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PROBLEMS AND SOLUTIONS

PROBLEMS

03.4.1. Normal’s Deconvolution and the Independence
of Sample Mean and Variance

Karim M. Abadir
University of York, UK

Jan R Magnus
Tilburg University, The Netherlands

(a) Let x; andx, be independent variates havinggi.s m;(t;) andmy(t,), respec-
tively, and definey := x; + X,. Prove thaty is normal if and only ifx; andx, are
both normalIs the existence of m.f.s necessary for this result?

(b) Letx := (Xq,...,X,)" be a vector of independefibut not necessarily identically
distributed componentswhere 2< n < co. Definex := (1/n) >, x; andz :=
S(x — X)2. It is well known that ifx ~ N(ul,o?l,), thenx ~ N(u, o ?/n)
independently fronz/o2 ~ y?(n — 1). Forn = 3, prove that ifx ~ N(u, o %/n)
andz/c? ~ y?(n — 1), thenx ~ N(u1,02l,).

(c) Why is the last statement ifb) not necessarily true fan = 2? What additional
conditions are needed to make it hold for 2?
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03.4.2. The Asymptotic Distribution of the Dickey—Fuller Statistic
under Nonnegativity Constraint

Giuseppe Cavaliere
University of Bologna, Italy

Consider the Dickey—Fuller statistit; := T, whered := (3, X2 ;)1 x
S X 1AX,. It is well known (see eg., Phillips, 1987 that if the data-
generating procedsl.g.p.) is the random walk; = X;_; + &, with initial con-
dition X, = 0 and with{g,} i.i.d. N(0, o ?), then

Z: % (2[01 B(s)? ds)l(B(l)z -1, (1)

whereB is a standard Brownian motion and> denotes weak convergence
with respect to the uniform metric
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692 PROBLEMS AND SOLUTIONS

Show that the resultl) holds even if the random wallX.} is constrained to
be nonnegative according to the followingggb. (the so-called random walk
with one reflecting barriersee Cox and Miller1965

Xi =

Xiate ifX_,1+e=0
{ )

0 otherwise

with initial condition Xy = O.

REFERENCES

Cox, D.R. & H.D. Miller (1965 The Theory of Stochastic Processkesndon Chapman and Hall
Phillips, PC.B. (1987 Time series regression with a unit ro&conometricab5, 277-301

SOLUTIONS

02.3.1. Regression with an Evaporating Logarithmic Trend—
Solution

Peter CB. Phillips
Cowles Foundation, Yale University,
University of Auckland, and University of York

Yixiao Sun
Yale University

Part A Letz, =1/Int— (1/(n—1))X{ ,1/Int. Then

EZtut
A t=2
B—B=—F",

> 7

t=2

n n

> u > in~tt
= (pp)
“aTa n—-1 n—-1

We start with3 and find an asymptotic representation of the components
>i,1/Int and X, 1/In?t that appear i,z Using Euler summation
(which justifies(1), which follows) and partial integratiowhich justifies(2))

we obtain an asymptotic series representation as follows
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no1 n1

t_Ezm=f2 mdx-i- 0() (2)
D k= (k=) n
—ngl o 22:1 e +m!f2 Inm+lde+O(1) (2)
~ (k — 1)! nooq
—ngl o er!f2 Inerlde+ o(1). (3)

To show that(3) is a valid asymptotic seriegve can ignore th€©(1) term and
by a further application of partial integration to the second term we see that the
remainder is proportional to

R J L k=1 2 ymiy [ A @
= X= - m X.
m+1 5 In™1x In™1n [n™+12 5 [n™+2

Let L = n* for somea € (0,1) and write

no1 L 1 n 1 N nol
, de= , I m+2 dx + L n m+2 dx=0(n%) + |I’]m+2XdX'

(5)

But

f“ 1 dx = 1 n 1 dx < 1 f” 1 dx = 1 R 6
L Inmt2x *=nL Lo Inmtix =L > InM1x XT L Tme (©)

It follows from (4)—(6) that

n n 1
R = i + (m+1)f2 —Inm+2xdx

__n +f'-m+ld+m+1R
= X
In™1n InM+2 x InL ™

n m+1 N
= |nm+1n+ InL Rm+1+o(n )

so that

n
Rm+1zo<m>, ()
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and thus
noq m (k- 1)! ( n )

— = +0 8
lelnt ”Zl Inkn In™tn)’ ®)

showing that(3) is a valid asymptotic series
In a similar way we may establish that

noo1 n1

Z:zm =J2 |n2XdX+ o) (9)
(k- n
_”Zz In“n +O<In'“”n> (10)

is a valid asymptotic serie€ombining(8) and(10), we get

Sa-$t (S

t=2 =2 In n—-1 t:2m
no1 1 n o1 2
:fz InZXdX_nT1<J; mdx) + 0(1) (12)
n 2n 6n n
- In2n+ In3nJr In4n+o<ln5n> (12)
RENEIE WL
n{inn In?n In3n In*n
n n
= In4n+o<|n5n> —as 0, (13)

observing that we have to go to the third-order terms in expandidrto avoid
degeneracyWe can obtain higher order asymptotic expansions by taking the

preceding process to further ternhsading to the following explicit expression
to ordern/In°n;

En: 5 n < 8 56 N 408 3,228 N 28,032+ 267,264)
2 °
= Inn  In2n  In®n  In*n In5n IN®n

n
O<—Inlln>' (14)

It is immediately apparent from the size of the coefficientgid) that very
large values ofn are required before these approximations can be expected
to work well. Of course such approximations are hardly necessary because
>i,z? is amenable to direct calculation or to direct approximation using the
logarithmic integrals given ifl) and(9). The latter can be evaluated from the
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following well known series representation of the logarithmic intedegd.,
Gradshteyn and Ryzhikl967, 8.2132, p. 926):

k
Ii(y)=fyﬁdx y+|n|ny+2 (Iny) , fory>1, (15)
0 k=1

wherey is Euler’s constantin the present case we have

fnidx—h n) —1i(2)
> Inx

and

n . .
_ mex——nmﬁ+mm—mm.

Inx n 2

Observe tha3 — B is the same as the error in the ordinary least squares
(OLYS) estimator ofB in the regression

Xy =zB + Uy,

where{u,} is a martingale difference sequence with respect to the natural fil-
tration 7. The persistent excitation conditigh3) holds in this regressigrand
S03 —,s B andp is strongly consistent

Now observe that

> > intt
A _ t=2 AL L _ 1
a—«a n—1 (B—PB) n—1 Oa.s(l) + oa.s(l)oas(ln n)
= 0,45(1)

and so@ —, s a.
Next, turn to the asymptotic distribution @& andB. We have

M=

Zt ut 2 Zt ut
t=2

-

- Il
HM: N
N
N
N

>
I

™=
Il

-1
Sn (ﬂfﬂ) 1+ o(D),

n
=27z

t=2
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Let Yoo = ZU;/Sy; thenyn, Yi,,..., Yoo @re independent random variables
with zero means and variances that sumrto To apply the Liapounoff cen-
tral limit theorem for>_, y,, we need to show that

n
> Elyl® =0, asn— co.
t=2
But
n
3 3

n iy 1:22‘Zt| Elul -~ conat <|n4n>3/2 "

= ————— = Constn =0(1),
& [.J? n
and so

n
N E:zztut

t=
Ezym = = N(0,02).
t=
Hence

n
No Elzztut
A t=

nZn (B—B) = (1+0,(1)) = N(0,02). (16)
Note that

n n

>y > intt
R =2 (8 ) t=2
a-a=Ty — BB T

= 0p(n"Y2) = O,(n"¥2In?nIn""n)
= Op(n"¥2Inn).

Thus the term(B8 — B)(n — 1) * 31, In"* t dominates the asymptotics af
and we deduce that

vn

In%n

VninTtn(a—a) = — (B —B) + 0,(1) =4 N(0,52). (17)

In view of (16) and(17), we have the following joint asymptotics

nY?2In"n(a — ) NGO R 1 -1 18
Y2 In"2n(4 - B) = N(0,2) withs =0 1 1) (18)
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Remarks

1. The limit distribution(18) is singular and the components”?In~*n(& — «) and
n¥2In-2n(8 — B) are perfectly negatively correlated ms- co. Observe that the
rate of convergence af exceeds that o, by virtue of the fact that the signal
from the intercept is stronger than the signal from the evaporating logarithmic
regressor Intt.

2. Result(18) gives first-order asymptotic#s is apparent fron{14), asymptotic
series expansions in the present model involve factorglofriin contrast to the
more usual 1v/n, and correspondinglythey deliver only very slow improve-
ments in the first-order asymptotic¥he asymptotic variancéo?In*n)/n and
higher order approximations based @) are therefore poor approximations to
the variance of3 even for quite largen. To illustrate for values of the sample
sizen € [10%210%] and foro? = 1, Figure 1 provides graphs of the exact vari-
ance off3, the asymptotic variancehe two-term and three-term series approxi-
mations to the variance based on the first few terméldf, and direct calculation
of the logarithmic integral representations of the variance obtained ftdjrand
(15). Apparently only the latter are adequate for sample simén this range

3. The theory developed here is part of a general theory of regression on slowly vary-
ing regressorsa subject that has recently been studied in Phil{g200.

Part B. Using the Phillips—So0l¢1992 device we have

U =C(L)e,=C(De + &_1— &,

4
\ — — Asymptotic
\ ---- Asymptotic Expansion 2
3l \ ~ Agymptotic Expansion 3 ]
\ — Exact
\\ - |ntegral Representation

01 02 03 04 05 0B 07 08 08 10
sample size x 104

FiGure 1. 0%/, z? and asymptotic and integral approximations
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whereg, = C(L)g;, C(L) = 21-0,C,LY, andC, = 32,1 C.. Then we can
write

n n n n
Dz =2 zC e+ X281 — D, 24
t=2 t=2 t=2 t=2
n n—1
= C(1) 2 Zig t+ 2 (Zesi1 — 2) & + 2,81 — 2,8,
t=2 t=2

It follows that

n n—1
C) 2 Z; & 2 (241 — 20) &
t=2 t=2

N Z,& z,&

B — B = - + - n2 1 I’]n n )
>z >z >z X7
t=2 t=2 t=2 t=2

Note that the first term satisfies the limit theory given in the earlier.gawte
prove that the last three terms converge strongly to,z8em we are done with
the strong consistency @. To obtain the asymptotic distributiowe need to
consider(S_,z?)Y2(8 — B). We prove that the last three ternso normal-
ized areop(1), and then the asymptotic distribution is determined by the first
term The following three results are given first

2,8, 2,8,

(8 —— =0,4(1) and n—l/z =0p(1).
z? 2
2 (22)
Proof. These are immediate becaus§ ,z? — oo and (X, 2?)Y? — .
|
Z,€n Z,8n
(b) -— =0,4(1) and n—1/2 =0p(D).
> 7 <E zt2>
=2 =2

Proof. Note thatz, is bounded and for an§y > 0

= 2 =2 n -2
Znnsn ~5\ = ZZE(&7) _ O<(2 Zt2> >’
2 n 2 t=2
o) g

t=2
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S0 >, P(|2,8,/21-22%| > 8) < oo and the first result followsThe second

follows becaus®(|z,8,/(Zr,z2)Y?| > 8) = O((Z1,22) ') — 0. ]
n—1 n—1
2 (Zie1— 2) & 2 (Zei1— 2) &
(c) lzzn— =0,,(1) and tzzn—l/z = Op(l).
2z (E zs)
t=2 &

Proof. Note that{&,} has finite fourth moment because

l&la:= (E(&)¥* =

t
SE
j=0

t
= 2 |Cijl-lgjlla < co.
j=0

Here we have employed the fact t@ﬁzo\ét_” < o0, which follows from the
assumption thakl || < co.
Next,

n 2 n
E(Eé?) ZE(E t+2 E ssst)
t=2 t=2 Sst<12

=0(n) +2 i [EEDIVZ[E(EN]Y2 = O(n?).

s t=2
s<t

Thereforeg for any s > 0,
n—1

> (ze1— 28

t=2
>4

n
2%
t=2

n—1 4 n—1 2
E(E(Ztﬂ_zt)gt) |:2(Zt+1 z) (2 53)}
t=2 t=2
n 4 = n 4
(Ze) (24
=2 t=2

n—1 2 /n—1 2 n—1 2
E<2(2t+l_zt)2) <2 §t2> <2(Zt+1_zt)2> O(n?)
t=2 t=2 t=2

A

—

n 4 n 4
t=2 t=2
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Because

n—1 n—1 n—1
> (Zs1—2)% =D (N7 (t+1) —In"tt)2 = In2<1+ %)[Infzt][lnfz(t +1)]
t=2 t=2 t=2

n

< Const D, t72 < oo,

t=2
we have
n—1
2 (11— 20) &
t=2
Pl |——— | >8 | =0(n"?In%n),

Ms

2
z
t=2

and SOy 2 (Zq — 2) & /30222 = 045 (1). Similarly,

n—1
2 (Zie1— 2) &
t=2

Pl|———— [ >
n 1/2
t=2

n—1 2
E[ 2 (Zep1— Zt)ét:|

= n
RS
t=2
n—1
EX (21— 2)282 + 22 (12041 — 2| 201 — 25| E| & 8)
=2 st
=
n
> 7282
t=2
n—1
E 2 (Zi1— 2)%88 + 22 (1221 — 2|1 2541 — Z[(E| 8 [D)Y2(E|&6[2)Y?)
= t=2 s>t
n
> 7282
t=2
n—1 2
( 2 [Zev1 — Zt|>
t=2 In2n
= Const ———— = Const — 0.
S, 257 S 250
t=2 t=2

The last equality follows a& [ 5|z, — z| = O(SI,1/t) = O(Inn). Hence
(S, 23)71/2(2P;§(Zt+1 —z)8&) = 0p(1). u
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Combining result¢a)—(c), we have
B - B = Oas(l)’ (19)

and then

C) i Zi &
n V2 n 1/2 =
(2 Zt2> (B=PB)= (2 Zt2> —— +0,(1) =¢N(0,C(1)?0°?) + 0,(2).
t=2 t=2 2 th

(20)

With (19), (20), and>{,u,/(n — 1) =, 0 (e.g., Phillips and Solp1992,
the previous arguments can now be repeated to obtain the strong consistency
and the asymptotic distribution @f. Specifically

<n1/2 IN~tn(a — @)

1 -1
i = 22
n1/2|n‘2n(ﬁ—ﬁ)>:>N(o’2) v e (- )

1 1

REFERENCES

Gradshteyn.B. & |.M. Ryzhik (1965 Tables of Integrals, Series, and Produdiew York: Aca-
demic Press

Phillips, PC.B. (2000 Regression with Slowly Varying Regressoowles Foundation Discus-
sion paper 1310vale University

Phillips, PC.B. & V. Solo (1992 Asymptotics for linear processesnnals of Statistic20, 971-1001

02.3.2. Badly Weighted Least Squares— Solutidn

Douglas PWiens
University of Alberta, Edmonton, Alberta
Let X« have full column rankp < nand letQ be a diagonal matrix whose
diagonal element$w, }_, are positive and not all equalhe discussion by
Professors Koenker and Portnoy suggested thatny (nonzerg 8 € RP, the
function

ea,s — 8/(X/0—2ax)—1xrnz—4ax(x/Q—Zax)—18

satisfiesey 5 = €y55 and more generally thad, 5 is a decreasing function of
a€e[0,1].

We shall show that the second suggestamd hence the first alss true for
p = 1. Both can fail ifp > 1; we illustrate this by an example in whi@ ; is
not only nonmonotone but imaximizedata = 0.5.
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First letp = 1, so thatX = x, a column vectarWe calculate that

d —26%M )
—e =

da *° xQ 2

where

M = 2v'Q2 22 ov — 2(V'Q2 22v) (V'L 4 V),

L o is the diagonal matrix with diagonal elemerteg w;}',, andv = Q23x/
[Q@~2x| has unit norm

BecauseéMl, and hence the derivati@), vanishes whe = 1, our assertion
is equivalent to the statement thdt > 0 for a € [0,1). Definef(w) = w? 22
and seff; = f(w;). Then

n n
2(1-a)M =22 (filogf)v?—2 > (f logf)viv?
i=1 ij=1
n
= Z (fl - fJ)(|ng| - Iogfj)UiZsz. (2)
ij=1
Note that
(fi —f)(logf, —logf)) > 0 whenevew; # ;. 3

Furthermoreif any elementx; of x is 0, it can be removedand the value oh
reduced without affecting the value of’Dx = X', d, x? for a diagonaD and
hence without affecting the value ef ;. Thus we can assume that a&|l# 0
and hence that all; # 0. This together with(3) ensures that{2) is positive
(becausew; # w; at least onck thus establishing the monotonicity claim when
p=1

Counterexample whenp 1. For generap the preceding method results in

—e
da ®

where

5 = _Zar(x/nfzax)fl/zM (Xrﬂfzax)fl/za’

M = 2V'Q% 22 3V — (V'@ 22V) (V'L V) — (VLo V)(V'Q2 22V)

andV = 03X (X'Q"22X) V2 satisfiesV'V = 3., v;v] = |,,. The analogue
of (2) is that

n
i,j=1

and the monotonicity claim is equivalent to the positive definitene$4.dflow-
evet for p > 1, M often has at least one negative eigenvalnesuch cases the
monotonicity properties will depend on the choicedofA particular counter-
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5.572

5.570

5.568

© 5.566

5.564

2.562 +

2.560 4+~ T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
a

Ficure 1. Plot of e, 5 againsta with 8 chosen so that the maximum is attained at
a=0.5.

example to both suggestions of Professors Koenker and Portnoy ka8,

p=2,and
54 0 O 02 -1
=0 29 0], X=(12 04
0O 0 18 0.3 05

For these choices the eigenvalueshbfare 149 and—0.003 whena = 0.5.
We choosed = (1,0.2629)'; then e, 5 is nonmonotone and imaximizedat
a = 0.5. See Figure 1

This counterexample can be extended tonat 3 by addingn — 3 rows of
zeros to the bottom oX and continuing the diagonal & arbitrarily.

NOTE

1. An excellent solution was independently proposed by Geert Dhaepeoof for the case
p = 1 based on the convexity of Laplace transforms was also provided by Koenker and Portnoy
the posers of the problem

02.4.1. On Hadamard Product of Square Roots of Correlation
Matrices— Solution

Shuangzhe Liyposer of the problein
Australian National University, Canberra, Australia

We have the following matrix Kantorovich inequalitgee e.g., Liu and
Neudecker1997)
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4pq
— = Y'NMNY, 1
(p+0)? @)

whereN > 0 andM > 0 are of the same order ampd> 0 andq > O are the
largest and smallest eigenvaluesNi¥l, respectively

We useN = AY?2 ® B¥Y?2, M =1 ® B, andY = J, where®® is the Kro-
necker product and is then? X n selection matrix(seg e.g., Rao and Rap
1998 Sect 6.3; Zhang 1999 Sect 6.5). Clearly Y'NY = J'(AY? ®) BY?)J =
AY2.BY2 Y'M-lY=J'(1® B)J=1°B=1,andY'NMNY=J'(A® |)J =
Ao | =1 for n X n matricesA, B, andl. Inserting these terms intd), we get

4pq
— .
(p+0

Note thatNM = AY? ) B~Y2 and the eigenvalues &%%? and BY2? are
contained ifd,c]. Thereforep = ¢/d andq = d/c. We can then replacg and
gin (2) by c/d andd/c, respectivelyand establish

2cd
c?+d?

Y'NY(Y'M 1Y) LY'NY =

(A1/2 ° Bl/2)2 >

(2)

AY2 0 BY2 =

REFERENCES

Liu, S. & H. Neudecker(1997 Kantorovich inequalities and efficiency comparisons for several
classes of estimators in linear modefatistica Neerlandic®1, 345-355

Rag C.R. & M .B. Rao(1998 Matrix Algebra and Its Applications to Statistics and Econometrics
Singapore World Scientific

Zhang F.-Z. (1999 Matrix Theory: Basic Results and TechniquBiew York: Springer-Verlag

02.4.2. On the Rank of a Matrix Useful in Goodness-of-Fit Testing of
Structural Equation Models — Solution?

Simo Puntanen
University of Tampere, Tampere, Finland
George . Styan
McGill University, Montréal, Québec, Canada
Hans Joachim Werner
University of Bonn, Bonn, Germany

We present two proof$-rom Marsaglia and Styai1974 Theorem 5p. 274)
we have
rank(A: V) = rank(A) + rank((I — AA")V) (1)

for any generalized inversA&™. BecauseM is symmetric idempotent and
is nonnegative definite we have raitVM) = rank(MV). We are therefore
asked to show that raiikV) + rank(A) = rank(V) iff rank(A:V) = rank(V).
This follows at once fron(1) replacingA~ with A", WhenW is nonnegative
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definite (AWA)TA'W is a generalized inverse &, and so rankMVM) +
rank(A) = rank(V) < col(A) C col(V) with M := I, — A(AWATA'W. This
completes our first prooie see thatW need only be nonnegative definiteot
necessarily positive definite

For our second proof we us@.6) in Werner and Yapar1996 (see also
Werner 1985 Lemma 32):

col(A,V) = col(A) @ col(VQ), (2)

where@® indicates direct sum and whefis any matrix such that c6Q) =
null(A"), with null(-) denoting the null space df). In view of (2), clearly

col(A) @ col(VQ) = col(V) 3)
iff
col(A) C col(V). (4)

Because cdM) = null(A’), M = M’, V = 0, MVM = 0, we have
rank(MVM) = rank(VM) = rank(VQ). As (3) is equivalent to rankA) +
rank(VQ) = rank(V), the first assertion is establishebb see that an equiva-
lent formulation of the problem is obtained whh:= 1, — A(AWATA'W,

with W nonnegative definite anévVM changed toMVM’, we note that
MVM’ = 0, rank(MVM’) = rank(VM’), and co[M’) = null(A’) (see e.g.,
Werner and Yapar1996 Theorem 25 and (2.2) and (2.3)). Therefore
col(VM’) = col(VQ), and the assertion again is an immediate consequence of
3) & (4).

It is easy to see that the preceding equivalent formulation can be generalized
further to any squaréot necessarily nonnegative definiteatrix W such that
rank(A'WA) = rank(A) for then(A’'WA ~A'W is a generalized inverse éfand
col(M’) = null(A").

NOTE

1. An excellent solution was independently proposed byAtorra and HNeudeckerthe pos-
ers of the problem

REFERENCES
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