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Abstract We study the non-existence of KAM tori for quasi-integrable, analytic
Lagrangians. LeL: T” x R" — R, £(Q. Q) = 3|0I?> + h(Q) and leto € R™ be

a frequency exponentially close to resonances. Weffiaalytic of norm arbitrarily small
such thatC has no invariant torus of frequengéyprojecting diffeomorphically off ™.

0. Introduction

One of the problems in the theory of Hamiltonian systems is to understand which are the
frequencies for which the KAM theorem holds. To be more precise, let us suppose we are
given the Lagrangian

L:T"xR™ >R, L(Q,0) = %|Q|2+h(Q’ Q).

whereT” = R™/2xZ™ is the m-dimensional torus. The KAM theorem asserts that, if
h is sufficiently small in a certain nornC¢ or analytic) then there is a class ©fe R”
for which there is a smooth embeddingT”™ — T™ x R™ satisfying the following three
properties.
(1) i(T™)is invariant for the Euler—-Lagrange flow (from now on E—L flow)&f
(2) i conjugates the E—L flow oi(T™) with a translation of frequenay onT™.
() i(T™)is ‘close’ to the torugQ = w).

If h € C°, then the frequencies for which the theorem holds are those satisfying the
following condition

AC,y >0: VkeZ™\ {0} |(a),k)|z% (%)
where(., -) denotes the standard inner produdRifi. A proof of the sufficiency of:) can
be found, for instance, inlf]; as a corollary of 9] it follows that, for twist maps, %) is
also necessary. With the additional condition t@t") projects diffeomorphically oif ™
it is simple to show, using only the most elementary idea®pfthat («) is necessary in
any dimension.
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If & is analytic, the situation is more intricate. It is known (see for insta@fehat in
this case the KAM theorem holds under a weaker condition thgrii{e Bruno condition
which we presently explain. Let

= min |{k, w)|.
o = min |k, w)]
The Bruno numbers are those for which

n
B(w) := — ZXC:J % log, atpj < o0. (€))
It is easy to see thak¢) is implied by &), while the converse is not true. As for necessity,
there is numerical evidence (see for instar8jgthat the smallest destroying the invariant
torus is roughly of norme=8@): if B(w) = oo, then the torus can be destroyed by
arbitrarily small analytic perturbations.

The rigorous results are those & which deals exclusively with twist maps. As a
corollary of [5] we have that the KAM theorem does not hold for allfor which the
general term of the series {#x) does not tend to 0. In other words, the invariant circles
of an integrable twist map of rotation numhere R satisfying

C
AC,y >0, I(pu,qn) = 00 : lgnw — pu| <
B T T expy (lpal + 1gaD)
do not survive to arbitrarily small analytic perturbations.
Our aim is to generalize this part d][to higher dimension. We begin by introducing
some notation. We call; the set of all real analytic functions defined in a complex strip
of radiuso aroundT™; for h € A, we consider the norm

Il = sup|h(x)] : [IM(z)] < o}
We will prove the following theorem.

THEOREM1. Letm > 2ando > 0. Letw € R™, |@| € (1, 2) and let it be rationally
independent (i.€lwt}, <R is dense oA ™). Moreover, let it satisfy

k) C Z™, lkn| — 00 :0 < (@, ky) < e Plhal, (k)

Thenif D > o Ve € (0,1] there ish € A, with ||, < e such thatZ(Q, Q) =

%|Q|2 + h(Q) does not have any invariant tords satisfying

(i) 7 projects diffeomorphically o™ .

(i) There is ac? diffeomorphism: T" — T which conjugates the motion ¢h to a
translation of frequency.

For twist maps, it is a theorem of Birkhoff (se& for a proof) that any homotopically
non-trivial invariant circle projects diffeomorphically ai; we do not know whether in
arbitrary dimension invariant tori of rotation numheralways project diffeomorphically
onT™. However, if a torus/” not satisfying (i) exists, then its Kolmogoroff normal form
cannot be positive definite; this is because of the following theorerh@f [f close to7
L behaves likeC(Q, Q) = (0., @) + 3(AQ, 0) + h.o.t. with A positive definite, then the

https://doi.org/10.1017/50143385700000146 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700000146

An analytic counterexample to the KAM theorem 319

torus supports a minimal measure and this implies thairojects diffeomorphically on
T™. This makes it very unlikely that suchZa can result from any of the usual proofs of
the KAM theorem; indeed these proofs provide positive definite KAM tori whenever the
unperturbed torusQ = @} is, as in our case, positive definite.

The proof of Theorem 1 is contained in the next section and is based on an observation
of [13] and [7]: the orbits lying on a KAM torus are minimizers of the action functional.
But the projection oiT™ of a KAM torus of frequencyp is surjective: thus through each
point of T passes a minimal orbit of ‘mean frequen@’ Thus our counterexample
reduces to finding a quasi-integrable Lagrangian whose minimal orbits of mean frequency
@ avoid some points of . This Lagrangian is the same as iij;[this is not surprising
since [L] is practically the Nekhorocheff normal form near a first-order resonance and, by
(x*x), we are very close to a first-order resonance.

Proof of Theorem 1

We begin recalling the definition o] of action minimizing orbit; actually, we will give

a slightly weaker definition, but sufficient for our purposes. Let us consider the Lagrangian
L£(Q,0) = 31017 + h(Q). We say that the orbip € A.C.(R, T") (i.e. absolutely
continuous) is minimal foL if

15 1 .
ViL < 12, /zag, 0)dr < / " 200, Oy )
11 1

for everyQ € A.C. such that

@ Q@) =0w),i=12

(b) QO andQ restricted tqz1, t2] are in the same homotopy class or, equivalently, their
lifts to R™ connect the same points.

If (1) holds for a particular couple af < 12, we say thap is minimal for £ on[z1, t2].

In the above definition we take minima in the very wide class of.Afunctions;
however, since in our case minima are always analytic, it is the same if we restrict ourselves
to a smaller class. In particular, in the proof of Lemma 2 it will be useful to consider
our minima as taken it 1([r1, 12], T™), the set of AC. functions with square-integrable
derivative.

We now observe that an invariant torus satisfying point (ii) of Theorem 1 is Lagrangian.
Indeed, let®2 be the canonical 2-form ol” x R™ and let us suppose by contradiction
that Q|7 # 0. Then there is a pointp € T™ and two vectorsy and w such that
i*(R)(x0)(v, w) > 0, wherei* denotes the pullback. By the invariancei6{2) under
translations of frequency we get that*(2)(x)(v, w) > 0 for anyx € T™. Moreover,
slightly changingv and w, we can suppose that the planewhich contains them is,
quotiented by 2Z™, a two-dimensional torus. If we calt this torus we get that
fﬁ i*(Q) > 0, which is a contradiction singé(£2) is exact.

Thus we have thatZ is Lagrangian and projects diffeomorphically ar’; by
Appendix 2 of [L0], all orbits Q with (Q(r), Q(¢)) € T Vt are minimal forL. Moreover,
since7 is invariant, any point orY is the initial condition of an orbit lying or?". We
conclude that, given an@o € T™, we can findQ (¢) such that
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(1) Qs minimal for£ and(Q, Q) lies on the invariant torus.
(2) () = Qo.

Thus the proof will go along the following lines: we will define a perturbattoon
whose minimal orbits we have much information, then we will suppose by contradiction
that an invariant torus exists and show that for sabe no orbits satisfying (1) and (2)
exist; this contradiction will prove the theorem.

We note that we can always find a vectrwhich is orthogonal t&, and satisfies

k/
Vn <c?> |ktl >2 a>0, |kl < lknl (2)

n |

for somea not depending on. We choose our perturbation as i [

Ll =310P+h! ,(Q) =30+ ee "I[1— cosky., 0)]
+epe"[1— costky, Q)le "l cosik),. Q).

We note thatig o < 4eif p < 1. To makeﬁ;’)ﬂ more wieldy, we make a change

of coordinates. We defin® and P to be the orthogonal projections @p and onk;-,
respectively, and we set

g = ks PQ, w=PQ.
In the new coordinates we have tiéft ,(Q, Q) = LI, (w, q, W, ¢) with
1 1
lkn|? 2
+ epeil[1 — cogg)]e 7l cogk! , w).

.. 1. ) _
Le,(w,q,w,q) = §|w|2+ 1g12 + ee~nI[1 — cogq)]

ThusL¢ , consists in a rotatap, a penduluny of Lagrangian

1

|kn|2 2|q.|2 + Eeio‘kn‘[l — cogq)]

Al(g,q) =

and a coupling between the two systems, small witiWe write below the homoclinige
of A? suchthatj. > 0,¢.(0) = x:

ge(t) = Aarctge” ™), (1) = %
where
8 = k|20 Kl
and arctg takes values between /2 andr /2. We set
By = e Ml g = g~ Walg=0lkl

and define the Melnikoff function as

M (w, wo, to) = €ay / [1— cogge(t — t0))] cosk,,, w(t — to) + wo) dt.
R
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In other words M. is the integral of the perturbation along a homocling6f,. It does not
depend ong and on the projection afig on (k,)* and is 2r / |k} |-periodic in the projection
of wo onk,. It can be explicitly calculated

1 ok (@, ky)

lken |2 SN(r/2)((w, ky,) //€8n))
If we specialize the above formula @and recall equation (2), with a simple calculation
we can get the next lemma.

Me(w, wo, 10) = coswo, k).

LEMMA 1. Lete > 0,n € Nand let{wo, k) € 2nZ, (w1, k) € 7 + 2nZ. Then
M (@, wo, 10) — Me(@, wy, 10) = e~ al/ Vb,

It is easy to see that the transformatiap: — (w, ¢) preserves the minimality of the
orbits; thus, if(Q, Q) lies on the invariant torus of frequenéy we have thatw, ), the
image ofQ, is minimal forﬁ’;yu. We will show that this implies that for adl € (0, 1) there
is n big enough such that

q) e +27Z = (w(), k) ¢ 2nZ ©)

whenever(Q, Q) belongs to a toru§” enjoying the properties of Theorem 1. But this is
tantamount to showing that the properties (1) and (2), listed at the beginning of the proof,
do not hold. Thus the proof of Theorem 1 reduces to the proof of equation (3), which
contradicts the existence of an invariant torus.

We remark that equation (3) says that minimal orbits do not pass through the maxima
of the Melnikoff function; this is the same fact underlying the variational proofpfdee
for instance 8].) Also as a side remark, the Melnikoff function is closely connected to the
‘barrier’ of [11]; the Lagrangian of]] is practically the only case where this barrier can
be estimated explicitly (see for instaneg.]

We now prove a lemma which says that, fersmall enoughM, approximates the
integral of the perturbation along the minimal orbitsf,,. From now on we will consider
our orbits as valued iR™, the universal cover of”; C; will always denote a constant not
depending or andn.

LEMMA 2. LetM > 16. There areCo, C1 > 0and/ € N, > 2 with the following
property. Let

€€ (0,1, pu= e —Colk, |/ /€8, )
/7

Is=T1+ —lCllk"|. (5)
€3y

Let(w, ¢) be minimal for¢ , on[71, 73] and let it satisfy

w(T3) —w(T1)
I3—-T1 B
q(T) =0, ¢(T3) =2n. (7)
Then for anyl» € (Ty, T3) such thayy (72) = = we have that

w, ol e€ll,2] (6)

T-
catn / "[1— cosq (1)1 COSK, . w(t)) di — Me(w, w(T2), T)| < %e*b'kfz'/“‘*". ®
T;

1
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Proof. The proof follows the lines of Lemma 1.1 o8]f here we will only sketch the

general argument and point out those details which are different. First of all we define

we (1) = w(T1) + w(r — T1).

As in [3], (8) is implied by the following four inequalities:

To+Cilky|/€bn
|cos(k,, w) — cogk,, we + w(T2) — we(T2))| dt

G(Sn/
Tp=Cilky | /eb,
1 |kel? ,
Kl it/ /e5s ©)

= 8M ¢kl
To+C1lk,|/€dn |k |2 /
68,1/T |cosq (1) — cosge(t — T2)| dt < @ﬁe_blknl/@ (10)
|ken |? ,
<o / |1 —cosg|dt < —Lk/efb\kn\/\/eTn (11)
T2, T3\ [Tz Calk|/€8,, To+Culk; |/€5,] 8M ¢kl
1 |kn|2 7h‘k/‘/\/€Tn
11— COSge(t — Tp)|di < o g™V,
(12)

2—C1lky1/€dn

68,,/
R\[T2—C1lk},| /€8, T2+C1lk}, | /€8]

In the course of the proof we will also see that
Cilk,

C1|k
T1§T2—M and T3 > T» +
€dy

n

so that (11) makes sense. We will always assume@pafo > 1.
First of all, by direct computation it is possible to see that, talkingig enough, we

|kn]? ANz
nl” bl /e

have
|1 —cosqc(t — Tp)|dt < We*”‘kﬁ

€dy /
R\[T2—C1lky1/€8n, To+C1lk;, | /€5,]
This proves (12) and sets the valuetaf Now we consides, aC*> cutoff

=19 "=
! t>1

and define
Ti+T3 Cllki,|>> L < T1+T3
’ - 2

T1+T3
t — t —
6]5( 2 >¢< < 2 €8n
T1+ T Cil|k T1+T:
1+3+ 1|"|))+271, 1—;3§t.

q@t) =
T1+T3
(se(e= 757 2o (o (P57 55
We note that, by (5) and (6)we, ¢)(T;) = (w, ¢)(T;),i = 1, 3. Since(w, ¢g) is minimal
we have that
T3 T3
E’;M(w,q) dt.

Le ,(we, q)dt >
i

i
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As in [3], from this fact we deduce that, farp big enough,

11
/;‘ {|k |2§|6}|2+€,3n[1— COS(q)]} dt < Co\/eBy. (13)

1

By the E—L equation we get that

ji] < lk; e~ Ml e, [1— cosg)].
Thus

’ tl
Vip <11 € [T1, T3], ip(t1) — w(to)] < plky|e ! / €Ba[1— cosg)]dt
fo
which by (13) and the fact that/ |e %! is bounded yields
Viop <11 € [Ty, T3],  |w(t1) — w(to)| < nCsv/epy
implying by (6)
vVt € [T1, T3], |w(t) — | < uCz/eBy.

If we now integraten from 7> to r and use the above formula we get

sup lw(t) — [we(?) + w(T2) — we(T2)]]
[T2—C1lk; |/€dn. T2+Calk, | /€8]

C1|k)| 1 kal> v 1
< uwCay/ no - " [ky 1/ ~/€8n
S MOV =5 T = gt ol 2C1 |k |

The last inequality follows by (4) takingo big enough. Inequality (9) now follows from
the above formula and the Lipschitz continuity of the cosine.
We are now going to prove (10). By (5) we have that either

I C1|k! [ C1)k!
To — Ty > = 1 n| or T3—T> > ——1| n|.
2 €6, 2 €d,
To fix ideas we suppose that the first case occurs and we considé&}, da], the solution
q of
g = €8, sin(g)

q(T1) =q(T) =0
q(T2) = q(T2) = 7.
SinceT> — T1 > (1/2)(C1lk)|/€8,), it is easy to see that the energy of, satisfies

O<h< 613"6—(74(711%,@\/\/@_ (14)
We set 1
h(t) = —Z1§|% — efall — cogg)].

|k |2 2
As in [3], it is possible to show that there ig € [T1, T2] such thati(tp) = h; moreover,
using the E-L equation we can estimate); integrating fromyg to r we get

sup |h(t) — h| < Csuy/€By. (15)

te[T1,T3]
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We set
Y = Cspu/€By.
As in [3], the minimality of (w, ¢) implies thatj(7») > 0; clearly,j(T>) > 0. If (T, T»]
is the maximal interval to the left df> whereq > 0 (i.e. whergy is invertible) denoting
by ¢ (¢) the inverse function we have that, by (15), ok =,
ds

1 q
T /ﬂ V2(h =y + eBu[1— coss)])
sr(q)st+i/q ds .
lkn| Jz «/2(h + v + €Bn[1 — cOs)])
On the other side(q), the inverse function of (), satisfies
1 q ds
m/ﬂ V2(h + e, [1 — coss)])

From the last two formulae we get that

t(q) =T+

. 1 Y
— Ce—
@) = @) = Co T coqg 1172

y < €Bull—cogg)]. (16)
By (14) and (15) it is easy to see that, fandCo big enough,

g1+ 141 < C7lknly/€Bn = C7y/€8n.

The above formula and (16) imply that

Y€,
(eBal1 — cogq(1)])3/?

lg(t) —q(1)| = CeC7 (17)

as long as

y < 2eBull—cogg(n))l. (18)

If I > 1, we have the estimate

g <T2 _ %) > e~ Calk,|//€8n
€dy,

If we chooseCq big enough we have by the above formula that the maximal interval on

which (18) holds containgl> — C1lk}|/€8,, T2]. Moreover, it is easily seen by (15) and

(14) that on this interva} > 0, i.e.[T, T>] C [T> — C1lk},|/€8n, T2]. We now re-apply the

same estimate to the maximal interval on the right'obn whichg () > 0; we see that

(17) continues to hold and thus

9@ — 30 = CoCr——VIFal < CoCr2VMul®
- €8n[1— cogg(1))13/2 = €5,,e—3Calk, |/ v/eb,
C1lk, C1|k!
Vt € T — 1| ”|’T2_+_ 1| nI )
€8y €dy,
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For! big enoughg andg.(- — T>) are close; indeed, an estimate similar to the above one
yields

hlknl®
68,16_3C8|k'/l ‘/\/ €y ’

T2+ ——

Cilk;,| Cilk;,|
€8p €8, |

14e(t — T2) — G(0)] < Co Vi e [Tz—

If we takel andCo big enough, from the above two formulae and (14) we get

lge(t — To) — q ()] < iﬁe—b\ké\/@#_
~ 8M e—clkil 2C1|k}|
Formula (10) now follows by the Lipschitz continuity of the cosine.
The proof of (11) is exactly the same as that of the corresponding inequalB}; infi

We remark that the above lemma continues to hold if we substitute in (4) any constant
C bigger thatCo, since this means to reduce further the size of the perturbation. Moreover,
with the same proof it is possible to get that

T ,
eay | [1—codq(r)]cosk,, w))di — M (w, w(T2), To)| < ie—blknwean
T
. ) (19)
eay | [1—codq(1)]cogky,, w(t))dt — M (w, w(T2), T2)| < Me*b'kn'/“sn
)

where

fo

M- (@, wo. f0) = caty / [1 — COSge (t — 10))] COSK,. @(t — 1o) + wo) di

M:'(a), wo, o) = €y / [1— codg(t — 1p))] cos(k;,, w(t — tg) + wo) dt.
1o
We now note that, if we consider the motionga®) as known, the motion ab is given
by the non-autonomous Lagrangiéhbl2 + epay[1 — cogg(r))] cosk,, w) whose first
derivative inw is bounded by 2u«;, |k}, |. Moreover, this Lagrangian is periodic i this
is all we need to apply Lemma 2 d?]} from which we get the following estimate.

LEMMA 3. Let(w, ¢) be an action minimizing orbit. Then we have thél; < 7>,

Vi €[T1,T2), |w() — % < C10/ 11y €5n. (20)

The next lemma contains an estimate on the action functional of the unperturbed
pendulum which we will need in the following. We will use it twice: in Lemma 5 we
will use point (1) to show that a half-turn around the homoclinic (or whisker, a&]jn [
takes a very long time to be done; in the end of the proof of Theorem 1 point (2) will tell
us that a small translation in time of a homoclinic does not increase its action functional
too much. Throughout the rest of the papeandCo are defined as in (4).

LEMMA 4. LetM > 16be big enough. Then for allg big enough there ia = A(Co) >
0 such that the following holds.
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Let T», T» € [T1, T3]. Letg be a solution ofA? on (Ty, T2) and on (T2, T3) with
boundary conditions

q(T1) =0, q(Io)=7n, q(I3) =27

and letg be a solution ofA? on (71, T») and on(7T>, T3) with boundary conditions
g(T) =0, q(T»)=m, q(T3)=2x.

@ If

T> — T1 = 4A
Tz3—T> < A
T3 — T1 = B5A

- T +T3

7 8
2 2

=—
a

then we have

Ty E . 8 /
/TA';(q,q)dz—/_ A’;(ci,ci)dt>ﬁue_b|kn|/@.

1 T
) If
T3 — T1 = 2A
- T T
T = 1+ 13
2

- 8t
T2 — 17| < —
a

then we have
T3 T_'3
. _ = M i
/ AZ(q,q)dt—/_ AL, q) di < GeTIalIVED
T1 T
Moreover, we can take
Co Ik A

<A <C11(Co+ M)—=

—. 21
C11 €6, €dy, (21)

Proof. Let us consider the situation of point (1). We define the function

2 Tit1
L(T») =Z/T AMg. ¢)dt
i= i

2 1 im
=y [ V2((Tir1 — T) — V() ds — h(Trs1 — T)(Ti1 — Ti)}
i—1 [knl (i

where
V(s) = —€Bn[1l— cogs)]
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andi(T) denotes the energy of the orbit of the pendulum doing one half turn inZirnde
simple calculation yields

dL(T2)
dT»
Sinceh(T) is decreasing i we have that
if The[Ts— A —1,T3— Althenh(T3 — T2) — h(To — T1) > h(A + 1) — h(2A).
If we now integrate (22) betweeh and7», we get that (1) holds if

= (W(Tz — T2) — h(T2 — T1)). (22)

8 /
h(A+1) — h(2A) > ﬁue_blk"‘/@. (23)
Let us now consider the situation of (2). Integrating as before we get that (2) holds if
87, (A _ 8_”) AN (24)
a a 8

It is now easy to see (for instance estimatidgd T)h(T)) that, for M big but independent
of A,

64 8
h(A+1) —h(2A) > —Zp (A - —”) .
M a a
A simple calculation now shows

GIBne—ClzT«/E(Sn < I’l(T) < eﬂne_clzT‘/éa”.

We now chooseA such that equality holds in (24); by the last two formulae, also (23)
holds, yielding points (1) and (2). Inequality (21) is a consequence of our choiteaof
of the last formula. a

In the following, we shall fix once and for al > 16 such that Lemma 4 holds. As
for Co, we will choose it so big that both Lemmas 2 and 4 hold. Moreover, by (21) we can
SUpPPOS&p SO big that

1C1]k!
A> M (25)
€0y
We also require that
Co > 2IC12Cy, (26)

whereC12 is the same that appears in the proof of the last lemma; this will come in handy
in Lemma 5. By the explicit formula foM, we see that, fo€p big enough,

1 / .
|Mc (@, wo, 10) — Mc (@, wo, 10)] < Me—”‘kn‘/@ if |0 — @] < Cloy/IiVedn  (27)

and the same is true fa and M. From now on (o is fixed and satisfies the above
conditions.

The next lemma states that the turns around the homoclinics (or ‘whiskers’, &8 in [
are each spaced far enough from the other. It is rather similar to Lemma2 lnft[the
fact that we are close to a homoclinic of the pendulum requires some special care. The
constantsD ando appearing below are the same as in the statement of Theorem 1. We
recall that at the beginning of the proof we have made a change of coordinat&sfrom

Q1o (w,q).
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LEMMA 5. Let D > o. Then for alle € (0, 1) there isn big enough such that the
following holds. Let(w, g) be minimal forZ¢ , let Q be its pre-image and letQ, Q)
lie on an invariant torus of frequenay. Let us suppose thag < ¢1 and thatg(r0) = 0,

q(t1) = = (or thatg (r0) = 7, ¢(t1) = 2r.) Then
n—1o>A. (28)

Proof. In the following, given a vectov € R™, we will denote byv; its component
orthogonal tak, andk,,, and byv, its component alongy,.

Let us considerp andr; as in the hypotheses. We will prove the casg) = 0,4(t1) =
7, the other one being analogous. Since the motion on the invariant torus is conjugate to a
rotation of frequency, we can findl" > to such that, setting) = (PQ, PQ),

w(T) —w(to) q(T) —q(to) _
‘( T—n Iknl(T—zo))_“’ = CroViy/edn (29)
q(T) = Nr. (30)

Moreover, since by(xxx) the motion in the directiory has mean speed less than
|k, |e~ Pkl we can suppose that

By (21) and the fact thab > o we have that, for alk big enough,

T —to > 16NA. (31)

By (20) and (29) we get that, farp big enough,

lwa(t) — 2| < 2C10/ 10/ €8y, VYt € [To, T]. (32)

We now choose a sequence of timgs< 11 < --- < ty = T such thay(t,) = nr for
re,1,...,N).
Let us suppose by contradiction that (28) does not hold. We distinguish two cases: in

the first one

1Ky

A>t1—19g>1C1—. (33)

€dy
We will compare(w, g) with (w, g), an orbit which comes out of a surgery in the style of
[2]. By (31) thereisj € (1, ..., N — 1) such that

tjiy1—1tj > 16A. (34)

In the new orbit(w, ¢), ¢ will take a longer time to go from 0 te and a correspondingly
shorter time to go fromz to (j + ). Thus by Lemma 4 the action &f will decrease;

it will decrease enough to compensate the possible increase in the perturbation (actually,
everything is chosen in such a way that the Melnikoff function remains the same). On
the other side(w, ¢g) will be the same agw, ¢) (up to a translation) outside the intervals

[t0, 1] and[t}, tj41].
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We begin defining
n—to+tj+1—1;
T = .
2
Let s3 be the closest time tg.11 — T such thatwa(s3) — wa(t)) € (21 /|k;,|)Z; we set
s2 =s53—(tj —t1). By (32) and (2)]tj41 — T — s3| < 2m /a. We definew € A.C. in the
following way

w1(t) = wa(r)

and
w2(t1) — wa(to) +m
w2(to) + (t —10) fg<t<s2
s2 — 1o
P2(0) wo(t —s2+11) +m s2<t<s3
wo(t) = w . _ )
_ 2(tj+1) —w2(tj) —m
w2(s3) + ! ! (t—s3) s3=<t=tju1
fj+1 — 83
w2(t) timi<t=<T =ty

wherem is given by

2, (35)

m = wz(s3) — wa(tj) € —
Ik |

We will see that this choice ofi keeps low the kinetic energy @ and minimizes the
change in the Melnikoff function. We note that

_ 2 _ 27
wa(s2) —wa(t1) =m € ——7Z, wa(s3) —wa(tj)) =m € —~Z. (36)
&, | k7, |
We set
q1(t) fo<t<s
- qt —so+11) s2=<t=<s3
q@) =
q2(t) §3 <t <tjy1
q(t) tiia<t<T =ty

whereg; is a solution ofA” on (to, s1) with boundary conditions
q1(to) = q(10) =0, qi(s2) = q(to) =7
andg» is a solution ofA? on (s3, ¢;) with boundary conditions
qi(s3) = q(tj)) = jm, qi1(tjy1) = q¢j+1) = (j + .
In order to deal with shorter formulae, we set
periw, ¢) = ee¥le=olkilI[1 — cogg)] cosk!, w).

The minimality of(w, ¢) implies

T 7
/ Le,(w,q)dt —/ L!,(w,q)dt > 0.
fo to
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After eliminating all the terms which are the same in the two integrals, we get that

/ %Iujzlzdl +/ ALG.q)dt + u/ per(ws, q) dt
[t0,52]Uls3,1+1] [10,52]Uls3,7j+1] [70,52]U[s3,7j+1]

- Shua2ar - [ g ) dt
[t0,22]VI¢},t41] [t0,12]UIt},1j41]

— M/ perfwz, g) dt > 0.
[t0,12]V[2),1j4+1]

We assert that

/ %|u‘32|2dt—/ Zlwol?dt < 0.
[t0,52]Uls3,1+1] [t0,12]V[¢},2;41]

By (34) we have thatz > ¢; and, consequently, > 1. By (35) and (36), oriss, ;411
w2 andwy run the same distance (indeewh(s3) = wa(s3) andwz(¢;4+1) = wa(j41)) and
thus on this interval the action functional @ is smaller than that ofvo. On the other
side, sincava(s2) — w2(to) = wa(t1) — wa(fo) +wa(s3) — wa(t;), we have that the distance
run by ws on [z, s2] is less than the distance run by on [z, 1] U [¢;, s3]. Moreover,
the measure offto, s2] is the same as the measure[ef, r1] U [¢;, s3]. Using again the
minimality of w for the action functional of kinetic energy, we get the above formula.
From the above two formulae we get

/ ALG. q)dt + u/ pert(wz, q) dt
[t0,52]ULs3,j 411 [t0,52]ULs3,1j4+1]
—/ Al(g,¢)dt — M/ perwz, g)dt > 0.  (37)
[r0,12]Vl2j,1j41] [t0,22]V7j,2j41]

To fix ideas, let us suppose thaiz;) is an odd multiple ofr andg(¢;11) is an even
multiple. By (33) we can apply Lemma 2 and (19); by (32) we can apply (27); we thus get

_ 4 /
/ periwa, q) dt = M_ (&, wa(11), 1) + M (&, wa(1), 1) — — e~ Phal/v/ebn,
[t0,22]V7},8j41] M
Analogously, by applying Lemma 2 with = 0, we get
/ per{wz, g) dt < M_ (v, w2(s2), 52)
[70,52]U[s3,7j+1]
4 ,
+ M (@&, wa(s3), 53) + Me—b"‘n'/@.
From (36) and the periodicity off- andM_ we get that

M_ (@, wa(ty), i) + M (@, wa(t)), tj) = MZ (@, W2(s2), s2) + M (@, wa(s3), 53).

From the last four formulae we get

- 8 ’
f AZ(é,é)df—/ Alg, §)dt = —— e Pal/Veh (38)
[t0,52]U[s3,7j+1] M

[r0,22]Vl8j,8j41]
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Let nowg be a solution ofA? on (1o, t1), (¢}, tj+1) with the same boundary conditions as
g intg,t1,1tj,tjy1. Clearly

/ Az@,é)dt—f A, ) dt
[70,52]U[s3,7j+1] [t0,11]V[2),1j4+1]

< / A'G.§) dt —/ A" §) dr.
[70,52]U[s3,7j+1] [t0,12]V[2),1j4+1]

We now note that we are in the hypotheses of point (1) of Lemma 4: indeedp < A,
tjiy1—t; > 16A while |s; —10 — T| < 2w /a and|t; 1 — s3 — T| < 27 /a. Moreover, the
length of[1g, s2] U [s3, ;1] is the same as the length [, 1] U [¢;, t;4+1]. Thus we can
apply point (1) of Lemma 4 and get

- - . 8,[L _ /
/ Ag(q,q)dt—/ Al(g,¢q)dr < ¢ blknl/veon —(39)
[t0,52]U[s3,7+1] [t0,11]V[z},24+1]

If we now put together (39) and (38), we get

P TN A W AN
M M

a contradiction.
Now, only the other case remains,
; Cilk;,| '

n—1<
€dy,

(40)

We build (w, g) with exactly the same surgery as before; the previous deductions continue
to hold up to formula (37). From (37) and the definition of pert we get that

(14w ANG, q)dt — (1 — ) A(q,¢)dt > 0.
[t0,52]U[s3,2j+1] [t0.111U1¢,2j41]

With an argument like that of Lemma 4 we get that
/ AL(G, q)dt — / Al(q. §) dt < —e 2C1CUkil/VEb
[70,52]U[s3,7j+1] [t0,12]V[2),1j4+1]

Moreover, sincér, s2] is very big, we have that

52 .
/ A™(G,q)dt < C2\/€dy.
1

0
By (26), forn big enough the above three formulae are in contradiction. ]
End of the proof of Theorem As we remarked at the beginning of the proof, it suffices
to prove (3). Givere € (0, 1) we fix n such that Lemma 5 holds. Let us suppose by

contradiction that equation (3) does not hold, i.e. that thexggach that

_ _ 2k
q(io) = 7 + 2, wz(to>=ﬁ, lLkez
n
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wherewy denotes, as in Lemma 5, the projectionuobn k). Simply by changing the lift
of (w, ¢), we can suppose k = 0 so that

q(to) =m, wa(to) =0. (41)

We are going to show that (41) contradicts the minimalityuofg). Indeed, let us consider
to < to andr; > 1o such that

qto) =0, ¢q(t1) = 27.

By Lemma 5 we have that

1 —1to > 2A. (42)
We now choose as the last time to the left @f or as the first time to the right af such
that -
wa(t) = .
|k, |
By (32) and (2) we have that
_ 2
7 — 10l < = (43)
a

Thus there are two ways to choaseo the left or to the right ofy. We will explain in the
following which is the suitable one. Qm, #1] we build an orbit in the following wayg
is a solution ofA” on (g, ) and on(z, ¢1) with boundary conditions

q(t0) =q(t) =0, () =qto)=m, ¢(n)=q() =2n.

By the minimality of (w, ¢) we have that

t

1 1
/ £2’)M(w, q)dt —/ E';M(w, q)dt > 0.
110) 1

0

Eliminating all the terms which are the same in the two integrals we get

1 . 1 1 nn
/ A’;(ci,ci)dt—/ A’;(q,c})dt+u/ per’l(w,c})dt—u/ pertw, g) dt > 0.
to to to fo
(44)
By Lemma 2 and the fact thaf > 16 we get that

11 1
u/ peri(w, §) dt —u/ peri(w, g) dt
I

0 fo

T o= - 2 ik |/,
SM[MG <0), |k_;l|vt>_M€(waovt0)+1—6€ nl/F}

wherew = w(t1) — w(to)/(t1 — t0). By Lemma 3 we have thab — @| < C10./t+/€6;
if we recall (27) and Lemma 1 we get

11 11 ,
u/ per(w, ) dt — u/ periw, q) dr < —3pe kal/V/edn, (45)
1o 1o
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On the other hand, § is a solution ofA on (7o, 79) and on(zo, ¢1) with the same boundary
conditions ag atr, 7o, 11 we have that

51 . 51 i1 . 1 .
/Aﬁ(é,é)dt—/ AZ(q,c})dtS/ AZ(ci,ci)dt—/ AL, g)dt.
I

0 fo fo fo

Here it is important which we choose. Iftg — (11 + 10)/2| < 27 /a, then we choose the
such that7 — (11 + 10) /2| < 27 /a; by (42) and (43) part (2) of Lemma 4 applies, yielding

n . 11 " "
/ A’E‘l(é’Q)dt_/ Ag(q,q.)dtf ge_ |n|/\/€5n.
I

0 fo

If |20 — (11 +10)/2| > 27 /a, we will choose the closer to(r1 + 19) /2, thus making the
motion of the pendulum more uniform; clearly, this implies that the above inequality holds
with 0 on the right-hand side. From the last formula, (45) and (44) we get that

_%“efb\k;\/@ -0

a contradiction. O
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