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SUMMARY
The enhanced dexterity and manipulability offered by master–slave teleoperated surgical systems
have significantly improved the performance and safety of minimally invasive surgeries. However,
effective manipulation of surgical robots is sometimes limited due to the mismatch between the slave
and master robots’ kinematics and workspace. The purpose of this paper is first to formulate a quan-
tifiable measure of the combined master–slave system manipulability. Next, we develop a null-space
controller for the redundant master robot that employs the proposed manipulability index to enhance
the performance of teleoperation tasks by matching the kinematics of the redundant master robot
with the kinematics of the slave robot. The null-space controller modulates the redundant degrees of
freedom of the master robot to reshape its manipulability ellipsoid (ME) towards the ME of the slave
robot. The ME is the geometric interpretation of the kinematics of a robot. By reshaping the master
robot’s manipulability, we match the master and slave robots’ kinematics. We demonstrate that by
using a redundant master robot, we are able to enhance the master–slave system manipulability and
more intuitively transfer the slave robot’s dexterity to the user. Simulation and experimental stud-
ies are performed to validate the performance of the proposed control strategy. Results demonstrate
that by employing the proposed manipulability index, we can enhance the user’s control over the
force/velocity of a surgical robot and minimize the user’s control effort for a teleoperated task.

KEYWORDS: Teleoperation; Haptic Interfaces; Medical Robots and Systems; Redundant
Manipulators; Null-space Control.

1. Introduction
Teleoperated robotic systems can significantly enhance a surgeon’s accuracy and performance by
utilizing advantages offered by a robotic system such as enhanced dexterity and manipulability.
Master–slave teleoperation is a common and effective means of providing an intuitive user interface
for controlling surgical robots. The slave robot, in the context of the surgery, is the actual surgical
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manipulator that performs the surgery, while the master is a device that allows the surgeon to control
the slave while providing visual/force feedback to the user to improve the safety of the procedure.
The enhanced dexterity offered by teleoperated surgical robots allows for precise, dexterous control
of the slave robot.1 The master robot, which is critical to the safety and success of any interaction,
requires appropriate design and control.2 Performance and design requirements of master robots are
given in refs. [3–5]. There are trade-offs between the desirable characteristics of the master robots
which can be relaxed by using kinematically redundant robots. A redundant manipulator has more
degrees of freedom (DoF) than required to perform a task. Redundant robots are often employed
to perform complicated tasks that require a high level of dexterity, such as obstacle avoidance or
manipulability enhancement.6

Several researchers have used redundant master or slave robots to enhance the dexterity of master–
slave robotic systems.7–11 It has been shown that in human–machine interaction, the redundant robot
is important to the overall performance of the task.12 The human arm and fingers have kinematic
redundancy.13 Studies have shown that human users employ kinematic redundancies in their arm
along with compliant task space control to perform complex dexterous tasks.14 Also, in a recent study
on the performance of experienced surgeons, it was shown that they exploit their arm’s redundancy
to stabilize hand movements more than novice surgeons.15

Das et al.10 were among the first researchers who employed kinematic redundancy and a kinematic
controller for the slave robot to avoid obstacle collision in a teleoperation scenario. Hwang et al.8

developed a framework for evaluating the performance of a teleoperation system where only the
slave system was a redundant robot manipulator. Despite the promising features of redundant master
robots, only limited attention has been paid to their design and control. One of the first redundant
master robots was introduced in ref. [16]. They proposed an admittance controller to control the
robot due to its relatively large dynamic properties, such as large apparent inertia. Nath et al.9 studied
the teleoperation of redundant manipulators when the master and slave robots have the same DoF.
The well-known da Vinci Surgical System (Intuitive Surgical, Inc. CA, USA) also benefits from
a redundant 7 DoF Master robot.17 Application of dexterous redundant robots in teleoperation is
limited as there is no quantifiable measure of dexterity for the teleoperated robotic system.

One of the well-established tools for motion and dexterity analysis of robot manipulators is the
manipulability ellipsoid (ME).18 This geometric measure indicates the ability to perform motion
and exert force along the different task directions in a given joint configuration.19 Manipulability of
robots was first introduced in ref. [18] to describe how a manipulator can move in arbitrary directions
to quantify the ability to perform an action quickly and skillfully.20 Manipulability analysis consists
of describing the motion of the robot in the task as a function of a measure of the robot’s effort in
joint space (e.g., joint torque). Yoshikawa defined a quality measure based on the analysis of the ME.
ME is a volume/surface in the Cartesian velocity space, which is mapped from the unit sphere in the
joint velocity space by a Jacobian transformation.18

Researchers have studied the application of the manipulability index in the design and control of
surgical robots. Konietschke et al.21 and Li et al.22 used the manipulability index for optimal design
of a dexterous surgical robot. From our group, Torabi et al.23 used the manipulability as a criterion
to modify the design of currently existing master–slave robotic systems to improve the performance
of teleoperation surgery. They introduced the teleoperation ME as a measure of manipulability for
teleoperated master–slave robotic systems. The teleoperation ME is defined as the volume of the
intersection between the MEs for the individual arms, where the intersection of the two MEs is
subject to the constraints imposed by the teleoperation system. In an experimental study, Maddahi et
al.24 demonstrated the relation between the manipulability of a master robot and the performance of
a teleoperated surgical system emulating a micro-neurosurgical task.

In telerobotic surgical applications, the master robot’s workspace, maneuverability, DoF, and sen-
sory feedback should ideally match the intuitive movements of the surgeon’s hand and mimic the
experience and sensation of conventional surgery. The master robots currently used in surgery present
several drawbacks, such as the kinematic mismatch between slave and master robot, which limits
the system’s ability to transfer the slave robot’s dexterity and joint limits to the user. We propose
a framework for the implementation of redundant master robots in surgical teleoperation tasks to
overcome these issues. By employing a redundant master robot, a general redundant haptic device
can be developed that is kinematically compatible with different slaves, tasks, and applications. We
propose a teleoperation manipulability index (TMI) for quantifying the dexterity of master–slave
robots. Moreover, the index is used in the optimal control of a teleoperation system benefiting from
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a redundant master robot. The controller uses the redundancies of the robot to optimize the proposed
manipulability index and kinematically match the slave and master robots. We demonstrate that by
employing the proposed teleoperation manipulability and kinematic redundancies, we are able to
enhance the user’s control over force/velocity of the surgical robot and optimize the users’ control
effort while avoiding singularities and join limits of the master and slave robots.

The rest of the paper is organized as follows: In Section 2, the teleoperation manipulability is
introduced as a quantifiable measure of a master–slave robotic system. In Section 3, an optimal
controller is introduced that employs the kinematic redundancies of the master robot to optimize
the teleoperation manipulability during a teleoperation task. Experimental and simulation results to
validate the performance of the proposed controller and teleoperation manipulability measure are
presented in Sections 4.1 and 4.2, respectively. Concluding remarks appear in Section 5.

Below, first, we introduce the manipulability index for teleoperated systems, based on our pre-
vious work on the teleoperation manipulability of non-redundant robots, presented in ref. [23]. The
TMI is a measure of kinematic similarity between the master and slave robots. Next, we employ a
teleoperation control strategy that uses the kinematic redundancies in the master robot to optimize
the TMI. Application of this controller in enhancing the performance of a teleoperation task in terms
of human–user effort and task performance is investigated in Sections 4.1 and 4.2.

2. Manipulability of Teleoperated Systems
For a robotic system, the transformation from the velocity of the end-effector in Cartesian space to
the actuated joint velocities can be realized using the Jacobian matrix[

ẋt

ẋr

]
=

[
Jt

Jr

]
q̇, (1)

where q̇ is an n-dimensional vector that represents a set of actuated joint rates, ẋt is a t-dimensional
output translational velocity vector, and ẋr is a r-dimensional output orientational velocity vector of
the end-effector. Jt and Jr are the t × n translational and r × n orientational Jacobian matrix, respec-
tively. It should be noted that the velocity of end-effector in Cartesian space is an m-dimensional
vector where m = t + r, and for the case of redundant manipulator n>m. The Jacobian matrix
is partitioned into translational and rotational parts to distinguish translational and orientational
manipulabilities,25 which have different units.

A unit sphere, ‖q̇‖2 = 1, in Rn can be mapped into an ellipsoid in Rm as shown below:

‖q̇‖2 = q̇T q̇ = ẋT(J†)T(J)†ẋ

= ẋT(JJT)†ẋ ≤ 1, (2)

where J† is the pseudo-inverse of Jacobian, J† = JT(JJT)−1. In the case that the Jacobian is near the
singularity, the inverse can be numerically estimated via the damped least-squares method.26 Now,
using the translational and orientational Jacobians, the translational velocity ME (TME) Mt = JtJT

t ∈
Rt and orientational velocity ME (OME) Mr = JrJT

r ∈ Rr are defined.
The velocity ME is a useful tool for visualizing the velocity transmission characteristics of a

manipulator at a given posture. The velocity transmission shows the transformation of velocity from
joint space to the Cartesian space in any direction. The directions of the principal axes of the ellipsoid
are the optimal directions for effecting velocity and are determined by the eigenvectors of the matrix
Mi = JiJT

i , i = t, r. The magnitudes of the axes are equal to the square roots of the eigenvalues of
Mi. The velocity transmission along an arbitrary direction ui ∈ Ri, i = t, r, in the Cartesian space can
be calculated as27

σi =
(
uT

i (JiJ
T
i )

†ui
)− 1

2 , i = t, r. (3)

Inspired by definition of force ME,18 the reflected friction ellipsoid at the end-effector of the robot
can be obtained as

‖Fq‖2 = FT
q Fq = Fx(JJT)Fx ≤ 1, (4)

where Fq is the n × 1 vector of the joint friction torques and Fx is the m × 1 vector of friction
forces/torques reflected at the end-effector. Similar to the velocity transmission concept, a reflected
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Velocity manipulability ellipsoid
Reflected friction ellipsoid

σt
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u

Fig. 1. The velocity transmission σt and reflected friction factor λt for a two-DoF planar robot along direction u.

friction factor is defined which shows the reflection of the joint friction at the end-effector of the
robot. Now, by partitioning the Jacobian matrix into translational and orientational parts, the reflected
friction factor along an arbitrary direction ui, i = t, r, is calculated as

λi =
(
uT

i (JiJ
T
i )ui

)− 1
2 , i = t, r. (5)

By comparing (3) and (5), it can be seen that the velocity transmission σi is the reciprocal of the
reflected friction factor λi along the same direction. This means that along the direction where the
velocity transmission is maximized, the joints friction force reflected at the end-effector is minimized.
As the result, when the user moves the end-effector of the master robot along the maximized velocity
transmission direction, he/she will feel the least amount of joint friction. The velocity transmission
and reflected friction factor along u for a two-DoF planar robot in a sample configuration are shown
in Fig. 1.

Now, we propose to expand the definition of ME to analyze the manipulability of teleoperated
master–slave robotic systems. Considering that the master robot and the slave robot follow each
other position, we consider that the end-effector of the master robot and the end-effector of the slave
robot are physically attached together. This is similar to two co-operative robots manipulating a
mass-less point object with tight grasps. Therefore, co-manipulation using two robotic arms intro-
duces new kinematic constraints on the manipulability of each arm. Here, to illustrate the concept
of teleoperation manipulability, it is considered that the end-effectors of the two robots are rigidly
connected. In a teleoperated system, usually, a Proportional Derivative (PD) controller is used for
the position/force control of the master and slave robots, which does not represent a rigid connection
between the end-effectors. However, for clarity and simplicity, in this paper, the above concept is
introduced for an ideal transparent master–slave system. In reality, there are tracking error dynamics
in the transient phase caused by the limited performance of Cartesian-space position controllers. As
the tracking error in static conditions converges to zero, the Cartesian-space position controller has
minimal effect on the performance of the proposed method. Also, as long as stability is preserved,
high-gain robot position control in the Cartesian space can be used to diminish the distorting effect
of the neglected errors on internal motion control for kinematic matching.

Following the approach presented in ref. [23], the combined ME of two arms (slave and master
robot in teleoperation context) is the largest ellipsoid that can be fitted into the intersection of the
ME of the master robot and the ME of the slave robot. It should be noted that the teleoperation task
is defined in the slave robot workspace, and the ME of the master robot is transformed into the task
frame, that is, the slave robot frame. By maximizing the intersection of the MEs (or minimizing the
difference between the MEs), we can enhance the kinematic similarity between the slave and master
robots, thus increasing the manipulability of the teleoperated system.

Motivated by the above discussion, we propose a new TMI as the Jensen–Bregman Metric28 for
the distance between the MEs of the slave robot and the MEs of the master robot. The ME, M,
belongs to the set of symmetric positive definite matrices which describe the interior of the convex
cone. The Jensen–Bregman Metric is selected as it forms a convex optimization problem that ensures
convergence and also it is computationally efficient.28 The proposed TMI is defined as

ν = C1ψt + C2ψr, (6)
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where C1 and C2 are the scalar scaling factors, and ψi, i = t, r is

ψi = logdet

( sMi + mMi

2

)
− 1

2
logdet(sMi

mMi), (7)

where sMi and mMi, the subscript i = t for the translational and i = r for the orientational, are the
ME of slave robot and master robot, respectively. ν is an index that quantifies the kinematic similarity
between the master and slave robots MEs in task space. When ν is zero the master and slave robots
have similar MEs. Thus, the intersection of manipulability MEs and teleoperation manipulability are
maximized.

In the next section, we will design an optimal control strategy that optimizes ν as the TMI for a
redundant master robot during a teleoperation task.

3. Proposed Optimal Control of Redundant Master Robot
As discussed in Section 1, kinematic redundancy of the manipulators can offer greater flexibility
to the end user to execute complicated surgical tasks. In this section, we propose an approach to
improve the teleoperation manipulability introduced in Section 2 using the robot kinematic redun-
dancy. Previously, researchers have used null-space controllers in teleoperated systems to make use
of the redundant DoFs of the master linkage system with the aim of driving the master linkage
away from singularities, keeping the linkage in a preferred configuration, or providing the largest
possible range of motion available to the user.17 Our proposed approach will achieve all the above
goals via matching the slave and master robots’ MEs by minimizing the constrained teleoperation
manipulability.

In teleoperated systems, the master robot and the slave robot usually have different kinematics.
Therefore, they have different singularity points in their common workspace. As a result, the user can
move the master robot even if the slave robot is in the singular configuration. Here, the kinematics
of the redundant master robot is matched to that of the slave robot so that the singularities will occur
for both robots at the same point in the workspace. This is advantageous as a unified singularity
avoidance/resolution scheme will suffice for both robots. It is worth mentioning that at the singular
configuration of the master or slave robot, the manipulability of the redundant master robot cannot
be matched with that of the slave robot. However, a singular configuration will not happen instanta-
neously (unless we choose the initial configuration of the robots to be where the singularity is). As
the ME of the master robot is matched to that of the slave robot prior to the singular configuration,
both robots will gradually approach the singular configuration together.

In our approach, it is assumed that we are implementing a general redundant master robot to
teleoperatively control slave robots that are designed for a specific task. Thus, the slave robot is
kinematically compatible with the desired task. We also note that the slave robot can be redundant as
well and can have its null-space controller. In this work, we have considered unilateral teleoperation
in which an impedance controller and a position controller are designed for the master robot and the
slave robot, respectively. Here we demonstrate that the teleoperation performance will be improved
in the unilateral case, and we intend to study the bilateral case in our future work.

The proposed redundant master robot is considered as an impedance-type device. Therefore, an
impedance controller needs to be designed for this device. The dynamic model of a master robot in
the joint space can be defined by

Mq(q)q̈ + Cq(q, q̇)q̇ + Gq(q)+ Fq = τm + JT(q)Fh, (8)

where Mq(q) is the n × n inertia matrix, Cq(q, q̇) is the n × n matrix of Coriolis and centrifugal terms,
Gq(q) is the n × 1 vector of gravitational torques, τm is the n × 1 control torque, and Fh is the m × 1
torque/force applied by the user’s hand on the end-effector of the master robot.

The end-effector dynamics of the master robot in the task space can be written as29

Mxẍ + Cxẋ + Gx + Fx = Fm + Fh, (9)

where Mx = (JM−1
q JT)−1 is the m × m end-effector inertia matrix or apparent inertia, Cx =

Mx(JM−1
q Cq − J̇)J# is the m × m matrix of the end-effector’s centrifugal and Coriolis terms,

Gx = J#TGq is the vector of gravitational forces/torques and Fx = J#TFq the vector of friction
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forces/torques reflected at the end-effector, and Fm = J#T
τm is the task space control force/torque

which corresponds to the joint space control torque. J# is the generalized inverse of the Jacobian
matrix defined as

J# = M−1
q JT [JM−1

q JT ]−1. (10)

The task space dynamics of the master robot can be modified to an impedance model with null
stiffness by choosing Fm in (9) as follows:

Fm = −Mx(M
d
x )

−1Bdẋ + Mx(M
d
x )

−1(Fh)− Fh + Cxẋx + Gx + Fx. (11)

Thus, the reference impedance model of the master robot becomes

Md
x ẍ + Bdẋ = xh, (12)

where Md
x and Bd are the desired apparent inertia and damping matrices which are positive definite.

Now, we modify the control law for a redundant master robot by selecting the desired robot’s
inertia equal to its apparent inertia, Md

x = Mx. The reason for this is that: (1) We eliminate the need
for calculating the precise model of the robot, Mx, and the user force, Fh, which is commonly noisy,
time delayed, and inaccurate. (2) The master robots are designed back-drivable with low apparent
inertia. (3) The robot loses its passivity and becomes unstable if one makes the apparent inertia lower
than a certain physical threshold.30 Thus, by selecting Md

x = Mx, the new control law becomes

Fm = −Bdẋ + Cxẋ + Gx + Fx, (13)

with the corresponding joint torque control law

τm = JTFm. (14)

In practice, the real values for the parameters in (13) cannot be modeled exactly. Therefore, the
impedance model of the master robot (12) can be rewritten as

Mxẍ + Bdẋ +F = Fh, (15)

where F is the force vector reflecting the effects of uncertainties in the dynamic parameters. For
instance, the stiction term, which is part of Fx in (9) and hard to model, can be integrated into this
term. The presence of F limits the achievable transparency of the system.

In the case of the redundant master robot, Eq. (9) describes only the end-effector dynamics and
does not include the null-space dynamics of a redundant manipulator corresponding to the inter-
nal motion of the robot. The control actions used for achieving the internal motion (i.e., secondary
objective) are bound to act in the null-space of the Jacobian matrix. Thus, the primary and secondary
objectives are decoupled, and the primary controller precludes the effect of secondary objective con-
trol actions. To separate the null space and the task space controller, we use the following control
law29

τ d = τm︸︷︷︸
Impedance controller

+ (I − JT(J#)T)(τN − kDq̇)︸ ︷︷ ︸
Null space controller

, (16)

where τ d is the n × 1 desired joint torque vector, τm is the n × 1 torque vector calculated from
(14), and τN is the n × 1 null-space torque vector corresponding to the secondary objective. τN is
projected in the null space of the Jacobian through the matrix I − JT(J#)T . It is an arbitrary joint
torque vector acting in the Jacobians null-space, which does not produce any force/motion in task
space and produces only joint space internal motion of the robot. −kDq̇, with kD > 0, is a suitable
damping torque. The control law (16) ensures stability for both the primary and secondary tasks.31

Now, we introduce τN, which accounts for secondary objective as

τN = −α∂ν(q)
∂q

, (17)

where α is a scalar step size and ν(q) is the secondary objective and calculated from (6). With this
choice of τN, the robot tries to decrease the value of ν(q). Thus, the robot optimizes the kinematic
similarity between the master and the slave robots, while executing a primary time-varying task.
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Fig. 2. (a) Top view of the master robot. (b) Top view of the slave robot.

We note that the gradient projection method is used in (16), which is a local optimization tech-
nique and deals with the instantaneous kinematics of motion. Global optimization techniques that
minimize some performance index across a whole trajectory perform better than local optimization
solutions. However, they are impractical for online feedback control, due to the heavy computational
requirements and unexpected human motions.

Beside the manipulability, physical joint limits also have a major impact on the master robot and
slave robot end-effectors’ dexterity. In order to consider the effects of mechanical constraints, we
integrated the joint-limit constrained Jacobian Jp

23 into the MEs of the master robot mM and ME of
the slave robot sM. The constrained Jacobian Jp is formed by penalizing the columns of Jacobian
individually using

Jc
p = PcJc, (18)

where Jc is the cth column of the robot Jacobian. Pc is the joint-wise penalization function given by

Pc = 1 − exp

(−kp(qc − qc,min)(qc,max − qc)

(qc,max − qc,min)2

)
. (19)

At the joint-limits, Pc becomes zero and thus the corresponding column of the Jacobian. In the neutral
position, qc,max+qc,min

2 , Pc becomes close to one. The scaling coefficient kp specifies the functional shape
in between these points. Using this penalty function, the individual columns of J are penalized when
the cth joint value qc approaches the limits qc,min or qc,max. The modified cost function ν, developed
using the modified Jacobian of the master and slave robots, tries to match the MEs of the master
robot to the MEs of the slave robot and keep the master robot configuration away from the physical
joint limits.

The proposed controller maximizes the teleoperation system’s manipulability by minimizing the
TMI ν. By minimizing the manipulability index, we are able to enhance the user’s control over the
force/velocity of the slave robot of the surgical system and optimize the user’s control effort. Also, by
using the index penalized Jacobian, we will prevent the master robot from approaching limits of the
joints in addition to enhancing the teleoperation manipulability. Several simulations and experiments
are performed in the following sections to verify the performance of the proposed controller.

4. Case Study
For a case study, simulations and experiments are performed on a master–slave robotic system com-
prised of a planar four-DoF master robot and two-DoF planar slave robot. The four-DoF master
robot is made of two serially connected robots, a two-DoF PHANToM 1.5A robot (Geomagic Inc.,
Morrisville, NC, USA) connected to a two-DOF planar upper-limb rehabilitation robot 1.0 (Quanser
Inc., Markham, ON, Canada). The base joint of the three-DoF PHANToM robot has been removed
to turn it into a two-DoF planar robot. The slave robot is the upper-limb rehabilitation robot 2.0
(Quanser Inc., Markham, ON, Canada), which has relatively larger links and range of motion than
the rehabilitation robot 1.0. The master and slave robots used in the simulations and experiments are
shown in Fig. 2.
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Fig. 3. Schematic of the four-DoF master robot.
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Fig. 4. Block diagram of the unilateral teleoperation system.

The Jacobians of the master and the slave robots in their base frames are

Jm =
[−d1sq1, d2cq2 − d3sq23 + d4cq24, −d3sq23, d4cq24

d1cq1, d2sq2 + d3cq23 + d4sq24, d3cq23, d4sq24

]
, (20a)

Js =
[−l1sθ1, l2cθ2

l1cθ1, l2sθ2

]
, (20b)

where qi (i = 1, 2, 3, 4) is the master robot joints angle, θ i (i = 1, 2) is the slave robot joints angle,
s and c are shorthand notations for sin(.) and cos(.), qij = qi + qj, and Jm and Js are the Jacobian
matrix of the master robot and slave robot, respectively. A schematic of the master robot and its DoFs
is shown in Fig. 3. The links’ length of the master robot and the slave robot are given in meters as
di = [0.254, 0.1405, 0.21, 0.181] and ln = [0.34, 0.375], respectively. The master robot joints’
limits are defined as

Qmin
i = [−55◦, 0◦, −55◦, −20◦],

Qmax
i = [90◦, 145◦, 115◦, 80◦].

Also, the following constraints are imposed due to the structure of the robot

35◦ ≤ q1 − q2 + 90◦ ≤ 145◦,

35◦ ≤ q3 − q4 + 90◦ ≤ 145◦.

The dynamics of the master robot is obtained based on the works of refs. [32] and [33]. As we
are considering the unilateral teleoperation in this research and a position-based controller is used
for the slave robot, the dynamics of the slave robot is neglected. A block diagram of the unilateral
teleoperation system with a kinematically redundant master robot is shown in Fig. 4.
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Fig. 5. Comparison between the manipulability ellipsoids of the slave, master, and teleoperated system. (a)
Initial configuration of the master robot. (b) Evolution of the master robot configuration and the final configura-
tion with manipulability optimization. The master and slave robots are shown in solid blue and red, respectively.
The evolution of the master robot configuration in time is shown in gray.

It should be noted that the robots are planar and only perform translational tasks in Cartesian
space. Therefore, the ME and the cost function for the null-space controller are simplified to the
translational part. Here, we considered a non-redundant two-DoF robot as the slave robot. However,
the slave robot can also be redundant and has its own secondary objective.

4.1. Simulation studies
In the first simulation study, the end-effector of the master and slave robot is fixed at a certain point in
the XY plane. Then, the null-space controller is used to minimize ν (i.e., maximize the teleoperation
manipulability). The results of simulations are shown in Fig. 5. The configuration of the master and
slave robots, the corresponding velocity MEs, and the intersection of the slave and master robot MEs
(i.e., the teleoperation ME) with and without the null space controller are shown.

In the simulation, the master and slave robots’ end-effector position are initially at (X, Y)=
[0.48, −0.35 m]. The initial configuration of the master robot is selected as

qi = [−0.63, 0.25, 0.28, 0.09]Trad.

The values of desired damping parameter are Bd = diag{0.3, 0.3}Ns/m. Bd is chosen sufficiently
small such that the free space force (Fh → 0) and the stability are achieved. Also, the uncertainty
term in (15) is modeled as

F = J#T
Fun

q = J#T

q̇, (21)

where Fun
q is the uncertainty term in the joint space and 
 is approximated equal to

diag{0.01, 0.01, 0.01, 0.01}.
As shown in Fig. 5, by using the null space controller, the configuration of the master robot

changes to maximize the teleoperation ME, while the end-effector of the master and slave robots
are fixed. The area of the teleoperation ME is increased by 18.1% via the null space controller.

In the next simulation study, it is considered that the slave robot follows the master robot’s end-
effector position, and the master robot follows a given trajectory in the slave’s workspace. Control
input defined in (16) is used to maximize the teleoperation manipulability while following the given
trajectory in the slave robot’s workspace with a constant speed of 2 cm/s. To achieve this, an internal
PD controller is designed to change the external force, Fh, such that the end-effector of the robot
follows the trajectory with the given constant speed.

To show the advantages of the proposed control strategy, the results are compared to unilateral
teleoperation control with (1) a two-DoF master robot which is made by fixing the last two DoFs of
the redundant master robot, that is, θ3 and θ4 in Fig. 3 are fixed at zero degree and will be called Rehab
robot hereafter, and (2) a null space controller that only optimizes the kinematics manipulability of
the master robot. The second controller can be achieved by selecting the null space controller input

as τN = α
∂μ(q)

∂q
, where μ is the classic manipulability index of a single robot defined as18

μ(q)=
√

det(JmJT
m). (22)
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Fig. 6. Redundant master robot’s workspace (blue dots), two-DoF master robot’s workspace (red dots), slave
robot’s workspace (green dots), and reference trajectory (solid black line) are shown.
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Fig. 7. Simulation results for trajectory tracking (a) with redundant master robot with the teleoperation manip-
ulability optimization, (b) with redundant master robot with the master robot’s manipulability optimization,
and (c) with non-redundant two-DoF master robot. The manipulability ellipsoids of the slave, master, and
teleoperated system during trajectory tracking are shown.

A “W-shaped” curve that follows various points in the slave robot’s task space is selected as the
robot’s trajectory (see Fig. 6). The reference trajectory is selected to (1) cover most of the slave
robot’s workspace, (2) be in the two-DoF master robot’s workspace, and (3) be aligned with the
major axis of the slave robot’s ME. As shown in Fig. 6, although the redundant master robot and
the two-DoF master robot have links of the same length, the redundant master robot has a bigger
workspace compared to the two-DoF master robot. This is one of the advantages of the redundant
master robot over the traditional non-redundant master robots.

Figure 7 shows a comparison of simulation results for three scenarios: (1) The redundant master
robot with the proposed teleoperation manipulability optimizer. (2) The redundant master robot with
its manipulability optimizer. (3) The Rehab robot. It can be seen that the ME of the master robot is
maximized in the case of the redundant master robot with its manipulability optimizer (see Fig. 7(b)).
However, the teleoperation ME is smaller than the teleoperation ME as the kinematics of the slave
robot is not considered. The mean area of the teleoperation manipulability is 0.1034 when the master
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Fig. 8. A comparison between the user’s effort for controlling the position of the slave robot with the proposed
teleoperation manipulability optimization for redundant master robot (solid blue line), master robot manipu-
lability optimization for redundant master robot (dashed red line), and two-DoF non-redundant master robot
(dotted green line).

robot’s manipulability is optimized, which is 15.3% less than the mean area of the teleoperation
manipulability when our proposed approach is employed.

Figure 7(a) shows a comparison between the master robot ME, the slave robot ME, and the teleop-
eration ME over the given trajectory for the case of a redundant robot with the proposed teleoperation
manipulability optimizer. It can be seen that the proposed redundancy resolution is effective, and the
ME of the master robot matches the ME of the slave robot, and the teleoperation manipulability is
improved. The ME of the Rehab robot is compared with the ME of the rehabilitation robot 2.0 in
Fig. 7(c). This figure shows the difference in the kinematics of the Rehab robot and the slave robot.

Another way to show the effectiveness of the proposed approach is to compare the user effort in
the three control scenarios. Considering the conservation of energy, the work done by the user is
measured as

W =
∫ T

0
FT

h ẋdt, (23)

where ẋ is the velocity of the master robot end-effector, which is equal to the velocity of the user’s
hand, and Fh is the forces applied by the user.

Now we use (23) to estimate the human user effort over time during the trajectory tracking sce-
nario. The same value for the Bd is chosen for all simulation studies. Results are shown in Fig. 8.
As it can be seen in this figure, the energy used to move the slave robot to follow the W-shaped tra-
jectory for our proposed null-space controller is less than the two other approaches. This difference
grows with time, which will have a significant impact on the performance of the user in a relatively
long teleoperation task. This is important especially in the long surgeries in which the surgeon makes
better decisions when he/she is less tired.34

4.2. Experiments
In this section, experiments are performed to evaluate the performance of the proposed controller.
The setup shown in Fig. 2 is used to perform the experiments. For interfacing the robots with the
computer, MATLAB/Simulink (MathWorks Inc., Natick, MA, USA) with Quarc real-time control
software (Quanser Inc., Markham, ON, Canada) is used. In the experiments, eight users (six men
and two women), all right-handed, were asked to move the master robot so that the slave robot end-
effector would follow the same reference trajectory from the simulation studies. Also, they were
asked to take the path following accuracy as the primary objective and the task’s completion time as
the secondary objective. The reference trajectory and the position of the slave robot end-effector were
shown to the user in real-time. Before starting the experiments, the subjects were asked to perform
a training run to become familiar with the experimental setup. The users had some exposure to the
haptic devices and teleoperation systems.

Three different scenarios were implemented in the experiments: (1) unilateral teleoperation with
the redundant master robot and proposed teleoperation manipulability as the null-space controller, (2)
unilateral teleoperation with the redundant master robot and the manipulability of the master robot as
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Table I. Mean and standard values for the performance metrics in each scenario.

Scenario 1 Scenario 2 Scenario 3

User’s effort (kg.m2/s2)
0.207 0.425 2.048

(std = 0.047) (std = 0.229) (std = 0.830)

Task completion time (s)
48.8 54.3 62.3

(std = 8.9) (std = 10.4) (std = 10.8)

Trajectory error (mm)
105.0 126.5 129.2

(std = 60.2) (std = 43.3) (std = 46.3)

0.4 0.48 0.6
x (m)

–0.35

0

0.35

y 
(m

)

Fig. 9. Reference (solid black line), Scenario 1 (blue dashed line), Scenario 2 (red dashed-dotted line), and
Scenario 3 (green dotted line) paths of user #3 for trajectory following task.

the null-space controller, and (3) unilateral teleoperation with non-redundant two-DoF master robot.
In this paper, in order to isolate the positive impact of the master robot’s redundancy on users during
trials, the experiments are performed with a unilateral teleoperated system. In a bilateral teleoperation
experiment, the absence of full transparency would have made it difficult to isolate the impact of the
redundancy of the master robot because there are so many other factors at play.

In the above scenarios, the same position controller (i.e., a PD controller) is used for the slave
robot. The following is the Cartesian-space control law used for the master robot in the experiments:

Fm = −Bdẋ + Cxẋ, (24)

In each trial, one of the master robots was presented to the user. Thus each user performed three
trials. The trials were presented in a randomized order to the users to minimize the effect of learn-
ing in the study. The same desired damping parameter, Bd, as the simulation studies is used in the
experiments (i.e., Bd = diag{0.3, 0.3}Ns/m). Also, the friction forces, Fx, are not compensated for
the experiments.

To compare the performance of the user in the three scenarios, the trajectory tracking error, the
user’s effort, and the execution time of the trajectory are considered as the performance metrics. The
sample representative results of the end-effector movement for the three experimental scenarios of
the user #3 as well as the reference trajectory are shown in Fig. 9.

The trajectory tracking error is defined as the norm of the distance between the desired trajectory
and the user’s actual trajectory (error = ‖Ld − Lt‖). In order to compare the user’s effort during the
trajectory following task, (23) is used to measure the work done by the user. The forces are measured
via a six-DoF force/torque sensor (50M31A3-I25, JR3 Inc., Woodland, CA, USA) placed on the
master robot’s user interface (see Fig. 2).

The experiment results are summarized in Table I. The mean values for the trajectory error, the
execution time, and the user’s effort are smaller in Scenario 1 than in the other two scenarios. This
demonstrates the enhanced control of the user over the slave robot’s trajectory and improved accuracy
of the proposed null space controller compared to previously used methods.

The test results for the three performance metrics are shown as bar graphs in Fig 10. Figure 10(a)
shows the results of all trials for the users’ effort in the three scenarios. A one-way ANOVA test was
used to investigate further, which confirms a significant difference between the scenarios (F(2, 21)=
32.63 , p = 3.61E − 7). Also, the paired-sample t-test indicates that the users’ effort in each scenario
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Table II. Hypotheses and adjusted p-values of t-test for the execution time.

Hypothesis p-value Significant

Scenario 1 < Scenario 2 0.0245 True
Scenario 1 < Scenario 3 0.00039 True
Scenario 2 < Scenario 3 0.0012 True
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Fig. 10. Bar plot results for (a) users’ effort, (b) execution time, and (c) trajectory tracking error.

was statistically different from every other scenario (p ≤ 0.05). The p-values are adjusted with the
False Discovery Rate method.

Figure 10b shows the experimental results for the execution time for the three different scenarios.
As stated in Table I, the users completed the task with the lowest time in Scenario 1. The statistical
significance of the results is confirmed by using the one-way ANOVA test (F(2, 21)= 3.57, p =
0.046). In order to further investigate this, a paired-sample t-test was used between different pairs of
scenarios. The results of the t-test are shown in Table II.

Figure 10c shows the trajectory following error for all users in three scenarios. This graph does
not show any clear trend for the trajectory following error. Also, a one-way ANOVA test for the
three scenarios (F(2, 21)= 0.55 , p = 0.583) shows that there is no statistically significant difference
between the trajectory following errors. This is as the result of the fact that the users have been told
to perform the path taking into account the accuracy as a primary objective. Thus, the error is similar
for the three scenarios, but the task completion time and users’ effort are significantly smaller for
Scenario 1.

It should be noted that changing the damping parameter Bd in software has a considerable impact
on the user’s effort in a given task.35 For this reason, in our experiments, the same damping was
used for the three different master robots (Scenario 1, Scenario 2, and Scenario 3). The difference
between the users’ efforts in each scenario was because of the difference in the robots’ kinematics
(redundancy vs. non-redundancy) and configuration (due to different cost functions for the redundant
case), which affected the friction reflected to the users’ hand. The overall finding was that when the
kinematics of the redundant master robot matches to that of the slave robot, the user had to apply the
least effort to perform the task.

As stated before, it is considered that the slave robot is properly designed for the given task (e.g.,
a particular trajectory-following task). This assumption means that the major axis of the ME of the
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slave robot is aligned with the desired trajectory direction. The optimal direction for affecting velocity
as well as the optimal direction to control the force are along the major axis of the ME. This means
that for a robot, along the major axis of the ME, the user can move the end-effector with minimum
movements of the robot’s joints (i.e., feeling the least amount of joint frictions). By matching the ME
of the master robot to that of the slave robot, the major axis of the ME of the master robot will be
aligned to the desired task as well. This consequently minimizes the reflected joints friction at the
end-effector of the master robot, which was not compensated for in the experiments.

The proposed approach can be used in practice to minimize the effects of friction, which is of
practical importance as the robot joint friction is hard to model and identify. For instance, once a
desired task-dependent damping for the master robot is determined and programmed in software, we
can ensure that the effects of robot joint friction are minimal such that the total damping that the user
experiences is close to the desired robot damping.

5. Concluding Remarks and Future Work
In this paper, we proposed a quantifiable measure of manipulability of master–slave robotic systems.
The application of the proposed measure in designing an optimal controller, which can enhance
the manipulability of the system, was demonstrated. We evaluated the enhanced performance of
the proposed approach via a comparison with two other existing control strategies. It was shown
that by implementing our controller in a robotic master–slave system that benefits from a redundant
master robot, we are able to improve the overall manipulability of the system, which can improve the
user’s control over slave robot’s end-effector force/velocities and reduce the user’s control effort. In
future, the proposed manipulability optimization method will be used on more complex teleoperation
system with more DoFs. Here, we used unilateral teleoperated systems to investigate the proposed
method with near-ideal transparency and without any communication delay. In the future, a bilateral
teleoperated master–slave system will be considered. We will also use the manipulability criterion in
motion planning of surgical tasks for complex surgical procedures.
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