) × (n − 2) partial correlation matrix with upper diagonal entries

ρi,k;j,n = ρ| j−i| − ρ| j−i| − ρn−iρn−j

1 − ρ2
n−j

ρ| j−k| − ρn−i − ρ| j−i|ρn−j

1 − ρ2
n−j

ρn−k, for all i< k ∈ Ic,

and

σii = 1 − ρ| j−i| − ρn−iρn−j

1 − ρ2
n−j

ρ| j−i| − ρn−i − ρ| j−i|ρn−j

1 − ρ2
n−j

ρn−i

= 1 − ρ2
n−i − ρ2| j−i|
1 − ρ2

n−j

.

In the third line we multiply and divide the term within the integrals by�n−2(0; �Ic,Ic ), where
�Ic,Ic is defined as

�Ic,Ic = �Ic,Ic�̄I,I��
Ic,Ic + �̄Ic,Ic;I .

We therefore recognise a unified multivariate skew-normal PDF within the integrals, and its
integral can be seen as P(Z1 < Z2). Now, by (2) we obtain

Z1 − Z2 = (
1−1

) (Z1
Z2

)
∼ CSN1,n−2

(
2(1 − ρn−j),�

∗,�∗
Ic,Ic;I

)
,

where

�∗ = 1

2(1 − ρn−j)
�Ic,Ic�̄I,I

(
1

−1

)

= 1

2

((
1
σii

(
1 + ρn−i−ρ| j−i|

1−ρn−j

))
i=1,...,j−1

(
1

σn+j−i n+j−i

(
ρn−i−ρ|i−j|

1−ρn−j
− 1

))
i=j+1,...,n−1

)�

and
�∗
Ic,Ic;I = �Ic,Ic − �∗ (1 − ρn−j−1 + ρn−j

)
��
Ic,Ic .
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Using (1) we obtain the result, with

�̃ =
(

�Ic,Ic −2(1 − ρn−j)�∗

−2(1 − ρn−j)�∗� 2(1 − ρn−j)

)
. (17)

By similar steps we can compute the joint distribution of two records (Xj, Xn) for j< n:

P(Xj ≤ x1, Xn ≤ x2 | Rj = 1, Rn = 1) =
P(Xj ≤ x1, Xn ≤ x2, Xj >Mj−1, Xn >Mn−1)

P(Xj >Mj−1, Xn >Mn−1)
.

The numerator can be written as

P(Xj ≤ x1, Xn ≤ x2, Xj >Mj−1, Xn >Mn−1)

=
∫ x2

−∞

∫ min (x1,z2)

−∞
P
(
Mj−1 < z1,Mj+1:n−1 < z2 | Xj = z1, Xn = z2

)
φ(z; �̄I,I ) dz1 dz2

=
∫ x2

−∞

∫ x1

−∞
P
(
Mj−1 < z1,Mj+1:n−1 < z2 | Xj = z1, Xn = z2

)
· φ2(z; �̄I,I )1(z2 > x1) dz1 dz2

+
∫ x2

−∞

∫ z2

−∞
P
(
Mj−1 < z1,Mj+1:n−1 < z2 | Xj = z1, Xn = z2

)
· φ2(z; �̄I,I )1(z2 < x1) dz1 dz2

=
∫ x2

x1

∫ x1

−∞
P
(
Mj−1 < z1,Mj+1:n−1 < z2 | Xj = z1, Xn = z2

)
φ2(z; �̄I,I ) dz1 dz2

+
∫ x1

−∞

∫ z2

−∞
P
(
Mj−1 < z1,Mj+1:n−1 < z2 | Xj = z1, Xn = z2

)
φ2(z; �̄I,I ) dz1 dz2

=
∫ x2

−∞

∫ x1

−∞
�n−2

(
�Ic,Ic z; �̄Ic,Ic;I

)
φ2(z; �̄I,I ) dz1 dz2

−
∫ x1

−∞

∫ x1

−∞
�n−2

(
�Ic,Ic z; �̄Ic,Ic;I

)
φ2(z; �̄I,I ) dz1 dz2

+
∫ x1

−∞

∫ z2

−∞
�n−2

(
�Ic,Ic z; �̄Ic,Ic;I

)
φ2(z; �̄I,I ) dz1 dz2,

where �Ic,Ic is as in (16). We multiply and divide each term within the integrals by
�n−2(0; �Ic,Ic ). Then, we recognise that the first two integrals provide the distribution of
the CSN random vector we introduced before, evaluated at the points (x1, x2), (x1, x1). Instead,
the third integral represents the distribution of the random vector (Z1 − Z2, Z1), which, again
according to (2), follows a CSN distribution, i.e.(

1 −1
0 1

)(
Z1
Z2

)
= D

(
Z1
Z2

)
∼ CSN2,n−2(D�̄I,ID�,�, �̄∗∗

Ic,Ic;I ),

where � = �Ic,Ic�̄Ic,Ic D�(D�̄I,ID�)
−1

, �̄
∗∗
Ic,Ic;I = �Ic,Ic − �D�̄I,I��

Ic,Ic . �
It follows from Theorem 6.1 that the two events of a record occurring at times j and

n are not independent. Indeed, the probability �n−1(0; �̃) is different from the product
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of the two marginal probabilities �j−1(0; �1:j−1;1:j−1) and �n−1(0; �1:n−1;1:n−1), derived in
Proposition 3.1.

Remark 6.1. The marginal distribution of Xj, given that (Xj, Xn) are records, is

P(Xj ≤ x1 | Rj = 1, Rn = 1)

= �n−2(0; �Ic,Ic )

�n−1(0; �̃)
× (
�1,n−2(x1; 1,�1, �̄Ic,Ic;I )

−�2,n−2(x1, x1; �̄I,I , �Ic,Ic , �̄Ic,Ic;I )

+�2,n−2(0, x1; D�̄I,ID�,�, �̄∗∗
Ic,Ic;I )

)
,

where

�1 =
(
σ−1

ii (1 − ρ| j−i|)i=1,...,j−1 σ
−1
n+j−i n+j−i(ρn−i − ρ|i−j|)i=j+1,...,n−1

)�
,

�̄Ic,Ic;I = �̄Ic,Ic;I + �1A �̄I,I�Ic,Ic

= �̄Ic,Ic;I − �1�
�
1 ,

and these parameters are obtained from (2) with A := (1 0). See the proof of Theorem 6.1 for
details. Hence, similarly to the case of independent random variables in [10], the distribution
of Xj being a record is affected by the additional knowledge that Xn is a record, if we know that
Xn is a record as well. The marginal distribution of Xn, given that (Xj, Xn) are records, is

P(Xn ≤ x2 | Rj = 1, Rn = 1) = �n−2(0; �Ic,Ic )

�n−1(0; �̃)
�2,n−2(0, x2; D�̄I,ID�,�, �̄∗∗

Ic,Ic;I ).

Hence, different to the case of independent random variables in [10], we have that the distribu-
tion of Xn, being a record, is affected by the additional knowledge that at time j< n there was
a record.

In the next result we add the assumption that the two records in Theorem 6.1 are
consecutive.

Corollary 6.1. Let {Xn, n ≥ 1} be an SSG sequence of RVs. For every n ≥ 2 and 1 ≤ j< n, let
I = {j, n}, Ic = {1, . . . , j − 1, j + 1, . . . , n − 1}. Set S := ∩n−1

i=j+1{Ri = 0} when j< n − 1 and
S := ∅ when n = j + 1. The form of the probability that two consecutive records Xj and Xn

occur, and that of their joint distribution, is given by (14) and (15) in Theorem 6.1, but in this
case the matrix �̃ is different from that in Theorem 6.1.

Proof. First, we compute the probability that two consecutive records occur. For every 1 ≤
j< n we have

P(Rj = 1, Rn = 1, S) = P(Xi < Xj, for all i ∈ Ic, Xn > Xj)

=
∫ +∞

−∞

∫ z2

−∞
P
(
Xi < z1, for all i ∈ Ic | Xj = z1, Xn = z2

)
φ2(z1, z2;�̄I,I ) dz1 dz2

=
∫ +∞

−∞

∫ z2

−∞
�n−2

(
�Ic,Ic z; �̄Ic,Ic;I

)
φ2(z; �̄I,I ) dz1 dz2,
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where the last line is obtained from (3) with

B = (
1n−2 0n−2

)
,

�Ic,Ic = σ−1
Ic,Ic;I (B − �Ic,I�̄

−1
I,I )

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
σ11

(
1 − ρj−1−ρn−1ρn−j

1−ρ2
n−j

)
ρj−1ρn−j−ρn−1

σ11(1−ρ2
n−j)

...
...

1
σj−1 j−1

(
1 − ρ1−ρn−j+1ρn−j

1−ρ2
n−j

)
ρ1ρn−j−ρn−j+1

σj−1 j−1(1−ρ2
n−j)

1
σj+1 j+1

(
1 − ρ1−ρn−j−1ρn−j

1−ρ2
n−j

)
ρ1ρn−j−ρn−j−1

σj+1 j+1(1−ρ2
n−j)

1
σj+2 j+2

(
1 − ρ2−ρn−j−2ρn−j

1−ρ2
n−j

)
ρ2ρn−j−ρn−j−2

σj+2 j+2(1−ρ2
n−j)

...
...

1
σn−1 n−1

(
1 − ρn−j−1−ρ1ρn−j

1−ρ2
n−j

)
ρ1ρn−j−ρn−j−1

σn−1 n−1(1−ρ2
n−j)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

The remaining part of this proof is the same as the proof of Theorem 6.1.
The joint distribution of (Xj, Xn) is given by

P
(
Xj ≤ x1, Xn ≤ x2 | Rj = 1, Rn = 1, S

)
= P

(
Xj ≤ x1, Xn ≤ x2, Xi < Xj, for all i ∈ Ic, Xn > Xj

)
P(Xi < Xj, for all i ∈ Ic, Xn > Xj)

.

Note that

P(Xj ≤ x1, Xn ≤ x2, Xi < Xj, for all i ∈ Ic, Xn > Xj)

=
∫ x2

−∞

∫ min (x1,z2)

−∞
P
(
Xi < z1, for all i ∈ Ic | Xj = z1, Xn = z2

)
φ(z; �̄I,I ) dz1 dz2.

Therefore, the remaining part of the proof is the same as the proof of Theorem 6.1. Thus the
proof is complete. �

Appendix A. Complementary results

As an alternative to the discussion in Section 4, we discuss here another approach for
deriving the distribution for the arrival time of the second record and the distribution of the
increment Y2 := XT(2) − X1. This method benefits from simpler notation, but it seems harder
to extend to higher-order records.

Proposition A.1. Let {Xn, n ≥ 1} be an SSG sequence of RVs with autocorrelation 0 ≤ ρ| j−i| <
1 for 1 ≤ i, j ≤ n. For n = 2, 3, . . ., the distribution of the arrival time of the second record
T(2) is

P (T(2) = n)=
{

1/2, n = 2,

�n−2(0; �2:n−1,2:n−1) −�n−1(0; �2:n,2:n), n> 2,
(18)

where �2:n−1,2:n−1 and �2:n,2:n are defined similarly to (5). Furthermore, for every x> 0, the
distribution of the increment Y2 := XT(2) − X1 is

P(Y2 ≤ x) =
∑
n≥2

�n−1
(
ux;�2:n,2:n

)−�n−1
(
0; �2:n,2:n

)
, (19)
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where ux = (x/(1 − ρ2
n−1)1/2, 0, . . . , 0)� is an (n − 1)-dimensional vector. When n = 2 we

have ux = x/(1 − ρ2
1 )1/2.

Proof. When n = 2 we have

P(T(2) = 2) = P(X2 > X1) = 1/2.

For n> 2 we have

P(T(2) = n) = P (Xi < X1, i = 2, . . . , n − 1, Xn > X1)

= P (Xi < X1, i = 2, . . . , n − 1)− P (Xi < X1, i = 2, . . . , n) .

Therefore, (18) follows by similar arguments to those used in Proposition 3.1.
Finally, for every x> 0 the distribution of the increment Y2 is

P(Y2 ≤ x) =
∑
n≥2

P(Xn − X1 ≤ x, T(2) = n)

=
∑
n≥2

P(Xn − X1 ≤ x, Xi < X1, i = 2, . . . , n − 1, Xn > X1)

=
∑
n≥2

P(0< Xn − X1 ≤ x, Xi < X1, i = 2, . . . , n − 1).

The term inside the sum is equal to

P(0< Xn − X1 ≤ x, Xi < X1, i = 2, . . . , n − 1)

=
∫ +∞

−∞
P(0< Xn − z ≤ x, Xi < z, i = 2, . . . , n − 1 | X1 = z)φ(z) dz

=
∫ +∞

−∞
P(Xi < z, i = 2, . . . , n − 1, Xn ≤ z + x | X1 = z)φ(z) dz

−
∫ +∞

−∞
P(Xi < z, i = 2, . . . , n | X1 = z)φ(z) dz.

Therefore, (19) follows by similar arguments to those used in Proposition 3.1. �
Remark A.1. Note that when ρ| j−i| = 0 for all 1 ≤ i, j ≤ n and n> 2 we obtain, by exploiting
the result in Remark 3.1,

P (T(2) = n)=�n−2(0; In−2 + 1n−21�
n−2) −�n−1(0; In−1 + 1n−11�

n−1)

= 1

n − 1
− 1

n
= 1

n(n − 1)
,

as expected.

Remark A.2. Note also that when n = 2 in (19) we obtain

P(Y2 ≤ x) =�(x/(2(1 − ρ1))1/2) − 1/2,

which is consistent with the result in (12).
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Ultimately, observe that for the result in (18) of Proposition A.1 it should be checked that

∑
n≥2

P(T(2) = n) = 1

2
+ lim

N→∞

N∑
n=3

(
�n−2(0; �2:n−1,2:n−1) −�n−1(0; �2:n,2:n)

)
= lim

N→∞
(
1 −�2

(
0; �1:2,1:2

)+�2
(
0; �1:2,1:2

)
− · · · +�N−2

(
0; �1:N−2,1:N−2

)−�N−1
(
0; �1:N−1,1:N−1

))
= 1 − lim

N→∞�N−1
(
0; �1:N−1,1:N−1

)= 1. (20)

To show that the limit in (20) converges to zero may not be easy without any restrictions on
the correlation structure of the Gaussian sequence. We succeed in this task by assuming the
following setup.

Consider a triangular array of Gaussian RVs Xn,i with i = 1, 2, . . . and n = 1, 2, . . . (see,
e.g., [16]). Assume that for each given n we have that {Xn,i, i ≥ 1} is an SSG sequence satisfy-
ing the condition ρn,| j−i| → 0 as | j − i| → ∞, where ρn,| j−i| = E(Xn,iXn,j). At the same time,
assume also that the correlations among neighbouring observations of {Xn,i, i ≥ 1} increase to
1 as the row number n increases, i.e. ρn,| j−i| → 1 as n → ∞, for any 1< i, j<∞ fixed. In the
following we write X1, . . . , Xn in place of Xn,1, . . . , Xn,n for n = 1, 2, . . ., in order to simplify
the notation.

We assume in Proposition A.1 that for each n, X1, . . . , Xn is an SSG sequence correspond-
ing to a triangular array of Gaussian RVs (as described above). In this setting we want to derive
the limit in (20). Then, let (X̃1, . . . , X̃n−1) be a zero-mean unit-variance Gaussian sequence
with variance-covariance matrix �1:n−1,1:n−1, and set Pn = P(X̃i ≤ 0, . . . , X̃n−1 ≤ 0) =
�n−1

(
0; �1:n−1,1:n−1

)
. Clearly, �n−1

(
0; �1:n−1,1:n−1

)=�n−1
(
0;�̄1:n−1,1:n−1

)
. We recall

that P(X̃i ≤ 0) = 1/2 for every i = 1, . . . , n − 1. By the Fréchet inequalities we have that

An := max

(
0,

n∑
i=1

P(Xi ≤ 0) − (n − 1)

)
= max (0, 1 − n/2) ≤ Pn ≤ 1/2.

For Pn we derive the following upper bound Bn. Precisely,

Pn = P

( n−1∑
i=1

1(X̃i ≤ 0) ≥ n − 1

)
= P

{ n−1∑
i=1

(
1(X̃i ≤ 0) − 1

2

)
≥ n − 1

2

}

≤ P

{∣∣∣∣
n−1∑
i=1

(
1(X̃i ≤ 0) − 1

2

)∣∣∣∣≥ n − 1

2

}

≤ 4

(n − 2)2
E

[{ n−1∑
i=1

(
1(X̃i ≤ 0) − 1

2

)}2]

= 4

(n − 2)2

n−1∑
i=1

n−1∑
j=1

cov(1(X̃i ≤ 0), 1(X̃j ≤ 0))

= 4

(n − 2)2

n−1∑
i=1

n−1∑
j=1

(Pi,j;n − 1/4) =: Bn,
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where Pi,j;n := P(X̃i ≤ 0, X̃j ≤ 0) =�2(0;γi,j;n) and where �2( · ;γi,j;n) is a bivariate Gaussian
CDF with correlation γi,j;n that is given in (4). In the third row we used Chebyshev’s inequality.
Setting h = | j − i|, we rewrite Bn as

Bn = 4(n − 1)

(n − 2)2
(P0;n − 1/4) + 8

(n − 2)2

n−2∑
h=1

(n − h − 1) (Ph;n − 1/4)

= αn + βn,

where Ph;n := P(X̃0 ≤ 0, X̃h ≤ 0) =�2(0;γi,j;n), and we recall that

γi,j;n = 1 + ρ| j−i| − ρn−i − ρn−j

2
√

(1 − ρn−i)(1 − ρn−j)
, | j − i| = 0, . . . , n − 2. (21)

Now, when h = 0 we have ρ| j−i| = 1 and ρn−i = ρn−j. Therefore, we obtain γi,j;n = 1 and as a
consequence P0;n = 1/2. From this it follows that

αn = (n − 1)

(n − 2)2
→ 0, n → ∞.

We rewrite the term βn as

βn = 8

n(1 − 2/n)2

n−2∑
h=1

(Ph;n − 1/4) − 8

n(1 − 2/n)2

n−2∑
h=1

h

n
(Ph;n − 1/4)

= cn − dn.

Now we consider the case h ≥ 1. Assuming the index i fixed, we rewrite j = n − k with 1 ≤ k ≤
n − j. The same reasoning can be repeated, interchanging the rules between i and j. From (21)
we then have

γi,j;n ≈ 1 + ρ|n−k−i| − ρk

2
√

(1 − ρk)
, n → ∞. (22)

When | j − i| is small compared to n, i.e. k = n − j with the index j fixed, then from (22) we
obtain γi,j;n ≈ (1 + ρ| j−i|)/2 as n → ∞. In this case 1/2< γi,j;n < 1. When | j − i| approaches
infinity, i.e. k is a small value compared to n, then from (22) we obtain γi,j;n ≈ √

1 − ρk/2
as n → ∞. Since ρk → 1 as n → ∞ by the assumption stemming from the triangular array
setting, we then have that γi,j;n → 0 as n → ∞. Therefore, for all ε > 0 there exists an n0 such
that for all h> n0 we have |Ph;n − 1/4|< ε. As a consequence we have

cn = 8

n(1 − 2/n)2

( n0∑
h=1

(Ph;n − 1/4) +
n−2∑

h=n0+1

(Ph;n − 1/4)

)

<
8

n(1 − 2/n)2 (c + ε(n − 2 + n0 + 1))= o(1),

where c is a positive constant. Therefore, cn → 0 as n → ∞ and since dn < cn then βn → 0
and Bn → 0 as n → ∞. Concluding, since An ≤ Pn ≤ Bn and An = 0 for n ≥ 2, then Pn → 0 as
n → ∞.
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