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Abstract Let (f, o) be the process given by an endomorphigrand by a finite partition
a = {A}]_, of a Lebesgue space. Léi(f,«) be the set of densities of absolutely
continuous invariant measures for skew products with the bAse). We prove that a
process(f, «) is Markovian if and only ifE(f,a) C {g:g = _;14, Q@ g}. If fis
the Lasota—Yorke or Misiurewicz type map with the Markovian partitigrthen ( f, )

is quasi-Markovian, i.eE(f, «) C {g : suppg = |J;_; A; x B;}. Moreover, we give the
characterization of quasi-Markovian processes.

0. Introduction
Let f be a positive non-singular measure-preserving transformation of a probabilistic
Lebesgue spaceX, A, p). Leta = {A;}i_; be a finite measurable partition &f and
let a(x) be the mapping fromX to {1,...,s} defined bya(x) = i whenx € A;,
i =1,...,s. The pair(f, «) will be called the process. This is a stationary stochastic
process given by the sequence of random variabi¢é(x)), n = 0,1, .... The process
(f, a) is the object of our investigations. Therefore we restrict our considerations to the
factor transformatiory’| \/;~, /'« which from now on will be denoted by.

Let {T;};_, be a finite family of positive and negative non-singular transformations of
a probability space€Y, B, m). The processf, «) and the family{7;};_, define the skew
product transformation

T(x,y)= (f(-x)s Ta(x)y)-

Let Py denote the Frobenius—Perron operatorfori.e.

Prg = / gdp xm, forge Li(p xm).
dp xXm Jr-1(,)
We say that a functiog € L1(p x m) is a density ifg > 0 and|g||; = 1.
Let
E(f,a) = {g:there exists a probabilistic Lebesgue spareB, m) and a

family of positive and negative non-singular transformati¢fig;_,
such thatPrg = g andg is a density.
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In fact E(f, «) is the class of densities of absolutely continuous invariant measures
(a.c.i.m.) for skew products with the ba&g «). We are interested in relations between
the structure of the séi(f, «) and the processf, «). Morita [11] proved that if(f, «) is

a Bernoulli process theR (f, @) C {g : g(x,y) = g(y)}. This property of the Bernoulli
processes has been applied independently by other authors (see, for insthni&, [
[13]). Kowalski [5] showed that if( f, «) is a Markov process then

E(f, o) C {g 1gx,y) = ZlAl (X)gi(y)}- (0.1)
i=1

In §1 we prove the validity of the inverse implications. §8 we generalize the above

results as follows.

Definition. We say that the procesd, «) is quasi-Markovian (g.m.p.) if

E(f,oz)C{gisuppg: AiXBi}~

i=1
Here supg = {(x, y) : g(x,y) > 0}.

We obtain the following results about the g.m.p.
1. If (f,®) is g.m.p. then for every" and everyT'-eigenfunctionH € Li(u),

Hlp, = Z]‘Ai ®g, pxmae
i=1
Herep is aT-a.c.i.m. andD,, = suppu.

2. If (f,w) and(g, B) are g.m.p. ther{f x g, a x B) is also q.m.p.

3. If (f.«) is a g.m.p. then the partitiom is Markovian (i.e. if p(f(A;) N 4;) > 0
thenp(A; — f(A))=0fori,j=1,...,5).

4. By using the notion of a quasi-eigenfunction fgr we get the description of
eigenfunctions for the skew produ@ where7;, i = 1,...,s, are commuting
automorphisms or elements of some compact group.

In §3 it is shown that the Lasota—Yorke and Misiurewicz type transformations with the

Markovian partition are g.m.p. By Conclusion 6 we observe that gfenerates4d then

there are no non-trivial g.m.p. in the class of automorphisms. However, the skew products

in which the base transformation and the fibre transformations are automorphisms have

been considered by many authors (the Bernoulli base has been considered by Kalikow

[4], Meilijson [8] and Thouvenot 17]). The results of our paper imply directly the

description of eigenfunctions for skew products as above when the profess is the

natural extension to an automorphism of some qg.m.p.

1. Markovian processes

We restrict our considerations to eigenfunctions of the eigenvalue 1, which are elements
of the setD = {g : g € Li(p x m), g > 0, |gll. = 1}, where the space€Y, B, m) is

fixed. According to condition (0.1) we considéra.c.i.m. of the formd_;_; p; x m;,

where p;(A) = p(A; N A) for A € A, A; € o and{m;};_; is a family of probabilistic
measures which are absolutely continuousonWe will denote bym; 7; the measure
defined as followsm; T;(B) = m; (T, *B) for Be B,i =1,...,s.
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LEMMA 1. The skew product preserves the measure= Y '_, p; x m; if and only if

Zp(A,-|f‘1A)m,~T,~ =m, foreveryAcC A,, r=1,...,s. (1.1)
i=1

This result is an easy consequence of the definition offthievariance.

Conclusion 1If the system of measurés:; T; }:_, is linearly independent aril preserves
the measur®_;_; p; x m;, then(f, @) is a Markovian process.

Proof. By putting the setA, as A in (1.1) and by using linear independence of the
measuregm; T;}_, we get

p(AilfrA) = p(A;|f1A,) forAcC A, r=1,...,s. O

Conclusion 2.If the system of measurgs:T;};_; is independent and’ preserves the
measurep x m, then(f, a) is the Bernoulli process.

Proof. By (1.1) we getn = Y ;_, p(A;| f*A)mT; andm = Y ;_, p(A;)mT;. The linear
independence of the séuT;};_, implies p(Ailf~1A) = p(A)), for every A. O

Conclusion 3If s = 2 andT is a generalized skew product, i.preserves the measure
p x m and T, does not preserve, then(f, «) is a Bernoulli process.

Conclusion 4.If f is an automorphism, thefi preserves the measube;_, p; x m;,
wherem; # m; for i # j, if and only if f(«) = « andm; = m;T; for every pair(k, j)
such thatf (A;) = Ay.

Proof. From (1.1) we conclude that if ~*A, N A; # @ thenm, = m;T;. This gives
A=A O

LEMMA 2. Let (f, @) be a fixed process. If for any skew proddceveryT-a.c.i.m. has
the form)";_, pi x m; (p x my), then(f, «) is a Markov (Bernoulli) process.

Proof. Our proof is based on the construction of the skew produicsuch that the
assumptions of Conclusion 1 (2, respectively) hold. In order to attain this claim we
define the following family of transformations:

Ti(x) =4(x — j/4s) + (i — /s, whenx € [j/4s, (j +1)/4s),
forj=0,1,...,45—-1landi=1,...,s.

The skew product? defined by the above family possessgsa.c.i.m. (see 10
Theorem 2.1]). By assumption, this measure has the f3ri, p; x m;. Let
dm;/dm = f;. Thendm;T;/dm = Prfi,i = 1,...,s. By the definition of 7},
suppPr,D C [(i — 1)/s,i/s]. Therefore the system of measurgs; T;};_; is linearly
independent. From this and Conclusion 1 we obtain our statement. The proof of the
case when the invariant measure has the fprsam, is similar. O

By using Lemma 1 from4] and Theorem 3.1 fromil[l] we can reformulate the above
lemma as follows.

THEOREM 1. A procesq f, @) is Markovian (Bernoullian) if and only if
E(f,a)C{gig= 1A[®gi}’ (E(f, o) C L1(m)).

i=1
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2. Quasi-Markovian processes
We present the first result characterizing g.m.p.

THEOREM 2. If (f, @) is g.m.p., then for every and for everyr'-eigenfunctiond from
Li(w)

Hlp, =) 14 ®g. pxmae. (2.1)
i=1

Here p is anyT-a.c.i.m. andD,, = suppu.

Proof.LetT-'A = A, uae. ThenT(AND,) = AND,, pxm ae. LetC = AND,.
ThenPrg; = g1 andgy, € D, whereg; = 1cg/pxm(C) andg = du/dp xm. Therefore

by the definition of g.m.p. supp = C = | J;_; A; x B;. Hence ifH is an eigenfunction

of eigenvalue 1 then the equality (2.1) holds. Now we define the following skew product:

T(x,y,z,w) = (f(x), Tuo)(y, 2, W),

where )
Toy (v, 2, w) = (Tawy) (), f(2), Tuy(w)).

By the definitionT = T x T. Hence, ifH is an eigenfunction fof", thenH (x, y)H (z, w)
is an eigenfunction fof” of eigenvalue 1. This implies

H(x, ) H(z, w)1p, (x, Y)ip, (2, w) = Y 14, ()gi(y, 2, w), pxpxmxmae
i=1

ThereforeH (x, y)1p, (x, y) = Y i1 14, (X)gi(y), p x m ae. O

Let (f, @) be the natural extension to the automorphism of the procgss). Let
{T:};_, be a family of automorphisms of the spacg B, m). We obtain two skew
products:

T, y)=(f@®), Tuny) and T(x,y) = (f(0), Tuy)-

Here T is the natural extension df to the automorphism. Therefore (se&f]) the
eigenfunctions foflT andT are the same ones.

Conclusion 5If (f, &) is the natural extension to the automorphism of a g.m.p. dnd
is an eigenfunction fof’, thenH = _, 14, ® g:.

THEOREM 3. If (f, @) and (g, B) are g.m.p., ther{f x g, o x B) is also g.m.p.

Proof. Let A = suppu, whereu is a Tryg-a.c.i.m. By the definitiorly,,(x, y, z) =
(f(x), 803, Taypnz). We define two families of transformations:

Ta(x)(ya Z) = (g(y), Ta(x)b(y)z) and Tb(y)(xs Z) = (f(x)v Ta(x)b(y)Z)-

We get two skew products with bas¢, «) and (g, 8) respectively. Therefore by the
assumptions of our theorem

L, y,2) =Y 14,01 (v, 2) = Y 15,1 (x, 2).
i=1 j=1

Hence L(x, y,z) = Zf,j:l 14, (x)1p,(y)1E, (z) which finishes the proof. O
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THEOREM 4. If (f, @) is g.m.p., then the partitionn is Markovian.

Proof. Let T be the skew product transformation defined in the proof of Lemma 2 and
let © be T-a.c.im. The seD, is T invariant, i.e.TD, = D,, p x m a.e., and hence
1p,T =1p,, n a.e. By assumptio®, = [ J;_; A; x B; and therefore

U ran x 18, = 4; x B;. (2.2)
i=1 j=1
By definition of the family{7;};_, the setsI;B;, i =1,...,s, are pairwise disjoint and
therefore by (2.2) we get
p(f(A)NA))>0=A; C f(A). O

Conclusion 6If f is an automorphism angdf, @) is g.m.p. thenf permutes the elements
of the partitiona.

Let
oy =maxXp : for everyB € g if f(A;) N B # @ for somei, then f(A4;) C B}.
Here 8 denotes a partition oX.

LEmmA 3. If (f, @) is g.m.p. and iff has a quasi-eigenfunctial, |#| = 1, whose quasi-
eigenvalue is measurable with respectdathen’ is measurable with respect tg-.

Proof.Letho f = (}_;_; ¢;14,)h, Wherel¢;| = 1, and letl;z = ¢;z forz € {w : |w| = 1},

i =1,...,s. The functionk ® z is the eigenfunction of eigenvalue 1 for the skew
product” determined by{7;};_,. By assumptionsh ® z = Y _;_; 14, ® ¢ and hence
h=7%";_,d;14,. Due to the equality

ijdklAk e} f = Zdelej
k=1

j=1
we getdy, = di,, whenAy, U Ay, C f(A;) for somej, which proves our conclusiofl

Finally, we consider familie$T;};_, which are automorphisms of the spade 3, m).

THEOREM 5. For every commuting family of automorphisi#};_, the eigenfunctions
for T have the forn}_}_, 1, ® g; if and only if each quasi-eigenfunctighof modulus 1
whose quasi-eigenvalue is measurable with respeat i®also measurable with respect
to .

Proof. Let G be the countable Abelian group generated {5y};_, and letG be the
compact group of characters; has a unitary representation @n(Y, m) of the form
U,h(y) = h(g(y)). This representation is a direct sum of cyclic sub-representations,
namely

r r
Lo(Y.m)=EDH and U, =EPU}. whereU}=U,|H.i=1....r.r<o0.
i=1 i=1
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Let us fix one sub—representatidfg. By [2, p. 163] there exists a positive measure
on G such thatU{ is unitarily equivalent to the following representation:

Veu(t) = g(u(t) foru € Lo(G.v), whereg(t) = 1(g).

Therefore the restrictiof |Lo(X, p) x H; is spectrally isomorphic to the operatdy on
Lo(X, p) x La(G, v) such that

ViH(x,1) = H(f(x), t)<Z 1y ® f,-).
i=1

Now, if V;H = AH then forv a.e.t

H o f = (ZcilA,)H, for somec;, |c;|=1,i=1,...,s,
i=1

where H,;(-) = H(-,t). Lemma 3 and the identity of our spectral isomorphism on

L,(X, p) imply the assertion of our theorem. O

We now turn to the case of automorphisms which are not necessarily commutative.
Letus assume thd;,i =1, ..., s, are elements of some separable compact g@Up)
of automorphisms otY, m) such that its representation of the foliyi(y) = h(g(y))
on L,(Y, m) is strongly continuous. ByZ[p. 169]

Lo(Y,m) = @ H;, dimH; < oo and H; areU, invariant
i=0

Therefore every eigenfunction @f has the formg = >",_, b, ® ¢,, whereb, € Lo(X, p),

t =1,...,d, and{ey, ..., ¢4} is the orthonormal basis of some invariant subspace of
Lo(Y,m). If goT = rg thenbo f(x) = AW,)b(x), whereW;, i =1,...,s, are unitary
matrices ant = (b1, ..., by). The matrixAW; is unitary as before and without loss of

generality we may write
bo f(x) = Wymb(x), whereW; e Ud),i=1,...,s. (2.3)

Here U (d) denotes the compact group of all compléx d unitary matrices. After this
introduction we may now formulate our theorem.

THEOREM 6. For every family of automorphism;}i_, which are elements of some
separable compact grou@(Y), the eigenfunctions fof' have the formd ;_; 14, ® g;

if and only if the solutions of the equalityo f(x) = W,)b(x) whereW; e U(n),

i =1,...,s, for everyn, are vector functions with components measurable with respect
to .

Proof. It suffices to show that every familyw;};_, of elements olU (d) appears in (2.3),
ford =1,2,.... Let A, be the natural/-dimensional unitary representation Of(d);
that is the representation taking each elementUV@f) into itself. Letu be the Haar
measure orU (d) and letW, denote the regular representationlofd), i.e.

Weh(y) = h(gy) for g € U(d) andh € La(U(d), ).
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It follows, from the Peter—Weyl Theorem2([p. 172]), that the regular representation
W, decomposes into an orthogonal direct sum of finite-dimensional irreducible unitary
representations

r d; -
W, =@ wi*, whereW)* = W,|H;x and LoU (@), ) = P €D Hjx.

j=1 k=1 j=1 k=1

Furthermore, every irreducible unitary representatioty afppears in this decomposition.
Since A, is irreducible it is unitarily equivalent tdfvg’k for some j, k. By putting
G(Y)=U(d) =Y we achieve our claim. O

The examples for the non-commutative case may be found in non-Abelian group
extensions (se€lp]).

3. Examples of quasi-Markovian processes
Let I be the unit interval and let & ag < a1 < --- < a; = 1. Denote by the partition
{I;}}_,, wherel; = (a;,_1, a;), and denote by the set{a;}/_,. Let f|[I — A — I be a
continuous map which is strictly monotone on components ofA.

Among the above transformations which possess an a.c.i.m. there are Lasota—Yorke
and Misiurewicz transformations.

Let f be a Lasota—Yorke type transformation, i.e.
(a) the restrictionf; of f to (ai_1,a;) is C*;
(b) 1/1f/I extends to a function of bounded variation efn_f, a;], fori =1,...,s;
(c) inf|f’| > 1.

Let p be anf invariant measure, which is absolutely continuous with respect to the
Lebesgue measure (for existence sHg pr [7]). Assume thatr is Markovian partition.
Let

BV = {G : G € L1(A x m) and there exist¢ such thatF = G a.e.

and / VF(,y)dm < oo}

Denote byE, ( f, @) the set we obtain after replacing the measutey A in the definition
of E(f,a). By p < A we haveE(f,a) C E;(f, ).

LEMMA 4. E;(f,a) C BV.

Proof. The density of BV in L1 and Lemma 4 from 4] together with the stochastic
ergodic theoremd] applied to Py imply our conclusion. O

THEOREM 7. If f is the Lasota—Yorke type transformation with the Markovian partition
a and f-a.c.i.m.p, then(f, «) is g.m.p.

Proof. Lemma 4 implies Lemma 6(i) from5] which, as a consequence, implies the
theorem. O
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Now we will consider the Misiurewicz type transformations.

Before the definition off we introduce the following notations (as i®]]; / =
I x {+,—} = {(0,-),,+)}, f : I — I given by f(x,e) = (x',¢), where
x' =limy_, f(y) ande’ = ¢ if and only if f/(x) > 0. If x € I then¥ is its first
coordinate and is its second coordinate. We sét= / N (A x {+, —}). Now we make
further assumptions oyf:
(i) f is of classC?3;
(i) f #0;
giiy Sf=r"/f" - %(f”/f’)2 < 0 (negative Schwarzian derivative);
(iv) for x e I, if f7(x) =x, then|(f7)(x)| > 1 (heref'(x, &) = f/(x));
(v) f(A) c A (the Markovian property);
(vi) for every a € A there exist constants, oo, @ > 0 andu > 0 such that

aolx —al* < |f'(x)| < w|x — a|* for everyx € U,, where

(vii) for s € {2,3} anda € A there exist constantg > 0 andv > u — s + 1, such that
|fO)] < ylx —al’ for x € U,.
Now we introduce the following notations:

Av=f(d), Ay=A-A; E@ =u@/l+u@), n@) =1-E&@),

N 1|x —b| forx >bif b=+

aj = f’(a),for j eN, and ¥(x) = forx <bif b=—
0 elsewhere.

As in [16] we define the functiong;: I — A; — R* for i = 0, 1 as follows:
0 A~ .
i (x) = [ > I(f")’(a1)|”(“)w;ﬁ(“’(x)} +1.
n:OaEAZ

Let B be the partition given by components of continuity @f for i = 0,1. By
assumption (v),8 < «. For everyp : I — A; — C such thatp is of classC? on
all J € B we define

lplo = supsuplpl/go and |ply = supsup|p’|/¢:.
Jep J Jep J

As in [16] we denote byC} the set ofp : I — A; — C being of classC* on all J €
such thatip| = [plo + |pl1 < oc.

Let Py denote the Frobenius—Perron operator fowith respect tok. Then by [L6]
P;: C;— Cyand(Ct,||) is a Banach space.

THEOREM A. ([16]) Let f satisfy(i)—(vii). There exist constanisd > 0 andc¢ < 1 such
thatforn e N, p € Cy,

1PIplL < d(c o+ ol and |Pfplo < tlplo-
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THEOREM B. ([9]) Let f satisfy(i)—(vi). Then there exists a probabilisti¢-invariant
measure which is absolutely continuous with respect to the Lebesgue measure.

Let {7;}!_, be a family of positive and negative non-singular transformations of a
Lebesgue spac€, B, m) and letT (x,y) = (f(x), T,y). We will denote byu the
product measurg x m. The Frobenius—Perron operator forwith respect to the measure
w is given by the formula

PrG(x,y) =Y PG (), I 0Ly ().
i=1

Here G € Li(u), P; denotes the Frobenius—Perron operatorfoand f; = f|I; for
i=1...,s—1.
For a functionG : I x Y — C such thatG(., y) € C1(I) for everyy, we define

||G||1=/supsuplGx<x,y)|/<p1(x>dm =/|G(~,y>|1dm
Jep J

and
||G||o=/supsup|G<x,y>|/¢o<x>dm=/|G(-,y)|odm.
Jep J

Moreover, letP be the Frobenius—Perron operator for certain positively and negatively
non-singular transformatior’s of Y. Positive non-singularity of implies that

Pg(y)= Y g)/H (), mae,

h(z)=y

where the summation is taken over aluch thatz € h~%(y) andh’(z) > 0. Hereh’
denotes the Jacobian af(for the definition of Jacobian seéZ]).

LEMMA 5.

9 9
E PG(p(x),y) =P —G(p(x),y), mae.
X dx

for G € C1 andg € C. Here
. 1 0
Ci=1G:GeC and||G|loc + |—G| <ooy.
0x o

Proof. We have
PGp(x),y) = Y Glo(x),2)/H ).

h(z)=y

The assumptions about regularity 6fand ¢ imply

0 d
- G(p(x),2)/h'(z) = —G(px), 2)/H(2). U
dx hg;y hQX);y dx

LEMMA 6. If G € Cy, then|| Pz Gll1 < d(c"[Glls + [Gllo) and [Pz Gllo < 1] Gllo.
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Proof.

a
IPrGlls = /SUIOSUP—P"G(va)‘/wl(X)dm

Jep J

/supsup (Z 00 P,G(fi o0 £ ), )
Jep J ax \, 4 i,=1 !

x|( [:1 ‘o fi 1) (x)|lfu(,l1 ,”)(x)>‘/(p1(x)dm

By Lemma 5 and by properties of the Frobenius—Perron operator we have
172Gly = [ supsup
r Jep J ; Z

(oo [T O, (O] /@r(x) dm.

‘ G(fito o fH ).y

Next, by using the argumentation as in the proof of Theorem A, we get
IPrGll1 =< fd(c”lG(-, W+ 1GC, o) dm = d("IGll1 + IGlo)-

The proof of the inequality PG || < t||G|lo is similar. O

Now, let E be any closed interval such th@& c J for someJ e B. Let
Ve G = [V G(,y)dm. Then

\/EG =/ |G (x, y)|didm < ||G||1f p1dA.
E E

Conclusion 7.
([T~ \/E PrG < d||G||o/ p1d) for G € Cy.
E

For G € L1(un) we define

\/EG inf{/\/EG(-,y)dm:F:Gae.},

B \/ {G : \/E G < oo for every closed intervak

such thatt c J for someJ € /6}
IGllo = iInf{||[F|lo: F =G ael}.

LEMMA 7. If a sequence of function§, : I x Y — R converges inu to a function
G:I xY — R, then:
() 1Gllo < limsup,_, |1Gxllo;

(”) \/E G = Iimsugleoo \/E G

Proof. (i) If limsup,_ . IG,llo = oo, the conclusion is obvious. Assume that
limsup,_ . IIG.llo < co. Fix ¢ > 0 and letG, be such thaiG, = G, a.e. and
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IGallo < |Gallo + &. There exists a subsequenGg, which is pointwise convergent to
G a.e. Denote byD the set of points for which the sequenGg, does not converge.
We putG = 15.G. ThenG = G a.e. and

G (. »lo < iminf |Gy, (-, y)lo.

for everyy € Y. From this, by Fatou’s lemma we obtain

f|G<-,y>|odmsli,gninff@nk(-,y)wm

and consequently
IGllo < liminf |Gy, flo + e
—00

Sincee is chosen arbitrarily, this gives

IGllo < liminf |Gy, llo < limsup[|G,|lo.
k— 00

n—oo

(ii) See proof of Lemma 5 in19]. O

LEMMA 8. Let G be a density anglG|lo < oo. Then for every > 0 there exist&; € C;
such that|| F; — Gll, < e and | Fello < 2||Gllo.

Proof. Let M be a positive real number such that
/ Gdu < % where Ay = {(x,y): G(x,y) < M}.
Ay

Let G; be such thaG1 = 1,4, G a.e.,G1(b, y) = O for everyb € A and||G1]|p < §||G||o.

Moreover, let

1G1(x, y)
(y) = maxsup———=2.
8 = e o)

Then

/\ G1(x, y) < g(@o(x) < g1(»)go(x), wheregi(y) = g(») + 51Gllo.

X,y

=i=n,l=zj)=

and there exists a sequences@;; < M, 1 <i <n, 1< j < m, such that the function

Go(x,y) = Y c;jl,(x0)1p(y)
1<i<n
1<j<m

satisfies the inequalityG, — G|, < ¢/4. Moreover, if

dij = sup g1(y)go(x) and e; = inf g1(y)go(x)
JixB; Jix B

then eithere;; > M + %||G||0 or dij —ejj < 711||G||0 forl<i<n,1<j<m Let
¢ij = min{e;; + ;11||G||o, ¢ij} for1<i <n, 1< j <m. The function

Ga(x,y) = Y &;l,(x)1p(y)
1<i<n
1<j<m
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has the following properties:

/\ |G1(x, y)—G3(x, y)| < |G1(x, y)—G2(x, y)| and Gs(x,y) < g1(»)¢o(x)+5Gllo.
x,y

Finally, we replace 1 by f; € C*, 0 < f; <1, such that the function

Fo(,y)= Y Gifi)ls (y)
1<i<n
l<j<m

satisfies the inequality F. — Gsl|., < ¢/4. O
THEOREM 8. Let G be the density of'-a.c.i.m. If||G|lo < co thenG € B/.

Proof. Let A, F = (1/n) ZZ;}, PFF. By the stochastic ergodic theorerg],[ for
any F € Li, A,F converges in measure t6* € L; such thatPrF* = F*.
Let ¢ > O be fixed. There exist¥, € C; such that||F, — G||,, < ¢/5. Let
FF =limy_, « Ay, F, for some subsequeng¢e;} where the convergence is almost uniform
and, hence, almost everywhere. By Conclusion 7 and Lemma F{iik W and
Ve FF < d||Fsllo [ ¢1dx. Let§ > 0 be such that ifu(A) < & then [, |F*|du < ¢/5
and [, Gdu < ¢/5. Moreover, by the almost uniform convergenceAf F,, there exist
ko andU, u(U) > 1— 8, such thath |A, F. — F}|du < /5 for k > ko. Therefore we
get

/’y|F€*_G|du</U|F8*—AnkF8|d,u~|—/U|A,1kF8—A,,kGldpL+28/5<4e/5.

By Lemma 8 fore — 0 we can findF, such that| F;|lo < 2||Gllo. HenceG = lim,_o F}
in Ly andlim,_o\/; F < c1 [ p1dx which impliesG € B/. O

Remark.If G is the density off'-a.c.i.m. then for every > 0 there exists the density
F} of T-a.c.i.m. such thafi F|lo < oo and |G — F}|;, < . Moreover, ifG is the
density of the ergodi@-a.c.i.m. then||G||o < co and hence € B /.

Proof.Let F be the sequence constructed bin the proof of Theorem 8. By Lemmas 6
and 7(i),| FXllo < tl| Fello < oo. If we assume the ergodicity ofg, wheredug/dpn = G,
then F*| suppG = constantG for smalle. Therefore||G|lo < oo. O

THEOREM 9. If f satisfies (i)—(vii) andp is f-a.c.i.m. then(f, @) is g.m.p.

Proof. Let PrG = G, whereG € D. At first we assume thgiG|lo < co. By G € W
we may repeat the reasoning used in the Lasota—Yorke case. To obtain the result as in
Conclusion 5(i) ] we make the following observation. By Lemma 4.7 8] pnd by
assumption (v), for any non-empty intervBlthere existj andn such thatf”(E) D I;.
This property off allows us to conclude that sugh= | J;_; A; x B;.

If |Gllo = oo then we consideDs = suppG. By the Remark there exists a sequence
G, such that||G,|lo < o0, PG, =G, forn =1,2,... and lim,_,oo G, = G in Ly.
SinceT Dg = D¢, p x m a.e., the function 3,G, is the density off'-a.c.i.m. and, due
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to 1p,G, < Gy, 11p;Gullo < oo forn =1,2,.... According to lim_ G, = G in
L1 we have

o0 X
Dg = nILmookLJ ﬂk Dg, N Dg.
=n j=

The first part of the proof yieldDg N Dg, = (Ji_; A; x B!. This implies that
D¢ = Ji_; Ai x B; which completes the proof. O
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