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Quasi-Markovian transformations
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Abstract. Let (f, α) be the process given by an endomorphismf and by a finite partition
α = {A}si=1 of a Lebesgue space. LetE(f, α) be the set of densities of absolutely
continuous invariant measures for skew products with the base(f, α). We prove that a
process(f, α) is Markovian if and only ifE(f, α) ⊂ {g : g = ∑s

i=1 1Ai ⊗ gi}. If f is
the Lasota–Yorke or Misiurewicz type map with the Markovian partitionα, then(f, α)
is quasi-Markovian, i.e.E(f, α) ⊂ {g : suppg = ⋃s

i=1Ai ×Bi}. Moreover, we give the
characterization of quasi-Markovian processes.

0. Introduction
Let f be a positive non-singular measure-preserving transformation of a probabilistic
Lebesgue space(X,A, p). Let α = {Ai}si=1 be a finite measurable partition ofX and
let a(x) be the mapping fromX to {1, . . . , s} defined bya(x) = i when x ∈ Ai ,
i = 1, . . . , s. The pair(f, α) will be called the process. This is a stationary stochastic
process given by the sequence of random variablesa(f n(x)), n = 0,1, . . . . The process
(f, α) is the object of our investigations. Therefore we restrict our considerations to the
factor transformationf | ∨∞

i=0 f
−iα which from now on will be denoted byf .

Let {Ti}si=1 be a finite family of positive and negative non-singular transformations of
a probability space(Y,B, m). The process(f, α) and the family{Ti}si=1 define the skew
product transformation

T (x, y) = (f (x), Ta(x)y).

Let PT denote the Frobenius–Perron operator forT , i.e.

PT g = d

dp ×m

∫
T −1(·)

g dp ×m, for g ∈ L1(p ×m).

We say that a functiong ∈ L1(p ×m) is a density ifg ≥ 0 and‖g‖1 = 1.
Let

E(f, α) = {g : there exists a probabilistic Lebesgue space(Y,B, m) and a

family of positive and negative non-singular transformations{Ti}si=1

such thatPT g = g andg is a density}.
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In fact E(f, α) is the class of densities of absolutely continuous invariant measures
(a.c.i.m.) for skew products with the base(f, α). We are interested in relations between
the structure of the setE(f, α) and the process(f, α). Morita [11] proved that if(f, α) is
a Bernoulli process thenE(f, α) ⊂ {g : g(x, y) = g(y)}. This property of the Bernoulli
processes has been applied independently by other authors (see, for instance, [1], [3],
[13]). Kowalski [5] showed that if(f, α) is a Markov process then

E(f, α) ⊂
{
g : g(x, y) =

s∑
i=1

1Ai (x)gi(y)

}
. (0.1)

In §1 we prove the validity of the inverse implications. In§2 we generalize the above
results as follows.

Definition. We say that the process(f, α) is quasi-Markovian (q.m.p.) if

E(f, α) ⊂
{
g : suppg =

s⋃
i=1

Ai × Bi

}
.

Here suppg = {(x, y) : g(x, y) > 0}.
We obtain the following results about the q.m.p.

1. If (f, α) is q.m.p. then for everyT and everyT -eigenfunctionH ∈ L1(µ),

H1Dµ =
s∑
i=1

1Ai ⊗ gi, p ×m a.e.

Hereµ is a T -a.c.i.m. andDµ = suppµ.
2. If (f, α) and(g, β) are q.m.p. then(f × g, α × β) is also q.m.p.
3. If (f, α) is a q.m.p. then the partitionα is Markovian (i.e. ifp(f (Ai) ∩ Aj) > 0

thenp(Aj − f (Ai)) = 0 for i, j = 1, . . . , s).
4. By using the notion of a quasi-eigenfunction forf we get the description of

eigenfunctions for the skew productT where Ti , i = 1, . . . , s, are commuting
automorphisms or elements of some compact group.

In §3 it is shown that the Lasota–Yorke and Misiurewicz type transformations with the
Markovian partition are q.m.p. By Conclusion 6 we observe that ifα generatesA then
there are no non-trivial q.m.p. in the class of automorphisms. However, the skew products
in which the base transformation and the fibre transformations are automorphisms have
been considered by many authors (the Bernoulli base has been considered by Kalikow
[4], Meilijson [8] and Thouvenot [17]). The results of our paper imply directly the
description of eigenfunctions for skew products as above when the process(f̄ , ᾱ) is the
natural extension to an automorphism of some q.m.p.

1. Markovian processes
We restrict our considerations to eigenfunctions of the eigenvalue 1, which are elements
of the setD = {g : g ∈ L1(p × m), g ≥ 0, ‖g‖1 = 1}, where the space(Y,B, m) is
fixed. According to condition (0.1) we considerT -a.c.i.m. of the form

∑s
i=1pi × mi ,

wherepi(A) = p(Ai ∩ A) for A ∈ A, Ai ∈ α and {mi}si=1 is a family of probabilistic
measures which are absolutely continuous onB. We will denote bymiTi the measure
defined as follows:miTi(B) = mi(T

−1
i B) for B ∈ B, i = 1, . . . , s.
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LEMMA 1. The skew productT preserves the measureµ = ∑s
i=1pi ×mi if and only if

s∑
i=1

p(Ai |f −1A)miTi = mr for everyA ⊂ Ar, r = 1, . . . , s. (1.1)

This result is an easy consequence of the definition of theT invariance.

Conclusion 1.If the system of measures{miTi}si=1 is linearly independent andT preserves
the measure

∑s
i=1pi ×mi , then(f, α) is a Markovian process.

Proof. By putting the setAr as A in (1.1) and by using linear independence of the
measures{miTi}si=1 we get

p(Ai |f −1A) = p(Ai |f −1Ar) for A ⊂ Ar, r = 1, . . . , s. �
Conclusion 2.If the system of measures{mTi}si=1 is independent andT preserves the
measurep ×m, then(f, α) is the Bernoulli process.

Proof. By (1.1) we getm = ∑s
i=1p(Ai |f −1A)mTi andm = ∑s

i=1p(Ai)mTi . The linear
independence of the set{mTi}si=1 impliesp(Ai |f −1A) = p(Ai), for everyA. �
Conclusion 3.If s = 2 andT is a generalized skew product, i.e.T preserves the measure
p ×m andT1 does not preservem, then(f, α) is a Bernoulli process.

Conclusion 4.If f is an automorphism, thenT preserves the measure
∑s

i=1pi × mi ,
wheremi 6= mj for i 6= j , if and only if f (α) = α andmk = mjTj for every pair(k, j)
such thatf (Aj ) = Ak.

Proof. From (1.1) we conclude that iff −1Ak ∩ Aj 6= ∅ thenmk = mjTj . This gives
f −1Ak = Aj . �
LEMMA 2. Let (f, α) be a fixed process. If for any skew productT everyT -a.c.i.m. has
the form

∑s
i=1pi ×mi (p ×m1), then(f, α) is a Markov (Bernoulli) process.

Proof. Our proof is based on the construction of the skew productT such that the
assumptions of Conclusion 1 (2, respectively) hold. In order to attain this claim we
define the following family of transformations:

Ti(x) = 4(x − j/4s)+ (i − 1)/s, whenx ∈ [j/4s, (j + 1)/4s),

for j = 0,1, . . . ,4s − 1 and i = 1, . . . , s.

The skew productT defined by the above family possessesT -a.c.i.m. (see [10;
Theorem 2.1]). By assumption, this measure has the form

∑s
i=1pi × mi . Let

dmi/dm = fi . Then dmiTi/dm = PTi fi, i = 1, . . . , s. By the definition ofTi ,
suppPTiD ⊂ [(i − 1)/s, i/s]. Therefore the system of measures{miTi}si=1 is linearly
independent. From this and Conclusion 1 we obtain our statement. The proof of the
case when the invariant measure has the formp ×m1 is similar. �

By using Lemma 1 from [5] and Theorem 3.1 from [11] we can reformulate the above
lemma as follows.

THEOREM 1. A process(f, α) is Markovian (Bernoullian) if and only if

E(f, α) ⊂
{
g : g =

s∑
i=1

1Ai ⊗ gi

}
, (E(f, α) ⊂ L1(m)).
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2. Quasi-Markovian processes
We present the first result characterizing q.m.p.

THEOREM 2. If (f, α) is q.m.p., then for everyT and for everyT -eigenfunctionH from
L1(µ)

H1Dµ =
s∑
i=1

1Ai ⊗ gi, p ×m a.e. (2.1)

Hereµ is anyT -a.c.i.m. andDµ = suppµ.

Proof. Let T −1A = A, µ a.e. ThenT (A∩Dµ) = A∩Dµ, p×m a.e. LetC = A∩Dµ.
ThenPT g1 = g1 andg1 ∈ D, whereg1 = 1Cg/p×m(C) andg = dµ/dp×m. Therefore
by the definition of q.m.p. suppg1 = C = ⋃s

i=1Ai ×Bi . Hence ifH is an eigenfunction
of eigenvalue 1 then the equality (2.1) holds. Now we define the following skew product:

T̄ (x, y, z, w) = (f (x), T̄a(x)(y, z, w)),

where
T̄a(x)(y, z, w) = (Ta(x)(y), f (z), Ta(z)(w)).

By the definitionT̄ = T×T . Hence, ifH is an eigenfunction forT , thenH(x, y)H̄ (z, w)
is an eigenfunction for̄T of eigenvalue 1. This implies

H(x, y)H̄ (z, w)1Dµ(x, y)1Dµ(z,w) =
s∑
i=1

1Ai (x)gi(y, z, w), p × p ×m×m a.e.

ThereforeH(x, y)1Dµ(x, y) = ∑s
i=1 1Ai (x)gi(y), p ×m a.e. �

Let (f̄ , ᾱ) be the natural extension to the automorphism of the process(f, α). Let
{Ti}si=1 be a family of automorphisms of the space(Y,B, m). We obtain two skew
products:

T̄ (x̄, y) = (f̄ (x̄), Ta(x̄)y) and T (x, y) = (f (x), Ta(x)y).

Here T̄ is the natural extension ofT to the automorphism. Therefore (see [14]) the
eigenfunctions forT̄ andT are the same ones.

Conclusion 5.If (f̄ , ᾱ) is the natural extension to the automorphism of a q.m.p. andH

is an eigenfunction for̄T , thenH = ∑s
i=1 1Ai ⊗ gi .

THEOREM 3. If (f, α) and (g, β) are q.m.p., then(f × g, α × β) is also q.m.p.

Proof. Let A = suppµ, whereµ is a Tf×g-a.c.i.m. By the definitionTf×g(x, y, z) =
(f (x), g(y), Ta(x)b(y)z). We define two families of transformations:

Ta(x)(y, z) = (g(y), Ta(x)b(y)z) and Tb(y)(x, z) = (f (x), Ta(x)b(y)z).

We get two skew products with base(f, α) and (g, β) respectively. Therefore by the
assumptions of our theorem

1A(x, y, z) =
s∑
i=1

1Ai (x)1Di (y, z) =
s∑

j=1

1Bj (y)1Cj (x, z).

Hence 1A(x, y, z) = ∑s
i,j=1 1Ai (x)1Bj (y)1Eij (z) which finishes the proof. �
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THEOREM 4. If (f, α) is q.m.p., then the partitionα is Markovian.

Proof. Let T be the skew product transformation defined in the proof of Lemma 2 and
let µ be T -a.c.i.m. The setDµ is T invariant, i.e.TDµ = Dµ, p × m a.e., and hence
1DµT = 1Dµ , µ a.e. By assumptionDµ = ⋃s

i=1Ai × Bi and therefore

s⋃
i=1

f (Ai)× TiBi =
s⋃

j=1

Aj × Bj . (2.2)

By definition of the family{Ti}si=1 the setsTiBi , i = 1, . . . , s, are pairwise disjoint and
therefore by (2.2) we get

p(f (Ai) ∩ Aj) > 0 ⇒ Aj ⊂ f (Ai). �

Conclusion 6.If f is an automorphism and(f, α) is q.m.p. thenf permutes the elements
of the partitionα.

Let

αf = max{β : for everyB ∈ β if f (Ai) ∩ B 6= ∅ for somei, thenf (Ai) ⊂ B}.
Hereβ denotes a partition ofX.

LEMMA 3. If (f, α) is q.m.p. and iff has a quasi-eigenfunctionh, |h| = 1, whose quasi-
eigenvalue is measurable with respect toα, thenh is measurable with respect toαf .

Proof.Let h◦f = (
∑s

i=1 ci1Ai )h, where|ci | = 1, and letTiz = c̄iz for z ∈ {w : |w| = 1},
i = 1, . . . , s. The functionh ⊗ z is the eigenfunction of eigenvalue 1 for the skew
productT determined by{Ti}si=1. By assumptions,h ⊗ z = ∑s

i=1 1Ai ⊗ gi and hence
h = ∑s

i=1 di1Ai . Due to the equality

s∑
k=1

dk1Ak ◦ f =
s∑

j=1

cjdj1Aj

we getdk1 = dk2, whenAk1 ∪Ak2 ⊂ f (Aj ) for somej , which proves our conclusion.�

Finally, we consider families{Ti}si=1 which are automorphisms of the space(Y,B, m).

THEOREM 5. For every commuting family of automorphisms{Ti}si=1 the eigenfunctions
for T have the form

∑s
i=1 1Ai ⊗gi if and only if each quasi-eigenfunctionf of modulus 1

whose quasi-eigenvalue is measurable with respect toα is also measurable with respect
to αf .

Proof. Let G be the countable Abelian group generated by{Ti}si=1 and let Ĝ be the
compact group of characters.G has a unitary representation onL2(Y,m) of the form
Ugh(y) = h(g(y)). This representation is a direct sum of cyclic sub-representations,
namely

L2(Y,m) =
r⊕
i=1

Hi and Ug =
r⊕
i=1

Ui
g, whereUi

g = Ug|Hi, i = 1, . . . , r, r ≤ ∞.
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Let us fix one sub-representationUj
g . By [2, p. 163] there exists a positive measureν

on Ĝ such thatUj
g is unitarily equivalent to the following representation:

Vgu(t) = ˆ̂g(t)u(t) for u ∈ L2(Ĝ, ν), where ˆ̂g(t) = t (g).

Therefore the restrictionT |L2(X, p)×Hj is spectrally isomorphic to the operatorVj on
L2(X, p)× L2(Ĝ, ν) such that

VjH(x, t) = H(f (x), t)

( s∑
i=1

1Ai ⊗ ˆ̂
T i

)
.

Now, if VjH = λH then forν a.e. t

Ht ◦ f =
( s∑
i=1

ci1Ai

)
Ht for someci, |ci | = 1, i = 1, . . . , s,

whereHt(·) = H(·, t). Lemma 3 and the identity of our spectral isomorphism on
L2(X, p) imply the assertion of our theorem. �

We now turn to the case of automorphisms which are not necessarily commutative.
Let us assume thatTi, i = 1, . . . , s, are elements of some separable compact groupG(Y)

of automorphisms of(Y,m) such that its representation of the formUgh(y) = h(g(y))

on L2(Y,m) is strongly continuous. By [2 p. 169]

L2(Y,m) =
r⊕
i=0

Hi, dimHi < ∞ andHi areUg invariant.

Therefore every eigenfunction ofT has the formg = ∑s
t=1 bt ⊗et , wherebt ∈ L2(X, p),

t = 1, . . . , d, and {e1, . . . , ed} is the orthonormal basis of some invariant subspace of
L2(Y,m). If g ◦T = λg thenb̄◦f (x) = λWa(x)b̄(x), whereWi , i = 1, . . . , s, are unitary
matrices and̄b = (b1, . . . , bd). The matrixλWi is unitary as before and without loss of
generality we may write

b̄ ◦ f (x) = Wa(x)b̄(x), whereWi ∈ U(d), i = 1, . . . , s. (2.3)

HereU(d) denotes the compact group of all complexd × d unitary matrices. After this
introduction we may now formulate our theorem.

THEOREM 6. For every family of automorphisms{Ti}si=1 which are elements of some
separable compact groupG(Y), the eigenfunctions forT have the form

∑s
i=1 1Ai ⊗ gi

if and only if the solutions of the equalitȳb ◦ f (x) = Wa(x)b̄(x) whereWi ∈ U(n),
i = 1, . . . , s, for everyn, are vector functions with components measurable with respect
to αf .

Proof. It suffices to show that every family{Wi}si=1 of elements ofU(d) appears in (2.3),
for d = 1,2, . . .. Let Ag be the naturald-dimensional unitary representation ofU(d);
that is the representation taking each element ofU(d) into itself. Let µ be the Haar
measure onU(d) and letWg denote the regular representation ofU(d), i.e.

Wgh(y) = h(gy) for g ∈ U(d) andh ∈ L2(U(d), µ).
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It follows, from the Peter–Weyl Theorem ([2 p. 172]), that the regular representation
Wg decomposes into an orthogonal direct sum of finite-dimensional irreducible unitary
representations

Wg =
r⊕

j=1

dj⊕
k=1

Wj,k
g , whereWj,k

g = Wg|Hj,k andL2(U(d), µ) =
r⊕

j=1

dj⊕
k=1

Hj,k.

Furthermore, every irreducible unitary representation ofG appears in this decomposition.
SinceAg is irreducible it is unitarily equivalent toWj,k

g for some j, k. By putting
G(Y) = U(d) = Y we achieve our claim. �

The examples for the non-commutative case may be found in non-Abelian group
extensions (see [15]).

3. Examples of quasi-Markovian processes
Let I be the unit interval and let 0= a0 < a1 < · · · < as = 1. Denote byα the partition
{Ii}si=1, whereIi = (ai−1, ai), and denote byA the set{ai}si=0. Let f |I − A → I be a
continuous map which is strictly monotone on components ofI − A.

Among the above transformations which possess an a.c.i.m. there are Lasota–Yorke
and Misiurewicz transformations.

Let f be a Lasota–Yorke type transformation, i.e.
(a) the restrictionfi of f to (ai−1, ai) is C1;
(b) 1/|f ′

i | extends to a function of bounded variation on [ai−1, ai ], for i = 1, . . . , s;
(c) inf |f ′| > 1.

Let p be anf invariant measure, which is absolutely continuous with respect to the
Lebesgue measure (for existence see [18] or [7]). Assume thatα is Markovian partition.
Let

BV =
{
G : G ∈ L1(λ×m) and there existsF such thatF = G a.e.

and
∫
VF(·, y) dm < ∞

}
.

Denote byEλ(f, α) the set we obtain after replacing the measurep by λ in the definition
of E(f, α). By p � λ we haveE(f, α) ⊂ Eλ(f, α).

LEMMA 4. Eλ(f, α) ⊂ BV .

Proof. The density ofBV in L1 and Lemma 4 from [5] together with the stochastic
ergodic theorem [6] applied toPT imply our conclusion. �

THEOREM 7. If f is the Lasota–Yorke type transformation with the Markovian partition
α andf -a.c.i.m.p, then(f, α) is q.m.p.

Proof. Lemma 4 implies Lemma 6(i) from [5] which, as a consequence, implies the
theorem. �
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Now we will consider the Misiurewicz type transformations.
Before the definition off we introduce the following notations (as in [9]): Î =

I × {+,−} − {(0,−), (1,+)}, f̂ : Î → Î given by f̂ (x, ε) = (x ′, ε′), where
x ′ = limy→xε f (y) and ε′ = ε if and only if f ′

ε(x) > 0. If x ∈ Î then x̌ is its first
coordinate andx is its second coordinate. We setÂ = Î ∩ (A× {+,−}). Now we make
further assumptions onf :
(i) f is of classC3;
(ii) f ′ 6= 0;
(iii) Sf = f ′′′/f ′ − 3

2(f
′′/f ′)2 ≤ 0 (negative Schwarzian derivative);

(iv) for x ∈ Î , if f̂ p(x) = x, then|(f̂ p)′(x)| > 1 (heref̂ ′(x, ε) = f ′
ε(x));

(v) f̂ (Â) ⊂ Â (the Markovian property);
(vi) for every a ∈ Â there exist constantsδ, α0, ω > 0 and u ≥ 0 such that

α0|x − ǎ|u ≤ |f ′(x)| ≤ ω|x − ǎ|u for everyx ∈ Ua, where

Ua =
{
(ǎ, ǎ + δ) if a = +
(ǎ − δ, ǎ) if a = −

(vii) for s ∈ {2,3} anda ∈ Â there exist constantsψ > 0 andv ≥ u− s + 1, such that
|f (s)(x)| ≤ ψ |x − ǎ|v for x ∈ Ua.

Now we introduce the following notations:

Â1 = f̂ (Â), Â2 = Â− Â1, ξ(a) = u(a)/1 + u(a), η(a) = 1 − ξ(a),

aj = f̂ j (a), for j ∈ N, and ψb(x) =



1/|x − b̌| for x > b̌ if b = +
for x < b̌ if b = −

0 elsewhere.

As in [16] we define the functionsϕi : I − A1 → R
+ for i = 0,1 as follows:

ϕi(x) =
[ ∞∑
n=0

∑
a∈Â2

|(f̂ n)′(a1)|−η(a)ψi+ξ(a)
an+1

(x)

]
+ 1.

Let β be the partition given by components of continuity ofϕi for i = 0,1. By
assumption (v),β < α. For everyρ : I − A1 − C such thatρ is of classC1 on
all J ∈ β we define

|ρ|0 = sup
J∈β

sup
J

|ρ|/ϕ0 and |ρ|1 = sup
J∈β

sup
J

|ρ ′|/ϕ1.

As in [16] we denote byC1
f the set ofρ : I − A1 → C being of classC1 on all J ∈ β

such that|ρ| = |ρ|0 + |ρ|1 < ∞.
Let Pf denote the Frobenius–Perron operator forf with respect toλ. Then by [16]

Pf : C1
f → C1

f and(C1
f , | |) is a Banach space.

THEOREM A. ([16]) Let f satisfy(i)–(vii). There exist constantst , d > 0 andc < 1 such
that for n ∈ N, ρ ∈ C1

f ,

|Pnf ρ|1 ≤ d(cn|ρ|1 + |ρ|0) and |Pnf ρ|0 ≤ t |ρ|0.
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THEOREM B. ([9]) Let f satisfy (i)–(vi). Then there exists a probabilisticf -invariant
measure which is absolutely continuous with respect to the Lebesgue measure.

Let {Ti}si=1 be a family of positive and negative non-singular transformations of a
Lebesgue space(Y,B, m) and letT (x, y) = (f (x), Ta(x)y). We will denote byµ the
product measureλ×m. The Frobenius–Perron operator forT with respect to the measure
µ is given by the formula

PTG(x, y) =
s∑
i=1

PiG(f
−1
i (x), y)|(f −1

i )′(x)|1fi (Ii )(x).

HereG ∈ L1(µ), Pi denotes the Frobenius–Perron operator forTi and fi = f |Ii for
i = 1, . . . , s − 1.

For a functionG : I × Y → C such thatG(·, y) ∈ C1(I ) for everyy, we define

‖G‖1 =
∫

sup
J∈β

sup
J

|Gx(x, y)|/ϕ1(x) dm =
∫

|G(·, y)|1 dm

and

‖G‖0 =
∫

sup
J∈β

sup
J

|G(x, y)|/ϕ0(x) dm =
∫

|G(·, y)|0 dm.

Moreover, letP be the Frobenius–Perron operator for certain positively and negatively
non-singular transformationsh of Y . Positive non-singularity ofh implies that

Pg(y) =
∑
h(z)=y

g(z)/h′(z), m a.e.,

where the summation is taken over allz such thatz ∈ h−1(y) andh′(z) > 0. Hereh′

denotes the Jacobian ofh (for the definition of Jacobian see [12]).

LEMMA 5.

∂

∂x
PG(ϕ(x), y) = P

∂

∂x
G(ϕ(x), y), m a.e.

for G ∈ C1 andϕ ∈ C1. Here

C1 =
{
G : G ∈ C1 and‖G‖∞ +

∥∥∥∥ ∂∂xG
∥∥∥∥

∞
< ∞

}
.

Proof. We have

PG(ϕ(x), y) =
∑
h(z)=y

G(ϕ(x), z)/h′(z).

The assumptions about regularity ofG andϕ imply

∂

∂x

∑
h(z)=y

G(ϕ(x), z)/h′(z) =
∑
h(z)=y

∂

∂x
G(ϕ(x), z)/h′(z). �

LEMMA 6. If G ∈ C1, then‖PnT G‖1 ≤ d(cn‖G‖1 + ‖G‖0) and‖PnT G‖0 ≤ t‖G‖0.
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Proof.

‖PnT G‖1 =
∫

sup
J∈β

sup
J

∣∣∣∣ ∂∂x P nT G(x, y)
∣∣∣∣ /ϕ1(x) dm

=
∫

sup
J∈β

sup
J

∣∣∣∣ ∂∂x
( s∑
i1,...,in=1

Pi1 ◦ · · · ◦ PinG(f −1
in

◦ · · · ◦ f −1
i1
(x), y)

×|(f −1
in

◦ · · · ◦ f −1
i1
)′(x)|1f n(Ii1,...,in) (x)

)∣∣∣∣/ϕ1(x) dm.

By Lemma 5 and by properties of the Frobenius–Perron operator we have

‖PnT G‖1 ≤
∫

sup
J∈β

sup
J

s∑
i1,...,in=1

∣∣∣∣ ∂∂x
∣∣∣∣G(f −1

in
◦ · · · ◦ f −1

i1
(x), y)

|(f −1
in

◦ · · · ◦ f −1
i1
)′(x)|1f n(Ii1,...,in) (x)|/ϕ1(x) dm.

Next, by using the argumentation as in the proof of Theorem A, we get

‖PnT G‖1 ≤
∫
d(cn|G(·, y)|1 + |G(·, y)|0) dm = d(cn‖G‖1 + ‖G‖0).

The proof of the inequality‖PnT G‖ ≤ t‖G‖0 is similar. �

Now, let E be any closed interval such thatE ⊂ J for some J ∈ β. Let∨
E G = ∫ ∨

E G(·, y) dm. Then

∨
E
G =

∫ ∫
E

|Gx(x, y)| dλ dm ≤ ‖G‖1

∫
E

ϕ1 dλ.

Conclusion 7.

limn→∞
∨

E
P nT G ≤ d‖G‖0

∫
E

ϕ1 dλ for G ∈ C1.

ForG ∈ L1(µ) we define

∨
E
G = inf

{ ∫ ∨
E
G(·, y) dm : F = G a.e.

}
,

B
∨

=
{
G :

∨
E
G < ∞ for every closed intervalE

such thatE ⊂ J for someJ ∈ β
}

‖G‖0 = inf{‖F‖0 : F = G a.e.}.

LEMMA 7. If a sequence of functionsGn : I × Y → R converges inµ to a function
G : I × Y → R, then:
(i) ‖G‖0 ≤ lim supn→∞ ‖Gn‖0;
(ii)

∨
E G ≤ lim supn→∞

∨
E Gn.

Proof. (i) If lim supn→∞ ‖Gn‖0 = ∞, the conclusion is obvious. Assume that
lim supn→∞ ‖Gn‖0 < ∞. Fix ε > 0 and let Ḡn be such thatḠn = Gn a.e. and
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‖Ḡn‖0 ≤ ‖Gn‖0 + ε. There exists a subsequenceḠnk which is pointwise convergent to
G a.e. Denote byD the set of points for which the sequenceḠnk does not converge.
We putḠ = 1DcG. ThenḠ = G a.e. and

|Ḡ(·, y)|0 ≤ lim inf
k→∞

|Ḡnk (·, y)|0,

for everyy ∈ Y . From this, by Fatou’s lemma we obtain∫
|Ḡ(·, y)|0 dm ≤ lim inf

k→∞

∫
|Ḡnk (·, y)| dm

and consequently
‖G‖0 ≤ lim inf

k→∞
‖Gnk‖0 + ε.

Sinceε is chosen arbitrarily, this gives

‖G‖0 ≤ lim inf
k→∞

‖Gnk‖0 ≤ lim sup
n→∞

‖Gn‖0.

(ii) See proof of Lemma 5 in [19]. �

LEMMA 8. LetG be a density and‖G‖0 < ∞. Then for everyε > 0 there existsFε ∈ C1

such that‖Fε −G‖L1 < ε and‖Fε‖0 ≤ 2‖G‖0.

Proof. Let M be a positive real number such that∫
AcM

G dµ ≤ ε

4
where AM = {(x, y) : G(x, y) ≤ M}.

LetG1 be such thatG1 = 1AMG a.e.,G1(b, y) ≡ 0 for everyb ∈ A and‖G1‖0 ≤ 3
2‖G‖0.

Moreover, let

g(y) = max
J∈β

sup
x∈J

|G1(x, y)|
ϕ0(x)

.

Then ∧
x,y

G1(x, y) ≤ g(y)ϕ0(x) ≤ g1(y)ϕ0(x), whereg1(y) = g(y)+ 1
4‖G‖0.

We take a partition{Ji × Bj }1≤i≤n,1≤j≤m of I × Y such thatJi , 1 ≤ i ≤ n, are intervals
and there exists a sequence 0≤ cij ≤ M, 1 ≤ i ≤ n, 1 ≤ j ≤ m, such that the function

G2(x, y) =
∑

1≤i≤n
1≤j≤m

cij1Ji (x)1Bj (y)

satisfies the inequality‖G2 −G1‖L1 ≤ ε/4. Moreover, if

dij = sup
J1×Bj

g1(y)ϕ0(x) and eij = inf
Ji×Bj

g1(y)ϕ0(x)

then eithereij ≥ M + 1
4‖G‖0 or dij − eij <

1
4‖G‖0 for 1 ≤ i ≤ n, 1 ≤ j ≤ m. Let

c̄ij = min{eij + 1
4‖G‖0, cij } for 1 ≤ i ≤ n, 1 ≤ j ≤ m. The function

G3(x, y) =
∑

1≤i≤n
1≤j≤m

c̄ij1Ji (x)1Bj (y)
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has the following properties:
∧
x,y

|G1(x, y)−G3(x, y)| ≤ |G1(x, y)−G2(x, y)| and G3(x, y) ≤ g1(y)ϕ0(x)+ 1
4‖G‖0.

Finally, we replace 1Ji by fi ∈ C∞, 0 ≤ fi ≤ 1Ji , such that the function

Fε(x, y) =
∑

1≤i≤n
1≤j≤m

c̄ij fi(x)1Bj (y)

satisfies the inequality‖Fε −G3‖L1 ≤ ε/4. �

THEOREM 8. LetG be the density ofT -a.c.i.m. If‖G‖0 < ∞ thenG ∈ B∨
.

Proof. Let AnF = (1/n)
∑n−1

k=0 P
k
T F . By the stochastic ergodic theorem [6], for

any F ∈ L1, AnF converges in measure toF ∗ ∈ L1 such thatPT F ∗ = F ∗.
Let ε > 0 be fixed. There existsFε ∈ C1 such that‖Fε − G‖L1 < ε/5. Let
F ∗
ε = limk→∞AnkFε for some subsequence{nk} where the convergence is almost uniform

and, hence, almost everywhere. By Conclusion 7 and Lemma 7(ii)F ∗
ε ∈ B

∨
and∨

E F
∗
ε ≤ d‖Fε‖0

∫
E
ϕ1 dλ. Let δ > 0 be such that ifµ(A) < δ then

∫
A

|F ∗
ε | dµ < ε/5

and
∫
A
Gdµ < ε/5. Moreover, by the almost uniform convergence ofAnkFε, there exist

k0 andU , µ(U) > 1− δ, such that
∫
U

|AnkFε −F ∗
ε | dµ < ε/5 for k ≥ k0. Therefore we

get
∫
I×Y

|F ∗
ε −G| dµ <

∫
U

|F ∗
ε − AnkFε| dµ+

∫
U

|AnkFε − AnkG| dµ+ 2ε/5< 4ε/5.

By Lemma 8 forε → 0 we can findFε such that‖Fε‖0 ≤ 2‖G‖0. HenceG = limε→0F
∗
ε

in L1 andlimε→0
∨
E F

∗
ε ≤ c1

∫
E
ϕ1 dλ which impliesG ∈ B∨

. �

Remark.If G is the density ofT -a.c.i.m. then for everyε > 0 there exists the density
F ∗
ε of T -a.c.i.m. such that‖F ∗

ε ‖0 < ∞ and ‖G − F ∗
ε ‖L1 < ε. Moreover, ifG is the

density of the ergodicT -a.c.i.m. then‖G‖0 < ∞ and henceG ∈ B∨
.

Proof.LetF ∗
ε be the sequence constructed forG in the proof of Theorem 8. By Lemmas 6

and 7(i),‖F ∗
ε ‖0 ≤ t‖Fε‖0 < ∞. If we assume the ergodicity ofµG, wheredµG/dµ = G,

thenF ∗
ε | suppG = constantG for small ε. Therefore‖G‖0 < ∞. �

THEOREM 9. If f satisfies (i)–(vii) andp is f -a.c.i.m. then(f, α) is q.m.p.

Proof. Let PTG = G, whereG ∈ D. At first we assume that‖G‖0 < ∞. By G ∈ B∨
we may repeat the reasoning used in the Lasota–Yorke case. To obtain the result as in
Conclusion 5(i) [5] we make the following observation. By Lemma 4.7 in [9] and by
assumption (v), for any non-empty intervalE there existj andn such thatf n(E) ⊃ Ij .
This property off allows us to conclude that suppG = ⋃s

i=1Ai × Bi .
If ‖G‖0 = ∞ then we considerDG = suppG. By the Remark there exists a sequence

Gn such that‖Gn‖0 < ∞, PTGn = Gn for n = 1,2, . . . and limn→∞Gn = G in L1.
SinceTDG = DG, p ×m a.e., the function 1DGGn is the density ofT -a.c.i.m. and, due
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to 1DGGn ≤ Gn, ‖1DGGn‖0 < ∞ for n = 1,2, . . . . According to limn→∞Gn = G in
L1 we have

DG = lim
n→∞

∞⋃
k=n

∞⋂
j=k

DGj ∩DG.

The first part of the proof yieldsDG ∩ DGn
= ⋃s

i=1Ai × Bni . This implies that
DG = ⋃s

i=1Ai × Bi which completes the proof. �
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