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Abstract. We shall prove that C!-robustly expansive codimension-one homoclinic classes
are hyperbolic.

1. Introduction
Let M be a d-dimensional manifold and Diff! (M) be the set of C! diffeomorphisms
f on M endowed with the C! topology. Let p be a hyperbolic periodic point of f
and H(p) be its homoclinic class. The diffeomorphism f is a-expansive in H(p) if
dist(f*(x), f"(y)) <« for all n € Z, with x, y € H(p), implies x = y. It is well known
that hyperbolicity implies o-expansiveness for some « > 0. But expansiveness alone does
not guarantee hyperbolicity, even when one is dealing with a codimension-one expansive
homoclinic class, as can be seen in [PPV, §2]. Moreover, there are examples of expansive
codimension-one homoclinic classes that are not hyperbolic such that all their periodic
orbits are hyperbolic.

To see this, consider a Smale horseshoe H in a plane and A a nontrivial minimal
subset of H. In a complementary direction multiply H by a nonuniform contraction
A(w), depending on the distance from w to A, and in such way that A(w) = 1 for w € A.
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The resulting homoclinic class is expansive, has all periodic points hyperbolic but it is not
hyperbolic.

If we assume that expansiveness holds in a C' neighborhood of the homoclinic class
then for all diffeomorphisms g C!-near f the homoclinic class H ( pg) of the continuation
Dg of pis a-expansive. In [PPV] it was proved that robustly expansive homoclinic classes
of a three-dimensional manifold are generically hyperbolic. We generalize this result in
two ways. First, we drop the assumption dim(M) =3 and get that robustly expansive
codimension-one homoclinic classes have a codimension-one dominated splitting. Second,
we prove that robustly expansive codimension-one homoclinic classes with a dominated
splitting are hyperbolic.

In order to state our results precisely, let us introduce some notations and definitions.
The homoclinic class H (p) of a hyperbolic periodic point p of f € Diff' (M) is the closure
of all transverse intersections of the stable manifold W*(p) with the unstable manifold
W¥(p) of p. We say that H(p) is a codimension-one homoclinic class if dim W*(p) =1
or dim W¥(p) = 1.

A compact f-invariant set K has a dominated splitting if Tx M splits into a continuous
D f-invariant direct sum E @ F and there are ¢ > 0, 0 < A < 1 such that, for all x € K,

IDf*JEONINDS ™" /F(f" )l < ed”

holds for all n > 0. We say that the splitting is a codimension-one splitting if dim(E (x))
=lordim(F(x))=1forallx € K.
The following theorem is our first result.

THEOREM A. Robustly expansive codimension-one homoclinic classes have a
codimension-one dominated splitting E & F.

The corresponding theorem in [PPV, §4] assumed a generic hypothesis that we remove
here.
Our next result is as follows.

THEOREM B. Robustly expansive homoclinic classes with a codimension-one dominated
splitting are hyperbolic.

In proving the corresponding theorem in [PPV, §5] we profited from the density of C?
diffeomorphisms in the C! topology by proving that the dominated splitting for a C?
diffeomorphism near the original one is hyperbolic. If in addition the homoclinic class
is germ expansive it is proved in [SV] that H (p) is hyperbolic (for any codimension).

Next we sketch the proof of the results. To prove Theorem A we follow the same steps
as in [PPV, §4], dropping the generic assumptions assumed there.

The main step in obtaining Theorem B is to prove that center-unstable manifolds for all
point x in the homoclinic class H(p) are true unstable manifolds, that is, center-unstable
manifolds are dynamically defined (see Definition 3.4 below). To achieve this it is enough
to obtain this property for periodic points homoclinically related to p. For this we use a
result, Proposition 3.5, that controls the behavior of periodic points homoclinically related
to p. Once this is settled, under the hypothesis that the dominated splitting E @ F is
not hyperbolic, the fact that center-unstable manifolds are dynamically defined allows us
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to obtain a hyperbolic periodic point g with arbitrarily large period as near H(p) as we
wish, and with arbitrarily small rate of contraction along the E-direction; see [PPV]. Then
we prove that such hyperbolic periodic points are in fact in H(p), contradicting uniform
E-contraction in the period for periodic points in H (p). As in [Ma2], this implies that the
sub-bundle F is uniformly expanding, and then E @ F is hyperbolic.

2. Proof of Theorem A
As already stated, the proof of Theorem A follows the same steps as in [PPV, §4]. Here we
shall only indicate the modifications needed to achieve the proof in the codimension-one
case, and leave the details for the reader.

We say that a hyperbolic periodic point ¢ € H(p) is homoclinically related to p if

Wi @) NW(p)#@ and W*(q) N W' (p) # 0,

where W/ (g), j =s or u, stands for the stable or unstable manifold of ¢g. Denote by
H, (p) the points homoclinically related to p. Then H, (p) is dense in H (p). So, it suffices
to construct the dominated splitting for periodic points in H,(p).

Step 1. We prove that there exists 6 > 0 such that if ¢ € H,(p) with period w(g) and A is a
contracting eigenvalue of Df™ (4 (q) then |A| < (1 — 8)"@. Similarly, if w is an expanding
eigenvalue of Df7@ (q) then |u| > (1 4 §)7@).

The proofs of these statements are analogous to the proofs of [PPV, Propositions 4.3,
4.4 and 4.6]. Indeed, as we are dealing with periodic points in H,.(p) we can use
transition matrices to achieve the results in the codimension-one case exactly as in the
three-dimensional case.

Step 2. Next we prove that there exist ¥ > 0 and mq > 0 such that, for ¢ € H,(p) with
period 7 (q) > mo,
L(E(q), F(q)) >y
holds, where Z(E(q), F(q)) stands for the angle between E(g) and F(q).
The proof of this statement proceeds like that of [PPV, Proposition 4.9].
Using the expansiveness of f in H(p) we obtain that there are only a finite number of
periodic points with period bounded by mg. Therefore, there exists y > 0 such that, for all

q € H-(p),
L(E(q), F(q)) > v.

Step 3. The previous steps allow us to prove [PPV, Lemma 4.12] in the codimension-one
case, that is, we obtain the following lemma.

LEMMA 2.1. There are a C' neighborhood U of f, K >2, 0 < < 1 such that for all
g €U, for all g € H,(pg) with period 7 (q),
IDg™ ™ /F(@Il <K and |Dg " "/F(q)| < KA™@",
IDg™ P /E@I <K and ||Dg" " /E(g)]l < KAT@".
Step 4. With the help of Lemma 2.1 we prove the existence of the dominated splitting as

in [PPV, Theorem 4.13]. This result was also obtained in [SV] by a different proof for any
codimension. On the other hand, the proof given in [SV] does not prove Lemma 2.1.
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3. Proof of Theorem B

Throughout we assume that H(p) is robustly expansive with @ as a constant of
expansivity and that H(p) has a codimension-one dominated splitting Ty, =E ® F
with dim(F) = 1 and such that for all x € H(p),

IDf" JEINDS ™" /F(f" Nl < € A" ey

Taking a power f* of f, we may (and do) assume that C = 1.

The splitting E @ F defined on Ty ()M can be uniformly extended to a neighborhood
V(H (p)) of H(p) (see [PS, p. 985]). Even though [PS] is for surface diffeomorphisms the
results mentioned there are true for any dimension. We point out that this extension is not
necessarily invariant. Nevertheless points whose f-orbits stay in V = V(H (p)), belonging
or not to H(p), have a dominated splitting.

Thus if O(x) C V then (1) holds for x. Here O(x) stands for the orbit of x. We call V
an admissible neighborhood of H (p); see [Mal, PS].

Let us assume that the local manifold W2 (x), 0 =s, u, cs, cu is an embedded
topological k-disk, k > 1. Let I' be the family of all parameterized continuous arcs
y 1[0, 1] = W2 (x) joining x with the boundary of W2 (x).

Definition 3.1. The size of W7 (x) is defined as inf{diam(y) / y € T'}.
The proof of the following lemma can be found in [Mal]; see also [PS].

LEMMA 3.1. Assume that H(p) has a dominated splitting E @ F and let x € M such
that O(x) C V. There exists € > 0 such that the local center-unstable manifold W" (x) is
defined and is transverse to E and the local center-stable manifold WS* (x) is defined and
is transverse to F. Such manifolds are of class C' and there exists €| > 0, depending on €,
such that their sizes are greater than €. Moreover, there exists § > 0 such that

ify e WEx) and dist(f/(x), f/(3»)) <8, 0<j<n,
then f/(y) € WE(f/(x)), 0<j=<n,
ify e W'(x) and dist(f~/(x), f/(y) <8, 0<j<n,
then f~/(y) e WE(f/(x)), 0<j<n.

For €’ > 0 small, the €’-local unstable manifold of a hyperbolic periodic point g ~ p,
W/ (g), is an arc tangential to F containing ¢ in its interior. Analogously the €’-local
stable manifold of ¢, Wg, (q), is a (d — 1)-dimensional disk, d = dim(M), with ¢ interior
to this disk. Clearly there exists €” small enough such that W/, (q) C W"(q) and W (q) C
WE(g). In order to simplify notation we will assume that €’ = ¢ in what follows.

The arc W (q) is separated by g into two connected components W (g) and W¥:~(q)
that, with the point g added, we shall call (local unstable) branches of W/ (g). Similarly,
for any point x € H(p) we may speak of the local center-unstable branches W™ T (x) and
W&~ (x) for the connected components of W (x)\{x} with the point x added.

LEMMA 3.2. Given q € H,, there exist k € Z and §y > 0 such that if W€“’+(q) N H(p)
#+ () then diam(WE’""'(fk(q))) > 8o. A similar result holds for W~ (q) if W (g) N
H(p) # 0.
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Proof. Assume in what follows that H(p) has points in, say, W* (). Then there is a
Cantor set of points y € We’”‘(q) belonging to H (p) because, by [PM, A-Lemma], W*(p)
accumulates on W*(g) and W*(p) accumulates on W*(q). Backward iterates of these
points by f approach the orbit of g.

Backward iterates of points in H(p) N W2 (q) rest at a distance less than € from the
orbit of g. Therefore, by expansiveness, forward iterates must separate. Hence there
is a first k > 0 such that diam(f*+!(W*+(¢))) > €. Thus diam(f/(W**(q))) < € for
0 < j < k and therefore f/(W**(q)) C W-T(f/(q)).

This proves the lemma with § = &g defined as §o = min{d, diam( f —1(X)) =45 and
diam(X) > €} where X is any subset of M. o

Let us reduce &g > 0 if it were necessary to have that if dist(y, H(p)) < 89, y € M, then
y € V, an admissible neighborhood of H(p).

LEMMA 3.3. Letq € H,. If W™ (q) N H(p) = O then either there exists k € Z such that
diam(W~ (f*(9))) = 8

or there is a periodic point q' which is an end-point of W~ (q), of the same period as that
of q, such that dist(f/(q), f/(q")) <e€, forall j € Z.

Proof. If diam(W~ (q)) < &o then we will have the end-point ¢’ (¢’ # q) of W~ (q)
contained in V and therefore CI(W* ~(g)) is tangential to the unstable F-cone Cr for all
the iterates by f. Here Cl(A) stands for the closure of A. It follows that ¢’ is periodic of
the same period of ¢ or of double the period of ¢, depending on the sign of the expanding
eigenvalue of D fq,t . But if this eigenvalue were negative then H (p) would have points
different from ¢ in both branches of W (g) and, since Lemma 3.2 holds, we arrive at a
contradiction. Hence the period of ¢’ is the same of that of ¢, concluding the proof of
Lemma 3.3. i

An analogous result holds if W**(g) N H(p) = 0.
Next we state a result by Pliss [P11, P12] that we shall use later. A proof of this may be
found in [Al, Lemma 2.11].

Definition 3.2. We say that a pair of points (x, f"(x)) contained in H(p), n >0, is a
y-string, 0 <y < 1, if
n

[TUIDfIEC Genll < v

Jj=1
We say that (x, f"(x)) is a uniform y-string if (x, fk(x)) isa y-string for all 0 <k <n.
LEMMA 3.4. Let 0 <y; <y <1 and (x, f"(x)) be a y,-string. There exist a positive
integer N = N(y1, 2, ), c=c(y1, 2, f) >0 such that if n > N then there exist

numbers
O<niz=nm=<---=m=n
such that (" (x), f"(x)) are uniform y,-strings forallr =1, 2, ..., 1, withl > cn. That

Ls,

j .
[TIDf/EG enl<vd ™, r=12.....n <j<n.

i=n,
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The numbers n; in Lemma 3.4 are called y»-hyperbolic times for (x, E). Analogously,
replacing Df"/E by Df~"/F in the inequality above, we define hyperbolic times for
(x, F).

Definition 3.3. Given 0 <y <1 and 0 < N <n, we say that (x, f*(x)) is an (N, y)-
obstruction if (™ (x), f*(x)) is not a y-string foralln — N <m <n.

3.1. Dynamically defined center-unstable manifolds.

Definition 3.4. We say that the local center-unstable (center-stable) manifold WS (x)
(W& (x)) is dynamically defined if it is part of the local unstable (stable) manifold of
x — that is, given € > 0, there exists ¢/ >0 such that ¢ — 0 when € — 0, and for
all y € W (x) (y € WE(x)) we have that dist(f"(x), f"(y)) <€’ for all n <0 (for all
n>0).

Next we shall prove that any hyperbolic periodic point of H (p) has an iterate for which
the center-stable and center-unstable manifolds are dynamically defined. The proof of this
result is similar to one in [Sa].

PROPOSITION 3.5. Let M be a compact manifold, f : M — M a C'-diffeomorphism and

A C M a compact f-invariant subset with a dominated splitting E ® F, dim(F) = 1.

Assume that Lemma 2.1 holds. Then, given € > 0, there exist Ny € ZT, € >0, y >0,

with €’ — 0 and y — 0 when € — 0, and 0 < Ly < 1 such that for all hyperbolic periodic

points g € A of period greater than N1, with dim(W"(q)) = 1, there exists m =m(gq) >0

such that:

(1) foralln =0, [Ti_; IDf/ECS"H @)l < A{;

2) W™ (@) C Wi (@)

B)  fTHWEF(MUPNCTWIH(fT(g)), n > 0, where WEF (™ (q)) is a branch
of the local center-unstable manifold of f™(q).

Proof. Let us denote by A; the set of all hyperbolic periodic points in A with one-
dimensional unstable manifold. From [Ma3, Lemma II.5] we may replace | Df"/E(g)||
<A by [T}—, IDF/E(fI ()l < CA" with C >0, 0 <A < < 1. In order to simplify
notation we assume A = A and C = 1. Let us also assume that there is a dominated splitting
E & F satisfying equation (1) and that for any periodic point g € A the inequalities of
Lemma 2.1 are valid. Let us consider A; such that 0 < A < v/A <A < 1.

From Lemma 2.1, there exists k, 0 <k < 7(q), such that |Df™D/E(g)| < A*@
holds which, by [Ma3, Lemma IL.5], implies that 1‘[731) IDF/E(f7(q)] < +™@. From
this inequality the proof that, given g € A, there exists m such that, for all n >0,
]_[;le IDf/E(f" (g)] < A follows from Lemma 3.4 provided that the period 7(q)
of g is greater than N; where N; > N (ﬁ, A1), with the constant N («/X, A1) given by
Lemma 3.4. To see this, let | <n; <ny < --- < n; be a maximal sequence of hyperbolic
times for (¢, E). Hence

n
1_[ IDfiplell <A1 foralln:ny <n<n(q).

J=ni
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Now consider the point f"1(q) in the orbit of ¢ and find a hyperbolic time for (/"' (q), E),
say n. We have n| < n < m(q). Otherwise n| + 7 (g) > n > 7 (g) which, on account of ¢
being periodic, would imply that n; is not the first hyperbolic time for (¢, E). From this
fact it is easy to see that

n
[T 10fsiclel <A™ foralln:n <n <m(q)+ni,

j=n1
and therefore, again by periodicity of ¢, that for all n > 0,

IDf/ECf™H (@)l < AT
=1

J

This concludes the proof of (1), letting m be n.

To prove (2) we assume that (1) holds with m =0 in order to simplify notation.
Let § > 0 be such that (1 +8)A; <Ay < 1. There exist Ng € N and A3 < 1 such that
CA) <A} < 1foralln > Np. Let €’ > 0 be such that if dist(x, y) < €’ then

(A =&IDfxlesll = IDfylesll = (L +DIDSfxles s
and let € > 0 be such that if dist(x, y) < € then
dist(f/(x), f/(») <€, j=0,1,..., No.

Clearly one can choose ¢’ — 0 when € — 0. Thus for all x € W¢(g) and for 0 <n
=n(q),

n n
[T1Dfrioles < [T +8IDF1igles | < CON+8))" = Chr"
j=1 j=1

In particular, for w(q) > Ny we obtain

7(q) 7(q)
[11Dfsicolesll < [+ 8IDF 1y lesll < CO(L+8)™D = Ca™ D < 259
j=1 j=1

Let Nj be greater than Ny. Hence for all hyperbolic periodic points g of period m(g)
greater than Ny and any arc y joining g with a point y € Wf¥(g), applying the mean value
theorem, the length of f" oy satisfies £(f" - y) < A5 - £(y) for all n > Ny, from which
WS (q) € Wii(g) follows, concluding the proof of (2).

Let us now prove (3). Given y > 0 and g a hyperbolic periodic point, choose coherently
one branch of the local center-unstable manifold of the points of the orbit of ¢, that is, such
that f=1(WEF(f7(q))) N W+ (f/~1(g)) is an open subset of W+ (f/~1(g)) for all
j=0,1,...,7(g) — 1, and let us define

€7 (g) =suple > 0: fT(WT(g) C W (f7"(g), n =0},

and _
e (O(@) =suple " (f1(g):j=1.....7(q)}
It is enough to prove that inf{e*(O(q)) : g € A1} > 0.
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Since ¢ is hyperbolic, €T(f/(¢))>0 for all j=0,1,...,7(q)—1, and so
€t(O(g)) > 0. Arguing by contradiction, let us suppose that there is a sequence {py}
of points in A such that et (O(py)) — 0 as k — oo. Suppose without loss of generality
that e (O(pr)) = €t (py). Since

S WS P) C WG, (f 7 (pe) - foralln > 0
and that we may assume that € ™ (py) < y, then there exist # > 0 and m; > 7 (py) such that,
setting 8 = e(pr) + ., we get £~/ (W5 (pr)) € WET(f =/ (pr)) for 0 < j <m; and
W;”*Jr(f_mf (pr)) coincides with f =" (Wdc[”’+(pk)).

Let us set gx = f ™ (px) and [y to W)f”’+(qk) = f_m’(Wact“’Jr(pk)). Hence we obtain
that 7Y () C Iy. This implies that || Df ™" /F(f"(z))|| > A foralln > 0, for all z € Iy.
Otherwise f~"(f"(Ix)) C Ix. Therefore, |Df"/E(z)|| <A} for all n >0 for all z € I.
Hence, as in the proof of (2), there exists ¥’ > 0 such that, for z € I, W}fs (z) C W;,(z).
From Lemma 3.1 the size of W;S (z) is bounded away from zero. Since, by (1), the angle
between the center-stable manifold and the center-unstable manifold of points z € /i is
bounded away from zero, we conclude that the stable manifold W*(l;) of /; has volume
bounded away from zero. Since W* (Ix) N W* (I;/) = @ for k # k" and M has finite volume,
the last fact leads to a contradiction. This proves that for a given y > 0 there exists
€T (y) > 0 such that (3) holds.

To complete the proof of the proposition we have to find m such that (1), (2) and (3)
hold at the same time. Assume then that, for some j, (1) holds for f/(q). Hence (2) holds
too. If it were the case that € T ( £/ (¢)) = et (O(g)) which is, by definition, greater or equal
than et (y), then we are done. Otherwise define

m=min{0 <n<7n(q): e (f"(f(q) =" (y); and
FU U @) = et (fFMg)), 0<h<n).

Then it is easy to see that (1), (2) and (3) are satisfied for f —mtj (q)- O

Remark 3.6. Since the choice of the branch W T (g) is arbitrary, the existence of y > 0
and €(y) such that Proposition 3.5(3) holds is valid for both branches. On the other hand,
we cannot assume that m is the same for both branches.

COROLLARY 3.7. Let {pr} be a sequence of hyperbolic periodic points, pp~ p
converging to x and satisfying Proposition 3.5. Then given Ay, 0 < A; < Ap, and ny, a
M -hyperbolic time for x, there exists ko > 0, depending on Ao, such that, for all k > ko, ny
is a Mr-hyperbolic time for py.

Proof. Since n1 is a A1-hyperbolic time for x, E,
n—1

[T1DF/ECGF @l <2y foralln > ny.

ni
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Let I =inf{||Df/E(y)|l, y € H(p)}. If the corollary does not hold, there would be a
subsequence of {py}, which for simplicity we also denote by py, such that for all £ > 0,
there exists my such that

mr—1 )
[T IDF/ECE (il > 25
Jj=ni
Then
! T2 IDF/ECH ()l 3
W < TT IDFIEC (il = —2= , <
j=n 15 IDf/ECFT (i)
implying that
A2 mg A nj
(}\—) < (7) for all k > k. )
1
Since py — x as k— oo we obtain my — oo, and so equation (2) leads to a
contradiction. O

Next we complement the results stated above, establishing other properties for the
center-unstable manifolds of periodic points homoclinically related to p.

Definition 3.5. A point x € H(p) is a border point if there exists a neighborhood N of x,
homeomorphic to a ball, such that N\W£¥ (x) has two connected components and there is
only one component of N\W£¥(x) with x in its boundary and containing points of H (p)
accumulating on the point x.

Remark 3.8. For any nontrivial homoclinic class H(p), p hyperbolic, there is a dense
subset in H(p) of hyperbolic periodic points homoclinically related to p, and which are
not border points.

LEMMA 3.9. Assume that x € H(p) is such that E(f”(Wf“""(x))) <& for all n > 0.
Then x is a border point of H (p).

Proof. Set I = WGC’H‘(x) and assume that £(f"(I)) <&y for all n. Then, using
equation (1), we obtain that there is € > 0 such that every w € I has a local stable manifold
WZ(w), that is, that the local center-unstable manifold is contained in the stable one.

Now we prove that x is a border point of H(p). Indeed, since £(f" (1)) < §¢ for all n,
we obtain that dist(f"(y), f"(x)) <8p forall n >0 and y € I. Assume that there exists
y e H(p) N W),y # x. Then there exists z € W*(p) N W*(p) with dist(z, y) <€, and
we conclude, on account of the domination, that

dist(f"(z), f*(x)) <28y foralln>0. 3)

Since z € W¥(p), then dist(f"(z), p) = 0 as n — oo, and this, together with (3), gives
dist(f"*(x), p) <28 for n > ng. Thus x € W¥(p) and since p is hyperbolic, by the
A-lemma we obtain £(f™(I)) > §y for some m > 0, a contradiction. This proves the
lemma. O
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THEOREM 3.10. Forall x € H(p), W (x) is dynamically defined.

Let §o >0 and V be an admissible neighborhood of H(p). Theorem 3.10 is a
consequence of the following lemma.

LEMMA 3.11. There exists v > 0 such that for any periodic point q ~ p, with q not a
border point, E(We’"i(q)) > .

Proof. Assume that the thesis does not hold. Then there is a sequence of periodic points
gx homoclinically related to p and with g not a border point, such that W* " (gx) or
WU~ (qx) has length less than 1/k. Assume, for instance, that this happens to W* T (gy).
Then, since gx is periodic, there exists my > 0 such that £(f " (W T (qx))) = € and
so [T (W (gr)) = WA (f ™ (gk)). Set f~™k(qx) = px and note that my — oo as
k — oo. By Proposition 3.5 we may assume that

Wt (pr) € WET(pr),  WE(pr) C WE(pr) and

j=n
[TIDF/EC (i)l <A™ foralln > 0. “)
j=1

Taking into account that H(p) is compact, let us assume that x = limy_ oo pi-
Moreover, taking subsequences, we may also assume that We’”i(pk) converge to arcs
I* = I*(x) with x at their common boundary. Next we prove that /T is contained in
W(x). Indeed, if this were not the case, there would exist nop >0 and y € I * such that
dist(f7"0(x), f7"0(y)) = ¢ > €. Let k > 0 be so great that y € W (py) is so close
to y that dist(f 7 (»), £~/ () < (¢ — €)/3 and dist(f 7 (x), £~/ (pr)) < (¢ —€)/3 for
all j =0, 1,...,no. Then dist(f~"0(yx), f "°(pr)) > €, which is absurd. Thus we may
write W (x) instead of ™. The same holds for 7~ and we write W~ (x) =1".

Since for all j € [0, m;] we obtain that E(fj(We’"Jr(pk))) <¢€ and m; — o0 when
k — oo, we see that £(f" (WYt (x))) <€ forall n > 0.

To conclude the proof we need the following result that we shall prove later in §3.2.
Recall that w(x) is the set of points w € M such that there exists n; — +o0 such that
"% (x) > was j — oo.

THEOREM 3.12. If f/H(p) is Cl'-robustly expansive and there exists x € H(p)
constructed as in Lemma 3.11 such that £(f" (WSt (x))) < 8o for all n > 0, then w(x)
is a periodic orbit.

Returning to the proof of Lemma 3.11, on account of the above theorem, x € W*(gq) for
some g € H(p), q periodic. Taking a positive iterate by f of x, we may assume that
x e Wi(qg).

Moreover, since W/ (py) has length bounded away from zero and the angle between
the sub-bundles £ and F is bounded away from zero, we claim that Wé"‘*( pr) N Wi(g)
# (). Indeed, to prove this, observe that since £( f" (Wé‘*"’(x))) < € for all n > 0 then, from
equation (1), we get that W& (x) is a true stable manifold. Therefore there are also local
stable manifolds for all points y € I (x). Take r > 0 small such that W (x) locally separates
the ball at x with radius r, B(x, r). Then in the region of B(x, r)\ W (x) containing / (x)
we cannot have points of the sequence py accumulating in x. Otherwise, since for points
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in that region their local center-stable manifolds are local stable ones, we will have points
y € I(x)\{x} belonging to H(p). Just take y = WZ(px,) N I (x) for a suitable ky and then
using that We“""(pk) — I (x), in the Hausdorff sense, we will obtain y € H(p). But if
y € I(x) we have shown that, for all n € Z, dist(f"(x), f"(y)) < €. But this contradicts
the fact that f/H(p) is expansive if € is less than an expansivity constant of f/H(p).
Therefore the points p; accumulate x from the opposite region to that containing / (x) and
eventually W (pg) will cut WS (x) C W2(g). Since px ~ p it follows that W"(p) cuts
WZ(q), proving the claim.

If ¢ is hyperbolic, by Hayashi’s connecting lemma we may C'-perturb f, obtaining a
diffeomorphism g so that W¥(pg) N W"(g,) # ¥ and still having W (pg) N W*(q,) # @.

Since periodic points homoclinically related to p, cannot have a weak expanding
eigenvalue (see [PPV, §4]), the same is true for gg, and therefore for g. As x €
W5(gq) N I(x), by the A-lemma, there is ng such that £( f" (I (x))) > € for all n > ng. Thus
our assumption that there is a sequence {gy} of periodic points homoclinically related to p
such that E(Wé‘*"’(qk)) < 1/k leads to a contradiction.

Hence there exists v >0 such that ¢(W**(p’))>v for all periodic points p’
homoclinically related to p, concluding the proof of Lemma 3.11 in this case.

If g is not hyperbolic then, by [Fr, Lemma 1.1], we may perturb Df,/F to obtain
hyperbolicity of ¢ without losing the intersection between W**(py) and W (g) and still
having p; accumulating in W (g). So, g is still a point of the homoclinic class (of the
perturbed diffeomorphism) and we can reason as above to achieve the same result. O

Next we extend Lemma 3.11 for all x € H(p).

PROPOSITION 3.13. For all x € H(p), W (x) is a nontrivial set and both branches of
W¥(x) have length greater than v > 0.

Proof. Letx € H(p). Since periodic points homoclinically related to p are dense in H (p),
Pk is homoclinically related to p such that py — x. Taking a converging subsequence,
in the Hausdorff sense, of W (py) and W~ (px), we conclude that WS+ (x) and
W&~ (x) are defined. As both W (py) and WX~ (pi) are tangential to F and locally
separated by W (py), WE T (x) # W~ (x). Moreover, both branches are tangential to
F and have length greater than v since this holds for Wg*i(pk). Also Z(f‘”(Wf“i(x))) <
€, n > 0, because W% (py) converges to W *(x). Hence, Wg”’i(x) are in fact part of
the local unstable manifold of x. O

LEMMA 3.14. Forall x € H(p), W"(x) is dynamically defined, that is,
LLTWEE () —— 0.
Proof. If it were the case that
L(fT" (W (x))) A~ 0 whenn — +oo
for all x € H(p) then there would exist x € H(p), ny — +00, and p > 0 such that

ELTHEWET))) = p.
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By compactness of H(p) we may assume that
z= lim f™™(x) and I(z)= lim f~"(W*(x)),
k——+00 k—+o00

the last limit in the Hausdorff metric for compact subspaces of M. Thus, from the
construction of 7(z),

p =L(f" (1) <e, ®)

for all n>0. Moreover, I(z) is tangential to F, part of W(z) and therefore an
€ — E-interval, thatis, an interval / such that I C (),,~ f " (U), where U is an admissible
neighborhood, f"(I) is always transversal to the E direction and L(f"(I)) <€ for all
n > 0; see [PS, Definition 2]. Since /(z) C Wf*(z) and Wg” (y) is a one-dimensional
submanifold for all small £ >0, I(z) D Wg’“_(z) for some small &. Therefore, for all
n>0,£2(f"(1(z))) is bounded away from zero.

As in [PS, §3.2, Proposition 3.1] we obtain that w(z) is a periodic orbit or a periodic
circle tangential to F. (Although in [PS] it is assumed that f is C2, this is not used in
that part of the proof of [PS, Proposition 3.1].) As a robustly expansive homoclinic class
cannot have a periodic circle or an attracting Cantor set in H(p) included in a periodic
circle tangential to F, we conclude that w(z) is a periodic orbit. Using this fact together
with (5), we arrive at a contradiction reasoning as in Lemma 3.11. O

Let v > 0 be the number given in Proposition 3.13.

LEMMA 3.15. Forall 0 < & <, there exists mo = mo(£§) > 0 such that for all x € H(p),
e(f"(Wé"i(x))) > v foralln > my.

Proof. Given 0 < & <v, arguing as in the proof of Lemma 3.11, we see that, given
x € H(p), there exists mo(x, £) > 0 such that

E(fmo(x,f)—j(Wé”+(x))) <e, ] =1,...,mp(x, ‘i'-),

but
LMW T () > e

Let & > ¢’ > 0 be such that
FrOCEWET ) = WEE (0 ().
Hence £(W*+(fm0™8) (x))) > v. For n = mo(x, &) + 1 either
STV @) = WET( () or e(f" WL (x) > €.

In the first case Z(f”(WC”,’+(x))) > v by Proposition 3.13. In the second case it is
certainly also true that £(f ”(WC”,’+(x))) > v. In this latter case we choose 0 < ¢” < ¢’
such that f”(WC”,;Jr(x)) = WZt(f"(x)). By induction on n > mg(x, &) we conclude that
"W (x))) > v forall n > mo(x, €).

By compactness of H(p) there exists a common my for all x € H(p). This concludes
the proof. O
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3.2. Proof of Theorem 3.12. The proof of Theorem 3.12 will be done in several steps.
We shall assume in this subsection that x € H(p) is such that £(f" (W (x))) < & for
all n > 0, where dy is such that the p-neighborhood of H (p) is admissible.

LEMMA 3.16. There exists € > 0 small such that WE*(x) C W7 (x).

Proof. Let py be as in Lemma 3.11. By (4) of that lemma,

j=n
[T1DF/ECH (penl < 2" foralln =0,
Jj=1
Since py — x the same holds for x. Thus W& (x) C W (x). O

Pick some y € R such that 0 <+/A <y <l andlet 0<n; <---<mn; <--- be the
maximal sequence of hyperbolic times for Df/E along O (x) associated with that choice
of y. Thus, fori =1,2, ...,

[T 1Df/ECH ol <y forn =n;.

Jj=ni

LEMMA 3.17. Assume that there exists L > 0 such that, for all i, njy1 —n; < L. Then
E /w(x) is a uniformly contracting sub-bundle.

Proof. Let z € w(x). Then there exists n, — +oo such that f" (x) — z. By the definition
of 89 we know that if dist(y, z) < &g then

IDf/E@)] -
IDf/EWI —
For r > 0 large enough let J, >0 be such that dist(f/(z), f/(f™(x))) <8y for all

Jj €l=Jr, Jr]. Then J, — 400 when r — +o00. Let K =sup{||Dfy||: y € M}. For a
given r let i =i(r) be such that n; < n, <n;y1. Then n;;1 — n, < L and therefore

1+c.

n

—1 n—1

[TIDf/ECE @)l <A+ [T IDFEF™H ol

j=0 j=0
n—l-njyi+n,

<A+o'k" ™ [T IDFEGH @l

j=0
<[+ C)K]ﬂi+1—”r(1 + C))»z]'l_l_"i+l+"’
<[A+ K13 7F foralln < J,.

Since J, — 400 we conclude that E/w(x) is uniformly contracting. O
LEMMA 3.18. Let px — x, px ~ p as in Lemma 3.11. Then we may assume that there
exists y > 0 such that, for a subsequence of { px}, Z(WE“""(pk)) =eand LW (pr)) > v.

Proof. We already know that E(We”"“(pk)) =c¢. Let y’ > 0 be so small that if x € H(p)
and £(W*E(x)) <y’ then £(f~/ (W*%(x))) <eforall j =0, ..., N, where N is given
by Lemma 3.4.
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Assume that the thesis is false and that there is no y > 0 such that £(W/ ™ (py)) > y for
some subsequence of {pr}. Hence there exists m1 > 0 such that £(f "4 (W2 (pr)))
= e and, since [~/ (W* ™ (pr)) C W= (f I (px)) for all j > 0, then f~"Lk(W" ™ (py))
= W= (f ™4 (pg)). From the choice of y’, there exists ko such that, for k > ko, m x >
N. Therefore there can be no (px, F) hyperbolic time between —(my + m1 ) and —my.
For, if there exists a (gx, F) hyperbolic time between —m; and —(m; + m x), say —n,
then, since £(W!~(f " (q))) <€ and f=HHme (W= (f 7™ (qr))) € W™ (f 7 (qu)),
then it cannot occur that £(f "4 (W2~ (px))) = €. Similarly, there can be no (pi, F)
hyperbolic time between —m and 0 (recall that ™ (py) = gy is such that L(W2+(gx)) <
1/k).

Thus there are no (g, F) hyperbolic times between —(mj + m ) and 0.

For k > 0 given, we replace gx with py = f ™ (gr), W (qx) with W*~(px), and
myi with m ;. In this way we may repeat the same arguments given above, obtaining
a convergent subsequence from f ™"k (pr). Now £(WX~(f~ "k (pi))) =€, and if, for
some y > 0, L(W*T(f~™k(py))) > y for infinitely many k then we are done. Otherwise
we may repeat the above arguments and find 2 such that £(WH+(f ~0mLatmai) (py))
= € and try again to find a subsequence from { f ~"1.k+m2.6) (p,)} with good sizes for both
branches of the local unstable manifolds.

Repeating this reasoning again, in case that in alternate form both unstable branches
have small sizes going to 0 with k — oo, we find my ¢, mak, ..., m; g suchthatm;; > N
forall j=1,2,...,7 and m — oo when k — oo. Let us set mq ; =my. Given gy,
there has to exist some i = i(g) such that

E(Wu,-i-(f—(lno,k+m1,k+'~~+mi,k)(qk))) >y and g(Wu,—(f—(mo,k+rn1,k+~~+mi,k)(qk))) >y

with at least one of these lengths equal to €. Otherwise we can find i such that
mox+mig+---+m;x>N-i>mn(qr), implying that there are no (gx, F) hyperbolic
times in the whole orbit of gy, contradicting Lemma 2.1.

Renaming points and putting py = f~okTmikt+mil) gy we conclude that there
exist a sequence of points py such that there is a (gx, E) hyperbolic time for them and
both branches of their local unstable manifold have length bounded away from zero.
Moreover, one of the branches has length € and there are no (gx, F) hyperbolic times
between —(mox +mix + - - -+ m; ) and 0. Since there are only two different unstable
branches for pi, we may assume that Z(We”’*‘( pr)) = €. On account of compactness we
may assume the sequence {py}ren converging to a point x € H(p) as k — oo such that
L(f"(W¥Tt(x))) < e forall n > 0. This concludes the proof of the lemma. O

LEMMA 3.19. Assume that €(f" (WS T (x))) 4 0 when n — 4o00. Then w(x) is a
periodic orbit.

Proof. If¢(f" (WE”"+ (x)) # 0, as in the proof of [PS, Proposition 3.1], we may conclude,
on account of equation (1), that there is a subsequence f"/ (W;”’+(x)) converging to an
arc L tangential to F. We remark that the hypothesis of f being of class C? is not
necessary for this part of the proof given in [PS, Proposition 3.1]. Moreover, again by
the domination property (equation (1)) and the boundedness of the lengths of the forward
iterates of WS (x), if y € L then W¥(y) has uniform size. Thus, as W (y) is tangential
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to E, Wi(L) = U},EL W (y) is a neighborhood of L. As in [PS, p. 989] we may conclude
that w(x) is a periodic orbit or w(x) is contained in a C 1 simple closed curve C invariant
by f™, some m, which attracts a neighborhood of itself.

If f were C 2 we would conclude, as in [PS], that w(x) is a periodic orbit or w(x) is
the whole curve C. As we do not assume that f is C?> we proceed in a different way to get
directly that w(x) is a periodic orbit. The proof proceeds by contradiction. Assume that
o (x) is not a periodic orbit. We already know that w (x) C C. By the attracting properties of
C, derived from equation (1), it follows that any point in a neighborhood of C is asymptotic
to C. But x € H(p) and therefore its omega-limit set is in H(p). Take a point z € H(p)
such that its forward and backward orbit is dense in H(p). There is a residual set of such
points in H (p). Then z has to visit C because w(x) C C. But as C attracts a neighborhood
of itself we have that z € C and therefore H(p) C C. In particular, p € C and the C! curve
C, which is tangential to F and transverse to E, has to self-accumulate (for instance) in p
in the disk W¢ (p) tangential to E. But this is not possible since C is locally connected, and
we conclude the proof of Lemma 3.19. O

From now until the end of this subsection we assume that
L WEST (X)) = 0, n— 4o0. (6)

As a consequence of Proposition 3.5 and Lemma 3.18, together with the fact that
the angle between E and F is uniformly bounded away from 0, we obtain that for all
sufficiently large k,

W' (pr) N WE(x) ={zx} and W (pr) N W2 (x) = {y}. ™)
CLAIM 3.1. zg, yr € H(p).

Proof. Fix ki and consider the intersections zx, x = WX (pr,) N WS (pi). Then zx, x — 2k,
as k — 00. As zx, x € H(p) we conclude that z;, € H(p). In the same way we prove that
Yk € H(p). O

If there are subsequences yi, and yx; of yr with yy € W+ (x) for all i and
Yk; € W™ (x) for all j, then by Lemma 3.2,

" (WEE(x)) A 0 asn — oo, (8)

contradicting equation (6). Assume then that y; € W~ (x) for all .

Let Iy =[x, y] be the segment of maximal length, tangent to F and containing
W;“"“(x), such that for all 16 C Ip we have £(f" (16)) < §p for all n > 0.

Then £(f"(lp)) <8¢ for all n >0 and £(f"(lp)) — 0. Indeed, if £(f"(lp)) /4 O,
Lemma 3.19 implies that w(x) is a periodic orbit and we are done. Moreover, for all
J DIy, £L(f"(J)) 4 0, for otherwise it would also be the case that w(x) is a periodic
orbit.

Let 0 = jp < j1 < j» < --- be amaximal sequence of hyperbolic times for (x, E). For
each j, consider the maximal interval /;, tangential to F' such that /;, O f Jn (Wt (x))

and, for all Ij’.h CIj,, £(f" (I]f’l)) <& for all n > 0. Note that f/m+1=/n(l;)C I,

je1 fOT

all jj.
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LEMMA 3.20. Fixing § < 8/2, there exists Hy such that, for all h > Hop, £(f"(1;,)) <§
foralln >0 or w(x) is a periodic orbit.

Proof. The proof proceeds by contradiction. If the conclusion does not hold, then since
fjh’_j’l(ljh) C 1, for all ju > jp, the volume vol(W¢* (1,)) would exceed vy for some
vo > 0. This implies that WZ*(1;,) N WE*(1,,) # @ for some h’' > h. And this implies that
w(x) is a periodic orbit. O

Lemma 3.20 allows us to assume that £(f"({;,)) < for all n > 0, for all j,.

Now let W (pr) N WE(lp) = Br. Observe that fy is an arc tangential to F. Pick an
arc Bi, B D Px tangential to F joining zx to a point y; € WS (y), where y is the end-point
of Iy different from x.

LEMMA 3.21. B C Wéu_;_'g (pk) or w(x) is a periodic orbit.

Proof. If this were not true, there would exist a subsequence of { py}, which we also denote
{pk}, such that £(f ~™(Bx)) > § for some my but £( f ~"(Br)) < forall0 < n < my. Note
that my — oo as k — oo because £(f " (lp)) goes to zero as n — oo. By equation (1),

0
[T IDF/EC Gl IDF~F T ol < At ©)

J=—mjg

Pick A such that 0 < VA< A1 <1 and let N(\/X, A1), c(ﬁ, A1) be the numbers given
in Lemma 3.4. Then, for m; > N there exists a hyperbolic time from —ny to O for E. For

from (9),

0 P my+1 0 P

[T 1DF/EG Genll <V or [T WD~ /FG ool < Waymth,
Jj=—mj J=—my

But the last possibility cannot hold, otherwise there will be a hyperbolic time for F' which
will contradict the fact that £( f ~"*(8¢)) > 8. Thus

0

[T 1DF/EGH Gl < Waymtt, (10)

J=—my

which implies the existence of a hyperbolic time —ny for E. We have that —my < —ny <
—my + N, otherwise there will be a hyperbolic time for F between —my and —ny, and
this again contradicts £(f "% (B)) > 8. On the other hand, since y;y € W¢ (lp),

[TIDF/ECH inll <A™ forall n > 0. (11)
j=0

Therefore, equations (10) and (11) imply that the e-stable manifold of f~"*(8;) has
volume bounded away from zero. As this holds for all k sufficiently large we eventually
have that there exist k, k', k # k’ such that

W™ (B) N WEf ™" (Br)) # 9.

This implies that w(x) is a periodic orbit. So, if w(x) is not a periodic orbit then
B C WS (pi). O
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Remark 3.22.
(1) Lemma 3.21 implies that if w(x) is not a periodic orbit then

WS (o) NWE (y) #0.

(2) Since £(f"(Bx)) — 0 as n — oo we obtain from Lemma 3.2 that the arc §; cannot
have points in H (p) different from its end-points.

(3) Since zx € H(p) and we cannot have points in S; N H(p) different from its end-
points we obtain that W*(py) crosses W} (lp). To see this, it suffices to pick
FTPR) (z1) where 7 (py) is the period of py.

Let yk, zx be, as above, the end-points of 8. Our next target is to prove that y; € H(p).
For this we orient W% T (py) from py and, as noted in Remark 3.22, there are no points of
H(p) N By different from its end-points and there are points w € H(p) N W* T (py) with
w > yi in the ordering established. Let wy = inf{w € H(p) N W% (p), w > yi}. Since
H(p) is closed, wi € H(p).

LEMMA 3.23. wi = k.

Proof. By definition, w; > yx. Assume, by way of contradiction, that wy > yr. Then
[z, wil D [zks Y&l = Br.

Assume that €(f"([zx, wk])) <8¢ for all n > 0. Since £(f"([yk, wg])) 4 0 we can
choose a subsequence n; — oo such that £(f"/([yk, w])) > 8 for all j, for some
0<8<dp. Let z=Ilim; o f"(yk). As £(f"([zx, yx])) = 0 we also have that
z=1im; . f"/(zx) which implies that z € H(p). Since & < £(f" ([yx, wk])) < do,
S (lvk, wg]) € V(H(p)), for all j, where V(H (p)) is an admissible neighborhood of
H(p). This implies that WS (f" (zx)) is well defined for all j. Then, for j > j’
sufficiently big W2 (™ (zx)) N f"' ([zk, wk)) # @. On the other hand, by Corollary 3.7,
for infinitely many points prr we have W7 (f" (pr)) = WS(f"/(x)) and this implies
that WS (f" (zx)) N f"7 ([zx, wk)) € H(p). Hence, the definition of wy implies that
W2 (@) O "7 ([zks yi)) =@ and so W2 (f" (zi)) N f"7' ([yk, wr)) # ¥, implying
that there exists u € H(p) N f"/' ([yx, wk)), leading to a contradiction with the definition

of wy.
If €(f"([zk, wi])) >80 for some n >0 then we pick wi) € [y, wi] so that
L(f"([zk» wrm)])) < 8o and repeat the same argument replacing wy by wi(x)- O

Since Iy = [x, y] and yx — y we get the following corollary.
COROLLARY 3.24. y € H(p).

To finish the proof of Theorem 3.12 we prove that W/ (px) cuts Wi (f" ([zk, yx])) for
arbitrarily large n. Recall that, given v > 0, we say that a subset X of Y is v-dense in Y if
the v neighborhood of X contains Y.

LEMMA 3.25. There exists nj — o0 with j — o0 such that

WEC™ ([zk, yi]) N WE(pr) # 0.

Proof. Let us take a fixed multiple ng > 0 of 7 (px) such that f"(W¥*(py)) is v-dense
in H(p) with v > 0 but v < €. Since pi is homoclinically related to p, by the A-lemma,
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there exists such an ng. Moreover, we may assume that the end-point e of f0( WE“'Jr (pk))
different from py lies in WS (py) and is at a distance less than v from py. Take a small
arc y (ex, pr) C WS (px) joining e; with py and such that y (e, px) N f”O(We’"‘*‘(pk)) =
{ex, pk}. Joining £ (WU *(py)) with y (e, px), we obtain a circle C and we order it, for
instance, with the (unique) order < such that py < zx < ex. Without loss of generality we
may assume that for infinitely many multiples n of 7 (pk), WE (f"(zx)) C WE(f™(zx))-
Now take the arc [pg, yx] C W*(pr) and iterate it by multiples of f7 (Pe) For the
iterates n in which the center-stable manifold of f"(z;) is a stable one, and for large
multiples of 7 (py), since f"0(W T (py)) is v dense in H(p), then WE(f"([zx, yk1))
cuts f"0(W¥*(py)). By Corollary 3.7 there exists ho > 0 such that, for all & > hy,
WE(f"(pr)) C WE(f"(pr)) where pp — x is the sequence of periodic points given in
the proof of Lemma 3.11. Therefore

FRWEF (pr)) N WECS™ (zks yiD))

defines an arc I, = [z,.k, Yn.x] contained in f"0 (Wg"+(pk)) whose end-points are in H (p).
Observe that for n # n’ we cannot have I,, N I,y # @, otherwise we would obtain that w (x)
is a periodic orbit. Thus for different iterates f"([zx, yx]) we obtain different I, on the
circle C. Therefore there exists 71 such that (in the order < given in C) there are infinitely
many I, preceding I,,. Iterating by f~"! we obtain that W (py) contains infinitely
many intervals 7;,. O

COROLLARY 3.26. WX(p) cuts both W (f"i (zx)) and WE(f"i (yi)).

Returning to the proof of Theorem 3.12, and keeping the previous notation, take
2(e + 8) < o, where « is the expansiveness constant for f/H (p). Then, since z,, k, yn.x €
WZ, s(pr), we obtain

dist(f™ (znk)s f™" nk)) <" (Znks YnikD)) <2(e +8) <a forallm <0. (12)
On the other hand, since z, x € W:(f"(x)) and y, x € WE(f"(y)),
diSt(fm (Zn,k): fm (yn,k))

< dist(f" (zn.k), S () + dist(F" ), SN + dist(F (), T ()
<€e+d+e<a foraln=>0. (13)

Equations (12) and (13) give
dist(f" (znk)s f" (Ynk)) < foralln € Z,

contradicting the expansiveness of f/H (p). Thus if w(x) is not periodic we lead to a
contradiction.
Taken together, this concludes the proof of Theorem 3.12. O

4. Proof of hyperbolicity of H (p)

In this section we prove that (E @ F)/H(p) is hyperbolic. For this, we shall prove
first that E is uniformly contracting, and this is done following Maiié’s proof of
[Ma2, Theorem 1.4].
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LEMMA 4.1. There exist c > 0, a positive integer m, and a dense subset D of H, C H(p)
such that, for x € D,

1 & :
liminf — » " log [|Df™ /E(f/™ (x)]| < —e.
n—+00 n =

Proof. H, is dense in H(p). By Lemma 2.1, for any periodic point ¢ € H,,
IDf™ |esyll < KA foralln > 0. (14)

Here 7 is the period of ¢ and K > 0, 0 < A < 1 are independent of the particular periodic
point in H,. Therefore from [Ma3, Lemma IL.5] there exist m >0, C >0, and pu,
0 <A < u < 1 such that

Aot [t/m]
m ) T/m
1D s < Cal™/, (15)
j=1
whenever (14) holds. Here [t/m] is the greatest integer less than or equal to /m.
Taking logarithms in (15) gives

[z/m] ” - log C
> log [Df"/E(f™ (@) < + log p. (16)
[c/m] [t/m]

Since periodic points in H, of period = greater than m - log(C?/u)/ log(1/u) are dense in
H (p), inequality (16) and the fact that 0 < u < 1 imply the result. O

Lemma 4.1 ensures that for x € D, ]_[’}:l |Df™/E(f~7™(x))|| converges to 0
exponentially fast as n — oo. Since if f: H(p) — H(p) is expansive then the same is
true for /™, we may (and do) assume that m = 1 in Lemma 4.1.

Let yp be such that 0 < e™ < yp < 1 where ¢ > 0 is given by Lemma 4.1. It follows
that for all x € D there are infinitely many values of n satisfying

[TIDFEC Gepll < v

j=1

Take y1, y2, ¥3, ya such that
O<pw<yi<ym<py<m<l
Let No = N(y3, y4) be given by Lemma 3.4.

LEMMA 4.2. If E|g(p) is not a contracting bundle, then for all € > 0 there exist a compact
invariant set A(€) C H(p) and N1 = Ni(¢€) such that every x € A(€) has the following
property: there exist xy arbitrarily near x, no = no(xo, x, €) > 0and y € A(€) such that
(@)  dist(f"(x0), y) <e€;

(b) (v, f*(y)) is an (N, y»2)-obstruction for all n > Ny, and

(¢c) ifng >0, then (xg, f"0(x0)) is a uniform yy-string.

Moreover A(€) is the closure of its interior.

Proof. See [Ma2, Lemmas I1.6 and I1.7]. O
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Fix 0 <y < yp and let y1, 2, ¥3, Y4 be as in Lemma 4.2. Choose ko € (0, 1) such that
y < kgyl and ko_ly4 < 1, thatis, 1 > kg > max{y4, /Y/v1}-

PROPOSITION 4.3. If E is not contracting, for all € > 0 there exist sequences {x;} C
A(e/4), (A(€) as in Lemma 4.2) and n; > 0 such that:

@  dist(f™ (x), xis1) < €

() (xi, f"i(x;)) is a uniform y4-string, but if i is even (x;, f" (x;)) is not a y1-string;
(©) ifK=min{||Df/Ex)| ;x € H(p)} then yf”K”"-‘ > (koy)™ T+ for all even i;
(d) there exist odd numbers k, [ with k > [ such that dist(x;, x;) < €/2.

Proof. See [Ma2, p. 179] for the proof of (a), (b), (c). Item (d) follows from
compactness. a

COROLLARY 4.4. Given € > 0 there exist k > 2, a sequence x1, x2, . . ., Xy and uniform
ya-strings (x;, f" (x;)) that are not yi-strings, such that dist(f" (x;), xj4+1) <€ and
dist(f"™ (xr), x1) <€ foralll <i <k —1.

The following proposition is similar to a lemma proved in [Li] (see also [Ma2]). The
proof there uses the fact that Df|F is uniformly expanding. We use instead the fact
that the diameters of the local unstable manifolds are uniformly bounded away from zero
(Proposition 3.13).

PROPOSITION 4.5. Let (x;, f"(x;)), i =1, ..., k, be asequence of uniform y-strings in
H(p) for 0 <y < 1. Given § > 0, there exist x = (8, y) > 0 and Ny > 0 such that the
following holds.

Suppose that dist(f"i (x;), xiy1) <mfori=1, ..., k—1, dist(f™ (xx), x1) < u and

n1 + - - -+ ng > No. Then there exists a periodic point g of f with period N =ny + - - -+
ng such that dist(f"(q), f"(x1)) <8 forO0<n <njandfor1 <i <k — 1 we have

dist(f N (g), f"(xig1)) <8
for0<n <njyy, where Ny =ny + - - -+ n;.

Proof. See [PPV, Lemma 5.15 and Proposition 5.16]. Although it is assumed there that f
is C2, this is not used in the proof. O

LEMMA 4.6. Let yy < y1 < y2 < V3 <y4 <1 be as in Lemma 4.2. Moreover, let 0 <y
<y and take 0 < ko < 1 such that y < kéyl and k0_1y4 < 1. Then the periodic point q
given by Lemma 4.5 satisfies

N
vV < [TIDF/EG @) < (g yn)™.
n=1
Proof. See [Ma2, §II, pp. 179-181]. O

PROPOSITION 4.7. We may construct q given in Proposition 4.5 such that g € H(p).
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Proof. By Lemma 4.6, if § > 0 is small enough we ensure that Df,/E(q) contracts at
a rate similar to that of Dij/E(xj), j=12,...,k if dist(fj(q), fj(xj)) < 4 for all
j =0, ..., N, in the local center-stable manifold of g. More precisely,

N
yN <TTIDFH/EF @)l

n=1

And for all j € [1, N],

j .
[TIDFIEC" @)l < Gy v

n=1

As g 1is periodic of period N this implies that its center-stable manifold is a stable
manifold, of size similar to the center-stable manifold of x;. Hence the local unstable
manifold of a periodic point ¢’ € H(p) close to x intersects the local stable manifold of
q. Therefore W"(p) accumulates in W*(g) or there would exist, by [PS, Lemma 3.3.1]
another periodic point 4 in the unstable separatrix of W (g) cutting W< (¢”) and between
g and w € W& (q) N WE(g’). Let Q be the periodic point closest to H(p), in the linear
ordering from ¢ to w. Then WX(Q) is accumulated by W"(gq’) and therefore also by
W (p). If, forsome j=1,...,k,i=0,...,nj, Wecs(f"(xj)) is a true stable manifold
then we are done. For in that case W*(p) would accumulate in W¥(Q) and W¥(p) in
W (Q) respectively and we obtain that Q € H (p), concluding the proof of Proposition 4.7.

As we cannot assume that, we have to proceed in a different way. Choose V;(H (p)),
[ > 1, a sequence of admissible neighborhoods of H(p) such that

Cl(Vi+1(H(p))) CVi(H(p)) and ﬂ Vi(H(p)) = H(p).
>1
For any V;(H (p)) we may find ¢, like the point Q as above, such that g; shadows the
pseudo-orbit given by a sequence (x;, "/ (x;)), j =1, ..., k, of uniform y4-strings that
are not y-strings as in Proposition 4.3. Take an accumulation point x of {g;}. If there
is a subsequence {g;,} of {g;} such that the periods of ¢, are uniformly bounded then
x € H(p) NPer(f) and x is the desired periodic point. Otherwise the periods of g; are
unbounded and x € H(p) is a uniform y4-string for all n > 0. Therefore by arguments
similar to those used in [PS, Corollary 3.3] we obtain a stable manifold for x that the
unstable manifold of g; will cut for / > ly. Thus g; is homoclinically related with p,
completing the proof. O

Proof of Theorem B. By Propositions 4.5 and 4.7, and Lemma 4.6, if E is not a
contracting sub-bundle then there exists g € H(p) N Per(f) such that Df, contracts in
E rather weakly in the period, that is, for any 0 <¢ <1 we may find ¢ such that
T@On < || Dg™ D" /E(g)|| < 1, thus contradicting Lemma 2.1. Therefore E is a uniformly
contracting bundle. This in turn implies, using the arguments of [Ma3, §II], that F is a
uniformly expanding bundle. Thus E @ F is a hyperbolic splitting. This implies that the
same is true for g C'-close to f. O
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