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Abstract. We present two findings: (i) in the absence of compressibility of (cold)
neutrals, the instability triggered by neutral drift due to gradients in plasma
density and magnetic field and (ii) the equilibrium pressure-gradient- (PG-) driven
instabilities with and without neutral dynamics. The results of detailed analysis
suggest that on account of neutral dynamics the growth of these instabilities
is suppressed by a neutral perturbational effect. Suppression of PG-driven instabil-
ities is highlighted and the critical wavelength for sustainable growth is found. The
physics involved in the mechanism of instabilities is discussed. The endeavour in
these investigations is justifiable in its usefulness for understanding the phenomena
pertinent to partially ionized plasma (PIP). The stability analysis presented here
may be useful for understanding the plasma processes in ‘deep’ coma (very near to
the nucleus of coma), at the edges of a plasma column, near a divertor region and
in the case of sublimating gas from a cloud.

1. Introduction
Partially ionized plasmas (PIP, hereafter) are often encountered in nature and
in the laboratory environment. Sublimating gas from barium clouds and coma,
lower planetary ionospheres, interaction between interstellar-born neutrals and the
hileosphere, the interstellar medium, gas during the infant stage of an astrophysical
object, etc. are examples of PIP in nature. On the other hand, plasma used in a
magnetohydrodynamic (MHD) generator, electromagnetic launchers, magnetic and
inertial confinement schemes, at the edge of a plasma column in a tokamak, near the
divertor of a tokamak, etc. are some examples of PIP in a laboratory environment.
The study of the collective process in PIP with neutral dynamics may help us to
understand the phenomena observed both in nature and in laboratory set ups. The
collective phenomena in PIP with the inclusion of neutral dynamics have not been
studied seriously. Only a few recent publications have dealt with the effects (Zweibel
1989; Dwivedi and Das 1992; Huba et al. 1994; Huba 1995 and references therein;
Shaikh and Das 1997, 1998 and references therein; Doughton et al. 1998; Shaikh
et al. 1999) of neutral dynamics on instabilities in PIP. A recent publication by
Doughton et al. (1998) has claimed the first ever consideration of neutral dynamics
in PIP. However, we would like to mention that work in this direction started a
decade ago (Zweibel 1989; Dwivedi and Das 1992 and references therein) and later
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further developed (Huba et al. 1994; Huba 1995; Shaikh and Das 1997, 1998; Shaikh
et al. 1999) over the course of time. It has been substantiated that the consideration
of neutral dynamics in the study of collective phenomena in PIP is the benchmark
for a complete and coherent study of collective processes. We cite a few examples
in support of the importance of neutral dynamics:

1. the inclusion of neutral dynamics has offered modifications and new results
which are consistent with those of earlier published works (Huba 1990, 1995;
Huba et al. 1994; Shaikh and Das 1997, 1998, 1999; Dwivedi and Das 1992);

2. the inclusion of neutral dynamics in the calculation of instability of the helio-
pause by Liewer et al. (1996) has, almost, removed the disagreement between
theory and simulation in the estimation of growth rate;

3. the consideration of the collision effect in the neutral-dominated astrophys-
ical fluid (i.e. PIP) has provided a better understanding of the alteration of
conversion of magnetic field energy to plasma kinetic energy (Zweibel 1989).

With a view to maintaining consistency with other published works, the following
principal assumptions are made: (i) there is a stationary equilibrium during the
time scale involved in the physical processes considered for the investigation; (ii) we
have retained a stable population of neutrals on a given time scale; (iii) the paper
uses the background of local theory with a short mean free path compared with
the scale length; (iv) meνei = miνie; (v) fluids are inviscid; (vi) mi = mn; (vii) there
is no magnetic tension force (B · ∇B)/4π (parallel shear); and (viii) Ti = Te = Tn.
In PIP, e.g. during the early stage of formation of an astrophysical object,

there has always been either finite neutral, plasma or magnetic pressure gradi-
ents which drive the neutrals or give rise to a relative velocity between ions and
neutrals. Either case is subjected to pressure gradient (PG) instabilities. In Sec. 2,
we discuss the fundamental equations and the equilibrium and derive the general
dispersion relation in Sec. 3. We found that for a positive growth rate there is a
threshold in relative streaming between the plasma and neutral fluids. The role
of ε = νin/νni is highlighted. We believe, from our results, that neutral dynamics
is probably responsible for the stability of lower planetary atmospheres against
classical and collisional Rayleigh–Taylor (RT) instability. In Sec. 3, we discuss
how a partially ionized plasma is prone to pressure gradient instability with a
mechanism that is similar to classical RT. On introducing the neutral perturbation
in the problem, we found that neutral dynamics is responsible for damping of PG
instabilities similar to RT and collisional RT (Appendix B, B5 and B6). The physics
of this mode is described with physically feasible assumptions. Finally, we conclude
with a summary in Sec. 4. Detailed algebraic derivations are given in Appendices
A and B.

2. Fundamental equations and equilibrium
We write the equations of a fluid for a three-component plasma made up of ions,
electrons and neutrals,

∂tnα + ∇ · (nαVα) = 0, (1)

where nα is the number density, Vα is the velocity of the fluid and α represents
the charged species and neutral particles. Adding electron (inertialess) and ion
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momentum equations and using the law of conservation of momentum, quasi-
neutrality, vector identity and Maxwell’s equations with a definition of current
density J, we obtain

miniDtVi = −∇
(

B2

8π
+ P

)
− nνeff (Vi − Vn) +

cmeνen

4πe
∇ × B +minig, (2)

where Dt = ∂t + V · ∇, νeff = miνin +meνen, meνei = miνie, ni = ne = n, mi = mn

and P = Pe + Pi are used. The momentum equation for neutrals is

DtVn = − ∇Pn

mnnn
− (ν) (Vn − Vi) +

νnec

4πnne
(∇ × B) + g, (3)

where ν = νni + νne and we have used Maxwell’s equations with a definition of
current density J. The system of equations is closed by an isothermal equation of
state. We consider that the magnetic field B = B0(x)êz, plasma and neutral density
scale lengths are in the positive X-direction, while gravity and the magnetic field
gradient are in the negative X-direction. For equilibrium, setting ∂

∂t = 0 in the
governing equations we obtain

∇ · (nαVα) = 0 (4)

0 = −∇
(

B2

8π
+ P

)
+ nimig− νeffni (Vi − Vn) +

νenmec

4πe
(∇ × B), (5)

where we have neglected the dynamic pressure and the magnetic tension force. The
X-component of (5) gives

−∂x

(
B2
0

8π
+ P

)
− ni0mig − νeffni0(Vi0x − Vn0x) +

νencme

4πe
(∇ × B0)x = 0.

In the absence of a frictional force,

∂x

(
B2
0

8π
+ P

)
= −ni0mig (6)

V 2
A

[
L−1

B + βL−1
P

]
= −g (7)

where L−1
P = ∂xni0(x)

ni0
, L−1

B = ∂xBi0(x)
B0

, V 2
A =

B2
0

4πni0mi
, C2

s =
2T
mi
and β = C2

s

V 2
A
.

In the absence of gravity, its role is played by a frictional term νinVn0x, therefore
we obtain

Vn0x =
V 2

A

νin

[
L−1

B + βL−1
P

]
, (8)

where we have assumed that Vi0x ∼ 0, meνen � miνin. For a uniform magnetic
field the momentum equation of ions yields

Vi0y =
C2

s

Ωi

[
L−1

p + εL−1
n

]
, (9)

where Ωi = eB0/mic and we have used Ve0y = −(cTe/eB0)L−1
p from the electron

momentum equation and Ti = Te = Tn. Also, we note that the above expression for
Vi0y is obtained from zeroth-order momentum equation for the ions.
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In the absence of gravity (6) reduces to the usual plasma equilibrium,

∂x

(
B2
0

8π
+ P

)
= 0 (10)

i.e. B2
0/8π + P = constant and β = −LP/LB.

The Venus ionopause provides an example of magnetohydrodynamic static
balance (g = 0).
The y-component of (5) is

Vi0y − Vn0y = − νenmec

4πeνeffni0
∂xB0. (11)

In the absence of gravity, in (3), it gives

Vn0x =
V 2

nt

νniLn
(12)

provided that Vi0x = 0, where V 2
nt = Tn/mn. Note that this is consistent with (8)

for a uniform magnetic field. Now, the y-component of (3) gives

Vi0y − Vn0y = − νnec

4πni0e

∂xB0

(νni + νne)
. (13)

It is to be noted that (11) and (13) must be consistent and as a result, we must have
νne

νne + νni
=

meνen

miνin +meνen
.

This can be verified by substituting for νne = me

mi

ni

nn
νen (Rishbeth and Garriott

1969) and νni = ni

nn
νin with mi = mn � me, which is valid for the F region (Kelley

1989).
We conclude this section with a word of caution that the presence of instability

growth has to be examined in the context of the possible dynamic nature of the
equilibrium considered. Otherwise the non-stationary equilibrium behaviour may
change the conclusion of the investigation.

3. Dispersion relation and stability analysis
Assuming that the perturbed physical quantities vary as exp[i(ky − ωt)] and
linearizing the basic equations (1)–(3) under a local approximation, we arrive at
the following dispersion relation for a cold neutral (see Appendix A, A3):

ωcωm1ωmx − k2C2
sωm1 − i

ω2A
kLB

νen

Ωe
D1ωm1 +

ωmx

kLP

(
k2C2

s

kLP
+ gk

)
= 0, (14)

where D1 = ωcn/ωny,

Ωi =
eB0

mic
, C2

s =
Ti + Te

mi
, ωc = ω − kVi0y, ωcn = ω − kVn0y,

ωmy = ωc + iνin
ωcn

ωnx
, ωmx = ωm1 = ωc + iνin

(
ωcn

ωnx

)

ωnx = ωcn + i (νni + νne),

ηen =
νenc2

ω2pe

, ωpe =
(
4πne2

me

)1/2
.
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3.1. Low-frequency mode for cold neutrals

For low frequencies (ω, ωcn � Ωi, kVA, kCs), tightly coupled (ω � νni) and cold
neutral ω (ωcn) � ωt conditions, relation (14) support two modes.
Mode I

ωm1 = ωmx = 0 = ωc + iνin
ωcn

ωnx

ωcωnx + iνinωcn = 0

ωcn =
k∆V

1 + ε
(15)

ω =
kVi0y − kVn0y + (1 + ε)kVn0y

1 + ε

ω =
kVi0y

ε + 1
+

εkVn0y

ε + 1
.

This is a real oscillating part, where ε = νin/νni.

Mode II

ωcωmx − k2C2
s − ω2A

kLB

νen

Ωe

ωcn

νni
+

1
kLP

gk = 0
(16)

ω2cn(ε + 1)− ωcn(2k∆V )−
[
k2C2

s − k2C2
s

k2L2
− (k∆V )2 +

gk

kLP

]
= 0,

where

∆V = Vi0y − Vn0y = − c

4πni0e

meνen

miνin
∂xB0

= −V 2
A

Ωe

νen

νin

1
LB

= −ηenΩi
1

LB

(
since ηenΩi =

V 2
A

Ωe
νen

)
.

The solution of the dispersion relation (17) is

ωcn =
k∆V

(ε + 1)
± 1
(ε + 1)

[
k2∆V 2 − (ε + 1)

(
gk

kLP
+ k2∆V 2 − k2C2

s +
k2C2

s

k2L2

)]1/2
.

(17)

The solution (17) can now be analysed for various feasible conditions such as

1. For warm PIP we obtain following condition for growth:

k2∆V 2 ε

(ε + 1)
+

gk

kLP
> k2C2

s

(
1− 1

k2L2

)
.

2. For cold PIP, without gravity, the growth rate and real frequency, respectively,
are

γ = ± k∆V

(ε + 1)
ε1/2 (18)
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ω0 =
k∆V

(ε + 1)
+ kVn0y. (19)

Furthermore, the growth rate (18) can also be expressed as

γ =
kV 2

A

νinLB

(ε + 1)
ε1/2

νen

Ωe
(20)

or

γ =
(ε + 1)
ε1/2

√
me

mi
kVd, (21)

where Vd = −∇P × B/nqB2.
This instability can be treated as being similar to collisional RT. However,
unlike collisional RT (which is a purely growing mode), it moves with a finite
velocity that depends on the coupling between the magnetic field gradient and
the collision frequencies. The underlying physics for inferring this instability
is that the relative streaming causes charge separation at the interface separ-
ating the magnetic field density from the plasma density. Charge separation
produces an electric field in the direction opposite to the relative streaming, i.e.
in a direction that gives rise to the growth of the wave. Thus, the presence of a
magnetic field (energy) gradient causes the generation of the required electric
field, triggering the RT-type instability in PIP. We could call it a manifestation
of the conversion of magnetic energy into electric energy. We note that the
result of this case reduces to that of earlier work (Huba 1990) for Vn0y = 0.

3. In the presence of both relative streaming and gravity in cold PIP we obtain

ωcn =
k∆V

(ε + 1)
±

√
−εk2∆V 2 − gk

kLp
. (22)

Thus, it is clear that growth is enhanced.
Note that gk/kLp = γ2RT , i.e. the expression of the RT growth rate. The above
three cases demand conditions for the onset of instabilities in partially mag-
netized and inhomogeneous plasma for the strongly coupled case in the low-
frequency regime. A closer look at any of the above conditions reveals that the
relative streaming between ions and neutrals is of paramount importance. Also,
optimum conditions can be obtained for ε ∼ 1 that bring out the importance of
the neutral response/dynamics.

The following interesting facts can be derived from the above analytical study.

1. In the absence of gravity, the relation (17) shows that there is a competition
between the thermal velocity and the relative streaming for a positive growth
rate. However, it should be noted that this condition for positive growth is
strictly controlled by the neutral dynamics via the factor ε.

2. In addition to the above, under a given approximation we have growth at-
tributed to the parameter ε. This instability is mainly induced due to neu-
tral dynamics with some dynamo-like effect, i.e. the collisional effect of the
neutrals gives rise to a favourable electric field to start with. Hence, we call
it neutral-induced collisional RT (NICRT) (Shaikh and Das 1997). The growth
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Figure 1. Plot of γ/γRT = gamma → ε based on (24).

rate γ is given by

γ =
(

gk

kLP

)1/2 1
(ε + 1)

, (23)

where ε = νin/νni:

γ = γRT
1

(ε + 1)
. (24)

For ε < 1

γ = γRT (1− ε). (25)

Thus RT is damped because of a neutral response, which is obvious from Fig. 1. It
can be seen that in the absence of ε, NICRT reduces to conventional RT. In plotting
Fig. 1 we have taken a normalized growth rate and the parameter ε on the Y - and
X-axes, respectively. The above result seems to be interesting for phenomena near
the ‘coma’ of a comet, where the intrinsic gravity of the coma is negligible and it
is dressed up by IMF/draped by Solar wind.

3.2. Low-frequency electrostatic mode for warm neutrals

The low-frequency dispersion relation for warm neutrals (Appendix B, B5 and B6)
is given by

−ωc

(
−ωc +

ω2t
ωc

− νinνni

ωnyD2

)
+

kgνinνni

ωkLP ωnyD2

+
(

−iνin − νinνni

ωnxD2

)(
− νinνni

ωnyD2
+

ω2t
ωc

)

+ iωcνin +
(

−iνin − νinνni

ωnxD2

)
(−iνin) +

ikgνin

ωckLP

− gkω2tνinνni

ω2kLnωnxωnyD2
+

ω2tνni

ωnxωnyD2kLn

(
−iω2t

kLP ωc
+

iω2tνinνniD2

kLnωcnωnxωny

)

− ν2inνnifx

ωnyD2kLP ωc
− ifxν2in

kLP ωc
+

ω2tν
2
inνnifx

ωckLnωcnωnxωnyD2
= 0 (26)

with ω � kCs, kVnt, νni, Ti ∼ Tn.
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This is the dispersion relation with warm neutrals. It is to be noted that this
relation is the most general one because it has incorporated all the effects and
therefore it is not hard to retrieve the results for a cold neutral. We investigate for
the case of a non-magnetized PIP with the following ordering scheme:

ω

νni
∼ ω

ωt
∼ νin

νni
(ε) ∼ δ � 1, kLn, kLp � 1.

Here, we note that effective gravity ‘g’ has come from νni(Vn0x − Vi0x) in the
equilibrium equation.
Under a given ordering scheme, we are left with the following sleek dispersion

relation:

aω2 + ibω − c = 0 (27)

where

a =
ω2t

kLnkLpνin
+

ω2t
(kLn)

2 νni

+ νni

b =
ω4t

(kLn)
2 νinνni

+ ω2t

c =
ω4t

(kLn)
2 νni

.

The solution of (27) yields the following mode:

ω =
−ib

2a
± (−b2 + 4ac)1/2

2a
(28)

for b2 > 4ac, which is consistent with local theory, we obtain

γ− = γp − k2yDin (29)

where Din = V 2
nt/νin provided that εγp < νin, which leads to linlni � L2, where l is

the mean free path, L is the scale length involved and γp =
ω2

t

(kLn)
2νin

, with Lp = Ln.

The sleek form of the growth rate comprises two terms: growth rate (γp) and
diffusion. The former is attributed to zeroth-order neutral pressure, which drives
the neutral fluid, while the later term is associated with diffusion phenomena that
arise due to neutral perturbation. The following comments are in order.

1. The equilibrium neutral pressure/total plasma pressure-driven instability is
analogous to the classical Rayleigh–Taylor instability. This could be seen as
follows. From the basic equations we derive the dispersion relation for ‘pressure-
gradient’-driven instabilities for the case of an unperturbed neutral population
in PIP as

ω2Lp + iLpνinω + VpΩci = 0, (30)

where Vp = νin

Ωci
Vn0x. Here consider the fact that Vp is not g× B.

The above simple dispersion relation, identical to the dispersion relation for
conventional RT and collisional RT, leads to two novel PG-driven instabilities
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similar to RT. The prime features of these instabilities are their presence in PIP
(until the neutrals are unperturbed).
For the collisionless limit

γ =

√
V 2

A/LB

Lp
+

C2
s/Lp

Lp
, (31)

while in the collisional limit

γp =
V 2

A

(
L−1

B + βL−1
p

)
Lpνin

. (32)

2. These novel modes are seeded by the neutral equilibrium flow that arises due to
the finite neutral temperature in the presence of a neutral density gradient.
Like RT, the PG mode is capable of triggering a wide spectrum of irregu-
larities/instabilities (independent of k). Note that the instabilities have very
noticeable effects on the medium because it exhibits the coupling of plasma
and neutral scale lengths and collision frequencies between ions and neutrals
and vice versa. For very sharp gradients, the effects of these instabilities have
to be reckoned with. This result may find a connection with the discovery of a
region called the ionopause and the collisionopause, very near to the nucleus of
a comet (towards the Sun, e.g. Mendis 1988). It was observed that this region
is identified as a magnetic-field-free cavity (FFC), where the ion temperature is
high enough and the inbuilt neutral pressure causes the higher thermal velocity
of the neutral gas to overcome the grip of the weak intrinsic gravity of the
comet. Of course in the FFC region L−1

B → 0 and the second term of the
above growth rate expression, i.e. (32), come to the fore. The mechanism of
this instability is that the inbuilt pressure gradient drives the sublimating gas
so that the neutral velocity/relative velocity gives rise to a frictional force. Here
the equilibrium is between the PG and the frictional force.

3. We find, from (29), that the perturbation in the neutral population is manifested
as the diffusion of neutrals from the region. Hence we may write that this
growth rate is arrested by neutral perturbation via diffusion. Here the question
is, ‘does the classical diffusion phenomenon fully suppress this instability in
PIP?’. The answer can be obtained by equating relation (29) to zero, and ergo
we obtain the critical wavelength for the suppression of growth. This could be
tested by equating relation (29) with zero,

γp = k2yDin. (33)

This leads to the critical wavelength λc. However, we admit that λc > Ln, which
violates the local approximation. Therefore, we conclude that there must be a
very high magnitude of Din in order to suppress the instability shown in (29).

4. We note that neutral perturbation provides a damping effect via diffusion.
The underlying physics, in the context of the driving mechanism of instability
growth, could be understood as follows. When neutral density perturbation is
strong enough then the pressure gradient along the x-direction is flattened,
which, in turn, depends on the perturbed velocity of the neutrals. Thus, the
perturbed neutral pressure is reduced. Now, because of the reduced perturbed
neutral pressure, neutrals are driven with less velocity compared with that of
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the unperturbed neutral pressure. Hence the very cause of the instability is
fading away, i.e. the neutral frictional force is reduced and hence the growth of
the instability is arrested/damped. Another line of thought for this mechanism
is the reduction in velocity of the neutrals, i.e. the perturbed neutral velocity
slows down the plasma drift velocity, which creates a polarized electric field.
Thus, fluctuation in the neutral velocity reduces the very cause of the instability.
Also, we can point out that PIP tends to acquire a constant velocity (a reduction
in plasma acceleration) in the state of perturbed neutrals. In other words, the
reduction in plasma acceleration causes damping of the instability. Here one
could envisage (Doughton et al. 1998), in our study, the role of the electrons
(as a single fluid) and viscosities of ions and neutrals as damping agents for the
growth rate shown by (29). However, we do not expect the same analogy of this
mode with that of RT because of the perturbed state of the neutrals. This could
be well justified because here the free energy for instability is coming from the
frictional force, i.e. the internal force of the system. On the other hand, gravity
‘g’ appears in the law of conservation of momentum, i.e the force of gravity is
an external force. This is a conspicuous difference between RT- and PG-driven
instability.

5. It is interesting to note that the neutral perturbation is not even allowing
conventional collisional RT to grow. This fact can be accounted for by keeping
gravity and frictional terms in the perturbed linearized momentum equations
for the plasma and neutrals, ergo the very source of free energy for collisional
RT is cancelled out with the terms coming from neutral perturbation in the
final dispersion relation (Appendix B, B5 and B6). Hence we note that the
neutral dynamics damp the growth of classical collision RT and offer a damping
effect via a diffusion term to the PG instability, in PIP. This is the reason,
perhaps, for the absence of RT and similar instabilities in lower planetary
ionospheric plasmas where the neutrals are dominant. We ought to note that
we have a two-fluid approximation, i.e. the electron and ions together form
one fluid, while the neutrals form another fluid. Therefore, we have neither
an equilibrium electric field nor electron dynamics explicitly. Also both fluids
are assumed to be inviscid and therefore our model is not similar to that
appearing in recent publications (Doughton et al. 1998). Doughton et al. (1998)
have shown that the neutral dynamics can suppress PG. However, they have
considered three fluid models with viscosity. We should note that viscosity is
temperature dependent and for a fluid it decreases with increasing temperature,
so we assume that for a warm plasma and neutral fluids, the viscosity could
not be as effective at damping conventional collisional RT and PG instabilities
compared with the mechanism that we have proposed on the basis of neutral
dynamics/perturbation without a viscous term in the momentum equation.

6. We have considered Ti + Te ∼ Tn. Even if, we assume that Ti + Te �= Tn we
would obtain a similar result under the given ordering scheme. We note that if
Te ∼ Ti ∼ Tn then the acoustic velocity has a factor of 2 in the numerator.

A few further results are a natural outcome of the converse set of assumptions taken
in above sections. However, all of these results are analytical and can be easily seen.
Nevertheless all of these results are hidden in our monster-like dispersion relation,
which could be visualized as a kaleidoscope with a zoo of various modes.
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4. Summary
In this paper we have developed a mathematical model for a three-component
plasma. Attention has been paid to the collisional effect and its consequences
on neutral dynamics in PIP. We have exhaustively discussed the role of neutral
dynamics in collective modes. We list the following results:

1. we have reported the conditions under which the onset of instability is expected
for the case of cold neutrals (in the absence of compressibility) in PIP;

2. neutral-induced collisional RT (NICRT) with a neutral perturbational effect –
we note that the growth rate is controlled by the parameter ε;

3. introducing neutral perturbation in the warm neutral case we realized that
the growth of PG instability could be controlled by the terms originating from
neutral perturbational effects. We find that neutral diffusion could arrest the
instability triggered by either plasma, neutral or magnetic PG. This result
seems to be suggestive enough that the deliberate incorporation of a neutral
population even in a fully ionized plasma could pacify macroscopic instabilities
that have serious consequences in the field of plasma technology, such as a
change in configuration of a system and mass motion. In a fully ionized plasma,
RT instability has to be pacified by other means, e.g. by tailoring the desired
density profile (Velikovich et al. 1996). Hence we may suggest that a small
population of neutrals may serve as a novel remedy to damping macroscopic
instabilities even in FIP.

A final piece of information the authors would like to share is that if we could have
included viscosity in the problem one could have seen its consequences (Doughton
et al. 1998). We admit that viscosity is important, no matter how small it is, because
its presence may change the dynamics of the fluid. Nevertheless, concerning this
paper, viscosity decreases with temperature and hence for a warm PIP its absence is
justifiable. Moreover, it is well documented (Chia-Shun Yih 1980) that the presence
of viscosity provides a stabilizing effect to the growth rate. Also it is known that
conventional RT gives rise to a convection phenomenon which smooths out the
density/temperature gradient. We admit that the analytical work carried out, here,
is within the framework of MHD, which only takes care of changes at a macroscopic
level, e.g. the physical displacement of magnetized PIP. However, changes in the
velocity function are not included in this model and hence the model excludes this
information, which may be vital in some laboratory set-up and important cometary
process (Frederick et al. 1986). Also the analytical work presented here is beset
with assumptions (although all the assumptions are reasonable in the context of
the work presented here), which may lead to missing part of the physics involved
in the problem. We conclude with a note that our endeavour to understand the role
of neutral dynamics in PIP, is only a few points on the canvas of the physics of
PIP and hence more work is needed with a relaxation of assumptions. However,
numerical work may give a better insight into the problem, which could be the
course for future work.
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Appendix A
A.1. Continuity equations

The linearized continuity equation for neutrals and ions are:

ñn

nn0
= −i

(
L−1

n

ωcn

)
Ṽnx +

(
k

ωcn

)
Ṽny,

where ωcn = ω − kVn0y, L−1
n = 1

nn0

∂nn0
∂x and

ñi

ni0
= −i

(
L−1

p

ωc

)
Ṽix +

(
k

ωc

)
Ṽiy,

where ωc = ω − kVi0y, L−1
p = 1

ni0

∂ni0
∂x .

A.2. Plasma momentum transfer equations
X-component

−ini0miωcṼix = −T∂xñi − ñimig − νeffni0(Ṽix − Ṽnx)

where

νeff = meνen +miνin ∼ miνin

ωc = ω − kVi0y

ωcṼix = − T

−ini0mi
∂xñi − mig

−imi

(
ñi

ni0

)
− miνinni0(Ṽix − Ṽnx)

−ini0mi

ωcṼix = −iC2
s

1
ni0

∂xñi − i g

(
ñi

ni0

)
− iνin(Ṽix − Ṽnx),

where C2
s = T/mi; T = Ti + Te. For Ti = Te = T , C2

s = 2T/mi. Substituting ñi/ni0,
Ṽnx and ∂xñi,

ωcṼix = C2
s

(
− ini0

ωc

1
L2p

Ṽix +
k

Lpωc
Ṽiy

)

− ig

(
−i

ωc

1
ni0

∂xni0Ṽix +
k

ωc
Ṽiy

)

− iνinṼix + iνin

(
i
νni

ωnx
Ṽix

)
,

where we have assumed νni � νne.(
ωc +

k2C2
s

ωck2L2p
+

g

ωc

k

kLp
+ iνin +

νinνni

ωnx

)
Ṽix +

(
ik2C2

s

kLpωc
+

igk

ωc

)
Ṽiy = 0

(
ωcωm1 +

k2C2
s

k2L2p
+

gk

kLp

)
Ṽix +

(
ik2C2

s

kLp
+ igk

)
Ṽiy = 0, (A 1)
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where we have simplified the first parentheses:

ωm1 = ωc +
iνin

ωnx
ωcn

ωnx = ωcn + iνni + i
ω2t

ωcnkLn
.

A.3. Y -component

−ini0miωcṼiy = −ikñiT − νeffni0Ṽiy + νeffni0(Ṽny)

− (Vi0y − Vn0y) (νinmi + νenme) ñi,

where we have taken νinmi � meνen. Now using ∆V from equilibrium, i.e.

∆V = Vi0y − Vn0y = − c

4πni0e

meνen

miνin
∂xB0

= −V 2
A

Ωe

νen

νin

1
LB

= −ηenΩi
1

LB

(
since ηenΩi =

V 2
A

Ωe
νen

)

(ωc + iνin) Ṽiy = iνinṼny +
(

kC2
s + i

mecνen

4πni0emi
∂xB0

)(
ñi

ni0

)
.

Substituting Ṽny from (B4)

(ωc + iνin)Ṽiy = iνin
iνni

ωny
Ṽiy − iνnec

4πni0e

∂xB0

ωny

(
ñi

ni0

)

+
(

kC2
s + i

mecνen

4πni0emi
∂xB0

)(
ñi

ni0

)
(

ωc + iνin + νin
νni

ωny

)
Ṽiy =

(
νinνnec

4πni0e

∂xB0

ωny
+ kC2

s + i
mecνen

4πni0emi
∂xB0

)
ñi

ni0{
ωc +

[
iνin

(
ωcn − ω2t/ωcn

)
ωny

]}
Ṽiy =

[
kC2

s +
∂xB0mecνen

4πni0emi

(
νin

ωny
+ i

)](
ñi

ni0

)
,

where we have used νen = νnemi/me

(ωmx) Ṽiy =
{

kC2
s +

V 2
A

LB

νen

Ωe

[
νin + i

(
ωn + iνin − ω2t/ωcn

)
ωny

]}(
ñi

ni0

)

ωmxṼiy =
[
kC2

s + i
kV 2

A

kLB

νen

Ωe

(
ωcn − ω2t/ωcn

ωny

)](
−i

L−1
P

ωc
Ṽix +

k

ωc
Ṽiy

)

− i

(
kC2

s +
ikV 2

A

kLB

νen

Ωe
D1

)(
L−1

P

ωc

)
Ṽix

+
[

k

ωc

(
kC2

s + i
kV 2

A

kLB

νen

Ωe
D1

)
− ωmx

]
Ṽiy = 0,
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where D1 =
ωcn − ω2

t/ωcn

ωny
, ωny = ωcn + iνni −

(
ω2t/ωcn

)
(

−i
k2C2

s

kLP
+

k2V 2
A

kLP

D1

kLB

νen

Ωe

)
Ṽix +

(
k2C2

s + i
k2V 2

A

kLB

νen

Ωe
D1 − ωcωmx

)
Ṽiy = 0. (A 2)

From (A1) and (A2)

det
(

Dxx Dxy

Dyx Dyy

)
= 0

(
−i

k2C2
s

kLp
+

ω2A
kLp

D1

kLB

νen

Ωe

)(
i
k2C2

s

kLp
+ igk

)

−
(

k2C2
s + i

ω2A
kLB

νen

Ωe
D1 − ωcωmx

)(
ωcωm1 +

k2C2
s

k2L2p
+

gk

kLp

)
= 0

−i
ω2A
kLB

νen

Ωe
D1ωcωm1 − k2C2

sωcωm1 + ω2cωm1ωmx +
ωcωmx

kLP

(
k2C2

s

kLP
+ gk

)
= 0

−k2C2
sωm1 − i

ω2A
kLB

νen

Ωe
D1ωm1 + ωcωm1ωmx +

ωmx

kLp

(
k2C2

s

kLp
+ gk

)
= 0. (A 3)

This is the general dispersion relation for the electrostatic mode in a partially
ionized, inhomogeneous plasma. Here we consider inhomogeneities in a plasma,
neutral and magnetic field with neutral dynamics.

Appendix B
B.1. Neutral momentum transfer equation

DtVn = −νin(Vn − Vi)− νne(Vn − Ve)− ∇Pn

nnmn
+ g

= −νni(Vn − Vi)− νne

(
Vn − Vi +

J
nie

)
− ∇Pn

nnmn
+ g

DtVn = −(Vn − Vi) (νni + νne)− νneJ
nie

− ∇Pn

nnmn
+ g

= −(Vn − Vi) (νni + νne)− νnec

4πnie
∇ × B− ∇Pn

nnmn
+ g,

where we have used ∇ ×B = 4π
c J, J = nie(Vi − Ve) . It is clear that the introduction

of the magnetic field in the neutral momentum is due to the frictional forces of the
neutral with either species. The neutral momentum equation can be linearized with
a perturbation ∝ i (ky − ωt).

X-component

∂Vn

∂t
+ [(Vn · ∇)Vn]x = −(Vn − Vi)x (νni + νne)− νnec(∇ × B)x

4πnie
− ∇xPn

mnnn
− g,
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−iωṼnx + Vn0yikṼnx = −(νni + νne) Ṽnx + (νni + νne) Ṽix

− νnec

4πni0e

(
1− ñi

ni0

)[
∂y(B0z + B̃z)

]
− ∇xP̃n

mnnn
,

−iωṼnx + Vn0yikṼnx + (νni + νne) Ṽnx

= (νni + νne) Ṽix − νnec

4πni0e
∂yB̃z − v2nt

∇xnn0

nn0

(
ñn

nn0

)
,

−iṼnx [ωcn + i(νni + νne)]

= (νni + νne) Ṽix − ikνnec

4πni0e
B̃ − v2nt

iL−2
n

ωcn
Ṽnx +

k2v2nt

kLnωcn
Ṽny,

−i

[
ωcn + i (νni + νne)− k2V 2

nt

k2L2n

1
ωcn

]
Ṽnx = (νni + νne) Ṽix − ikνnec

4πni0e
B̃ +

(
ω2t

kLn

)
Ṽny

Ṽnx =
iνni

ωnx
Ṽix +

kνnec

4πni0e

B̃

ωnx
êx +

(
iω2t

kLnωcn

)
Ṽny

ωnx
êx, (B1)

where νni � νne and ωnx = ωcn + iνni − ω2
t

(kLn)2
1

ωcn
.

Y -component of the neutral momentum equation

∂tṼny + Vn0y∂yṼny = −νni(Ṽny) + Ṽiyνni − νnec

4πni0e

(
ñi

ni0
∂xB0z êy

)

− k2v2nt

kLnωcn
Ṽnx − ik2v2nt

ωcn
Ṽny,

where we have assumed νni > νne

−i

(
ωcn + iνni − k2v2nt

ωcn

)
Ṽny = νniṼiy − νnec

4πni0e
∂xB0

(
ñi

ni0

)
− k2v2nt

kLnωcn
Ṽnx

Ṽny = i
νni

ωny
Ṽiy − iνnec

4πni0e

∂xB0

ωny

(
ñi

ni0

)
− i

k2v2nt

ωnykLnωcn
Ṽnx. (B2)

Substituting (B2) in (B1) we obtain

Ṽnx =
(

iνni

ωnxD2
− i

fx

ωc

1
kLp

)
Ṽix −

(
ω2tνni

ωnxωnyωcnD2kLn
+

fx

ωc
Ṽiy

)
, (B3)

where fx = k∆V νin
kLn

ω2
t

ωcn, ωny = ωcn + iνni − k2v2nt

ωcn
.

Now substituting (B3) in (B2) we have,

Ṽny =
(

iνni

ωnyD2
− i

fy

ωc

)
Ṽiy +

(
ω2tνni

kLnωcnωnxωnyD2
− fy

kLpωc

)
Ṽix, (B4)

where

fy =
νink∆V (kLn)

2 ωnxω2cn

ω4t
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D2 = 1− ω4t
(kLn)

2 ω2cnωnxωny

.

B.2. Plasma momentum equation

X-component

fy =
νink∆V (kLn)

2 ωnxω2cn

ω4t

D2 = 1− ω4t
(kLn)

2 ω2cnωnxωny

.

B.3. Plasma momentum equation

X-component

ωcṼix = −ig

(
−i
1
ω

1
Lp

Ṽix +
k

ω
Ṽiy

)
− iνinṼix + iνin

(
iνni

ωnxD2
− ifx

ωckLp

)
Ṽix

+ iνin

(
− ω2tνni

ωnxωnyD2kLn
+

fx

ωc

)
Ṽiy +

iνinkνnec

4πni0eωnx

B0

D2
+

B̃

B0
êx.

For the electrostatic case with warm neutrals we obtain

(
−ωc − kg

ωckLp
− iνin − fνinνniωnxD2 +

fx

kLpωc
νin

)
Ṽix

+
(

− igk

ωc
− ω2tνni

ωnxωnyD2kLn
+

ifxνin

ωc

)
Ṽiy = 0. (B5)

Y -component

ωcṼiy = kC2
s

(
−i

L−1
p

ωc
Ṽix +

k

ωc
Ṽiy

)
− iνinṼiy

+ iνin

(
ω2tνni

kLnωcnωnxωnyD2
Ṽix − fy

kLpωc
Ṽix +

iνni

ωnyD2
Ṽiy +

ify

ωc
Ṽiy

)

+ iνni

[
− iω2tkνnecB0

kLn (4πni0e)ωcnωnxωnyD2

]
B̃

B0
.

For the electrostatic case with warm neutrals, we obtain(
− ik2C2

s

kLpωc
+

iω2tνinνni

kLnωcnωnxωnyD2
− ifyνin

kLpωc

)
Ṽix

+
[

−ωc +
k2C2

s

ωc
− νinνni

ωnyD2
− iνin − i

fy

ωc
(iνin)

]
Ṽiy = 0. (B6)
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B.4. Magnetic field evolution

∂tB = ∇ × (Vi × B)− mic

e
∇ × dVi

dt
− mic

e
νin∇ × (Vi − Vn)

+ ηei∇2B +
mic

e
(∇ × g)

−iωB̃z = −Vi0y∂yB̃z − (∂xB0z)Ṽix − B0z∂yṼiy

+
mic

e
∂y

d

dt
Ṽix +

mic

e
νin∂y(Ṽix − Ṽnx) + ηei∇2B̃z,

where we have assumed that there is no velocity gradient (shear).

B̃z

(
−iω + ikVi0y + ηeik

2
y

)
= −Ṽix∂xB0z − ikṼiyB0z +

mic

e
ik(−iø)Ṽix

+ i
mic

e
νink(Ṽix − Ṽnx)

B̃z [−i (ωm)] = −Ṽix∂xB0z − ikyB0zṼiy +
mic

e
k(ω − kVi0y + iνin)Ṽix

− i
mic

e
νinkṼnx.

Substituting (B3) we have

B̃z

B0
=

1
ωm

[
−iL−1

B +
ik

Ωi
(ωc + iνin)− νin

Ωi
k

(
iνni

ωnxD2
− fx

ωckLp

)]
Ṽix

+
1

ωm

[
k − νin

Ωi
k

(
ω2t

ωnxωnyωcnD2kLn
+

fx

ωc

)]
Ṽiy, (B7)

where

ωm = ωc + ik2yηei − c2k2νinνne

ω2peωnxD2
.
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