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Graph rewriting has been used extensively to model the behaviour of concurrent systems
and to provide a formal semantics for them. In this paper, we investigate processes for Local
Action Systems (LAS); LAS generalize several types of graph rewriting based on node
replacement and embedding. An important difference between processes for Local Action
Systems and the process notions that have been introduced for other systems, for example,
Petri nets, is the presence of a component describing the embedding mechanism. The aim of
the paper is to develop a methodology for dealing with this embedding mechanism: we
introduce a suitable representation (a dynamic structure) for it, and then investigate the
algebraic properties of this representation. This leads to a simple characterization of the
configurations of a process and to a number of equational laws for dynamic structures. We
illustrate the use of these laws by providing an equational proof of one of the basic results
for LAS processes, namely that the construction yielding the result graph of a process
behaves well with respect to the sequential composition of processes.

1. Introduction

It has been recognized for some time that graph rewriting systems are a powerful tool for
the description and analysis of concurrent systems (Rozenberg 1997; Ehrig et al. 2000),
and a significant amount of research has led to a better understanding of the relationship
between graph rewriting and other models of concurrency, in particular Petri nets (see,
for example, Corradini (1996)). A notion that is of special interest in this context is the
notion of a process (see, for example, Goltz and Reisig (1983)) for Petri nets, in which the
causality relation is explicitly represented. Processes and related notions, such as Pomsets
(Pratt 1987) and Event Structures (Winskel 1980), have been studied extensively in the
literature, and have turned out to be a powerful tool for the study of concurrent semantics
(see, for example, Sassone (2000) and Baldan et al. (1998) for a survey of some recent
work on processes, and, in particular, on concatenable processes. For graph rewriting
based on gluing, a process notion has been introduced in Corradini et al. (1996).

T This work was partially supported by the EC TMR Network GETGRATS (General Theory of Graph Trans-
formation Systems) and Esprit Working Group APPLIGRAPH through Universitaire Instelling Antwerpen.
¥ This paper is a complete and revised version of a lecture given at the workshop on Theory and Applications of
Graph Transformations (GRATRA 2000), which was a satellite event of ETAPS 2000 in Berlin, March 2000.
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The various types of graph transformation systems that have been introduced in the
literature can be roughly divided into two kinds: those in which an atomic step is based
on the use of a gluing or pushout construction, and the others (Engelfriet and Rozenberg
1997), in which the general idea is that an atomic step consists of the replacement of a
subgraph g of a graph h by a new graph g’, which is then connected to the remaining part
of h according to a so-called embedding mechanism. The aim of Local Action Systems
(LAS), which were introduced in Janssens (1999), is to provide a model that generalizes
a number of such embedding based approaches and allows a process notion for the
description of concurrent runs. There are several important differences between the graph
processes of Corradini et al. (1996) and those for LAS. First, the type of graph rewriting
is very different: since LAS are based on replacement and embedding, their processes
must contain information about the embedding mechanism, and the construction of
configurations becomes more complicated. Second, LAS processes are defined on the level
of the alphabets involved, independently of the choice of a particular set of productions.
This has the advantage that it facilitates the definition of semantic equivalences. It may
also be useful to note that, in contrast to what is the case in many other approaches
to true concurrency, such as Pomsets (Pratt 1987) and Event Structures (Winskel 1980),
actions or events are not represented by points, but by labelled edges of the DAG that
represents the direct causality relation. This implies that Pomsets and Event Structures
are more abstract than LAS processes, because they do not represent the system state,
but just the events.

The focus of this paper is on the analysis of individual processes, and on the way one
can deal with the additional complexity of incorporating an embedding mechanism. The
algebraic properties of its representation by dynamic structures, which was introduced
in Janssens (1999), are investigated: some simple operations on dynamic structures are
defined, and then used to express the configurations of a process. A number of equations
for expressions involving dynamic structures are derived, and their use is demonstrated
by providing an equational proof of one of the central properties of LAS processes: the
coherence of the construction for configurations, that is, the fact that the construction
behaves well with respect to the sequential composition of processes.

The paper is organized as follows. In Section 2 some basic notions and terminology
are introduced, and in Section 3 the basic ideas of local actions and LAS processes
are developed. In Section 4 a mechanism is given for extracting from a process the
configurations (graphs) that occur in its execution. In Section 5 productions and systems
are introduced, and the process semantics of a LAS system is defined. In the LAS approach
the processes of a system are obtained by gluing together production occurrences, which
are in themselves simple processes. In Section 6 the algebraic properties of dynamic
structures are considered.

2. Preliminaries

1 For a set V, the powerset of V is denoted by 2(V). The set {(x,x) | x € V} is
denoted by diag(V). For a relation R < V x V, we use R" to denote the transitive
and reflexive closure of R. For a set 4 = V, we use R(4) to denote the set {v € V|

https://doi.org/10.1017/5096012950100353X Published online by Cambridge University Press


https://doi.org/10.1017/S096012950100353X

Algebraic properties of processes for Local Action Systems 425

there exists an a € A such that (a,v) € R}. The free commutative monoid on a set X
is denoted by FCM(X). Its elements may be viewed as functions from X into the set
of natural numbers, and the neutral element is the constant zero function.

2 Functions are assumed to be total. For a function f : X — Y and 4 < X, the restriction
of f to A, denoted f],, is the function on A where for each x € 4, f|,(x) = f(x).
f@ X xX - Y x Y is the function defined by: fP((x1,x2)) = (f(x1),f(x2)), for
each x;, x, € X. For functions f1, f>, the notation (f; * f5) is used to denote function
composition: first f1, then f,. Hence (f1 * f2)(x) = f2(f1(x)).

3 Let f:X — Y be a function, let B be a set such that X < B and let (Y,+) be a
monoid with neutral element n. Then d(f) = {x € X | f(x) # n}, and the extension of
f to B, denoted le, is the function on B where for each x € X, le(x) = f(x), and
for each x € B\ X, le(x) =n. For functions f; : X > Y and f, : X > Y, fi+ f2 is
the function h : X — Y where h(x) = f1(x) + f2(x) for each x € X.

4 Let V be asetandlet R< V x V. A path in R is a sequence p = Xg, X{,...,X, Of
elements of V' such that n > 0 and, for each 0 < i < n—1, (x;,xi4+1) € R. n is the
length of the path p, and p is a path from xg into x,. The fact that p is a path from
x into y is denoted by p : x — y. The concatenation of paths is denoted by ©: if
P = X0, X1,...,X, and ¢ = Xp, Xpi1,..., Xpik, then p © q is the path xg, xq,..., X,k The
relation R is acyclic if there are no non-trivial cycles; that is, if p = xg, xq,...,X, IS a
path in R such that xo = x,, then n = 0. If V is finite and the relation R is acyclic,
depth(R) denotes the maximal length of a path in R.

5 Let V be a set and let R be a partial order on V. A cut of R is a maximal subset K
of V such that, for each x,y € K, (x,y) ¢ R and (y,x) ¢ R. For a subset X of V, the
sets Pre(X) and Post(X) are defined by

Pre(X) = XU{veV| there exists an x € X such that (v,x) € R},

Post(X) = XU{ve V| there exists an x € X such that (x,v) € R}.

3. Local actions and processes

In this section we will introduce the basic notions concerning local actions and LAS
processes. In LAS graph rewriting, it is assumed that each rewriting step has three
aspects: testing, creation and transformation. In each step, a set 4 of nodes is replaced by
a set B of new nodes. In doing so, first one has to test whether a certain graph structure
is present on 4 — this graph is an occurrence of the left-hand side of a production. Then,
a graph structure on B is created — this structure corresponds to the right-hand side of a
production. Finally, the graph structure on A is transformed into a graph structure on B,
and combined with the structure created.

Arguably, the most basic idea in the LAS approach to graph rewriting is that the
transformation of graph structures is based on local actions: each of these transforms
information about a node x into information about a node y. This implies that y is
causally dependent on x. Information about a node x can be of three kinds: the node
label of x; labels of outgoing edges of x; and labels of incoming edges of x. Thus it
is assumed that each local action t consists of three components ¥, * and t' acting on
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those three kinds of information. The effect of a local action is illustrated in Figure 1:
the action ¢ = (t%, %, t') transforms the graph g into the graph h. The labels o, a and f§ are
transformed into '(), t'(a) and t5(f8), respectively. Obviously, it is possible that two local

Fig. 1. The effect of a local action.

actions may be involved in the transformation of a single edge, as illustrated by Figure 2
(a). In this case t; and t, are not causally related. Since it is a fundamental assumption in
the theory of processes that the order of events that are not causally related should not
have an effect on their combined effect, it is assumed that, for each pair of local actions
t1 and 1, their second and third components commute: (t§ * t5) = (t} * t]).

o

( : 1] (t5(r)) ( : @ y %)

(a) (b)

Fig. 2. The transformation of edges.

Since information about a node can be the result of several actions (for example, in
Figure 2 (b), t; and t, yield information about x) there has to be a way to combine
these results. Therefore, we assume that the sets of node and edge labels (A” and A€) are
equipped with an operation +, making them into commutative monoids. In Figure 2 (b),
if y represents the combined result of the action of #§ and ¢} on «, and the action #§ and
ty on f, then y = £(r5()) + t5(t5(B)). Moreover, since in Figure 2 (b), t; and ¢, are not
causally dependent on t3, they can possibly happen before t3, and then one would expect
y = t5(t5 () + £5(B)). For this reason, it is assumed that the ¢*, t* and ¢' are endomorphisms
(t* on A?, t* and ' on A°).
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Summarizing, the basic assumptions for alphabets for Local Action Systems are the
following:

— The set of node labels (A”,+") and the set of edge labels (A¢,+¢) are commutative
monoids. The neutral elements of A’ and A¢ are denoted by n* and n®, respectively.

— A local action is a triple t = (¢%,¢%,¢") in T" x T®* x T!, where T is a set of
endomorphisms on (A’,+") and T%, T' are sets of endomorphisms on (A¢, +¢). The
sum of endomorphisms t,t, is defined by (t; + £2)(x) = t1(x) + t2(x). It is assumed
that TY, T*® and T' are closed under sum and composition.

— For each 1 € T® and each ' € T?, we have (¢’ * ') = (t' = 1°).

Recall from Section 2 that * denotes function composition, which is an associative opera-

tion. The identity endomorphisms on A” and A¢ are denoted by 1" and 1€, respectively, and

the constant endomorphisms on A” and A° mapping everything into the neutral element

are denoted by 0" and 0°¢, respectively. To avoid unnecessarily heavy notation, we often

simply write 1 instead of 1%, 1¢, and similarly for 0 and n. Also, the monoid operation is

often denoted simply by +. Throughout this paper, A’, A°, T and T" are assumed fixed.

As the LAS approach is based on the manipulation of labels, it is convenient to think
of graphs as sets of nodes equipped with two labelling functions: one for node labels and
one for edge labels.

Definition 1. A graph g on a set of nodes V' is a pair of functions (g, g°), where g” : V' — A"
and g°: V x V — A°.

If one wishes to represent graphs that are not complete, the neutral element n® of A° may
be interpreted as indicating the absence of an edge; so in that case the set d(g°) is viewed
as the set of edges of g.

Example 1. Let ) = {a,b,c}, T, = {a, f,7}, AY = FCM(X,) and A® = (2(%,),VU). Then
Figure 3 depicts a graph g on {1,2,3}, where d(g") = {1,2,3} and d(g°) = {(1,2),
(3,2)}.

In the figures, only non-zero labels are mentioned, and only edges with a non-zero label

are drawn. Observe that, using the FCM construction, one can always embed an arbitrary
set into a commutative monoid, as we have done in this example.

a b a

@ (o) @ {8 @

Fig. 3. A graph.

We will use the following notions and notation for graphs.
— The graph g, is the graph (h', h°) on V such that, for each x,y € V, we have h’(x) = n"
and h(x,y) = n°.
— Let V be a set, and let A < V and V < B. For a graph g on V, the subgraph of g
induced on A, denoted g|,, is the graph (g"|,, g°| 4,.4) on A. The extension of g to B,
denoted by g|B, is the graph (g”|B, gelBXB) on B.
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A central part of the description of a rewriting history is the description of the local
actions that take place between causally dependent nodes. For a pair (x, y) of nodes, the
local action t associated with it computes information about y on the basis of information
about x. In this case, y is causally dependent on x. Hence the local actions of a rewriting
history may be represented by a graph with labelled edges, where the nodes are the nodes
of the rewriting history and the edge labels represent the local actions. This graph is
called the dynamic structure, as opposed to the static structure, which consists of the
initial graph and the structure created a priori in the course of the rewriting, for example,
as part of the right-hand sides of productions.

Definition 2. Let V' be a set. A dynamic structure on V is a function D : V x V —
T x T x T

We will use the following notions and notation for dynamic structures.

— The three components of a dynamic structure D are denoted by D, DS and D': hence
D(x,y) = (D"(x,y), D*(x, y), D'(x, y)).

— D(I,/ denotes the dynamic structure on V such that, for each x,y € V, we have
Dy (x,y) = (0,0,0). For sets A < V, 1/ is the dynamic structure on V' such that

1V (x.y) = (1,1,1), 1fx,y§A
(0,0,0), otherwise.

— For a dynamic structure D on V and a set W such that V < W, we use D|" to
denote the extension of D to W x W, that is, we write D|" for D|"*". We use
d(D) to denote the subset of V' x V' where not all components of D are 0, that
is, d(D) = {(x,y) | D(x,y) # (0,0,0)}. If d(D) is acyclic, we use depth(D) to denote
depth(d(D)).

The following conventions are used when depicting a dynamic structure D. For a pair
of nodes (x,y), a non-zero D(x,y) is represented by a dashed arrow from x to y, and
D3(x,y) and D'(x, y) are depicted to the left and the right of that arrow, respectively. Since
in all the examples considered in the paper, the D’-components of a dynamic structure
are 0, these are not represented in the figures.

Example 2. Let A”, A° be the monoids from Example 1, let T° be the set of all endomor-
phisms on A¢, let T* = {0,1}, and, for each a,b € Z,, let t,, be the endomorphisms on A¢
determined by

(b}, ifz=a

&,  otherwise.

tah({z}) = {

Let V' ={1,2,3,4,5,6,7,8} and let D be the dynamic structure on ¥ where all components
are 0, except the following ones: D*(1,4) = t,5, D*(1,5) = ty, D*(3,6) = tgp, D°(4,7) = 1,
D*(5,7) = t,y, D%(6,8) = tp,, D'(2,5) = D'(5,7) = 1. Then D is the dynamic structure
depicted in Figure 5 (a).
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The monoid operations on A’ and A€ are extended to graphs and dynamic structures
as follows.

Definition 3. Let V1, V, be sets and let V = V; U V5. Let g1,g, be graphs on Vi, V5,
respectively, and let Dy, D, be dynamic structures on Vi, V5, respectively.

I g+ g is the graph (g}|” + g5/", 61" + ¢5/"*") on V.

2 Dy + D, is the dynamic structure (D1|V + DZ\V) onV.

Let V be a set. Let 9(V) = {g | gisagraphon W, W < V} and let (V) = {D |
D is a dynamic structure on W, W < V'}. Then Definition 3 makes 4(V) and 2(V) into
commutative monoids.

Example 3. Let D be the dynamic structure from Example 2. Let Vi = {1,2,3,4,5,6} and
V, = {4,5,6,7,8}. Let Dy and D, be the dynamic structures on V; and V,, respectively,
shown in Figure 4. Then D = D + D».

Q0 0(Q © ¢

\ /
10 g, /1 the /0

| |

| |

| |
SN ] 0:1 t,;,;}O

| |

| |

S % o6l 8 &

Fig. 4. The dynamic structures D; and D,.

One can now define the main notion used to describe the behaviour of Local Action
Systems: the notion of a process. A process describes a system run or rewriting history; it
specifies all the nodes occurring in the course of a run, the graph structure that is either
initially present or created, the causality relation between the nodes, and the dynamic
structure. Thus, in defining the notion of a process, the structure present at the beginning
of a rewriting history is formally treated in the same way as the structure created in the
course of it.

Definition 4. A process is a 4-tuple (V,C,D,S), where V is a finite set, C = V x V is an
acyclic relation, D is a dynamic structure on V such that d(D) = C, and S is a graph
on V.

The partial order corresponding to C is called the causal order of proc, and it is de-
noted by <¢. Thus x <¢ y if there is a path p : x — y of length at least one in
C. Min(proc) and Max(proc) denote the sets of minimal and maximal nodes of V' with
respect to <c, respectively. The graph g on a set V' may be identified with the process
(V, &, Dy, g), and thus operations defined on proc (such as the composition, Definition 5)
can be applied to graphs.
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\ / / b /b /I c
\ / / \ / /

\ / / \ / /
1 \\ 0 ty /1 Lo // 0 1 \\ 0 tyy 71 tpy // 0

(a)

Fig. 5. A dynamic structure (a) and a process (b).

Example 4. Let V = {1,2,3,4,5,6,7,8} and let C = {(1,4),(1,5),(2,4),(2,5),(3,6),
4,7),(4,8),(5,7),(5,8),(6,7),(6,8)}. Then proc = (V,C,D,S) is the process shown in Fig-
ure 5 (b), where d(S”) = {1,2,3,4,5,6,7,8}, d(S°) = {(1,2),(3,2),(4,5)} and D is the
dynamic structure from Example 2.

(Note that pictures of processes do not show the causality relation explicitly.)

Observe that the last component of a process may contain edges with a non-zero label
between causally related nodes. Obviously, such edges do not occur in any configuration,
but, despite this, they may be useful, for example, if one wants a process to contain edges
that are used as annotations expressing explicitly relationships between causally related
nodes, such as ‘every a-labelled node has a b-labelled causal predecessor’. These edges
may facilitate the analysis of the processes of a system.

Since processes may be quite large, it is natural to seek ways to decompose them, and
to infer properties of the whole process from properties of its parts. Moreover, when the
set of processes of a system is defined (Section 5), one needs a way to express the fact that
a process can be decomposed into building blocks that are occurrences of productions.
For a process proc on a set of nodes V, such a decomposition yields concrete processes,
proc; and proc,, say, on subsets of V, and the way these subsets overlap determines how
they interact; for example, some output (maximal) nodes of proc; may be input (minimal)
nodes of proc,. Thus, in this context, it is sufficient to introduce a very simple composition
operation on concrete processes. A more abstract presentation of processes and dynamic
structures can be obtained using a technique similar to the one used for concatenable
processes (Baldan et al. 1998), by considering classes of triples (o,p,t), where p is a
process and o, T are morphisms relating concrete graphs to the initial and result graphs
of p (Definition 8), and replacing @ by a pushout construction. A more abstract approach
was also taken for ESM systems in Janssens (1994), but there the pairs of nodes to be
identified in composing two processes is given by an explicit interface.
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Definition 5. Let proc; = (V1,Cy, D1, S1) and proc, = (Va, Ca, D2, S;) be processes such that
Vi NV, = (Max(procy) N Min(proc,)) U (Min(proc;) N Max(proc,)), and Cy U C; is acyclic.
The composition of proc; and proc,, denoted proc; @ proc,, is the process (V1 UV, C; U
Cy, D1+ D5, 51+ Sy).

Note that the composition of proc; and proc, is defined only if their sets of nodes overlap
in a particular way: input (that is, minimal) nodes of proc; may occur as output (maximal)
nodes of proc, and vice versa. An important special case occurs when the processes proc,
and proc, overlap only in nodes that are maximal in proc; and minimal in proc,, that is,
ViNV, € Max(proc,)NMin(proc,). In this case no node of proc, is causally dependent on a
node of proc,. Informally, this means that the execution of proc; may be completed before
that of proc, begins. If, moreover, V| NV, = Max(proc,) = Min(proc,), then proc; & proc,
is called a sequential composition.

The next result states that, for a process proc = (V,C,D,S) and a cut K of <., we have
K divides proc into two parts proc; and proc,, with sets of nodes Pre(K) and Post(K),
respectively. Informally, this means that K is the set of maximal nodes of an initial part
proc; of proc, and hence K corresponds to an intermediate situation of the rewriting
history described by proc: the situation reached after the execution of proc;. The extra
conditions on proc that occur in the statement of the theorem are always satisfied for
processes built from production occurrences (Section 5).

Theorem 1. Let proc = (V,C,D,S) be a process and let K be cut of <¢ such that C and
d(S°) are subsets of (Pre(K) x Pre(K)) U (Post(K) x Post(K)). Then there exist processes
proc, and proc, such that Min(proc,) = Max(proc;) = K and proc = proc; @ proc,.

Proof. Let proc; = (V1,Cy,D1,S1) and proc, = (V,,Cy, D3, S;) where Vi = Pre(K),

Ci=Cn(VixV). D = D‘V|><V19 S| = S|V1’ Vy = Post(K), C; = C N (V, x V),
i i VZ VzXVg ..
Dy = Dly,yy,, S5 = (SL'|V2\V1)‘ and 87 = (S|, (vix11) . The conditions on C

and d(S°¢) assure that C = C; U C, and S = S; + S,. The result then follows. ]

4. Configurations

In order to characterize the set of processes generated by a set of productions (in Section 5),
we need to take into account what is usually called the left-hand side of a production: a
graph that should occur in the configuration that is reached at the time the production is
applied. Thus, we first need a characterization of the configurations.

Intuitively, for a process (V, C, D, S) describing a rewriting history, C describes the direct
causality relation between nodes, and thus the minimal and maximal nodes with respect
to the causal order <¢ are the nodes of the initial graph and of the final graph of the
rewriting history, respectively. The other nodes are nodes of intermediate configurations.
As also happens in Petri Net processes, the maximal sets of causally unrelated nodes (the
cuts) are the sets of nodes of intermediate configurations.

In order to define the graph structure of intermediate configurations, consider the way
labels are transformed by local actions. First, consider node labels. For a path p from
u into x in C, the local actions on p are applied in the specified order, transforming
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the node label of u into a node label for x. However, to compute the node label of x,
we have to take into account all paths from u into x, and to combine them using the
monoid operation +" on A’. Thus the label [ of u is transformed into the sum of the
labels [, obtained by applying the actions on paths p, from u into x, to [. Second, consider
edge labels. The mechanism is similar to that for node labels, except that we have to
use pairs of paths: for a pair of paths p : u —» x and g : v — y, the label | of (u,v) is
transformed into an edge label [,, by applying the actions on p and g (or rather, their s-
and t-components, respectively) to I. The assumptions about the local actions ensure that
the relative order of actions on p and on ¢ does not matter. Again, all pairs of paths p, ¢
have to be taken into account, and the label | has to be transformed into the sum, over
all p and g, of the labels 1,,.

In a process (V,C,D,S), the graph S represents all structure that is present without
being produced by applying local actions. This is the structure that belongs to the right-
hand side of the productions (to be introduced in Section 5) or to the initial graph of
a process. The labels present in a configuration are obtained by taking the sum of all
contributions corresponding to S: for a node x (a pair of nodes (x, y)), each node label
(edge label) of S yields a contribution to the node label of x (edge label of (x, y)).

Formally, for a process proc = (V,C,D,S), first the actions Dy, Dy, D;, corresponding
to a path in the causal relation are defined, then the action D), corresponding to a pair
of paths is defined, and then the graph Conf{(proc, W) is defined for each subset W of V':
it is the graph on W obtained by applying local actions to S in the way sketched above.

Definition 6. Let (V,C,D,S) be a process. Let p = xp,...,x, be a path in C. Then D?, Dy
and Dlt, are the endomorphisms on A”, A® and A°, respectively, defined as follows.

— If n=0, then D, = 1" andDi;:Dlt,:le.

— If n>1, then

Dy = (D"(xo,x1) * D(x1,X2) * ... * D"(X;_1,Xn))
Dy = (D(x0,x1) * D*(x1,%x2) * ... * D%(Xy—1,Xp))
D, = (D'(xo,x1)* D'(x1,x2) * ... * D'(Xp—1, Xp)).

Furthermore, for paths p and ¢ in C, D,, is the endomorphism on A¢ defined by
Dyy = (D}, * D).

Example 5. Let D be the dynamic structure from Example 2. Consider the paths p; =
3,6,8, D2 = 1,5,7 and q= 2,5,7. Then Dp1q = lﬁ/;*lﬁa*l*l = 1lpy and Dpzq = tw*t},y*l*l =

Loy
The following technical lemma will be useful.

Lemma 1. Let (V,C,D,S) be a process. Let p and ¢ be paths in C such that p = p; © p,
and g = ¢q; O ¢2. Then

Dy = <DP1111 * Dpzqz>‘

Proof. By the associativity of *, D) = (D, * D, ), and, similarly, D; = (D} * D;,).
Furthermore, since the s- and t-components of local actions commute, (D}, * Dy ) =
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(D}, * D;,). The result now follows easily:
qu - <DIS’ * D‘tf> = <DIS71 * DISJz * Dltll * Dlt12>
- <D;1 * DEII * D;z * Dltlz> = <DP1Q1 * DP21h>‘

The graph Conf{proc, W) is defined as follows.

Definition 7. Let proc = (V,C,D,S) be a process and let W < V. Conf{proc, W) is the
graph (g% g¢) on W such that, for each x,y € W,

g'(x) = D) DyS‘(u)

ueV pu—x

g(y) = DY Dpy(S(u,v))

upeV pu—x,
qv—y

where p ranges over paths from u into x in C, and ¢ ranges over paths from v into y in C.

In the above, it is assumed that a sum of 0 terms stands for the neutral element. Four
special cases of the construction Conf{(proc, W) play a special role: W =V, W is a cut,
W = Min(proc) and W = Max(proc).

Definition 8. Let proc = (V,C,D,S) be a process.

1 The computed structure of proc, denoted CS(proc), is the graph Conf{proc, V).
2 A configuration of proc is a graph Conf{(proc, K) where K is a cut of <c.

3 The initial graph of proc, denoted Init(proc), is the graph Conf{proc, Min(proc)).
4 The result graph of proc, denoted Res(proc), is the graph Conf{proc, Max(proc)).

Obviously, for each W < V, Conf{proc, W) is an induced subgraph of CS(proc). The initial
and result graph of a process are special cases of configurations, corresponding to the
minimal and maximal nodes, respectively. Informally, a process proc describes a graph
rewriting history that transforms Init(proc) into Res(proc).

Example 6. Let proc be the process from Example 4. Init(proc) is the graph depicted
in Figure 3. The graphs depicted in Figure 6 are the intermediate configurations
Conf{proc,{3,4,5}) and Confiproc, {1,2,6}). Res(proc) is the graph depicted in Figure 7.

Fig. 6. Intermediate configurations.
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{2 8,7}

Fig. 7. The result graph.

An important special case of the composition proc; @ proc, with Vi NV, = Max(proc;) N
Min(proc,) is that where proc, is a graph; that is, proc; is of the form (V, &, D}, S). Then
proc, can be viewed as an operation transforming proc; into the graph Res(proc; @ proc,):
informally, this operation consists of executing the rewriting history described by proc,.
For a graph g and a process proc such that Vy N V0. = Min(proc), the process g @ proc is
called the application of proc to g. In general, it is not true that g = Init(g & proc), due to
the fact that the graph structure S of proc = (V, C, D, S) may be non-trivial on the minimal
nodes. If one wants to view proc as an operation transforming g, however, it seems natural
to assume that proc creates only new structure on nodes that are causally dependent on
the input (that is, minimal) nodes, and hence to consider the situation where this structure
is indeed trivial: d(S,,,.) N Min(proc) = & and d(S,,.) N (Min(proc) x Min(proc)) = . In
particular, this will be the case in processes generated by a set of productions (Section 5).
Formally, we have the following proposition.

Proposition 1. Let g be a graph on V, and let proc be a process such that Vy N Ve
= Min(proc), d(S,,,.) N Min(proc) = & and d(S;,,.) N (Min(proc) X Min(proc)) = . Then

proc

Init(g & proc) = g.

The construction of configurations makes sense only if it is coherent, that is, if two
processes proc; and proc, are sequentially composed, then the application of proc, to the
result graph of proc; should yield the result graph of proc; @ proc, (see Figure 8). Next it
is demonstrated that this is the case; first we will show a technical lemma.

procy

K
/\/ procy @ proc,
k = Res(proc)

proc,

Res(proc; @ proc,)

Fig. 8. Sequential composition.

Lemma 2. Let proc; = (V1,Cy,Dy1,S1) and proc, = (V3,C,, D, S;) be processes such that
Vi NV, = Max(proc;) N Min(proc,). Let p = x1,...,x, be a path in C; U C, such that
x1 € Vi and x, € V. Then there is exactly one i, 1 <i < n, such that x; € Max(proc,).
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Proof. Let i be minimal such that x; € V5 (i exists because x, € V,).Then x; € V1NV,
because either i = 1 or (x;—1,x;) € C;. Thus x; € Max(proc;), and either i = n or
(xi,xi+1) € C,. In the latter case, x;y1 ¢ Min(proc,), and thus x;4y € Vo \ Vi. The
assumption that Vi NV, = Max(proc;) N Min(proc,) implies that there are no paths from
Vo \ Vi into Vi in C; U G, and hence there is no j > i such that x; € V;. The result
follows. ]

Theorem 2. Let proc; = (V1,Cy, D1, S1) and proc, = (V>, Cy, D2, Sy) be processes such that
Vi NV, = Max(proc,) N Min(proc,). Then

Res(Res(proc;) @ proc,) = Res(proc; @ proc,).

Proof. Let (V,C,D,S) = proc; @ proc,, K = Max(proc;), k = Res(proc;), h =
Res(k @ proc,) and g = Res(proc; @ proc,). It is obvious that V;, = V, = Max(proc, @ proc,).
Next, we show that h® = g¢; the proof of h’ = g" is similar but simpler. Let u,v» € K and
w,z € Max(proc; ® proc,). Consider the effect E(u,v,w,z) of k¢(u,v) on hé(w,z):

E(u,v,w,z2) E Dy (k

(P2,92)

where (p2, g2) ranges over all pairs of paths p, : u — w and ¢, : v — z in C,. On the other
hand,

ko)=Y | D Dpa Sty | »
xyeV1r \(p1,91)

where (p1,q1) ranges over all pairs of paths p; : x - u and q; : y — v in Cy. It follows
from Lemma 2 that, for x € V] and w € V5, there is a one-to-one correspondence between
the set of paths p : x —» w in C and the set of 3-tuples (py,u,p;) where p; : x > uis a
path in Cy, u € Max(proc;) and p, : u — w is a path in C,. Moreover, by Lemma 1, if
p =p10Op> and g = q; O¢», for paths py,q; in Cy and p, ¢> in Cy, then D,y = (Dy,q, *Dp,q,)-
It follows that

E(u,v,w,z) = Z Z piar * Dprgs (Sl(x y))

XYEVI (prg1)
(P2.92)

Y D DpalSitxy)

X.YEV1 (Pusqv)

where (p,,q,) ranges over all pairs of paths p, : x - w and ¢, : y — z in C such that u
is the unique node of Max(proc;) on p,, and v is the unique node of Max(proc,) on q,. It
follows that

ST E@uvwz) = > (D0 D Dpg(Si(x.y)

upek uveK \ x.yeV1 (pu.qv)

= D) Dp(Six.y)

x.y€V1 (p.q)
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where (p, q) ranges over all pairs of paths p : x - w and ¢ : y — z in C. Finally,

= > D Dk + S)(x.y)

X,yeKUV, (p,q)

where (p,q) ranges over all pairs of paths p : x —» w and ¢q : y — z in C,. However, for
x,y € KUV, each path p : x > w in C is a path in C,, and similarly for paths g : y — z.

Thus,
hé(w,z) = Z E(u,vo,w,z) + Z Zqu(Sf(x,y))

upek xyeVa (p.q)
where (p,q) ranges over all pairs of paths p : x - w and ¢ : y — z in C instead of C,.

Thus
hw,z) = D> Dpg(S{ey)+ Y Y Dpy(S5(x.y))

xyeVi (pq) x,y€Va (pq)

= Z ZDPII(SI(X y) + Z ZDM S5(x,¥))
x,yeV (p.q) x.yEV (p,q)

= Z ZDPQ
x,yeV (p.q)

= g'w,z). O

5. Local Action Systems and process semantics

The aim of this section is to introduce the notions of a production, a system, and
the process semantics of a system. A production is a pair consisting of a process of a
somewhat restricted form, and a graph on the minimal nodes of it. This graph serves as
the left-hand side of the production: an occurrence of the production is only allowed if
the left-hand side occurs in the graph rewritten by that occurrence. A system is simply a
set of productions.

Definition 9. A production is a pair (proc, L) such that proc = (V,C,D,S) is a process,
(Min(proc), Max(proc)) is a partition of V, C = Min(proc) x Max(proc), d(S*) = Max(proc),
d(S¢) = (Max(proc) x Max(proc)), and L is a graph on Min(proc). A system is a set of
productions.

For a production =, its components are denoted by proc, and L., respectively. The
components of proc,, in turn, are denoted by V,,C.,D, and S;.

Example 7. Let A’, A® be the monoids from Example 1 and let T%, T' be the sets of
endomorphisms from Example 2. Then three productions 7y, 7, and 73 are depicted in
Figure 9, where C,, = {1,2} x {3,4}, Cr, = {(1,2)} and C,, = {1,2,3} x {4,5}.

The processes corresponding to a given system are built by composing occurrences
(isomorphic copies) of the processes proc,, that is, the first components of productions
of the system, and applying the composed processes to an initial graph. Each output
node of a production occurrence is directly causally dependent on each input node, and
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procy, : procy, : Procy, :
N I | \ / /
| N | | \ / /
| AN | | \ / /
| A | | \ ! !
tap | 0 1y \\0 0 | 1 g 0 1 \\0 tyy K 1 tge J 0
| N | [ \ / /
| AN | | N / /
O | @ ) o
b b ¢ a b
Ly, : Lo, Lus: )
a b a b ¢
< > {or} < > @ @ {o, B} 5 {8} @

Fig. 9. The productions 7y, 7, and ;.

hence, each cut of a process built from production occurrences divides the production
occurrences of that process into occurrences that causally precede the cut, and production
occurrences that follow it. In a rewriting step new structure is only created on the newly
introduced nodes, not on the ones that are rewritten. Note also that the notion of a system
allows infinite sets of productions to be viewed as systems. Writing down, or implementing,
such an infinite system would of course require some form of parameterization, but that
aspect is not treated in this paper. The notion of a production occurrence is formally
defined as follows.

Definition 10.

1 Let proc; = (V1,Cy, D1, S1) and proc, = (V3,Cy, D3, Sy) be processes. An isomorphism
from proc, into proc, is a bijective function f : V; — V, such that C; = f(C)),
Dy =Dyo0f?, 8" =8Y0f and S¢ = S§ o 2.

2 An occurrence of a production & = (proc,, L) is a process v such that there exists an
isomorphism from proc, into v.

Next the semantics of a system is defined. It consists of processes of the form g @ proc with
proc =vi @ ... ®v,, where g is a graph and where the v; are production occurrences such
that Vy; N Vpeoe = Min(proc). Thus the process g ® (vi @ ... @ v,,) describes the application
of a process that is built from production occurrences to an initial graph g. However,
not all processes of this form can be considered as valid in the sense that it describes
a possible rewriting history: the left-hand sides of the productions should also be taken
into account.

A set of production occurrences that can be composed is called a covering; the notion
is formally defined as follows.
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Definition 11. Let Sys be a system. A Sys-covering is a set cov of occurrences of productions
from Sys such that, for each p, v € cov, u # v implies V,NV, = (Max(proc,)NMin(proc,))U
(Min(proc,,) " Max(proc,)), and (J C, is acyclic.

VECoU

A rewriting history in which a sequence of productions is applied to a graph is described
by a process g @ proc, where g is the graph and proc describes the production occurrences.
In the rewriting history described by g @ proc, each configuration reached by the time a
production of proc is applied is a subgraph of CS(g @ proc), as explained in Section 4, and
hence the fact that the left-hand side L, of a production = must occur in the configuration
to which an occurrence v of n is applied can be expressed by requiring that there exists
an isomorphism f from proc, into v such that the image of L, under f is an induced
subgraph of CS(proc). Thus, a set of processes is associated to a system in the following
way.

Definition 12. Let Sys be a system. The set of processes of Sys is the set of processes
proc such that there exists a graph g and a Sys-covering cov for which Min(proc) = Vg,
proc = g ® (B,cen V), and for each v € cov, there exist a production 7 of Sys and
an isomorphism f from proc, into v such that the image of L, under f is an induced
subgraph of CS(proc).

Observe that in the definition we have used the fact that the graphs L, can be viewed as
processes.

One may order the elements of cov in a way that is compatible with the causal order,
say cov = {v{,v2,...,vn}. Then proc = (-~ ((g ® vi) ® v2) ® - *) ® v,), With Ve, N V), =
Min(v;) = Max(proc;) where proc; = (- ((g@®vi) ®v2) @)@ v;_y) for each i € {1,...,n}.
Thus each subprocess v; can be applied to the result graph of the subprocess proc;. As a
consequence of this observation and Theorem 2, the result graph of a Sys-process proc
can be viewed as the result of a sequence of production applications, as illustrated by the
following example.

Example 8. Let 75, 1, 73 be the productions from Example 7, let Sys = {n;, 72, 73} and let
g be the graph from Example 1. Then the process proc from Example 4 is a Sys-process:
there exist occurrences vy, vz, v3 of @y, @2, 73 (with node sets V; = {1,2,4,5}, V> = {3,6}
and V3 = {4,5,6,7,8}, respectively) such that proc = (((g ® vi) ® v2) @ v3) with for each
i € {1,2,3}, Viproe, "V, = Min(v;) = Max(proc;), where proc; = (- - ((§®v1)®v2)®" - ") ®vi_1).
Furthermore, there exist isomorphisms f1 : proc, — vy, f2 : proc,, — v2 and f3 : proc, —
vs such that for each i € {1,2,3}, the image of L., under f; equals CS(proc)|ygingr,)-

The requirements on the alphabets of labels and local actions of a LAS introduced
in Section 3 may seem restrictive, severely limiting the possible concrete applications of
the LAS framework. Nevertheless, it turns out that quite a lot of existing models can
be described as Local Action Systems, including NLC grammars, ESM grammars, Actor
grammars, Petri nets, Algebraic graph grammars with injective productions and Graph
relabelling systems (Billaud et al. 1989). Although a formal treatment of the subject is
outside the scope of this paper, a few remarks may help to clarify why this is the case.
First, most models use alphabets that are just sets, and not monoids. This can be dealt
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with by embedding those alphabets in a free commutative monoid, as we did in Example 1,
provided that the productions are such that they do not introduce the new labels (formal
sums of the original ones) when applied to a graph that contains only labels from the
original alphabet. In fact, the alphabets of Example 1 are the ones used to encode ESM
systems in Janssens (1999) and Verlinden and Janssens (2000). Second, most models use
an embedding mechanism that either deletes edges or redirects them, but does not change
their label. In those cases, the alphabet of local actions can be chosen to consist only of
the identity and the constant zero function, which clearly satisfy the requirements.

The fact that NLC grammars, ESM grammars and Actor grammars may be viewed as
LAS is demonstrated in Verlinden and Janssens (2000).

A Petri net may be encoded as a LAS system rewriting discrete graphs, where the node
labels are names of places (embedded in a free commutative monoid). A marking m that
assigns n tokens to a place s is represented by a discrete graph containing n nodes with
label s. The only local action needed is (0, 0,0).

An algebraic graph grammar production with injective morphisms may be encoded by
a LAS production as depicted in Figure 10, where, for each node x of K, there is a local

) o
@ ! @ r >® (0,1,1) \b \L (0,0,0)
X

Fig. 10. An encoding of an algebraic graph grammar production into a LAS production

action (0,1,1) from [(x) into r(x), and all the other local actions are (0,0, 0).

To encode Graph relabelling systems, one may use the obvious encoding of undirected
graphs by directed ones, replacing an undirected edge by a pair of directed edges.
Productions are such that each node x of the left-hand side gets replaced by a new node
x’, and there is a local action (0,1,1) from x into x’. All other local actions are (0,0, 0).
Node labels can be treated in the same way as in Example 1, and the original set of edge
labels is embedded in a free commutative group: in this way the replacement of an edge
label a by b can be obtained by taking the sum of a (preserved by the embedding) and
b 4 (—a) (in the right-hand side of the production).

6. Algebraic properties of dynamic structures

The composition operation @ on processes is by itself only of limited use for the analysis
of the relationship between a process and its configurations, because of the presence
of an embedding mechanism. Unlike the case for Petri net processes, the configurations
of a LAS process proc are not simply obtained by considering substructures (slices) of
proc, but they have to be computed using the dynamic structure: they are substructures
of CS(proc). So, in order to understand the role that a particular part of the dynamic
structure of proc plays in transforming the configurations of proc, we need to get an
insight into the relationship between, on the one hand, the way dynamic structures are
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composed and, on the other, the way they transform graphs. In this section we will
show that each dynamic structure on a subset of a set ' determines an operation on
the set of graphs with nodes in V. Subsequently, we will introduce a new operation, *,
on dynamic structures; it represents the composition of the corresponding operations.
Then we will give a number of equations relating the composition operations 4+ and * on
dynamic structures to the operations +, restriction and extension of graphs. Finally, we
will introduce an iterative operation it on dynamic structures, which enables us to express
the graph CS(proc) in a simple way, and then derive some equations for expressions
containing it. Since the configurations of proc are substructures of CS(proc), the equations
can be used for reasoning about the configurations of a process. The use of equations is
demonstrated by providing an alternative, equational proof of Theorem 2. First, we will
define the application of a dynamic structure to a graph.

Definition 13. Let D be a dynamic structure on a set Vp and let g be a graph on a set V.
Then D[g] is the graph on V = Vp U V, defined by:

1 If Vp = V,, then, for each x,y € V,

Dlel)'(x) = > .cp D(z,x)(g"(2))

(D [g])e(-x’ J/) = Zu,veV<Ds(u7 X) * DI(U’ J/)>(ge(“,v))
2 If Vp # V,, then D[g] = D|"[g|"].

Example 9. Let g be the graph from Example 1. Let D be the dynamic structure from
Example 2. Then D|g] is the graph depicted in Figure 11 (a). Observe that all node labels
equal n".

© © 0| © ¢

\ ! /

N \ | /
) gty 0 01 i [ 0

(a) (b)

Fig. 11. The graph D|[g] (a) and the dynamic structure D; * D, (b).

https://doi.org/10.1017/5096012950100353X Published online by Cambridge University Press


https://doi.org/10.1017/S096012950100353X

Algebraic properties of processes for Local Action Systems 441

Thus D may be viewed as an operation transforming g into D[g]. Observe that the meaning
of Definition 13 does not change if one replaces (D*(u, x) * D'(v, y)) by (D'(v, y) * D*(u, x)),
because of the assumption that second and third components of local actions commute.
Using the fact that local actions are endomorphisms, it is easily verified that, for a dynamic
structure D and graphs g;, g», we have D[g; + g2] = D[gi] + D[g»]. Furthermore, for a
dynamic structure D on V, D[g)] = g). It follows that each dynamic structure on a
set V' determines an endomorphism on the set of graphs on V. The following theorem
summarizes a few properties that follow easily from Definition 13.

Theorem 3. Let V, V1, V, be sets, let g,g;1,2> be graphs on V, Vy, V3, respectively, and let
D, Dy be dynamic structures on V, V, respectively.

1 Dlgi+g]=Dlgil+Dlgl. | 4 DY[g] =gl
2 Dlgll=gl. 5 IfAcV < W,then g|,|" =1%)[gl.
3 1)[gl =g 6 If Vi,Va < W, then (D1|")[g2] = (Di[g2])|".

The second operation, *, on dynamic structures represents the composition of the corre-
sponding endomorphisms. It is defined as follows.

Definition 14. Let D, D, be dynamic structures on sets Vi, V,. Then (D; * D,) is the
dynamic structure D on V = V| U V, defined by:

1 If Vi =V, then for each x,y € V,
D(x,y) = Y (Di(x,2) * Da(z,y)).

zeV
2 IfV; 7& V5, then <D1 *D2> = <D1|V * D2|V>.
We will often omit the brackets ( and ) if there is no danger of confusion.

Example 10. Let D; and D, be the dynamic structures from Example 3. Then D; * D, is
the graph depicted in Figure 11 (b), where t,3 +1,, is the endomorphism on A® determined
by
{B.y}, fz=u

, otherwise.

typ + [ay({z}) = {

The following theorem summarizes a few properties that follow easily from Definitions 3
and 14.

Theorem 4. Let V', V1, V5, V3 be sets such that Vy, V, < V, and let D, Dy, D, D3 be dynamic
structures on V, Vi, V>, V3, respectively.

1 d((D; * Dy)) < d(D3) o d(Dy). 7 Di*(Dy*D3) = (D * Dy) * Ds.

2 Dy +(Dy+ D;3) = (Dy + D) + Ds. 8 Dy *(Dy+ D3) = (Dy * Ds) + (D * D3).
3 Dy+D,=D,+D. 9 (Di+Dy)*D3= <D1*D3>+<D2*D3>.
4 D1\VV+ D2|II//= (D1 +D2)\VI} 10 17, * 17, = 17,y

5 (Dil" * Dof") = (D1 *Dy)|". 11 15*D1|V=D1|V=D1|V*III;.

6 1Y«*D=D=Dx1. ’ :
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Since each dynamic structure on V' represents an endomorphism on the set of graphs on
V, we may expect that the composition * of dynamic structures represents the composition
of the corresponding endomorphisms. The following result states that this is indeed the
case.

Theorem 5. Let g be a graph on V,, and let D;,D, be dynamic structures on Vi, V53,
respectively. Then (D; * D,)[g] = D,[D[g]].

Proof. Both (Dy*D,)[g] and D,[D;[g]] are graphs on V = ViUV,UV,. If Vi = V5 =V,
then, for each x,y € V,

Dy[Di[gllé(x,y) = Y (D5(u,x) * Di(v, p))((D:1[g])(u,0))

upelV

> > (Di(w.u) * Di(z,v) * D3(u, x) * Di(v, y))(g° (. 2))

w,zeV upeV
= > <<Z D} (w,u) * D;(u,x>> * <Z Di(z,v) * Da(v,w) )(g“(w, 2))
wezeV ueV veV

D (D1 * Do) (w,z) * (D1 * Do) (v, y))(g(w,2)) = ((D1 % Da))[g])"

w,zeV

One may prove in a similar (but simpler) way that D,[Dq[g]]” = ({(D1 * D,)[g])". If it is
not true that ¥y = V5 = V,, then D[Di[g]] = Ds|"[Dy"[g|"]] = (D" * Da|")[g]"] =
(D1 * D1)[g]. U

We use the notation D" to denote the repeated composition of a dynamic structure D on
V with itself: for a non-negative integer n, D" is the dynamic structure (D * D * --- * D)
(n times D). D° equals 1},. Informally, D" is the dynamic structure that describes the
application of all possible sequences of length n of local actions specified by D. Evidently,
each such sequence corresponds to a path in V' x V' of length n. Observe that D" is the
zero function D) on V x V if n > depth(D).

We can now use the operations + and * to define a third operation, it, on dynamic
structures D on finite sets such that d(D) is acyclic. This operation enables us to express
the graph CS(proc) that contains the configurations of a process in a convenient way.

Definition 15. Let V' be a finite set. Let D be a dynamic structure on V such that d(D) is
acyclic. The iteration of D is the dynamic structure

it D= Z D"

0<n<depth(D)

https://doi.org/10.1017/5096012950100353X Published online by Cambridge University Press


https://doi.org/10.1017/S096012950100353X

Algebraic properties of processes for Local Action Systems 443

Informally, it D is the dynamic structure that describes the application of all possible
sequences of arbitrary length of non-zero local actions specified by D. Evidently, each
such sequence corresponds to a path in d(D). This is formally expressed by the following
lemma.

Lemma 3. Let V' be a finite set. Let D be a dynamic structure on V such that d(D) is
acyclic. Then, for each x, y,u,v € V,

(it D)"(u, x),

(]
2
I

3 D,y = {((it DY(u,x) * (it D)'(v,y)).

p:u—x in d(D),
q:v—y in d(D)

Proof. We will first prove, by induction on n, that for each a € {v,s,t} and each integer
n=0,

> Dy=(D"(ux).

p:u—x in d(D)
length(p)=n

The case n =0 is easy because Dy = 1 if length(p) = 0. For n > 1 we have the following:
(D" (u,x) = (D""'*D)"(u,x)

= D)) * DY)

zeV

= Y @)W D)

zeV,
(u,z)ed(D"),
(z,x)€d(D)
= > Y. (D *Dzx)
z€V, p1:u—z in d(D),

(z,x)€d(D) length(p1)=n—1

= Z Ds.

pu—x in d(D),

length(p)=n
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The second equation of the statement of the lemma is obtained as follows.

Z D, = ZD;* ZD;

p:u—x in d(D), p:u—x in d(D) qw—y in d(D)
qw—y in d(D)
— s .
- Z Z D, | = E E D,
0<m<depth(D) p:u—x in d(D), 0<n<depth(D) p:w—y in d(D),
length(p)=m length(p)=n
= E (Dm)S(u’ X) 8 E (Dn)l(u, X)
0<m<depth(D) 0<n<depth(D)

= {(it D)*(u, x) * (it D)'(v,y)).

The proof of the first equation is similar, but simpler. Ul
The following result states a few properties concerning it.

Theorem 6. Let 4, B, V, W be sets such that W is finite, 4 = V and B < W, let g be a
graph on 4 and let D be a dynamic structure on B.

1 (it D) =1} *ie(D") = it(D|")y* 1}
2 If A < B then it(D|")[g|"]1 = (it D)[g]|""".
3 Ifd(D)N (A x B) = & then (it D)[g] = g|*“®.

Proof.
1 Observe that depth(D) = depth(DlW). Using Theorem 4,

1y =it(D|")

CAS D DRI I A S R VA D DR i

o<n<depth(D|") 1<n<depth(D)

w

i+ > o = > b

1<n<depth(D) 0<n<depth(D)

= (it D)".

Similarly, (it D)|" = it(D|")* 1.
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2 It follows from 5 of Theorem 3 that
it(D")[gl"] = it(DI")[gl""] = ie(DI")[gl, "] = (152" xie(D"))[e].
By 1 above and by 10 of Theorem 4,
Y xig(D)") = 159 x 1 xit(D") = 1YY = (it D))" =14 % (it D).
Finally, using 5 and 6 of Theorem 3,
(14 * (it D)"*™)[g] = ((it D)|""™)[g] = (it D)[g]|"".
3 It follows from 5 of Theorem 3 that
(it D)[g] = (it D)[g| ,/"*"] = (15" * (it D))[g].

If d(D)N (A x B) = &, then 14“B x D" = D{VB, for each n > 1. Thus 148 * (it D) =
14YB % DO = 14YB, Furthermore 148 [g] = g| /" = g|"”. O

The next result expresses the fact that if two processes can be sequentially composed, then
applying all local actions specified by the dynamic structure of the composed process is
the same as first applying all local actions specified by the dynamic structure of the first
one, followed by all local actions specified by the dynamic structure of the second one.

Theorem 7. Let proc; = (Vi,Cy, D1, S1) and proc, = (V2, C, D2, S») be processes such that
Vi NV, = Min(proc,) N Max(procy). Let V = V1 U V,. Then

it(Dy + D) = (it (Dy|") *it (Da|")).

Proof. Since Vi NV, = Min(proc,) N Max(proc,), (D,|” * D;|”) = D{ . Hence using the
distributivity of * with respect to + (8 and 9 of Theorem 4),

itDy +Dy) = it(Dy|” + DyfY)

= > (Di|” + Dyf"y’

0<n<depth(D1|" + D|")

Vi Vi

- 3 ((Dy]")' *(Da|"))
0<i<depth(Dy|"),
0<j<depth( D1|")

Vi VNj
= < E (D1]")" ] * E (Do Y >
o<i<depth(D1|") 0<j<depth(D,|")

= (it (D,|")*it (D). O

The next result states that the computed structure of a process (V,C,D,S) can be
expressed using it D. This enables us to use the equations derived for dynamic structures
when reasoning about configurations. Since the computed structures are descriptions of
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rewriting histories, this provides a powerful tool for the analysis of the behaviour of a
graph transformation system.

Theorem 8. Let proc = (V,C,D,S) be a process. Then
CS(proc) = (it D)[S].

Proof. Using Lemma 3, the desired result is obtained as follows. Let x,y be elements
of V. Then

CS(proc)(x,y) = Z Z D,y (S¢(u,v))

u€V pu—x in d(D),
q:v—y in d(D)

= > {(it DY(u,x) * (it DY'(v,y))(S(u,v))
upelV
= (@it D)[S](x, y).
It can be shown in a similar way that CS(proc)’ = ((it D)[S])". ]

Now we can give an alternative proof for Theorem 2. It demonstrates how the algebraic
properties of dynamic structures can be used to get an equational proof, based on the
equation of Theorem 8.

Theorem 9. Let proc; = (V1,Cy, D1, S1) and proc, = (V>, Ca, D2, Sy) be processes such that
Vi NV, = Min(proc,) N Max(proc;). Then

Res(Res(proc,) @ proc,) = Res(procy @ proc,).

Proof. Let proc = proc; @ proc, = (V,C,D,S), K = Max(proc,), k = Res(proc,), M =
Max(proc), and procy = (k @ proc,) = (V3,Cs, D3, S3). Then M = Max(procs), V3 = K U V>,
Cy; =Gy, Dg\V = DQ\V and S3 = k + S,. We have to show that Res(proc) = Res(procs). By
Theorem 8 and Theorem 3,

Res(proc) = ((it D)[SD)ly, = (it D)[SiD)ly + ((iz D)[S2])lp
Res(procs) = ((it D3)[Ss])ly, = ((it D3)[k])l, + (it D3)[S2])]

Thus it suffices to show that
(1) ((it D)[S1])ly; = ((it D3)[k])[,> and
(2) ((it D)[S2D)|py = ((it D3)[S2])]py-

(1) Using 5 of Theorem 3 and the fact that M < V3,
(it D)[Silly = (it D)Stly, 1yl |y = (17, * (it D) * 17)[S1]].
Using Theorems 4, 6, and 7 and the fact that D2|V = D3|V and V1 NV; =K,

1 (it Dyx 1), = 1?*itl(/D1|V)*it(D2‘V)*lllj3V
= (it(Dy|") > 17,) * (1}, *it(Ds]"))
= it(Dy|")* 1} *it(Ds]")
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It follows from Theorems 5 and 6, and from 5 of Theorem 3 that
(it(D1|") % 1)[81] = 1 [t D[S = (it DSV l" = kI,
and hence, by Theorem 6, we can conclude that

(it D)[S1]ly = it(D3V)[kI" 11y = (it D3)[K] |y

(2) On the other hand, using Theorems 5, 6, and 7,

(it D)[S>]1y, = (it(D1|") * it( D3| NIS2]ly = it( D3)S2 Wy = (it D3)[Sally [

Conclusion

LAS processes provide a way to describe the concurrent behaviour of graph rewriting
systems, in line with other process notions developed in concurrency theory. First we
have shown that a number of simple operations may be defined on dynamic structures (a
dynamic structure is the component of a process that describes the local actions) and that
the graph CS(proc) containing all configurations of a process may be expressed in terms of
these operations. Then we derived a number of equational laws for expressions containing
these operations, and, finally, we illustrated their use by presenting an equational proof
of the coherence theorem, which expresses a relation between a structural property of
processes (being the sequential composition of subprocesses) and their configurations (in
particular, their result graphs).

LAS processes differ from the processes introduced in Corradini et al. (1996) not only
because they deal with embedding based rewriting, but also because they are defined
on the level of the alphabets involved, independent of the choice of a particular set
of productions. This has the advantage that one may investigate the interaction of the
processes of a given system with those of an arbitrary ‘context’ system, and then investigate
semantic equivalences based on that interaction (for example, systems may be considered
equivalent if no context can distinguish between them).

On a more technical level, the process notion presented in this paper is a very concrete
one: processes with the same structure, but built on different sets of nodes, are distin-
guished (for example, the choice of concrete nodes determines whether two processes are
sequential or not in the sense of Definition 5). This is not a problem if one is interested
in the relationship between the configurations of a process, but it may be a disadvantage
if one wants to define the abstract semantics of a system. Therefore, it may be useful to
develop a more abstract presentation as developed in Baldan et al. (1998).
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