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ABSTRACT

A new approach for the analysis of stress intensity factors (SIFs) for cracked plane plate is proposed
based on the wavel et finite element method using the scaling functions of B-spline wavelet on the interval

(BSWI).
available numerical examplesin the literate.

The performance of the method is investigated through the comparison of the results with the
It is shown that the solution quality is much better than that

of the traditional adaptive finite element method. Though the method is applied to plane structures in
this paper, it can be extended to solving problems for other classes of structures.
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1. INTRODUCTION

Finding the close-form solution of stress intensity
factors (SIFs) is mathematically challenging. Among
the existing fracture mechanics methods, the finite-
element method has gained popularity in the past sev-
eral decades[1].

To calculate SIFs more efficiently, some new nu-
merical analysis methods are proposed recently. For
example, Long et al. proposed a sub-region mixed finite
element method to calculate SIFs for some finite and
infinite plates [2,3]. Chen et al. developed a multi-
layer hybrid-stress finite element model together with
two types of composite multilayer elements to analyze
the influence of various crack parameters (position,
length, thickness and fiber orientation) on the estima-
tion of SIFs of composite laminates [4]. Different
boundary element methods were applied by a number of
researchers (e.g., Miyazaki et al. [5], Lu et al. [6], Lu
and Cheng [7], Chao and Wikarta [8] and Chao and Lu
[9]) to analyze two-dimensional crack problems in-
cluding biomaterial interface crack problems, dynamic
propagation problem concerning Mode | crack, Asym-
metrical dynamic propagation problem concerning
Mode Il crack, layered structures, respectively. Giner
et al. proposed an Extended Finite Element Method (X-
FEM) for the numerical analysis of crack problems and
implemented it in the finite element code Abaqus [10].
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For the finite element analysis of crack problems, adap-
tive mesh is also an important technique to obtain more
precise value of SIFs. Kpegba and Ottavy proposed a
method by the combination of two independent classi-
cal meshes to improve finite element analysis precision
[11]. Souiyah et al. develop a two-dimensional finite
element method to solve SIFs using the natural triangu-
lar quarter point elements to replace the collapsed
quadrilateral elements [12]. Yang developed a special
crack tip displacement discontinuity element to solve
SIFs [13]. Meshii and Watanabe developed a novel
singular finite element to simulate cracked plates and
analyze the solution errors [14]. Daimon and Okada
calculated Stress intensity factors using enriched crack
tip finite elements in several typica mechanical loads
[15].

Wavelet analysis is a useful tool to deal with engi-
neering data [16,17]. In recent years, wavelet finite
element method is proposed to solve the Partial Differ-
entia Equations (PDEs) [18]. Xiang et al. employed
the scaling functions of B-spline wavelet on the interval
(BSWI) as interpolating functions to construct two-
dimensional wavelet-based plate elements [19,20].
Zhang et al. proposed a multivariable spline-based
wavelet finite element method to analyze structural
mechanics problems [21,22]. Yang et al. extended the
BSWI wavelet-based element to analyze the plate buck-
ling problem [23]. The advantages of the wavelet-
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based element as acknowledged in literatures include
high precision and good flexibility of finite element
interpolating bases [24,25].

In the present work, we propose an effective wavelet
based BSWI method to calculate SIFs. Two numerical
examples of the center crack and the double edge crack
problems are investigated. Though the method as
presented here is oriented toward plane structures, the
feasibility to extend the approach to other classes of
structures is obvious.

2. WAVELET-BASED ELEMENT FORMULAS
TO CALCULATE SIFS

One-dimensional multi-resolution analysis (MRA) of
BSWI on the interval [0,1] is given by Chui and Quak
[26]. In the present, for the usage of only scaling
functions at level j = 3, we start the 4™ order wavelet
bases in scaling space Vj,; as

P, = [(Dsl‘lja] (1)

where @, =[¢; 5(&) #.(6) ... #:(5)] represents
scaling functions in V3 and ¥; the wavelet bases in
wavelet space Ws, i€ Wi=[pia() vi,(&)-
1//43‘4(§)J. The specifics of scaling functions and
wavelets are listed in [20].

To construct two-dimensional wavelet bases, tensor
product of one-dimensional wavelets is a simply and
commonly used method [27]. In the present, take
o, =[D,,¥,] for example, the two-dimensional scal-
ing and wavelet functions are

D,00,=[0, R0, D, ¥, ¥,0D,, ¥, ®V,]
=[®", %%, ¥°, ¥ @)

where ® is the kronecker symbol. Therefore, we can
obtain four functions, namely, the scaling functions

=®,®, and wavelets V' =¥, 0®,, Y=
®. 0¥, and P =P,Q¥,. As shown in Refs
[20], we can use only one formula to obtain any level of
®; (j > 3) from the given ®,. Therefore, in this
study, only scaling functions are adopted as interpolat-
ing bases and the BSWI element is employed to solve
SIFs.

As was well known, a plane elasticity problem in-
volves plane stress and plane strain problems. Once
the plane stress problem is solved the plane strain
problem can aso be formulated by replacing the
Young's modulus E and Poisson’s ratio x with E/(1 + 17)
and u/ (1 — ) respectively in the stress problem equa-
tions. Here, the plane stress elements are used and
more details about this class of elements can be found
in [19]. We give a brief description of plane stress
BSWI 43 (4 and 3 denote the order m and scale j of the
BSWI bases, respectively) elements. The element
equilibrium equations can be written as
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wheren=2'+ m-2=2%+4-2=10[19] and the oth-
er termsin Eq. (3) are shown as

ke, —| K0 KT (i.j=
OLKE KE Y

=E/(1-1°) (Al @ AY + (1- 1) 1 2AL ® AY)  (5)

- (N+1)?) @)

K = E/(1-1°)(uAY ® AL + (1- 1) 247 ® AY) (6)
e3 — (Ke,Z)T (7)

K = E/(1- 1) (AP ® AL +(1- 1) | 24T ® AY) (8)

e ((1F @) {j (@) ds+[ | (@) 02

+i((Tf®Tf) N (@& m)'F }

(9)

e = (P eT) ™) {j p, (@) ds+[ f,(@)7de2
+i((Tle®Tle) ) ((I)l(éwnl)) |y}
(10)

AP = (@) ] @ @)zt

AP (1) {j (@®,)' (dq:jjdi}(Tf)l (12)
AP = (AP 13)

Al =((19)7) {mexj [ ][d;;]df}(Tf)l (14)

The integrals Al(i, j=0,1) are similar to
Al(i, j=0,1) if element length |, differential d& and

Journal of Mechanics, Vol. 32, No. 3, June 2016


https://doi.org/10.1017/jmech.2016.2

element transfromation matrix T are replaced by
element width lg, differential dz and transfromation
matrix T, respectively. It is worth to point out that
K, K&, K® and K& in Eg. (4) are the ele-
ments of matrices K**, K®%, K®* and K**, respectively.

p:ﬂ'”' p;(n+1)2 and p:ll, Tty pe 5 are the elements

b

(n+1) .
of column vector Py and PZ, respectively.

In Egs. (4) ~ (14), fx and f, are the components of
body forces in the x and y directions, u and v are the
components of the displacement vector, p, and p, are
the components of surface tractions in the x and y di-
rections, respectively; F, ={F, F,}' are point forces
and ®'(&,7) are the vectors of the point displace-
ments at the points of application of the point forces.

In this study, the displacement v can be calculated by
extrapolation technique as follows [1]

K, |r
v=%\/;(k+1) (15)

wherer is the distance from crack tip to a point consid-
ered along with the crack edge, k is the elastic parame-
ter (For plane stress problem: k =(3 — 2)/(1 + ),
whereas for plane strain problem: k =3 —4u), G is
shear modulus (G = E/2(1 + x)) and K, is SIFs for mode
l.

Therefore, we obtain K, as

_26v [2z
C(k+D\ r

(16)

3. NUMERICAL INVESTIGATIONS

Example 1. The center crack problem

The central cracked plate and the computational
model are in Figs. 1(a) and 1(b) respectively. The
plate is subjected to a plane stress condition with sym-
metrical uniformly distributed load p applied under
mode | loading condition. The plate length is 2(b),
width L and center crack width is 2(a).

The analytical SIFsfor thisproblemisgivenin[1] as

K, = pJraF(a/b) (17)

To make a simple comparison, the non-dimensional
stress intensity factor is defined as follows

K,

pVa

Eight BSWI,; elements are employed to calculate
this problem.  The degrees of freedom (DOFs) of eight
BSWI,; elements are 1782. In Table 1, the proposed
method is compared with the following methods:
Method 1: Laurent series solution. The values of
F(a/b) are given by Isida [1]. Method 2: Empirica
formula. F(a/b) isgiven by Tada[1],i.e,

Z = JzF(alb) (18)
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(a) The center crack

(b) Computational Model

Fig. 1 The center cracked plate and its computational
model.

F(a/b):{l—O.OZS(Ej +O.06(3)} e (19)
b b 2

and Method 3: Adaptive finite element method (Tradi-
tional plane element are used) with about 5000 DOFs
[12].

The present results computed by eight BSWI,; ele-
ments are found to be in good agreement with those in
the literature, as shown in Table 1. When compared
with Method 1, the maximum relative error of the pro-
posed method is 1.879% which is lower than that
(2.195%) obtained using the adaptive finite element
method with about 5000 DOFs, almost three times of
that of the 8 BSWL 43 €elements.

Example 2. The double edge crack problem

The double edge cracked plate and its computational
model are shown in Figs 2(a) and 2(b) respectively.
Like in example 1, we also use only eight BSWI,; ele-
ments for this problem. To evaluate our method, we
compare it with the following two methods in Table 2.

Method 1: Empirical formula. F(a/b) is given by
Tada[1]

F(a/b)

2 3 4
1.122—0.561[2j—0.205[2j +o.471(2j -0.190["")

b
[ a
b

Method 2: Empirical formula. F(a/b) is given by
Benthem [1]

F(a/b) = (1+ 0.122c0s* ”—aj [P 2
2b )\ ra 2b

Method 3: Traditional finite element method
(PLANE42 element in software ANSYS) with 200 x
200 meshes (80000 DOFs). PLANEA42 is a quadrilat-
eral element that supports a polynomial with an order of
one.

(20)
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Tablel Stressintensity factorsZ for different a/b under uniform tension (L/2b = 1) (Example 1).

Method 1 Method 2 Method 3 Proposed method
b F(a/b) Z F(a/b) Z e (%) F(a/b) Z, €(%) Z € (%)
0.1 1.006 1.7831 1.006 1.783 0.006 1.001 1.7742 0.499 1.7565 1.492
0.2 1.0246 1.8161 1.0245 1.8158 0.017 1.0237 1.8145 0.088 1.8056 0.578
0.3 1.0557 1.8747 1.0575 1.8744 0.016 1.0416 1.8462 1.520 1.8649 0.523
04 1.1094 1.9664 1.109 1.9657 0.036 1.09 1.932 1.749 1.9695 0.158
0.5 1.1867 2.1034 1.1862 2.1025 0.043 1.1879 2.1055 0.100 2.1326 1.388
0.6 1.3033 231 1.3028 2.3091 0.039 1.2747 2.2593 2.195 2.3534 1.879
0.7 1.4882 2.6378 1.4874 2.6363 0.057 1.4655 2.5975 1.528 2.6738 1.365
0.8 1.816 3.2188 1.8143 3.2158 0.093 1.8131 3.2136 0.162 3.2563 1.165
0.9 2.5776 4.5687 2.5767 4.567 0.037 2.565 4.5463 0.490 4.5508 0.392

Note: i/l i gt rt]h?j tfble denotes the relative error of Z; obtained using Method 2, Method 3 and the proposed method with respect to that using
od 1.

Table2 Stressintensity factors Z, for different a/b under uniform tension (L/2b = 1) (Example 2).

Method 1 Method 2 Method 3 Method 4 Proposed method
a/b
F(a/b) Z F(a/b) Z € (%) Z € (%) Z € (%) Z & (%)
0.1 | 11219 1.9885 1.1207 1.9864 0.106 1.8860 5.437 1.9493 1971 1.9924 0.196
0.2 | 11237 1.9917 1.1185 1.9825 0.462 1.9633 1.446 1.9744 0.869 1.9803 0.572
0.3 | 11312 2.005 1.1198 1.9848 1.007 2.0552 2.443 2.0298 1.237 2.0142 0.459
04 | 11491 2.0367 1.1315 2.0056 1.527 21471 5.143 21341 4,782 2.0830 2.273
05 | 11841 2.0987 1.1628 2.061 1.796 2.2309 5.926 2.2032 4.979 2.118 0.920
0.6 | 12471 2.2104 1.2260 21731 1.687 2.3181 4.646 2.2389 1.289 2.1999 0.475
0.7 | 1.3598 2.4102 1.3429 2.3803 1.241 2.4528 1.736 2.4345 1.008 2.4096 0.025
0.8 | 15771 2.7954 1.5667 2.7769 0.662 2.7416 1.961 2.7637 1134 2.7591 1.299
0.9 | 21179 3.7539 2.1135 3.746 0.210 3.5608 5.424 3.6815 1.929 3.7205 0.890
Note: ¢ in the table denotes the relative error of Z, obtained using Method 2, Method 3 and the proposed method with respect to that using
Method 1.
T I T | V’l T | ) PLANE145 is a quadrilateral p-element (p is the
— order of the interpolating polynomial) that supports a
polynomial with a maximum order of eight. In the
r ; present, p =3 is employed to solve example 2. It
~‘——| — notes that the order of the interpolating bases of BSWI 43
— . element is also three.
Some computational results are shown in Table 2.
2b As shown in Table 2, by comparing with other methods,
b the relative errors between results of the proposed
l l l l l l l l — method and the empirical formula (Method 1) are less
= than 2.273% for all a/b values, which are slightly larger

(a) The double edge crack (b) Computational Model

than 1.796% of Method 2. Overal, the calculated
values are in reasonably good agreement with those
obtained by both Method 1 and Method 2. When
compared with Method 3, the maximum relative error
of the proposed method is much lower than that
(5.926%) obtained using the traditional finite element

Fig.2 The double-edge cracked plate and its compu-
tational model.

Method 4: Traditiona finite element method

(PLANE145 element in software ANSYS) with 100 x
100 meshes (20000 DOFs).
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method (PLANE42 element in software ANSY S) with
80000 DOFs, amost forty-five times of that of the 8
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BSWL,; elements. Moreover, the relative errors of
Method 4 are alittle bite larger than those of the present
8 BSWI4; elements.  However, to obtain the same pre-
cision, eleven times of DOFs are needed for the
PLANE145 element.

By summarizing the above SIFs analyze and com-
parisons, the above results of two examples indicate
that good calculation accuracy can be achieved for the
crack problems by the proposed wavelet-based tech-
nique. The main advantage of the proposed method is
the time savings due to the substantially reduced num-
ber of BSWI elements.

4. CONCLUSIONS

In this paper, the good localization capability of
wavelets has been explored to approximate the dis-
placement fields near the crack tip. More specificaly,
the wavelet-based plane elements using BSWI are
employed to simulate singularity problems. The

advantage of this method is its computational efficiency.

This is reflected by the fact that it requires much less
elements, in comparison to the popular finite element
method, to achieve the same solution quality. The
numerical results show that wavelet finite element
method is suitable to compute SIFs for two-dimensional
plates.
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