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Abstract. The generic unfolding of codimensionn flips (one eigenvalue−1 and the others
with norm different from 1) embedded in a Morse–Smale diffeomorphism is analyzed.
Local and global bifurcations are described.

1. Introduction
One of the principal objectives in the theory of dynamical systems (diffeomorphisms,
endomorphisms, vector fields) is to give a dynamical classification of all systems. Two
dynamical systems belong to the same class if they have the same dynamical behaviour.
A dynamical system is called stable if it belongs to the interior of its class. Morse–Smale
systems are the simplest among the stable ones [PSm] and they play an important role
in the development of modern dynamics. Generically, one can bifurcate from a Morse–
Smale diffeomorphism, through ann-parameter family, either losing hyperbolicity of one
of the periodic orbits or creating non-transversal intersections between stable and unstable
manifolds of saddles. Bifurcations of one-parameter families starting at Morse–Smale
are investigated in [NPT, NP].

In this paper we investigate the unfolding of a diffeomorphismF0 on a compact
manifoldM, which is Morse–Smale, except for one periodic orbit being acodimensionn
flip (one eigenvalue equal to−1 and the others off the unit circle). This diffeomorphism
is considered as the starting diffeomorphism in a genericn-parameterC∞ family of C∞

diffeomorphismsFµ, µ ∈ U whereU is an open neighborhood of(0, 0) in R
n. The set

of diffeomorphisms of this type constitute a codimensionn subset of Dif(M) inside the
boundary of the Morse–Smale ones. They appear in a natural way when one considers
n-parameter families of diffeomorphisms starting at a Morse–Smale and crossing the
boundary. This approach is a natural continuation of the study of the codimension one
flip starting at Morse–Smale done in [NPT].

The notions of stability and weak (mild) stability for families are the standard ones
(see [NPT] or §2). We recall the notions of cycle and criticality. Acycle is a sequence
p0, . . . , pk of periodic orbits withpi 6= pj for 0 ≤ i < j < k, p0 = pk, pi+1 ⊂ Wu(pi)

for 0 ≤ i < k. Let p be the codimensionn flip orbit. SupposeF0 restricted to the
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central manifold has a sink atp. Then there exists a uniqueF0-invariant differentiable
foliation F ss of Ws(p, F0) containingWss(p, F0) as a leaf. We say thatp is s-critical
if there exists a hyperbolic periodic orbitq such thatWu(q, F0) intersects some leaf of
F ss non-transversally. Analogously, ifF0 restricted to the central manifold has a source
at p, we defineu-criticality. We say thatp is critical if it is either s- or u-critical. We
say thatp is non-critical if it is not critical. The following theorem gives conditions for
global stability.

THEOREM A.
(a) F is stable ifn ≤ 3 andp is non-critical.
(b) F is weakly stable (and is not stable) if1 < n ≤ 3 andp is critical.
(c) F is weakly stable (and is not locally stable) ifn > 3.
(d) [NPT] F is stable ifn = 1.

Let V be a one-dimensionalCk manifold, k > 1, and letf be aCk diffeomorphism
defined inV . We say that a vector fieldX is adapted tof if f = X1 (the time 1 map of
X). In cases of stability, with the exception of case (d), the conjugacy betweenFµ and a
nearby familyGµ must preserve the uniqueC1 vector field adapted toF0 restricted to the
central manifold. This rigidity property is analogous to the codimension one saddle-node
case [NPT].

This work points in the direction of trying to get a global picture of all the codimension
two bifurcations for diffeomorphisms. In this area other research has been developed,
such as the deep local analysis of the codimension two Hopf bifurcation done in [C],
the semi-local stability analysis of a saddle-node with quadratic tangency done in [BP],
the global analysis of codimension two reflection done in [G1] and the analysis of the
codimensionn saddle-node done in [G2].

Definitions used throughout this paper are given in§2. In §3 we describe the local
unfolding of the codimensionn flip and we analyze its local stability. In§4 we describe
the global unfolding and study its global stability.

These results were announced in [G3].

2. Definitions
Throughout this paper,M = compactC∞ manifold. Dif(M) = {C∞ diffeomorphisms
of M with the C∞ topology}.

Let F0 ∈ Dif(M) andp be a fixed point. SupposeDF0(p) has all eigenvalues with
norm different from 1 except one. We say thatp is acodimensionn flip if this eigenvalue
is −1 and there exists aF0-invariant curveC throughp such thatF 2

0 /C has contact of
order 2n but not of order(2n + 1) with the identity atp. For periodic orbits there are
analogous definitions.

U = open neighborhood of 0∈ R
n (parameter space).FU(M) = {C∞ maps

F : U × M 7→ U × M such thatF(µ, p) = (µ, Fµ(p)) andFµ ∈ Dif(M)}. We endow
FU(M) with the C∞ weak topology (compact-open topology). Elements ofFU(M) are
denominatedn-parameter families of diffeomorphisms and are denoted by{Fµ} or F .

A = {F ∈ FU(M) such thatF0 has finite hyperbolic limit set except for one periodic
orbit p being a codimensionn flip. Transversality between stable, unstable manifolds
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of the periodic orbits and strong stable, strong unstable manifolds ofp and generic
unfolding (see§3) of the non-hyperbolic orbit are required}.

Let F andG be elements ofFU(M). They aretopologically conjugate(or, simply,
conjugate) if there are open neighborhoodsUF and UG of 0, contained inU , and a
homeomorphismH : UF × M 7→ UG × M such that:
(a) H(µ, p) = (φ(µ), Hµ(p)), whereφ : UF 7→ UG and Hµ : M 7→ M are homeo-

morphisms;
(b) H ◦ F = G ◦ H .
We say thatF and G are weakly conjugateif in the previous definitionHµ does not
depend continuously onµ. We say thatF at (µ0, p) is locally conjugateto G at (µ̃0, p̃)

if there are neighborhoods,V of (µ0, p) and Ṽ of (µ̃0, p̃) contained inU × M, and
a conjugacyH : V 7→ Ṽ betweenF/V and G/Ṽ . Analogously we definelocal weak
conjugacies.

Conjugacy, weak conjugacy, local conjugacy and local weak conjugacy are
equivalence relations.F is stable if it belongs to the interior of its equivalence class by
conjugacy. Similarly, we defineweak stability. F is locally stableat (µ0, p) if for any
neighborhoodV of (µ0, p), in U × M there exists a neighborhoodW of F in FU(M)

such that for everyG in W there exist neighborhoods of(µ0, p), VF ⊂ V , VG ⊂ V ,
and a homeomorphismH : VF 7→ VG of the typeH(µ, q) = (φ(µ), Hµ(q)), such that
H ◦ (F/VF ) = (G/VG) ◦ H . If Hµ does not depend continuously onµ we say thatF
is locally weakly stable.

o(‖(x, y)‖k) is a term that if divided by‖(x, y)‖k remains bounded above when
(x, y) → (0, 0). Analogous definitions hold foro(‖µ‖k).

IdRn stands for the identity inRn.

3. Local unfolding
3.1. Introduction. In the next two sections we shall consider germs ofn-parameter
families of diffeomorphisms ofR (with coordinate x), {Fµ} such that F0 has a
codimensionn flip at 0. These germs are generated when one restricts families of
A to the central manifold, as in [NPT].

In the next section the codimension two flip is analyzed. The stability results carry
over to the codimension three case. They constitute part of the codimensionn case
investigation done in the subsequent section.

3.2. The codimension two flip.Let U ⊂ R
2 be an open neighborhood of 0. Here we

consider{Fµ} with n = 2 andµ ∈ U . For anyk < ∞ we may assume thatF is Ck [S].
We assume that 0 is a source ofF0. The other case occurs forF−1

0 and is completely
analogous. After a conjugacy by a local change of coordinates,Fµ takes the form

Fµ(x) = −x + a1(µ)x + a2(µ)x3 + x5 + oµ(‖x‖7),

where{ai : U → R, ai(0) = 0} are differentiable functions. We say thatF = {Fµ} is a
generic unfoldingof the codimension two flip if DET(∂ai(0)/∂µj ) 6= 0. Assuming this
condition, after a conjugacy by a local change of coordinatesF 2

µ takes the form

F 2
µ(x) = x + µ1x + µ2x

3 − x5 + oµ(‖x‖7). (1)
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The local dynamics ofFµ is determined by the set�µ of periodic orbits ofFµ. This set
is constituted by a unique fixed point, the origin, and a set of periodic orbits with period
two. �µ coincides with the zeros of the functionG(µ, x) = F 2

µ(x) − x. Let

P(µ, x) = µ1x + µ2x
3 − x5.

Near the origin the setG(µ, x) = 0 consists of the planex = 0 and a surface6 having
the same shape asP(µ, x)/x = 0. Let πµ : R

3 → R
2 be the projection(µ, x) → µ.

The set3G = {µ such thatGµ has zeros with multiplicity greater than one} is equal to
the projection byπµ of the non-regular points of6 (critical points ofπµ : 6 → R

2).

FIGURE 1.

PROPOSITION3.1. 3G and R
2 − 3G constitute (locally) a Whitney stratification of the

parameter space. There exists aC1 local diffeomorphismϕ mapping this stratification
onto the corresponding one forP .

Proof. Using the implicit function theorem and direct calculations one can prove that3G

is the union of 


c1(µ2) = (0, µ2), µ2 6= 0

c2(µ2) =
(

−µ2
2

4
+ o(|µ2|3), µ2

)
, µ2 > 0

0.
Similarly, 3P is the union of


c̃1(µ2) = (0, µ2), µ2 6= 0

c̃2(µ2) =
(

−µ2
2

4
, µ2

)
, µ2 > 0

0.

Let ξ : R → [0, 1] be aC∞ function such thatξ/R−(−1, 1) ≡ 0 andξ/(−1/2, 1/2) ≡ 1.
Let U ⊂ R

2 be a small neighborhood of 0 andX : U → R
2 be defined by

X(µ1, µ2) = 0, if µ2 ≤ 0

X(µ1, µ2) = ξ

(
µ1 + µ2

2/4

µ2
2/8

)
· (c̃2(µ2) − c2(µ2)), if µ2 > 0.
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We defineϕ = X1 (X1 stands for the time 1 map of the vector fieldX). It can be
checked thatϕ satisfies the proposition. �

When we considerF0 a diffeomorphism of the real line that has a codimension two
flip at 0, the origin is either a sink or a source ofF0. We shall always assume it to
be a sink. The other case is completely analogous. LetU ⊂ R

2 be a small open set
containing the origin.

THEOREM 3.2. Let {Fµ} and {F̃µ}, µ ∈ U , be two germs such thatF0 and F̃0 have a
codimension two flip at the origin. Suppose also that both germs unfold generically the
codimension two flip. Then they are locally conjugate atµ = 0 andx = 0.

COROLLARY 3.3. Let{Fµ} ∈ FU(M) be a germ such that0 ∈ U andF0 has a codimension
two flip at p ∈ M. Suppose{Fµ} unfolds genericallyp. Then{Fµ} is locally stable at
(0, p).

Proof of Theorem 3.2.Assume the flip is a fixed point. The case of periodic orbit with
period k is analogous if we consider{Fk

µ}. After a conjugacy by a local change of

coordinates,F 2
µ andF̃ 2

µ can be written in the form (1). By Proposition 3.1 there exists a
germ of aC1 diffeomorphismξ : (R2, 0) → (R2, 0) such thatDξ(0) = IdR2 andξ maps
the stratification ofF onto the stratification ofF̃ in the parameter space. Moreover,ξ

preserves the second coordinate.
We may supposeU ⊂ R

2 is a small open disk with center at 0. LetI = [−ε, ε] ⊂ R

be a small interval. LetW ⊂ U × I andW̃ ⊂ U × I be defined by

W :




x ≤ ε

F 2
µ(x) − x ≤ 0

x ≥ −cµ1

x ≥ 0

W̃ :




x ≤ ε

F̃ 2
µ(x) − x ≤ 0

x ≥ −cµ1

x ≥ 0.

In W and in W̃ we consider familiesXµ and X̃µ of C1 vector fields adapted toF 2
µ

and F̃ 2
µ, respectively. They areCk−1 outside the periodic orbits ofFµ, F̃µ, respectively.

Moreover, they depend continuously onµ in the C1 topology. The existence of vector
fields with these properties can be proved as in [Y].

Let c2 : {µ2 ≥ 0} → U and c̃2 : {µ2 ≥ 0} → U be the saddle-node curves ofF , F̃ ,
respectively. Define the surfacesS ⊂ U × I and S̃ ⊂ U × I by

S :

{
µ = c2(µ2), if µ2 > 0
µ1 = 0, if µ2 ≤ 0

S̃ :

{
µ = c̃2(µ2), if µ2 > 0
µ1 = 0, if µ2 ≤ 0.

For i = 0, 2 let Wi ⊂ W − S be the region whereF 2
µ has i periodic orbits. Then

W − S = W0 ∪ W2. AnalogouslyW̃ − S̃ = W̃0 ∪ W̃2. The vector fieldsXµ and X̃µ are
unique in the closure ofW2 andW̃2, respectively [Ko, Sz].

Suppose there exists a local conjugacyH : U × I → U × I betweenF and F̃

such thatH(µ, x) = (φ(µ), hµ(x)). As conjugacies preserve dynamics, the parameter
curve c2, associated to the existence of saddle-nodes, must be mapped byφ onto the
curve c̃2. Varying parameterµ1 from any pointµ ∈ c2 a codimension one saddle-node
bifurcation occurs and as in [NPT] hµ is a Ck map and(hµ)∗Xµ = X̃φ(µ), outside the
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saddle-node. The continuity ofhµ, Xµ and X̃µ with respect toµ implies thath0 is Ck

and (h0)∗X0 = X̃0, outside the origin. Hence this rigidity is a necessary condition and
shall be considered in the construction of the conjugacy.

We proceed to constructH . We begin constructingφ : U → U . Let π1 : U → R be
the canonical projection on the first coordinate. Letc−

2 (µ2) = c2(µ2) − (µ2
2/40, 0) and

c−−
2 (µ2) = c2(µ2) − (µ2

2/20, 0). Define a homeomorphismσ : U → U such that

σ(µ) = µ if µ2 ≤ 0 or µ1 ≥ π1 ◦ c̃2(µ2) or µ1 ≤ π1 ◦ ξ ◦ c−−
2 (µ2).

If µ = (µ1, µ2) satisfies(µ2 > 0) and (π1 ◦ c−
2 (µ2) < µ1 < π1 ◦ c2(µ2)), we consider

two cases.
(a) ∃nµ ∈ Z

+ (positive integers) such thatF
2nµ

µ (ε) = −cµ1. Let µ̃ = (µ̃1, µ2) be

defined byF̃
2nµ

µ̃
(ε) = −cµ̃1. The uniqueness of this definition comes from (1). Define

σ at ξ(µ) by σ(ξ(µ)) = (µ̃1, µ2).
(b) µ not in case (a). Considernµ = max{n ∈ Z

+ | F 2n
µ (ε) > −cµ1}.

Let µ̄ = (µ̄1, µ2) be defined by the equalityF
2(nµ+1)

µ̄ (ε) = −cµ̄1. Let Rµ =
(F

2nµ

µ (ε) + cµ1)/(F
2nµ

µ̄ (ε) + cµ̄1). From (1), µ̄1 > µ1 and for a fixedµ2 > 0 the
function µ1 → R(µ1,µ2) is defined at a countable collection of open intervals, is strictly
increasing in each interval and the image of each interval is the open interval(0, 1). Let
µ̂1 = π1 ◦ c2(µ2). There exists a unique 0< tµ < 1 such that

(Xc2(µ2))−tµ (−cµ̂1) + cµ̂1

F−2
c2(µ2)

(−cµ̂1) + cµ̂1
= Rµ.

Let ˆ̂µ1 = π1 ◦ c̃2(µ2). Define

R̃µ =

(
X̃c̃2(µ2)

)
−tµ

(
−c ˆ̂µ1

)
+ c ˆ̂µ1

F̃−2
c̃2(µ2)

(
−c ˆ̂µ1

)
+ c ˆ̂µ1

.

For a fixedµ2 define ¯̄µ = ( ¯̄µ1, µ2) and ¯̄̄µ = ( ¯̄̄µ1, µ2) such thatF̃
2nµ+1
¯̄µ (ε) = −c ¯̄µ1 and

F̃
2nµ

¯̄̄µ (ε) = −c ¯̄̄µ1. Let µ̃ = (µ̃1, µ2) be the uniqueµ satisfying

¯̄̄µ1 < µ̃1 < ¯̄µ1 and
F̃

2nµ

µ̃
(ε) + cµ̃1

F̃
2nµ

¯̄µ (ε) + c ¯̄µ1

= R̃µ.

Defineσ at ξ(µ) by σ(ξ(µ)) = µ̃. For a fixedµ2 > 0 let σµ2 = σ | {(µ1, µ2), µ1 ∈ R}.
Then σµ2 is already defined as a homeomorphism of the line minus an interval [a, b].
One can check thatσµ2(a) < σµ2(b) (if not take c−

2 closer toc2). We extend each
σµ2 to a homeomorphism of the line varying continuously with the parameterµ2. The
construction ofσ is finished. Defineφ := σ ◦ ξ .

Consider3F as in Proposition 3.1.U − 3F = R1 ∪ R2 ∪ R3, whereRi = {µ ∈ U

such thatFµ hasi hyperbolic periodic orbits}. Analogously,ξ(U)−3F̃ = R̃1∪R̃2∪R̃3

andξ(Ri ) = R̃i . Let ϕ : R3 ∪ R2 → R be aC0 map satisfying:
(a) Let c2 ⊂ U be the saddle-node curve. Forµ ∈ c2 let sµ be the positive point of the

saddle-node orbit ofFµ. Defineϕ(µ) := sµ. Analogously, definẽsµ, µ ∈ φ(c2).
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FIGURE 2.

(b) Let c−
1 = {µ ∈ U | µ1 = 0 ∧ µ2 ≤ 0}. Defineϕ | c−

1 = 0.
(c) Forµ ∈ (R2 ∪ R3 − (c2 ∪c−

1 )), let qµ be the positive point of the attractive periodic
orbit of Fµ with period two. Forµ ∈ R3 let rµ be the positive point of the
repulsive periodic orbit ofFµ with period two. Analogously, we definẽrµ and q̃µ,
consideringF̃µ. If µ ∈ R3 we requirerµ < ϕ(µ) < qµ. If µ ∈ R2 − c−

1 we require
0 < ϕ(µ) < qµ.

The construction of aϕ satisfying these conditions is straightforward and is left to the

reader. Analogously, one can constructϕ̃ : R̃3 ∪ R̃2 → R associated toF̃ , changingF
to F̃ andRi to R̃i in conditions (a)–(c).

For µ ∈ R3 ∪ c2 definep1
µ := (−cµ1, µ2). For µ ∈ R2 ∪ R3 definep2

µ := ϕ(µ).

For µ ∈ R̃2 ∪ R̃3 define p̃2
µ := ϕ̃(µ). Let Xt

µ be the time t map of X. Let
c+

1 = {µ ∈ U | µ1 = 0 ∧ µ2 > 0}. We shall definehµ for x ≥ 0. We divide
into five cases:

(a) µ ∈ R1 : hµ(ε) = ε, hµ(Xt
µ(ε)) = X̃t

φ(µ)(ε), hµ(0) = 0

(b) µ ∈ c2 : hµ(ε) = ε, hµ(Xt
µ(ε)) = X̃t

φ(µ)(ε), hµ(p1
µ) = p1

φ(µ),

hµ(Xt
µ(p1

µ)) = X̃t
φ(µ)(p

1
φ(µ)), hµ(sµ) = s̃µ, hµ(0) = 0

(c) µ ∈ c−
1 : hµ(ε) = ε, hµ(Xt

0(ε)) = X̃t
0(ε), hµ(0) = 0

(d) µ ∈ R3 : hµ(ε) = ε, hµ(Xt
µ(ε)) = X̃t

φ(µ)(ε), hµ(p2
µ) = p̃2

φ(µ),

hµ(F 2
µ(p2

µ)) = F̃ 2
φ(µ)(p̃

2
φ(µ)),

hµ | [p2
µ, F 2

µ(p2
µ)] is a linear map onto [̃p2

φ(µ), F̃
2
φ(µ)(p̃

2
φ(µ))],

extend it by the conjugacy equation to the interval(rµ, qµ),

hµ(qµ) = q̃µ, hµ(rµ) = r̃µ, hµ(0) = 0,

hµ(p1
µ) = p1

φ(µ), hµ(Xt
µ(p1

µ)) = X̃t
φ(µ)(p

1
φ(µ))

(e) µ ∈ c+
1 ∪ R2 : hµ(ε) = ε, hµ(Xt

µ(ε)) = X̃t
φ(µ)(ε), hµ(p2

µ) = p̃2
φ(µ),

hµ | [p2
µ, F 2

µ(p2
µ)] is a linear map onto [̃p2

φ(µ), F̃
2
φ(µ)(p̃

2
φ(µ))],

extend it by the conjugacy equation to the interval(0, qµ),

hµ(qµ) = q̃µ, hµ(0) = 0.
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For all µ ∈ U we extend the definition ofhµ to [ε, −ε] using the conjugacy equation.
DefineH(µ, x) := (φ(µ), hµ(x)). The careful construction ofφ implies the continuity
of H at the saddle-node curve. �
Proof of Corollary 3.3.Assume, without loss of generality, thatp is a fixed point. By the
implicit function theorem, there exist neighborhoodsV1 of F0 in Dif(M) andV2 of p in M

such that the setϒ = {g ∈ V1 | g has a codimension two flip inV2} is a codimension
two submanifold of Dif(M). The generic unfolding of the codimension two flip is
equivalent to the map3F : U → Dif(M), 3F (µ) = Fµ being transversal toϒ . Take
{F̃µ} near{Fµ}. From openness of transversality and continuity ofF → 3F , there exist
µ0 near 0 andp̃ ∈ V2 such thatF̃µ0 unfolds generically the codimension two flip̃p. Let
Wc andW̃ c be the central manifolds ofF andF̃ at (0, p), (µ0, p̃) respectively. From the
facts above and Theorem 3.2 it follows that there exists a neighborhood 0∈ U2 ⊂ U such
that {Fµ}µ∈U2 and {F̃µ}µ∈µ0+U2 restricted to its central manifolds are locally conjugate
at µ = 0 andp. From [PT] this conjugacy can be extended to a local conjugacy at a
neighborhood of(0, p) ∈ U × M. �

3.3. The codimensionn flip. Let U 3 0 be an open set ofRn andF ∈ FU(M) such
that F0 has a codimensionn flip at p. After restriction of this family to the central
manifold at (0, p) we obtain aCk n-parameter family of diffeomorphisms of the real
line. The (2n + 1)-jet of F 2

0 at p takes the formx + cx2n+1 for some constantc 6= 0.
We supposec < 0. The other case is analogous.F 2

µ, after conjugacy by a local change
of coordinates, takes the form

F 2
µ(x) = x + a1(µ)x + a2(µ)x3 + · · · + an(µ)x2n−1 − x2n+1 + oµ(‖x‖2n+2), (2)

whereai(0) = 0. We say thatF = {Fµ} is a generic unfoldingof the codimensionn flip
p if DET(∂ai(0)/∂µj ) 6= 0.

Let V1 be a neighborhood ofF0 in Dif(M) and V2 a neighborhood ofp in M. Let
φF : U → V1 be theC∞ mapφF (µ) = Fµ.

PROPOSITION3.4. There exists neighborhoodsV1 of f andV2 of p in M such that the set
of mapsf ∈ V1 that have a codimensionn flip in V2 is a codimensionn submanifold0n

of V1.

PROPOSITION3.5. The condition ofφF being transversal to0n is equivalent toF being a
generic unfolding of the codimensionn flip.

These two propositions follow from (2), the implicit function theorem and
transversality theory.

COROLLARY 3.6. LetF ∈ FU(M) be such thatF0 has a codimensionn flip at p. Suppose
F is a generic unfolding ofp. Given neighborhoodsV1 of F0 in Dif(M), V2 of p in M, V3

of 0 in U , there exists a neighborhoodV4 of F in FU(M) such that for everyG ∈ V4 there
exists a uniquēµ ∈ V3 and a uniquep̄ ∈ V2 satisfyingGµ̄ ∈ V1, p̄ is a codimensionn
flip andG is a generic unfolding of̄p.

Proof. Openness of transversality and continuity of the mapF → φF . �
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ConsiderF as in Corollary 3.6.

THEOREM 3.7. F is locally weakly stable at(0, p).

This is one of the main results of this section. In order to prove it we pursue
the following steps. First we turn the periodic orbits ofFµ symmetric and construct
displacement functions, adapting the techniques developed in [T]. Then we characterize
the displacement functions ofF and a nearbyG as universal deformations of isomorphic
germs. We apply the equivalence of universal deformations from singularities of
differentiable functions theory to obtain the equivalence of the displacement functions.
Then we prove local weak stability ofF restricted to the central manifold. This implies
local weak stability ofF by [PT]. These steps will be divided into several lemmas.

After applying a convenient conjugacy toF (restricted to the central manifold) we
may supposeFµ has the localCk form

Fµ(x) = −x+b1(µ)x+b2(µ)x3+· · ·+bn(µ)x2n−1+bn+1(µ)x2n+1+oµ(‖x‖2n+2), (3)

wherebi(0) = 0, if i < n + 1, bn+1(0) = ± 1
4 and DET(∂bi(0)/∂µj ) 6= 0.

We consider the casebn+1(0) = 1
4. The minus case is analogous.

LEMMA 3.8. ([T]) There existsh : U × R → U × R a Ck local diffeomorphism at(0, 0)

such thath(µ, x) = (µ, hµ(x)), hµ(0) = 0 andhµ◦Fµ◦h−1
µ has symmetric local periodic

orbits (Fµ(p) = −p, for p a local periodic orbit).

Proof. Considerhµ(x) = (x − Fµ(x))/2. �

Let us fix some basic notation from singularities of differentiable functions theory.
One can consult [M ] for further information. Define the following:

Ek
n: the space of germs ofCk real functions defined in an open neighborhood of 0∈ R

n.
Mi

k ⊂ Ek
n: the ideal ofCk germs that are(i − 1) flat at 0.

ConsiderFµ with symmetric local periodic orbits, i.e. after applying Lemma 3.8.

LEMMA 3.9. Fµ has the local form

Fµ(x) = −x + c1(µ)x + · · · + cn(µ)x2n−1 + cn+1(µ)x2n+1 + oµ(‖x‖2n+2),

whereci(µ) = bi(µ) + hi(µ), hi(µ) ∈ M2
k−2n if i ≤ n andhn+1(µ) ∈ M1

k−2n. Moreover,
c1(µ), . . . , cn(µ) generateM1

k−2n and DET(∂ci(0)/∂µj ) 6= 0.

Proof. The local form follows from direct calculations. The condition
DET(∂bi(0)/∂µj ) 6= 0 implies b1(µ), . . . , bn(µ) generateM1

k−2n. This and the fact
that hi(µ) ∈ M2

k−2n give the generation ofM1
k−2n by c1(µ), . . . , cn(µ). Consequently,

the determinant must be different from zero. �

Let U be an open neighborhood of 0∈ R
n. Let F : U × R → R be aCk family

of local diffeomorphismsFµ at 0 ∈ R (F(µ, x) = Fµ(x) andFµ(0) = 0). We assume
eachFµ has symmetric local periodic orbits. We say aCk function D : U × R → R is
a displacement functionfor F if locally:
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(a) D(µ, x) = −D(µ, −x) for (µ, x) in a neighborhood of(0, 0).
(b) D(µ, 0) = 0 for everyµ ∈ U .
(c) D(µ, x) = 0 if and only if x is a periodic orbit ofFµ.
(d) If (x > 0 and D(µ, x) > 0) or (x < 0 and D(µ, x) < 0), then theω-limit, in

absolute value, is greater thanx and theα-limit, in absolute value, is smaller than
x. If (x > 0 andD(µ, x) < 0) or (x < 0 andD(µ, x) > 0) we change greater for
smaller.

(e) If x0 is a periodic orbit ofFµ the order of the first non-null derivative ofDµ(x)

at x0 is the multiplicity of x0 as a zero ofFm
µ (x) − x, wherem is the period of

x0. Moreover, the signal of this derivative must coincide with the signal of the first
non-null derivative ofFm

µ (x) − x at x0.
For anyF : U ×R → R satisfying the conditions of the previous definition, we define

D(µ, x) = F 2
µ(x) − F 2

µ(−x) − 2x. It is easy to check thatD is a displacement function
for F .

ConsiderF as in Lemma 3.9 and its corresponding displacement functionD.

LEMMA 3.10. D has the local form

D(µ, x) = d1(µ)x + d2(µ)x3 + · · · + dn+1(µ)x2n+1 + oµ(‖x‖2n+3),

wheredi(µ) = −4bi(µ) + h̃i(µ), h̃i(µ) ∈ M2
k−2n if i ≤ n and h̃n+1(µ) ∈ M1

k−2n−2.

Proof. Direct calculations. �

ThusD(µ, x) = xE(µ, x) where:
(a) E(µ, x) = d1(µ) + d2(µ)x2 + · · · + dn+1(µ)x2n + oµ(‖x‖2n+2);
(b) E(µ, x) = E(µ, −x);
(c) E(µ, x) is Ck−1.

[x] denotes the greatest integer smaller than or equal tox.

LEMMA 3.11. There exists aCl local diffeomorphismG at (0, 0), l = [k/2]− 1, such that
E(µ, x) = G(µ, x2).

Proof. This is a direct application of theCk division theorem [L ]. �

The local form ofE leads to the local form ofG:

G(µ, x) = d1(µ) + d2(µ)x + · · · + dn+1(µ)xn + oµ(‖x‖n+1),

wheredi(0) = 0, i ≤ n, dn+1(0) = −1 and

DET

(
∂di

∂µj

(0)

)
6= 0, 1 ≤ i ≤ n, 1 ≤ j ≤ n.

Let f (x) = G(0, x). There exists aCl−n local diffeomorphism3 : R → R, 3(0) = 0,
such thatf ◦ 3(x) = −xn (see [M ]). Consider theCl−n mapH : U × R → R defined
by H(µ, x) = G(µ, 3(x)). Direct calculations lead to the local form

H(µ, x) = e1(µ) + e2(µ)x + · · · + en+1(µ)xn + oµ(‖x‖n+1), (4)

whereei(0) = 0, i ≤ n, en+1(0) = −1 ando0(‖x‖n+1) = 0, ∀x.
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LEMMA 3.12.

DET

(
∂ei

∂µj

(0)

)
6= 0, 1 ≤ i ≤ n, 1 ≤ j ≤ n.

Proof. Direct calculations. �

Let J (f ) be the Jacobian ideal off . Let f ∈ Ek
n and let cod(f ) be the codimension

of J (f ) in Ek−1
n . In the subsequent steps we recall some fundamental concepts of

singularities of differentiable functions theory. One can consult [M ] and [V] as reference.
We shall use the concept of equivalence to mean right equivalence.

Let f ∈ Ek
i . An n-deformation off is a germF ∈ Ek

n+i such thatF(0, x) = f (x).
Let F and G be two deformations off . We sayF and G are s-equivalent if there
exist aCs local diffeomorphism8 : (Rn × R

i , (0, 0)) → (Rn × R
i , (0, 0)) such that

8(µ, x) = (φ(µ), 8µ(x)), where each8µ : R
i → R

i is a local diffeomorphism,
80 = IdRi and φ : (Rn, 0) → (Rn, 0) is a local diffeomorphism andF = G ◦ 8.
Let F be ann-deformation off . We sayF is a Cs universal deformationif any other
deformationG of f is s-isomorphic to the pull-back ofF by aCs map from the parameter
space ofG to R

n. Let

sk = min

{
k − cod(f ) − 3, k − 4,

[
k − 3

cod(f ) + 2

]
− 1

}
.

We call {
Ḟi = ∂F

∂µi

∣∣∣∣
µ=0

}

the initial velocities ofF . We state a particular version of a fundamental theorem of
singularity theory forCk unfoldings.

PROPOSITION3.13. Let f ∈ Ek
1 be such thatcod(f ) ≤ (k − 7)/2. A Ck n-deformationF

of f is a Csk universal deformation if after projection inEk−1
1 /J (f ) the initial velocities

of F generateEk−1
1 /J (f ).

We will need the following well-known result about equivalence of universal
deformations.

PROPOSITION3.14. Let f ∈ Ek
i be a germ of finite codimension. TwoCs universal

n-deformations off are s-equivalent.

ConsiderH given by (4).

LEMMA 3.15. H is a Csl−n universaln-deformation of−xn.

Proof. After projection inEl−n−1
1 /J (−xn) the initial velocitiesḢj are mapped into

ḣj (x) = ∂e1

∂µj

(0) + ∂e2

∂µj

(0)x + · · · + ∂en−1

∂µj

(0)xn−2.

By Lemma 3.12 thėhj (x) generateEl−n−1
1 /J (−xn). We apply Proposition 3.13 to finish

the proof. �
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Let W be the canonicaln-deformation of−xn,

W(µ, x) = µ1 + µ2x + · · · + µnx
n−1 − xn.

By Proposition 3.13W is aCsl−n universaln-deformation of−xn. By Proposition 3.14W
andH aresl−n-equivalent. Let8 be theCsl−n local diffeomorphism such thatW ◦8 = H ,
8(µ, x) = (φ(µ), 8µ(x)), 80 = IdR, φ(0) = 0. We modify8µ to map zero to zero.
Let 8̃µ(x) = 8µ(x) − 8µ(0), W̃ (µ, x) = W(µ, x + 8φ−1(µ)(0)), 8̃(µ, x) = (φ(µ),
8̃µ(x)). ThenW̃ ◦ 8̃ = W ◦ 8. Takef (µ) = 8φ−1(µ)(0).

W̃ (µ, x) = a1(µ) + a2(µ)x + · · · + an(µ)xn−1 − xn,

whereai(µ) = µi + bi(µ), bi(µ) ∈ M2
sl−n−n if i ≤ n − 1 andan(µ) = µn − nf (µ).

Let λ(µ) = 8̃′
µ(0). Consider the equatioñW ◦ 8̃ = H . Taking i-order partial

derivatives with respect tox at (µ, 0) for i = 0, 1, 2, . . . , n − 1, we obtain


 e1(µ)

...

en(µ)


 =




1 0 0 . . . 0
0 λ(µ) 0 . . . 0
0 g32(µ) λ2(µ) . . . 0
...

...
...

. . .
...

0 gn2(µ) gn3(µ) . . . λn−1(µ)


 ·


 a1(φ(µ))

...

an(φ(µ))


 .

For the above equation we use the simple notation thate(µ) = A(µ) · a(φ(µ)). Then
a(µ) = A(φ−1(µ))−1 · e(φ−1(µ)). So

∂a

∂µj

(0) = A−1(0) · ∂e(φ−1(µ))

∂µj

(0).

Lemma 3.12 andDφ−1(0) being an isomorphism yield DET(∂ai(0)/∂µj ) 6= 0.
We consider3 : (Rn, 0) → (Rn, 0), 3(µ) = (a1(µ), . . . , an(µ)). It follows

that 3 is a Csl−n−n local diffeomorphism. W̃ (µ, x) = W(3(µ), x). We define
8̂(µ, x) = (3 ◦ φ(µ), 8̃µ(x)). Then W ◦ 8̂ = W̃ ◦ 8̃ = W ◦ 8 = H . Therefore
we have proved the following.

LEMMA 3.16. Let H be a Cl n-deformation of−xn such that its Taylor polynomial of
order n satisfies the condition of Lemma 3.12. ThenH and the canonicaln-deformation
W areCsl−n−n-equivalent. The equivalence8(µ, x) = (φ(µ), 8µ(x)) can be chosen such
that 8µ(0) = 0 for all µ.

We point out thatl must be chosen sufficiently big so thatsl−n − n is positive.

Proof of Theorem 3.7.We takeF andG as in Corollary 3.6. We take central manifolds
for F at (0, p) and for G at (µ̄, p̄). After restriction to these central manifolds we
may supposeF andG take the form (4). By Lemma 3.8 we can consider thatFµ and
Gµ have symmetric local periodic orbits. We repeat the construction after Lemma 3.9
to obtain displacement functionsDF : U × R → R and DG : U × R → R for F

and G. By Lemma 3.10DF (µ, x) = xEF (µ, x) and DG(µ, x) = xEG(µ, x). By
Lemma 3.11EF (µ, x) = GF (µ, x2) and EG(µ, x) = GG(µ, x2). By the construction
after Lemma 3.11, Lemma 3.12 and Lemma 3.15 there exist local diffeomorphisms
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3F : (R, 0) → (R, 0) and3G : (R, 0) → (R, 0) such thatHF (µ, x) = GF (µ, 3F (x))

andHG(µ, x) = GG(µ, 3G(x)) are universaln-deformations of−xn. By Lemma 3.16
there exist8F , equivalence betweenHF andW , the canonicaln-deformation and8G,
equivalence betweenHG andW . So(8F )−1◦8G is an equivalence betweenHF andHG.
We define3̃F : U ×R → U ×R and3̃G : U ×R → U ×R by 3̃F (µ, x) = (µ, 3F (x))

and 3̃G(µ, x) = (µ, 3G(x)). Let ξ = 3̃F ◦ (8F )−1 ◦ 8G ◦ (3̃G)−1. Then ξ is an
equivalence betweenGF and GG. We remark thatξ(µ, x) = (φ(µ), ξµ(x)), where
ξµ(0) = 0 for all µ ∈ U . Moreover, ξµ : R → R preserves orientation. Ifx ≥ 0
thenEG(µ, x) = GG(µ, x2) = GF (φ(µ), ξµ(x2)) = EF (φ(µ),

√
ξµ(x2)). Analogously,

if x < 0 thenEG(µ, x) = EF (φ(µ), −√
ξµ(x2)). We define8 : U × R → U × R by

8(µ, x) =
{

(φ(µ),
√

ξµ(x2)), for x ≥ 0

(φ(µ), −√
ξµ(x2)), for x < 0

8(µ, x) = (φ(µ), 8µ(x)).

8 is a Csl−n−n−1 local diffeomorphism, wherel = [k/2] − 1 andk is the order of the
differentiability of F andG restricted to their central manifolds.EF ◦8 = EG. It is easy
to check that for allµ ∈ U , 8µ preserves orientation,8µ(−x) = −8µ(x) and8µ map
the zeroes ofDG

µ into the zeroes ofDF
µ preserving their multiplicity and their topological

character (attractor, repellor, saddle-node). Moreover, in the case of a saddle-node orbit
8µ preserves the sides of attraction and repulsion.

We proceed to construct aC0 conjugacyH : U × R → U × R, H(µ, x) =
(φ(µ), Hµ(x)) betweenF andG restricted to their central manifolds. For eachµ ∈ U we

defineHµ equal to8µ at the local periodic orbits ofGµ. Let 0= p1
µ < p2

µ < · · · < p
kµ

µ ,
1 ≤ kµ ≤ n + 1, be thekµ non-negative periodic points ofGµ. Let p̃i

µ = Hµ(pi
µ), for

1 ≤ i ≤ kµ. Let qi
µ = (pi

µ + pi+1
µ )/2, for 1 ≤ i < kµ. Let q̃i

µ = (p̃i
µ + p̃i+1

µ )/2. We

take a smallε > 0 such thatε > max{pkµ

µ , p̃
kµ

µ }. We defineq
kµ

µ = q̃
kµ

µ = ε. We define
Hµ(qi

µ) = q̃i
µ andHµ(G2

µ(qi
µ)) = F 2

µ(q̃i
µ), for 1 ≤ i ≤ kµ. Let J i

µ be the closed interval

whose extremities areqi
µ andG2

µ(qi
µ). Let J̃ i

µ be the closed interval whose extremities

are q̃ i
µ and F 2

µ(q̃i
µ). Let I i

µ be the open interval(pi
µ, pi+1

µ ). Let Ĩ i
µ = (p̃i

µ, p̃i+1
µ ). We

extendHµ to a Ck diffeomorphism preserving orientationHµ : J i
µ → J̃ i

µ. Then we
use the conjugacy equationHµ = (F 2

µ)−m ◦ Hµ ◦ (G2
µ)m, m ∈ Z, to extend it to aCk

diffeomorphismHµ : I i
µ → Ĩ i

µ. Details can be seen in [G4]. So Hµ : [0, ε] → [0, ε]
is well defined. We extend it toHµ : [Gµ(ε), ε] → [Fµ(ε), ε] using the conjugacy
equationHµ ◦ Gµ = Fµ ◦ Hµ. We remark that eachHµ is a continuous map.Hµ varies
continuously withµ, for µ ∈ U − {µ | Gµ has an odd codimension saddle-node}. By
[PT] this conjugacy can be extended to a neighborhood of(µ̄, p̄) in U × M. �

The next result gives information about the local stability ofF .

THEOREM 3.17. Let F ∈ FU(M) be such thatF0 has a codimensionn flip at p. Suppose
F is a generic unfolding ofp. ThenF is locally stable at(0, p) if and only ifn ≤ 3.

Before proving Theorem 3.17 we will establish a necessary condition for the
existence of continuous conjugacies. LetF be as in Theorem 3.17. ConsiderF

restricted to the (local) central manifoldWc(p) at (0, p). F is Ck for big k. Let
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Wc
µ(p) = Wc(p) ∩ {µ × M}. Using the same notation as before, supposepi

µ0
is

a codimension one saddle-node ofF 2
µ0

. Let pi−1
µ0

< pi
µ0

< pi+1
µ0

be consecutive
fixed points ofF 2

µ (if one of these points does not exist we change it for±ε). Let
H : U × R → U × R, H(µ, x) = (φ(µ), hµ(x)) be a continuous local conjugacy
betweenF and a nearbyF̃ . There exists a uniqueC1 vector field Xµ0 adapted to
F 2

µ0
| (pi−1

µ0
, pi+1

µ0
). It is Ck−1 off the fixed pointpi

µ0
[Ko, Sz]. Analogously, there exists

a uniqueC1 vector fieldX̃µ0 adapted toF̃ 2
φ(µ0)

| (hµ0(p
i−1
µ0

), hµ0(p
i+1
µ0

)) that isCk−1 off
hµ0(p

i
µ0

).

LEMMA 3.18. hµ0 | ((pi−1
µ0

, pi+1
µ0

) − {pi
µ0

}) is a Ck−1 diffeomorphism and(hµ0)∗Xµ0 =
X̃µ0.

Proof. Let δ > 0 be a small number and letc : [−δ, δ] → U be aC∞ curve such that
c(0) = µ0 and ft = Fc(t) satisfies∂f 2

t (pi
µ0

)/∂t 6= 0. The existence of this curve is a
consequence of the fact thatF 2

µ is a versal unfolding ofF 2
µ0

if we considerF 2
µ0

as a germ
at the saddle-node. Without loss of generality, we assume that fort > 0 the saddle-node
disappears and fort < 0 it breaks into two hyperbolic fixed points forf 2

t . From the
existence of the conjugacyH , the same is true forf̃ 2

t if we define f̃t = F̃φ(c(t)). Let
J ⊂ I = F 2

µ0
| (pi−1

µ0
, pi+1

µ0
) be an interval a little smaller thanI containingpi

µ0
in its

interior such that fort > 0, f 2
t | J does not contain any fixed point. By [Y] there

exists, for eacht ≥ 0, C1 vector fieldsXt and X̃t adapted tof 2
t | J and tof̃ 2

t | hµ0(J )

varying continuously witht . The result follows using the same type of argument as in
Theorem 3.2 of [NPT]. �

PROPOSITION3.19. Considern > 1. LetF : U ×R → R andF̃ : U ×R → R be twoCk

generic unfoldings of the codimensionn flip 0 (at µ = 0). Let X and X̃ be, respectively,
the adapted vector fields toF 2

0 and toF̃ 2
0 . LetH(µ, x) = (φ(µ), hµ(x)) be a continuous

local conjugacy betweenF and F̃ . Thenh0 | R − {0} is Ck−1 and (h0)∗X = X̃.

Proof. By Lemma 3.15 and Proposition 3.14 there exist a codimension one submanifold
0 ⊂ U defined by0 = {µ ∈ U | F 2

µ has as fixed points a codimension one saddle-node
pµ andn hyperbolic fixed points,pµ is the biggest fixed point}. The same definition holds
for 0̃ ⊂ U and F̃ . It is clear thatφ(0) = 0̃. These submanifolds accumulate at 0∈ U .
For µ ∈ 0 let Iµ = [pµ, ε] ((−ε, ε) contains all the fixed points ofF 2

µ). Let Xµ be the

adapted vector field toF 2
µ | Iµ. Let X̃µ be the adapted vector field tof 2

φ(µ) | hµ(Iµ). By

Lemma 3.18(hµ)∗Xµ = X̃µ. Moreover, limµ→0 pµ = 0, limµ→0 Xµ = X | [0, ε] and
limµ→0 X̃µ = X̃ | [0, h0(ε)]. Thus (h0)∗X | [0, ε] = X̃ | [0, h0(ε)]. Analogously, we
prove(h0)∗X | [−ε, 0] = X̃ | [h0(−ε), 0]. �

Proof of Theorem 3.17.Supposen ≤ 3. If n = 1 it is done in [NPT]. For n = 2
it is Corollary 3.3 of §3.2. For n = 3 we proceed as in the proof of Theorem 3.7
and we modify the conjugacyHµ for µ in a neighborhood of the surface{µ | Fµ has
a codimension one saddle-node}. For µ in this surface we defineHµ preserving the
adapted vector field. Forµ near this surface we defineHµ in order to have continuity
of H with respect toµ. We follow the same strategy and the same techniques used in
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the proof of Theorem 3.2 of§3.2. The construction, although more elaborate, does not
involve any new ideas.

Supposen > 3. Let 3 = {µ | Fµ has two consecutive codimension one saddle-
nodes}. SupposeH(µ, x) = (φ(µ), hµ(x)) is a continuous local conjugacy betweenF

and a nearbyF̃ . Supposeµ ∈ 3. Let Xµ and Yµ be the adapted vector fields toF 2
µ

restricted to intervals that are maximal containing each saddle-node and no more fixed
points. Analogously, consider̃Xµ and Ỹµ the corresponding vector fields adapted toF̃ 2

µ

restricted to the image of these intervals byhµ. By Lemma 3.18,(hµ)∗Xµ = X̃µ and
(hµ)∗Yµ = Ỹµ. Both vector fields are defined in the open interval whose extremities
are the two saddle-nodes. In general, they do not coincide [Ko, Ma] (the modulus of
stability is infinite [R]). So there are two incompatible conditions thathµ should satisfy.
ThereforeH cannot be continuous with respect toµ. �

4. Global unfolding
The main objective of this section is to prove Theorem A of§1. First we shall analyze the
existence of a strong stable foliation at the center stable manifold of the codimensionn

flip. If n ≥ 2, a conjugacy must preserve this foliation. We shall construct a compatible
system of (strong) unstable foliations for the periodic orbits ofFµ, µ ∈ U . This system
will be used in the construction of conjugacies.

Let F ∈ A. Let p be the codimensionn flip of F . Let Wcs(p) be the center stable
manifold ofF at p. We setWcs

µ (p) = Wcs(p)∩{µ}×M. The manifoldWcs(p) is Ck+1

for k large. We assume, for all this section, thatF0 restricted toWcs
0 (p) has a sink atp.

The other case,p a source forF0 | Wcs
0 (p), is completely analogous. For eachµ ∈ U ,

Wcs
µ (p) is the union of stable manifolds of (local) periodic orbits. ThereforeWcs

µ (p) is
unique. InWcs(p) there exists a continuousF -invariant foliation withC1 leaves, the
tangent planes to the leaves depend continuously on the base point atWcs(p), each leaf
intersects the central manifoldWc(p) transversally at one point, the leaf that intersects
p is the strong stable manifold ofF0 at p, Wss(p). This foliation is called the strong
stable foliation and we denote it byF ss(p). In general,F ss(p) is not unique. In the case
treated hereF ss(p) is unique and isCk. We setF ss

µ (p) = F ss(p) ∩ {µ} × M. Suppose

F̃ is a family near toF in FU(M). Let n ≥ 2. Let p̃ be the codimensionn flip for F̃ .
Let F ss(p̃) be the corresponding strong stable foliation.

PROPOSITION4.1. Let H : U × M → U × M, H(µ, x) = (φ(µ), hµ(x)) be a conjugacy
betweenF and F̃ . Thenh0 mapsF ss

0 (p) ontoF ss
φ(0)(p̃).

Proof. Let 3F = {µ ∈ U | Fµ has only a codimension one saddle-node and a
hyperbolic fixed point as periodic orbits unfolding from the codimensionn flip}. 3F is a
codimension one submanifold ofU and is part of a Whitney stratification ofU consisting
of {µ | Fµ has local periodic orbits with multiplicity greater than one}. Moreover,
0 ∈ 3F . The casen = 2 is treated in§3.2. ForF̃ there exists a corresponding3F̃ ⊂ U .
As H is a conjugacy,φ(3F ) = 3F̃ . For µ ∈ 3F , hµ preserves the strong stable
foliation. This is a direct consequence from Theorem 3.2 of [NPT]. As 3F accumulates
at 0, by continuity ofF ss(p) andhµ with respect toµ, we get thath0 must mapF ss

0 (p)

ontoF ss
φ(0)(p̃). �
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Let p(1,µ), p(2,µ), . . . , p(j−1,µ), 3µ, p(j+1,µ), . . . , p(l,µ) be the periodic orbits ofFµ.
Here3µ denotes the set of local periodic orbits that unfold from the codimensionn flip.
3µ = {p((j,1),µ), . . . , p((j,nµ),µ)}. We setWs(3µ) = ⋃

1≤i≤nµ
Ws(p(j,i)) andWu(3µ) =⋃

1≤i≤nµ
Wu(p(j,i)). We set the partial orderpi,µ ≤ pk,µ if Wu(pi,µ) ∩ Ws(pk,µ) 6= ∅.

For 3µ we considerWs(3µ) and Wu(3µ). For µ = 0 the set3µ reduces to the
codimensionn flip p = pj,0. In this case transversality of the stable and unstable
manifolds and the finite nature of the limit set imply the non-existence of cycles
(with respect to the partial order) forF0 [Sm]. So we can take a total order of the
periodic orbits with respect to this relation:p1,0 < p2,0 < · · · < pl,0. By [Sh]
we can considerM = {∅ = M0 ⊂ M1 ⊂ · · · ⊂ Ml} a filtration for F0 such that
Ki(F0) = ⋂

m∈Z
Fm

0 (Mi − Mi−1) = pi,0. We denote the non-wandering set ofFµ by
�(Fµ). Let Vi , 1 ≤ i ≤ l, be small neighborhoods ofpi,0 in M. If we takeU sufficiently
small then�(Fµ) ∩ (Mi − Mi−1) ⊂ Ki(Fµ) = ⋂

m∈Z
Fm

µ (Mi − Mi−1) ⊂ Vi . The last
subset relation yieldsKi(Fµ) = pi,µ if i 6= j and Kj(Fµ) = 3µ. As M is also a
filtration for Fµ, there is not any cycle with periodic orbits outside3µ. The following
result excludes the possibility of a cycle involving periodic orbits of3µ.

PROPOSITION4.2. Let F ∈ A. If U is sufficiently small, then:
(a) �(Fµ) = {periodic orbits ofFµ};
(b) Fµ has no cycles;
(c) it is possible to take a total order of the periodic orbits ofFµ compatible with the

order of the corresponding periodic orbits ofF0, if we consider3µ as one periodic
element.

In order to prove Proposition 4.2, we need to analyzeWu(3µ). Let Wcu(p) and
Wc(p) = Wcu(p)∩Wcs(p) be, respectively, the center unstable and the center manifolds
of F at p. These areCk+1 manifolds for big k. These manifolds are not unique
but

⋃
µ∈U Wu(3µ) ⊂ Wcu(p) is unique. We setWcu

µ (p) = Wcu(p) ∩ {µ × M} and
Wc

µ(p) = Wc(p) ∩ {µ × M}. In Wc
µ(p) we can consider the periodic orbits ordered

by the length betweenq and Fµ(q). Let {aµ, bµ = Fµ(aµ)} be the maximal periodic
orbit with respect to this order. There exists aCk, F -invariant foliation Fuu(p) in
Wcu(p). It is called an unstable foliation. The leaf at(0, p) is Wu(p). For eachµ the
leaves that intersectWcu

µ (p) belong toWcu
µ (p). The restriction of the foliationFuu(p)

to
⋃

µ∈U Wu(3µ) is unique. Each leaf instersects transversallyWc(p) at one point. Let
faµ

and fbµ
be the leaves that containaµ and bµ respectively. These leaves constitute

the boundary ofWu(3µ).

PROPOSITION4.3. Let V be a small open ball with center at(0, p) in U × M. Then

lim
µ→0

faµ
∩ V = lim

µ→0
fbµ

∩ V = Wu(p) ∩ V

in theCk topology.

Proof. It follows directly from the expression ofF 2
µ restricted toWc(p) (see expression

(2) in §3.3) and from the fact thatFuu(p) is Ck. �
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Remark.Let N > 0 andWu
N(3µ) = ⋃

1≤j≤N F
j
µ(Wu(3µ ∩ V )). Given ε > 0, we can

takeU sufficiently small in order that ifµ ∈ U thenWu
N(3µ) will be contained in the

neighborhood of radiusε (points that areε-close) of
⋃

1≤j≤N Wu(p)∩V . This is a direct
consequence of Proposition 4.3.

Proof of Proposition 4.2.We have already proved item (a). Item (c) follows from item (b).
Let M be a filtration forFµ as we considered just before Proposition 4.2. From the
construction of this filtration (see [Sh]) it is clear thatWu(p)∩Mj is compact. It follows
from Proposition 4.3 and the subsequent remark thatWu(3µ) ∩ Mj is compact and
stays close toWu(p) ∩ Mj . Wu(p) ∩ Mj does not intersectWcs

0 (p) − p. Therefore
Wu(3µ) ∩ Mj does not intersectWcs

µ (p) − p. This fact and the order that the filtration
imposes onWu(pi,µ) imply item (b). �

According to Proposition 4.2 we can considerp1,µ < p2,µ < · · · < pj−1,µ < 3µ <

pj+1,µ < · · · < pl,µ totally ordered. LetVi , i 6= j , be neighborhoods ofpi,0. If we take
U sufficiently small thenpi,µ ∈ Vi and we consider local unstable foliations (see [NPT]).
Since these foliations areFµ-invariant, we consider iteratesFm

µ , m ∈ N, of the leaves.
These iterates induce an unstable foliation, denoted byFu(pi), in {µ} × ⋃

m∈N
Fm

µ (Vi)

for µ ∈ U . Alternatively, we denoteFuu(p) by Fu(pj ).
We recall the following definition

Definition 4.1. The system of foliationsFu(p1),Fu(p2), . . . ,Fu(pl,µ) is compatible
when:
(a) if a leafF of Fu(pi) intersects a leafS of Fu(pk), i ≤ k, thenF ⊇ S;
(b) for all i ≤ k the restriction ofFu(pk) to each leaf ofFu(pi) is a foliation of class

Ck, k ≥ 2.

PROPOSITION4.4. Let F ∈ A. There exists a compatible system of unstable foliations for
Fµ, µ ∈ U .

Proof. We follow the same ideas developed in the proof of Proposition 3.2 of [NPT].
The extra element here is the codimensionn flip p. Let us construct a fundamental
domainA0 for Wcs

0 (p). From expression (3) in§3.3 we can expressF at Wcs
0 (p) in a

local C2n+2 system of coordinates as

F0(x, y) = (−x + 1
4x2n+1 + o(‖xy‖, ‖x‖2n+2), By + o(‖xy‖, ‖y‖2)),

whereB is an s × s matrix, ‖B‖ < 1 ands is the number of eigenvalues ofDF0(p)

with negative real part. Herey = 0 represents the one-dimensional center manifold and
x = 0 thes-dimensional strong stable manifold.

Considera ∈ Wc
0(p), a < p near top. Let La be the leaf ofF ss(p) througha. Take

b ∈ Wc
0(p), F−1

0 (a) > b > F0(a). Let Lb be the leaf ofF ss(p) throughb. Consider two
s-dimensional disksDa ∈ La andDb ∈ Lb with centers, respectively, ina and inb and
radii equal to|a − p|. Let C be the closed set formed byDa, Db and ans-dimensional
cylinder in Wcs

0 (p) bounded by the border ofDa union the border ofDb and generated
by one-dimensional curves transversal toF ss(p). These curves are taken almost parallel
to Wc

0(p). It is easy to check from the preceding expression thatF0(C) ∩ C = ∅. For
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µ ∈ U , Cµ = {µ} × C also crosses the strong stable manifolds of elements of3µ

transversally inWcs
µ (p) andFµ(Cµ) ∩ Cµ = ∅. We letAµ be the closed region bounded

by Cµ andFµ(Cµ). We takeA = ⋃
µ∈U Aµ. It is diffeomorphic toU × A0. With this

fundamental domain forWcs(p) we can construct compatible unstable foliations exactly
in the same way as was done in Proposition 3.2 of [NPT]. �

We call the codimensionn flip p, s-critical or, simply, critical if there exists a
hyperbolic periodic orbitq such thatWu(q, F0) intersects some leaf ofF ss

0 (p) non-
transversally. We say thatp is non-critical if it is not critical.

In the construction of conjugacies we will need a one-dimensionalF -invariant
foliation, defined inWcs(p), transversal toF ss(p). We denote it as the central foliation.

PROPOSITION4.5. If F0 has a non-critical codimensionn flip then there exists a central
foliation F c(p) defined in a neighborhood ofp in Wcs(p) with the following properties:
(a) leaves ofF c(p) are contained in{µ} × M for someµ ∈ U ;
(b) F c(p) is Fµ-invariant;
(c) F c(p) is compatible withFu(pi), i < j , in the sense of Definition 4.1;
(d) leaves ofF c(p) are of classCk and vary continuously in theCk topology;
(e) F c(p) is transversal toF ss(p);
(f) The union of leaves ofFuu(p) that intersect a leaf ofF c(p) constitutes aCk

submanifold.

Remark.The k here is the samek used in theCk+1 differentiability of Wcs(p). We take
k ≥ 1.

Proof.Sincep1 < p2 < · · · < pj−1 are all hyperbolic, in the construction of a compatible
system of unstable foliations the leaves ofFu(pi), 1 ≤ i < j , can be taken to beCk+1.
Let A be a fundamental domain forWcs(p) as in Proposition 4.4. For eachµ ∈ U

consider the leaf ofF ss(p) through the fixed point correspondent to the codimensionn

flip p. Let L be the(s + 1)-dimensional manifold formed by these leaves.L splits
A = A1 ∪ A2. Let B = A1 ∪ F(A2). We will defineF c(p) in B as the set of integral
curves of a vector fieldX. The vector fieldX satisfies the following properties.X
is tangent to the leaves ofFu(pi) and it is Ck along these leaves fori < j such that
Wu(pi) ∩ Wcs(p) 6= ∅. The vector fieldX is transversal toF ss(p), it is of classC0

anddF -invariant. To defineX we proceed by induction takingi = j − 1, j − 2, . . . , 1.
If Wu(pj−1) intersectsWcs(p) we consider aCk vector fieldX tangent toWu(pj−1)

in a neighborhood ofWu(pj−1) ∩ ∂extA ∩ B in Wu(pj−1). In a neighborhood of
Wu(pj−1)∩F(∂intA)∩B in Wu(pj−1) we considerdF 2(X). If Wu(pj−1)∩∂intA∩L 6= ∅,
in a neighborhood of this intersection inWu(pj−1) we consider−dF(X). It is easy to
extend this vector fieldX to a neighborhood ofWu(pj−1) ∩ B in Wu(pj−1). The leaves
of Fu(pj−1) areCk+1 imbeddings of a disk inWu(pj−1), continuously parametrized by
their intersection withWs(pj−1). So we can projectX into the leaves ofFu(pj−1) near
∂extA ∩ B. We consider its image by−dF near∂intA ∩ L and its image bydF 2. We
extend it acrossB as above. We can takeX transversal toF ss(p) asp is non-critical. By
induction we supposeX is already defined along the leaves ofFu(pi+1), . . . ,Fu(pj−1)

nearB. If Wu(pi)∩B = ∅ we proceed to the next folitationFu(pi−1). If Wu(pi)∩B 6= ∅
but Wu(pi) ∩ Ws(pk) = ∅ for i < k < j , thenWu(pi) ∩ B is compact and disjoint from
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Wu(pk)∩B. So we can proceed as before. IfWu(pi)∩B 6= ∅ andWu(pi)∩Ws(pk0) 6= ∅
for somei < k0 < j , then asFu(pi) is compatible withFu(pk) for i < k < j the vector
field X is already defined in a neighborhoodV of

⋃
i<k<j Wu(pk) ∩ B and is tangent to

the leaves ofFu(pi) in V . But Wu(pi) ∩ (B − V ) is compact. So we can proceed as
before. Thus we can constructX with the above properties in a neighborhood ofB in
Wcs(p). We take the integral curves ofX and their positive iterates byF . By λ-lemma
[P] the leaves that do not intersectL extend to center manifolds. Part (f) follows since
each leaf ofF c(p) is Ck. We remark that the construction ofX is continuous onµ and
yields part (d). We can considerFu(pi) of classCk outside

⋃
i|pi is not a sourceW

u(pi).
The vector fieldX will be Ck in this set.

PROPOSITION4.6. LetF ∈ A. For everyµ ∈ U andWs(pi,µ) there is no non-transversal
intersection betweenWs(pi,µ) andFuu(p) restricted toWu(3µ).

Proof. For µ = 0, Wu(30) reduces toWu(p) and the result comes from transversality
conditions that are part of the definition ofA. For µ 6= 0 continuity of Ws(pi,µ) and
Fuu(p) in theCk topology, with respect toµ, Proposition 4.3 and the subsequent remark
imply the result. �

Let ν = {µ ∈ U | Fµ has as periodic orbits near the codimensionn flip p just a fixed
point and a codimension one saddle-node periodic orbit}. ν is a connected codimension
one submanifold.

PROPOSITION4.7. Let H : U × M → U × M, H(µ, x) = (φ(µ), hµ(x)) be a conjugacy
betweenF andF̃ . For all µ ∈ ν , hµ mapsFuu(p)∩Wu(3µ) ontoFuu(p)∩Wu(3̃φ(µ)).

Proof. Let q1,µ and q2,µ be, respectively, the fixed point and the periodic saddle-node
(with period two). ThenFuu(p) ∩ Wu(3µ) = Wu(q1,µ) ∪ (Fuu(p) ∩ Wu(q2,µ)). It
is easy to see thatWu(q1,µ) must be mapped ontoWu(q̃1,φ(µ)), where q̃1,φ(µ) is the
correspondent fixed point for̃Fφ(µ). Let q̃2,φ(µ) be the correspondent saddle-node periodic
orbit for F̃φ(µ). As in Lemma 3.18 of§3.3, we take aC∞ curve c(t) in U such that
c(0) = µ and ft = Fc(t) unfolds generically the codimension one saddle-node. Then,
as in [NPT], Fuu(p) restricted toWu(q2,µ) must be mapped onto the correspondent
Fuu(h0(p)) restricted toWu(q̃2,φ(µ)). �

Proposition 4.7 indicates that in the construction of conjugacies betweenF and
a nearbyF̃ the strong unstable foliation restricted toWu(3µ) should be preserved.
Proposition 4.6 denotes the absence ofu-criticality in Wu(3µ).

PROPOSITION4.8. Let F ∈ A. If n ≥ 2 andp is critical thenF is not stable.

Proof. We follow the same ideas contained in the proof of Proposition 2.4, chapter III,
of [NPT]. We consider a pointq of quasi-transversal intersection betweenWu(pi) and
F ss

0 (p). We take a curveγ in Wcs(p) such thatγ containsq and is transversal to
F ss(p). Perturbing, if necessary, we may assume that all the eigenvalues ofdF0(pi)

and of dF̃0(p̃i) are distinct. Letα be the weakest contracting eigenvalue ofdF0(pi).
Let y ∈ γ be nearq. Let A be a fundamental domain ofWs(pi) and V a small
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neighborhood ofA. Then it is possible to chooseγ so thatρ(y, q) ∼ |α|n(y). Hereρ

denotes the distance with respect to some Riemannian metric and∼ denotes equality
up to a positive multiplicative factor, uniformly bounded and bounded away from zero.
n(y) is the least positive integern such thatF−n

0 (y) ∈ V . We takeF̃ a perturbation
of F such that|α̃| < |α|. Then ρ(h0(y), h0(q)) < K|α̃|n(y) for some fixedK > 0.
Thus limy→x ρ(h0(y), h0(q))/ρ(y, q) = 0. Since we can project these distances along
F ss(p) andF ss(p̃) onto the respective central manifolds, this gives a contradiction with
Lemma 3.18 of§3.3. �
Proof of Theorem A.Consider a nearby familỹF ∈ FU(M). By Corollary 3.6 of§3.3
there existµ0 near 0 andp̃ nearp such thatF̃µ0 has a codimensionn flip at p̃ and
unfolds it generically. We proceed to construct a conjugacyH : U × M → U × M,
H(µ, x) = (φ(µ), hµ(x)) betweenF and F̃ . In cases (b) and (c) of Theorem A we
define φ : (U, 0) → (U, µ0) as done in the proof of Theorem 3.7 of§3.3. In case
(a) we defineφ as done in Theorem 3.17 of§3.3. By Proposition 4.2 we can consider
p1,µ < p2,µ < · · · < pj−1,µ < 3µ < pj+1,µ < · · · < pl,µ, the periodic orbits of
Fµ, totally ordered. Here3µ = {p(j,1),µ, . . . , p(j,nµ),µ} is the set of local periodic
orbits unfolding fromp. We remark thatnµ ≥ 1. If nµ = 1 we denote3µ as pj,µ.
By Proposition 4.4 we can take a compatible system of (strong) unstable foliations
Fu(p1),Fu(p2), . . . ,Fu(pl). For F̃φ(µ) we can consider its corresponding periodic orbits
p̃i,φ(µ) and 3̃φ(µ) such that the correspondencepi,µ → p̃i,φ(µ) is continuous and order
preserving. This correspondence comes from the fact that for smallµ the filtration forF0

is also a filtration forF̃φ(µ) andKi(F̃φ(µ)) = ⋂
m∈Z

F̃ m
φ(µ)(Mi − Mi−1) = p̃i,φ(µ) if i 6= j

andKj(F̃φ(µ)) = 3̃φ(µ). For F̃φ(µ) we consider a corresponding (and nearby) system of
(strong) unstable foliationsFu(p̃1),Fu(p̃2), . . . ,Fu(p̃l).

We definehµ(pi,µ) = p̃i,φ(µ), for i 6= j . We definehµ(3µ) = 3̃φ(µ), preserving
the order of the real line. The global conjugacyH will be constructed, by induction,
on the stable manifolds of the periodic orbits and on the center stable manifold ofF at
the codimensionn flip. We consider fundamental domainsAi,µ for Ws(pi,µ) if i 6= j .
We takeAj,µ as the fundamental domain forWcs(3µ) as in Proposition 4.4. Define
Ai = ⋃

µ∈U Ai,µ. The conjugacyH will have the following properties:
(a) H({µ} × M) = {φ(µ)} × M, for µ ∈ U ;
(b) leaves ofFu(pi) are sent into leaves ofFu(p̃i);
(c) if Wu(pi) ∩ Ws(pk) 6= ∅, then for each leafJ of Fu(pi), the restriction ofH to

J ∩ Ws(pk) is differentiable and in a neighborhood ofJ ∩ Ak in Ws(pk) (Wcs(pk)

if k = j ), H is C1 near the inclusion map.
H maps the sources ofFµ onto the sources of̃Fµ. We setpi = pi,0 and p̃i = p̃i,0.

SupposeH has already been defined on the stable (or center stable) manifolds ofF at
p1, p2, . . . , pm. As each leaf ofFu(pi) intersectsWs(pi) in one point,H defines a map
from the space of leaves ofFu(pi) onto the space of leaves ofFu(p̃i) for 1 ≤ i ≤ m.
We considerWs(pm+1) andWs(p̃m+1). We will defineH from a neighborhood ofAm+1

onto a neighborhood of̃Am+1. There are five cases.
(1) m + 1 < j . In this case we proceed as in [NPT].
(2) m+1 = j , n ≤ 3, andpj is nots-critical. In this case it is possible to constructH

at Wcs(pj ) as the ‘product’ of two partial conjugacies,Hc defined at the center manifold
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of pj and Hs defined at a diskDµ contained in a leaf ofF ss(pj ). This approach can
be seen in the proof of Theorem 4.3 of [NPT]. It can be adapted to this case. The
differences are as follows. (i) Ifn = 2 the conjugacyHc is the one constructed in the
proof of Theorem 3.2 of§3.2. (ii) If n = 3 the conjugacyHc is constructed as indicated
in Theorem 3.17 of§3.3. (iii) The diskDµ has its ‘center’ at a pointqµ ∈ Wc

µ(pj ) that
is smaller (by the order of the real line) than any local fixed point ofF 2

µ. (iv) We work
with F 2

µ to definehµ at the left half ofWcs(pj ) (the middle is determined by the leaf of
F ss(pj ) passing through the fixed point forFµ). Then we extendhµ to the other half
using the conjugacy equation.

(3) m + 1 = j , n ≤ 3, andpj is s-critical. Let qµ, rµ be the smallest, respectively
the biggest, local fixed point ofF 2

µ restricted toWc
µ(pj ) considering the order of the

real line. In particular,q0 = r0 = pj . Analogously, we consider̃qµ and r̃µ for F̃µ.
TakeCµ andDµ leaves ofF ss(pj ) such thatqµ ∈ Cµ and rµ ∈ Dµ. In a similar way
considerC̃µ and D̃µ. Let Aµ be a fundamental domain forF 2

µ | Wcs
µ (pj ), as in the

proof of Proposition 4.4. LetRµ ∈ Wcs
µ (pj ) be the region delimited by∂extAµ, Cµ

andDµ. SinceWu(pi) intersectsWss(p) transversally, fori < j , we can construct, as
in Proposition 4.5, a central foliationF c

µ(pj ) in Rµ. This foliation is invariant byFµ,
transversal toF ss(pj ), compatible withFu(pi) for i < j . It has Ck leaves (varying
continuously with respect to theCk topology). It is a classicalCk foliation outside⋃

pi is not a sourceW
u(pi). Analogously, we consider a central foliationF c

µ(p̃j ) in R̃µ that

is invariant by F̃φ(µ). We defineH in R = ⋃
µ∈U Rµ as the product of two partial

conjugacies,Hc andHs .
The first one is defined fromWc(pj ) to Wc(p̃j ), as constructed in Theorem 3.7 of

§3.3. In fact we consider justHc
µ : [qµ, rµ] → [q̃φ(µ), r̃φ(µ)].

The second conjugacy is defined at a fundamental domain forF 2
µ | Cµ. The leafCµ

splits Aµ into two regions. Let�µ ⊂ Aµ be the closure of the region that does not
containRµ. We setC∗

µ = Cµ ∩ Aµ. In a neighborhoodVµ of ∂extC
∗
µ in Cµ we consider

a map “Fµ” defined by: if x ∈ Vµ then x ∈ J whereJ is a leaf ofF c
µ(pj ). We set

“Fµ”(x) = Fµ(J )∩Cµ. Analogously, we define “̃Fµ” at a neighborhood̃Vµ of ∂extC̃
∗
µ in

C̃µ. In Vµ we defineHs inductively, mapping leaves ofFu(pi), i < j , into correspondent
leaves ofF̃u(p̃i) intersected withṼφ(µ). For each leaf this map isCk near the inclusion.
At “ Fµ”(Vµ) ∪ F 2

µ(Vµ) we extendHs by the equationsHs“Fµ” = “ F̃φ(µ)”Hs and
HsF 2

µ = F 2
φ(µ)H

s , respectively. Using the isotopy extension theorem we extend the
definition ofHs to the intersection of leaves ofFu(pi) with C∗

µ. As C∗
µ ⊂ ⋃

i<j Wµ(pi)

the mapHs is already defined at a neighborhood ofC∗
µ.

We set∂ext�µ = ∂�∩∂extAµ and∂int�µ = ∂�∩∂intAµ. Then∂�µ = ∂ext�µ∪∂int�µ∪
C∗

µ. We defineH at a neighborhood of∂ext�µ inductively at leaves ofFu(pi), i < j .

Near ∂int�µ, H is defined byHF 2
µ = F̃ 2

φ(µ)H . This definition is extended to the
intersection of leaves ofFu(pi) with �µ using the isotopy extension theorem. Details
of this type of construction can be seen in [NPT]. This extension is done compatible
with the definition ofHs already done atC∗

µ. The construction ofH at the closure of
�µ is finished.

For eachµ we defineH at Rµ as the product ofHc andHs (using the transversal
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foliations F c
µ(pj ) and F ss(pj )). We extend the definition ofH to all Wcs

µ (pj ) by

HFµ = F̃φ(µ)H .
(4) m + 1 = j , n > 3. We proceed as in (3).
(5) m + 1 > j . Let Wu

µ = ⋃
p(j,i),µ∈3µ

Wu(p(j,i),µ). We can viewWu
µ as the

unstable manifold of3µ. We now construct the conjugacyH on the fundamental
domain Aµ = Am+1,µ of Ws(pm+1,µ). We proceed inductively (in descending order
on i) constructingH on Wu(pi,µ) ∩ Ws(pm+1,µ) and onFu(pi,µ) ∩ Ws(pm+1,µ) for
i < m + 1. If i 6= j this construction is equal to the one described in Theorem 4.3 of
[NPT]. If i = j there are two cases to consider. IfWu(pj ) ∩ (

⋃
j<l<m+1 Ws(pl)) = ∅

then by Proposition 4.3 each leaf ofFu(pj )∩Wu
µ intersectsAµ in a compact set disjoint

from neighborhoods ofWu(pl) ∩ Aµ for j < l < m + 1. By Proposition 4.3 these
intersections areCk near toWu(pj ) ∩ A0. We notice thatH has been constructed on
Wcs(pj ) and Fu(pj ) is parametrized by the intersection of its leaves withWcs(pj ).
ThereforeH defines a map from the space of leaves ofFu(pj ) onto the space of leaves
of Fu(p̃j ). Let Sµ be the leaf ofFu(pj ) passing through the unique fixed point ofFµ

that unfolds frompj . Analogously we definẽSµ for F̃φ(µ). Let (φ(µ), S̃µ) = H(µ, Sµ).
We constructH at Sµ ∩ Aµ as a diffeomorphism near the identity of a neighborhood
of Sµ ∩ Aµ onto a neighborhood of̃Sµ ∩ Ãµ. This construction maps leaves ofFu(pj )

onto corresponding leaves ofFu(p̃j ) and preserves the conjugacy at the border ofAµ.
It is done using an extension of the isotopy extension theorem [Pa, NPT]. Consider
Wu(pj ) ∩ (

⋃
j<l<m+1 Ws(pl)) 6= ∅. Since Fu(pj ) and Fu(pl), j < l < m + 1

are compatible,H is already defined on the leaves ofFu(pj ) in a neighborhoodV
of Aµ ∩ (

⋃
j<l<m+1 Wu(pl,µ)) in Aµ. But Y = Sµ ∩ (Aµ − V ) is compact and, by

Proposition 4.3,Wu
µ ∩ (Aµ − V ) is also compact. Using the same method used in the

previous case we can extendH to Y and to the leaves ofFu(pj ) in a neighborhood of
Y in Aµ. This construction is continuous onµ.

In any case, we extend the construction ofH on Am+1 to Ws(pm+1) (or Wcs(pm+1))
using the conjugacy equation.

To prove the continuity ofH one follows the same arguments as in Theorem 4.3 of
[NPT]. The principal addition here is that the continuity onµ, implicit in item (a) of the
theorem, is a direct consequence of the careful construction ofHc at the central manifold
of pj .

The statement thatF is not stable ifp is critical is given by Proposition 4.8. The
statement thatF is not locally stable ifn > 3 is part of Theorem 3.17 of§3.3. �
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