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Abstract The generic unfolding of codimensiarflips (one eigenvalue-1 and the others
with norm different from 1) embedded in a Morse—-Smale diffeomorphism is analyzed.
Local and global bifurcations are described.

1. Introduction
One of the principal objectives in the theory of dynamical systems (diffeomorphisms,
endomorphisms, vector fields) is to give a dynamical classification of all systems. Two
dynamical systems belong to the same class if they have the same dynamical behaviour.
A dynamical system is called stable if it belongs to the interior of its class. Morse—Smale
systems are the simplest among the stable oR&s and they play an important role
in the development of modern dynamics. Generically, one can bifurcate from a Morse—
Smale diffeomorphism, through anparameter family, either losing hyperbolicity of one
of the periodic orbits or creating non-transversal intersections between stable and unstable
manifolds of saddles. Bifurcations of one-parameter families starting at Morse—Smale
are investigated inNPT, NP].

In this paper we investigate the unfolding of a diffeomorphiggnon a compact
manifold M, which is Morse—Smale, except for one periodic orbit beirmpdimensiom
flip (one eigenvalue equal tel and the others off the unit circle). This diffeomorphism
is considered as the starting diffeomorphism in a genegarameteiC> family of C*
diffeomorphismsF,,, u € U whereU is an open neighborhood ¢, 0) in R”. The set
of diffeomorphisms of this type constitute a codimensiosubset of DifM) inside the
boundary of the Morse—Smale ones. They appear in a natural way when one considers
n-parameter families of diffeomorphisms starting at a Morse—Smale and crossing the
boundary. This approach is a natural continuation of the study of the codimension one
flip starting at Morse—Smale done iNPT].

The notions of stability and weak (mild) stability for families are the standard ones
(see NPT] or §2). We recall the notions of cycle and criticality. &cleis a sequence
po, ..., pr Of periodic orbits withp; # p; for 0 <i < j <k, po= pi, pi+1 C W4(p;)
for 0 < i < k. Let p be the codimension flip orbit. SupposeF; restricted to the
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central manifold has a sink at. Then there exists a unigu&-invariant differentiable
foliation 7** of W*(p, Fp) containingW**(p, Fp) as a leaf. We say that is s-critical

if there exists a hyperbolic periodic orhjtsuch thatW*(q, Fp) intersects some leaf of
F** non-transversally. Analogously, #y restricted to the central manifold has a source
at p, we defineu-criticality. We say thatp is critical if it is either s- or u-critical. We
say thatp is non-critical if it is not critical. The following theorem gives conditions for
global stability.

THEOREM A.

(@) F is stable ifn < 3 and p is non-critical.

(b) F is weakly stable (and is not stable)lif< n < 3 and p is critical.
(c) F is weakly stable (and is not locally stableyif> 3.

(d) [NPT] F is stable ifn = 1.

Let V be a one-dimensional* manifold, k > 1, and letf be aC* diffeomorphism
defined inV. We say that a vector fieldl is adapted tof if f = X; (the time 1 map of
X). In cases of stability, with the exception of case (d), the conjugacy betWgamd a
nearby familyG,, must preserve the uniqu&' vector field adapted t&y restricted to the
central manifold. This rigidity property is analogous to the codimension one saddle-node
case NPT].

This work points in the direction of trying to get a global picture of all the codimension
two bifurcations for diffeomorphisms. In this area other research has been developed,
such as the deep local analysis of the codimension two Hopf bifurcation dor@,in [
the semi-local stability analysis of a saddle-node with quadratic tangency doB@jin [
the global analysis of codimension two reflection done@i][and the analysis of the
codimensiom saddle-node done irG2].

Definitions used throughout this paper are givers2n In §3 we describe the local
unfolding of the codimension flip and we analyze its local stability. I§% we describe
the global unfolding and study its global stability.

These results were announced &3].

2. Definitions
Throughout this paper = compactC> manifold. Dif(M) = {C* diffeomorphisms
of M with the C*> topology}.

Let Fy € Dif (M) and p be a fixed point. SupposB Fy(p) has all eigenvalues with
norm different from 1 except one. We say thweis acodimensiom: flip if this eigenvalue
is —1 and there exists &y-invariant curveC through p such thatF2/C has contact of
order 2 but not of order(2n + 1) with the identity atp. For periodic orbits there are
analogous definitions.

U = open neighborhood of &= R" (parameter space).Fy (M) = {C* maps
F:Ux M+ U x M such thatF (i, p) = (u, F,(p)) and F,, € Dif(M)}. We endow
Fu (M) with the C* weak topology (compact-open topology). ElementsFgi(M) are
denominated:-parameter families of diffeomorphisms and are denotedAy or F.

A = {F € Fy(M) such thatFy has finite hyperbolic limit set except for one periodic
orbit p being a codimension flip. Transversality between stable, unstable manifolds
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of the periodic orbits and strong stable, strong unstable manifolds ahd generic
unfolding (see53) of the non-hyperbolic orbit are required

Let F and G be elements ofFy (M). They aretopologically conjugate(or, simply,
conjugatg if there are open neighborhoods- and Us of 0, contained inU, and a
homeomorphisnH : Ur x M +— Ug x M such that:
(@ H(u,p) = (@), H,(p)), where¢ : Up — Ug and H, : M — M are homeo-

morphisms;

(b) HoF=GoH.
We say thatF and G are weakly conjugatef in the previous definitionH,, does not
depend continuously op. We say thatF' at (uo, p) is locally conjugateto G at (fio, p)
if there are neighborhoods; of (uo, p) and V of (fto, p) contained inU x M, and
a conjugacyH : V — V betweenF/V andG/V. Analogously we defindocal weak
conjugacies

Conjugacy, weak conjugacy, local conjugacy and local weak conjugacy are
equivalence relationsF is stableif it belongs to the interior of its equivalence class by
conjugacy. Similarly, we defineieak stability F is locally stableat (uq, p) if for any
neighborhoodv of (ug, p), in U x M there exists a neighborhoddf of F in Fy (M)
such that for evenG in W there exist neighborhoods &f.o, p), Vp C V, Vg C V,
and a homeomorphisri : Vi — Vg of the typeH (i, q) = (¢ (), H,(g)), such that
Ho (F/Vp)=(G/Vg)o H. If H, does not depend continuously pnwe say thatF
is locally weakly stable

o(Jl(x, y)|IF) is a term that if divided by||(x, y)||¥ remains bounded above when
(x,y) — (0,0). Analogous definitions hold fos(||x|).

Idr: stands for the identity ifR".

3. Local unfolding
3.1. Introduction. In the next two sections we shall consider germs:gfarameter
families of diffeomorphisms ofR (with coordinatex), {F,} such thatF, has a
codimensionn flip at 0. These germs are generated when one restricts families of
A to the central manifold, as ifNPT].

In the next section the codimension two flip is analyzed. The stability results carry
over to the codimension three case. They constitute part of the codimensiase
investigation done in the subsequent section.

3.2. The codimension two flip.Let U ¢ R? be an open neighborhood of 0. Here we
consider{F,} with n = 2 andu € U. For anyk < co we may assume that is C* [S].
We assume that 0 is a source &. The other case occurs fd?(;l and is completely
analogous. After a conjugacy by a local change of coordindigsakes the form

Fu(x) = =x + a1(w)x + a2(w)x® + x° + 0, (Ix11),

where{q; : U — R, a;(0) = 0} are differentiable functions. We say th&t= {F,} is a
generic unfoldingof the codimension two flip if DE@a;(0)/du;) # 0. Assuming this
condition, after a conjugacy by a local change of coordin&;ﬁewkes the form

F2(x) = x + pax + pox® — x° + o, (x| 7). (1)
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The local dynamics of, is determined by the s&2,, of periodic orbits ofF,,. This set
is constituted by a unique fixed point, the origin, and a set of periodic orbits with period
two. €2, coincides with the zeros of the functi@h(u, x) = Flf(x) —x. Let

P(u, x) = pax + pox® — x°.

Near the origin the seaf (i, x) = 0 consists of the plane = 0 and a surfac& having
the same shape &(u, x)/x = 0. Letr, : R® — R? be the projection(u, x) — .
The setAg = {u such thatG, has zeros with multiplicity greater than dnis equal to
the projection byr, of the non-regular points of (critical points ofr, : ¥ — R?).

FIGURE 1.

PROPOSITION3.1. A and R? — A constitute (locally) a Whitney stratification of the
parameter space. There existsC4 local diffeomorphismy mapping this stratification
onto the corresponding one fat.

Proof. Using the implicit function theorem and direct calculations one can provethat
is the union of

c1(u2) = (0, u2), w2 # 0
2
"
ca(iz) = (—42 +o(u2l®). Mz) , M2>0
0.
Similarly, Ap is the union of
c1(u2) = (0, u2), p2 #0
112
Eauz) = (—42, Mz) e 0
0.

Leté : R — [0, 1] be aC* function such that /R—(—1, 1) = 0 and¢ /(—1/2,1/2) = 1.
Let U c R? be a small neighborhood of 0 ardd: U — R? be defined by

X(py, ) = 0, if up <0
5/4
X(p, p2) = § (W) - (Co(u2) — c2(u2)), if pup > 0.
u3/8
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We definep = X; (X3 stands for the time 1 map of the vector fiek). It can be
checked that satisfies the proposition. O

When we conside#y a diffeomorphism of the real line that has a codimension two
flip at O, the origin is either a sink or a source Bf. We shall always assume it to
be a sink. The other case is completely analogous. lLet R? be a small open set
containing the origin.

THEOREM 3.2. Let {F,} and {F,}, 1 € U, be two germs such thaf, and F, have a
codimension two flip at the origin. Suppose also that both germs unfold generically the
codimension two flip. Then they are locally conjugatg.at O and x = O.

COROLLARY 3.3. Let{F,} € Fy (M) be agerm such thét e U and Fy has a codimension
two flip at p € M. SupposdF,} unfolds genericallyp. Then{F,} is locally stable at

©, p).

Proof of Theorem 3.2Assume the flip is a fixed point. The case of periodic orbit with
period k is analogous if we conside{rFl’j}. After a conjugacy by a local change of
coordinatesFlf and Fj can be written in the form (1). By Proposition 3.1 there exists a
germ of aC* diffeomorphismé : (R?, 0) — (R?, 0) such thatD&(0) = Idg. and& maps
the stratification ofF onto the stratification of* in the parameter space. Moreovér,
preserves the second coordinate.

We may suppos& c R? is a small open disk with center at 0. Let=[—¢,¢] C R
be a small interval. LeW c U x I andW C U x I be defined by

x<e& x<e¢

W Flf(x)—xfo W Fi(x)—xfO
X = —Ccu1 X = —Ccu1
x>0 x> 0.

In W and in W we consider familiesx,, and X, of C* vector fields adapted tan
and F2, respectively. They ar€*~* outside the periodic orbits of,,, F,,, respectively.
Moreover, they depend continuously anin the C! topology. The existence of vector
fields with these properties can be proved asYih [

Letcy: {up > 0} — U andé : {up > 0} — U be the saddle-node curves Bf F,
respectively. Define the surfacdsc U x I andS c U x I by

S w=ca(uz), if uz>0 g pm=_c2(u2), if uz>0
" m1=0, if up <0 “lu1=0, if 2 <0.

Fori = 0,2 letW; ¢ W — S be the region WhereFi hasi periodic orbits. Then
W — 8 = Wo U W,. AnalogouslyW — § = Wy U W». The vector fieldsx,, and X, are
unique in the closure oW, and W-, respectively Ko, S7.

Suppose there exists a local conjugady: U x I — U x I betweenF and F
such thatH (i, x) = (¢(u), h,(x)). As conjugacies preserve dynamics, the parameter
curve ¢, associated to the existence of saddle-nodes, must be mappgdbio the
curvec,. Varying parametey; from any pointu € ¢, a codimension one saddle-node
bifurcation occurs and as ilNPT] 4, is aC* map and(h,).X, = X4, outside the
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saddle-node. The continuity @f,, X, and X,, with respect tou implies thathg is C*
and (ho). Xo = Xo, outside the origin. Hence this rigidity is a necessary condition and
shall be considered in the construction of the conjugacy.
We proceed to construdf. We begin constructing : U — U. Letn; : U — R be
the canonical projection on the first coordinate. kgtus) = c2(u2) — (15/40, 0) and
¢y (2) = ca(u2) — (M§/20, 0). Define a homeomorphism : U — U such that

o(u)=p if up <00rpuy >moca(uz) OFr uy <miofoc, (u2).
If = (u1, no) satisfies(uo > 0) and (71 0 ¢; (n2) < p1 < m1 0 c2(12)), We consider
two cases.
(@) In, € Z* (positive integers) such thaf,f"" (6) = —cu1. Let i = (i, uo) be
defined byF[f"“ (¢) = —cfi;. The uniqueness of this definition comes from (1). Define
o at&(n) by o(§(w) = (i1, 12).

(b) © not in case (a). Consider, = max{n € Z* | Fj”(s) > —cu1}.
Let & = (fi1, u2) be defined by the equalit)Fl-f("”l)(a) = —cfi;. LetR, =

(F"(e) + cun)/(F2" (e) + cfia). From (1), @1 > w1 and for a fixedu, > O the
function 1 — Ry, ., IS defined at a countable collection of open intervals, is strictly
increasing in each interval and the image of each interval is the open intérval Let

fi1 = m1 o c2(u2). There exists a unique € 7, < 1 such that

(Xey(u2) -1, (—cft1) + ciia
F2, (—cpa) + ci

=R,.

Let i, = 1 0 &2(112). Define
()}Ez(;l.z)) . <—Cﬁ1) +cfly
'

~_2 X X
Ff‘z(/tz) <_C'u1> Tty

w=

~on,+1

For a fixedsu, defineji = (fiy, u2) and i = (fiy, p2) such thatF=" " (e) = —cit; and

ﬁf"”(s) = —cfi;. Let ft = (ji1, u2) be the uniques satisfying
In

) + e

~2n _— E :
F2 () + iy

l_Ll < lal < lll and "
Defineo at&(w) by o(6(u)) = fi. For a fixedu, > 0 leto,, = o | {(1, u2), n1 € R}
Theno,, is already defined as a homeomorphism of the line minus an intesya].[
One can check that,,(a) < o0,,(b) (if not take ¢, closer tocy). We extend each
o,, to a homeomorphism of the line varying continuously with the parameterThe
construction ofo is finished. Defing ;= o o &.

ConsiderAr as in Proposition 3.1U — Ar = R1UR, U Rz, whereR; = {u € U
such thatF,, hasi hyperbolic periodic orbifs Analogously£(U)—Aj = R1UR2UR3
and&(R;) = R;. Lety : R3UR, — R be aCc® map satisfying:

(a) Letcy C U be the saddle-node curve. Fore c; let s, be the positive point of the
saddle-node orbit of,. Defineg(u) :=s,. Analogously, defing,, u € ¢(cz).
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FIGURE 2.

(b) Letc; ={neU|ui=0Apu <0}. Definegp |c; =0.

() Foru e (RaUR3—(c2Ucy)), letg, be the positive point of the attractive periodic
orbit of F,, with period two. Foru € Rj3 let r, be the positive point of the
repulsive periodic orbit of,, with period two. Analogously, we defing, andg,,
consideringﬁu. If u € Rz we requirer, < o(u) <gq,. If pe Ro— c; we require
0 <o) < qu.

The construction of @ satisfying these conditions is straightforward and is left to the
reader. Analogously, one can constrgct R U R, — R associated td”, changingF
to F andR; to R; in conditions (a)—(c).

Foru € RaUcy definept = (—cu, u2). Forpu € RoURs definepi = ().
For u € R,UR;s define 52 = @(u). Let X! be the timer map of X. Let
cf ={pelU|pn=0 A u > 0. We shall definer, for x > 0. We divide
into five cases:

@ueR:: hu(e) =e,  hu(X!(e) =X}, (), h,(0)=0

() pec: hu(e) =&, hu(X!,(€) = X}, (©),  hu(pl) = pj»
hu (X! (p2) = X (Ph)s Bulsy) =5, hu(@) =0

©prec: hu(e) =&, h,(Xh(e) = Xi(e), h,(0)=0

(d) € Ra: hu(e) =&, hu(X!(e) = X}, (@), hu(p?) = P53,

hu(FEPR)) = FJ (P ):

hy | [p2, F2(p2)] is a linear map ontof2 . F2, (53],

extend it by the conjugacy equation to the intergal, g,,).

h(qu) = Gu>  hyu(ry) =7y, hu(0) =0,

hu(Pi) = Py (X () = XG0 (P)
@uecfURy:  hue)=¢, hu(Xi(e)) =X} @), hu(p2) = P2,

hy | [p2. F2(p?)]is alinear map ontof3 . FZ,,(P3.,)].

extend it by the conjugacy equation to the inter¢@lq,,),

hu(q;L) = q/u hu(o) =0.

https://doi.org/10.1017/50143385798117960 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385798117960

1122 J. Gheiner

For all u € U we extend the definition df, to [e, —¢] using the conjugacy equation.
Define H(u, x) = (¢ (), h,(x)). The careful construction ap implies the continuity
of H at the saddle-node curve. O

Proof of Corollary 3.3 Assume, without loss of generality, thatis a fixed point. By the
implicit function theorem, there exist neighborhoddsf Fy in Dif (M) andV, of p in M
such that the set = {g € V1 | g has a codimension two flip i} is a codimension
two submanifold of DifM). The generic unfolding of the codimension two flip is
equivalent to the map\r : U — Dif(M), Ar(u) = F, being transversal ta". Take
{FM} near{F,}. From openness of transversality and continuityof> A, there exist
o near 0 andgp € V, such thatﬁ,m unfolds generically the codimension two fljp Let

We andW¢ be the central manifolds df and F at (0, p), (wo, p) respectively. From the
facts above and Theorem 3.2 it follows that there exists a neighborhedd,0c U such
that {F,},.cu, and {ﬁu}“eww2 restricted to its central manifolds are locally conjugate
at © = 0 and p. From [PT] this conjugacy can be extended to a local conjugacy at a
neighborhood of0, p) e U x M. O

3.3. The codimension flip. Let U > 0 be an open set d&"” and F € F; (M) such
that Fp has a codimension flip at p. After restriction of this family to the central
manifold at (0, p) we obtain aC* n-parameter family of diffeomorphisms of the real
line. The (2n + 1)-jet of FZ at p takes the formx + cx?*! for some constant # 0.
We suppose < 0. The other case is analogoug?, after conjugacy by a local change
of coordinates, takes the form

F2(x) = x + a()x + a()x> + -+ + a, x>t = x40, (Ix 1712, (2)

wheregq; (0) = 0. We say that" = {F,} is ageneric unfoldingof the codimensiom flip
p if DET(da,(0)/du;) # 0.

Let V1 be a neighborhood ofj in Dif (M) and V, a neighborhood op in M. Let
¢r 1 U — Vi be theC* maporp(n) = F,.

PROPOSITION3.4. There exists neighborhoods of f and V, of p in M such that the set
of mapsf € Vi that have a codimensionflip in V, is a codimensiom submanifoldl",
of V1.

ProPOSITION3.5. The condition oty being transversal td", is equivalent toF being a
generic unfolding of the codimensiarflip.

These two propositions follow from (2), the implicit function theorem and
transversality theory.

COROLLARY 3.6. Let F € Fy (M) be such thaty has a codimension flip at p. Suppose
F is a generic unfolding op. Given neighborhood®; of Fy in Dif (M), Vo of pin M, V3
of 0in U, there exists a neighborhodd, of F in (M) such that for everg € V, there
exists a uniqugxr € V3 and a uniquep € V; satisfyingG; € Vi, p is a codimensiom
flip and G is a generic unfolding op.

Proof. Openness of transversality and continuity of the nfap> ¢r. O
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ConsiderF as in Corollary 3.6.
THEOREM 3.7. F is locally weakly stable at0, p).

This is one of the main results of this section. In order to prove it we pursue
the following steps. First we turn the periodic orbits Bf symmetric and construct
displacement functions, adapting the techniques developem].irirhen we characterize
the displacement functions @f and a nearby; as universal deformations of isomorphic
germs. We apply the equivalence of universal deformations from singularities of
differentiable functions theory to obtain the equivalence of the displacement functions.
Then we prove local weak stability @f restricted to the central manifold. This implies
local weak stability ofF' by [PT]. These steps will be divided into several lemmas.

After applying a convenient conjugacy t® (restricted to the central manifold) we
may suppose,, has the localC* form

Fu(x) = —x +b1(w)x +ba()x3+- -+ b, (0)x? "+ b1 (x40, (1 x 172, (3)
whereb;(0) =0, ifi <n+1, b,11(0) = i% and DET(9b;(0)/au;) # 0.

We consider the cadg,1(0) = %. The minus case is analogous.

LEMMA 3.8. ([T]) There exists: : U x R — U x R a C* local diffeomorphism at0, 0)
such thatr (i, x) = (u, hy(x)), h, (0) = OanthoFHoh;l has symmetric local periodic
orbits (F,(p) = —p, for p a local periodic orbit).

Proof. Considerh,, (x) = (x — F,(x))/2. =

Let us fix some basic notation from singularities of differentiable functions theory.
One can consultN1] for further information. Define the following:

E*: the space of germs @* real functions defined in an open neighborhood &f R".
M} C E*: the ideal ofC* germs that argi — 1) flat at 0.

ConsiderF,, with symmetric local periodic orbits, i.e. after applying Lemma 3.8.
LEMMA 3.9. F, has the local form
Fu(x) = =x + c1()x + -+ (x4 e (W 4 0, (x| 242),

wherec; (1) = b; (1) + hi (), hi(n) € M? , if i <nandh, 1(n) € M} , . Moreover,
c1(), - .., c,(w) generateMy , and DET(dc;(0)/du;) # O.

Proof. The local form follows from direct -calculations. The condition
DET(8b;(0)/0u;) # O implies bi(w), ..., by(1) generateMkl_ZH. This and the fact
that i; () € M,E_Zn give the generation oMkl_ZH by c1(n), ..., ca(). Consequently,
the determinant must be different from zero. O

Let U be an open neighborhood of @R". Let F : U x R — R be aC* family
of local diffeomorphismsF, at 0 R (F(u, x) = F,(x) and F,(0) = 0). We assume
eachF, has symmetric local periodic orbits. We say& functionD : U x R — R is
a displacement functiofor F if locally:

https://doi.org/10.1017/50143385798117960 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385798117960

1124 J. Gheiner

(@ D(u,x)=-—D(u, —x) for (u, x) in a neighborhood of0, 0).

(b) D(u,0) =0 foreveryu € U.

() D(u,x)=0if and only ifx is a periodic orbit ofF),.

(d) If (x > 0andD(u,x) > 0) or x < 0 and D(u, x) < 0), then thew-limit, in
absolute value, is greater thanand thex-limit, in absolute value, is smaller than
x. If (x >0andD(u,x) <0)or (x <0andD(u,x) > 0) we change greater for
smaller.

(e) If xo is a periodic orbit ofF, the order of the first non-null derivative dd, (x)
at xo is the multiplicity of xo as a zero ofF)}'(x) — x, wherem is the period of
xo. Moreover, the signal of this derivative must coincide with the signal of the first
non-null derivative ofF)(x) — x at xo.

ForanyF : U xR — R satisfying the conditions of the previous definition, we define
D(u, x) = F2(x) — F2(—x) — 2x. Itis easy to check thab is a displacement function
for F.

ConsiderF as in Lemma 3.9 and its corresponding displacement funddion

LEMMA 3.10. D has the local form

D, x) = di(x + d2()x° + -+ - + 1 x> 4 0, (I2249),
whered; (1) = —4b; () + hi(p), hi(p) € M2, ifi <nandh, 1(n) € ML, .
Proof. Direct calculations. O

Thus D(u, x) = xE(u, x) where:
(@) E(u,x) =di(u) + da(u)x? + - - - + dyy2()x? + 0, (|| x]|*+2);
(b) E(u,x) = E(u, —x);
() E(u,x)is Ck1,

[x] denotes the greatest integer smaller than or equal to

LEMMA 3.11. There exists &' local diffeomorphisng at (0, 0), [ = [k/2] — 1, such that
E(p, x) = G, x?).
Proof. This is a direct application of th€* division theorem L[]. O

The local form of E leads to the local form of:

G, x) = di(i) + da()x + - - - + dps 1 (X" + 0, (IIx|I"TH),
whered;(0) =0,i <n, d,+1(0) = —1 and
dad;
(0)> #0, 1<i<n,1<j<n.
a/_Lj

Let f(x) = G(0, x). There exists &'~ local diffeomorphismA : R — R, A(0) =0,
such thatf o A(x) = —x" (see M]). Consider theC'=" mapH : U x R — R defined
by H(u, x) = G(u, A(x)). Direct calculations lead to the local form

DET(

H(p, x) = e1(u) + e2(w)x + -+ + eu1(0)x" + 0, (Ix "), (4)

wheree; (0) = 0,7 < n, e,4+1(0) = —1 andog(||x||"*t1) = 0, Vx.
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LEMMA 3.12.
8e,~
8,uj

DET( (0));&0, l1<i<nl<j<n.

Proof. Direct calculations. O

Let J(f) be the Jacobian ideal of. Let f € EX and let codf) be the codimension
of J(f) in EF=L. In the subsequent steps we recall some fundamental concepts of
singularities of differentiable functions theory. One can conddltdnd [V] as reference.
We shall use the concept of equivalence to mean right equivalence.

Let f € EX. An n-deformation off is a germF € E!; such thatF (0, x) = f(x).
Let F and G be two deformations off. We sayF and G are s-equivalentif there
exist aC* local diffeomorphism® : (R" x R, (0,0)) — (R* x R/, (0, 0)) such that
D(u,x) = (p(n), ®,(x)), where eachd, : R — R’ is a local diffeomorphism,
®dg = ldpi and ¢ : (R",00 — (R",0) is a local diffeomorphism and” = G o ®.
Let F be ann-deformation of f. We sayF is a C* universal deformatiorif any other
deformationG of f is s-isomorphic to the pull-back of by aC* map from the parameter
space ofG to R”. Let

sk=min{k—cod(f)—3,k—4, [i}—l}.

cod f) + 2
{. aF
F =
o

.

the initial velocities of F. We state a particular version of a fundamental theorem of
singularity theory forC* unfoldings.

We call

PROPOSITION3.13. Let f € E’l‘ be such thatod( f) < (k — 7)/2. A C* n-deformationF
of f is a C* universal deformation if after projection iE’l“l/J(f) the initial velocities
of F generateEX 1/ J (f).

We will need the following well-known result about equivalence of universal
deformations.

PROPOSITION3.14.Let f € EF be a germ of finite codimension. Tw®' universal
n-deformations off are s-equivalent.

ConsiderH given by (4).
LEMMA 3.15. H is a C*- universaln-deformation of—x".

Proof. After projection inE’l‘"‘l/J(—x”) the initial veIocitiesHj are mapped into

9 de,_
2O O

. 361
hi(x) = -—(0) +
! op ou I

By Lemma 3.12 thé:; (x) generateE’ "~*/J (—x"). We apply Proposition 3.13 to finish
the proof. O
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Let W be the canonicat-deformation of—x",

W, x) = w1+ pox +...+Mnxn—1 X

By Proposition 3.13V is aC*— universalz-deformation of—x". By Proposition 3.14V
andH ares;_,-equivalent. Letb be theC*- local diffeomorphism such tha¥vo® = H,
D(u, x) = (), ©u(x)), Po = ldg, ¢(0) = 0. We modify d, to map zero to zero.
Let @,(x) = @,(x) — ©,(0), W(,x) = W(t, x + g1y (0), D, x) = (),
@, (x)). ThenW o ® =W o ®. Take f(u) = Py-1(,)(0).

W (11, x) = ar(i) + az()x + - - - + a, ()x"* — x",

wherea; (1) = u; + bi(n), bi(n) € M_Yz,fu_” if i <n—1anda,(n) =, —nf(un).
Let A(u) = @/,(0). Consider the equatiof’ o ® = H. Taking i-order partial

derivatives with respect t® at (1, 0) fori =0,1,2,...,n — 1, we obtain
1 0 0 0
e1(u) 0 A 0 e 0 ai(¢(w))
( : ): 0 ga(n) A3(w) ... 0 ( : )
en (1) S o : an($ (1))
0 8n2()  gn3(u) ... )”n_l(ﬂ)

For the above equation we use the simple notation dfya) = A(u) - a(¢(n)). Then
a(p) =A@~ ()™ - e(¢~(w)). So

da

~1
0) = A~10) - M(O).

Buj au,«
Lemma 3.12 and>¢~1(0) being an isomorphism yield DEJa, (0)/d;) # 0.

We considerA : (R",0) — [@R",0), A(nw) = (a1(n),...,a,(w)). It follows
that A is a C*+" local diffeomorphism. W(u,x) = W(A(u),x). We define
D, x) = (A op(u), ®u(x)). ThenWod = Wod = Wod = H. Therefore
we have proved the following.

LEMMA 3.16.Let H be aC! n-deformation of—x" such that its Taylor polynomial of
order n satisfies the condition of Lemma 3.12. TH#rand the canonicak-deformation
W are C*—""-equivalent. The equivalend®(u, x) = (¢(u), ¢, (x)) can be chosen such
that ,(0) = O for all .

We point out that must be chosen sufficiently big so that,, — n is positive.

Proof of Theorem 3. AWWe takeF and G as in Corollary 3.6. We take central manifolds
for F at (0, p) and for G at (i, p). After restriction to these central manifolds we
may supposé’ and G take the form (4). By Lemma 3.8 we can consider thatand

G, have symmetric local periodic orbits. We repeat the construction after Lemma 3.9
to obtain displacement function®” : U x R - Rand D’ : U x R — R for F

and G. By Lemma 3.10D% (u,x) = xE¥(u,x) and D¢(u,x) = xE°(u, x). By
Lemma 3.11EF (u, x) = GF(u, x?) and E9(u, x) = G%(u, x?). By the construction
after Lemma 3.11, Lemma 3.12 and Lemma 3.15 there exist local diffeomorphisms

https://doi.org/10.1017/50143385798117960 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385798117960

Codimensiom: flips 1127

AF T (R,0) — (R,0) and A° : (R,0) — (R, 0) such thatA " (u, x) = GF(u, AT (x))

and H (u, x) = G%(u, A%(x)) are universah-deformations of-x". By Lemma 3.16
there existd?, equivalence betweeH  and W, the canonicak-deformation andb®,

equivalence betweeH® andW. So(®) to® is an equivalence betwedh’ andHC.

We defineA” : U xR — U xR andA%: U xR — U xR by Af(u, x) = (u, AF (x))

and AC(u, x) = (u, A9(x)). Let& = AF o (®F) 1o ®% 0 (A9)~L. Thené¢ is an
equivalence betweeg” and G¢. We remark that(u, x) = (¢(n), £.(x)), Where
£,0) = 0 for all w € U. Moreover,§, : R — R preserves orientation. f > 0

then ES(u, x) = G%(u, x?) = GF (¢ (), £, (xH)) = EF (¢ (), V/£.(x?)). Analogously,
if x <0thenE%(u,x) = EF(¢p(n), —/,(x2)). We defined : U xR - U x R by

_ | @, V&), forx =0
(¢ (1), —/£.(x?), forx <O

® is a c—""1 |ocal diffeomorphism, wheré = [k/2] — 1 andk is the order of the
differentiability of F andG restricted to their central manifold€? o ® = EC. Itis easy

to check that for all. € U, ¢, preserves orientatiop, (—x) = —®,(x) and®,, map

the zeroes ODS into the zeroes oD,ir preserving their multiplicity and their topological
character (attractor, repellor, saddle-node). Moreover, in the case of a saddle-node orbit
@, preserves the sides of attraction and repulsion.

We proceed to construct @° conjugacyH : U x R — U x R, H(u,x) =
(¢ (n), H,(x)) betweenF andG restricted to their central manifolds. For eacle U we
defineH,, equal tod, at the local periodic orbits ofi,. Let 0= p. < p; < --- < e
1 <k, <n+1, be thek, non-negative periodic points a,. Let P, = Hu(p,), for
1<i <k, Letq, = (pi + pi}hy2, for 1< i < k,. Letg, = (5} + pith)/2. We
take a smalk > O such that > max{p,k[‘, ﬁ,’i“}. We defineq,’i“ = q,’fg* = ¢. We define
H,(q) = g}, andH,(G%(q},)) = F2(g.), for 1< i < k,. Let J} be the closed interval
whose extremities ar@li and Gﬁ (qL). Let j,i be the closed interval whose extremities
areg!, and F2(g'). Let I be the open intervalp! , pitt). Let i[t = (Pl piY). We
extend H, to a C* diffeomorphism preserving orientatioH,, : J;, — f;‘t. Then we
use the conjugacy equatiaif, = (Flf)—’" oH,o (Gﬁ)’", m € Z, to extend it to aCk
diffeomorphismH,, : I}, — i,i- Details can be seen irGf]. So H, : [0, ] — [0, €]
is well defined. We extend it tdf, : [G,(¢),e] — [F,(¢e), €] using the conjugacy
equationH, o G, = F, o H,. We remark that eack,, is a continuous mapH, varies
continuously withu, for © € U —{u | G, has an odd codimension saddle-npdBy
[PT] this conjugacy can be extended to a neighborhootuofp) in U x M. O

D, x) D(u, x) = (d(n), ©u(x)).

The next result gives information about the local stabilityFof

THEOREM 3.17. Let F € Fy (M) be such thatFy has a codimension flip at p. Suppose
F is a generic unfolding op. ThenF is locally stable at(0, p) if and only ifn < 3.

Before proving Theorem 3.17 we will establish a necessary condition for the
existence of continuous conjugacies. LEtbe as in Theorem 3.17. Considér
restricted to the (local) central manifold“(p) at (0, p). F is C* for big k. Let
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Wi(p) = Wp) N {n x M}. Using the same notation as before, suppp’goe is
a codimension one saddle-node Bf . Let pi,* < pi < pit! be consecutive
fixed points ofF,f (if one of these points does not exist we change it far). Let
H:UxR—> UxR, Hu,x) = (¢(u), h,(x)) be a continuous local conjugacy
betweenF and a nearbyF. There exists a uniqu€’ vector field X,, adapted to
FZ | (pih pith. Itis C*1 off the fixed pointp!, [Ko, SZ. Analogously, there exists

a uniqueC* vector field X, adapted toF 2, | (,,(p';;Y). huo(pith) that is C*-1 off
huo(l’im)-

LEMMA 3.18.hy, | ((pi,;5 pith — {pl,}) is a C*~* diffeomorphism andh,,). X, =
X0
Proof. Let § > 0 be a small number and let: [—§, 8] — U be aC* curve such that
c(0) = po and f; = Fyp satisfiesaf,z(pj;o)/at # 0. The existence of this curve is a
consequence of the fact tth is a versal unfolding onO if we consideerD as a germ
at the saddle-node. Without loss of generality, we assume thatfdd the saddle-node
disappears and far < 0 it breaks into two hyperbolic fixed points fof2. From the
existence of the conjugacf, the same is true for? if we define f; = Fy((. Let

— F2 i-1 i+l i ; - PR
JCI=Fi|(p, ,p;g ) be an interval a little smaller thah containingp;, in its
interior such that for > 0, f? | J does not contain any fixed point. By there
exists, for each > 0, C* vector fieldsX, and X, adapted tof? | J and to £? | h,,(J)
varying continuously withy. The result follows using the same type of argument as in
Theorem 3.2 of NPT]. O

PROPOSITION3.19. Consider > 1. LetF : U xR — RandF : U x R — R be twoC*
generic unfoldings of the codimensierflip 0 (at 1 = 0). Let X and X be, respectively,
the adapted vector fields TEbZ and to FOZ. Let H(u, x) = (¢ (), h,(x)) be a continuous
local conjugacy betweef and F. Thenig | R — {0} is C¥~! and (ho), X = X.

Proof. By Lemma 3.15 and Proposition 3.14 there exist a codimension one submanifold
' c U defined byI' = {u € U | Flf has as fixed points a codimension one saddle-node
p,. andn hyperbolic fixed pointsp,, is the biggest fixed poijt The same definition holds

for ' c U andF. Itis clear thaty(I') = I". These submanifolds accumulate at @'.

Foru e I' let I, = [p,, €] ((—¢, ) contains all the fixed points 073). Let X, be the
adapted vector field t&? | /,. Let X, be the adapted vector field %, | h,(I,). By
Lemma 3.18(h,).X, = X,. Moreover, lim,_op, =0, lim,_oX, = X | [0, ¢] and
lim, o X, = X | [0, ho(e)]. Thus (ho).X | [0,€] = X | [0, ho(e)]. Analogously, we
prove (ko). X | [~¢, 0] = X | [ho(~e). O]. O

Proof of Theorem 3.17Supposern < 3. If n = 1 it is done in NPT]. Forn = 2

it is Corollary 3.3 0f§3.2. Forn = 3 we proceed as in the proof of Theorem 3.7
and we modify the conjugacy, for n in a neighborhood of the surfadg. | F,, has

a codimension one saddle-ngdeFor p in this surface we definé?, preserving the
adapted vector field. Fqu near this surface we defing, in order to have continuity

of H with respect tou. We follow the same strategy and the same techniques used in
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the proof of Theorem 3.2 df3.2. The construction, although more elaborate, does not
involve any new ideas.

Supposen > 3. Let A = {u | F, has two consecutive codimension one saddle-
nodeg. SupposeH (i, x) = (¢(w), h,(x)) is a continuous local conjugacy betwegn
and a nearbyF. Supposeu € A. Let X, andY, be the adapted vector fields qu
restricted to intervals that are maximal containing each saddle-node and no more fixed
points. Analogously, consideX, and¥, the corresponding vector fields adaptedip
restricted to the image of these intervals by. By Lemma 3.18,(,).X, = X, and
(hu)+Y, = Y,. Both vector fields are defined in the open interval whose extremities
are the two saddle-nodes. In general, they do not coind{de Ma] (the modulus of
stability is infinite [R]). So there are two incompatible conditions thgtshould satisfy.
ThereforeH cannot be continuous with respectio O

4. Global unfolding
The main objective of this section is to prove Theorem Abf First we shall analyze the
existence of a strong stable foliation at the center stable manifold of the codimension
flip. If n > 2, a conjugacy must preserve this foliation. We shall construct a compatible
system of (strong) unstable foliations for the periodic orbit¥pf i € U. This system
will be used in the construction of conjugacies.

Let F € A. Let p be the codimension flip of F. Let W*(p) be the center stable
manifold of ' at p. We setW*(p) = W (p)N{u} x M. The manifoldW< (p) is Cck+1
for k large. We assume, for all this section, tifatrestricted toWg*(p) has a sink ap.
The other casep a source forFy | Ws*(p), is completely analogous. For eaghe U,
W2 (p) is the union of stable manifolds of (local) periodic orbits. Therefdfg (p) is
unique. INnW<(p) there exists a continuouB-invariant foliation with C* leaves, the
tangent planes to the leaves depend continuously on the base p#itit(at), each leaf
intersects the central manifol@“(p) transversally at one point, the leaf that intersects
p is the strong stable manifold dfy at p, W*(p). This foliation is called the strong
stable foliation and we denote it I5%** (p). In general 7**(p) is not unique. In the case
treated herem**(p) is unique and ik, We setF ) (p) = F*(p) N {u} x M. Suppose
F is a family near toF in Fy(M). Letn > 2. Let p be the codimension flip for F.
Let 7**(p) be the corresponding strong stable foliation.

ProPOSITION4.L. LetH : U x M — U x M, H(u, x) = (¢ (1), h,(x)) be a conjugacy
betweenF and F. Thenhg mapsFy’ (p) onto Fiq ().

Proof. Let Ar = {u € U | F, has only a codimension one saddle-node and a
hyperbolic fixed point as periodic orbits unfolding from the codimensidiip}. Ar is a
codimension one submanifold 6f and is part of a Whitney stratification éf consisting

of {u | F, has local periodic orbits with multiplicity greater than ¢neMoreover,

0 € Ar. The caser = 2 is treated ir§3.2. ForF there exists a corresponding: C U.

As H is a conjugacy¢(Ap) = Ap. Forpu € Ap, h, preserves the strong stable
foliation. This is a direct consequence from Theorem 3.2NHT]. As Ay accumulates

at 0, by continuity of7**(p) andh,, with respect tau, we get thatzo must mapF3’(p)
onto]-‘qis(o)(ﬁ). O
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Let paw, Py -+ s PG=105 D PG+ - - - Pa.w b€ the periodic orbits ofF),.
Here A, denotes the set of local periodic orbits that unfold from the codimensitip.
Ay ={PGow: s PGnoan - We setW(Ay) = Usgio,, W(pga) and WH(A,) =

Ul<i<nu W"(p.iy). We set the partial ordep; , < pi, it W*(pi,) N W (pi,) # 9.
For A, we considerW*(A,) and W“(A,). For u = O the setA, reduces to the
codimensionn flip p = p;o. In this case transversality of the stable and unstable
manifolds and the finite nature of the limit set imply the non-existence of cycles
(with respect to the partial order) fafy [Sm]. So we can take a total order of the
periodic orbits with respect to this relationp1o < p20 < --- < pro. By [Sh]

we can considetM = {# = My C M1 C --- C M,;} a filtration for Fy such that
Ki(Fo) = (\pez Fg'(M; — M;_1) = pio. We denote the non-wandering set Bf by
Q(F,). LetV;, 1 <i <, be small neighborhoods ¢f ¢ in M. If we takeU sufficiently
small thenQ(F,) N (M; — M;_1) C Ki(F,) = ez F'(M; — M;—1) C V;. The last
subset relation yieldX;(F,) = p;, if i # j and K;(F,) = A,. As M is also a
filtration for F,,, there is not any cycle with periodic orbits outsideg,. The following
result excludes the possibility of a cycle involving periodic orbitsAgf.

PROPOSITION4.2. Let F € A. If U is sufficiently small, then:

(@) Q(F,) = {periodic orbits ofF,};

(b) F, has no cycles;

(c) itis possible to take a total order of the periodic orbits Bf compatible with the
order of the corresponding periodic orbits &b, if we considerA,, as one periodic
element.

In order to prove Proposition 4.2, we need to analy#?e&(A,). Let W (p) and
We(p) = W (p)NW(p) be, respectively, the center unstable and the center manifolds
of F at p. These areC**! manifolds for bigk. These manifolds are not unique
but UueU WH(A,) C W(p) is unique. We seW"(p) = W(p) N {u x M} and
Wi(p) = We(p) N {w x M}. In Wi(p) we can consider the periodic orbits ordered
by the length betweeg and F,(¢). Let {a,, b, = F,(a,)} be the maximal periodic
orbit with respect to this order. There existsC4, F-invariant foliation F*(p) in
W< (p). It is called an unstable foliation. The leaf @& p) is W*(p). For eachu the
leaves that intersedl/;” (p) belong toWi (p). The restriction of the foliatiorF** (p)
to UMU W"(A,) is unique. Each leaf instersects transvers#il§y(p) at one point. Let
fa, and f;,, be the leaves that contai, andb, respectively. These leaves constitute
the boundary ofW*(A,,).

PropPosITION4.3. Let V be a small open ball with center &, p) in U x M. Then
lim £, NV =1lim f, NV =W'(p)nV
u—0""" u—0" "

in the C* topology.

Proof. It follows directly from the expression oﬁf restricted tow<(p) (see expression
(2) in §3.3) and from the fact thafF““(p) is C*. O
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Remark.Let N > 0 and Wi (A,) = U,y Fi(W*(A, N'V)). Givene > 0, we can
take U sufficiently small in order that ift € U then W}, (A,,) will be contained in the
neighborhood of radius (points that are-close) ofUlSjSN W*(p)NV. This is a direct
consequence of Proposition 4.3.

Proof of Proposition 4.2We have already proved item (a). Item (c) follows from item (b).
Let M be a filtration forF, as we considered just before Proposition 4.2. From the
construction of this filtration (seeSh)) it is clear thatW* (p) N M; is compact. It follows
from Proposition 4.3 and the subsequent remark ##4(A,) N M; is compact and
stays close toW“(p) N M;. W*(p) N M; does not intersecW{*(p) — p. Therefore
W"(A,) N M; does not intersecW*(p) — p. This fact and the order that the filtration
imposes orW*(p; ) imply item (b). O

According to Proposition 4.2 we can consider, < p2, < -+ < pj—1u < Ay <
Pi+iu < --- < p, totally ordered. Let;, i # j, be neighborhoods af; o. If we take
U sufficiently small therp; , € V; and we consider local unstable foliations (SReTT]).
Since these foliations arg, -invariant, we consider iterategy, m € N, of the leaves.
These iterates induce an unstable foliation, denotedFbgp;), in {u} x U,,cn Fr (Vi)
for u € U. Alternatively, we denote™=""(p) by F“(p;).

We recall the following definition

Definition 4.1. The system of foliationsF* (p1), F*(p2), ..., F*(pi,,) is compatible

when:

(a) if aleaf F of 7“(p;) intersects a leaf of F“(py), i <k, thenF D S;

(b) for all i < k the restriction ofF“(p;) to each leaf ofF*(p;) is a foliation of class
Ck, k>2.

PROPOSITION4.4. Let F € A. There exists a compatible system of unstable foliations for
F,uel.

Proof. We follow the same ideas developed in the proof of Proposition 3.2BfT].
The extra element here is the codimensiofilip p. Let us construct a fundamental
domain Aq for W§*(p). From expression (3) i§3.3 we can expresg at W§*(p) in a
local C#*+2 system of coordinates as

Fo(x,y) = (—=x + 2x®* L o(lxy |, [1x11**2), By + o(lxy |, Iy1%),

where B is ans x s matrix, |B|| < 1 ands is the number of eigenvalues @i Fo(p)
with negative real part. Here = O represents the one-dimensional center manifold and
x = 0 thes-dimensional strong stable manifold.

Considera € W§(p), a < p near top. Let L, be the leaf ofF**(p) througha. Take
b e W5(p), Fo_l(a) > b > Fy(a). Let L, be the leaf ofF**(p) throughb. Consider two
s-dimensional disk®, € L, and D, € L, with centers, respectively, im and inb and
radii equal toja — p|. Let C be the closed set formed by,, D, and ans-dimensional
cylinder in Wg§* (p) bounded by the border db, union the border oD, and generated
by one-dimensional curves transversalAt (p). These curves are taken almost parallel
to W5(p). It is easy to check from the preceding expression dC) N C = @. For
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w e U, C, = {u} x C also crosses the strong stable manifolds of elementa of
transversally inlex(p) andF,(C,)NC, =¥. We letA, be the closed region bounded
by C,, and F,,(C,). We takeA = (J, ., A, Itis diffeomorphic toU x Ao. With this
fundamental domain fow < (p) we can construct compatible unstable foliations exactly
in the same way as was done in Proposition 3.2NPT]. O

We call the codimensiom flip p, s-critical or, simply, critical if there exists a
hyperbolic periodic orbity such thatW*(g, Fp) intersects some leaf of§*(p) non-
transversally. We say that is non-critical if it is not critical.

In the construction of conjugacies we will need a one-dimensidnahvariant
foliation, defined inW< (p), transversal t&7**(p). We denote it as the central foliation.

ProPosITION4.5. If Fy has a non-critical codimension flip then there exists a central

foliation F¢(p) defined in a neighborhood g¢f in W< (p) with the following properties:

(&) leaves ofF“(p) are contained i} x M for someu € U,

(b) F¢(p) is Fy-invariant;

(c) Fc(p) is compatible withF*(p;), i < j, in the sense of Definition 4.1;

(d) leaves ofF¢(p) are of classC* and vary continuously in th€* topology;

(e) F<(p) is transversal taF**(p);

(f) The union of leaves of““(p) that intersect a leaf ofF¢(p) constitutes ac*
submanifold.

Remark The k here is the samk used in theC*+1 differentiability of W< (p). We take
k> 1.

Proof.Sincep; < p» < --- < p;_1 are all hyperbolic, in the construction of a compatible
system of unstable foliations the leaves®f(p;), 1 <i < j, can be taken to be**1,
Let A be a fundamental domain fa¥“(p) as in Proposition 4.4. For eagh € U
consider the leaf ofF**(p) through the fixed point correspondent to the codimension
flip p. Let L be the(s + 1)-dimensional manifold formed by these leaves. splits
A =A1UA, Let B= A1 U F(Ay). We will define F¢(p) in B as the set of integral
curves of a vector field. The vector fieldX satisfies the following propertiesX

is tangent to the leaves oF“(p;) and it is C* along these leaves far < j such that
WH(p;) N W (p) # @. The vector fieldX is transversal taF*(p), it is of classC®
andd F-invariant. To defineX we proceed by induction taking= j —1,j —2,..., 1.

If W"(pj_1) intersectsW*(p) we consider ack vector field X tangent toW*(pj_1)
in a neighborhood ofW“(p;j_1) N dextA N B in W*(p;j_1). In a neighborhood of
W"(pj—1)NF (@intA)NB in W"(p;_1) we consided! F2(X). If W*(pj—1)NointANL # @,

in a neighborhood of this intersection #i“(p;_1) we consider—d F (X). It is easy to
extend this vector field to a neighborhood oW*(p;_1) N B in W*(p;_1). The leaves
of F(p;_1) are C¥*1 imbeddings of a disk iW*(p;_1), continuously parametrized by
their intersection withW*(p;_1). So we can projeck into the leaves ofF"(p;_1) near
dextA N B. We consider its image by-dF neardA N L and its image byl F2. We
extend it acros® as above. We can takeé transversal tg7** (p) asp is non-critical. By
induction we suppos« is already defined along the leaves®f(p;;1), ..., F*(pj-1)
nearB. If W*(p;)NB = ¥ we proceed to the next folitatiaf” (p;_1). If W*(p;,)NB £ ¢
but W*(p) )NWs(py) =0 fori <k < j, thenW(p;) N B is compact and disjoint from

https://doi.org/10.1017/50143385798117960 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385798117960

Codimensiom: flips 1133

W*(pr)NB. So we can proceed as before Wit (p;)NB # @ andW* (p;)NW* (py,) # 0

for somei < ko < j, then asF*(p;) is compatible with7*(p;) fori < k < j the vector
field X is already defined in a neighborhoddof | J;_,_; W"(px) N B and is tangent to
the leaves ofF“(p;) in V. But W*(p;) N (B — V) is compact. So we can proceed as
before. Thus we can construgt with the above properties in a neighborhoodRin

W (p). We take the integral curves &f and their positive iterates by. By A-lemma
[P] the leaves that do not interseEtextend to center manifolds. Part (f) follows since
each leaf ofF(p) is C¥. We remark that the construction &f is continuous on: and
yields part (d). We can considef“(p;) of classC* outsideJ;,, is not a sourcd? " (P1)-
The vector fieldX will be C* in this set.

PROPOSITION4.6. Let F € A. For everyu € U and W*(p;,,) there is no non-transversal
intersection betweei* (p; ,) and 7**(p) restricted toW" (A ).

Proof. For u = 0, W*(Ag) reduces toW"(p) and the result comes from transversality
conditions that are part of the definition gf. For u # 0 continuity of W*(p; ,) and
F“(p) in the C* topology, with respect tg,, Proposition 4.3 and the subsequent remark
imply the result. O

LetV = {u € U | F, has as periodic orbits near the codimensidiip p just a fixed
point and a codimension one saddle-node periodic jorbitis a connected codimension
one submanifold.

PROPOSITION4.7. LetH : U x M — U x M, H(u, x) = (¢ (), h,(x)) be a conjugacy
betweenF and F. Forall u € V, h,, mapsF*(p)NW*(A,) onto F" (p)qu(Aqg(M)).

Proof. Let g1, and gy, be, respectively, the fixed point and the periodic saddle-node
(with period two). ThenF™“(p) N W*(A,) = W"(q1,) U (F“(p) N W'(gz,.)). It
is easy to see tha"“(qy,) must be mapped ontW"(g14(.)), Wheregy 4, is the
correspondent fixed point faf, (). Letgz 4. be the correspondent saddle-node periodic
orbit for Fy(,. As in Lemma 3.18 0%3.3, we take aC> curve c(t) in U such that
c¢(0) = pn and f; = F., unfolds generically the codimension one saddle-node. Then,
as in NPT], F**(p) restricted toW"(q2,,) must be mapped onto the correspondent
F" (ho(p)) restricted toW"(G2,¢(.))- O

Proposition 4.7 indicates that in the construction of conjugacies betweemd
a nearby F the strong unstable foliation restricted #W*“(A,) should be preserved.
Proposition 4.6 denotes the absencerafiticality in W*(A,,).

ProOPOSITION4.8. Let F € A. If n > 2 and p is critical then F is not stable.

Proof. We follow the same ideas contained in the proof of Proposition 2.4, chapter Il
of [NPT]. We consider a poing of quasi-transversal intersection betwe&H(p;) and
F3¥(p). We take a curvey in W (p) such thaty containsg and is transversal to
F*(p). Perturbing, if necessary, we may assume that all the eigenvaluegy0p;)

and ofdﬁo(ﬁi) are distinct. Letw be the weakest contracting eigenvalueddiy(p;).

Let y € y be nearq. Let A be a fundamental domain dV*(p;) and V a small
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neighborhood ofA. Then it is possible to choose so thatp(y, ¢) ~ |a|"®. Herep
denotes the distance with respect to some Riemannian metricvatiehotes equality

up to a positive multiplicative factor, uniformly bounded and bounded away from zero.
n(y) is the least positive integer such thatF;"(y) € V. We take F' a perturbation

of F such that|a| < |a|. Then p(ho(y), ho(q)) < K|a|"™ for some fixedk > 0.
Thus lim,_,, p(ho(y), ho(q))/p(y,q) = 0. Since we can project these distances along
F*(p) and F** (p) onto the respective central manifolds, this gives a contradiction with
Lemma 3.18 0f3.3. O

Proof of Theorem AConsider a nearby family" € F,(M). By Corollary 3.6 0f§3.3
there existup near 0 andp near p such thatﬁ’uo has a codimension flip at p and
unfolds it generically. We proceed to construct a conjugéity U x M — U x M,
H(p,x) = (¢(u), h,(x)) betweenF and F. In cases (b) and (c) of Theorem A we
define¢ : (U,0) — (U, no) as done in the proof of Theorem 3.7 §8.3. In case

(a) we definep as done in Theorem 3.17 §8.3. By Proposition 4.2 we can consider
Piu < Pou < -+ < Pi—ip < Ay < pjyiu < -+ < piu, the periodic orbits of
F,, totally ordered. HereA, = {p;.y.u.---» Pin.u) iS the set of local periodic
orbits unfolding fromp. We remark that, > 1. If n, = 1 we denoteA, as p; .

By Proposition 4.4 we can take a compatible system of (strong) unstable foliations
F'(p1), F(p2), ..., F'(p)- Forﬁ(,,(ﬂ) we can consider its corresponding periodic orbits
Pisqw and Ay, such that the correspondenpg, — ;.. iS continuous and order
preserving. This correspondence comes from the fact that for snth# filtration for Fy

is also a filtration forFy ., and Ki(Fy) = Mez Fimy (Mi — Mi_1) = pigqn if i # j

and K; (Fy () = A FOr Fy,) we consider a corresponding (and nearby) system of
(strong) unstable foliationg™ (p1), F*(p2), ..., F“(pr)-

We defineh, (pi) = pigq, Tori # j. We defineh, (A,) = Asq, preserving
the order of the real line. The global conjugagly will be constructed, by induction,
on the stable manifolds of the periodic orbits and on the center stable maniféldabf
the codimensiom flip. We consider fundamental domaids ,, for W*(p; ) if i # j.
We take A; , as the fundamental domain f&¥“*(A,) as in Proposition 4.4. Define
A; = U, cp Ain- The conjugacyd will have the following properties:

(@ H{pn} x M) ={¢(uw)} x M, for p e U;

(b) leaves ofF“(p;) are sent into leaves of(p;);

(c) if W*(p;)) N W (piy) # @, then for each leafl of F“(p;), the restriction ofH to
J N W*(py) is differentiable and in a neighborhood &1 A, in W*(pr) (W (pi)
if k = j), H is C* near the inclusion map.

H maps the sources df, onto the sources w}. We setp; = pio and p; = pi.o.
SupposeH has already been defined on the stable (or center stable) manifoldsabf
P1, P2, - -+, Pm- AS each leaf ofF*(p;) intersectsW?(p;) in one point,H defines a map
from the space of leaves d¢f*(p;) onto the space of leaves @ (p;) for 1 <i < m.
We consideW* (p,,+1) andW*(p,,+1). We will define H from a neighborhood oA, ;
onto a neighborhood oﬂmH. There are five cases.

(1) m+1 < j. In this case we proceed as INPT].

(2)m+1=j,n <3, andp; is nots-critical. In this case it is possible to construgt
at W< (p;) as the ‘product’ of two partial conjugacies,* defined at the center manifold
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of p; and H* defined at a diskD,, contained in a leaf ofF**(p;). This approach can
be seen in the proof of Theorem 4.3 MHT]. It can be adapted to this case. The
differences are as follows. (i) # = 2 the conjugacyH¢ is the one constructed in the
proof of Theorem 3.2 0§3.2. (ii) If n = 3 the conjugacyH¢ is constructed as indicated
in Theorem 3.17 0§3.3. (iii) The diskD,, has its ‘center’ at a poing, € Wy (p;) that

is smaller (by the order of the real line) than any local fixed poinF@.f (iv) We work
with FZ to defineh,, at the left half of W (p;) (the middle is determined by the leaf of
F**(p;) passing through the fixed point fd7,). Then we extend:, to the other half
using the conjugacy equation.

(3)m+1=j,n <3, andp; is s-critical. Letg,,r, be the smallest, respectively
the biggest, local fixed point oF,f restricted toW;(p;) considering the order of the
real line. In particulargo = ro = p;. Analogously, we considef, and7, for FM.
Take C,, and D, leaves of 7**(p;) such thatg, € C, andr, € D,. In a similar way
considerC, and D,,. Let A, be a fundamental domain farZ | W (p)), as in the
proof of Proposition 4.4. LeR, € W7 (p;) be the region delimited bYexA,, C,
and D,,. SinceW"(p;) intersectsW**(p) transversally, for < j, we can construct, as
in Proposition 4.5, a central foliatiof (p;) in R,. This foliation is invariant byF,,,
transversal taF**(p;), compatible with7*(p;) for i < j. It hasC* leaves (varying
continuously with respect to th€* topology). It is a classicaC* foliation outside
U, is not a sourcd? " (Pi). Analogously, we consider a central foliatidff, (p;) in R, that
is invariant by Fy(,. We defineH in R = |J,., R, as the product of two partial
conjugaciesH¢ and H*.

The first one is defined froni<(p;) to W¢(p;), as constructed in Theorem 3.7 of
§3.3. In fact we consider justi; : [g,., 7] = [ Touw]-

The second conjugacy is defined at a fundamental domaiﬁjdrcﬂ. The leafC,
splits A,, into two regions. LetQ, C A, be the closure of the region that does not
containR,,. We setC;; = C, N A,. In a neighborhood’,, of dexC}; in C,, we consider
a map ‘F," defined by: ifx € V, thenx € J whereJ is a leaf of 7 (p;). We set
“F,"(x) = F,(J)NC,. Analogously, we defineF,” at a neighborhood, of dexC; in
Cﬂ. In V,, we defineH* inductively, mapping leaves ¢f*(p;), i < j, into correspondent
leaves ofF*(p;) intersected withV,,. For each leaf this map i§* near the inclusion.
At “F,"(V,) U FZ(V,) we extendH® by the equationsH*“F,” = “Fyq"H* and
HSFj = qu(mH"‘, respectively. Using the isotopy extension theorem we extend the
definition of H* to the intersection of leaves & (p;) with Ci. AsC; C Ui<j W.(pi)
the mapH* is already defined at a neighborhood@f.

We setdex€2, = 02N extA, aNdoine, = 92N dintA,. Thend, = dexi2,,Udint$2,U
C:. We defineH at a neighborhood odex$2,, inductively at leaves ofF*(p;), i < j.
Near 0, H is defined byHF? = Fg(#)H. This definition is extended to the
intersection of leaves aof“(p;) with €, using the isotopy extension theorem. Details
of this type of construction can be seen MHT]. This extension is done compatible
with the definition of #* already done aCj,. The construction of/ at the closure of
Q, is finished.

For eachy we defineH at R, as the product off and H* (using the transversal

nelU
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foliations Fi(pj) and 7**(p;)). We extend the definition off to all W (pj) by
HF, = FyH.

(4 m+1=j,n> 3. We proceed as in (3).

G)ym+1>j. LetW; = Up(j_;)_#eA# W*(pg.hu)- We can viewW as the
unstable manifold ofA,. We now construct the conjugaci{ on the fundamental
domain A, = A,41, of W'(pu11,). We proceed inductively (in descending order
on i) constructingH on W*(p; ) N W*(pm+1,) and onF*(p; ) N W (pp1,,) for
i <m+ 1. If i # j this construction is equal to the one described in Theorem 4.3 of
[NPT]. If i = j there are two cases to consider. W(p;) N (Uj<l<m+l W (p) =0
then by Proposition 4.3 each leaf 8% (p;) N W), intersects4,, in a compact set disjoint
from neighborhoods oW"(p;) N A, for j <1 < m + 1. By Proposition 4.3 these
intersections ar&* near toW*(p;) N Ap. We notice thatd has been constructed on
W (p;) and F*(p;) is parametrized by the intersection of its leaves Witt’(p;).
ThereforeH defines a map from the space of leavesF8{ p;) onto the space of leaves
of 7“(p;). Let S, be the leaf of7*(p;) passing through the unique fixed point Bf
that unfolds fromp;. Analogously we defing), for Fy ). Let (¢ (w), S,.) = H(, S,).

We constructd at S, N A, as a diffeomorphism near the identity of a neighborhood
of S, N A, onto a neighborhood of, N A,. This construction maps leaves &% (p;)

onto corresponding leaves @"(p;) and preserves the conjugacy at the borded pf

It is done using an extension of the isotopy extension theoia) NPT]. Consider

Wi (p) 0 (Ujcyemes Wi (pD)) # . Since F(p;) and F'(p), j <1 < m+1

are compatible,H is already defined on the leaves & (p;) in a neighborhoodV

of Ay N (Ujzicmea W*(prw) in Ay ButY = S, N (A, — V) is compact and, by
Proposition 4.3W; N (A, — V) is also compact. Using the same method used in the
previous case we can exterflto Y and to the leaves af"(p;) in a neighborhood of

Y in A,. This construction is continuous qn

In any case, we extend the constructionfbfon A,, 11 to W*(p,,+1) (Or W (ppy1))
using the conjugacy equation.

To prove the continuity off one follows the same arguments as in Theorem 4.3 of
[NPT]. The principal addition here is that the continuity @nimplicit in item (a) of the
theorem, is a direct consequence of the careful constructi@ff @t the central manifold

of Dj-
The statement thak is not stable ifp is critical is given by Proposition 4.8. The
statement thaf is not locally stable if: > 3 is part of Theorem 3.17 df3.3. O
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