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Abstract. In this paper, we study the dynamics of the two-parameter family of rational
maps

Fa,b(z)= zn
+

a

zn + b.

We give the topological description of Julia sets and Fatou components of Fa,b according
to the dynamical behavior of the orbits of its free critical points.

1. Introduction
In this paper, let R : C→ C denote a rational map on the Riemann sphere C. The Julia set
J (R) of R is defined to be the set of points at which the family of iterates of R fails to be a
normal family in the sense of Montel. Equivalently, the Julia set is the closure of repelling
periodic points of R. The complement of the Julia set is called the Fatou set. A connected
component of the Fatou set is called a Fatou component. According to Sullivan’s eventual
periodicity theorem, every Fatou component is eventually periodic and there are only five
kinds of periodic Fatou components which are attracting domains, superattracting domains,
parabolic domains, Siegel disks and Herman rings. The critical point of R is defined to be
the point at which R is not univalent in any neighborhood. For properties of the Julia set
and general background in complex dynamics, we refer to [1, 17].

An interesting and important problem in complex dynamics is to describe the topology
of the Julia sets of rational maps. For a polynomial, it is well known that its Julia set is
connected if and only if the orbits of its finite critical points are bounded. Moreover, Qiu
and Yin obtained a sufficient and necessary condition for the Julia set of a polynomial
to be a Cantor set in [20]. For a genuine rational map, this is a difficult problem if the
rational map is not essentially topologically conjugate to a polynomial. Usually we can
discuss the topology of Julia sets for some special families of rational maps. For example,
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Devaney et al studied the so-called McMullen family of rational maps Fλ(z)= zn
+ λ/zd

in a series of papers [2, 7, 9–11, 13]; see also [21–23]. In [9], it was proved that if the
orbits of critical points of Fλ tend to∞, then the Julia set of Fλ is either a Cantor set, or
a Sierpiński curve, or a Cantor set of simple closed curves. In [24], Steinmetz discussed
the dynamics of the rational family Rt (z)= t (1+ (4/47)z3/(1− z)). He proved that, for
the escape parameter t , the Julia set of Rt is either a Cantor set, or a Sierpiński curve, or
a curve with one or else infinitely many cut-points. The same problem has been studied
in a recent paper [15] for the family of rational maps ft (z)=−t (z2

− 2)2/4(z2
− 1) by

Steinmetz and his student. They proved that for any escape parameter t , the boundary of the
basin of infinity of ft is either a Cantor set, a curve with infinitely many complementary
components, or else a Jordan curve. In the latter case, the Julia set of ft is a Sierpiński
curve.

Our goal in this paper is to describe Julia sets of rational maps in the family given by

Fa,b(z)= zn
+

a

zn + b,

where n ∈ Z+ and n ≥ 2. When b = 0, these maps reduce to the McMullen maps, and
when a = 0 they reduce to the well-studied polynomials z 7→ zn

+ b. Noting that the
McMullen maps can be regarded as the singular perturbation of z→ zn , Fa,b are the
singular perturbation of the polynomials z 7→ zn

+ b, so we call Fa,b the generalized
McMullen maps. Different from all the above mentioned families, for which there is
essentially only one free critical orbit, the generalized McMullen maps have two free
critical orbits. So the dynamics of Fa,b will be more complicated. The generalized
McMullen maps Fa,b were first studied by Devaney and his coauthors; see [3, 4, 8]. In [4],
it was shown that when b is the center of a hyperbolic component of the multibrot set
of degree n and a is sufficiently small, then the Julia set of Fa,b consists of a countable
collection of closed curves together with an uncountable collection of point components.
In [8], it was also shown that if n = 2 and b is the center of a hyperbolic component in
the Mandelbrot set, then the Julia sets of Fa,b converge to the filled Julia sets of F0,b as a
tends to 0. In this paper, we will give a quite complete description of the Julia sets of the
generalized McMullen maps Fa,b for arbitrary parameters a, b.

The paper is organized as follows. In §2, some basic properties of Fa,b are presented. In
§3, we describe the Julia set of Fa,b for the case that both critical orbits escape to infinity.
In §4, we discuss the case that one critical orbit tends to infinity while the other is bounded.
In §5, we deal with the case that both critical orbits are bounded.

2. Preliminaries
Let

Fa,b(z)= zn
+

a

zn + b,

where a, b ∈ C\{0}, n ∈ Z+ and n ≥ 2.
The point at∞ is a superattracting fixed point of Fa,b. Let A(∞) denote the attracting

basin of ∞ and B denote the immediately attracting basin of ∞; that is, B is the Fatou
component containing∞. Unlike for polynomials, the attracting basin A(∞) may consist
of infinitely many components. Let T denote the component of A(∞) which contains
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the pole 0. Then T may be disjoint from B. If this is the case, both Fa,b : T → B and
Fa,b : B→ B are n-to-1 branched coverings since both 0 and∞ have local degree n, and
T is the unique component of f −1(B). So every component of A(∞), except T and B
themselves, must be an iterative preimage of T , that is, a component of F−k

a,b (T ) for some
integer k ≥ 1.

The points ∞ and 0 are two critical points of Fa,b at which Fa,b has local degree n.
These two critical points have simple critical orbits. There are also 2n simple critical
points of Fa,b which have the form ck = ω

k 2n
√

a, where ω = eiπ/n and k = 0, . . . , 2n − 1.
However, there are only two critical values corresponding to these critical points, which
are

Fa,b(ck)=

{
v+ = b + 2

√
a when k is even,

v− = b − 2
√

a when k is odd.
(1)

The behavior of critical orbits of ck will determine the dynamics of Fa,b. We call ck

(k = 0, 1, . . . , 2n − 1) the free critical points.
Set �+ = {ω : ωn

= 1}, �− = {ω : ωn
=−1} and �=�+ ∪�−. Set C+ = {ω 2n

√
a :

ω ∈�+}, C− = {ω 2n
√

a : ω ∈�−} and C= C+ ∪ C−. C is the set of free critical points.
Since Fa,b has local degree two at every critical point c ∈ C and Fa,b is a degree-2n
rational map, we have F−1

a,b (v+)= C+ and F−1
a,b (v−)= C−. All free critical points lie on

the critical circle 0a = {z ∈ C : |z| = 2n
√
|a|}. Let H(z)= n

√
a/z. Then H(0a)= 0a and H

interchanges the two complementary components of 0a .
The set Ka,b = C\A(∞) is called the filled Julia set of Fa,b. A component of Ka,b is

called critical if it contains at least one critical point. We denote the component of Ka,b

containing z by K (z).
The following results are straightforward.

LEMMA 2.1. Let ω ∈�+. Then the following hold.
(1) Fa,b(ωz)= Fa,b(z) and Fa,b(H(z))= Fa,b(z).
(2) For any Fatou component U, both ωU and H(U ) are also Fatou components, where

ωU = {ωz : z ∈U }. In particular, ωB = B, ωT = T and H(B)= T , H(T )= B.
(3) Let W0 be the component of C\B which contains T . Then ωW0 =W0.

That is, both B and T are n-fold symmetric. For a Fatou component U different from B
and T , either U is n-fold symmetric, or ωU are disjoint Fatou components for all ω ∈�+.
To prove this, we first show the following lemma.

LEMMA 2.2. Suppose γ ⊂ C is a closed curve which separates 0 from ∞. Then σγ ∩
γ 6= ∅ for all σ = e2π iθ , θ ∈ [0, 1).

Proof. We take two points z1 and z2 on γ such that

d(z1, 0)= inf
z∈γ

d(z, 0) and d(z2, 0)= sup
z∈γ

d(z, 0),

where d(·, ·) denotes the Euclidean distance in C. Then γ is contained in A(r1, r2)=

{z, r1 ≤ |z| ≤ r2} where r1 = d(z1, 0), r2 = d(z2, 0) and γ connects two boundary circles
of A(r1, r2). For any σ = e2π iθ with θ ∈ [0, 1), we have σ z1 ∈ {|z| = r1} and σ z2 ∈

{|z| = r2}. If none of them lie on the curve γ , then they must lie in different components
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of C\γ . Since γ is a closed curve in A(r1, r2) surrounding 0, any curve that connects the
boundary circles {|z| = r1} and {|z| = r2} must intersect γ . Hence, the arc α ⊂ σγ that
connects σ z1 and σ z2 must intersect γ . This implies σγ ∩ γ 6= ∅. 2

LEMMA 2.3. Let U be a Fatou component of Fa,b. Suppose that both z0 and ω j z0 belong
to U, where ω = exp(2π i/n) and j ∈ {1, 2, . . . , n − 1}. Then ωk z0 belongs to U for all
k ∈ {0, 1, . . . , n − 1}. As a consequence, U is n-fold symmetric.

Proof. Suppose that both z0 and ω j z0 lie in U but ωk z0 does not lie in U for some
k /∈ {0, j}. Let γ1 be a curve in U that connects z0 and ω j z0. Then γ2 = ω

jγ1 is a curve in
ω jU , which is also a Fatou component by Lemma 2.1. Since

ω j z0 ∈ γ1 ∩ γ2 ⊂U ∩ ω jU,

we obtain U = ω jU . Hence, γ2 is a curve in U which connects ω j z0 and ω2 j z0.
Consequently, U contains γl = ω

l jγ1 for all l ∈ N.
Now, there must exist a smallest positive integer m such that ωmj

= 1. Let γ =
⋃m

l=1 γl .
Then γ ⊂U is a closed curve, 0 and∞ lie in different connected components of C\γ .

Let β = ωkγ . Then β ⊂ ωkU . From Lemma 2.2, we obtain

∅ 6= β ∩ γ ⊂U ∩ ωkU.

Since ωkU also is a Fatou component, we have U = ωkU . This implies that ωk z0 ∈

β ⊂U . 2

In the following, we prove that the rational map Fa,b has no Herman ring in its Fatou
set.

THEOREM 2.4. The rational map Fa,b has no Herman ring.

Proof. Suppose Fa,b has a cycle of Herman rings {D0, D1, . . . , Dp = D0}. Then F p
a,b

is conjugate to the irrational rotation z 7→ λz on D0, where λ= exp(2π iα) and α is an
irrational number. For each 0≤ k ≤ p − 1, Fa,b : Dk→ Dk+1 is a conformal mapping.
Take a Jordan curve L in D0 invariant under F p

a,b which separates two connected
components of ∂D0. Let U be the bounded connected component of C\L . Then
U ∩ Ja,b 6= ∅. Since Fm

a,b(L)⊂ Dk where k = m mod p and Dk is disjoint from B for
all k, we have that {Fm

a,b(L)} are uniformly bounded.
We claim U ∩ {z : ∃m ≥ 0, Fm

a,b(z)= 0} = ∅. Otherwise, if there exists a point z0 ∈U
and a smallest positive integer m ≥ 0 such that Fm

a,b(z0)= 0, then Fm
a,b(L) is a closed

curve surrounding 0 in Dk , where k = m mod p. For any ωl
∈�+, ωl Fm

a,b(L) is also
a closed curve surrounding 0. From Lemma 2.2, we obtain ωl Fm

a,b(L) ∩ Fm
a,b(L) 6= ∅.

However, ωl Fm
a,b(L)⊂ ω

l Dk , which implies that ωl Dk = Dk . This shows that Fa,b is not
a conformal map on Dk , which is a contraction. Now the fact U ∩ {z : ∃m ≥ 0, Fm

a,b(z)=
0} = ∅ implies that Fm

a,b is holomorphic on the domain U for all m. Since {Fm
a,b(L)} are

uniformly bounded, by the maximal modulus principle, Fm
a,b(U ) is uniformly bounded. So

{Fm
a,b} is normal on U , which contradicts Ja,b ∩U 6= ∅. 2

LEMMA 2.5. Suppose U is a bounded simply connected domain and contains exactly
one free critical value. Then there are exactly n connected components of F−1

a,b (U ) and
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every connected component of F−1
a,b (U ) is simply connected. Moreover, if every connected

component of F−m
a,b (U ) contains at most one free critical value for every m ∈ N, then they

are all simply connected.

Proof. Let V denote a connected component of F−1
a,b (U ). By the Riemann–Hurwitz

formula we obtain
χ(V )+ δ(V )= deg(Fa,b|V )χ(U ),

where χ(V ) denotes the Euler characteristic of V and δ(V ) denotes the number of critical
points (counted with multiplicity) in V . By the assumption, χ(U )= 1. Suppose that
U contains the free critical value v+. Since F−1

a,b (v+)= C+ and the local degree of
Fa,b at every free critical point is two, we get deg(Fa,b|V )= 2δ(V ). Thus χ(V )=
deg(Fa,b|V )χ(U )− δ(V )= δ(V )≥ 1. However, V  C is a domain, χ(V )≤ 1. So we
have χ(V )= δ(V )= 1. This shows that V is simply connected and V contains only one
critical point in C+. The number of components of F−1

a,b (U ) is equal to the number of
critical points in C+ which is n.

If U contains no critical values, then for every component V of F−1
a,b (U ), Fa,b : V →U

is a homeomorphism. V is certainly simply connected. Under the assumption of the second
part of the lemma, an inductive argument gives that every component of F−m

a,b (U ) is simply
connected. 2

LEMMA 2.6.
(1) If a Fatou component D contains both free critical values v−, v+, then F−1

a,b (D) has
only one component.

(2) If a Fatou component U * A(∞) contains only one free critical value, then U is
simply connected.

(3) If v−, v+ /∈ B, then B 6= T and both B and T are simply connected.
(4) If at least one of v−, v+ is in B, then B = T is completely invariant and B is infinitely

connected.

Proof. (1) Suppose that V is the Fatou component of F−1
a,b (D) containing the free critical

point 2n
√

a. Since v−, v+ ∈ D, there must exist a free critical point ω− 2n
√

a ∈ V for some
ω− ∈�−.

Notice that
H( 2n
√

a)= 2n
√

a, H(ω−
2n
√

a)= ω−1
−

2n
√

a,

so 2n
√

a ∈ H(V ) ∩ V . This shows that H(V )= V and ω−1
−

2n
√

a, ω− 2n
√

a ∈ V .
If ω−1
−

2n
√

a 6= ω− 2n
√

a, then, by Lemma 2.3, we obtain C− ⊂ V and the degree Fa,b on
V is 2n, and so V is the unique component of F−1

a,b (D).

If ω−1
−

2n
√

a = ω− 2n
√

a, then ω2
− = 1. Noting that ω− ∈�−, that is ωn

− =−1, we have
ω− =−1. This shows that − 2n

√
a, 2n
√

a ∈ V . Take a curve γ disjoint from 0 connecting
− 2n
√

a and 2n
√

a in V . Then H(γ ) is also a curve connecting − 2n
√

a and 2n
√

a in V .
Obviously β = γ ∪ H(γ )⊂ V is a closed curve separating 0 and ∞. From Lemma 2.2
we obtain ωβ ∩ β 6= ∅ for every ω ∈�+. Thus ωV ∩ V 6= ∅, which implies ωV = V .
This shows that V contains all critical points in C+. Again, V is the unique component of
F−1

a,b (D).
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(2) Suppose v+ ∈U . According to Sullivan’s eventual periodicity theorem, there
exists a positive integer m such that D = Fm

a,b(U ) is a periodic component of period p.
If D =U , D certainly contains the only free critical value v+. If D 6=U , then D contains
at most a free critical value v−. From Theorem 2.4, D cannot be the Herman ring: D is
either a (super)attracting domain, or a parabolic domain, or a Siegel disk.

Case 1. Suppose that D is a (super)attracting domain with a (super)attracting periodic
point z0 ∈ D. Let zk = Fk

a,b(z0) ∈ Dk = Fk
a,b(D) for 0≤ k ≤ p − 1. Take a small disk

10 = {z : |z − z0|< r} ⊂ D such that ∂10 is disjoint from the orbits of all free critical
points. Let 1m denote the connected component of F−m

a,b (10) containing zk for k =
m mod p. Then we obtain 1lp+k ⊂1p(l+1)+k ⊂ · · · ⊂ Dk , and Dk =

⋃
l≥0 1lp+k for

0≤ k ≤ p − 1. Noting that 10 is simply connected and 1m contains at most one free
critical value for every m ≥ 0, from Lemma 2.5 we obtain that every 1m is simply
connected. Thus D = D0 is simply connected. Applying Lemma 2.5 again, we get that U
is simply connected.

Case 2. Suppose that D is a parabolic domain with a parabolic period point z0 ∈ ∂D.
The argument is the same as in Case 1. The only difference is to take a petal at the parabolic
point z0 instead of the small disk 10 at the attracting point.

Case 3. Suppose that D is a Siegel disk. Then D is, by definition, simply connected.
In this case, the Julia set Ja,b contains at least one free critical value, so every component
of F−m

a,b (D) contains at most one free critical value for every m ∈ N. Applying Lemma 2.5
gives that U is simply connected as well.

(3) Note that in this case there is no critical value in B other than the superattracting
fixed point∞. According to the Böttcher theorem, there exists a conformal map

φ : B→ C\1,

where 1= {z : |z|< 1}, which conjugates Fa,b|B to z 7→ zn . So B is simply connected
and deg(Fa,b|B)= n. Thus 0 6∈ B and T 6= B. Since 0 is the only preimage of ∞ in T
and the local degree of Fa,b at 0 is n, we get deg(Fa,b|T )= n and δ(T )= n − 1. From
the Riemann–Hurwitz formula, χ(T )= deg(Fa,b|T )− δ(T )= n − (n − 1)= 1; T is also
simply connected.

(4) Suppose v+ ∈ B, without loss of generality. Then B contains at least one preimage
of v+ which is a critical point in C+. However, B is n-fold symmetric. This implies that
all critical points in C+ are in B. Note that C+ = F−1

a,b (v+). We get that B is completely
invariant, which follows from the fact that T = B. Now, B contains at least 3n − 2 critical
points, say 0,∞ (both with multiplicity n − 1) and all critical points in C+. Suppose B is
m-connected with 1≤ m <∞. Then by the Riemann–Hurwitz formula, we have

deg(Fa,b|B)χ(B)= χ(B)+ δ(B)≥ χ(B)+ 3n − 2.

Since deg(Fa,b|B)= 2n and χ(B)= 2− m, we get (2n − 1)(2− m)≥ 3n − 2, a
contradiction. So B is infinitely connected. 2

3. The escape case
In this section, we discuss the case that the orbits of both free critical values are unbounded;
that is, v+, v− ∈ A(∞). By Sullivan’s classification theorem, the Fatou set of Fa,b is
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(a) (b) (c)

FIGURE 1. Julia sets of Fa,b(z)= z4
+ a/z4

+ b for the cases of Theorem 3.1. (a) Case (1), Cantor Julia set
(a = 0.1, b =−1). (b) Case (2.1), connected Julia set (a =−0.002, b =−1). (c) Case (2.2), disconnected Julia

set but not Cantor (a = 0.00004, b =−1).

(a) (b)

FIGURE 2. Special Julia sets of Fa,b = z4
+ a/z4

+ b in the cases of Theorem 3.1(2). (a) Case (2.1) Julia set of
Sierpiński curve (a =−0.002, b =−0.2). (b) Case (2.2) Julia set of Cantor circles (a =−0.005, b =−0.2).

equal to A(∞)=
⋃
∞

m=0 F−m
a,b (B) and the Julia set Ja,b = C−

⋃
+∞

m=0 F−m
a,b (B). If B 6= T ,

we use W0 to denote the connected component of C\B containing T . In the following,
we use Card(A) to denote the cardinality of a set A. Our goal is to prove the following
theorem.

THEOREM 3.1. Suppose the orbits of both free critical values of Fa,b tend to∞, that is,
v+, v− ∈ A(∞).
(1) If Card(B ∩ {v+, v−})≥ 1, then B is completely invariant and the Julia set Ja,b =

∂B is a Cantor set.
(2) If Card(B ∩ {v+, v−})= 0, then B 6= T . There are two subcases.
(2.1) If v+, v− lie in the different Fatou components, then every Fatou component is simply

connected and the Julia set Ja,b is connected and locally connected. In particular, if
one of the free critical values lies in W0, then Ja,b is a Sierpiński curve.

(2.2) If v+, v− lie in the same Fatou component, then every Fatou component is either
simply connected or doubly connected. The Julia set Ja,b is disconnected and has
infinitely many components. In particular, if both v+, v− ∈ T and n > 2, then Ja,b is
a Cantor set of circles.

Remark 3.1. By definition, a Sierpiński curve is a planar set homeomorphic to the well-
known Sierpiński carpet fractal. From Whyburn [25], it is known that any planar set which
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is compact, connected, locally connected, nowhere dense, and has the property that any two
complementary domains are bounded by disjoint simple closed curves is homeomorphic
to the Sierpiński curve. For the family Fa,0, Devaney et al [9] showed that the Julia set is
a Sierpiński curve when one of the free critical values lies in a iterative preimage of T .

Remark 3.2. A planar set is a Cantor set of circles if it is homeomorphic to 3× S1, where
3 is the standard Cantor set and S1 is the unit circle. In [16], McMullen found that the
Julia set is a Cantor set of circles for the map Fa,0(z)= zn

+ a/zd when |a| is sufficiently
small and 1/n + 1/d < 1. Devaney et al [9] proved that if one of the critical values lies in
T and 1/n + 1/d < 1, then the Julia set of Fa,0 is a Cantor set of circles.

Remark 3.3. The structure of the Julia set of Fa,b for the case (2.2) in Theorem 3.1 was
deeply studied in [4], when b is the center of a hyperbolic component of the corresponding
multibrot set and a is sufficiently small.

A rational map R is said to be hyperbolic if the orbit of every critical point of R
accumulates at a (super)attracting cycle of R. Thus, in this section, Fa,b is a hyperbolic
rational map. A rational map R is called geometrically finite if the accumulation set of the
orbits of all critical points of R is a finite set.

The following two lemmas are elementary, and can be found, for example, in [1, 17].

LEMMA 3.2. Let R be a rational map of degree d, where d ≥ 2. Let ζ be a
(super)attracting fixed point of R. If all of the critical points of R lie in the immediate
attracting basin of ζ , the Julia set of R is a Cantor set.

LEMMA 3.3.
(1) If the Julia set of a hyperbolic rational map is connected, then it is locally connected.
(2) If U is a simply connected Fatou component of a hyperbolic rational map, then the

boundary ∂U is locally connected.

LEMMA 3.4. If Fa,b is hyperbolic and v+, v− /∈ B, then ∂B ∩ ∂T = ∅. Moreover, the
boundaries of components of A(∞)=

⋃
∞

m=0 F−m
a,b (B) are pairwise disjoint.

Proof. From Lemma 2.6(3), B 6= T and both of them are simply connected. By the
Böttcher theorem, there exists a unique conformal map

φ : B→ C\1

tangent at∞ such that
φ ◦ Fa,b(z)= (φ(z))

n,

where 1= {z : |z|< 1}. For a given angle θ ∈ [0, 1), by definition, the external ray in
B with angle θ is γ (θ)= {z ∈ B : φ(z)= r exp(2π iθ), r > 1}. Obviously, Fa,b(γ (θ))=

γ (nθ). If γ (θ)→ z ∈ ∂B as r→ 1, we say that the external ray γ (θ) lands at z, and z is a
landing point of γ (θ). Since Fa,b is hyperbolic, ∂B is locally connected by Lemmas 2.6(3)
and 3.3(2). From the Carathéodory theorem, all external rays are landing and every point
on ∂B is a landing point of an external ray.

If D is a component of F−m
a,b (B), a componentµ of F−m

a,b (γ (θ)) in D is called an internal
ray in D. If γ (θ) is landing at z ∈ ∂B, then µ is also landing on ∂D, which lands at a point
(or some points) in F−m

a,b (z).
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Suppose that ∂B ∩ ∂T 6= ∅, say z ∈ ∂B ∩ ∂T . Then there is an external ray γ (θ) in B
and an internal ray µ in T which both land at z and are mapped by Fa,b to the external ray
γ (nθ) landing at Fa,b(z) ∈ B. This implies that z is a critical point, which contradicts the
assumption that Fa,b is hyperbolic. So ∂B and ∂T are disjoint.

Now suppose that there are two components D1 and D2 of A(∞) such that ∂D1 ∩

∂D2 6= ∅. Then there are smallest integers m, k ≥ 0 such that Fm
a,b(D1)= Fk

a,b(D2)=

B. If m 6= k, say m < k, then Fk−1
a,b (D1)= B and Fk−1

a,b (D2)= T , which implies that
∂B ∩ ∂T 6= ∅. This is a contradiction. If n = m, then Fm

a,b(D1)= Fm
a,b(D2)= B. There are

internal rays µ1 and µ2 in D1 and D2, respectively, such that both of them land at a point
z ∈ ∂D1 ∩ ∂D2, and γ = Fm

a,b(µ1)= Fm
a,b(µ2) is an external ray in B landing at Fm

a,b(z).
Again, z is a critical point of Fm

a,b, which is a contradiction. So we have ∂D1 ∩ ∂D2 = ∅. 2

The following lemma was proved by Morosawa for sub-hyperbolic rational maps
in [19]. However, his proof is valid for geometrically finite rational maps.

LEMMA 3.5. [19] Let R be a geometrically finite rational map with connected Julia
set. Let U be a forward invariant (super)attracting Fatou component. If there exists a
complementary component W of U and a Fatou component D such that D ∪ R−1(D)⊂
W , then the boundary of U is a Jordan curve.

By applying the above lemma, we can prove the following lemma.

LEMMA 3.6. If v+, v− ∈ A(∞) but v+, v− /∈ B, then v+, v− must belong to the same
connected component of C\B. In particular, if v+, v− ∈W0 but they are in different Fatou
components, then ∂B is a Jordan curve and C\B =W0 is connected.

Proof. Suppose that v+, v− belong to different connected components of C\B. Then
there is a connected component U of C\B different from W0 which contains one of the
free critical values v+ and v−, say v+ ∈U . Note that U is simply connected, since B
is connected. By Lemma 2.5, F−1

a,b (U ) has exactly n connected components and every

component of F−1
a,b (U ) is simply connected. Note that every component of F−1

a,b (U )
contains exactly one critical point in C+, since v+ ∈U . Thus, if V is a component of
F−1

a,b (U ), then V, ωV, . . . , ωn−1V are all n different components of F−1
a,b (U ), where ω =

e2π i/n
∈�+. Since ∂U ⊂ ∂B and F−1

a,b (∂B)= ∂B ∪ ∂T , we have ∂V ⊂ ∂B ∪ ∂T . How-
ever, ∂V is connected, since V is simply connected and ∂B ∩ ∂T = ∅ from Lemma 3.4;
we get that either ∂V ⊂ ∂B or ∂V ⊂ ∂T . Assume ∂V ⊂ ∂B, without loss of generality.
Then by the symmetry of ∂B, we have ∂(ω j V )⊂ ∂B for all j = 0, 1, . . . , n − 1. Now
H(ω j V ), j = 0, 1, . . . , n − 1, are also components of F−1

a,b (U ). Noting that H(∂B)=

∂T , we have ∂H(ω j V )⊂ ∂T . This implies that H(V ), H(ωV ), . . . , H(ωn−1V ) are con-
nected components of F−1

a,b (U ) other than V, ωV, . . . , ωn−1V , which is a contradiction.
Now suppose v+, v− ∈W0 but that they are in different Fatou components. From

Lemmas 2.5 and 2.6, all Fatou components are simply connected. Let D(v+) be the
Fatou component containing v+. Then F−1

a,b (D(v+)) consists of exactly n components and

every one contains a critical point in C+. As above, if D is a component of F−1
a,b (D(v+)),

then D, ωD, . . . , ωn−1 D are all n components of F−1
a,b (D(v+)). Obviously, D(v+)⊂W0.

We claim that F−1
a,b (D(v+))⊂W0. Suppose that there is a component of F−1

a,b (D(v+)), say
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D, disjoint from W0. Then by the symmetry of W0, ω j D, j = 0, 1, . . . , n − 1, are all
disjoint from W0. Let V j be the component of C\B containing ω j D, j = 0, 1, . . . , n − 1.
Then ∂V j ⊂ ∂B and V j is also disjoint from W0 for every j = 0, 1, . . . , n − 1. Noting that
T ⊂W0, we have ∂T ⊂W 0. However, ∂W0 ⊂ ∂B and ∂B ∩ ∂T = ∅; we get ∂T ⊂W0.
Since ∂H(V j )⊂ ∂T and both H(V j ) and W0 are simply connected, we get H(V j )⊂W0.
Hence, H(ω j D)⊂ H(V j )⊂W0. Thus H(D), H(ωD), . . . , H(ωn−1 D) are components
of F−1

a,b (D(v+)) different from D, ωD, . . . , ωn−1 D, which is, again, a contradiction.

Now D(v+) ∪ F−1
a,b (D(v+))⊂W0. By Lemma 3.5, ∂B is a Jordan curve. Consequently,

C\B =W0 is connected. 2

Now we are in the position to prove Theorem 3.1.

Proof of Theorem 3.1. (1) Suppose Card(B ∩ {v+, v−})≥ 1, say v+ ∈ B. By Lemma 2.6,
B = T and B is completely invariant. Hence v− ∈ A(∞)= B. This implies that all critical
points are contained in B. From Lemma 3.2, the Julia set Ja,b is a Cantor set.

(2) Suppose Card(B ∩ {v+, v−})= 0. By Lemma 2.6, B 6= T and both B and T are
simply connected.

(2.1) If v+, v− are in different Fatou components, then, by Lemma 2.5, all Fatou
components are simply connected. This implies that the Julia set Ja,b is connected. By
Lemma 3.3, Ja,b is also locally connected. It is well known that Ja,b is compact and
nowhere dense in C. Suppose that one of the free critical values lies in W0. Then, by
Lemma 3.6, both critical values are in W0, and ∂B is a Jordan curve. Consequently, the
boundary of every Fatou component is a Jordan curve. From Lemma 3.4, boundaries of
Fatou components are pairwise disjoint. According to Whyburn [25], Ja,b is a Sierpiński
curve.

(2.2) Let V denote the Fatou component in A(∞) that contains both free critical values
v+, v−. There is a unique integer m ≥ 0 such that Fm

a,b : V → T is a conformal map,

since there is no critical point in Fk
a,b(V ) for k = 0, 1, . . . , m − 1. So Fk

a,b(V ), k =
0, 1, . . . , m − 1, including V itself, are simply connected components. By Lemma 2.6,
we obtain that F−1

a,b (V ) has only one component U . Thus U contains all free critical
points, which gives δ(U )= 2n and deg(Fa,b|U )= 2n. By the Riemann–Hurwitz formula,
χ(U )= 0 which implies that U is doubly connected. Let Um be a connected component
of F−m

a,b (U ) for some integer m > 0. Since Um does not contain any critical point, we have
that Fm

a,b :Um→U is a covering map. It follows that Um is also doubly connected. Hence,
all components of

⋃
∞

m=1 F−m
a,b (V ) are doubly connected. Any other Fatou component will

be conformally mapped to one of Fk
a,b(V ) for k = 1, 2, . . . , m. Hence, they are simply

connected. Thus we have shown that the Julia set is disconnected and consists of infinitely
many components and that every Fatou component is either simply connected or doubly
connected.

If V = T , that is both v+, v− ∈ T , then F−1
a,b (T ) has only one component that is doubly

connected. This doubly connected component contains all critical points in C and separates
0 and∞. Thus all Fatou components except B and T are doubly connected. The argument
is completely the same as that given by Devaney et al [9], and it follows that Ja,b is a
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(a) (b) (c)

FIGURE 3. Julia sets of Fa,b(z)= z4
+ a/z4

+ b in the cases of Theorem 4.1. (a) Case (1), connected Julia set
(a = 0.01, b =−1). (b) Case (2.1), Cantor Julia set (a ≈ 0.074, b =−1). (c) Case (2.2), disconnected Julia set

but not Cantor (a = 0.0009, b =−1.2).

Cantor set of circles. As shown in [16], a modulus consideration shows that we must have
n > 2 in order that T contains both free critical values. 2

4. The semi-escape case

In this section, we discuss the case that the orbit of one of the free critical values tends to
infinity while the orbit of the other one is bounded. Without loss of generality, we assume
that v− ∈ A(∞) and v+ ∈ Ka,b in this section. Our goal is to prove the following theorem.

THEOREM 4.1. Suppose v− ∈ A(∞) and v+ ∈ Ka,b.

(1) If v− /∈ B, then all Fatou components of Fa,b are simply connected. Consequently,
the Julia set Ja,b is connected.

(2) If v− ∈ B, then the Julia set Ja,b is disconnected. Moreover, the following hold.
(2.1) If every critical component K (c) of Ka,b is not periodic, then Ja,b is a Cantor set.
(2.2) If there is a critical component K (c) of Ka,b such that K (c) is periodic, then K (c)

is homeomorphic to the filled Julia set of a quadratic polynomial. The Julia set Ja,b

is the union of countably many homeomorphic images of the Julia set of a quadratic
polynomial and uncountably many points.

Proof of Theorem 4.1(1). Since v± /∈ B, by Lemmas 2.5 and 2.6, we know that all
connected components of A(∞)=

⋃
∞

m=0 F−m
a,b (B) are simply connected.

If U is a Fatou component which is not contained in A(∞), then U ⊂ Ka,b. The
component U will be mapped by Fm

a,b for some integer m ≥ 0 to a periodic Fatou
component D. Since Fa,b has no Herman ring, D is either a (super)attracting component,
a parabolic component, or a Siegel disk. If D is a Siegel disk, D is certainly simply
connected. If D is a (super)attracting component or a parabolic component, we can assume
that D contains the only critical value v+. By Lemma 2.6, D is also simply connected. In
both cases, every component of F−m

a,b (D) is simply connected by Lemma 2.5. So U is
simply connected. This shows that all Fatou components are simply connected. Thus Ja,b

is connected. 2
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The proof of Theorem 4.1(2) is very complicated. Firstly, we will use the polynomial-
like mapping theory introduced by Douady and Hubbard in [14] and the Branner–
Hubbard–Yoccoz puzzle technique [5]; see also [18].

Recall that a polynomial-like mapping of degree d is a triple (U, V, g), where U and V
are simply connected planar domains with V ⊂U and g : V →U is a holomorphic proper
mapping of degree d . The filled Julia set Kg of the polynomial-like mapping g is defined
as

Kg = {z ∈ V : gk(z) ∈U for all k ≥ 0}.

Two polynomial-like mappings (U1, V1, g1) and (U2, V2, g2) of degree d are said to be
hybrid equivalent if there exists a quasiconformal homeomorphism h from a neighborhood
of Kg1 onto a neighborhood of Kg2 such that h is a conjugation between g1 and g2 and
satisfies ∂h = 0 on Kg1 . The following theorem was proved by Douady and Hubbard
in [14].

THEOREM 4.2. (The straightening theorem)
(1) Every polynomial-like mapping (U, V, g) of degree d is hybrid equivalent to a

polynomial of degree d.
(2) If Kg is connected, then the polynomial is uniquely determined up to conjugation by

an affine map.

In the following, we introduce the Branner–Hubbard–Yoccoz puzzle technique. We
refer to [18] for basic concepts of this technique.

Let v− ∈ B. We construct the Branner–Hubbard–Yoccoz puzzle for Fa,b as follows.
Take a small neighborhood D0 of ∞ such that the orbit of every critical point in C−
is disjoint from ∂D0. Let Dk denote the component of F−k

a,b (D0) containing D0. Then
D0 ⊂ D1 ⊂ · · · ⊂ Dk ⊂ · · · and B =

⋃
k≥0 Dk . If v− ∈ B, there exists a positive integer

n0 such that v− ∈ Dn0\Dn0−1, and then both Dn0 and U = C\Dn0 are simply connected.
Obviously v+ ∈U , F−1

a,b (U )⊂U and the filled Julia set is Ka,b =
⋂

k≥0 F−k
a,b (U ). From

Lemma 2.5, every component of F−(k+1)
a,b (U ), for k ≥ 0, is simply connected, and we call

it a puzzle piece of depth k. For two puzzle pieces, either they are disjoint from each other
or one contains the other. Every puzzle piece of depth k contains finitely many puzzle
pieces of depth k + 1, and every puzzle piece of depth k + 1 is compactly contained in
a puzzle piece of depth k. For every point z ∈ Ka,b, there is a unique puzzle piece of
depth k containing z. Such a puzzle piece is denoted by Pk(z). Thus every point z ∈ Ka,b

determines a nested sequence of puzzle pieces

· · · ⊂ Pk(z)⊂ Pk−1(z)⊂ · · · ⊂ P0(z),

and K (z)=
⋂

k≥0 Pk(z) is exactly the component of Ka,b containing z. The puzzle piece
containing a critical point is called a critical puzzle piece.

LEMMA 4.3. There are exactly n disjoint puzzle pieces of depth 0 for Fa,b and every of
them contains a free critical point in C+. Let c j = ω

j 2n
√

a ∈ C+, j = 0, 1, . . . , n − 1,
ω = e2π i/n . Then these puzzle pieces are P0(c0), P0(c1), . . . , P0(cn−1). Furthermore,

P0(c j )= ω
j P0(c0).
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Proof. Since U is simply connected and contains only a free critical value v+, according
to Lemma 2.5 there are exactly n connected components of F−1

a,b (U ) and every component
contains a free critical point c j ∈ C+. So there are n puzzle pieces of depth 0 for Fa,b

and all of them are P0(c0), P0(c1), . . . , P0(cn−1). Since ω j P0(c0) is also a component of
F−1

a,b (U ), which means that it is a puzzle piece containing ω j c0 = c j , we get ω j P0(c0)=

P0(c j ). 2

Similarly, we have, for all k ∈ N and j = 0, 1, . . . , n − 1,

Pk(c j )= ω
j Pk(c0).

We call Pk(c j ) the j-critical puzzle piece of depth k. Obviously, c j is the only free critical
point in Pk(c j ).

For any z ∈ Ka,b, k ∈ N, we call Ak(z)= Pk(z)\Pk+1(z) the annulus of depth k at z.
An annulus Ak(z)= Pk(z)\Pk+1(z) is called off-critical if C+ ∩ Pk(z)= ∅. In this case,

Fa,b : Ak(z)→ Ak−1(Fa,b(z)) is a conformal map. It follows that

mod(Ak(z))=mod(Ak−1(Fa,b(z))),

where mod(A) denotes the conformal modulus of an annulus A.
For given j = 0, 1, . . . , n − 1, Ak(z) is called j-critical if c j ∈ Pk+1(z). In this case,

Fa,b : Ak(z)→ Ak−1(Fa,b(z)) is a degree-two covering map. This implies

mod(Ak(z))= 1
2 mod(Ak−1(Fa,b(z))).

For given j = 0, 1, . . . , n − 1, Ak(z) is called j-semi-critical if c j ∈ Ak(z). In this
case, we have

mod(Ak(z)) > 1
2 mod(Ak−1(Fa,b(z))).

We call the annulus Ak(z) is critical or semi-critical if it is j-critical or j-semi-critical
for some j , respectively. By symmetry,

mod(Ak(c j ))=mod(Ak(c0))

for all j = 0, 1, . . . , n − 1.
For each z ∈ Ka,b, the tableau T (z) is the two dimensional array {Akl(z)}k,l≥0, where

Akl(z)= Ak(F l
a,b(z)) and Ak0(z)= Ak(z). The tableau T (c j ) of a critical point c j ∈ C+

is called a j-critical tableau. We use Rowz(k) and Colz(l) to denote the kth row and the lth
column of the tableau T (z), respectively.

As shown in [18], the tableau T (z) satisfies the following three rules.

TABLEAU RULES.
(T1) For a given l ≥ 0, either the annulus Akl(z) for every k ≥ 0 is j -critical for some

j (in this case, we say that the column Colz(l) is fully j-critical) or there exists a
k0 ≥ 0 such that Ak0l(z) is j -semi-critical for some j and Akl(z) is j -critical when
k < k0 while Akl(z) is off-critical when k > k0.

(T2) If Akl(z) is j -critical, that is Akl(z)= Ak0(c j ), then

A(k−d)(l+m)(z)= A(k−d)m(c j )

for all 0≤ m ≤ d ≤ k.
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(T3) If Akl(z) is j -semi-critical, A(k−m)m(c j ) is off-critical when 0< m < d and
A(k−d)d(c j ) is i -critical for some i , then A(k−m)(l+m)(z) is off-critical when 0<
m < d and A(k−d)(l+d)(z) is i -semi-critical.

The following lemma is a direct consequence of the Grötzsch inequality, see [5].

LEMMA 4.4. If
∑
∞

k=0 mod(Ak(z))=∞, then K (z)=
⋂
∞

k=0 Pk(z)= {z}.

LEMMA 4.5. If there exists a k0 ≥ 0 such that the annulus Akl(z) in the tableau T (z) is
off-critical when k > k0 and l > 0, then

∞∑
k=0

mod(Ak(z))=∞.

Proof. See the proof in [18, Lemma 2.3]. 2

LEMMA 4.6. If
∑
∞

k=0 mod(Ak(c0))=∞, then K (z)=
⋂
∞

k=0 Pk(z)= {z} for all z ∈
Ka,b.

Proof. If there exists k0 ≥ 0 such that Akl(z) are off-critical for all k > k0 and l > 0, then,
by Lemma 4.5, we have

∑
∞

k=0 mod(Ak(z))=∞.
Otherwise, there exists a positive minimum integer l = lk for every k > 0 such that

Aklk (z) is j-critical for some j . Then, by rule (T1), we obtain that A(k+d)(lk−d)(z) is
off-critical when 0< d < lk . Thus

F lk−1
a,b : A(k+lk−1)1(z)→ Aklk (z)= Ak(c j )

is a conformal map. We get

mod(Ak+lk (z))≥
1
2 mod(A(k+lk−1)1(z))= 1

2 mod(Ak(c j ))=
1
2 mod(Ak(c0)).

It follows that
∞∑

k=0

mod(Ak(z))≥
∞∑

k=0

mod(Ak+lk (z))≥
1
2

∞∑
k=0

mod(Ak(c0))=∞.

By Lemma 4.4, K (z)=
⋂
∞

k=0 Pk(z)= {z}. 2

Since F l
a,b(c j )= F l

a,b(c0)= F l−1
a,b (v+) when l > 0 and j = 1, 2, . . . , n − 1, we have

Akl(c j )= Akl(c0) for all k ≥ 0, l > 0. This implies that Colc j (l)= Colc0(l) for all l > 0.
The tableau rules (T2) and (T3) can be rewritten as follows.

MODIFIED TABLEAU RULES.
(T2′) If Akl(z) is critical, that is, Akl(z)= Ak0(c j ) for some j , then

A(k−d)(l+m)(z)= A(k−d)m(c0)

for all 0< m ≤ d ≤ k.
(T3′) If Akl(z) is semi-critical, A(k−m)m(c0) is off-critical when 0< m < d and

A(k−d)d(c0) is critical, then A(k−m)(l+m)(z) is off-critical when 0< m < d and
A(k−d)(l+d)(z) is semi-critical.
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Now, we consider the critical tableau T (c) for c ∈ C+.

Definition. Let c ∈ C+ and T (c) be a critical tableau.
(1) If A(k+l−m)m(c) is off-critical when 0< m < l but Akl(c) is critical, we say that

the (k + l)th row Rowc(k + l) is a child of the kth row Rowc(k). In this case,
F l

a,b : Ak+l(c)→ Akl(c) is a degree-two covering map.
(2) If there is no semi-critical annulus in Rowc(k), we say that Rowc(k) is excellent.
(3) If there exists k0 ≥ 0 such that Akl(c) is off-critical when k > k0 and l > 0, we say

that T (c) is non-recurrent. Otherwise, we say that T (c) is recurrent.
(4) If there exists a column Colc(l) in T (c) for some l > 0 such that it is fully j-critical

for some j , we say that T (c) is pre-periodic. The smallest such l is the period of
T (c). Moreover, if c j = c, we say that T (c) is periodic.

LEMMA 4.7. Suppose that the critical tableau T (c0) is recurrent but not pre-periodic.
Then for every c ∈ C+, we have the following.
(1) Rowc(k) has at least one child for every k ≥ 0.
(2) If Rowc(k) is excellent, then Rowc(k) has at least two children.
(3) If Rowc(k) is excellent and Rowc(k + l) is its child, then Rowc(k + l) is also

excellent.
(4) If Rowc(k) has only one child, say Rowc(k + l), then Rowc(k + l) is excellent.

Proof. Applying Akl(c)= Akl(c0) for every c ∈ C+ and every l > 0, the proof is the same
as the proof of [18, Lemma 1.3]. 2

Now we are in the position to prove Theorem 4.1(2).

Proof of Theorem 4.1(2). By Lemma 2.6, B = T and B is completely invariant and
infinitely connected. Hence Ja,b = ∂B is disconnected.

(2.1) Under the assumption, the tableau T (c0) is not periodic. If T (c0) is non-recurrent,
then every connected component of Ka,b is a single point by Lemmas 4.5 and 4.6. That is,
Ja,b = Ka,b is a Cantor set. In the following, we assume that T (c0) is recurrent. Then by
Lemma 4.7, there exists an integer k0 ≥ 0 such that Rowc0(k0) has the following properties.

(i) Rowc0(k0) has at least two children. We call them the first generation children of
Rowc0(k0).

(ii) Every child in the dth generation of Rowc0(k0) has at least two children, which are
(d + 1)th generation children.

Let C(d) denote the collection of the dth generation descendants of Rowc0(k0).
Then Rowc0(k0) has at least 2d descendants in the dth generation for every d; that is,
Card(C(d))≥ 2d . By definition, if Rowc0(k + l) is a child of Rowc0(k), then

mod(Ak+l(c0))=
1
2 mod(Ak(c0)).

It follows that, for every k ∈ C(d),

mod(Ak(c0))=
1

2d mod(Ak0(c0)).

Thus ∑
k∈C(d)

mod(Ak(c0))≥ Card(C(d))
1
2d mod(Ak0(c0))≥mod(Ak0(c0)).
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So
∞∑

k=0

mod(Ak(c0))≥

∞∑
d=0

∑
k∈C(d)

mod(Ak(c0))≥

∞∑
d=0

mod(Ak0(c0))=∞.

By Lemma 4.6, we obtain Ka,b(z)= {z} for every z ∈ Ka,b. This shows that Ja,b = Ka,b

and that Ja,b is a Cantor set.
(2.2) There exists a critical point c ∈ C+ such that the component K (c) of Ka,b is

periodic with period p. Without loss of generality, we assume that K (c0) is periodic.
Then T (c0) is also periodic and the column Colc0(p) is fully 0-critical. We say that p is
the period of T (c0). In fact, if there is 0< l < p such that the column Colc0(l) is also fully

j-critical for some j , then F p−l
a,b (K (c j ))= K (c0). However, Fa,b(K (c j ))= Fa,b(K (c0)),

which implies that K (c0) has period at most p − l; this is a contradiction.
Now, every column Colc0(l) is not fully critical for 0< l < p. Let k0 denote the largest

semi-critical depth between the 0th column and the pth column in T (c0). Then

F ≡ F p
a,b : Pk0+p(c0)→ Pk0(c0)

is a branched covering of degree two with the only critical point c0. Thus
(Pk0(c0), Pk0+p(c0), F) is a polynomial-like map of degree two. The filled Julia set of
F is exactly K (c0) and the orbit of c0 under the iteration of F is bounded. According
to Theorem 4.2, F is hybrid equivalent to a polynomial P of degree two. So K (c0) is
homeomorphic to the filled Julia set of P . Then the corresponding component of Ja,b is
homeomorphic to the Julia set of P .

For every c ∈ C+, K (c)= ωK (c0) for some ω ∈�+. K (c) is certainly homeomorphic
to the filled Julia set of P . For any point z ∈ Ka,b, if K (z) is eventually mapped to
some K (c) by some iteration of Fa,b, then there is a smallest integer l > 0 such that
F l

a,b : K (z)→ K (c) is conformal. So K (z) is also homeomorphic to the filled Julia set
of P . Obviously, there are only countably many such components.

For z ∈ Ka,b such that K (z) is not eventually mapped to K (c), the corresponding
tableau T (z) has no fully critical column. If there is a k0 ≥ 0 such that Akl(z) are off-
critical for all k > k0 and l > 0, then, by Lemma 4.5, K (z) is a single point. Otherwise,
there are infinitely many rows Rowz(ki ), i = 1, 2, . . . , where ki+1 > ki such that, for
every ki , there is an li > 0 such that Aki li (z) is semi-critical but Aki (li−l)(z) is off-critical
for every 0< l ≤ li . By the tableau rule (T1), A(ki+m)(li−m)(z) is also off-critical when
0< m ≤ li . Note that, for every c ∈ C+, T (c) is pre-periodic with period p. The columns
Colc(mp) are all fully critical for m > 0, but Colc(l) is not if l 6= mp. Let k0 denote
the largest semi-critical depth of columns Colc(l) for 0< l < p. Then, by the tableau
rules (T3) and (T3′), the annulus A(ki−m)(li+m)(z) is semi-critical or off-critical. More
precisely, when 0< m < ki − k0 and li + m = 0 mod p, the annulus A(ki−m)(li+m)(z) is
semi-critical; otherwise, it is off-critical. It follows that the annuli A(ki−m+1)(li+m)(z) are
all off-critical for −li ≤ m < ki − k0 by the rule (T1). This means that

Fki+li−k0
a,b : Aki+li+1(z)→ A(k0+1)(ki+li−k0)(z)

is a conformal map. So we have

mod(Aki+li+1(z))=mod(A(k0+1)(ki+li−k0)(z)).
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(a) (b) (c)

FIGURE 4. Julia sets of Fa,b(z)= z4
+ a/z4

+ b for the cases of Theorem 5.1. (a) Case (1), connected Julia set
(a =−0.001, b =−0.89). (b) Case (2), disconnected Julia set (a = 0.0001, b =−0.9). (c) Special case of case

(2), Julia set of Cantor bubbles (a = 0.0006, b =−0.4).

Note that there are only finitely many annuli in the (k0 + 1)th row. The moduli of these
annuli have a positive low bound a > 0. We get mod(Aki+li+1(z))≥ a > 0. By definition,
we must have li+1 > li . So ki+1 + li+1 + 1> ki + li + 1; that is, Aki+li+1(z) are different
annuli for i = 1, 2, . . . . We then obtain that

∞∑
k=0

mod(Ak(z))≥
∞∑

i=1

mod(Aki+li+1(z))=∞.

It follows from Lemma 4.6 that K (z) is a single point. This completes the proof of (2.2).2

5. The non-escape case
In this section, we consider the case that the orbits of both free critical values are bounded.

THEOREM 5.1. Suppose v−, v+ ∈ Ka,b. Then we have the following.
(1) If each Fatou component contains at most one free critical value, then every Fatou

component is simply connected and the Julia Ja,b set is connected.
(2) If there exists a Fatou component D that contains both free critical values, then the

following hold.
(2.1) The component D is periodic and infinitely connected. Every Fatou component

which is eventually mapped to D is infinitely connected, and every other Fatou
component is simply connected.

(2.2) The Julia set Ja,b is disconnected and has infinitely many components. Moreover,
If D is invariant, then Ja,b is the union of countably many Jordan curves and
uncountably many points (Cantor bubbles).

Remark 5.1. The Cantor bubbles structure of the Julia sets was also found by Devaney and
Marotta in [12] for the rational maps z 7→ zn

+ c/(z − a)d when |a| 6= 0, 1, c is sufficiently
small, and 1/n + 1/d < 1.

Proof of Theorem 5.1. (1) By Lemma 2.6(3), both B and T are simply connected. Since
every component of A(∞) is eventually mapped to T , it follows from Lemma 2.5 that all
Fatou components in A(∞) are simply connected. Let U be a Fatou component disjoint
from A(∞). If U contains only one free critical value, then, by Lemma 2.6(2), it is simply
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connected. Now every Fatou component U which is disjoint from A(∞)will be eventually
mapped to a periodic component which is either a (super)attracting domain, a parabolic
domain, or a Siegel disk, since Fa,b has no Herman ring, by Theorem 2.4. However, such
a (super)attracting or parabolic domain contains only one critical value, which implies it is
simply connected, and a Siegel disk is simply connected by definition. So U is also simply
connected by Lemma 2.5. This shows that all Fatou components are simply connected,
which implies that the Julia set Ja,b is connected.

(2) Suppose that the Fatou component D contains both free critical values. Then D
will be eventually mapped to a periodic Fatou component U . The periodic component U
cannot be a Siegel disk, since there is no critical point in Ja,b, so it is a (super)attracting or
parabolic domain which we can assume contains a critical value. Since the only possible
critical values are v+ and v−, which belong to D, it follows that D itself is a periodic
component.

Let D have the period p and

Dp−1→ · · · → D1→ Dp = D

be the cycle of the periodic component D. According to Lemma 2.6, D1 is the only
preimage of D which contains all 2n free critical points and Fa,b : D1→ D is a degree-2n
branched covering map. Suppose that D is m-connected with 1≤ m <∞, then, by the
Riemann–Hurwitz formula, we have

χ(D1)+ δ(D1)= deg(Fa,b|D1)χ(D).

It follows that

χ(D1)= 2n(1− m) < 2− m = χ(D) and χ(D1)≤ 0.

Since D j ( j = 2, . . . , p) contains no critical point, Fa,b : D j → D j−1 is a covering map.
We have χ(D j )≤ χ(D j−1)≤ 0. Thus

χ(D)= χ(Dp)≤ · · · ≤ χ(D1) < χ(D).

This is a contradiction. So D is infinitely connected. Since every Fatou component which
is disjoint from A(∞) will eventually map to D, we get that such a component is also
infinitely connected. As pointed out in case (1), every component in A(∞) is simply
connected. We have proved case (2.1).

Obviously, from case (2.1), Ja,b is disconnected and has infinitely many components.
In the following, we assume that D is invariant. Then D contains all free critical points
and hence D is completely invariant. Thus the Fatou set of Fa,b is equal to D ∪ A(∞)
and the Julia set Ja,b = ∂D = ∂A(∞). Furthermore, D is n-fold symmetric and contains
a closed curve surrounding the origin 0 which separates ∂B and ∂T . So D, and hence
{v+, v−}, is contained in W0, the component of C\B which contains 0. By Lemma 3.6,
∂B is a Jordan curve. So ∂T and the boundaries of components of A(∞) are all Jordan
curves. By Lemma 3.4, the boundaries of components of A(∞) are pairwise disjoint. Let
K̃ = C\D = A(∞). Then Ja,b = ∂ K̃ . For every z ∈ K̃ , let K̃ (z) denote the component of
K̃ which contains z. We will show that either K̃ (z) is a single point or K̃ (z) is the closure
of some component of A(∞) and hence ∂ K̃ (z) is a Jordan curve.

Suppose that D is a (super)attracting component. By the Böttcher theorem or the
Schröder theorem (refer to [17]), there is a neighborhood U of the fixed point z0 in D

2110

https://doi.org/10.1017/etds.2013.21 Published online by Cambridge University Press

https://doi.org/10.1017/etds.2013.21


On the dynamics of generalized McMullen maps

and a conformal map ϕ :U → Dr = {z : |z|< r}, z0 7→ 0, for some 0< r < 1, such that
Fa,b conjugates to the function z 7→ z2 or z 7→ λz for some λ satisfying 0< |λ|< 1. There
exists k0 > 0 such that F−k0

a,b (U ) is connected and contains all free critical points. Then

we construct the puzzle pieces of depth 0 to be the components of C\F−k0
a,b (U ). Taking k0

large enough, we can assume that B and T are contained in different puzzle pieces of depth
0. The puzzle pieces of depth k are the components of C\F−(k0+k)

a,b (U ) for k = 1, 2, . . . .

We denote by P̃k(z) the puzzle piece of depth k which contains the point z. For every
z ∈ K̃ , there is a nested sequence of puzzle pieces

· · · ⊂ P̃k(z)⊂ · · · ⊂ P̃1(z)⊂ P̃0(z).

We have
⋂
∞

k=0 P̃k(z)= K̃ (z). Note that there are only two critical points,∞ and 0, in K̃ .
K̃ (∞) is fixed and Fa,b(K̃ (0))= K̃ (∞). Since there is a closed curve in D surrounding
0 which separates 0 and∞, we know that K̃ (0) and K̃ (∞) are two different components
of K̃ . Similar to the proof of Theorem 4.1(2.2), we get that K̃ (∞) is quasiconformally
homeomorphic to the filled Julia set Kg of a polynomial g of degree n. Obviously, K̃ (∞)
contains B which corresponds to a bounded Fatou component Vg ⊂ Kg of g. We claim
that there is no other Fatou component of Fa,b contained in K̃ (∞). Otherwise, if there is a
Fatou component U ⊂ K̃ (∞), then U ⊂ A(∞) and there is a k ≥ 0 such that Fk

a,b(U )= T .

It follows that K̃ (∞)= Fk
a,b(K̃ (∞))⊃ T 3 0, a contradiction. So we get that Vg is the

unique Fatou component contained in Kg which implies that it is completely invariant.
Hence Kg = V . Correspondingly, K̃ (∞)= B, or, equivalently, ∂ K̃ (∞)= ∂B is a Jordan
curve. Consequently, every component K̃ (z) which is eventually mapped to K̃ (∞) is a
closure of a component of A(∞) which is also a Jordan curve. Again, as the proof of
Theorem 4.1(2.2), every component K̃ (z) which is not eventually mapped to K̃ (∞) is a
single point.

Suppose that D is a parabolic component. Then there is a parabolic fixed point on ∂D
and it is the only parabolic periodic point. All other periodic points on Ja,b are repelling.
We can perturb Fa,b to Faε,bε such that the latter has an attracting fixed point and Fa,b

is conjugate to Faε,bε on their Julia sets (see, for example, [6]). So Ja,b has the same
topology as Jaε,bε , which consists of Jordan curves and single points. This completes the
proof of (2.2). 2

Acknowledgements. The first author is partially supported by NSFC (No. 11071059,
11126194) and the Hunan Provincial Natural Science Foundation of China (No.
12JJB002). The second author is partially supported by NSFC (No. 11271074). The third
author is partially supported by NSFC (No. 11231009). The authors thank the anonymous
referee for his careful reading and valuable comments. The authors also thank Dr. Fei Yang
for providing pictures.

REFERENCES

[1] A. F. Beardon. Iteration of Rational Functions (Graduate Texts in Mathematics, 132). Springer, New
York, NY, 1991.

[2] P. Blanchard, R. L. Devaney, D. M. Look, P. Seal and Y. Shapiro. Sierpiński curve Julia sets and singular
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1–17.
[12] R. L. Devaney and S. M. Marotta. Evolution of the McMullen domain for singularly perturbed rational

maps. Topology Proc. 32 (2008), 301–320.
[13] R. L. Devaney, M. M. Rocha and S. Siegmund. Rational maps with generalized Sierpiński gasket Julia

sets. Topology Appl. 154 (2007), 11–27.
[14] A. Douady and J. H. Hubbard. On the dynamics of polynomial-like mappings. Ann. Sci. Éc. Norm. Supér.

(4) 18 (1985), 287–314.

[15] H. G. Jang and N. Steinmetz. On the dynamics of the rational family ft (z)=− (z2
− 2)

2
/4(z2

− 1).
Comput. Methods Funct. Theory 12 (2012), 1–17.

[16] C. T. McMullen. Automorphisms of rational maps. Holomorphic Function and Moduli, Vol. 1
(Mathematical Sciences Research Institute Publications, 10). Springer, New York, 1988.

[17] J. Milnor. Dynamics in One Complex Variable – Introductory Lectures, 2nd edn. Vieweg, Braunschweig,
1999.

[18] J. Milnor. Local connectivity of Julia sets: expository lectures. The Mandelbrot Set, Theme and Variations
(London Mathematical Society Lecture Note Series, 274). Ed. Lei Tan. Cambridge University Press,
Cambridge, 2000, pp. 67–116.

[19] S. Morosawa. Julia sets of sub-hyperbolic rational functions. Complex Var. Theory Appl. 41 (2000),
151–162.

[20] W. Qiu and Y. Yin. Proof of Branner-Hubbard conjecture on the Cantor Julia set. Sci. China Ser. A 52
(2009), 45–65.

[21] W. Qiu, X. Wang and Y. Yin. Dynamics of McMullen maps. Adv. Math. 229 (2012), 2525–2577.
[22] P. Roesch. On captures for the family fλ(z)= z2

+ λ/z2. Dynamics on the Riemann Sphere. Eds. P. G.
Hjorth and C. L. Petersen. European Mathematical Society, Zürich, 2006, pp. 121–130.

[23] N. Steinmetz. On the dynamics of the McMullen family R(z)= zn
+ λ/z`. Conform. Geom. Dyn. 10

(2006), 159–183.
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